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Abstract 
Saltwater intrusion (SWI) poses a significant threat to the livelihood of populations 
in coastal zones who are dependent on freshwater extracted from aquifers near to 
the sea. The sustainable management of coastal aquifers is crucial to prevent the 
degradation of freshwater resources by the landward intrusion of saltwater due to 
over-pumping and climate change. Difficulties arise when modelling the extent of 
SWI given the inherent heterogeneity present in most coastal aquifers, which can 
significantly affect the flow and transport properties of the system. The objective of 
this study is to develop the understanding of the effects of heterogeneity on the 
hydrodynamics of SWI. 
To appreciate the effects of heterogeneity it is first essential to understand the 
hydrodynamics of SWI in homogeneous aquifers for comparison. An experimental 
investigation was undertaken to determine the hydrodynamics of key SWI 
parameters (toe length ( ), width of the mixing zone ( ) and angle of 
intrusion ( )) using image analysis of a 2D sandbox style laboratory-scale 
experiment. Investigation of the heterogeneous effects followed, involving analysis 
of SWI parameters in increasing levels of aquifer heterogeneity, from layered to 
block-wise structured and finally randomly distributed cases. The results were then 
compared to numerical models, including a stochastic model using randomly 
generated heterogeneous fields. 
In order to facilitate the goals of the experimental study, a novel methodology was 
developed to observe and quantify SWI parameters at high resolutions. Existing 
methods are mainly based on visual observations, which are subjective, labour 
intensive and limited in the temporal resolutions that can be analysed. The 
developed methodology promotes autonomy, minimises human input and achieves 
high resolution image to concentration conversion to allow quantification of SWI 
parameters under strong transient conditions.  
The developed methodology was applied to various homogeneous aquifers of 
different diameter porous media and the intrusion observed for advancing and 
receding transient conditions. The transient results showed good correlation 
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between numerical and experimental intrusion rates. The results revealed that the 
receding saltwater wedge  reached a steady-state condition sooner than the 
advancing case, indicating faster fluid velocities during retreat. The  exhibited 
similar traits, where greater increases in  were observed for the receding case, 
indicating higher dispersion due to the increased fluid velocity. Investigations of 

 revealed the formation of a diluted saltwater volume at the toe during the 
initial moments of the receding case. The repeatability of the experimental 
procedure was assessed in terms of  and , with an average coefficient of 
variation less than 18%. 
For heterogeneous cases, the results showed that s generally decreased while 

s generally increased when compared to the homogenous reference case. The 
saltwater-freshwater interface showed distinct gradient changes when transitioning 
between regions of high and low permeability due to flow refraction. The relative 
change in  across permeability zones was found to depend on hydraulic 
gradient, depth in aquifer, thickness of the layer and surrounding heterogeneous 
structure. Steady-state s and s for blocked-wise and equivalent randomly 
distributed aquifers compared well. However, transient observations showed that 
the saltwater-freshwater interface was heavily influenced by preferential flow 
channelling governed by the heterogeneous structure. The results from a stochastic 
analysis of random heterogeneous fields showed agreement with the trends 
observed experimentally.  
The use of machine learning techniques (MLTs) to improve experimental test 
efficiency was assessed by applying the Random Forest method to the regression 
calibration required to convert image light intensity to concentration. The method 
saves significant preparation time by generating a calibration that is applicable to all 
heterogeneous configurations, negating the need to run individual calibrations for 
each case. The method showed promising results but was significantly affected by 
non-uniform backlight distribution, causing deviations in key SWI parameters when 
compared to the high resolution pixel-wise method. For larger scale experiments, 
this method could prove beneficial with a concerted effort to improve the backlight 
uniformity.
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1. Introduction 
This chapter introduces some of the fundamental concepts of saltwater intrusion 
(SWI), provides a brief summary of the historical development in the field and 
discusses the work that inspired this study. Further review of published literature is 
discussed at the beginning of each subsequent chapter and is tailored to suit the 
content of the chapter. This introductory chapter concludes with a summary of the 
objectives of the study and an outline of the thesis content. 
Given that over 70% of the world’s population are living near the coast and are 
dependent on freshwater extracted from coastal aquifers (Bear and Zhou, 2006), 
coupled with the threat of rising sea levels due to climate change, SWI has become 
a prevalent problem. SWI is the result of higher density seawater interacting with 
the less dense freshwater in a coastal aquifer. Due to the difference in pressures 
created by the different densities a saltwater wedge will progressively intrude 
landward in a coastal aquifer until the pressure equalises (Figure 1.1). SWI occurs 
naturally but is exacerbated by over abstraction of freshwater to supply the 
demand of the population. This can eventually lead to the abandonment of 
pumping wells near the coast if the saltwater intrudes too far inland and reaches 
the well. 
A typical cross section of a coastal aquifer is shown in Figure 1.1. An interface exists 
between the freshwater on the landward side and the saltwater on the seaward 
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side. Freshwater generally tends to flow towards the sea, and is replenished by 
natural recharge. The lighter freshwater travels up and along the interface and is 
discharged into the sea. The heavier saltwater forms a wedge underneath the 
freshwater, whose interface extends landward with increasing depth in the aquifer. 
The extent of SWI is often characterised by the length of the saltwater wedge toe 
with respect to the seaside boundary. This is commonly referred to as the toe 
length ( ). The interface between the saltwater and freshwater consists of a 
transition/mixing zone of brackish water, where mixing of higher density saltwater 
and lower density freshwater takes place. The interface is often characterised by 
the thickness of the mixing zone, referred to in this study as the width of the mixing 
zone ( ).  

 
Figure 1.1 – Schematic longitudinal cross section of typical SWI in a coastal aquifer (Bear & Zhou, 2006). 
Under normal conditions, the saltwater wedge is maintained in a state of 
equilibrium by the replenishing freshwater from the land and the saltwater flux 
from the sea. Although the system is dynamic (continually replenishing), it is 
regarded to be steady-state when the  remains constant. When pumping wells 
are active, the level of the freshwater in the aquifer decreases. The reduced 
freshwater pressure head prompts the saltwater wedge to intrude landward until a 
new steady-state condition is reached. If the pumping wells are situated too close 
to the interface, saltwater will be drawn up into the well creating an upconing 
plume along the saltwater-freshwater interface, rendering the well unusable. 
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Several analytical expressions exist to model simplified SWI problems (Badon-
Ghyben, 1888; Herzberg, 1901; Glover, 1964; Strack, 1976; Bakker, 2006; Strack and 
Ausk, 2015). Semi-analytical solutions also exist for more complex SWI problems, 
such as those that include pumping wells (Dagan & Bear, 1968; Cheng & Ouazar, 
1999; Werner et. al, 2009). Most of these studies assume homogeneous aquifer 
properties and frequently use the sharp interface approximation (Werner et al., 
2013). The sharp interface approximation assumes that the freshwater and 
saltwater are immiscible, ie. no brackish mixing zone exists along the interface. The 
most famous, and one of the earliest, analytical expressions is the Ghyben-Herzberg 
approximation, which utilises the Dupuit assumption that, in unconfined aquifers, 
the vertical pressure distribution is hydrostatic and the flow is essentially horizontal 
(Werner et al., 2013). The Ghyben-Herzberg approximation relates the depth of the 
saltwater-freshwater interface ( ) to the freshwater head above sea level (ℎ).  

 = − ℎ 1.1 

where  and  are the freshwater and saltwater densities respectively. Analytical 
equations are useful in providing a fundamental understanding, but often fail to 
capture the underlying physics of the problem. In order to determine complex SWI 
processes, such as mixing zone dynamics, more sophisticated numerical modelling 
techniques need to be employed. 
Extensive research has been conducted to improve the understanding of SWI 
hydrodynamics (Hubbert, 1940; Cooper, 1959; Bear & Dagan, 1964; Gelhar & 
Axness, 1983; Dagan & Zeitoun, 1998; Naji et al., 1998; Held et al., 2005; Abarca, 
2006; Kerrou & Renard, 2010; Robinson et al. 2015; 16). The key factors controlling 
SWI are: (1) the flow regime in the aquifer, (2) the density contrast between 
freshwater and saltwater, and (3) hydrodynamic dispersion (Bear & Zhou, 2006). 
The flow regime is governed by Darcy’s Law (eg. Bear, 1972), which relates the flow 
through a porous media to an applied pressure gradient through a proportionality 
constant. Using Abarca’s (2006) notation for the fluid flow in a 2D coastal aquifer, 
Darcy’s law can be written in terms of equivalent freshwater head (ℎ) as: 
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 = − ∇ℎ + −  1.2 

where  is specific discharge,  is the freshwater hydraulic conductivity tensor,  
is the unit vector in the vertical ( ) direction. It is preferential to use permeability 
over hydraulic conductivity as permeability is a property of the porous media only, 
while hydraulic conductivity relates to the fluid also: 

 =  1.3 

where  is the permeability,  is dynamic viscosity of the fluid, and  is acceleration 
due to gravity. Permeability is a key component in determining the flow regime in 
an aquifer, with spatial variation producing preferential flow paths which can 
significantly affect SWI dynamics (Abarca et al., 2007; Kerrou & Renard, 2010). 
Variable density is a key factor in SWI as it is the higher density of the saltwater and 
resulting buoyancy effects that drive the saltwater wedge inland. The transport of 
salt is represented by the advection-dispersion equation (eg. Bear, 1972). Using 
Abarca’s (2006) notation, the steady-state advection-dispersion equation is 
described by: 

 ∙ ∇ − ∇( + )∇c = 0 1.4 

where  is the salt concentration,  is the dispersion tensor,  is the molecular 
diffusion coefficient,  is the porosity, and  is the identity matrix. Hydrodynamic 
dispersion is the term coined to represent the spreading of solute by molecular 
diffusion ( ) and mechanical dispersion ( ). The dispersion tensor in Equation 1.4 
is defined by (Abarca, 2006): 

 =  1.5 

 = | | + | | 1.6 
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 = | | + | | 1.7 

 = = ( − ) | |  1.8 

where  and  are the longitudinal and transverse dispersivity coefficients 
respectively. The dispersivity coefficients are analogous to typical diffusion 
coefficients, but are directionally parallel and perpendicular to the fluid flow, 
providing additional spreading outside of pure advection (Voss & Provost, 2010). 
Values for dispersivity coefficients are dependent on the length scale of the specific 
SWI problem being studied (Gelhar et al, 1992). Abarca & Clement (2009) 
conducted a numerical sensitivity study to analyse the effect of changing 
dispersivity on SWI parameters and compared the results to laboratory-scale 
experiments. They provide a range of typical values for  and  for laboratory-
scale tests that are in agreement with other published works (e.g. Goswami & 
Clement, 2007; Lu et al. 2013). The transverse dispersivity is commonly assumed to 
be 1/10th the longitudinal dispersivity (Gehlar et al., 1992). Dispersivity values are 
frequently selected on an individual case-by-case basis, and are chosen based on 
which values provided the best comparison with observations, rather than following 
any hard-and-fast rules. Several numerical modelling codes are available to simulate 
density-dependant groundwater flows, including SUTRA (Voss & Provost, 2010), 
SEAWAT (Langevin et al., 2008) and SWI (Bakker et al., 2013). 
The Henry (1964) problem is commonly used as a benchmark case to test density-
dependent groundwater flow models. The problem consists of a confined, isotropic, 
homogeneous aquifer, subjected to constant freshwater flux at the inland boundary 
and constant hydrostatic pressure of higher density saltwater at the sea boundary 
(Figure 1.2). Solute transport was governed by diffusion and advection, while no 
dispersion was considered. In order for the solution to converge, Henry (1964) used 
a large diffusion coefficient. This lead to increased mixing along the saltwater-
freshwater interface, and salinity profiles that did not reflect those observed in field 
studies. Abarca (2006) proposed a purely dispersive version of the Henry problem in 
order to provide a benchmark that better reflected SWI in real coastal aquifers. This 



Chapter 1: Introduction 

6 
 

‘dispersive Henry problem’ replaces the large diffusion coefficient in the original 
Henry problem in favour of velocity dependant dispersion. Table 1.1 shows a 
comparison of the inputs used in the original and dispersive Henry problems. The 
problems were simulated using the variable density flow and transport code SUTRA 
(Voss & Provost, 2010). Figure 1.3 shows a comparison of the resulting 
concentration isolines. For the original Henry problem, the vertical salinity profile at 
1.4 m would never exceed 75% saltwater concentration. This contrasts with field 
observations, which generally reported 100% saltwater concentration at some 
depth within the aquifer (Abarca, 2006). The dispersive Henry problem resulted in 
reduced s and produced salinity profiles that better represented real aquifers. 
Table 1.1 – Original and Dispersive Henry problem inputs for SUTRA (Abarca, 2006; Voss & Provost, 2010) 
Input Parameters     

 Original Dispersive Units 
Domain size, L x H 2.0 x 1.0 ‘’ m 
Elements, L x H 256 x 128 ‘’  - 
Permeability,  1.020408E-09 ‘’ m2 
Porosity,  0.35 ‘’ - 
Molecular diffusivity,  18.8571E-06 0 m2/s 
Longitudinal dispersivity,  0.00 0.10 m 
Transverse dispersivity,  0.00 0.01 m 
Freshwater flux,  6.60E-05 ‘’ m/s 
Freshwater density,  1000 ‘’ kg/m3 
Saltwater density,  1025 ‘’ kg/m3 
Dynamic viscosity,  0.001 ‘’ kg/m/s 

 
Figure 1.2 – Domain and boundary conditions for the Henry problem (Henry, 1964). 
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Abarca (2006) used the dispersive Henry problem to analyse the effects of 
heterogeneity of hydraulic conductivity. The work built upon previous studies 
investigating heterogeneity that started with 2D sharp interface approximations (eg. 
Dagan & Zeitoun, 1998; Albitar & Ababou, 2005) and developed into modelling full 
density variations across the mixing zone (Held et al., 2005). Kerrou & Renard (2010) 
further advanced the study of heterogeneous effects by extending the dispersive 
Henry problem to 3D. These studies are similar in their approach, in that they 
employ stochastic analyses of heterogeneous effects in the form of lognormal 
random hydraulic conductivity fields. A lognormal distribution of hydraulic 
conductivity (or Gaussian distribution of ln( )) is commonly used to represent 
spatial variability in soil (Freeze, 1975; Sudicky, 1986; Fenton, 1990; Ahmed, 2009). 
In particular, the Local Average Subdivision (LAS) method of generating random 
fields is useful in that areas of observed data can be conditioned into the method 
and changes in field resolution maintain their represented statistical parameters 
(Fenton, 1990). Three statistical parameters are used to describe the random 
permeability (instead of hydraulic conductivity) fields (Fenton & Griffiths, 1996): 
coefficient of variation ( ), scale of fluctuation (  - denoted by ) and 
anisotropic ratio ( ).  
 

 
Figure 1.3 – Comparison between the original (dashed) and dispersive (solid) Henry problem 25%, 50% and 75% saltwater concentration isolines. 
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The  is the ratio of the standard deviation ( ) to the mean ( ) of the 
permeability field ( ( )): 

 =  ⁄  1.9 

The  ( ) provides the correlation length between two points in the field,  and 
 , by the Gauss-Markov function (Sudicky, 1986; Fenton & Griffiths, 1996): 

 (τ) = exp − 2 |τ|  1.10 

 τ = −  1.11 

 = (τ) τ 1.12 

In general terms, the  can be considered as the distance over which two points 
in the random field show significant correlation (Fenton & Griffiths, 1996). Smaller 

 values result in less correlated fields with a higher density of spatial variation, 
while larger values of  produce smoother fields. For 2D simulations, anisotropy 
can be represented by a different  in the vertical direction ( ) compared to the 
horizontal direction ( ). The anisotropic ratio ( ) is defined as the ratio of the 
horizontal  to the vertical  (Hicks & Samy, 2002; Ahmed, 2009): 

 =   ⁄  1.13 

Large values of  produce longer, lenticular stratifications, where = ∞ would 
indicate perfect horizontal banding of layers. The LAS algorithm creates a field of 
elements by dividing a global average value into 4 sub-fields whose local average is 
equal to the value of the global average. This step continues recursively until the 
number of elements required in the field is achieved. Initially, LAS is used to 
construct a Gaussian random field, ( ), with zero mean, unit variance and spatial 
correlation. The random permeability of each element is then assigned using the 
transformation: 

 = exp[ + ( ) ] 1.14 
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 = ln 1 +  1.15 

 = ln( ) − 1
2  1.16 

where  is the centre of the ith element. The effect of changing each statistical 
parameter can be visually observed by plotting a colourmap of the natural log of 
permeability. Figure 1.4 shows 2 examples of the random permeability fields 
generated using the LAS method. The permeability field in Figure 1.4a has a higher 

 and , but smaller  compared to the field in Figure 1.4b. The higher  
produces a larger contrast in permeability, indicated by the brighter and darker 
zones in the field. The smaller  makes these zones appear more frequent in the 
field, while the larger   elongates the zones along the -axis. In contrast, the 
permeability zones in Figure 1.4b are less frequent, appear more rounded than 
elongated and show reduced variation. 
Results from numerical studies of SWI are commonly compared to laboratory-scale 
experiments (Goswami & Clement, 2007; Abarca et al., 2009; Werner et al., 2009; 
Luyun et al., 2011; Shi et al., 2011; Chang & Clement, 2012, 2013; Oz et al, 2014; 
Robinson et al. 2015, 2016; Aboulhalik et al., 2017). However, given the 
complexities involved, studies regarding heterogeneous effects are rare (Lu et al., 
2013, Dose et al., 2014; Mehdizadeh et al, 2014). For laboratory-scale experiments 
of 2D aquifers, image analysis provides full spatial salinity distributions without the 
need for lower resolution invasive sampling instrumentation, which could affect 
flow paths and modify the intrusion dynamics (Konz et al., 2008). Despite the 
increased information provided by image analysis, no single published work seems 
to quantify the  in any meaningful way. Generally, SWI parameters are 
quantified by visual observation and manual measurement. Furthermore, analysis 
of transient SWI dynamics is generally neglected in favour of steady-state analyses 
(Shi et al., 2011; Lu et al., 2013). The effects of heterogeneity on SWI have been 
studied numerically by several authors (Held et al., 2005; Abarca, 2006; Kerrou & 
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Renard, 2011), but there is still a lack of physical results from controlled laboratory-
scale experiments, or field observations, to validate the trends identified. 
 

 
 

  
Figure 1.4 – Examples of random heterogeneous permeability fields generated by LAS using the three statistical parameters ,  and . 
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Aims and Objectives 
The main purpose of this study is to analyse the effects of ground heterogeneity, in 
the form of variable permeability, on the SWI problem. A review of published 
literature revealed that current experimental methods are limited by using manual 
quantification of SWI parameters by visual observation. These methods are 
beneficial in that they are relatively quick and simple to setup, but lack the 
necessary tools to quantify important SWI features, such as the brackish mixing 
zone along the saltwater-freshwater interface. They are also limited to mainly 
steady-state or low temporal resolution transient tests, which cannot capture SWI 
dynamics occurring at the initial stages of saltwater wedge movement. Therefore, 
the first objective of this study is to develop a high resolution image analysis 
procedure that will take account of density variations within the saltwater wedge 
and allow for quantification of transient SWI parameters such as  and . The 
procedure should be automated as much as possible to reduce human error and 
allow for processing of high resolution spatial and temporal image capture. The 
methodology should also be scalable, so that it can be adopted in larger scale 
experiments using higher resolution cameras. 
The second objective is to apply the new experimental methodology to 
homogeneous aquifers constructed of different diameter granular media. Each 
aquifer will be tested for cases of advancing and receding saltwater wedges to 
observe and compare the different SWI dynamics involved. The homogeneous tests 
will provide a basis for validating the methodology, including a robust error analysis, 
repeatability study, and comparison with numerical modelling. The homogeneous 
results will also provide a benchmark for comparison with heterogeneous tests. 
The third objective is to investigate the effects of heterogeneity on SWI intrusion 
dynamics. Few studies discuss physical testing of laboratory-scale heterogeneous 
aquifers due to the increased complexity in setup.  Heterogeneous aquifers will be 
constructed of the same porous media used in the homogeneous cases, starting 
with layered systems and progressing to more complex block-wise structures. 
Randomly distributed heterogeneous aquifers will also be tested and compared to 
results from stochastic numerical modelling using random permeability fields. The 
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conclusions will provide insight into the effects of heterogeneity on SWI 
hydrodynamics and could be used to better define conceptual models of real world 
aquifers. It is hoped that this will lead to an increase in the accuracy of SWI 
predictions and result in the design of more efficient remediation strategies.  
To summarise the objectives of the study: 

1. Investigate SWI dynamics in homogeneous media, providing validation for 
the experimental methodology and benchmark results for comparison with 
heterogeneous tests; 

2. Investigate effects of heterogeneity on SWI dynamics, including comparison 
with stochastic numerical modelling of random heterogeneous fields. 

3. Develop an automated high resolution image analysis procedure to observe 
and quantify transient SWI parameters that will be scalable across a range of 
laboratory sandbox experiments; 

Thesis Outline 
The thesis consists of 6 chapters including this introduction. At the beginning of 
each chapter, a footnote is provided to indicate where the work has been 
submitted to, or published in, peer reviewed international journals or conference 
proceedings.  
Chapter 2 presents the experimental methodology employed in this study. The 
methodology was developed to provide high resolution spatial and temporal 
saltwater concentration profiles from image analysis of 2D sandbox style 
laboratory-scale experiments. The chapter includes details on calibration 
methodologies, error analysis and automation processes. 
Chapter 3 focuses on the investigation of SWI dynamics in homogeneous media 
using the experimental methodology presented in Chapter 2. SWI parameters are 
analysed at steady-state and transient conditions for both advancing and receding 
saltwater wedges. Results are compared to numerical simulations using SUTRA. 
Chapter 4 presents the investigation into the effects of heterogeneity on SWI 
dynamics. The study focuses on experimental results from gradually increasing 
heterogeneous configurations: layered, blocked and random heterogeneous 
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domains. The trends identified are compared to results from a stochastic analysis of 
SWI in random permeability fields using LAS. 
Chapter 5 discusses the use of mathematical tools to shorten the time required to 
setup the calibration to convert light intensity to saltwater concentration for image 
analysis. The calibration process contributes a significant portion of the setup time 
(at least 4 hours) and will increase exponentially in larger scale experiments. The 
use of MLTs was evaluated to generate a calibration regression model that could be 
applied universally to all test cases. The results were compared with those from 
individual calibrations for each case. The suitability of the model as a replacement 
for unique calibrations was assessed, with the added benefit of significantly 
reducing the time required to setup and run experiments. 
Chapter 6 presents the main conclusions from the thesis and recommendations for 
future work. 
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2. Experimental Methodology 
The following chapter describes the design and implementation of a 2D sandbox (or 
tank) style experiment to investigate the effects of heterogeneity on SWI dynamics 
using image analysis. The chapter begins with an introduction to sandbox 
experiments and an overview of the published literature in this area. This literature 
review focuses on the advantages and disadvantages of current experimental 
studies in the field, and highlights key concepts employed from the published work 
as well as identifying the areas in need of improvement. A description of the 
experimental equipment follows, including discussion on specialised 
instrumentation and data acquisition. Analysis and computation of experimental 
errors using various calibration techniques is also discussed. Finally, the extensive 
development of the image analysis software is presented, with the focus on 
automation at every stage of analysis. 
 
 
 
____________________    
This chapter is based on the paper: Robinson, G., Hamill, G.A., Ahmed, A.A., 2015, “Automated image analysis for experimental investigations of salt water intrusion in coastal aquifers”, J Hydrol, 530, 350-360. 
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2.1 Introduction 
Image analysis has been widely used to track the migration of contaminants in 
groundwater flow using sandbox style experiments (Schincariol & Schwartz, 1990; 
Zhang et al., 2002; Goswami & Clement, 2007; Chang & Clement, 2013, Konz et al. 
2008, 2009, 2009a, 2009b; Dose et al., 2014). It provides several advantages over 
traditional sensor array setups, most notably the lack of invasive sampling 
instrumentation affecting the flow path, and the increased information attained 
from higher spatial resolutions.  
Generally, a sandbox experiment involves the analysis of flow patterns or 
visualisation of contaminant transport in a thin box providing quasi two-
dimensional conditions. The sandbox contains a viewing window of clear acrylic or 
glass allowing images to be taken for analysis. The viewing chamber is usually 
flanked by two reservoirs at either side separated by a fine mesh screen. The side 
reservoirs provide the boundary conditions for the experiment. Clear porous media 
(glass beads) are packed into the central viewing chamber with a clear surrounding 
fluid to provide saturated conditions. The porous media is then illuminated from the 
front, known as the reflective light technique, or from the rear, known as the 
transmissive light technique (discussed later). Dyed solute, usually of a different 
density to the surrounding fluid, is introduced into the saturated porous media and 
images of the interaction between the different density fluids are captured. The 
images are then post processed to relate the captured image property (light 
intensity) to the desired system property (concentration of solute). With the images 
now converted to concentration profiles, parameters defining solute interaction can 
be quantified. 
Goswami & Clement (2007) developed a homogeneous 2D SWI experiment with the 
goal of providing a more robust benchmark for numerical models than the popular, 
but unrealistic, Henry problem (Henry, 1962). One of the key features of the work 
was the image analysis of a saltwater wedge under transient conditions. However, 
the experiment only considered homogeneous cases and that a sharp interface 
existed between the two fluids. Furthermore, the image analysis was largely 
qualitative and consisted of tracing the saltwater-freshwater interface visually. 
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Abarca & Clement (2009) improved on the research of Goswami & Clement (2007) 
by developing a method to map the mixing zone at the saltwater-freshwater 
interface. The method utilised the colourimetric changes of phenolphthalein with 
respect to pH value in order to visualise the mixing zone. However, the mixing zone 
was still quantified by visual observation and the experiment was limited to a single 
steady-state homogeneous condition. Goswami et al. (2008) further improved on 
the image analysis technique by correlating the image property (light intensity) to 
the desired system property (concentration), therefore defining solute transport 
directly from the images without the need for visual tracing, as in previous studies. 
This is typically known as the calibration stage, where regression coefficients are 
determined for the mathematical relationship between light intensity and 
concentration. They also developed an approach to estimate errors in image 
analysis techniques, using statistical procedures documented in (Taylor, 1997). 
However this study was not focused on a SWI case and instead assumed a 
hypothetical case of a falling contaminant plume. Later experimental studies 
involved analysing the effects of recharge rate (Chang & Clement, 2012) on SWI 
dynamics and identifying transport processes above and within a saltwater wedge 
(Chang & Clement, 2013). However, the post processing of the experimental images 
follows the same visual observation techniques used in Goswami & Clement (2007). 
Manual quantification of saltwater wedge properties becomes an issue with higher 
sampling rates, which is evident given the large time steps adopted in these studies 
to analyse transient effects. It is clear from the literature that manual quantification 
by visual observation is somewhat lacking when analysing transient SWI dynamics 
and there is scope for improvement in this area. 
Konz et al. (2008) detailed an image analysis procedure for a homogeneous test 
using the reflective light technique. The quality of their image analysis procedure 
was determined by comparing the concentration profiles calculated from the 
images to those of resistivity measurements taken from sampling ports at the rear 
of their sandbox. The reflective light technique involves illuminating the porous 
media from the front, which is beneficial for thick sandbox experiments or opaque 
porous media (eg. fine sands). However, images are prone to noise induced by 
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surrounding light and only capture detail in the area between the porous media and 
front tank wall. On the other hand, the transmissive light technique involves 
illuminating the porous media from behind. This provides a depth averaged view of 
solute transport, but is only suitable for thin sandbox experiments (less than 1cm). 
Konz et al. (2008) also utilised masks to reduce the lens flare effects occurring in 
their experiment, limiting the analysis area significantly. Given that their 
comparison was between image analysis based concentrations and resistivity 
measurements, there was no requirement to analyse the entire domain. By limiting 
the analysis area to the locations of the sampling ports and deriving regression 
coefficients for each area they were able to provide a highly accurate and fast 
method of determining concentration profiles. However, this method is insufficient 
when the goal is to map the entire length of a saltwater wedge, as was the case in 
Goswami & Clement (2007). Konz et al. (2009b) further investigated the differences 
between the reflective and transmissive light techniques by calculating the errors 
involved in determining concentration from image light intensities. They concluded 
that the reflective light technique provided fewer errors. However, the sandbox 
used in their experiment was 4cm thick, which would greatly increase the 
dispersion of light travelling through the porous media and consequently increase 
the error calculated for the transmissive case. Furthermore, Mariner et al. (2014) 
identified strong 3D effects occurring in their sandbox (5cm thick) by comparing 
images of the front and back faces. Therefore, the transmissive light technique is 
advantageous in that solute movements are identifiable across the entire thickness 
of the sandbox, not just between the porous media and front face. In other studies, 
Konz et al. (2009a, 2009c) investigated the effects of placing an impermeable layer 
and semi permeable block on solute transport in a homogeneous medium. 
However, the level of heterogeneity in these experiments is low; at most containing 
a single permeability differential by using two distinct zones of different grain 
diameters. It is evident from the literature that in order to better understand 
heterogeneous effects more complex domains containing several different 
permeability contrasts are required. 
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As previously discussed, the effect of heterogeneous aquifer properties has not 
been investigated extensively. Schincariol and Schwartz (1990) used image analysis 
to investigate the effects of solute density and aquifer heterogeneity on a saltwater 
plume. The experimental test cases involved homogeneous, layered and lenticular 
formations, but were more focused on the free convection problem of a falling 
plume rather than the more hydraulically driven SWI problem. Although advanced 
for its time, the image analysis methodology lacked the ability to significantly 
distinguish between concentration zones within the plume. Only two zones were 
analysed; between 10 - 25% and 50 - 100% of source concentration. Likewise, 
several authors have studied SWI in heterogeneous systems (Lu et al., 2013; 
Chowdhury et al., 2014; Dose et al., 2014; Mehdizadeh et al., 2014). However, the 
investigation by Lu et al. (2013) is one of few studies that consider the mixing zone 
in laboratory scale SWI. Even so, the study only investigates steady-state mixing 
zones, and no quantitative analysis was conducted on experimental images. The 
comparison between experimental tests and numerical simulations was purely 
qualitative in this case. Chowdhury et al. (2014) considered a heterogeneous 
domain of three different grain sizes constructed in a regular block-wise pattern. 
Not only was the hydraulic conductivity heterogeneous in the vertical direction, but 
also in the horizontal. They also investigated the effect of increasing the length of 
the blocks in the horizontal direction, effectively increasing the anisotropy of the 
domain. However, similarly to Lu et al. (2013) and Goswami & Clement (2007), the 
results were manually determined from images captured, and a sharp interface was 
considered. One of the most advanced synthetic aquifers constructed while still 
maintaining full control over the structure was detailed in the tracer experiment 
study of McNeil et al. (2006). The aquifer consisted of 3456 rectangular blocks of 25 
separate porous media classes. This allowed emplacement of distinct blocks of 
known permeability to create a heterogeneous field based on a log-normal 
probability distribution, therefore reflecting conditions found in the field. However, 
the calibration method adopted by McNeil et al. (2006) involved converting light 
intensity to optical density and then correlating optical density to concentration. 
Converting light intensity to optical density involves optimising a curve for a small 
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number of images, therefore reducing the number of images that can be used to 
analyse the transient motion of the solute (Konz et al., 2008).  
It is clear from the literature that there is scope for improvement on the existing 
knowledge of SWI dynamics in heterogeneous porous media. Where some studies 
use sophisticated and accurate image analysis, they lack focus on the issue of SWI in 
coastal aquifers and are more specialised in contaminant plume migrations. 
Conversely, those studies focused on SWI in the coastal region predominantly study 
homogeneous domains and use either qualitative or manual quantification of 
intrusion parameters. Overall, there is no singular study that analyses SWI 
hydrodynamics for a large range of homogeneous and heterogeneous cases. This 
would provide insight into the effects of heterogeneity at each level and facilitate 
understanding of the processes occurring. Furthermore, few studies in the 
researched literature have discussed the issue of repeatability. Therefore, the aims 
of this experimental sandbox study were to: 

1. Construct and test a series of aquifers with increasing levels of 
heterogeneity, starting with homogeneous cases, moving on to horizontal 
layers, then on to block-wise structures and finally random emplacements; 

2. Analyse various calibration methodologies and identify the most suitable for 
all test cases; 

3. Obtain high temporal and spatial resolution images to analyse the transient 
hydrodynamics of a saltwater wedge, as it advances inland and recedes 
seaward; 

4. Automatically quantify intrusion parameters (toe length ( ), width of the 
mixing zone ( ) and angle of intrusion ( )) from image analysis to 
facilitate the high temporal and spatial resolutions achieved. 

5. Ensure high levels of control in order to assess repeatability and more 
accurately numerically model the test conditions. 

Laboratory scale SWI may not be capable of fully representing the conditions found 
in field scale aquifers, but the increased level of control does allow for the 
identification and quantification of typical transport processes and validation of 
numerical simulations. 
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2.2 2D Sandbox Experiment 
This section details the experimental equipment and methodologies employed in 
setting up and acquiring test data. The section begins with a specification of the 
sandbox (or tank) dimensions and key attributes. A discussion on the preparation of 
fluids and methods of porous media emplacement follows. Details of the specialised 
instrumentation used, such as the high speed camera and ultrasonic sensors, are 
discussed after. The section concludes with a summary of the experimental test 
cases investigated. 
2.2.1 Tank Specification 
A schematic diagram of the tank is shown in Figure 2.1. The main tank unit was 
purchased from G.U.N.T. Hamburg (HM 153) and adapted with considerable 
modifications to perform the experiments. The tank consisted of a central viewing 
chamber of dimensions (L x B x H) 0.38m x 0.15m x 0.01m. The central viewing 
chamber was filled with a clear porous media (glass beads), which allowed visual 
observation of saltwater movement within the aquifer. The light transmissive 
method was adopted to illuminate the beads as it provides a better representation 
of the mixing zone dynamics than the light reflective method. Therefore, a light 
diffuser was attached to the back face of the viewing chamber and assisted in 
producing more uniform lighting conditions to the domain. It is important to note 
that the bottom of the central viewing chamber is located 5mm below the visible 
bottom edge while viewing from the front. This resulted in a loss of information 
directly along the bottom boundary. However, it is common practice in image 
analysis to crop out the regions close to the boundaries due to the increased non-
uniformities in lighting occurring there. For future reference, this tank feature is 
accounted for in the offset of experimental contours from the boundaries in the 
comparison images with numerical simulations. All SWI parameters are 
automatically calculated with this offset in mind, so direct comparison of the results 
from numerical and experimental data can still be achieved. Additionally, the glass 
front of the central viewing chamber was detachable using the thumb screws and 
allowed for easy cleaning of the apparatus.  
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Figure 2.1 – Schematic diagram of the sandbox experiment tank, front (top) and plan (bottom) elevation  
A large chamber was located at either side of the central viewing chamber. These 
side chambers provided the hydrostatic pressure boundary conditions for each test. 
The left side chamber was assigned to hold clear freshwater. A steady stream of 
freshwater was introduced into the bottom of the side chamber from an upper 
reservoir (50L capacity). The water levels were maintained in the side chambers 
through an adjustable overflow outlet which drained excess water to waste. By the 
same processes, dyed saltwater solution was introduced into the right side chamber 
and maintained at the desired level. The reservoirs were cylindrical conduits (Ø 
0.15m) with a maximum capacity ≈ 4L, seven times larger than the central viewing 
chamber (≈ 0.57L). The large difference in capacity acted as a buffer, and was 
advantageous in maintaining greater uniformity of saltwater density across the 
boundary. Dilution at the saltwater boundary was a strong possibility due to the 
general flow paths of the two fluids in this type of problem (Figure 1.1). However, it 
appeared that the freshwater rose instantaneously to the surface when not in the 
presence of the porous media. A similar effect was reported in Goswami & Clement 
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(2007). This was advantageous in that the water levels were being maintained by an 
overflow system, so the freshwater was constantly being tapped off from the top of 
the saltwater side chamber. The typical discharge from the 50L saltwater reservoir 
was around 3ml/s, significantly greater than the average flow rate through the 
domain (0.5ml/s). This kept the residence time of any freshwater entering the 
saltwater side chamber to a minimum. 
Two acrylic fine mesh screens were fixed to the interfaces between the side 
chambers and central viewing chambers. These meshes provided access for water 
flowing from the side chambers while still confining the beads to the central 
chamber. The meshes were manufactured with 0.5mm apertures; slightly smaller 
than the finest beads tested. Plastic was chosen over metal to prevent excess 
corrosion reducing the aperture size over time. 
The overflow system consisted of an aluminium bracket holding a flexible hose 
outlet connected to the waste outlet at the bottom of the side chambers, as shown 
in Figure 2.1. The bracket was threaded and attached to a fine screw shaft, that 
when turned varied the position of the bracket on the shaft. This allowed fine 
control adjustment of the water levels in each side chamber and was critical for the 
scale of the experiment (as discussed in Section 2.2.3).  
2.2.2 Fluids and Porous Media 
The hydraulic properties of saltwater and freshwater are key drivers of the 
transport processes occurring in the experiment. The freshwater used in the 
experiment was obtained from a distillation plant in the School of Chemistry and 
Chemical Engineering located in the David Keir Building. This freshwater was 
degassed, which reduced air bubble formation in the porous media. Air bubbles 
appear as dark spots in the camera images and subsequently appear as noise in the 
concentration colourmaps. The freshwater also had the benefit of low conductivity, 
reducing the error in density that could be induced through tap water variability. 
Furthermore, this freshwater was also used as the basis for the dyed saltwater 
solution. A saltwater density of 1026kg/m3 was selected to represent the density of 
seawater in a coastal region (Henry, 1962). The distilled water base required for the 
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saltwater batch was measured using a 2L measuring cylinder. Food grade salt was 
then measured out using scales accurate to 0.01g for the desired saltwater volume. 
The concentration of salt required to create a salt solution of density 1026kg/m3 
was determined using and adapted equation from Fischer et al. (1979): 

 = − 999.87
0.695  2.1 

where  is concentration (g/L) and  is the required saltwater density (kg/m3). 
Initially, the saltwater solution was mixed for each individual test, due to the 
limitations in storage tanks available. This was the case for all of the homogeneous 
tests.  However, to preserve the density of saltwater over a range of test cases a 
larger 200L storage tank was purchased. This allowed saltwater of the same batch 
to be used in up to 5 full test cases. Red food colouring (E129 Allura Red AC 
Granular) was used to trace the movement of saltwater and visualise the transport 
processes occurring. Food colouring has been successfully used in several image 
analysis experiments in the published literature (Goswami & Clement, 2007; Konz et 
al., 2009), and has the benefits of being inert, non-sorbing on glass beads, non-toxic 
and cheap.  A dye concentration of 0.15g/L was used for all experimental cases. This 
value was determined through a trial and error process, and provided the most 
optimal range of light intensities based on the camera properties and illumination 
setup (discussed in Section 2.2.3). The 200L dye-saltwater solution was then left for 
a minimum of 4 days to fully dissolve, with daily agitation assisting the process. 
Glass beads from Whitehouse Scientific were chosen as the porous media for these 
experiments. Three different bead diameters, 780µm, 1090µm and 1325µm, were 
selected in order to investigate the effects of heterogeneity on SWI hydrodynamics. 
These general purpose glass beads were a by-product from the manufacturing of 
highly parameterised and uniform beads used in sieve calibration. Consequently, 
the beads used in this experiment are of lower grade, but still maintain higher levels 
of uniformity in shape and size than other glass beads on the market. However, the 
optical uniformity of light transmitted through the beads posed new problems. 
Given that the beads were designed for sieve calibration and not image analysis, 
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there were noticeable discolorations between beads of the same size. This lead to 
fairly non-uniform lighting distributions across the domain and prompted the need 
for more accurate calibration methods (discussed in Section 2.3).  
The glass beads were packed under fully saturated conditions to minimise the 
propagation of air bubbles in the domain. Initially, glass beads of the appropriate 
size were placed into a transition container full of distilled water. The beads were 
then gentle stirred to remove any air entrapped while pouring the beads into the 
water. The ratio of beads to water in the transition container is very low (around 1 
in 10), which made reaching the saturated condition easier and much faster than if 
the process was carried out in the central viewing chamber. Once the beads were 
fully saturated in the transition container they never left this state. The side 
chambers and central viewing chamber were then filled with distilled water. In 
order to transfer the beads from the transition container into the central viewing 
chamber, while maintaining full saturation, a siphon was used. By creating a 
hydraulic gradient between the transition container and the central viewing 
chamber, the beads were carried through a small diameter plastic hose by the bulk 
motion of the water. This allowed accurate placing of beads with minimal 
entrapped air. For homogeneous and layered cases the aquifers were built up in 
layers. The beads were lightly compacted as each layer was placed, and the upper 
surface was shaped to be horizontal. Only light compaction was used, as any large 
force applied to the beads resulted in heavy distortion of the interfaces between 
separate bead classes. A series of dividers were manufactured to allow the creation 
of heterogeneous aquifers. The surfaces of each block in the heterogeneous cases 
had to be carefully shaped because removal of the dividers prompted the beads to 
fall into the spaces left by the thickness of the divider. This resulted in 
arrangements that deviated from the theoretical heterogeneous cases initially 
defined. An algorithm to define bead boundaries was added to the image analysis 
code to account for these deviations in the comparative numerical simulations (see 
Section 2.4.8).  
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2.2.3 Instrumentation and Data Acquisition 
In this experiment, the images were captured with an IDT MotionPro X-Series high 
speed camera in conjunction with IDT Motion Studio software. The camera had a 
capture resolution of 1280x1024 pixels and an 8-bit grayscale pixel depth. The 
resolution allowed for a pixel size of around 0.3mm and the grayscale pixel depth 
provided a range of 256 available light intensities without the need for RGB to 
grayscale conversion or channel isolation. Figure 2.2 shows an unprocessed camera 
image taken during a homogeneous experiment. 

 
Figure 2.2 – Example image captured during the 1090µm homogeneous case. 
The main advantage of the high speed camera was to record images in a quick 
succession to eliminate any variability due to light flickering. A total of 10 images 
were recorded each time the camera was triggered and the average of the images 
was used in the analysis procedure (see Section 2.4). The camera captures images at 
a rate of 100Hz, therefore taking 0.01s to record each image (0.1s for all 10 images).  
Figure 2.3 shows the standard deviation in pixel light intensity across the 10 images 
taken for the 1090µm homogeneous case. It may seem trivial to correct for 
standard deviations of 2 pixel light intensities. However, particularly dark pixel 
locations may only have 40 pixel light intensities between 0% and 100% saltwater 
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concentration images. This standard deviation could then contribute significant 
error to the calculated calibration regressions statistics.  

 
Figure 2.3 - Standard deviation of pixel-wise light intensities between 10 images captured at 0.01s intervals for the 1090µm homogeneous case. 
The IDT Motion Studio software allows a high level of control over camera 
properties, such as exposure time, rate and data storage. Due to the high temporal 
resolutions required for detailed transient analysis, acquiring data at the right times 
was essential. Through the IDT Motion Studio software, the camera was set up to 
recognise a flashing LED bulb, triggering the camera to capture images. The LED 
bulb was connected to a variable analogue timer that could be adapted to suit any 
sample rate. 
Two Camtree 600 LED lights were used to illuminate the glass bead aquifer from 
behind. LED lights are advantageous over traditional tungsten lights due to greater 
power efficiency and significantly less heat produced. The LED lights were able to 
produce sufficient light to set the exposure time and aperture size so that ambient 
light became negligible. Nevertheless, precautions were taken to reduce changes in 
ambient light by closing laboratory blackout shutters.  
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The water levels in each side chamber were measured using ultrasonic sensors from 
the Microsonic range (Microsonic - mic+25/DIU/TC). These sensors came equipped 
with a built in digital display showing the sensor reading. Due to the fine control of 
water level required for this experiment, the sensor display was programmed to 
show readings as percentages over a 2cm range. Therefore, every increment of 1% 
on the sensor corresponded to a change in water level of 0.2mm.  
The sensors were initially programmed to read to a higher accuracy, but they 
become overly sensitive to small scale disturbances on the water surface as a result 
of vibrations produced by general laboratory operation. Increments of 0.2mm were 
sufficient to accurately measure the water levels and to adjust the overflow outlets 
accordingly. 
Given the small changes in water levels required for the experiment, the ultrasonic 
sensors also provided the means to ensure the tank was orientated horizontally. 
Even a slight tank incline could distort the water level measured in each side 
chamber and produce significantly different intrusion properties when compared to 
numerical simulation. Therefore, the tank was balanced so that both sensors read 
the same value on each side of the tank, ensuring horizontal orientation. 
2.2.4 Test Cases 
The baseline experimental test cases involved the investigation of transient SWI 
properties in homogeneous aquifers. The level of heterogeneity was gradually 
increased from the homogeneous case in progressive stages: layered, blocked and 
random heterogeneity. Figure 2.4 shows example images of the different levels of 
aquifer heterogeneity. The layered cases involved placing beads of different 
diameters in horizontal stratifications, resembling simplified sedimentary deposition 
patterns. The blocked cases added heterogeneity to the vertical direction as well as 
the horizontal plane. While the highly structured block formations may not 
represent real geological features accurately, they provided a simplified case of a 
heterogeneous aquifer which was feasible to construct in the laboratory. The 
random heterogeneous cases were analysed to identify the difference between 
well-defined structures and the same beads placed in a random assortment. By 
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increasing the heterogeneity in a step-wise fashion a deeper understanding of the 
heterogeneous effects could be garnered from the results. 

 
Figure 2.4 – Images of the experimental test cases investigated with increasing heterogeneity: homogeneous (top), layered (upper middle), blocked (lower middle) and random (bottom) 
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Each aquifer was tested to investigate the transient intrusion characteristics of an 
advancing (landward motion) and receding (seaward motion) saltwater wedge. 
Initially, the aquifer was fully saturated with freshwater. Using the variable overflow 
outlets, 3 different hydraulic gradients were imposed across each aquifer. The first 
test involved creating a head difference ( ) of 6mm between the freshwater side 
chamber (135.7mm) and saltwater side chamber (129.7mm). This test initiated the 
saltwater wedge to intrude into the fully freshwater aquifer, and is referred to as 
the f-6mm case. Each test was run for 50 minutes for the saltwater wedge to reach 
a steady-state condition. 
The saltwater wedge was then prompted to intrude further into the aquifer by 
lowering the water level in the freshwater side chamber (133.7mm), to a head 
difference of  = 4mm. This test, referred to as 6-4mm, allowed the analysis of an 
advancing saltwater wedge without the initial boundary effects observed as the 
wedge first entered the aquifer in the f-6mm test. The head difference was then 
increased to  = 5mm by raising the water level in the freshwater side chamber 
(134.7mm). This allowed investigation of intrusion parameters within a receding 
saltwater wedge, and is referred to as 4-5mm test. An additional test was added to 
later experiments to assess whether the saltwater wedge would recede to the same 
position as it intruded to during the f-6mm test. This final test involved raising the 
freshwater level back up to 135.7mm, and is referred to as the 5-6mm test. 
The first experimental cases involved taking images every 5 minutes over a 50 
minute duration test. However, it was observed from the heterogeneous results 
that the greatest changes to the  occurred on initiation of a new hydraulic 
gradient across the aquifer. Therefore, the sampling rate was increased to 1 image 
per minute. Consequently, the datasets became too large to run on the image 
analysis code, which required additional new features and significant optimisation 
(see Section 2.4). With the newly optimised analysis code, the sampling rate was 
increased to capturing 1 image every 30 seconds. This allowed for detailed analysis 
of saltwater wedge dynamics, particularly in the heterogeneous cases. 
Within each level of heterogeneity several different aquifer layouts were tested, as 
summarised in Table 2.1. A physical repeat involved removing the beads from the 
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tank and replacing them in the same layout as before. Furthermore, a new 
calibration was required for each repeat and the entire process was time 
consuming, particularly for the non-homogeneous cases. The benefit of carrying out 
a physical repeat was that it revealed the effects of bead placement variability. 
However, the repeatability of the transient dynamics of the saltwater wedge was 
deemed more important. Therefore, test repeats were initiated for the 
heterogeneous cases, whereby each test (f-6mm, 6-4mm, 4-5mm & 5-6mm) was 
repeated 3 times in the same configuration. These repeats were advantageous in 
that they allowed for assessment of repeatability of intrusion dynamics without the 
need for bead replacement and new calibration.  
Table 2.1 – Experimental test cases investigated 

Test Case 
(No. of cases) 

Bead  Diameter 
Arrangements (µm) 

Physical 
Repeats 

Test 
Repeats 

Homogeneous (3) 780 
1090 
1325 

3 
4 
3 

1 
1 
1 

Layered (3) 1325, 780 
780, 1090, 780 
1325, 780, 1090 

3 
1 
1 

1 
3 
3 

Blocked (3) Standard Distribution (SD1) 
SD 2 = SD 1 + offset 
SD 3 = SD 1 + (2*offset) 

1 
1 
1 

3 
3 
3 

Random (2) Randomised placement SD 2 
Randomised placement SD 3 

1 
1 

3 
3 

 Total 20 25 
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The simple layered case consisting of 2 different bead classes was chosen to test the 
repeatability of packing heterogeneous domains. The other two layered cases 
involved looking at the effect of a high and low permeability strip in contrasting 
permeability surroundings. The blocked cases involved using a standard distribution 
of beads that did not change, but the position of each block was offset by 1 to the 
left each time. This meant that even though the configuration of blocks stayed the 
same, their positions relative to the saltwater wedge changed, allowing for the 
analysis at a block-wise level that would be comparable to the other blocked cases 
given the similar overall flow patterns. It should be noted from Table 2.1 that a 4th 
physical repeat was conducted on the 1090µm homogeneous case. This case 
involved packing the beads solely under the effects of gravity, and did not include 
any manual tamping. This allowed for the assessment of possible small scale 
heterogeneities introduced during the bead packing process. 
2.3 Analysis of Calibration Methods 
A calibration is required to relate the captured image property, light intensity, to 
the desired system property, concentration. This relationship is non-linear and has 
been represented by a range of equations in the published literature (Goswami & 
Clement, 2007; McNeil, 2006). For these experiments, a power law was chosen to 
relate light intensity ( ) to concentration ( ) in the form: 

 = −  2.2 

where ,  and  are coefficients to be determined from regression analysis. In 
order to solve for the coefficients, several calibration images are needed. 
Calibration images require the entire aquifer domain to be fully flushed with a 
known concentration of dyed saltwater. Images of the aquifer fully flushed with 8 
different concentrations of dyed saltwater (0%, 5%, 10%, 20%, 30%, 50%, 70% and 
100%) were captured for use in the regression analysis. Eight concentrations 
provided a reasonable number of data points to perform the -  regression 
analysis, and the concentration values chosen best fit the general shape of the 
power curve. The known concentrations and corresponding light intensities were 
used to calculate the coefficients in Equation 2.2, through the intrinsic MATLAB 
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least squares regression algorithm ‘lsqcurvefit’. The process of flushing the aquifer 
with the desired saltwater concentration was complicated by the need to maintain 
fully saturated conditions at all times. Therefore, the calibration procedure began 
with capturing images of the saturated freshwater aquifer (0% saltwater 
concentration), with the 5% saltwater concentration added to the bottom of the 
side chamber. The more dense saltwater fluid displaced the less dense fluid already 
in the side chamber, and was tapped off at the top using the overflow outlets. Thus, 
the water level in the tank was maintained at the same level, preserving fully 
saturated conditions in the aquifer. Eventually, all of the less dense fluid would be 
removed from the system, leaving a fully saturated aquifer at the new 5% saltwater 
concentration. This method was repeated for all 8 concentrations and a calibration 
image profile was assembled for analysis.  
Example images of a fully flushed homogeneous case are shown in Figure 2.5. It 
took around 30 minutes for the beads to become fully saturated and required 
around 10L of saltwater solution for each concentration. The aquifers were flushed 
with approximately 10 pore volumes to ensure full saturation of the new 
concentration (Goswami & Clement, 2008). 

   
Figure 2.5 - Calibration images of 1090µm homogeneous domain saturated with saltwater concentration 0% (left), 20% (middle) and 100% (right) 
The main drawback of the calibration process is the long time required to displace 
the less dense fluid out of the system. The calibration process alone took at least 4 
hours. When added to the time taken to build the synthetic aquifer and mix the 
saltwater solution, the time required for preparing each experimental case was 
between 7-12 hours. This resulted in a large disparity in time required when 
compared with the 200 minutes for actual testing. An investigation was undertaken 
to analyse different calibration regression methods to see if any possible solution 
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could be found. The following section contains discussion on several calibration 
methods, and identifies the advantages, disadvantages and errors involved in each. 
2.3.1 Error analysis 
An error analysis was conducted on each calibration method, following the same 
methodology presented in Goswami et al. (2008). The method involves a robust 
statistics based analysis, whereby the total error ( ) is composed of two error 
types: 

1. Calibration relationship error ( ) – The error involved in fitting the 
regression curve to the calibration data, defined by (Taylor, 1997): 

 =  ∑ ( −  )
−  2.3 

where  is the actual measured concentration,  is the predicted 
concentration based on regression analysis,  is the number of data points 
in the calibration, and  is the number of coefficients used to define the 
relationship. This is also known as the standard error of the estimate. 

2. Experimental Error ( ) – The error created by the noise in light intensity 
of the calibration images. The standard deviation of light intensity was used 
to represent the image noise, which was related to noise in the 
concentration field using the equation (Taylor, 1997): 

 =   2.4 

where /  is the gradient of the power law regression equation, and  is 
the standard deviation of light intensity in the calibration image. 

The total error for the calibration is calculated by adding the errors in quadrature: 

 =  +   2.5 
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The calibration relationship error is representative for all points along the curve, 
whereas the experimental error is specific to each calibration image. Therefore, the 
total error was calculated for every calibration concentration and is presented as a 
percentage of maximum saltwater concentration (100%). The results are 
summarised in a table at the end of each calibration method section. 
2.3.2 Average light intensity method 
The simplest calibration regression method involves averaging the light intensity 
values across the entire calibration image. This single light intensity value is deemed 
representative of the entire domain when conducting the regression analysis. This 
method works well for highly uniform lighting distributions commonly observed in 
homogeneous cases. The method is also computationally efficient, as only one set 
of coefficients needs to be calculated in the regression analysis. However, for the 
homogeneous images shown in Figure 2.5, it is clear that there are areas of the 
aquifer receiving greater illumination than others, most notably, the centre of the 
viewing window compared to the edges. Furthermore, screw holes in the rear of 
the tank appear as dark blotches in the centre and sides of the viewing window, 
further reducing the light uniformity. Figure 2.6 shows the average light intensity 
values for each calibration image and the power law regression curve fitted. From 
visual observation, it is clear that the curve fits the data well, so the calibration 
relationship error is expected to be low. However, given the noisy light intensity 
distribution across the image, the experimental error is expected to be significantly 
larger. Table 2.2 shows the results of the error analysis. As expected, the total error 
estimate is dominated by the non-uniform light intensity field. This is evident in 
Figure 2.7, where the regression coefficients are applied to the calibration image 
light intensities of Figure 2.5. Ideally, the concentration colourmap should appear 
uniform at the value of the measured concentration. It is evident that variations in 
the light intensity fields are still accounted for after conversion of the image to 
concentration fields, as observed in the less concentrated central zones of Figure 
2.7. Furthermore, the addition of heterogeneity would impose greater errors on 
method, as the light intensity fields become less uniform. Therefore, selecting a 



Chapter 2: Experimental Methodology 

39 
 

single value based on the average light intensity field to represent the entire 
domain is prone to very large errors and unsuitable for this work. 
 

 
Figure 2.6 - Average light intensities for each concentration calibration image and fitted power law regression curve 
 
 
Table 2.2 – Error analysis results for the average light intensity method 
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Figure 2.7 – Concentration colourmaps of 1090µm homogeneous domain saturated with saltwater concentration (a.) 0%, (b.) 20% and (c.) 100% using the average light intensity method 
2.3.3 Binned light intensity method 
The binned light intensity method was investigated to account for the large 
variation in light intensities observed in the images. The theory behind the method 
states that any pixel at a given light intensity, independent of its location in the 
image, will be affected by the dyed saltwater by the same amount. The method 
involves selecting pixels of the same light intensity in the 0% concentration images 
(starting light intensity), and recording their location in the image space. Pixels at 
these locations are then found in subsequent calibration images and binned in 
groups together. Similarly to the average light intensity method, the binned light 
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intensities are averaged and a regression analysis conducted on the results. 
Therefore, a power law relationship is developed for all starting light intensities (SLI) 
and is applied to the corresponding pixel light intensities of the same value in the 
test images. Figure 2.8 shows a summary of the binned light intensity process. 
The results from the regression analysis are shown in Figure 2.9, Figure 2.10 and 
Figure 2.11. Included in the figures for comparison are the regression coefficients 
determined from the average light intensity method (red dotted line) and the 
number of pixels in each separate SLI bin (green dotted line). It is evident that the 
differences in coefficient  and  (Figure 2.10 and Figure 2.11) between the average 
light intensity method and the binned light intensity method are minimal. There 
appears to be a linearly increasing trend occurring in coefficient  (Figure 2.9), most 
notably between 65 and 140 SLI where the number of data points at these light 
intensities is largest (green dotted line). 

 
Figure 2.8 – Diagram highlighting the key steps in the binned light intensity method 
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Figure 2.9 – Regression statistics vs SLI for coefficient  
 

 
Figure 2.10 - Regression statistics vs SLI for coefficient  
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Figure 2.11 - Regression statistics vs SLI for coefficient  

 
Figure 2.12 – New regression statistics of coefficient  with static coefficient  and   coefficient  determined from the average light intensity method 
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This trend prompted the idea of creating a universal regression equation that would 
be applicable to all experimental test cases using this bead size. The problem with 
the binned light intensity method is that if there are no starting light intensities of a 
certain value, then there are no regression coefficients calculated for that value. 
This can be observed by the gaps in the blue line at light intensity 160 in Figure 2.9. 
If a relationship could be established between the changes in coefficient  with 
increasing SLI, then the calibration would become independent of the SLI value and 
could be applied to other test cases. Figure 2.12 shows the new regression values of 
coefficient , with coefficient  and coefficient  set to the values calculated using 
the average light intensity method. There was a noticeable trend observed in 
coefficient , so a power law regression analysis was conducted to fit the data, as 
shown in Figure 2.13. The extreme high and low starting light intensities were 
removed from the regression analysis. A SLI was removed if it did not occur in the 
image more than 2% of the largest occurring SLI (Figure 2.9 – no. of data points). 
Using the coefficients from this relationship, a regression formula to convert any 
pixel SLI to concentration could be achieved, using the equation: 

 = −  
= −  

2.6 

where ,  and  are coefficients of the power law regression of SLI coefficient 
, and coefficients  and  are determined from the average light intensity 

method. 
However, it was determined that this relationship was only specific to a particular 
bead class, and relied heavily on the camera settings and lighting being consistent 
between tests. Figure 2.14 shows the result of applying these coefficients to the 
20% calibration image. It is clear that there is significant improvement over the 
average light intensity method (Figure 2.7), as the field is much more uniform and 
less affected by tank features and lighting heterogeneities. Also shown in Figure 
2.14 is a comparison of the effectiveness of the calculated regression coefficients 
when used to predict concentrations for a different domain of the same bead class. 
It is apparent that the coefficients work well across different test cases and given 
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the uniformity of the concentration field. The error analysis results are shown in 
Table 2.3. Given that there is a power law regression for every light intensity bin, 
each bin will have its own error. Therefore, Table 2.3 shows the average of the error 
in each bin for each calibration concentration. It is important to note that the 
experimental error ( ) in this case is represented by the standard deviation in 
each separate bin. This means that the experimental error is zero at 0% 
concentration, due to the same SLI defining how the bins are formed (Figure 2.8).  

 
Figure 2.13 – Power law regression of coefficient . Only 1 in 5 data points are shown for clearer visualisation of the results. 
The calibration error ( ) is determined by adding the standard error estimates 
from the regressions for each light intensity bin with that of the regression of 
coefficient . The standard error estimate for coefficient  is scaled to be 
comparative to the other error values (in percentages), by dividing the error by the 
maximum value of coefficient . Figure 2.15 shows a colourmap of the total error 
distribution across all SLI values for each calibration concentration, and should be 
viewed in conjunction with Table 2.3 results. The y-axis accounts for the number of 
starting light intensities analysed, not the actual SLI. Nevertheless, an increase in 
the y-axis indicates a larger SLI value, but does not leave gaps for missing/removed 
data. 
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Figure 2.14 - Concentration colourmaps of 1090µm homogeneous domain at 20% saltwater concentration for case 1 (a.) and case 2 (b.), using binned light intensity regression coefficients determined from case 1 calibration images. 
 
Table 2.3 - Error analysis results for the binned light intensity method. 

 
Error type 

Concentration of dyed saltwater solution (%) 
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Avg. estimated conc. 1.01 4.94 9.74 19.6 29.9 50.8 72.7 101 
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As expected, the experimental error is much lower for the binned light intensity 
method compared to the average light intensity method. Subsequently, the average 
estimated concentration of each calibration image is much more accurate. Figure 
2.15 shows that as SLI decreases the error increases. This is because the lower 
starting light intensities produce steeper power curves, as the difference in light 
intensity between 0% and 100% concentration is significantly smaller than at high 
starting light intensities.  

 
Figure 2.15 – Colourmap of the total error at each binned light intensity used in the analysis, excluding extreme high, low and missing starting light intensities 
The classification of light intensity bins also allowed for the application of regression 
coefficients to other experimental cases of the same bead class. However, a 
maximum error of 14.4% still seemed large when considering the fine level of detail 
that would be required to capture transient  dynamics. 
2.3.4 Pixel-wise regression method 
It is clear from Table 2.3 that experimental error accounts for the majority of the 
total error in the binned light intensity method. The pixel-wise regression method 
was designed to negate all experimental error, so that only calibration relationship 
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regression coefficients for every pixel in the image. Therefore, spatial variations in 
lighting due to bead heterogeneities and tank features are nullified. Figure 2.16 
shows the concentration colourmaps of the converted calibration images for the 
1090µm test. It is clear that the pixel-wise regression method produces the most 
uniform concentration fields, with only minor imperfections observed in the larger 
concentrations due to errors in fitting the power law relationship. 

 
Figure 2.16 - Concentration colourmaps of calibration images at 0% (top), 20% (middle) and 100% (bottom) using the pixel-wise regression method 
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Table 2.4 summarises the errors calculated in the pixel-wise regression method. 
Similarly to the binned light intensity method, the pixel-wise errors are averaged 
across the image space and reported in Table 2.4. The total error colourmap is 
shown in Figure 2.17. With a total error averaging 2.16%, the pixel-wise regression 
method provided the most accurate conversion of light intensity to concentration, 
which allowed the subtle changes in the  to be analysed. The major 
disadvantage of the method is that the calibration is entirely specific to the domain 
test case. This means that a new calibration is required for each synthetic aquifer, 
increasing the time taken to run each test case. 
Table 2.4 - Error analysis results for the pixel-wise regression method 

 
Error type 

Concentration of dyed saltwater solution (%) 
0 5 10 20 30 50 70 100 

Avg. estimated conc. 1.03 5.11 9.66 19.2 29.3 49.9 71.8 98.6 

 2.16 2.16 2.16 2.16 2.16 2.16 2.16 2.16 

 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

 2.16 2.16 2.16 2.16 2.16 2.16 2.16 2.16 

 

 
Figure 2.17 - Colourmap of the total error in the pixel-wise regression method 
 

X(m)

Z(m
)

 

 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

0.04

0.08

0.12

To
tal 

err
or 

(%
)

0
5
10
15
20



Chapter 2: Experimental Methodology 

50 
 

Furthermore, the calculation of regression coefficients at every pixel is 
computationally demanding. Each cropped image contains around 300,000 pixels, 
which generally takes between 8-12 hours to calculate all the regression 
coefficients. Nevertheless, the pixel-wise method excelled in accurately predicting 
concentration fields from image light intensities and was the method adopted in 
this experimental work. 
2.4 Image Analysis – Code Development 
Previous works to utilise image analysis in SWI have focused on investigating  and 
wedge shape, with the assumption that the interface between the two fluids is 
sharp. The primary aim for this image analysis procedure was to achieve high 
resolutions, both in time and image-concentration conversion, which would allow 
the determination of additional parameters not investigated in previous studies. In 
order to achieve this aim, three main objectives were highlighted as essential to the 
design of the image analysis procedure: 

1. The application of pixel-wise regression statistics to allow higher resolution 
conversion of image light intensities to salt concentrations, and 
subsequently facilitate the quantification of intrusion mixing zones; 

2. To increase the sampling rate, providing crucial detail of  and  
dynamics under the effects of strong transient conditions, which have not 
been observed in previous studies; 

3. To focus the image analysis procedure on automation, requiring minimal 
human input. Automation through mathematical expression should occur at 
every possible level, from domain bounding and spatial synchronisation to 
calculation of intrusion parameters.  An autonomous system would apply no 
limitations to the increase of sampling rates and resolutions identified in the 
first two objectives. 

The following section contains detailed discussion on the development of the code 
used in the image analysis procedure. 
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2.4.1 Overview 
The image analysis code contains 3 main stages: 

1. Calibration – determining the regression coefficients which correlate the 
light intensities captured in the images to concentration values. 

2. Analysis – applying regression coefficients determined in the calibration to 
the experimental test cases, and analysing the images to calculate intrusion 
parameters e.g. ,  and . 

3. Post processing – Plotting figures from analysis results files for visualisation 
Flow chart diagrams are shown for the calibration and analysis stages in Figure 2.18 
and Figure 2.19 respectively. Only the main steps are shown and any other 
functions named are discussed further in the following sections. 
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Figure 2.18 - Flow diagram showing the main steps in the Calibration code 
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Figure 2.19 - Flow diagram showing the main steps in the Analysis code. 
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2.4.2 Code Language 
The vast majority of the code was developed in MATLAB (R2011a) given its ease of 
use (containing a plethora of intrinsic functions) and it seeming to be the industry 
standard in academia. Additional Bash scripts were written to integrate the pixel-
wise regression method with the QUB HPC (Linux) which allowed more efficient 
computation of the power curve coefficients. However, this has little bearing on the 
image analysis code and is more a ‘quality of life’ addition and won’t be discussed 
further. 
2.4.3 Variables 
The beginning of each run script contains variables to manually set. Each variable is 
briefly described in comments to assist the user in defining them. The variables 
include: 

1. Integers to quantify number of files, loop counters, logical operands etc. 
2. Strings to describe input/output file names etc. 
3. Vectors to describe concentration, porous media properties and structures 

etc. 
This accounts for most of the human input required in the image analysis 
procedure. 
2.4.4 Determination of pixel size 
Pixel sizing involves determining the dimensions of a single square pixel in order to 
relate the image space to real space. It is an essential component of any flow 
mapping image analysis system in order to compare the results from physical 
testing to numerical modelling. The pixel size was determined by observing an 
object of known size and dividing the dimension by the number of pixels required to 
span the object. In this case, the length of the viewing window in the tank was used. 
The value for pixel size was used to scale the test case images into real space and 
allowed the calculation of  and  values comparative to numerical modelling 
results. Typical values for pixel sizes were around 0.3mm for this experimental 
setup. 
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2.4.5 Read in Data 
The calibration images and pixel size value were read into MATLAB for analysis. As 
described in Section 2.3 the calibration involved the analysis of 8 images of the 
porous media flooded with different concentrations of dyed saltwater. The high 
speed camera recorded 10 images for each calibration concentration, and the 
average of these 10 images made up the calibration image used in the analysis. A 
total of 80 images were read into MATLAB in the calibration code, whereas in each 
experimental test case up to 1000 images were read in. Reading in such large data 
sets is difficult due to memory constraints of most desktop PCs. Therefore, each 
code has been modularised so that the user can split the data into smaller sets to be 
analysed individually, but still maintain the required information calculated for each 
set, either by writing out results to text files (e.g. ,  etc.) or storing essential 
data to memory across analysis sets (e.g. video production).  
2.4.6 Spatial Origin and Domain Bounding 
Determining an origin for each image in space is essential for image analysis. The 
calibration regression coefficients are calculated at each specific pixel location, 
therefore the images need to be synchronised in space. Originally, the spatial origin 
was assigned manually by the user, but with the increased time series resolution 
used in the test cases an automated method was required. The method involves 
predicting the edges of the viewing window and extrapolating the bottom and side 
boundaries to a single point, known as the spatial origin. Initially, a region of 
interest (ROI) was defined, whereby the region must contain the bottom edge and 
right side edge of the viewing window, as shown in Figure 2.20. 
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Figure 2.20 – Raw camera image with marked ROI (yellow) used in determining spatial origin. 
In order to determine the right side boundary of the viewing window the column-
wise light intensities of the ROI were averaged using Equation 2.7. Similarly, to find 
the bottom boundary the light intensities along each row were averaged. 

 [ ] =  1 [ ] 
2.7 

 ̅ [ ] =  1 [ ] 

where  and  are row-wise and column-wise pixel locations respectively,   and  
are column-wise and row-wise pixel light intensity values respectively,  and ̅ are 
column-wise and row-wise light intensity averages respectively, and  and  are 
the number of rows and columns in the ROI respectively. This provides an indication 
as to whether each column or row of pixels is illuminated or not. The column-wise 
averaged light intensities are shown in Figure 2.21 (top right). An edge boundary 
can be determined by finding the maximum difference between adjacent averaged 
light intensities using Equation 2.8. 
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  =  argmax( [ ] − [ + 1]) 
2.8 

  =  argmax( ̅[ ] − ̅[ + 1]) 
where  and  are the pixel locations of the right side and bottom 
boundary respectively, = 1 → ( − 1) , and = 1 → ( − 1) . The adjacent 
differences are shown in Figure 2.21 (bottom left). The resulting spatial origin was 
determined where these two boundaries intersect and is shown in Figure 2.21 
(bottom right). The spatial origin coordinates were related back into the full image 
space and saved for use later in the synchronisation stage.  
Another requirement of automated image analysis is to determine the domain area 
to be analysed. As is shown Figure 2.20, the raw images contain large unilluminated 
areas where analysis is not required. The objective of domain bounding is to speed 
up analysis calculations by extracting only the information captured in the viewing 
window. The domain boundaries were determined using the same method 
described above for spatial origin calculation. The only boundary unable to be 
determined this way was the top boundary. The central chamber of the tank was 
not filled entirely with beads, due to the risk of overflow, and is therefore not 
required to be analysed. Instead, the top boundary is determined by offsetting the 
bottom boundary a specified amount. This offset is defined by the user and is 
dependent on the experimental setup. The top boundary is not vitally important as 
it is highly unlikely any intrusion will occur there, therefore this approximate 
method was deemed suitable. The bottom and side domain boundaries were then 
offset from the edges of the viewing window to remove any significant light 
distortion effects occurring there. These offsets are defined at the user’s discretion 
and are specified in the variables section at the beginning of the script. The final 
result is shown in Figure 2.22. Determining domain bounds only occurs once per 
test and the same boundaries are applied to all the images for that case. In order 
for this to be viable every image in each test case needs to be synchronised with 
each other in space. 
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Figure 2.21 - Image ROI analysed to determine spatial origin (top left), column-wise averaged light intensities (top left), adjacent differences of column-wise light intensities (bottom left), image ROI with bottom and right side boundaries (red) and spatial origin (green) marked (bottom left) 
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Figure 2.22 – Raw image with predicted domain boundaries shown in red 
2.4.7 Spatial Synchronisation and Filtering 
Spatial synchronisation is a key requirement in this image analysis procedure, as 
discussed in Section 2.3. It should be noted that during the course of a test case 
there was minimal physical interaction with the camera; therefore most images 
tended to be synchronised already. The spatial synchronisation script seeks to 
correct minor camera deviations at the pixel level due to vibrations created by 
general traffic in the laboratory. Whenever images are synchronised or filtered, 
data is lost at the image boundaries. Thus, the synchronisation and filtering process 
utilises the full images, which are then cropped to the domain bounding 
coordinates. The images are synchronised with each other using the spatial origin 
parameter. In order to prevent excess loss of data at image boundaries, all 
calibration images were synchronised to the median spatial origin coordinate. 
Images were shifted in the vertical and horizontal planes so that each spatial origin 
coordinate in the calibration data set fell on the same location as the median spatial 
coordinate. This synchronisation method does not account for camera pitch, yaw or 
roll, but its simplicity is warranted due to the low probability of camera movement. 
Once synchronisation was complete, a median filter was applied to the images. 
Median filtering has been used in previous studies to correct lighting non-
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uniformities and camera movement (McNeil, 2006; Goswami & Clement, 2007; 
Konz et al., 2008). However, median filtering blurs the image, reducing the 
resolution. In this study, as in previous studies, a media filtering level of 5 was set so 
as to maintain a resolution of roughly one bead diameter (1.5mm) (Goswami & 
Clement, 2007). Having synchronised the images and applied median filtering the 
domain can be bounded and scaled to real space, as shown in Figure 2.23. The 
process of spatial synchronisation is slightly different for experimental test images 
than for calibration images. The experimental test images are synchronised to the 
calibration images median spatial origin coordinate and therefore require this 
number before synchronisation can occur. No new median spatial origin is 
calculated. This accounts for the difference in function name (spatsync2.m and 
spatsync6.m) between Figure 2.18 and Figure 2.19. 

 
Figure 2.23 – Calibration image synchronised and bounded, with median filtering and scaled to real space using the pixel size parameter 
2.4.8 Bead Structure prediction 
In order to numerically model the heterogeneous test cases the locations of the 
different bead sizes were required. Given that the structure of each heterogeneous 
blocked and layered case was determined before packing, the theoretical structure 
could be used in the model. However, to more accurately numerically model the 
conditions in each experimental case the bead structure of that case was 
determined from image analysis. Therefore the comparison between experimental 
and numerical results is independent of the deviations from the theoretical bead 
structure incurred during the packing process. Furthermore, the detailed knowledge 
of the bead structure allows isolation of specific areas within the aquifer and 
determination of intrusion parameters for each area. Once the aquifer is segregated 
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into representative sections it allows for much more detailed analysis of 
heterogeneous effects. For example, information on how the intrusion changes 
when the interface passes from an area of high permeability to an area of low 
permeability can be determined. Likewise, it also allows comparison of intrusion 
parameters within same size bead areas that are located at different spatial 
coordinates within the aquifer. Therefore, the effect of surrounding permeability 
conditions on the intrusion properties of a specific bead diameter can be analysed. 
Currently the method for determining bead structure is a manual process. The 
method involves the user interacting with an image of the aquifer and specifying 
the locations of bead boundaries. Figure 2.24 shows an analysed image overlaid 
with the bead boundaries selected by the user.  

 
Figure 2.24 – Analysis light intensity image with overlaid bead boundaries (red) 

 
Figure 2.25 – Mask image of bead zone identifiers 
With the boundaries selected, the image can be segregated into zones of known 
bead diameter. A matrix with the same dimensions as the original image was 
created with an identifier assigned to each pixel in the zone, as shown in Figure 
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2.25. This mask image of identifiers was then used in the analysis stage so that 
s and s could be calculated for each zone. Finally, for numerical modelling 

purposes, the appropriate bead diameters for each zone were assigned and then 
scaled into the numerical modelling space, as shown in Figure 2.26 (top). To 
highlight the discrepancies between the methods, Figure 2.26 also shows the 
theoretical structure of the heterogeneous test case. The scaling stage can lead to 
minor losses in resolution at bead interfaces, but overall the bead boundary 
prediction still provides more accurate comparison of numerical and experimental 
data. 

 

 
Figure 2.26 – Bead diameter location based on manual prediction of bead boundaries (top) and theoretical bead diameter location (bottom) 
Further work was undertaken to improve upon the bead prediction methodology by 
automating the process. Initial attempts utilised a combination of mean and 
standard deviation filters, which yielded encouraging results, as shown in Figure 
2.27. Ideally the bright areas in Figure 2.27 should occur in the same positions as 
the red lines, indicating good match between manual and automated boundary 
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prediction. However, the universal implementation of this methodology proved 
problematic as the filters required significant adjustment of kernel sizes to produce 
satisfactory results.  

 
Figure 2.27 – Comparison between automated bead boundary prediction (grayscale colourmap) and manual bead boundary prediction (red lines) 
2.4.9 Toe Length ( ) & Width of the Mixing Zone ( ) Calculation 
As discussed in Chapter 1,  and  are standard parameters used to describe 
the intrusion of a saltwater wedge. The  is defined as the distance between the 
saltwater boundary and where the 50% saltwater isoline intersects the bottom 
boundary. The  is the average of the vertical distance between the 25% and 
75% saltwater isolines within the range 0.2 × ( ) and 0.8 × ( ). Figure 2.28 
shows a schematic diagram of the analysed SWI parameters in this study.

 
Figure 2.28 – Reference schematic for analysed intrusion parameters 
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In order to facilitate the high time series resolution of the captured images, 
calculation of  and must be automated. The method begins with plotting 
the 25%, 50% and 75% contour isolines of the concentration images, as shown in 
Figure 2.29c. For reference, Figure 2.29 also shows the bounded domain image 
being analysed and the concentration colourmap image after regression coefficients 
are applied. It is clear from Figure 2.29 that even while using the pixel-wise 
regression method the concentration values can be noisy. This is particularly 
evident in the 75% concentration isoline, where small pockets of low concentration 
are observed despite being fully surrounded by 100% saltwater concentration. 
Several factors are attributed to this, most notably the presence of small air bubbles 
percolating through the porous media. In order to determine  and the most 
representative concentration isoline was isolated and all other isolines were 
considered noise and discarded. 
To achieve this, the coordinates of each isoline were tested against the following 
rules: 

1. Concentration isoline must have a  coordinate at the bottom boundary – it 
is essential that the isoline intersects the bottom boundary as this is how the 

 is calculated. 
2. Concentration isoline should have an  coordinate at the right side 

boundary – the most representative isoline should begin at the edge and be 
present along the full interface.  

3. If no  coordinate exists at the right side boundary the longest spanning 
concentration isoline becomes the most representative. 
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Figure 2.29 – Analysis image for homogenous 1090um case (top), concentration colourmap image (middle) and 25%, 50% and 75% concentration isolines (bottom) 
The results of applying these rules are shown in Figure 2.30 for the 50% 
concentration isoline and for the 25% and 75% isolines in Figure 2.31. Once the 
representative concentration isolines were located, the  was assigned to where 
the 50% isoline intersected the bottom boundary. The  was calculated by 
sampling across the 25% and 75% concentration isolines and finding the locations of 
matching  coordinates, as shown in Figure 2.31.  
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Figure 2.30 – Representative 50% concentration isoline 

 
Figure 2.31 – Determination of  from representative 25% and 75% isolines. 
If these matching  coordinates fell into the range of 0.2 × ( ) and 0.8 × ( ) 
then the difference in  coordinates were calculated and averaged across the 
interface, giving the final value for . 
2.4.10 Angle of Intrusion ( ) 
The  is defined as the angle between the linear gradient of a concentration 
isoline and the horizontal (along the  axis – see Figure 2.28). The  was 
calculated for the 25%, 50% and 75% concentration isolines and the average was 
taken to be representative of the intrusion. Calculation of  is beneficial in that 

 values can be determined independent of the effects of intrusion gradient, 
thus providing a more accurate representation of solute spreading. The image 
analysis software rotates the concentration image about the determined  and 
the  was calculated using the same methodology detailed in section 2.4.9. This 
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allows direct comparison between the established method of calculating  in 
the literature and the new gradient independent . Furthermore, when 
coupled with the bead prediction method the  for each concentration isoline 
can provide quantifiable values of mixing zone spreading that occurs at bead 
boundary interfaces. 
2.5 Conclusions 
The experimental study was presented in detail, focusing on the areas of novel 
contribution, most notably: 

1. The testing of synthetic aquifers with progressively increasing 
heterogeneous features, allowing greater understanding of effect of 
heterogeneity on SWI hydrodynamics; 

2. The robust error analysis of several different calibration methods, including 
development of new techniques to create a universal calibration 
relationship between light intensity and concentration that could be applied 
to multiple test cases; 

3. Assessing the repeatability of the experiment by conducting two different 
styles of repeat: physical repeats and test repeats; 

4. The high spatial and temporal resolutions achieved, which allowed analysis 
of transient s and s, not seen in other experimental published 
works; 

5. The image analysis software with a strong focus on automatic quantification 
of key intrusion parameters, rather than the more qualitative analysis 
observed in previous studies. 
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3. Investigation of Transient SWI in 
Homogeneous Media 

The following chapter presents the findings of the investigation of SWI 
hydrodynamics in homogeneous media. Results from laboratory scale experiments 
are discussed and compared to numerical simulations using SUTRA. The chapter 
begins with a review of the published literature, focusing on the general trends and 
conclusions drawn from both experimental and numerical analysis of homogeneous 
domains. A summary of the experimental test cases and description of the 
numerical model follows. Finally, the results of the investigation are presented in 
terms of steady-state and transient analysis. 
 
 
 
 
____________________    
This chapter is based on the paper: Robinson, G., Ahmed, A.A., Hamill, G.A., 2016, “Experimental saltwater intrusion in coastal aquifers using automated image analysis: Applications to homogeneous aquifers”, J Hydrol, 538, 304-313. 
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3.1 Introduction 
The sustainable management of freshwater resources in aquifers is vital for the 
survival of coastal cities with arid climates. Saltwater intrudes naturally into these 
aquifers due to the increased hydrostatic pressure created by dissolved minerals in 
the seawater, which drives the landward movement of saltwater underneath the 
normal freshwater flow tending towards the sea, thus forming a saltwater wedge. 
Extraction of freshwater from the aquifer to supply the demand of a coastal city 
exacerbates the natural SWI, potentially rendering the supply unusable if not 
appropriately managed. In order to design an effective and sustainable 
management strategy, the hydrodynamics of the intruding saltwater wedge must 
be understood. Thus, numerical simulations solving the density coupled flow and 
transport equations (Equation 1.2 and 1.4) are commonly employed to gain a better 
understanding of the aquifer system. There are many codes available to model SWI 
(Langevin et al., 2003; Voss & Provost, 2010), and their performance is commonly 
tested against the popular theoretical benchmark Henry problem (Henry, 1964). 
However, there are very few examples in the literature where these codes are 
tested against SWI laboratory experiments. Goswami & Clement (2007) presented 
laboratory scale results from sandbox experiments with the goal of providing new 
benchmark data sets for validating numerical SWI codes. The advantage of the 
experimental data sets over the Henry problem is that the numerical codes 
performance under transient conditions can be assessed. However, the 
experimental results were determined by visual observation, which is labour 
intensive, limits the spatial and temporal resolutions of the data, and is prone to 
human error. Goswami & Clement (2007) also identified a small mixing zone (about 
1cm wide) between the freshwater and saltwater, but due to the small scale they 
assumed a sharp interface existed and negated analysing the mixing zone. 
Furthermore, using visual observations is insufficient in quantifying the size of the 
mixing zone accurately, especially under transient conditions.  
The dynamics of the mixing zone have not been extensively analysed in laboratory 
experiments due to the high precision measurements required to map density 
variations over small length scales. However, the mixing zone plays an important 
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role in SWI and affects the discharge of freshwater in the coastal environment, 
saltwater circulation and reactive transport processes (Zhang et al., 2002; Werner et 
al., 2013). Laboratory scale mixing zones are small, but field scale studies have 
reported mixing zones kilometres in size, making quantification of mixing zone 
width essential for effective water resource management (Werner et al., 2013). The 
mixing zone is also important for biological and chemical processes, and is a 
transport pathway for exchange of nutrients, metals and organic compounds 
(Spiteri et al., 2008). Therefore, the hydrodynamics of the mixing zone is an integral 
part of SWI and the lack of quantified experimental data provides great scope for 
investigation. 
Nevertheless, several experimental studies have investigated SWI for an array of 
different problems in synthetic homogeneous aquifers without quantifying the 
width of the mixing zone (Goswami & Clement, 2007; Werner et al., 2009; Luyun et 
al., 2011; Shi et al., 2011; Jakovovic et al., 2011; Stoeckl & Houben, 2012; Morgan et 
al., 2013; Lu et al., 2013; Chang & Clement, 2012, 2013; Dose et al., 2014). Werner 
et al. (2009) investigated laboratory scale saltwater up-coning at extraction wells 
and compared the results to an analytical sharp interface solution. The conductivity 
of the extracted water was measured to determine the concentration of salt in the 
solution. Their results indicated strong dispersive processes dominating the initial 
phases due to a gradual increase in salinity measured in the extracted water. 
However, due to measuring the saltwater up-coning by visual observation they 
were unable to determine density variations within the up-coning plume. Chang & 
Clement (2012) investigated the impacts of areal and regional recharge flux 
boundaries on SWI in homogeneous laboratory scale aquifers.  Chang & Clement 
(2013) further studied SWI transport processes by tracing dyed plumes, injected 
both inside the saltwater wedge and in the freshwater zone. Both studies involve in-
depth analysis of finite element numerical simulations, where high resolution 
spatial data is readily available, and from these results postulate theories about 
intrusion dynamics. In most cases, the experimental results qualitatively confirm the 
numerical hypotheses, but the lack of high resolution image to concentration 
conversion does not allow for quantification of density variations within the 
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experimental saltwater wedge. One of the few experimental studies to focus on 
determining mixing zone size was presented by Abarca & Clement (2009). They 
developed a method of mapping the mixing zone by utilising the colourimetric 
changes of phenolphthalein under the different pH values. However, despite 
identifying the clear presence of a mixing zone, no quantitative experimental results 
were presented. The size and position of the mixing zone were compared to 
numerical simulations by visual observation only. 
From a review of the literature, there does not appear to be a singular study that 
investigates the effect of particle grain size on laboratory scale SWI. Numerical 
sensitivity analyses by Abarca (2006) and Dentz et al. (2006) revealed that SWI 
parameters (eg. toe length ( ), width of the mixing zone ( )) depend 
significantly on aquifer permeability and dispersivity values, which are both related 
to the size of the porous media grains. Therefore, in order to understand the effects 
of heterogeneity on SWI, it is first important to quantify the hydrodynamic 
differences between homogeneous aquifers of differing grain diameters. Another 
aspect of experimental SWI that is rarely discussed in the literature is repeatability. 
The only mention of repeatability was found in Karasaki et al. (2006), who 
presented results of a repeat experimental test case conducted 6 months after the 
original. They found large differences between the results, but reasoned that the 
discrepancies were due to degradation of metal permeable meshes at the tank 
boundaries. Nevertheless, the results pose the question of the repeatability in 
laboratory experiments, which as yet remains unanswered. 
Generally, SWI experiments are tending towards analysing more complex systems, 
such as: effect of freshwater well extraction (Werner et al., 2009; Shi et al., 2011; 
Jakovovic et al., 2011); effects of sea level rise and tidal fluctuations (Zhang et al., 
2002; Morgan et al. 2013; Levanon et al., 2014); saltwater circulation and fingering 
patterns (Guevara Morel et al., 2014; Oz et al., 2014; Cremer & Graf, 2015); and 
aquifer heterogeneity (McNeil et al., 2006; Konz et al., 2009; Lu et al., 2013; Dose et 
al., 2014). However, due to the difficulties in accurately measuring density 
variations in laboratory scale experiments, no studies in the literature have 
presented quantitative  measurements. This experimental study, as discussed 
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in Chapter 2, achieves high spatial and temporal resolutions, permitting the analysis 
of mixing zone dynamics under the effects of transient conditions. Furthermore, this 
study examines the hypotheses developed by numerical investigations and 
compares them with experimental results. The effect of grain diameter is also 
investigated and compared with numerical simulations. Finally, the repeatability of 
the experiment is determined through a combination of physical reconstruction 
repeats and test case repeats. 
3.1.1 Experimental setup and test cases 
The sandbox and instrumentation used in the experiment are described in detail in 
Chapter 2.2. The test cases involved packing glass beads of a single diameter class in 
a uniform distribution, so that the media could be considered homogenous and 
isotropic. Glass beads were siphoned into the sandbox in order to prevent air 
entrapment and maintain fully saturated conditions. The beads were packed in 
three separate layers and tamped evenly to provide uniform compaction and satisfy 
the homogeneous conditions required. Three different bead diameter classes were 
investigated, 780µm, 1090µm and 1325µm, as shown in Figure 3.1. It was important 
to investigate each bead diameter class homogeneously in order to gain a greater 
understanding of the intrusion hydrodynamics, with the goal to compare and 
contrast the findings to those of the more complex heterogeneous cases.  

    
Figure 3.1 – Raw camera images of the 3 homogeneous bead classes: 780µm (left), 1090µm (middle) and 1325µm (right) 
Initially, the aquifer was totally flushed with freshwater and contained no saltwater. 
A head difference ( ) of 6mm was imposed across the aquifer by adjusting the 
overflow outlets in the saltwater and freshwater side chambers, prompting the 
dyed saltwater to intrude into the central viewing chamber. Images of the saltwater 
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wedge were recorded every 5 minutes until a steady-state condition was reached 
(50 minutes). The head difference was then decreased to =4mm, reducing the 
hydraulic gradient and prompting the saltwater wedge to move further inland. The 
transient advancing movements of the saltwater wedge were captured by the 
camera similarly to the =6mm case. After a steady-state condition was achieved, 
the receding saltwater wedge dynamics were analysed by increasing the head 
difference to =5mm. This resulted in 3 head differences producing 3 different 
steady-state conditions of the saltwater wedge, therefore allowing the 
experimental results to be used to test steady-state only numerical codes as well as 
transient numerical codes. Finally, the head difference was increased back up to 

=6mm, returning to the initial head difference condition in order to investigate 
any hysteresis effects. Table 3.1 summarises the homogeneous test cases 
conducted. 
For each bead class, the experiment was conducted 3 times. These repeats were 
termed ‘physical repeats’ (Chapter 2.2.4), which included the removal and 
replacement of the same bead class and repetition of all the head difference tests. 
This allowed the repeatability of the experiment to be analysed and permitted the 
assessment of non-homogeneous effects introduced in the bead packing stage. An 
additional repeat for the 1090µm diameter bead class was run as a control in order 
to quantify the differences between packing the beads using controlled tamping 
versus just letting the beads fall in place under gravitational effects (no tamping). 
Table 3.1 – Experimental homogeneous test case summary 

Bead 
Diameter(µm) 

Physical 
Repeats 

Steady-state  Transient  Temporal 
Resolution(/min) 

780 3 6mm 
4mm 
5mm 

f-6mm, 6-4mm, 
4-5mm, 5-6mm 

0.2 
1090 4 0.2 
1325 3 0.2 
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3.1.2 Numerical modelling approach 
The results from the experimental test cases were compared with numerical 
simulations using SUTRA (Voss & Provost, 2010). The numerical model consists of a 
rectangular domain of the same dimensions as the central viewing chamber in the 
experimental tank. A mesh refinement study yielded element sizes of 1.27mm 
optimal for accurate determination of  while maintaining reasonable 
simulation times. The longitudinal and transverse dispersivity values were 
determined by a trial and error process, but ultimately fell with the ranges specified 
by Abarca (2009) for beads of a similar size. The dispersivity values and element 
dimensions provided numerical stability in the simulations by meeting the criterion 
for mesh Peclet number (Voss & Provost, 2010). A freshwater (  = 0) hydrostatic 
boundary condition is forced on the left side boundary and a hydrostatic saltwater 
(  = 100%) boundary condition applied to the right side, as shown in Figure 3.2.  

 
Figure 3.2 – Reference schematic for analysed intrusion parameters (see Chapter 2.4) 
The same head difference cases described in Section 3.1.1 were simulated using 
SUTRA. Results were calculated for a time step of 1s over a 50 minute period were 
all cases reached a steady-state condition. An intrinsic flow test on the experimental 
domain allowed calculation of the permeability of the porous media using Darcy’s 
law. The model input parameters are summarised in Table 3.2. 
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Table 3.2 – SUTRA simulation input summary 

 
 
 
 
 
 
 
 
 
3.2 Results 
The discussion of results is divided into two main sections; steady-state analysis and 
transient analysis. However, in some cases the steady-state intrusion parameters 
can be related to or explained by the hydrodynamics of the transient results. 
Therefore, there may be discussion crossover between sections. A quick reference 
guide showing how each intrusion parameter is calculated is provided in Figure 3.2. 
A representative case was chosen out of the 3 physical repeats for each bead class. 
These cases represent what could be considered as the median intrusions in each 
bead class; cases that did not produce either high or low intrusion extremes. The 
representative cases are analysed in detail in the following sections, but the results 
for every case are discussed later in the repeatability section (Section 3.2.4). 
3.2.1 Steady-state analysis 
Analysis of the steady-state results and development of the intrusion processes 
occurring is crucial in order to better comprehend the transient results. It is 
important to note that the system will never achieve what is typically known as 
steady-state, but a condition which can be described as quasi-steady-state, where 
no significant change in  is observed at a given head difference. For the purposes 

Input Parameters Value Unit 
Domain size, L x H 0.38 x 0.1357 m Element size 1.27E-03 m Permeability:       - 780µm 7.98E-10 m2     - 1090µm 1.83E-09 m2     - 1325µm 2.39E-09 m2 Porosity 0.385  Molecular diffusivity 1.00E-09 m2/s Longitudinal dispersivity 0.001 m Transverse dispersivity 0.0005 m 
Freshwater density 1000 kg/m3 
Saltwater density 1025 kg/m3 
Dynamic viscosity 0.001 kg/m/s 
Head difference, dH 6, 4, 5 mm 
Simulation duration 50 mins 
Time step 1 s 



Chapter 3: SWI in Homogeneous Media 

78 
 

of this work, any reference to steady-state will be reflective of this quasi-steady-
state condition. 
The  is defined as the distance the 50% saltwater concentration isoline has 
penetrated the aquifer from the saltwater boundary, as shown in Figure 3.2. The 
50% concentration isolines for each steady-state head difference (  = 6mm, 4mm 
& 5mm) are shown in Figure 3.3 for the representative 1090µm case. It is important 
to note that the isolines are offset from the right side and bottom boundary, as 
discussed in Chapter 2.2.1. During the image analysis procedure the domain 
boundaries were offset from the edges of the viewing window due to the disturbed 
light distributions observed at these locations. Figure 3.3 presents the 50% isolines 
relative to the image space, not the physical sandbox dimensions. Numerical 
simulations utilise the physical sandbox parameters and the isolines are cropped to 
image space dimensions, as presented in Figure 3.3. Experimental s were 
calculated using the image space bottom boundary, but were corrected for the 
horizontal offset from the side boundaries (  axis). For the comparison with 
numerical results, s were simply calculated from a virtual boundary located 
above the bottom boundary defined by the vertical offset (  axis).  
The initial head difference applied ( =6mm) prompted the saltwater to intrude 
into the fully fresh aquifer and form a small wedge at steady-state, as shown in 
Figure 3.3. As expected, a reduction in head difference (6-4mm) produces a 
landward movement of the saltwater wedge and results in an increased  (Figure 
3.3). With a reduced hydraulic gradient the freshwater could no longer maintain the 
pressure head required to resist the intrusion of saltwater, furthering the advance 
of the saltwater wedge into the aquifer. Likewise, an increase in head difference (4-
5mm) induced a seaward movement of the saltwater wedge, increasing the 
freshwater pressure head to drive the toe further out of the aquifer. 
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Figure 3.3 – Experimental, numerical and analytical Glover (1964) solution steady-state 50% salt concentration isolines for the 1090µm case at head differences,  = 6mm, 4mm & 5mm 
The numerical 50% concentration isolines match well with the experimental results. 
The results from the analytical Glover (1964) solution are also shown for reference. 
The numerical results over predict the  at the  = 6mm case but under predict 
the  at  = 4mm. This indicates that the experimental saltwater wedge is more 
sensitive to changes in hydraulic gradient when compared to the numerical 
saltwater wedge. At this experimental scale, small errors can occur in the form of 
water level adjustment, sandbox levelling and uneven flow through mesh 
boundaries. Given that the changes in hydraulic gradient imposed across the aquifer 
are so small, a culmination of minute errors could account for the slight 
oversensitivity of the experimental wedge. In order to determine if any past events 
affect the , a second head difference case ( =5-6mm) was analysed with the 
saltwater wedge receding to a steady-state at =6mm instead of advancing as 
before. Comparing the 1090µm bead class results, for the =f-6mm case the 

=8.79cm, while for the =5-6mm case =8.82cm. The difference between the 
results is around the same size as a single pixel (0.3mm) indicating that no 
hysteresis effects occur in the experiment. 
From Figure 3.3, the experimental isolines appear to be more linear in slope, while 
the numerical is more curved. It can be reasoned that the experimental wedge 
slopes are more linear in shape due to minor heterogeneities introduced through 
small variations in bead diameter. Similar changes in saltwater wedge shape have 
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been reported in numerical studies of heterogeneous effects on SWI (Abarca, 2006; 
Kerrou & Renard, 2010). 
The comparison between homogeneous steady-state s for the 3 bead diameter 
classes is shown in Figure 3.4. The 1090µm s are consistently larger than the 
780µm and 1325µm results. This seems counterintuitive as a trend of some kind 
would be expected with increasing bead diameter (and therefore increasing 
permeability) rather than the middle bead diameter class showing the largest 
results. However, several properties of the porous media and fluid system define 
the , not just the permeability. The experimental results were compared to 
numerical simulations in order to determine the factors that could account for this 
deviation from the expected trend. 
Investigation into the numerical results revealed very little change in steady-state 

s despite changing permeability, as shown in Figure 3.5. This is in agreement with 
the numerical results of Lu et al. (2013), who suggested that in head controlled 
systems the flow and concentration fields are independent on the magnitude of 
permeability. Previous numerical studies by Abarca (2006) and Dentz et al. (2006) 
have shown that  depends on: 

1. Permeability of porous media; 
2. Longitudinal and transverse dispersivities.  
3. Density contrast between saltwater and freshwater; 

Investigation into the effects of each of these parameters on steady-state saltwater 
wedge properties is reviewed to provide reasons for the numerical and 
experimental discrepancies.  
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Figure 3.4 – Steady-state  comparison for homogeneous bead diameters 

 
Figure 3.5 – Steady state  comparison for experimental test cases and numerical simulations 
As discussed in Chapter 3.1.2, permeability was measured intrinsically using Darcy’s 
Law, which gave reasonable results when compared with the calculated 
permeability of similar bead diameters in other studies (eg. Goswami and Clement, 
2007). The measured permeability of each bead size is specified in Table 3.2. It is 
clear that there is very little difference in permeability; less than half an order of 
magnitude between the largest and smallest bead size used. The increase in 
permeability results in an increased net flow rate in the system; both the freshwater 
and saltwater inflow rates at the boundaries are increased. Abarca (2006) found 
that for the dispersive Henry problem an increase in permeability resulted in an 
increase in . This trend is observed in Figure 3.5, but given the small changes in 
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permeability produced by the different bead diameters the effect is not 
pronounced. However, the dispersive Henry problem considers a freshwater flux 
boundary condition, not a hydrostatic boundary as used in the experiment. The 
hydrostatic boundary means that freshwater inflow is determined by the hydraulic 
gradient and permeability, rather than being explicitly stated as inflow at the 
boundary. This effect occurs at both the saltwater and the freshwater sides. 
Therefore, both inflow rates are affected by the change in permeability, which could 
account for the lack of significant change between numerical s. This explains the 
trend in the numerical results but doesn’t provide a reason for the discrepancy 
between the experimental and numerical results. 
The numerical model simulates perfect homogeneous conditions and does not take 
into account bead size deviations around the mean bead diameter or minor 
heterogeneities introduced during packing. These effects are not clearly identifiable 
at first in the relatively stable experiments conducted in this work. However, the 
effect of minor heterogeneities is more clearly observed in the physical experiments 
of dense falling saltwater plumes. Cremer & Graf (2015) reported distinct fingering 
patterns in their experimental falling solute plumes for homogeneous media. The 
creation of these solute fingers is attributed to variations in bead arrangement and 
size, which perturb the flow by inducing varying pore-scale velocities. Therefore, the 
permeability values determined from in-situ tests are representative of the average 
flow through the entire media, but localised flow variations can alter solute 
movement significantly. This will occur in all experimental studies to some degree 
and partly provides an explanation for the discrepancy between experimental and 
numerical results. From visual observation the 1325µm diameter bead class appears 
more heterogeneous in size and colour when compared to the other classes. This 
lower quality was reflected in the manufacturer’s significant price cut between the 
smaller bead classes and the 1325µm class. The increased variation in particle size 
would lead to larger heterogeneities and could be attributed to the smaller s 
observed in Figure 3.5. However, the magnitude and spatial location of the 
heterogeneity is unknown, which makes it difficult to match experimental results. 
Furthermore, heterogeneity in experiments has not been studied extensively in the 



Chapter 3: SWI in Homogeneous Media 

83 
 

literature, which presented further questions and prompted the study of 
heterogeneous effects in Chapter 4. In order to assess the effect of minor 
heterogeneities, physical repeats were conducted for each bead class and the 
results are discussed later in Chapter 3.2.4.  
The values for dispersivity were chosen based on a review of similar published 
laboratory experiments and a trial and error procedure. As discussed in the 
introduction, for most laboratory scale experimental studies the size and evolution 
of the mixing zone is negated. This study quantifies both transient s and s, 
where the dispersivity values used in the numerical model are crucial in 
characterising both these saltwater wedge properties. The steady-state  
values for the three bead sizes are presented in Figure 3.6. At first glance, the  
values are small (around 5mm) and generally decrease with increasing bead size. 
The mixing process at this small laboratory scale is dominated by mechanical 
dispersion; increasing the size of the mixing zone by squeezing saltwater through 
small pores and dispersing the solute. The larger bead size contains larger pores, 
therefore reducing dispersion and decreasing the . This trend is consistent 
with results from numerical simulations.  

 
Figure 3.6 – Steady-state  comparison for experimental test cases and numerical simulations 
However, there are discrepancies between the numerical and experimental results. 
Similarly to the , the experimental  values vary more than the numerical 
simulations with changing head differences. This effect can also be attributed to 
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small localised heterogeneities in the experimental domain. It should also be noted 
that constant dispersivity values were used in the simulations despite changing 
bead size. This would appear illogical at first because varying pore sizes in different 
granular media would warrant the use of different dispersivities. A sensitivity 
analysis was conducted to test the effect of dispersivity on the  and . The 
results are in agreement with Abarca (2006), which showed that increasing both 
longitudinal and transverse dispersivities resulted in a seaward movement of the  
and an increase in the . Therefore, changing the dispersivity between 
different bead classes would sometimes provide a better fit for , but worsen the 
fit for  and vica versa. In previous studies, authors had free reign to change 
the numerical dispersivity values to match experimental  results without having 
to match the properties of the mixing zone. However, running numerical 
simulations this way then starts to become a fitting exercise, where inputs are 
changed to suit the specific intrusion properties being investigated rather than 
choosing logical values to begin with. The numerical results then start to lose 
meaning, especially as a tool to assess intrusion without detailed knowledge a 
priori. Therefore, constant dispersivity values were selected which were logical for 
the range of bead sizes investigated and used for all simulations.  
Variations in solute concentration will also contribute to changes in intrusion . 
Initially, a new batch of saltwater was mixed for each experiment, as discussed in 
Chapter 2.2.2. Despite careful preparation, small variations in saltwater density 
would be generated between mixes. The error involved in the batch mixing process 
can be calculated based on the error in each of the measuring devices. The 
calculated error in the measuring devices used to mix the saltwater would result in 
an overall density difference of less than ±0.3 kg/m3. However, in order to take into 
account other uncontrolled factors such as temperature, atmospheric pressure and 
humidity, a conservative error estimate of ±1 kg/m3 was modelled for saltwater 
density. The intrusion  is also dependant on the hydraulic gradient. The hydraulic 
gradient imposed across the aquifer was controlled by the water levels in the side 
chambers. The water levels were measured by ultrasonic sensors accurate to 
±0.1mm. To account for these variations, numerical simulations were conducted 
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based on a minimum and maximum intrusion scenario, as shown in Table 3.3. The 
maximum intrusion scenario is simulated using the error in measurement devices 
that would provide the smallest head difference and greatest density, while the 
minimum intrusion scenario has the largest head difference and lowest density. 
Table 3.3 – Modified simulation input for maximum and minimum intrusion cases 

Figure 3.7 shows the s from the simulated minimum and maximum intrusions 
based on measurement error (red error bars). No significant change in  was 
observed between minimum and maximum intrusion cases. The experimental 
results for the 6-4mm case fall within the measurement error. For the f-6mm case, 
the 780µm and 1090µm s lie just outside the measurement error, with less than 
3mm between the experimental results and the minimum intrusion case.  

 
Figure 3.7 – Experimental and numerical steady-state  results with error bars (red) determined from measurement device error 
The experimental 4-5mm results show greater deviation from the simulated 
measurement error bars, however the 1090µm  does fall within the range. It is 
important to note that the 1090µm experimental s match best with numerical 
simulations. As a result, these values are used for the comparison between 
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Case Input Parameters Value Unit 
Maximum intrusion Head difference,   5.8, 3.8, 4.8 mm  Freshwater density 1000 kg/m3  Saltwater density 1026 kg/m3 
Minimum intrusion Head difference,   6.2, 4.2, 5.2 mm  Freshwater density 1000 kg/m3  Saltwater density 1024 kg/m3 
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homogeneous and heterogeneous configurations in Chapter 4. The 1325µm results 
do not fall within the measurement error and shows the largest deviation from 
numerical results for the f-6mm and 4-5mm cases. It could be reasoned that this is 
due to the larger variability in bead diameter and shape. The results from Figure 3.7 
highlights that even small measurement errors can significantly affect  results at 
this scale. 
3.2.2 Transient Analysis 
This section focuses on the evolution of intrusion parameters as the saltwater 
wedge transitions between the head difference test cases. Having discussed in 
detail the discrepancies between experimental and numerical steady-state results in 
the previous section, this section primarily focuses on identifying trends and 
features not observable from steady-state intrusion parameters. The transient 
experimental and numerical  results are shown in Figure 3.8 for the 1090µm 
bead class. Generally, the transient numerical s compare well with experimental 
results for this bead class.  

 
Figure 3.8 – Transient  between head difference cases for the 1090µm bead class, where:  = 0-50mins,  = f-6mm;  = 50-100mins,  = 6-4mm;   = 100-150mins,  = 4-5mm 
The times to reach steady-state compare reasonably well, but the rate of wedge 
intrusion differs slightly. This is evident from the intersection of the experimental 
line with numerical results in Figure 3.8 during the 6-4mm and 4-5mm head 
difference cases. Previous studies have numerically analysed intrusion timescales 
based on the toe penetration length (Chang & Clement, 2013; Lu & Werner, 2013). 
These studies found that a receding saltwater wedge will reach a steady-state 
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condition faster than an advancing wedge. This study investigates timescales from 
experimental tests to compare with previous numerical theories. 
The oversensitivity of wedge movement to changes in head difference was 
discussed in Section 3.2.1, but the transient results allow for further analysis. The 
change in  with respect to total length travelled during a test case allows for an 
indication of intrusion rate without the bias of the experimental oversensitivity 
when compared to numerical simulations. Investigating relative intrusion rates 
within each head difference case also allows for the comparison of advancing and 
receding intrusion parameters independent of the physical  values.  
The change in  relative to the distance travelled in a test case ( ) is calculated 
using Equation 3.1: 

 ( ) = [ ( ) − ( )] 
( ) =  ( )/ ( ) 

3.1 

where ( ) is the toe length at a given time ( , ,…, ) and  is the number of time 
steps in any given test case. The relative toe length change ( ) results are shown 
in Figure 3.9. The time to reach steady-state ( ) is defined as the first instance 
where the  falls below 0.03. This condition was chosen arbitrarily; where a 
change in  of 3% was a small enough change to be considered as experimental 
instabilities. Linear interpolation between data points allowed the time to reach 
steady-state to be determined at a higher resolution. Fluctuations in  occurring 
after that time are assumed to be due to minor fluctuations in the water levels at 
the boundaries. 
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Figure 3.9 – Change in  relative to distance travelled for 1090µm bead class, where  = 1 is the initial intrusion condition and  = 0 is at the final steady-state condition.  
 
Figure 3.9 shows good correlation between relative experimental and numerical 
intrusion rates. Most notably, the trend in both experimental and numerical results 
shows that the receding case (  = 25mins) reaches a steady-state condition before 
the advancing case (  = 40mins). The numerical study by Chang & Clement (2013) 
revealed a difference in the flow field between an advancing and receding saltwater 
wedge. In an advancing wedge, the bulk movement of the saltwater opposes the 
movement of the freshwater. In a receding wedge the flow field switches so that 
the bulk motion of both fluids is tending seaward. This bulk unidirectional flow field 
allows the saltwater wedge to retreat at a faster rate and reach a steady-state 
condition sooner. Applying this theory to the results of the larger 1325µm bead 
class, the larger permeability would provide easier motion of the fluids and allow 
for faster intrusion rates and lower the time to reach steady-state. The  for the 
1325µm case is shown in Figure 3.10. Similarly to the 1090µm bead class, the 
experimental results compare well with the numerical simulations. It is evident 
from Figure 3.10 that the results reflect the expected trends hypothesised from the 
theory of Chang & Clement (2013). The gradient of the lines at the beginning of the 
test cases are steeper for the 1325µm bead class, indicating faster intrusion. The 
1325µm bead class also reached a steady-state condition faster than the 1090µm 
results. The time to reach steady-state for all bead classes are summarised in Table 
3.4. 
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Figure 3.10 – Change in  relative to distance travelled during test case for the 1325µm bead class 
The  results for the 780µm bead class are presented in Figure 3.11. The 
numerical simulations do not compare as well with the experimental results as in 
the other bead sizes. At first glance, it seems that the numerical results have not 
reached a steady-state condition. However, extending the simulation time past 50 
minutes did not result in a significant change in . Conversely, the experimental 
results do follow the general trends discussed previously. The lower permeability of 
the 780µm bead class restricts fluid flow, increasing the time to reach steady-state 
and reducing intrusion rate. The flow field switch hypothesised by Chang & Clement 
(2013) is also evidenced in the results for this bead class.  

 
Figure 3.11 – Change in  relative to distance travelled during test case for the 780µm bead class 
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Table 3.4 – Time to reach steady-state for advancing and receding saltwater wedges 

Looking specifically at the results on initialising a head difference change  
(  = 0-5mins), the intruding wedge (6-4mm) shows consistently steeper gradients 
and faster intrusion rates than the receding wedge (4-5mm). It is only after this 
period that the receding wedge rate becomes greater than the intruding results, as 
is observed by the intersecting of the lines. This can be explained by the switching 
of the flow fields. Upon increasing the head difference, the flow field requires a 
short time to adjust to the new pressure distribution and subsequent unidirectional 
flow regime, therefore decreasing the rate of wedge movement initially. The effect 
is also more pronounced in the 780µm bead class than in the 1325µm results. This 
would seem logical in that the lower permeability and slower flow rate of the 
780µm bead class would require a longer time to establish the switch in flow field. 
The high accuracy calibration methodology adopted in this study allowed 
quantification of the transient dynamics of the . Figure 3.12 shows the results 
of the transient  for the 1090µm bead class. Unlike the  results, the 
disparity between experimental and simulation results is fairly pronounced, 
particularly after a change in hydraulic gradient. When the hydraulic gradient 
changes the mixing zone expands. For the experimental case, an increase in the 

 is larger when the saltwater wedge is receding (t = 100-150mins) when 
compared to the advancing case (t = 50-100mins). In fact, the mixing zone almost 
doubles in size from the previous steady-state condition during retreat. The high 
spatial and temporal resolutions achieved in this methodology provide information 
about mixing zone dynamics that highlight its significance and indicate that a sharp 
interface assumption may not always be valid, especially in laboratory tests. 

Time to reach steady-state (min) 780µm 1090µm 1325µm 
Exp Num Exp Num Exp Num 

Advancing intrusion 45 48 40 42 36 37 (6-4mm) 
Receding intrusion 34 46 25 32 16 21 (4-5mm) 
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Figure 3.12 - Transient  between head difference cases for the 1090µm bead class, where:  = 0-50mins,  = f-6mm;  = 50-100mins,  = 6-4mm;  = 100-150mins,  = 4-5mm 
The large increase in experimental  during retreat can be explained by the 
switch in flow field identified by Chang & Clement (2013). The switch from opposing 
to unidirectional fluid movements creates a highly disturbed flow field, therefore 
expanding the saltwater wedge mixing zone. The faster retreat of the saltwater 
wedge, observed in Figure 3.9, would also promote higher dispersion along the 
wedge interface and increase the . The results for the other bead classes are 
similar to those shown in Figure 3.12. However, the size and location of the WMZ 
peaks are noticeably different between bead classes, as shown in Figure 3.13. The 
1090µm results show the largest width of mixing zone peak ( ), marginally 
above the 780µm results. 

 
Figure 3.13 – Experimental transient  comparison for different diameter bead classes during advancing (  = 6-4mm,  = 50-100mins) and receding (  = 4-5mm,  = 100-150mins) test cases. 
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The mixing processes in experiments of this scale are dominated by advection and 
mechanical dispersion. Therefore the larger permeability in the 1090µm bead class 
permitted higher fluid velocity and increased the mixing by advection. However, the 
smaller pores in the 780µm bead class promote increased mixing by dispersion. It 
can be reasoned that a combination of both effects occurs in each bead class, 
resulting in similar  values. A summary of the  values for the 
receding saltwater wedge case is presented in Table 3.5. The advancing case 
generally did not have a distinct peak but rather fluctuated around a mean value. 
However, for comparison of advancing and receding saltwater wedges a  
value was still determined from Figure 3.13. The time to reach the peak value 
( ) gives an indication of the time taken (within each test, 0-50mins) for the 
unidirectional flow field to establish, and are also presented in Table 3.5. As 
expected, the increased permeability in the 1325µm bead class facilitated faster 
establishment of the flow field switch (  = 10mins) when the wedge is 
prompted to recede. The  increased as the flow field became more restricted 
in the smaller bead classes, up to  = 20mins for the 780µm bead class.  
Table 3.5 – Summary of peak  zone parameters 

3.2.3 Angle of Intrusion ( ) 
The  is a parameter designed to quantify the changes in saltwater isoline 
gradient as the wedge transitions between head difference cases. This is particularly 
useful for heterogeneous cases, where the saltwater wedge will have different 
intrusion angles along the interface depending on the media it is flowing through. 
The  is also useful in defining the mixing zone dynamics in homogeneous tests. 
The high spatial resolutions of concentration achieved in this study allowed the 

Width of mixing  zone analysis 
780µm 1090µm 1325µm 

 
(mm) 

 
 (min) 

 
(mm) 

 
 (min) 

 
(mm) 

 
 (min) 

Advancing intrusion 5.1 5 4.4 0 3.9 5 (6-4mm) 
Receding intrusion 7.0 20 7.5 15 5.9 10 (4-5mm) 
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analysis of individual isoline angles. The  values for the 25% and 75% saltwater 
concentration isolines for all bead classes are shown in Figure 3.14. 
As the saltwater wedge intruded further into the aquifer (  = 50-100mins) the  
became shallower.  The difference between the 25% and 75% isolines was negligible 
for the advancing wedge case, indicating no significant change in  during this 
time. However, as the saltwater wedge receded the isolines diverged, resulting in 
an expansion of the mixing zone. When the saltwater wedge was prompted to 
retreat (  = 100mins) the 75% concentration isoline receded faster than the 25% 
isoline. The change in hydraulic gradient increased freshwater flow into the aquifer, 
flushing out the saltwater at the toe position up along the saltwater-freshwater 
interface and out through the saltwater boundary. This accumulation of diluted 
saltwater at the toe resembles a pulse as it travels up and along the interface. The 
‘brackish pulse' can be observed starting at the toe position for the 1325µm bead 
class in Figure 3.15. It is important to note that the angles of intrusion are 
determined from linear least square regression of the isoline coordinates. 
Therefore, the formation of the pulse acts to increase the gradient of the effective 
linear 75% isoline, which results in an increased . By the same effect, the 25% 
isoline shows an effective decrease in angle when considered linear. This explains 
the divergence in intrusion angle of the 25% and 75% isoline at  = 100-112mins.  
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Figure 3.14 – Experimental s for the 25% and 75% concentration isolines during advancing (  = 6-4mm,  = 50-100mins) and receding (  = 4-5mm,  = 100-150mins) test cases; 780µm (top), 1090µm (mid) & 1325µm (bot) 
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Figure 3.15 – Concentration colour map at  = 110mins for the 1325µm bead class, showing the brackish pulse formation at the saltwater wedge toe position 
As the saltwater wedge continues to recede the brackish pulse travels up and along 
the saltwater-freshwater interface, shown in Figure 3.16 at  = 115mins for the 
1325µm bead class. It is clear from Figure 3.16 that the mixing zone at the toe 
position has shrunk, while the brackish pulse caused mixing zone expansion on the 
middle and upper parts of the saltwater wedge. The brackish pulse becomes 
elongated as it ascends the interface. This can be explained by the higher velocity 
freshwater pulling the brackish water upward, while the slower velocities in the 
saltwater wedge restrict that movement. This effect is evident from Figure 3.14 
(bot) where the 75% isoline  stalls and is intersected by the 25% isoline.  

 
Figure 3.16 - Concentration colour map at  = 115mins for the 1325µm bead class, showing the brackish pulse moving up and along the saltwater-freshwater interface 
At  = 112-123mins the 25% isoline results show a larger gradient than the 75% 
isoline. The brackish pulse has the reverse effect on the  values when it is 
located at the saltwater boundary than at the toe position. The  was also used 
to calculate a more representative . By rotating the concentration images by 
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the , the vertical distances between the 25% and 75% isolines are perpendicular 
to the interface slope. The average of these distances provided a  value 
independent of the . This  becomes significant in the heterogeneous case 
analysis, as the mixing zone dynamics are affected by the surrounding media. For 
these homogeneous tests, the trends of the perpendicular  are equivalent to 
those discussed earlier in this chapter and are therefore not presented. 
3.2.4 Repeatability 
The repeatability of each homogeneous case was assessed by repacking the aquifer 
with the same bead size and running the same head difference cases. These 
physical repeats give an indication of the effect of minor heterogeneities introduced 
during the packing process. Figure 3.17 shows the  and  coefficients of 
variation for the 4 repeats of the 1090µm bead class. Variations in manual 
adjustment of the overflows while setting up a new head difference test is also 
taken into account in the transient results in Figure 3.17. Nevertheless, for the 
1090µm bead class the  repeatability peaks at 14% while the  peaks at 20%. 
The  repeatability across all bead classes is good, with an average coefficient of 
variation of 12% and maximum peak of 21%. The  repeatability is generally 
worse, which is to be expected given its small size. The average  coefficient of 
variation is 18% with a maximum peak of 58% in the 1325µm case. It is clear that 
minor heterogeneities generated during aquifer packing can strongly affect the 

. However, several other factors can also be attributed to the large variations 
between tests. If the camera image is, even slightly, out of focus it can have a 
significant effect on quantifying such small mixing zones. As discussed previously, 
variations in head level adjustment will alter the flow field in the aquifer. 
Occasionally, repeated corrections to the water levels are required in order to 
achieve the desired head. These fluctuations in pressure distribution propagate 
over time, expanding the mixing zone artificially. Considering repeatability is rarely 
discussed in the literature there is no real study to compare the results to. However, 
with average coefficients of variation of <18% it can be assumed that the 
experimental procedure can quantify intrusion parameters with reasonable 
accuracy. 
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Figure 3.17 – Transient  and  coefficients of variation for the 4 physical repeats of the 1090µm bead class during advancing (top) and receding (bot) test cases 
3.3 Conclusions 
An experimental study of the hydrodynamics of SWI in synthetic homogeneous 
aquifers was presented in detail. The high spatial and temporal resolutions achieved 
by the methodology allowed for the analysis of parameters not investigated before 
at the experimental scale. The study focused on the comparison of experimental 
results to numerical simulations for validation, and also the effect of different grain 
diameters on SWI parameters. An investigation into the errors associated with 
carrying out the physical experiments was undertaken, culminating in an 
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assessment of the repeatability in terms of  and . The main findings of the 
study are as follows: 

1. Analysis of the steady-state results revealed that the 1090µm bead class 
intruded further than both the 780µm and 1325µm. Comparison with 
numerical simulations revealed discrepancies in  and . These 
discrepancies were attributed to several factors, most notably: permeability, 
dispersivity and density contrast. This prompted an in depth study of the 
errors associated with the experiment; 

2. Identification and quantification of sources of error was based on equipment 
accuracies and assumptions.  A maximum and minimum intrusion case was 
simulated based on the measuring equipment error to ascertain the 
significance of the error on intrusion parameters. It was found that generally 
the experimental results fell within the minimum and maximum intrusion 
boundaries, but other unknown variables were identified. The effect of 
unquantified errors (heterogeneity of permeability and dispersivity values) 
were also reviewed and tested by numerical sensitivity analysis and repeats 
of the physical experiment; 

3. Investigation of the transient results showed good correlation between 
experimental and numerical intrusion rates. The intrusion rates increased 
with increasing grain size due to the faster flow field obtained in larger 
permeability media; 

4. The experimental intrusion rates revealed that the saltwater wedge reached 
a steady-state condition sooner while receding than advancing. This was in 
agreement with an existing theory of flow switching from an opposing flow 
field to a unidirectional flow field, which was developed in the literature 
using numerical simulations. Furthermore, the hydrodynamics of the 
experimental mixing zone exhibited similar traits that could be explained by 
the theory. A greater increase in the  was observed in the receding 
saltwater wedge, indicating increased fluid velocities and dispersion; 

5. The  analysis revealed the formation of a volume of diluted saltwater at 
the toe position when a saltwater wedge is prompted to recede. The 
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brackish zone travels up and along the saltwater-freshwater interface, 
resembling a pulse (‘brackish pulse’), and exits out the saltwater boundary. 
The brackish pulse becomes elongated as it progresses along the interface, 
which is representative of the velocity differential occurring between the 
freshwater and saltwater. 
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4. Investigation of Transient SWI in 
Heterogeneous Media 

This chapter presents the results of the laboratory scale investigations of SWI in 
heterogeneous aquifers. The chapter begins with a review of the published 
literature relating to the effects of heterogeneity on SWI parameters. The 
experimental test cases are then presented, which include layered, blocked and 
random heterogeneous domains. The experimental results are discussed and 
compared to simulations using the computer software SUTRA. Finally, a stochastic 
analysis using SUTRA with random Gaussian permeability fields is presented to 
ascertain the sensitivity of an intruding saltwater wedge to various scales of 
heterogeneity. 
 
 
____________________    
This chapter is based on the papers: Robinson, G., Hamill, G.A., Ahmed, A.A., 2014, “Experimental Investigation of Transient Saltwater Intrusion in Heterogeneous Porous Media”, 23rd Saltwater Intrusion Meeting, Husum, 16-20 June, pp. 323-326. 
Robinson, G., Ahmed, A.A., Hamill, G.A., 2014, “Stochastic Analysis of Saltwater Intrusion in Heterogeneous Aquifers using Local Average Subdivision”, 23rd Saltwater Intrusion Meeting, Husum, 16-20 June, pp. 327-330. 
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4.1 Introduction 
It has been well established that heterogeneity, in the form of variable conductivity 
fields, has a significant effect on flow through a porous media (Dagan & Neumann, 
1997, Simmons et al. 2001; Dagan, 2002; Held et al. 2005; Abarca, 2006; Bear & 
Zhou, 2007; Ahmed, 2009; Kerrou & Renard, 2010). However, heterogeneity is 
commonly unrepresented due to the difficulty in acquiring the spatial variability of 
hydraulic properties of a porous media, especially over large scales. Furthermore, 
due to the complexities involved in physical testing, the majority of these 
publications are based on numerical studies and rarely present direct comparison 
with either laboratory tests or field scale measurements. 
A popular method of representing heterogeneity numerically is to use probabilistic 
methods. Numerous investigations into heterogeneous SWI have used a stochastic 
approach to account for the spatial variation in conductivity (Al-Bitar & Ababou, 
2005; Held et al. 2005; Abarca, 2006; Kerrou & Renard, 2010). Held et al. (2005) 
studied the effects of heterogeneity on an intruding saltwater wedge for the 
benchmark Henry problem (Henry, 1964). The main objective of Held et al. (2005) 
was to determine whether results from heterogeneous stochastic simulations could 
be reproduced using simple effective parameters simulated homogeneously, thus 
neglecting the long computational time required for stochastic processes. Using 
homogenisation theory they derived equations to calculate single effective 
hydraulic conductivity and dispersivity values that would be reflective of spatially 
varying values when simulated homogeneously. 
Abarca (2006) recognised the limitations of the Henry problem (1962) and 
hypothesized a purely dispersive version that better represented the salinity 
profiles observed in reality. The dispersive problem uses the same boundary 
conditions as the Henry problem (1962), shown in (Chapter 1). There are two main 
features of the dispersive version that differ from the original problem. Firstly, the 
saltwater-freshwater mixing is assumed to be due to velocity dependant dispersion 
processes and advection, while the original problem considered advection with 
pure diffusion. The original problem used a large coefficient of diffusivity because 
the semi-analytical solution would not have converged when using typical field 
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values (Abarca, 2006). This resulted in modelled salinity profiles where fully 
concentrated saltwater was not observed at some depths, which was in 
contradiction to most salinity profiles obtained through electrical conductivity in the 
field. Secondly, anisotropy in the form of hydraulic conductivity is accounted for 
whereas the original was only applicable for isotropic cases. Anisotropy is an 
important factor to consider when modelling groundwater flow. The natural 
stratifications produced by soil deposition create greater scales of fluctuation in the 
horizontal direction when compared to the vertical direction. Abarca et al. (2007) 
analysed the sensitivity of an intruding saltwater wedge to changes in hydraulic 
conductivity and dispersion coefficient. The sensitivity analysis revealed that the toe 
penetration length ( ) depends on both the horizontal hydraulic conductivity and 
the geometric mean of the dispersivities.  tended towards the freshwater 
boundary when the hydraulic conductivity was increased, but an increase in 
heterogeneity (variance of hydraulic conductivity) caused  to recede towards the 
seawater boundary. The averaged width of mixing zone ( ) relied primarily on 
the geometric mean of the dispersivities. Increasing heterogeneity resulted in a 
both a widening of the mixing zone and an increase in the saltwater-freshwater 
interface slope. However, Abarca (2006) observed only small increases in the  
in moderately heterogeneous aquifers at steady-state.  The saltwater flux was 
mainly controlled by the permeability distribution at the saltwater boundary, where 
high permeability zones adjacent to the boundary facilitated transport of saltwater 
into the aquifer, and unconnected zones created preferential freshwater 
channelling to inhibit transport. Ahmed (2009), who investigated the problem of 
water flow in heterogeneous porous media also using stochastic simulations, found 
the contours of the total fluid head produced from the stochastic solution were 
ragged. As a result, the streamlines were also ragged, and were attributed to the 
fact that the seeping water was flowing preferably through the high permeability 
zones, trying to avoid the smaller permeability cells that block its flow.  
Chang & Yeh (2010) assessed the impact of the heterogeneity of aquifer properties 
and recharge on saltwater-freshwater interface variations. They developed closed-
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form solutions for the first two statistical moments of the saltwater-freshwater 
interface elevation. 
Kerrou & Renard (2011) assessed the effect of heterogeneity and dimensionality on 
SWI by expanding the dispersive Henry problem developed by Abarca (2006) to the 
3D case. They showed that the general trends identified for 2D SWI may not always 
apply to 3D cases. This was particularly evident when considering , where for 3D 
cases increasing heterogeneity resulted in a landward movement of the toe while 
for 2D cases the toe retreated. Increasing effective horizontal hydraulic conductivity 
increases , but also increases macro dispersivity within the aquifer which acts to 
reduce . The evolution of macro dispersivity with increasing heterogeneity is 
different for 3D aquifers compared to 2D, where the connectivity of high and low 
permeability regions becomes critical in establishing flow paths, and 
subsequently . Kerrou & Renard (2011) concluded that additional measures 
would be required to use 2D simulations to facilitate analysis of heterogeneous 
aquifers. They provided a technique to generate heterogeneous 2D hydraulic 
conductivity fields with the effective properties of 3D fields, and showed good 
correlation with results from their tests.  
Experimental investigations of the effects of heterogeneity on SWI in laboratory-
scale experiments are rare. Mehdizadeh et al. (2014) analysed the assumptions for 
defining vertical freshwater fluxes in sharp-interface models in layered systems. The 
study involved comparing sharp-interface model results to laboratory-scale layered 
systems and results from dispersive numerical models. The work focused on the 
treatment of vertical freshwater fluxes from low layers into higher layers that 
already contained saltwater, rather than toe and mixing zone dynamics. Their 
results show that for sharp-interface models it was best to consider vertical 
freshwater leakage as bypassing overlying saltwater. 
Dose et al. (2014) studied the steady-state geometry of freshwater lenses in layered 
systems using 2D laboratory scale experiments. The investigation looked at both 
vertically and horizontally aligned layers of two different sands (coarse and medium 
grain). They comment that different degrees of compaction in the sand were 
problematic, particularly for the horizontal layers, and caused numerical model 
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hydraulic conductivities to be assigned on a case by case basis rather than being 
consistent for all tests. The results compared well to existing analytical solutions 
(Dupuit-Gyben-Herzberg – discuss in general introduction) and they concluded that 
physical models still remain useful as benchmarks to test against numerical models. 
Stoeckl et al. (2015) extended the work to investigate the transient dynamics of 
freshwater lenses in layered systems for various recharge scenarios. Their results 
showed significant divergence from the reference homogeneous tests, highlighting 
the importance of factoring heterogeneity into real world analyses. It was even 
shown that for the test cases studied, heterogeneity in lateral hydraulic conductivity 
contributed more to altering flow dynamics than variations in recharge. 
Furthermore, acceleration of the experimental saltwater-freshwater interface 
between contrasting permeability layers was not reproduced adequately by the 
numerical model without significant modification of the porosity and dispersivity. 
They conclude by restating the importance of physical models in the development 
of conceptual models of density driven flow in heterogeneous porous media. 
Chowdhury et al. (2014) studied the effect of increasing horizontal scale of 
fluctuation ( ) on block-wise heterogeneous laboratory-scale coastal aquifers. 
They tested 3 synthetic aquifers constructed from 3 different types of sand with 
increasing levels of . Each aquifer was tested over a range of hydrostatic 
saltwater heads, and the resulting steady-state saltwater-freshwater interface 
analysed. Their results showed that for increasing levels of SOF, the saltwater 
wedge intruded further inland. 
Lu et al. (2013) investigated the steady-state mixing zone in layered aquifers. They 
conducted a series of laboratory-scale experiments using coarse and fine sand. They 
analysed the mixing zone in aquifers with a low permeability layer sandwiched 
between high permeability layers and vice versa. A field-scale numerical model was 
developed to quantify the processes observed in the experiment. From their 
simulation results, Lu et al. (2013) observed an increase of the  in low 
permeability layers when they overlay high permeability layers through flow 
refraction causing a separation of streamlines. When high permeability layers 
overlay low permeability layers the opposite is true; the  in the high 
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permeability layer is reduced. They also found that at steady-state, the  is 
dependent on a variety of factors, such as layer permeability contrast, layer 
structure and thickness, dispersivities and hydraulic gradient. 
This chapter seeks to investigate the heterogeneous effects of SWI identified in 
previous numerical studies, and observe new effects through an experimental 
programme using the high resolution temporal and spatial image analysis 
procedure developed in Chapter 2. 
4.1.1 Experimental setup and test cases 
The heterogeneous experiments follow the same methodology as described in 
Chapter 2. The analysis presented here is similar to that of Chapter 3, where the 
SWI dynamics are quantified using toe length ( ), width of the mixing zone ( ) 
and angle of intrusion ( ). For reference on how each parameter is calculated, 
see Figure 2.28. Each experimental case includes at least two different glass bead 
diameters to provide variations in permeability within the synthetic aquifer, and are 
summarised in Table 2.1. Three different bead diameters, of the same range used in 
the homogeneous analysis presented in Chapter 3 (780µm, 1090µm and 1325µm), 
were used to construct the heterogeneous cases, allowing direct comparison of 
results between each case. The test cases were designed to reflect increasing orders 
of heterogeneity, beginning with horizontal stratified layers, and adding further 
heterogeneity to both vertical and horizontal directions using a regular blocked 
style configuration. In this study, three Layered and three Blocked cases were tested 
to assess the effect of structured heterogeneity on SWI wedge dynamics. The 
structured heterogeneous configurations for the Layered and Blocked cases are 
shown in Figure 4.1 and Figure 4.2 respectively. Each test case is referred to by the 
type of heterogeneous structure and the test number, eg. Layered-1, Layered-2, 
Blocked-1 etc. Individual layers or blocks were identified using a numbering system 
which follows a standard pattern: starting at the top left corner and increasing from 
top to bottom, then left to right. This numbering system is referred to extensively in 
the analyses sections, which includes quantification of intrusion parameters within 
specific permeability zones in the aquifer. For example, referring to the angle of 
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intrusion of the saltwater-freshwater interface in block 20 of the first Blocked test 
would be equivalent to Blocked-1 . The grayscale colourmap in Figure 4.1 and 
Figure 4.2 represents the spatial distribution of the glass bead diameters within the 
synthetic aquifer. Hence, the boundaries between adjacent bead diameters (or 
permeability boundaries) appear uneven and deviate from the theoretical structure. 
This was due to difficulties encountered during the bead packing stage, discussed 
further in Chapter 2.4.8.  

 
Figure 4.1 – Bead size distribution for the heterogeneous Layered configurations. The grayscale colourmap represents bead diameter and the numbers identify the individual permeability zones for analysis. 
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Figure 4.2 – Bead size distribution for the heterogeneous Blocked configurations. The grayscale colourmap represents bead diameter and the numbers identify the individual permeability zones for analysis. 
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The structures of the heterogeneous cases were designed to provide information on 
the effects of a wide range of heterogeneous characteristics on SWI hydrodynamics. 
The Layered cases involved investigating the effects of heterogeneity in only one 
axis, reflecting typical (but idealised) conditions observed in sedimentary 
depositions. Layered-1 is the most simple form of heterogeneous structure, 
consisting of 2 permeability layers. The permeability interface between the 1325µm 
layer and the 780µm layer is replicated in the Layered-2 case, but an additional 
layer is added to the bottom of the aquifer. This allowed the effect of different 
numbers of layers to be observed, as well as the effect of different flow fields on 
the wedge dynamics across similar permeability boundaries. Furthermore, the 
effect of layer thickness could be interpreted from the different thicknesses of layer 
2. The Layered-3 case contains the same permeability boundary in layers 1 and 2 as 
that of the bottom 2 layers in the Layered-2 case, which allows the effect of layer 
depth on the same permeability boundary to be assessed. For the purposes of this 
study, the Layered-3 case can be thought of as the opposite of the Layered-2 case. 
The Layered-2 case contains a low permeability layer sandwiched between two 
higher permeability layers, indicated by the abbreviation H-L-H in Figure 4.1b. 
Conversely, the Layered-3 case has a high permeability layer sandwiched between 
two low permeability layers (L-H-L). Therefore, the Layered-3 case structure allows 
for the comparison of heterogeneous effects in effectively opposing flow fields. 
The Blocked cases were designed to investigate the effects of heterogeneity along 
vertical and horizontal directions. The heterogeneous structure involves dividing the 
aquifer into small blocks with differing bead diameters. The blockwise pattern is 
consistent between test cases so that the global flow field remains similar 
throughout the aquifers. This allows for initial comparison between similar 
permeability boundaries and dynamics within specific blocks. Furthermore, the 
effect of block location with respect to the saltwater-freshwater interface can be 
assessed. 
The Random cases were constructed from exactly the same beads used in the 
Blocked cases, but were distributed randomly without any deliberate structure. This 
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allowed the comparison of aquifers with the same mean permeability but entirely 
different structures to be analysed,. 
Similarly to Chapter 3.1.1, 3 different hydraulic gradients were imposed across each 
aquifer (  = 6 mm,  = 4 mm and  = 5 mm) and transient images captured 
during both advancing and receding saltwater wedge conditions. The temporal 
resolution was increased from 0.2 images/min to 2 images/min in some cases to 
identify the possible small perturbations induced by the heterogeneity. 
The numerical modelling approach was similar to Chapter 0, using the same input 
parameters for the SUTRA model (Voss & Provost, 2010). However, due to 
difficulties in bead placement, the experimental aquifer differs marginally from the 
theoretical structure specified (see Chapter 2.4.8). To improve the comparison 
between numerical and experimental results, permeability fields were modelled 
using the bead boundary prediction (as shown in Figure 4.1 and Figure 4.2) to better 
replicate experimental conditions. 
4.2 Results 
The results section begins with steady state analysis of layered, blocked and random 
heterogeneous cases. Similarly to Chapter 3, this involves the discussion of , 

 and  at three different head difference conditions. The 1090µm 
homogeneous case was chosen as the reference case to compare with all 
heterogeneous results. This is followed by the analysis of transient results, which 
focuses on the dynamic effects on intrusion parameters for both advancing and 
receding saltwater wedges. A comparison of experimental results to numerical 
simulations is presented throughout the results section. 
4.2.1 Steady state analysis 
As discussed in Chapter 3, the steady-state condition is a quasi-steady-state 
condition where no significant change in  is observed. The  is determined using 
the 50% saltwater concentration isoline, which is also used as an indicator of the 
shape of the saltwater-freshwater interface. Figure 4.3 shows the experimental and 
numerical steady-state saltwater 50% isolines for the Layered-1 (H-L) and Blocked-1 
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cases. The isolines are plotted on top of a grayscale colourmap depicting the spatial 
variation of the different bead diameters. As observed in the homogeneous tests, a 
decrease in the freshwater head prompts the saltwater wedge to intrude further 
into the aquifer and vice versa. There is a clear change in the gradient of the 
saltwater-freshwater interface at the boundary of the two contrasting permeability 
layers in Figure 4.3a. This gradient change is due to the refraction of streamlines 
caused by the different flow field velocities within the two different permeability 
zones, which is a well-documented process occurring in stratified aquifers. The 
numerical results generally over predict the  of the experimental results. This was 
mainly attributed to the less pronounced gradient change when transitioning across 
permeability boundaries, particularly evident in the Layered-1 case (Figure 4.1). This 
effect was also observed and discussed in the numerical results for the 
homogeneous cases in Chapter 3, where smaller differences in intrusion parameters 
were recorded between the different bead diameter classes.  

 

 
Figure 4.3 - Experimental and numerical steady state 50% salt concentration isolines for the (a.) Layered-1 case and (b.) Blocked-1 case at head differences,  = 6mm, 4mm & 5mm. 
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The Blocked-1 numerical results better reflect the experimental results when 
compared to the Layered-1 results, as shown in Figure 4.3. This was attributed to 
the saltwater wedge existing primarily in 1090µm and 1325µm bead diameter 
blocks, which have a lower permeability contrast than that of the Layered-1 case. 
There was only one 780µm block (location no. 21) directly affecting the saltwater 
wedge in the Blocked-1 case. The gradient changes of the numerical saltwater-
freshwater interface at the boundaries of this block were larger compared to the 
Layered-1 case, whereas the experimental results show similar gradient changes. 
The effect of the high permeability block (location no. 18) adjacent to block 21 was 
to increase the gradient of the numerical interface in block 21. The effect of 
surrounding permeability boundaries on the saltwater-freshwater interface is 
discussed further in the later sections of this chapter. 
Figure 4.4 shows the comparison between the 3 Layered cases and the 
homogeneous reference case. The blocked case results are also compared to the 
homogeneous reference case in Figure 4.5. There are several observable differences 
between the homogeneous and structured heterogeneous cases. The inclusion of 
differing permeability zones acted to reduce the  in almost all cases, as shown in 
Figure 4.6. Generally, the saltwater-freshwater interface could not ‘recover’ from 
the loss in intrusion length when entering and exiting a low permeability zone. In 
low permeability zones, the flow paths become more restricted and the driving 
head needed to penetrate the zone increases, resulting in a reduction of   in most 
cases. The reduction in  can also be interpreted by the change in  across 
permeability layers, as shown in Figure 4.7. When entering a low permeability zone 
(middle layer), the streamlines diverge because of the increased dispersivity 
induced by the smaller bead size, and therefore the  increases. This increased 
spreading produces a lower density contrast across the interface which results in a 
retreat of the wedge toe. This trend was also identified in the numerical comparison 
between heterogeneous aquifers and effective homogeneous aquifers presented by 
Abarca (2006) and Kerrou and Renard (2010).  
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Figure 4.4 – Experimental steady state 50% salt concentration isolines for the layered cases compared to the homogeneous reference case, at head differences,  = 6mm, 4mm & 5mm. 
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Figure 4.5 – Experimental steady state 50% salt concentration isolines for the blocked cases compared to the homogeneous reference case, at head differences,  = 6mm, 4mm & 5mm. 
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Figure 4.6 – Experimental toe length ratios ( / ) for comparison of 
heterogeneous cases to the homogeneous reference case for  = 6mm, 4mm & 5mm. 

 
Figure 4.7 – Experimental Layered-2 (H-L-H) interface showing larger mixing zone in low permeability layer. 
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inspection the shape of the wedge differs substantially, as shown in Figure 4.8. The 
vertical extension of the experimental isoline at the saltwater boundary is 
significantly higher than the reference case. This is due to the local structure of the 
heterogeneity at the saltwater boundary. Generally, water will flow along the path 
of least resistance. The low permeability Zone 21 provides a more restricted path to 
the intruding saltwater wedge. The preferred flow path is through Zones 20 and 23, 
as they consist of higher permeability media. However, in order to take this route 
the denser saltwater has to compete against buoyancy effects and the opposing 
freshwater flow. This results in the saltwater wedge moving into the low 
permeability zone (Zone 21). The low permeability zone (Zone 17) channels the 
freshwater flow through the underlying high permeability zones (Zones 15 and 18). 
This results in a significant freshwater flow through Zone 21 which further impedes 
the intrusion of the wedge. The restricted transverse movement of the wedge then 
forces the saltwater-freshwater interface in the higher permeability zone upward 
(Zone 23) at the saltwater boundary, like the effect of water being held back by a 
semi-permeable dam. This process is also observed in Figure 4.4a and Figure 4.4b. 
In their numerical study, Kerrou and Renard (2011) also observed that the increased 
dispersion in the heterogeneous media tended to rotate the saltwater wedge, 
reducing the  and increasing the vertical extension at the saltwater boundary. For 
all cases, the heterogeneity near the saltwater boundary has a significant impact on 
the shape of the saltwater wedge and intrusion length. 
Test cases with predominantly low permeability zones at the saltwater boundary, as 
in Figure 4.4c and Figure 4.5c, show an overall decrease in  and vertical extension 
at the seawater boundary when compared to other heterogeneous cases. The 
location of the low permeability zones, as well as the thickness, plays a significant 
role in saltwater wedge shape and intrusion dynamics. For example, Layered-1 
(Figure 4.4a) contains a low permeability layer twice as thick as Layered-2 (Figure 
4.4b), but the  is 13% larger (on average) for the Layered-1 case. The presence of 
a high permeability layer along the bottom of Layered-2 introduces an additional 
permeability interface and subsequent flow refraction, which increases . 
Figure 4.9 shows the s for the structured heterogeneous cases normalised to 



Chapter 4: SWI in Heterogeneous Media 

119 
 

the reference homogeneous case. The  value for Layered-2 (L2) is consistently 
larger (up to 20%) than the Layered-1 (L1) case.  The faster flowing freshwater in 
the underlying high permeability layer drives the dispersive flux along the interface, 
which results in a widening of the mixing zone and subsequent reduction in . 

 
Figure 4.8 – Blocked-1 50% saltwater concentration isolines with labelled permeability zones of interest near the saltwater boundary. 

 
Figure 4.9 - Experimental width of the mixing zone ratios ( / ) for 
comparison of heterogeneous cases to the homogeneous reference case for  = 6mm, 4mm & 5mm. 
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the reference case) compared with the other heterogeneous cases. The 25% and 
75% concentration isolines used to determine the s are shown in Figure 4.10 
and Figure 4.11 for Layered and Blocked cases respectively. The Blocked-1  = 
4mm case in Figure 4.11a shows a stepped profile of the saltwater-freshwater 
interface around the low permeability zone located at its midpoint (Zone 17). This is 
due to the increased freshwater flow in the high permeability zones on the 
landward side (Zones 11, 14, 15 and 18). In fact, the only low permeability zone 
encountered by the interface is at the toe position, which the  calculation is 
not likely to take into account (between 0.2 and 0.8 of ). Therefore, it is 
reasonable that the  for this case is small as the interface is not directly in 
contact with a lower permeability, high dispersion zone.  This reinforces the general 
concept that, under the same head boundary conditions, more mixing results in 
lower s.  
For the Blocked-2 case, a large increase in  was observed for the  = 5mm 
test, as shown in Figure 4.9. On closer inspection of the concentration isolines in 
Figure 4.11b, it is clear that the low permeability zone adjacent to the saltwater 
boundary is the dominant contributing factor for the large .  
Lu et al. (2013) observed in their study that for the case were a low permeability 
layer is sandwiched between two higher permeability layers, the   in the 
middle layer increased with decreasing freshwater head. A similar trend is observed 
in Figure 4.9 for the Layered-2 case (H-L-H). The  in the middle layer was 24% 
greater for the  = 4mm case compared to the  = 6mm case. For the Layered-3 
(L-H-L) case, the  reduced by 11% for the  = 4mm case compared to the  
= 6mm case. 
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Figure 4.10 - Experimental steady state 25% (upper line) and 75% (lower line) salt concentration isolines for the Layered cases at head differences,  = 6mm, 4mm & 5mm. 
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Figure 4.11 - Experimental steady state 25% (upper line) and 75% (lower line) salt concentration isolines for the Blocked cases at head differences,  = 6mm, 4mm & 5mm. 
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The refraction of concentration isolines at permeability boundaries was quantified 
using the  parameter. Figure 4.12 shows the relative change in , or 
saltwater-freshwater interface refraction factor, between layers 1 and 2 ( =
  / ) and layers 2 and 3 ( ) for the Layered cases. Where data 
appears missing from the plots, this indicates that the isoline was not present in the 
layer (eg. Figure 4.12a L3  = 6mm). It is important to note that the  
parameter was calculated with respect to the horizontal plane (see Figure 2.28). 
Therefore a value of  < 1 means that the angle of the wedge is more vertical 
in layer 2 compared to layer 1, while an  > 1 equates to a shallower gradient 
in layer 2. When  = 1, there was no change in saltwater wedge gradient 
between layers 1 and 2. 
In general, the saltwater isolines became steeper when transitioning from a high 
permeability to a low permeability layer and vice versa. For example, the Layered-2 
case (L2) in Figure 4.12a shows  values consistently below 1, meaning that 
the gradient of the saltwater wedge is larger in layer 2 (780µm) than in layer 1 
(1325µm). The reverse trend is also observed in Figure 4.12b for the Layered-2 case, 
where the   values equate to a more shallow gradient in layer 3 (1090µm) 
compared to layer 2 (780µm). This corresponds well with the  results presented 
in Chapter 3, which showed a reduction in intrusion length for lower permeability 
media under the same head boundary conditions. This trend is generally present in 
the other layered cases. An exception can be observed in the  = 4mm Layered-1 
(L1) case in Figure 4.12a, where  = 1.07. Although a steeper interface angle is 
expected in layer 2, the isoline is significantly curved (Figure 4.4a), which reduces 
the gradient of the straight line used to determine the angle of intrusion.  
At longer intrusion lengths (lower  tests), the relative   change observed 
across permeability boundaries generally decreased. This is particularly evident 
from Figure 4.12b, where the  ratios were generally closer to 1.0 for the  = 
4mm cases compared to the other head difference cases. The reverse is true for 
shorter intrusion lengths. This trend was also observed in the numerical results 
(Figure 4.3). 
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Figure 4.12  - Experimental steady-state  ratios across bead layer boundaries for the Layered cases at head differences,  = 6mm, 4mm & 5mm. 
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entirely dependent on the relative permeability magnitudes of the two layers and 
approach angle in the upper layer. The difference in overall structure between the 
two cases is mainly due to the thickness of the low permeability layer and the 
addition of an underlying high permeability layer in the Layered-2 case. The results 
indicate that thinner layers have more impact, across their depth, on the refraction 
of the saltwater-freshwater interface at permeability boundaries. Although not 
highlighted directly in the analysis of layer thickness presented in Lu et al. (2013), 
their numerical results show a similar trend for thinner layers.  
Table 4.1 – Angle of intrusion for each Layered case at head differences  = 4 and 5mm. AOI1, AOI2 and AOI3 are the angles of intrusion in layers 1, 2 and 3 respectively. Cells are colour coded to match layer bead diameter, consistent with previous figures (darkest = 1325µm, middle = 1090µm, lightest = 780µm). 

Layered case AOI1 (°) AOI2 (°) AOI3 (°) 
 4 mm 5 mm 4 mm 5 mm 4 mm 5 mm 

1 25.87 30.77 24.16 37.51 - - 
2 26.99 31.28 28.25 41.91 22.52 30.80 
3 39.45 48.67 23.03 29.67 26.81 38.41 

In an attempt to assess the effect of the additional permeability layer in the 
Layered-2 case over the Layered-1 case, similar permeability boundaries were 
identified and analysed in the Blocked cases. With the distinctly different flow fields 
the comparison cannot be considered as like for like, but may give an indication of 
how significant the wider flow field is on the interface. Figure 4.11b shows the  = 
4 mm saltwater isolines passing through similar permeability boundaries at 2 
locations; where  = 0.76 and  = 0.73. These values are 
significantly lower than the results from the equivalent Layered-2 test shown in 
Figure 4.12a ( = 0.96). Therefore, the flow field around the saltwater-
freshwater interface plays a significant role in the refraction of the interface across 
permeability boundaries. Simmons et al. (2001) noted that heterogeneity can 
perturb flow and transport over various length scales, which are often difficult to 
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determine. The advantage of the regular structure of the Blocked cases is that the 
saltwater-freshwater interface refraction can be assessed across similar 
permeability boundaries, for similar global flow fields, at various intrusion lengths. 
Therefore, no matter where the permeability boundary occurs in the domain, the 
local flow field around the boundary will be similar between test cases. Figure 4.13 
shows the saltwater-freshwater interface refraction factor across the 3 possible 
permeability boundaries for both the Layered and Blocked cases. The refraction 
factor values are plotted against the corresponding s for each interface to 
highlight the observation discussed earlier; at longer intrusion lengths the interface 
refraction across permeability boundaries decreases. The thick dashed line indicates 
the value at which no interface refraction occurs. Values above this line correspond 
to the interface becoming shallower after transitioning across the permeability 
boundary. This region is dominated by the refraction factor values across the 
boundary between the 1325µm to 1090µm bead size. The results of the 
homogeneous tests presented in Chapter 3 show a similar trend, where s for 
the 1090µm tests were generally smaller and had longer s than the 1325µm 
tests. Furthermore, for the Layered cases, the general tendency towards no 
refraction as   increases is stronger for the 1325µm-780µm boundary compared 
to the 1090µm-780µm boundary. Conversely, the Blocked cases show little 
correlation in Figure 4.13, indicating an additional factor contributes to the 
refraction of the saltwater-freshwater interface in more complex heterogeneous 
formations. 
The curved nature of the saltwater-freshwater interface, particularly evident in 
Figure 4.3 for the reference case, could play an important role in determining 
refraction at permeability boundaries. The slope of the saltwater-freshwater 
interface generally decreases with depth, indicating that the depth of the 
permeability boundary within the aquifer would have an effect on the refraction. 
The Layered-2 and Layered-3 cases contain a similar permeability boundary 
(780µm-1090µm) but at different depths within the aquifer. The s for each 
layer are presented in Table 4.1. It is interesting to note that the s for the 
1090µm layer for both Layered cases were similar, despite having different aquifer 
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depths. However, the 780µm layer s differ considerably with aquifer depth. The 
 for the Layered-3 case (uppermost layer) is significantly larger than  for 

Layered-2 case (middle later), which in turn is larger than the  for the Layered-
3 case (bottom layer). This trend emulates the curved shape of the saltwater-
freshwater interface in the homogeneous cases. Further evidence for the effect of 
aquifer depth on saltwater wedge interface refraction was observed in the Layered-
3 case where, for the same permeability boundary, the  remained consistently 
larger than  for all head difference cases tested. This section has identified 
several effects of heterogeneity on steady-state SWI and attempted to quantify 
trends from the results of the experimental programme. It is clear that the complex 
effects induced by heterogeneity have not been sufficiently isolated within the 
limited number of experiments that time permitted in this study. However, the 
results can be used as a guideline to design a more robust experimental programme 
to target specific heterogeneous effects which can be analysed and quantified in 
more detail using the same image analysis methodology. 

 
Figure 4.13 – Saltwater-freshwater interface refraction across permeability boundaries for Layered (black) and Blocked (red) cases at corresponding s. 
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4.2.2 Transient Analysis 
This section focuses on the evolution of intrusion parameters during the transition 
of the saltwater wedge under various imposed head conditions. Even small scale 
heterogeneities can perturb flow fields and affect SWI dynamics, which can produce 
what appear to be irregular results when viewed only at the steady state condition. 
The high spatial and temporal resolutions achieved using the methodology 
described in Chapter 2 provides the ability to identify and quantify these 
perturbations. The transient experimental and numerical s for the Layered-1 and 
Blocked-1 cases are presented in Figure 4.14. Similarly to the steady state analysis, 
the transient analysis shows the numerical results over predicting the s for the 
Layered-1 case. The low permeability bottom layer contributes significant refraction 
of the saltwater-freshwater interface at the permeability boundary, which is not 
captured to the same extent in the numerical results. This follows the same trend of 
the homogeneous numerical results presented in Chapter 3, where the effect of 
changing bead diameter (and subsequently permeability) was minimal. However, 
the Blocked-1 numerical results compare well with the experimental results. Figure 
4.14b closely resembles the trends in Figure 3.8 from the 1090µm homogeneous 
results. This can be attributed to the similar permeability conditions within the 
saltwater wedge, where the Blocked-1 case consists primarily of high permeability 
media (1090µm and 1325µm). 
The comparison of transient s for the heterogeneous Layered-1 and Blocked-1 
cases with the reference 1090µm homogeneous case is presented in Figure 4.15. 
The s remain fairly consistent across all 3 cases during the  = f-6mm test. 
However, when the wedge is prompted to intrude further into the aquifer for the 

 = 6-4mm test, the results show considerable deviation from each other. The 
Layered-1 case shows significant reduction in  compared to the other cases. This 
is contrary to the analytical solution developed by Strack & Ausk (2015), which 
showed an increase in  for a similar structured aquifer. The structure of the 
Layered-1 aquifer (H-L permeability zones) results in significantly reduced fluid 
velocity in the low permeability zone, and the reduction in  could be attributed to 
the test not reaching a full steady-state condition by = 50mins. Furthermore, the 
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 progressed landward at a reduced rate when compared to the Reference and 
Blocked-1 cases, reflecting the more restricted flow due to the lower permeability. 
During saltwater wedge retreat (  = 4-5mm), the s of the heterogeneous cases 
are slower to respond to the change in hydraulic gradient compared to the 
Reference case. The inclusion of heterogeneity creates a more complex flow field 
within the aquifer, which can contain significant vertical fluxes as well as horizontal 
fluxes. The switching of the flow field discussed in Chapter 3 involves the 
reestablishment of preferential flow paths, where vertical fluxes will tend to reduce 
the rate of saltwater wedge retreat compared to the predominantly horizontal 
fluxes in homogeneous cases. 

 

 
Figure 4.14 – Transient  between head difference cases for the (a.)  Layered-1 and (b.) Blocked-1 cases, where: t = 0-50mins, dH = f-6mm; t = 50-100mins, dH = 6-4mm; t = 100-150mins, dH = 4-5mm. 
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Figure 4.15 – Comparison of transient s for the heterogeneous Layered-1 and Blocked-1 cases with the reference homogeneous case, where:  = 0-50mins,   = f-6mm;  = 50-100mins,  = 6-4mm;  = 100-150mins,  = 4-5mm. 
To determine the time to reach a steady-state condition, the relative transient toe 
length change ( ) was calculated using Equation 3.1. The results are shown in 
Figure 4.16. It is important to note that the  values in this chapter were 
calculated relative to the reference homogeneous case ( ), not relative to the 

( ) of each test case as in Chapter 3.2.2. Therefore, the value of  at the 
beginning of the test (  = 0min) is the ratio of the distance the saltwater wedge 
travelled to the distance travelled from the reference homogeneous case for the 
same imposed head boundary conditions. The gradient of the lines in Figure 4.16 
represent how quickly the saltwater wedge advanced or receded. Generally, the 
movement of the saltwater wedge was slower in the heterogeneous aquifers for 
both advancing and receding conditions. Initially, the saltwater wedge in the 
Layered-1 case intrudes slower than the other Layered cases. Around 50% of the 
saltwater-freshwater interface in the Layered-1 case is contained in the low 
permeability layer along the bottom boundary. The low permeability restricts the 
movement of the wedge by decreasing the fluid velocity in this zone. The Layered-3 
case also contains significant zones of low permeability. However the high 
permeability layer in the middle of the wedge permits faster fluid motion and 
transport of saltwater, which has the effect of increasing the rate the toe moves in 
the underlying low permeability layer.  
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Figure 4.16 – Transient toe length change with respect to reference case ( ) for advancing and receding saltwater wedges for the Layered and Blocked cases. 
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In Figure 4.16a, the Layered-2 case initially shows the steepest gradient and 
therefore the fastest intrusion out of the Layered cases. However, as the tests 
progressed the  lines for the Layered cases converged together and reached a 
steady-state condition at similar times. The time to reach steady-state for the 
Layered cases are summarised in Table 4.2. Similar to the results from the 
homogeneous tests in Chapter 3, the saltwater wedge reached a steady-state 
condition faster during retreat compared to its advancement. The times to reach 
steady-state were similar for the receding saltwater wedge, with the small 
differences between cases following the same trend as the advancing results. 
The  lines for the receding saltwater wedges (Figure 4.16b) were distinctly 
different from the advancing cases (Figure 4.16a). Where the advancing lines 
showed an exponential-like decline to the steady-state condition, the receding lines 
are generally more linear in decline. During the transition to the steady-state 
condition, the average gradient of the  lines were steeper in the receding tests, 
indicating that the movement of the saltwater wedge was faster during retreat. The 
receding lines also appear to vary more during the test, with the steepest gradients 
occurring at different times, not just at the beginning as was observed in the 
advancing tests. This represents the more disturbed flow field produced by the 
sudden switch in hydraulic gradient from an advancing to a retreating saltwater 
wedge.  
Table 4.2 – Advancing and receding saltwater wedge time to reach steady-state for the Layered heterogeneous cases and reference homogeneous case. 

The Blocked case results exhibit similar trends to the Layered cases, as shown in the 
advancing and receding  values in Figure 4.16c and Figure 4.16d respectively. 
The advancing Blocked-2 case produced the slowest intrusion from all the 
heterogeneous tests, as shown in Table 4.3. The slow intrusion is particularly 
evident in the initial stages of the advancing test (Figure 4.16c), where the gradient 

Time to reach steady state  Layered-1 Layered-2 Layered-3 Reference 
(min) (min) (min) (min) 

Advancing intrusion 40 36 36 40 (6-4mm) 
Receding intrusion 27 22 23 25 (4-5mm) 
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of the transient  is significantly lower compared to the other Blocked cases. 
The cause of this initially slow intrusion was due to the low permeability block 
situated at location no. 18 (Figure 4.2b).  At the beginning of the test, the toe was 
adjacent to the seaward boundary of this low permeability block. Therefore, the toe 
had to penetrate the low permeability block as soon as the saltwater wedge was 
prompted to advance landward in the   = 6-4 mm test, (Figure 4.16c). In order to 
achieve the penetration, the toe progression was significantly slowed and an 
increased head of saltwater built up next to the low permeability boundary in the 
neighbouring high permeability block (location no. 21). Furthermore, the effect of 
the structure surrounding the low permeability block in the Blocked-2 case 
contributed to the slower intrusion. A high permeability zone was situated at the 
landward boundary (location no. 15) of the low permeability zone, with another low 
permeability zone located above (location no. 14). This provided a preferential flow 
path underneath the overlying low permeability zone, directly into the low 
permeability block containing the saltwater-freshwater interface. The advancement 
of the saltwater toe had to compete against the faster flowing freshwater along the 
preferential flow path, slowing the landward progression of the saltwater wedge 
further. At  = 17mins, there was an abrupt change in the gradient of the  line 
(Figure 4.16c Blocked-2) not observed in the other heterogeneous cases. This 
represents the saltwater toe penetrating the high permeability zone (location no. 
15), allowing faster intrusion as saltwater moved through the less restricted flow 
pathways between the larger grains. This description also applies to the receding 

 of the Blocked-2 case shown in Figure 4.16d. The gradient of the line at the 
beginning of the test is significantly steeper than all of the other receding Layered 
and Blocked cases, indicating faster retreat due to the preferential flow paths 
induced by the local heterogeneous structure near the saltwater-freshwater 
interface. 
The transient experimental and numerical s for the Layered-1 and Blocked-1 
cases are presented in Figure 4.17. It should be noted that these results are 
reflective of the average  across the entire saltwater-freshwater interface. 
Transient s within individual layers/blocks will be discussed later in this 
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section. In general, the results match reasonably well, especially considering the 
small-scale nature of the experiment, and follow the same trends as the 
homogeneous results presented in Chapter 3.2.2. The Layered-1 case shows large 

s during the early stages of intrusion (  = 0-15mins) for both numerical and 
experimental results. This is due to the saltwater-freshwater interface existing 
entirely in the low permeability layer. Similarly to the homogeneous results, 
significant deviation was observed between experimental and numerical s 
during saltwater wedge retreat at (  > 100mins). The large increase in  during 
retreat is indicative of the switching flow field, as discussed in Chapter 3.2.2.  
Table 4.3 - Advancing and receding saltwater wedge time to reach steady-state for the Blocked heterogeneous cases and reference homogeneous case. 

The comparison of transient s for the heterogeneous Layered-1 and Blocked-1 
cases with the reference 1090µm homogeneous case is presented in Figure 4.18. 
The Layered-1 case shows consistently larger values for  than the others due 
to the underlying low permeability layer. During the initial stages of each test, the 

s for the heterogeneous cases are greater than the homogeneous reference 
case. The peak values ( ) and time to reach peak value ( ) are 
presented in Table 4.4 for the advancing and receding saltwater wedge cases. 
During retreat, the Layered-1  was twice the size of the advancing 

, while the Blocked-1  increased by a factor of 1.8. The 
reference case  showed the smallest increase in size, at 1.7. This is a result 
of the more complex flow fields in the heterogeneous cases providing higher 
dispersive flux across the saltwater-freshwater interface. The time taken for the 
flow field to establish after a change in boundary conditions can be estimated by 

. The largest  was observed in the Blocked-1 case, followed by the 
Layered-1 case and finally the reference homogeneous case. Increasing levels of 
anisotropy, in both directions as in the blocked cases, creates a more complex flow 

Time to reach steady state Blocked-1 Blocked-2 Blocked-3 Reference 
(min) (min) (min) (min) 

Advancing intrusion 42 44 45 40 (6-4mm) 
Receding intrusion 25 17 15 25 (4-5mm) 
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field, increasing the length of time to establish after a sudden change in boundary 
conditions. 
The high resolution automated image analysis procedure allows quantification of 

s within each individual layer or block in the heterogeneous domain. 
However, discussion of the results from each individual permeability zone in every 
test case would be tedious. For simplicities sake, the discussion will mainly focus on 
the Layered-1 and Blocked-1 cases. Interesting temporal effects observed in other 
cases are also briefly discussed. 

 

 
Figure 4.17 - Transient  between head difference cases for the Layered-1 (a.) and Blocked-1 (b.) cases, where:  = 0-50mins,  = f-6mm;  = 50-100mins,   = 6-4mm;  = 100-150mins,  = 4-5mm. 
Table 4.4 - Summary of peak width of mixing zone parameters. 
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Figure 4.18 - Comparison of transient s for the heterogeneous Layered-1 and Blocked-1 cases with the reference homogeneous case, where:  = 0-50mins,   = f-6mm;  = 50-100mins,  = 6-4mm;  = 100-150mins,  = 4-5mm. 
Figure 4.19a shows the transient  within each layer for the advancing and 
receding Layered-1 case. It is important to note that the individual zone s are 
calculated by sampling perpendicular to the saltwater-freshwater interface, and are 
therefore gradient independent, as discussed in Chapter 2.4.10. For the advancing 
saltwater wedge test, no distinct change in  was observed. During retreat, the 

 in Zone 2 gradually increased at the beginning of the test, while the  in 
Zone 1 stayed constant for an additional 10 minutes (  = 110mins) before 
increasing. For the most part, this was the expected hydrodynamics, as discussed in 
the Chapter 3.2.3; mixing begins at the toe position and increases up and along the 
saltwater-freshwater interface resembling a brackish pulse. However, it is 
interesting that there was no noticeable change at all in  in the high 
permeability upper layer during the initial stages of the test, despite the wedge 
retreating at arguably its fastest rate (Figure 4.16b). This would indicate that the 
mixing process is dominated by the lower layer and what occurs at the toe position, 
as the only change in  in the upper layer was observed as the brackish pulse 
passed from the lower to the upper layer. In order to test this hypothesis, the 
individual saltwater concentration isolines within each layer were analysed. The 
transient s reveal significant information regarding the shape of the mixing zone 
as the saltwater wedge transitions between test cases. 
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Figure 4.19 - Comparison of transient SWI dynamics in individual layers for advancing (  = 50-100mins) and receding (  = 100-150mins) saltwater wedges in the Layered-1 case. 
Figure 4.19b shows the  dynamics for the 50% concentration isoline, which 
gives an indication of the general movement of the saltwater-freshwater interface. 
During the initial stages of retreat the  for the upper layer (Zone 1) remains 
fairly constant, increasing by less than 1° by  = 110mins. However, the saltwater-
freshwater interface is transitioning during this period, only the rate of retreat is 
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consistent with the lowering of the vertical extension at the saltwater boundary, 
producing no change in . In the lower layer (Zone 2) the  is increasing during 
this time, meaning the toe is retreating faster than the rest of the interface. At  = 
112mins, the  in the upper layer begins to increase. At this point, the vertical 
extension of the wedge at the saltwater boundary has stabilised, but the retreat 
continues and the interface rotates about the stabilised point on the boundary. 
While the  increases in the upper boundary (  = 112-120mins) the rate of  
increase in the lower boundary decreases. The faster flowing freshwater in the 
upper layer facilitates faster retreat of the wedge in this region, evidenced by the 

 reaching a stable condition in the upper layer before the lower layer. This 
results in a flattening of the saltwater-freshwater interface in the lower region, as 
the top edge is ‘pulled’ seaward by the faster retreating upper layer. The upper 
layer stopped retreating at  = 122 min, and the rate of  increase in the lower 
layer increased again until  = 127 min. Therefore, the saltwater wedge does not 
retreat uniformly in layered systems. The hydrodynamics in each layer are 
inherently linked and have a significant effect on each other, making it difficult to 
isolate and quantify the effects of individual heterogeneities, even in the simplest 
cases. To analyse the movement of the brackish pulse up and along the saltwater-
freshwater interface, the s for the 25% and 75% concentration isolines were 
analysed (Figure 4.19c). The results from Zone 2 show the same general trend as 
those presented in the homogeneous analysis (Chapter 3.2.2), where the 75% 
isoline  increases faster than the 25% isoline at the beginning of retreat and 
switches after a certain period of time, indicating the brackish pulse travelling up 
and along the saltwater-freshwater interface. However, the 75% isoline  shows 
significant fluctuation after the initial increase when compared to the homogeneous 
equivalent. Clearly the addition of a permeability boundary complicates the 
progression of the pulse up and along the saltwater-freshwater interface. The 
fluctuations can be attributed to the saltwater wedge retreating at different rates in 
each layer. The Zone 2 75% concentration isoline  in Figure 4.19c increases 
quickly at the beginning of the test, while in Zone 1 the same isoline remains 
constant. At  = 112mins the Zone 1 isoline  begins to increase while the Zone 2 
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 decreases, showing the same trend as the 50% concentration isoline . This 
‘seesaw’ effect, where the  in one zone increases as the other decreases, is 
exacerbated by the brackish pulse travelling up from the toe, causing the larger 
increases in  observed in heterogeneous cases when compared to the 
reference homogeneous case.  
The results of the transient  for the Blocked-1 heterogeneous case are shown 
in Figure 4.20. Results are presented for advancing and receding wedge tests across 
horizontally and vertically aligned zones. Figure 4.20a shows the transient s 
for adjacent blocks along the bottom of the Blocked-1 case (Zone 15, 18, 21). 
Similarly to the Layered cases, there is little deviation in  while the wedge is 
advancing. However, there is noticeable increase in  in the zones during 
retreat. The peak  in each zone occurs at different times throughout the 
receding test case. This can be attributed to the brackish pulse forming at the toe 
and moving up and along the saltwater-freshwater interface. The low permeability 
block in Zone 17 contributed to the flattening of the saltwater wedge in Zone 18, as 
fast flowing freshwater was channelled underneath Zone 17, into Zone 18 and out 
over the top of Zone 21. This resulted in the brackish pulse beginning in Zone 15 
and moving through to Zone 18 and then Zone 21 before rising into Zone 20. 
The peak  in each zone increased as the saltwater wedge transitioned. This is 
particularly interesting for the transition between Zone 15 (1090µm) and 18 
(1325µm), because it does not match with the results of the homogeneous tests 
presented in Chapter 3, where the 1325µm beads produced lower s 
compared to the 1090µm test cases. However, as is commonplace with 
heterogeneous domains, it is very difficult to isolate individual effects and 
frequently other factors contribute to the observations. In this case, the low 
permeability Zones 17 and 21 acted to channel fast flowing freshwater between 
them, resulting in significant freshwater flux vertically through Zone 18 and into 
Zone 20. This created higher dispersion in Zone 18, which is observed by the 
increased peak  compared to Zone 15.  
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Figure 4.20 – Comparison of transient s for advancing (  = 50-100mins) and receding (  = 100-150mins) saltwater wedges in the Blocked-1 case, for (a.) horizontally adjacent and (b.) vertically adjacent zones along the wedge interface.  Gaps in the data correspond to the interface passing into or out of the zone. Also shown are the  concentration isolines during retreat, at  = 125 mins (c.). 
This channelling of freshwater also has the effect of limiting the  expansion in 
Zone 20, as shown in Figure 4.20b. Little change in  was observed in Zone 20 
during retreat because the fast flowing freshwater was channelled between the low 
permeability Zone 21 and Zone 19, flattening the saltwater wedge. Figure 4.20c 
highlights this more clearly, showing the 25% and 75% concentration isolines during 
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retreat, just as Zone 20 reaches peak  at  = 125 mins. The isolines refract and 
converge when the wedge transitions across the permeability interface between 
Zone 21 and Zone 20. A small increase in   was observed in Zone 20 at this 
stage, which can be attributed to the brackish pulse travelling up the saltwater-
freshwater interface. 
In order to more clearly show some of the effects of heterogeneity discussed in this 
study, a more extreme intrusion scenario was considered. Previous discussion has 
focused on saltwater wedge retreat, which showed greater dynamic heterogeneous 
effects compared to the advancing cases. By inverting the hydraulic gradient across 
the aquifer (saltwater head > freshwater head) the same strong heterogeneous 
effects can be observed within an advancing saltwater wedge. Figure 4.21a shows 
the saltwater-freshwater interface at time intervals during the extreme intrusion 
case. During the initial stages of the test (  = 1 min), the shape of the saltwater-
freshwater interface was dominated by the permeability distribution at the 
saltwater boundary. The high permeability Zones 22 and 24 facilitated the intrusion 
of saltwater, where the low permeability Zone 23 acted to inhibit intrusion. The 
effect of Zone 23 is still evident in the next time step (  = 2 min), which shows 
reduced development of the saltwater-freshwater interface at the mid-point 
despite the surrounding high permeability media. The upper section the interface 
shows strong downward curvature to avoid the low permeability Zone 16. In the 
lower section, the preferred flow path is diagonally downward through the bottom 
left corner of high permeability Zone 17 into the top right corner of Zone 15. The 
last time step in Figure 4.21a (  = 3 min) clearly illustrates the effect of 
heterogeneity in creating freshwater channelling. The lower section of the 
saltwater-freshwater interface shows a distinct gradient change in Zone 12. This is 
due to the channelling of fast flowing freshwater from Zones 8 and 11 around the 
low permeability Zone 14 downstream. The downward freshwater flow path is in 
direct competition with the advancing saltwater wedge in Zone 12. This caused the 
freshwater to ‘punch’ into the advancing saltwater wedge, splitting the interface 
into two fronts, as is clear from Figure 4.21b. The freshwater then forces the 
saltwater front upward due to buoyancy effects. The interaction between the 
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channelled freshwater and the advancing saltwater wedge created significant 
mixing which can also be observed in Figure 4.21b. Although this case is highly 
unstable, it does show the same effects occurring within an advancing wedge that 
were observed during retreat. The results could also be used to help build a 
conceptual model of extreme intrusion events, such as those caused by tsunamis, in 
aquifers where the heterogeneous structure is well defined.   

 

 
Figure 4.21 – Results from the Blocked-2 extreme intrusion case (saltwater head > freshwater head) for (a.) transient 50% concentration isoline and (b.) concentration colourmap for  = 3 min. 
4.2.3 Random heterogeneous cases 
To assess the effects of heterogeneous structure, the beads used for the Blocked-2 
case were removed from the test apparatus and placed into a container. The beads 
were then mixed to form a random distribution in the container. Using the same 
siphon technique as previous tests, the beads were packed into the test apparatus 
to form a random heterogeneous domain. The rest of the testing remained 
consistent with that of previous tests. This procedure was also repeated for the 
Blocked-3 case. 
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The results for the steady-state 50% concentration isolines are shown in Figure 
4.22. When compared to the reference homogeneous case (Figure 4.22a) the 
random heterogeneous case shows reduced  and increased vertical extension at 
the saltwater boundary for all hydraulic gradients tested. This is in agreement with 
results from numerical studies of random heterogeneous aquifers (Abarca, 2006; 
Kerrou et al., 2010). The saltwater-freshwater interface does not show any 
significant change in gradient along its length, and generally appears similar to the 
homogeneous results. Figure 4.22b and Figure 4.22c show the steady-state 50% 
saltwater concentration isolines of the randomly distributed heterogeneous cases 
compared to their equivalent Blocked heterogeneous case. It is clear that the 
structure of the heterogeneity is essential to accurately determine the shape of the 
saltwater-freshwater interface. Where the random heterogeneous interfaces 
appear smooth, the Blocked cases show distinct gradient changes at permeability 
boundaries. However, for steady-state conditions, the s are comparable between 
the structured and random heterogeneous cases. This would support the use of 
probabilistic methods in determining steady-state , even for highly structured, 
weakly heterogeneous domains. With larger variation in permeability (higher ), 
the exact structure of the heterogeneity becomes more important. The mean 
permeability within the structured and random heterogeneous domains are the 
same, meaning that effective parameters could be used in a homogeneous 
simulation to calculate the steady-state  in heterogeneous cases. This may be 
suitable for determining , but for freshwater extraction cases where saltwater 
upconing is required, accurate positioning of the saltwater-freshwater interface is 
critical. Figure 4.22c shows the Random-2 saltwater-freshwater interface strongly 
deviating from the equivalent blocked heterogeneous case, particularly for the  = 
4mm test. Steady-state s were slightly larger for the heterogeneous cases 
compared to the reference homogeneous case.  In some instances, the random 
heterogeneous s were larger than the equivalent structured heterogeneous 
cases, but this was mainly dictated by the permeability distribution along the 
saltwater-freshwater interface in the blocked cases. 
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Figure 4.22 – Experimental steady state 50% salt concentration isolines for (a.) the Random-1 heterogeneous case compared to the homogeneous reference case, (b.) Random-1 case compared to Blocked-2 case and (c.) Random-2 compared to Blocked-3 at head differences,  = 6mm, 4mm & 5mm. 
As shown from Figure 4.21, the structure of heterogeneity can have a strong effect 
on the transient properties of an intruding saltwater wedge. The transient  and 

 results of the structured and random heterogeneous cases for advancing and 
receding saltwater wedges are presented in Figure 4.23a and Figure 4.23b 
respectively. For the advancing case, the heterogeneous s remain comparable, 
but show increased deviation from the reference homogeneous case over the 
course of the test. Similarly to previous tests, the s remain fairly constant. 
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The strongest separation between structured and random heterogeneous s was 
observed during retreat. The Blocked-3 case retreated significantly faster than the 
equivalent random heterogeneous case and reached steady-state sooner. This was 
due to the high permeability channel generated by Zones 14, 17, 18 and 21, 
facilitating fast flowing freshwater directly on to the saltwater wedge. This is also 
reflected in the retreating s, shown in Figure 4.23b. The Blocked-3  
started to increase earlier, expanded at a much faster rate and reached its peak 
before the other tests. The results are summarised in Table 4.5. As expected, the 

 of the heterogeneous cases were larger than the reference case. 
However, the Random-2 case  was larger than the Blocked-3 case, despite 
the fast retreat observed in the  data. This was attributed to the saltwater-
freshwater interface transitioning primarily in the high permeability bead zones of 
the Blocked-3 case during this time.  

 
Figure 4.23 - Comparison of advancing and receding (a.) s and (b.) s for the heterogeneous Blocked-3 and Random-2 cases with the reference homogeneous case, where:  = 50-100mins,  = 6-4mm;  = 100-150mins,  = 4-5mm. 
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Table 4.5 - Summary of peak  parameters for the structured Blocked-3 and Random-2 heterogeneous cases. 

For these physical tests, the transient data showed that the structure of 
heterogeneity can facilitate strong freshwater channelling, which can significantly 
affect the time to reach steady-state and the dynamics of the mixing zone. 
However, the steady-state intrusion parameters for random and structured 
heterogeneous media compare well, highlighting the suitability of applying random 
permeability distributions in simulations to account for unknown field 
heterogeneity. Although this negates the need for detailed knowledge of the spatial 
distribution of heterogeneity within an aquifer, the difficulty lies in determining 
suitable statistical parameters which are representative of the unknown 
heterogeneity. Therefore, a stochastic numerical study was conducted to assess the 
effect of each statistical parameter used to describe heterogeneity on steady-state 

 and . The model setup used in the sensitivity analysis was the benchmark 
dispersive Henry problem, given its robustness and improvements over the 
traditional Henry problem for this type of SWI problem (Abarca, 2006). The 
dispersive Henry problem consists of a confined aquifer with a hydrostatic saltwater 
pressure boundary at one side and a freshwater flux boundary at the other. Further 
details on the dispersive Henry problem can be found in Chapter 1. This numerical 
study analysed cases of varying scales of fluctuation ( ), coefficients of variation 
( ) and anisotropic ratios ( ), by combining the computer code SUTRA (Voss & 
Provost, 2010) with random field generation using Local Average Subdivision (LAS) 
(Fenton, 1990).  
A lognormal distribution was used to describe the random permeability field ( ) 
that has a mean ( ) and standard deviation ( ). Therefore ln( ) will have a 
Gaussian distribution where the respective mean ( ) and standard deviation 
( ) are determined from transformations (Fenton, 1990; Ahmed, 2009). The 

Width of mixing  zone analysis 
Blocked-3 Random-2 Reference 

 
(mm) 

 
 (min) 

 
(mm) 

 
 (min) 

 
(mm) 

 
 (min) 

Advancing intrusion 6.2 0 5.5 0 4.4 0 (6-4mm) 
Receding intrusion 8.1 10 10 18 7.5 15 (4-5mm) 
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spatial correlation of the random fields takes the form of a Gauss-Markov 
exponentially decaying function, and is determined by the  ( ). Random fields 
in this study are defined by the scale of fluctuation ( , ), coefficient of variation 
(  = / ) and anisotropic ratios ( =  / , where  and  are the 
horizontal and vertical ). The effect of changing these statistical parameters on 
the random permeability fields generated is discussed in Chapter 1 (Figure 1.4). 
For each set of permeability statistics, a series of random fields were generated and 
used in the simulation of the dispersive Henry problem. The  and  was 
calculated for each realisation and the ensemble averages determined using: 

  =  1  4.1 

  =  1  4.2 

where  is the number of realisations. 
The ensemble averages were then used to characterise intrusion for each level of 
heterogeneity. A sensitivity analysis of  based on the number of realisations 
provided an optimum value of  = 120, where no significant change in   was 
observed for a greater number of realisations.   The inputs to the numerical model 
and cases analysed are summarised in Table 4.6. The values of  where selected 
to be consistent with previous studies by Abarca (2006) and Kerrou et al. (2010) for 
validation and also to extend the work to larger s and anisotropic ratios. The 
results were also compared to simulations using effective homogeneous directional 
permeability values estimated by (Ababou, 1996): 

  =   exp 2 1 − 2
+  4.3 

  =   exp 2 1 − 2
+  4.4 

where  and  are the horizontal and vertical permeability respectively. 
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The simulations were run on the Queen’s University Belfast High Performance 
Computing (HPC) Linux cluster. The cluster has the equivalent of 928 cores available 
for computation, and is shared across all schools at the university. Each simulation 
required 1 core, took around 120 minutes to complete and produced 500 mb of text 
files for analysis. Significant time was required to develop methods to setup and run 
simulations on the HPC cluster in a time efficient manner. One of the key benefits of 
SUTRA is that it is open source, which allowed editing of the source code to 
interface efficiently with the LAS random permeability field generator. The new 
modified SUTRA could then be compiled on the HPC and run on as many nodes as 
required due to no licensing restrictions. The handling of such large datasets (60 gb 
per heterogeneous case) also required customised analysis and archiving routines 
which were implemented using a combination of MATLAB (R2011a) and Linux based 
BASH scripting. Figure 4.24 shows the typical output from the analysis of the 
stochastic model results for an anisotropic heterogeneous case  = 1.31,  = 
0.12 m and  = 3.  
Table 4.6 – Stochastic model inputs and permeability statistics. 

Input Parameters   
Domain size, L x H 2.0 x 1.0 m 
Elements, L x H 256 x 128   
Geometric mean permeability 1.00E-09 m2 
Molecular diffusivity 0.00 m2/s 
Longitudinal dispersivity 0.10 m 
Transverse dispersivity 0.01 m 
Freshwater flux 6.60E-05 m/s 
Freshwater density 1000 kg/m3 
Saltwater density 1025 kg/m3 
Dynamic viscosity 0.001 kg/m/s 
Coefficient of variation ( ) 0.81, 1.31, 2.53, 4.37 
Horizontal scale of fluctuation ( ) 0.04, 0.12, 0.36 
Anisotropic ratios ( ) 1, 2, 3  
Realisations per simulation 120 
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Figure 4.24 – Typical results from stochastic analysis, showing: (a.) effective permeability simulation concentration isolines; (b.) single realisation concentration isolines plotted on permeability field; (c.) ensemble average simulation concentration isolines; (d.) ensemble standard deviation of SW concentration field. 
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The effective permeability simulation result (Figure 4.24a) shows smooth 
concentration isolines, as expected for homogeneous media, with a  = 1.57m and 
a  = 0.124m. Results from a typical heterogeneous realisation are shown in 
Figure 4.24b. The concentration isolines are much more ragged compared to the 
effective homogeneous isolines, highlighting the effects of high and low 
permeability channels facilitating or impeding the intruding saltwater wedge. The 

 decreased (1.48 m) and the  increased (0.140 m) compared to the effective 
homogeneous case, similar to the trends identified in the experimental tests.  
The concentration isolines for the ensemble average saltwater concentration field 
are shown in Figure 4.24c. Although not used in the determination of   or 

, the ensemble average concentration field is the most representative way 
to show the shape and concentration distribution of the saltwater wedge for these 
heterogeneous parameters. The concentration isolines appear smooth, similar to 
the effective homogeneous case, which was the expected outcome of the averaging 
process. The  reduced (1.43 m) and the  increased (0.141 m) compared to 
both the effective homogeneous and single realisation cases. Figure 4.24d shows 
the ensemble standard deviation of the saltwater concentration field. This gives an 
indication of the variation in concentration field across the 120 realisation. The 
largest variation was observed at the toe location, indicating that local 
heterogeneities around the toe have a strong influence on the value of . The 
variation observed at the toe increased with increasing , where the bulk of the 
variation along the bottom boundary was spread at approximately 2 . 
Results from a selection of the stochastic simulations are presented in Figure 4.25. 
When compared to the effective permeability simulations, an increase in  
resulted in a reduction of  and an increase in  for the heterogeneous 
simulations. This was typical for all anisotropic ratios. The increase in  was due 
to the greater longitudinal and transverse dispersion in heterogeneous media, 
which become greater with increasing . The effect of heterogeneity on  can 
also be explained by the increase in dispersion. The increased dispersivity acted to 
spread the salt further, reducing the sharpness of the density contrast within the 
wedge. As a result the slope of the wedge became more linear than the curved 
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shape observed in the homogeneous cases. The overall result was a reduction in  
with increasing . These results are in agreement with Abarca (2006) and Kerrou 
& Renard (2010). 

 

 
Figure 4.25 – Stochastic analysis of the effect of variable  and  on: (a.)   
and (b.)  for random heterogeneous (  = 0.12 m) and effective 
homogenous permeability cases. 
As  increased the  became larger, due to the flow pathways tending to align in 
the horizontal direction, forming channels of correlated permeability spanning the 
length of the domain. The chances of encountering a region of low permeability 
become smaller as the field becomes increasingly more correlated in the horizontal 
direction. This is observed most notably in the isotropic case (  = 1), where the  
decreased with increasing  while it increased for anisotropic cases (  > 1). 
However both isotropic and anisotropic cases show a reduction in  when 
compared to their effective homogeneous counterparts. The  generally 
increased with increasing  and only a slight decrease in width was observed 
with increasing . This is because the  is predominately determined by the 
dispersion, which will increase when there is more variability along the 
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concentration gradient. However, dispersion also increases with higher fluid 
velocities which are observed in larger  in the horizontal direction. Therefore the 
change in  with increasing  is small due to the balancing of dispersive 
mechanisms with regards to spatial variability and fluid velocity. 
In general, an increase in  resulted in a seaward movement of the , as is 
shown in Figure 4.26. For the smallest value of  shown ( =0.04) the  has 
intruded the furthest. This is contrary to what would normally be expected. An 
increase in  would imply an increase in dispersion, therefore resulting in a 
reduction of . However, Ahmed (2009) observed an increase in flow through 
earth dams with increasing values of . The larger  permits greater 
freshwater flow to repulse the saltwater wedge and move the  towards to 
saltwater boundary. Similar to the effect of changing , the  was not 
significantly affected by changes in  but was dominated by . 
The results from the stochastic analysis show that at low values of  (< 1), 
effective homogeneous parameters provide a good estimation of steady-state s 
and s. This was expected because lower values of  produce domains that 
tend towards the homogeneous case. For the experimental random heterogeneous 
cases, the  is fairly straightforward to calculate using the quantities of each 
bead size in the Blocked-2 and Blocked-3 cases. This equates to a  of around 0.5 
for both cases. The other heterogeneous parameters are more difficult to calculate 
due to the entirely random placement of beads. However, changes in  and  
had very little effect on steady-state s and s at low  values and can 
therefore be negated. Hence, for  = 0.5 the effective permeability (as 
determined by Equation 4.3 and 4.4) will consistently fall between the permeability 
for the homogeneous 780µm and 1325µm bead classes, which was found to 
provide little change to the  and  (Figure 3.5 and Figure 3.6). Therefore, to 
improve the comparison between numerical and experimental results in 
heterogeneous media, additional factors need to be considered. The obvious choice 
would be to investigate the effect of heterogeneous dispersivity in the simulation, 
but finding consistent representative values for comparison with the experimental 
cases would be even more difficult than defining the heterogeneous permeability 



Chapter 4: SWI in Heterogeneous Media 

153 
 

parameters. Needless to say, this work would constitute significant time investment 
and is beyond the scope of this study.  

 

 
Figure 4.26 – Stochastic analysis of the effect of variable  and  on: (a.)   
and (b.)  for anisotropic heterogeneous permeability cases (  = 2, 3) . 
4.3 Conclusion 
An experimental study of the hydrodynamic effects of heterogeneity on SWI was 
conducted. The high temporal and spatial resolution of the image analysis 
procedure allowed for the observation and quantification of transient SWI 
parameters at laboratory-scale. Several different types of heterogeneous aquifers 
were tested, starting with Layered and increasing in complexity to Blocked and 
Random cases. The heterogeneous results were compared to a reference 
homogeneous case and results from numerical modelling.  
The main findings of the study are: 
1. For the test cases analysed in this study, s generally decreased under 

heterogeneous conditions, while s generally increased when compared to 
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the homogenous reference case. This is in agreement with previous numerical 
studies of random heterogeneous aquifers; 

2. The saltwater-freshwater interface shows a distinct gradient change across 
differing permeability boundaries. This was attributed to streamline refraction, 
which caused s to increase when transitioning from high to low 
permeability zones and vice versa. The refraction also affected the mixing zone, 
where additional spreading was also observed when transitioning from high to 
low permeability zones and vice versa; 

3. Predominantly low permeability zones at the saltwater boundary reduced s 
and vertical extensions of the wedge. High permeability zones near the 
saltwater boundary caused channelling of flow into the aquifer and facilitated 
intrusion. It is therefore important to consider the structure of the 
heterogeneity as well as the relative permeability; 

4. For the Layered-2 case (H-L-H), the increased spreading in the middle layer 
caused by flow refraction was enhanced at low hydraulic gradients. For the 
Layered-3 case (L-H-L) a reduction in hydraulic gradient produced lower s 
in the middle layer; 

5. The relative change in  across permeability zones is not solely dependent 
on relative permeability, but also depends on hydraulic gradient, depth in 
aquifer, zone thickness and surrounding permeability distribution; 

6. The peak s during retreat were larger in heterogeneous cases compared 
to homogeneous cases. The time to reach peak  was also greater for 
heterogeneous cases; 

7. The saltwater-freshwater interface does not retreat uniformly in 
heterogeneous aquifers. Faster retreat was observed in high permeability zones 
and slower retreat in low permeability zones. The different rates of retreat 
created a ‘see-saw’ motion in the saltwater-freshwater interface, hinged 
around the permeability boundary. The brackish pulse exacerbated this 
dynamic; 
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8. The structure of the heterogeneity caused preferential freshwater channels to 
form, which contributed significantly to saltwater-freshwater interface 
dynamics; 

9. Steady-state s and s compared well between experimental Random 
and corresponding Blocked heterogeneous cases. However, the transient 
dynamics and resulting saltwater-freshwater interface shape were heavily 
influenced by heterogeneous structure; 

10. Stochastic analysis conducted to ascertain the effect of heterogeneous field 
parameters on steady-state  and . Simulations revealed that increases 
in  dominated the changes in the , while the  movements were 
also dependent on  and . An increase in  produced a landward 
movement of the toe, while an increase in  resulted in a seaward 
movement. Increases in  resulted in enhancing the effects of these trends. 

11. The numerical study showed that effective homogeneous parameters would 
give comparable results to the full stochastic method when applied to low  
random heterogeneous fields, like those in the experimental cases. The ability 
to apply an effective homogeneous permeability value to represent aquifer 
heterogeneity is useful as it negates the need for computationally intense and 
time consuming stochastic processes; 

12. For these experimental cases, the  was too low to provide sufficient 
change to simulation results using effective homogeneous parameters. 
Additional factors need to be considered, such as heterogeneous dispersivity, in 
order to provide better matchup with experimental results. 

Some of the hydrodynamic effects of heterogeneity observed in this study have 
been documented in other published literature while others have yet to be 
observed. There were difficulties in isolating individual heterogeneous effects, and 
attempts were made to decouple the hydrodynamics for analysis with some 
success. At the very least this study provides insight into the general processes of 
SWI in heterogeneous aquifers and could be used as a basis for defining conceptual 
models of real world systems. It also highlights the capabilities of the image analysis 
procedure to capture small perturbations, particularly within the mixing zone, that 
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are essential for defining the aquifer flow regime and predicting the location of the 
saltwater-freshwater interface. The results from this study could be used to better 
design future experimental cases to target individual heterogeneous effects, and to 
quantify these effects by taking advantage of the high temporal and spatial 
resolutions provided by the automated image analysis procedure. 
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5. Machine Learning Techniques (MLTs) to 
Improve Calibration Efficiency 

The following chapter describes the application of machine learning techniques 
(MLTs) as an advanced calibration method for image analysis, in order to improve 
the efficiency of conducting sandbox-style experiments. The chapter begins with an 
introduction to the machine learning method of Random Forests. The calibration is 
applied to steady-state experiments for a range of different homogeneous and 
heterogeneous configurations. The results are compared with those from the high 
resolution pixel-wise regression method used in Chapters 3 and 4. Finally, the 
suitability of the Random Forest method as a replacement for the pixel-wise 
method is discussed. 
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5.1 Introduction 
Image analysis requires a calibration to relate the captured image property (light 
intensity) to the desired system property (concentration). Chapter 2.3 discusses the 
error analysis of a wide range of calibration methodologies, including the high 
resolution pixel-wise regression method used in Chapter 3 and Chapter 4. The pixel-
wise regression method provided the lowest errors in converting light intensity to 
concentration, and allowed for the analysis of density variations across the 
saltwater-freshwater interface. The main disadvantage of the pixel-wise regression 
method is that the calibration is entirely specific to the test domain. A new 
calibration was required for each test case, even for homogeneous cases of the 
same bead class. In order to build the calibration matrix of regression coefficients, 
each domain was flushed with various concentrations of saltwater solution (Chapter 
2.3).The flushing process involved displacing the existing lower density saltwater 
with higher density saltwater, until the entire domain was saturated with the new 
saltwater solution. The calibration process took at least 4 hours to complete, and 
contributed significantly to the 7-12 hours required for preparing each domain for 
testing. This process would be considerably longer for larger scale experiments, 
increasing the chances of air bubbles forming in the domain and introducing errors 
into the test. Considering the 200 minutes required for testing the domain at 
various hydraulic gradients, preparation was by far the largest timesink in the 
experimental procedure. The preparation time would be significantly reduced if the 
calibration could be universally applied to all domains, irrespective of 
heterogeneous structure. The binned light intensity method, described in Chapter 
2.3.3, provided a reasonable prediction of concentration fields for different 
homogeneous domains of the same bead size (see Figure 2.14). However, in 
heterogeneous aquifers the different bead sizes have different refraction indices 
and thus appear darker or lighter in the camera images. Furthermore, the 
calibration regression curves are not consistent across different bead sizes, 
rendering the starting light intensity method unsuitable for heterogeneous 
domains. In order to account for the variations in light intensity provided by 
heterogeneous bead sizes, more sophisticated regression methods are required.  
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MLTs have been widely used to detect patterns in data and make predictions based 
on the discovered patterns (Murphy, 2012). The Random Forest method is an MLT 
which utilises numerous decision trees to construct a predictor ensemble for 
regression analysis (Breiman, 2001). The following sections briefly describe the 
Random Forest method and its application to the sandbox experiments described in 
Chapter 2 to provide a universal calibration for use in heterogeneous domains. It is 
important to note that this methodology was only considered after completing the 
experiments outlined in Chapters 3 and 4, in order to compliment proposed future 
work on larger scale apparatus. Thus, the calibration procedures were not designed 
to better facilitate the Random Forest method in any way. Therefore, the discussion 
in this chapter should be considered as a proof of concept, where future work 
would benefit from calibration procedures tailored to suit the Random Forest 
method. 
5.2 Random Forest method 
Random forest is an MLT, for building a predictor ensemble with a set of decision 
trees constructed by injecting randomly into the training. Before introducing the 
concept of Random Forest, the first subsequent sections are dedicated to the 
conceptual idea behind the main constituents of the Random Forest approach, 
namely the decision trees.  
5.2.1 Decision trees: Basic principle and methods 
Decision Trees are a non-parametric supervised learning method, which aims to 
predict the value of a target variable by learning simple decision rules inferred from 
the data features. The corresponding models are obtained through a recursive 
partitioning of the features space and then fitting a simple prediction model within 
each partition. The partition results can be represented graphically as a decision 
tree. Depending on the nature of the response variable, decision trees can be used 
for classification or regression. Classification trees are designed for categorical 
response variables, while regression trees are appropriate for continuous response 
variable. 
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Various algorithms for constructing decision trees have been suggested in the 
literature, and the most popular of them include: 

1. ID3 Algorithm: Introduced by Quinlan (1986), the ID3 (Iterative Dichotomiser 
3) algorithm creates a decision tree, for categorical predictive and target 
variables; 

2. C4.5 Algorithm: This is an extension of ID3, which handles continuous 
numerical variables by partitioning them into a discrete set of intervals. The 
C4.5 algorithm (Quinlan, 1993) converts the output of the ID3 algorithm, i.e. 
the trained tree, into sets of ‘if-then’ rules. The latest version of ID3 (C5.0 
Algorithm) builds upon the capability of C4.5 by improving its predictive 
accuracy and optimising its computational efficiency; 

3. CART Algorithm: CART (Classification and Regression Trees) is very similar to 
C4.5, but differs in that it supports numerical target variables (regression) 
and does not compute rule sets. The CART algorithm (Breiman et al., 1984) 
constructs binary trees using the feature and threshold that yields the 
largest information gain at each node. 

Mathematically, a decision tree algorithm operates as follows. Given a dataset 
(  , , …  , ) ∈ ℝ  ×( ), where the  first column vectors are associated with 
the observations of the predictive variables (  , , …  ), while the last column 
vector in the dataset is associated with the observations of the response or target 
variable .  A decision tree, which maps the predictive and the response variables, 
is constructed through a recursive partition of the feature space (  , , …  ), 
such that the samples associated with the same value of the target variable are 
grouped together. This partition process, also known as splitting, is carried out 
through the following steps.  Let the dataset at a node  of the tree be denoted by 

= (  , , …  , ) ∈ ℝ  ×( ), ≤ . At the initial node of the tree, also 
referred to as the root we have   = . Let ,  and ,  denote the partition of  
into two subsets through a feature ,  ∈ {1, ⋯ , }, and a threshold  such that: 

 , = ( , , … , , ) such that ≤
, = ∖ ,                                                         5.1 



Chapter 5: MLTs to Improve Calibration Efficiency 

163 
 

Let  and  denote the cardinality, i.e. number of elements, of ,  and , , 
respectively; and let = +  denote the cardinality of . Then, the impurity 
associated with the partition ,  and , , denoted ℐ , , is defined by: 

 ℐ , =  , +  ,        5.2 

where, (∙) denotes the impurity function which is computed, according to the 
nature of the target variable, i.e. whether the response variable is categorical 
(classification problem) or the response variable is continuous (regression problem). 
More specifically, the impurity function (∙)  is computed as follows: 
Classification problem:  
If the response variable takes its values in classes 0, 1, 2, ⋯ , , then the proportion 
of class  in a given dataset = (  , , …  , ) ∈ ℝ  with cardinality , is given 
by: 

 = 1
( )

for all ∈
  5.3 

where ( ) denotes the indicator function defined as: 

 ( ) = 1,      if = ,
0,      if ≠ . 5.4 

Then, the impurity function for the dataset , denoted ( ), is computed using one 
of the following formulae: 

 Gini impurity:                     ( ) = (1 − ) 5.5 

 Cross-Entropy:                   ( ) = log( )   5.6 

 Misclassification:              ( ) = 1 − max, ,⋯  5.7 
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Regression problem: 
If the response variable is continuous, then the impurity function associated with a 
dataset = (  , , …  , ) ∈ ℝ  with cardinality , is given by: 

 ( ) = ( − )  5.8 

where  =  ∑ . 
The main optimisation task during the construction of a decision is to partition the 
data at each node such that the impurity associated with the partition is minimal, 
i.e. the corresponding information gain is maximal. Hence, at each node , the 
optimal partition, i.e. the feature  and its associated threshold , is such that: 

 , = argmin
( , )

ℐ ,  5.9 

Then the construction of the tree continues on the optimal partition recursively by 
separating a feature ,  ∈  {1, ⋯ , }  non-selected so far, until: either all the 
observations, the vector rows in the dataset  at each node  without successor 
have the same value of the response variable, or the number of observations, i.e. 
the number of vectors rows, in the dataset  at each node  without successor, is 
equal to 1 or a specified minimum number of observations per tree leaf. 
5.2.2 Advantages and limitations of decision trees  
Decision trees are advantageous in that they are relatively simple to understand 
and interpret. They can handle a mixture of numerical and categorical data and it 
does not require major data pre-processing. Furthermore, decision trees do not 
require any distributional assumption on the predictive and response variables.  
On the other hand, the optimization problem (Equation 5.9), which is the backbone 
of any decision tree algorithm belongs to the class of NP-hard problems i.e. 
problems which generally require exhaustive enumeration of all the solutions in 
order to identify the optimal one. Finding the optimal solution of such problems 
could be very expensive computationally. Thus, in practice Equation 5.9 is generally 
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solved using heuristic methods, which do not guarantee a globally optimal decision 
tree. The main deficiencies of decision trees are generally inherent to the heuristic 
method used to solve Equation 5.9 as well as the choice of the minimum number of 
observations per tree leaf and to some extent the choice of the impurity function. 
These deficiencies include over-fitting, i.e. the constructed tree can be pretty 
accurate on the training dataset but very poor for prediction on unseen data; 
instability, i.e. a little variation in the data might lead to a completely different tree 
being generated; bias, particularly when some classes dominate. 
5.2.3 Random Forest: basic principle and algorithm 
The motivation behind the Random Forest approach is to mitigate some of the 
major deficiencies of decision trees including prediction accuracy, over-fitting and 
instability, through an ensemble of decision trees. The approach originated from a 
series of research works by Breiman (1996; 2001) in which he highlighted the 
significant improvement in predictive accuracy that could be achieved in regression 
and classification by using an ensemble of trees, where each tree in the ensemble, 
also referred to as a weak learner, is constructed by introducing some randomness 
into the learning process so that the ensemble consists of set of diverse trees from 
the same dataset. 
The main concept for developing a Random Forest model consisting of  regression 
or classification trees can be summarized as follows. Let = (  , , …  , ) ∈
ℝ  ×( ) denote the original dataset. Then, 
For  from 1 to  do: 
Step 1 - Bootstrapping: Draw a bootstrap subset, = (  , , …  , ) ∈
ℝ ×( )  with ≈  , i.e. whose row vectors are randomly sampled with 
replacement from the row vectors of the original dataset .  
Step 2- Construction of the bootstrap decision tree: Construct the tree  associated 
with the bootstrap subset ; however in order to solve Equation 5.9 at each node 
heuristically, in particular when  is very large, rather than choosing the best split 
among all predictive variables, only  predictive variables are randomly selected and 
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the best split is chosen among these variables; some recommended values for  are 
= √  or = log . 

Step 3 - Estimation of the generalization error: The vector row elements of the 
subset  ∖ , refereed to as out-of-bag elements, are not used in the construction 
of the bootstrap tree  associated with the subset . The constructed  is tested 
using the out-of-bag elements, and let  denote the corresponding prediction error. 
Then, the estimation of the generalization error, also referred to as the out-of-bag 
error, for the ensemble of decision trees constructed so far, is given by: 

 ℰ = 1  5.10 

Eventually at the end of the above loop we obtain a list of decision trees { , =
1, 2, ⋯ , }, which form the Random Forest model. Then, for some given values of 
the predictive variables (  , , …  ), the prediction of the corresponding value 
of the response variable , denoted , is obtained by aggregating the prediction 
results from all the decision trees, which form the Random Forest model. More 
precisely, the predicted value , is computed as follows: 
- For a classification problem: = argmax , ,⋯ ,   where  denote the 
prediction result from the decision tree ; 
- For a regression problem: = ∑ , where  is the prediction result from 
the decision tree , and ≥ 0, with ∑ = 1, is the weight associated to the 
decision tree . If all the trees contribute equally in the prediction of , then 

=  for = 1, 2, ⋯ . 
5.2.4 Advantages and limitations of Random Forest 
Some of the main advantages of the Random Forest model include:  

 ability to capture nonlinear complex relationships between the predictive 
and response variables; 

 generally not prone to overfitting; 
 robustness with regard to outliers and spurious data; 
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 improved predictive accuracy over other algorithms. 
Unlike other machine learning methods (such as Artificial Neural Networks or 
Support Vector Machines), Random Forest requires mainly two parameters, namely 
the number of trees  and the number of features  to be selected randomly at 
each node for the splitting process. Furthermore, the Random Forest method is 
computationally lighter than most of its competitors; thus it runs efficiently on large 
dataset i.e. with a large number of predictive variables. Also, the method copes 
reasonably well with unbalanced and missing data compared to many of its 
competitors. On the other hand, one of the main deficiencies of Random Forest is 
that for regression problems, it cannot predict a value of the response variable 
beyond the range in the training data.  
5.3 Methodology 
Many variants of the Random Forest model have been implemented in machine 
learning toolboxes available in various software packages such as MATLAB (Matlab 
and Statistics Toolbox), R (R Development Core Team) and Python (Scikit-learn 
developers). For our numerical experiments, we use the Random Forest variant 
implemented in MATLAB. 
In order for the Random Forest model to perform optimally, the model was trained 
on calibration images captured using exactly the same camera settings (exposure, 
rate, gain etc.). Unfortunately, the intensity of the lights providing the background 
illumination faded over time, resulting in the later tests requiring different camera 
settings (eg. higher exposure). At the time of testing, changing the settings between 
test domains was not considered to be problematic, so long as the setting was 
consistent between calibration and running cases (another benefit of pixel-wise 
regression method). Therefore, 3 homogeneous cases, 1 layered and 1 blocked case 
were identified as suitable for use in the Random Forest method. The model was 
trained on the 3 homogeneous cases, each containing a different diameter glass 
bead so that the model would be representative of all bead sizes used in the study. 
Similar to the other calibration methods, images of fully flushed domains at 8 
different known saltwater concentrations were analysed (0%, 5%, 10%, 20%, 30%, 
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50%, 70% and 100%). Within each homogeneous case, two thirds of the pixel data 
was used to train the model, with the remaining third used for verification (out of 
bag elements). The fully trained model was then used to derive saltwater 
concentration from the captured images during testing.  
5.4 Results 
Figure 5.1 shows the comparison between the output from the pixel-wise 
regression and Random Forest methods for the 780µm steady-state  = 4 mm 
case. The general shape and extent of the intruded saltwater wedge is captured by 
the Random Forest method (Figure 5.1c). However, where the pixel-wise method 
shows good uniformity of concentration distribution in the fully freshwater and 
saltwater zones, the Random Forest method shows significant variation. This is due 
to the non-uniform light distribution provided by the 2 LED lights used to illuminate 
the domain. The middle of the test chamber appeared lighter than the edges, 
resulting in the Random Forest method calculating higher concentrations at the 
edges than in the middle. This is apparent in both the freshwater region (top 
right/left of Figure 5.1c) and within the saltwater wedge (bottom middle of Figure 
5.1c). The results from the Random Forest method could be improved with a 
concerted effort to minimise non-uniform lighting across the domain. 
The results for the homogeneous 1090µm and 1325µm domains are presented in  
Figure 5.2 and Figure 5.3 respectively. The effects of the non-uniform lighting are 
also observed in these two cases. These effects become problematic when 
quantifying the  and . The brighter area around the middle of the domain 
results in the Random Forest method assigning lower concentrations of saltwater in 
this area compared to the pixel-wise method. This apparent dilution of saltwater 
occurs at the toe of the intruding wedge, distorting the 50% concentration isoline 
used to calculate the . Furthermore, the diluted area produces an expanded 
mixing region, artificially increasing the . The 1325µm bead case shows the 
greatest variation in light intensity distribution across the domain (Figure 5.3). This 
is reflected in the concentration fields calculated by both the pixel-wise and 
Random Forest methods, which show larger and more frequent variations 
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compared to the other homogeneous bead cases. In all 3 cases, the Random Forest 
calibration fails to account for the lighting discrepancies provided by the screw 
holes in the back of the sandbox, which are clearly observed as localised areas of 
higher concentration saltwater in the top left, middle centre and bottom right of 
the concentration fields. 

 

 

 
Figure 5.1 – Saltwater concentration fields determined from the pixel-wise and random forest calibrations for the steady-state  = 4 mm 780µm case.  
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Figure 5.2 – Saltwater concentration fields determined from the pixel-wise and random forest calibrations for the steady-state  = 4 mm 1090µm case. 
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Figure 5.3 – Saltwater concentration fields determined from the pixel-wise and random forest calibrations for the steady-state  = 4 mm 1325µm case. 
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The results from the heterogeneous cases are shown in Figure 5.4 and Figure 5.5 for 
the Layered-1 and Blocked-1 cases respectively. From visual inspection, the 
saltwater wedge is clearly identifiable. However, Figure 5.4b shows significantly 
high saltwater concentration in the upper layer (1325µm) of the Layered-1 case. Up 
to 80% saltwater concentration was observed in the top right corner, which should 
only contain freshwater. Furthermore, the area of the concentration discrepancy 
extends into the upper portion of the saltwater wedge, artificially increasing the 
thickness of the mixing zone in this region. The concentration prediction in the 
lower layer (780µm) is much more realistic, with peaks of 12% saltwater 
concentration in the freshwater region. The saltwater concentration difference (∆ ) 
highlights the discrepancies between the Random Forest and pixel-wise methods, 
determined by: 

 ∆ = | − | 5.11 

where  and  are the pixel-wise and Random Forest concentration 
predictions respectively. The spatial distribution of ∆  is shown in Figure 5.4c for 
the Layered-1 case. It is clear that the greatest variations occur along the saltwater-
freshwater interface and within the upper 1325µm layer. Variations of up to 70% 
were observed along the saltwater-freshwater interface. The Blocked-1 case shows 
much less variation across the domain compared to the Layered-1 case, as shown in 
Figure 5.5b. The individual blocks of different bead diameters are still identifiable 
from the concentration field plot. However, the magnitude of the variations in the 
1325µm zones show significant reduction in ∆  compared to the Layered-1 case 
(Figure 5.5c). Similar to the Layered-1 case, the variation is largest along the 
saltwater-freshwater interface, with peak ∆  = 45%. This becomes problematic 
when quantifying both the  and . The mean and standard deviation ∆  for 
each test case is summarised in Table 5.1. On average, the Layered-1 case showed 
the most variation, followed by the 1325µm case. For this bead size, the formation 
of air bubbles occurred much faster compared to the smaller bead sizes. The air 
bubbles act to reduce the light intensity of affected pixels, and the calibration 
methods would artificially increase the concentration in these locations.  
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Figure 5.4 – Results from the Layered-1 steady-state  = 6 mm case, including: (a.) processed camera image for analysis, (b.) Random Forest concentration field, and (c.) concentration field difference between Random Forest and pixel-wise methods.   
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Figure 5.5 – Results from the Blocked-1 steady-state  = 6 mm case, including: (a.) processed camera image for analysis, (b.) Random Forest concentration field, and (c.) concentration field difference between Random Forest and pixel-wise methods.  
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Table 5.1 – Summary of the concentration difference ∆  statistics between the Random Forest and pixel-wise calibration methods. 
 
 
 
 
The quantification of SWI parameters is an integral part of the automated image 
analysis procedure developed in Chapter 2. Therefore, the output from the 
procedure is a key factor in determining the suitability of the Random Forest 
method as a replacement for the pixel-wise method. The routines to calculate the 

 and  were run on the concentration fields calculated by the Random Forest 
method and compared to the pixel-wise method.  The results are summarised in 
Table 5.2, where: 

 = −  5.12 

 = −  5.13 

The intrusion parameters in Table 5.2 are given in millimetres rather than 
percentage difference because the differences are not likely to increase by moving 
to a larger scale sandbox. Therefore, for larger scale experiments the effect of the 
error introduced by using the Random Forest method is reduced. This information 
will be useful for future studies seeking to use the Random Forest method in place 
of the pixel-wise method. However, the percentage difference will be mentioned in 
the discussion to bring weight to the differences observed at this scale. 
As expected, the largest variations occur in the cases where 1325µm beads 
constituted a significant proportion of the aquifer, most notably, in the 
homogeneous 1325µm and Layered-1 cases (Table 5.2). The  appears to be 
captured reasonably well by the Random Forest model, with the largest variation of 
11mm (7% difference compared to pixel-wise method) occurring in the 1325µm 
case. The difference can be attributed to the apparent dilution of saltwater 

Test Case ∆  statistics 
Mean (%) Stdev. (%) 

780µm (  = 4 mm ) 7.37 7.19 1090µm (  = 4 mm ) 5.82 6.82 1325µm (  = 4 mm ) 8.82 10.34 Layered-1 (  = 6 mm ) 12.79 13.35 Blocked-1 (  = 6 mm ) 6.72 4.91 
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concentration at the toe due to the non-uniform light distribution. The 
heterogeneous cases use the   = 6 mm steady-state images, where the wedge 
has not intruded far enough into the aquifer for the  to be affected by the non-
uniform light distribution, and therefore show a small variation of 2-3mm (3% 
difference). Conversely, the Random Forest  shows significant deviation from 
the pixel-wise method. Increases in   of up to 100% were observed for the 
1325µm case. In general, the s for the Random Forest method were larger 
than the pixel-wise method, which can be attributed to the concentration variation 
observed along the saltwater-freshwater interface (eg. Figure 5.4c and Figure 5.5c). 
Furthermore, the increased variation in the concentration field makes it more 
difficult for the automated routines to identify the most representative 
concentration isolines. The Blocked-1 Random Forest   compared reasonably 
well with results from the pixel-wise method, with a variation of only 0.3 mm, which 
is around the same size as a single pixel.   
To more clearly observe the differences between the pixel-wise and Random Forest 
methods, vertical concentration sampling lines were taken at various locations 
along the 1325µm case (Figure 5.6a). Sampling lines were selected within 3 key 
regions of the aquifer: (1) the fully freshwater zone (Figure 5.6b), (2) the location of 
the intrusion toe (Figure 5.6c) and (3) within the boundaries for  calculation 
(Figure 5.6d). A moving average filter (5 pixels) was applied to the concentration 
values along the sample lines to reduce noise and more clearly show the 
differences. At all 3 sample locations, the effect of the non-uniform backlighting can 
be observed by the apparent increase in concentration at the top of the Random 
Forest results (up to 48% in Figure 5.6c), whereas the pixel-wise method shows only 
small variation in this region. This discrepancy increases with distance from the 
centre of the image, as shown in Figure 5.6a where sample line 1 only reaches a 
maximum concentration of 26%. For sample line 2, at the intrusion toe (Figure 
5.6c), the Random Forest saltwater concentration at the bottom fluctuates around 
55%, while the pixel-wise concentration varies around 95%. The  is quantified by 
finding the intersection of the 50% saltwater concentration isoline with the bottom 
boundary of the aquifer. The apparent dilution of saltwater concentration observed 
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in the Random Forest results would make it difficult for the automated analysis 
routine to determine the most representative 50% concentration isoline, resulting 
in an artificial reduction in . Furthermore, this apparent dilution has the added 
effect of artificially increasing the . Figure 5.6d shows the saltwater 
concentration along a sample line taken within the boundaries used for 
quantification of  (see Chapter 2.4.9 for reference). While the location of the 
25% concentration value is similar for both pixel-wise and Random Forest methods 
(  = 0.024m), the location of the 75% concentration value is drastically different. 
The pixel-wise regression method shows  = 0.020m, resulting in  = 4mm, 
while the Random Forest method gives  = 0.004m, equating to   = 20mm. 
At face value, this increase seems substantial, but the apparent dilution caused by 
the non-uniform light distribution is restricted to primarily around the toe location 
and at the saltwater boundary. In fact, the large discrepancy was partly averaged 
out by the sampling along the rest of saltwater-freshwater interface, a shown in 
Table 5.2 (  = 4mm). However, the difference is still significant for 
experiments at this scale, but may not be as important in larger scale tests. 
Table 5.2 – Summary of the toe length and width of mixing zone differences between the Random Forest and pixel-wise calibration methods. 
 
 
 
 
Although generally considered as a deficiency of the Random Forest method, the 
inability of the method to predict a value of concentration beyond the range of the 
training data is advantageous in that at no stage was a pixel assigned a saltwater 
concentration higher than 100% or lower than 0%. On a number of occasions, the 
pixel-wise method predicted concentrations higher than 100%, especially along the 
bottom boundary of the aquifer (Figure 5.6c and Figure 5.6d). The Random Forest 
method is also advantageous over the pixel-wise method because images do not 
have to be perfectly synchronised in space. Extreme care was required to not 

Test Case Parameter Difference 
 (mm)   (mm) 

780µm (  = 4 mm ) -0.5 -1.6 1090µm (  = 4 mm ) 7 -2.4 1325µm (  = 4 mm ) 11 -4 Layered-1 (  = 6 mm ) -2.3 -2.7 Blocked-1 (  = 6 mm ) -2.7 0.3 
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disturb the camera during testing to reduce the risk of introducing errors from 
desynchronised images. 

 

 
Figure 5.6 – Vertical saltwater concentration profiles through the steady-state  = 4 mm 1325µm case, comparing the Random Forest (RF) and pixel-wise (PW) methods, where, (a.) RF concentration colourmap with annotated sample lines, (b.), (c.) and (d.) are saltwater concentrations (C) along sample lines 1, 2 and 3 respectively. 
5.5 Conclusions 
A methodology was described to provide a universal calibration that could relate 
lighting intensity to concentration using MLTs for image analysis of laboratory-scale 
sandbox experiments. The goal of the study was to create a unified calibration 
methodology that could be applied to a wide range of experiments using different 
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grain diameters and heterogeneous configurations, without the need to acquire 
specific calibration images for individual cases, thus increasing testing efficiency. 
The calibration model was built using the Random Forest method of decision trees. 
The model was trained using calibration images from previous experiments, where 
no special measures were undertaken in the image acquisition to facilitate the 
model. The model was then applied to images from steady-state test cases and the 
results compared to those from the high resolution pixel-wise calibration method 
described in Chapter 2. The main conclusions from the study are: 

1. The Random Forest model captured the general shape of the saltwater 
wedge and the extent of intrusion. The model was sensitive to back light 
distribution, where strong variations in lighting were conserved through the 
calibration and appeared as either artificially high or low concentration 
regions in the output saltwater concentration fields; 

2. The models performance was not consistent across different bead 
diameters. The 1090µm case showed the least variation out of the 
homogeneous cases, with the 1325µm case showing significant variations at 
the edges of the sandbox. This was, in part, due to air bubble formation in 
the 1325µm test case, coupled with the non-linear back light distribution; 

3. In the heterogeneous cases, model performance was poor in areas 
constructed of 1325µm beads, such as the upper layer in the Layered-1 case. 
The greatest deviations from the pixel-wise method (up to 70%) were 
observed around the edges of the sandbox and along the saltwater-
freshwater interface.  

4. Quantification of intrusion parameters,  and , showed mixed 
success. The Random Forest model predicted  well, where most cases 
were within a few millimetres of the pixel-wise method. The  was 
generally larger for the Random Forest model and showed significant 
deviations from the pixel-wise method, particularly for the 1325µm case. 

The Random Forest calibration method provided promising results, especially 
considering the calibration images were not acquired with the process in mind. 
With a concerted effort to minimise non-linear light distribution, through rigorous 
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setup of the back lights and orientation of the sandbox, the Random Forest method 
could provide much more accurate results than those described in this study.  The 
discrepancies observed in the  and , although significant for these tests, are 
not expected to scale with increasing the size of the sandbox. Therefore the 
Random Forest method shows potential, especially considering the significant time 
savings of not requiring unique calibrations for each individual test aquifer. This 
time saving is expected to increase exponentially with increasing scale of the 
sandbox experiment, providing a much more efficient method of calibration for 
image analysis. 
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6. Conclusions 
The main objective of the thesis was to investigate the hydrodynamic effects of 
heterogeneity on the SWI problem. The study involved development of a new 
image analysis procedure for sandbox-style experiments, in order to quantify SWI 
parameters at a higher spatial and temporal resolution than other studies. This was 
required to capture the small perturbations in the flow regime induced by the 
heterogeneity. The new methodology was rigorously benchmarked against simpler 
homogeneous cases and compared to results from numerical modelling software. 
Heterogeneous effects were investigated by gradually increasing the level of 
heterogeneity from layered configurations, to block structures, and finally to 
randomly distributed heterogeneities. Results were compared to a stochastic 
numerical modelling study using random permeability fields. Finally, an 
investigation to increase the efficiency of testing using Machine Learning 
Techniques (MLTs) was conducted in order to improve the scalability of the image 
analysis methodology to larger sandbox-style experiments. Significant portions of 
the thesis have contributed to several published peer reviewed journal articles and 
international conferences, which were noted at the beginning of each chapter. 
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The main conclusions of the investigation are summarised as follows: 
 The high spatial and temporal resolutions achieved by the developed image 

analysis procedure allowed for quantification of transient saltwater wedge 
toe length ( ), width of the mixing zone ( ) and angle of intrusion 
( ); 

 The robust error analysis of various calibration methods showed that the 
pixel-wise method was the most suitable to achieve the objectives of the 
study. This method provided the high resolution image to concentration 
conversion required to capture small fluctuations in the flow regime induced 
by heterogeneity; 

 The image analysis procedure was developed with a focus on automation, 
providing robust quantification of transient SWI parameters at higher 
temporal resolutions than previous studies, which primarily used manual 
readings from visual observation. The automation significantly reduced the 
risk of human error involved in manual readings and improved the scalability 
of the procedure for use in larger scale sandbox style experiments. 

 Investigation of homogeneous aquifers constructed of different bead 
diameters revealed that the 1090µm bead class intruded further than both 
the 780µm and 1325µm. The  and  results differed from numerical 
simulations, which prompted an in depth study of the errors associated with 
the experiment; 

 Identification and quantification of sources of error was based on equipment 
accuracies and assumptions. The significance of the equipment accuracies 
was analysed by simulating maximum and minimum intrusion cases based 
on measuring equipment error. Generally, experimental results fell within 
these boundaries, but other assumed variables were identified as significant, 
such as heterogeneity of permeability (assumed perfectly homogeneous in 
this case) and dispersivity. A sensitivity analysis was conducted to ascertain 
the effect of these assumed variables, using values from similar experiments 
in the published literature. Physical repeats showed the significance of 
variations introduced during the packing stage. A repeatability study 
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involving both test and physical repeats revealed that the measured 
parameters of  and  had an average coefficient of variation of 12% 
and 18% respectively. It was difficult to compare this result to other studies 
because repeatability is rarely discussed in the literature. Taking into 
account the small scale of the experiment and the fine control required, an 
average coefficient of variation of <18% was considered reasonable for 
quantifying SWI parameters; 

 Investigation of transient results showed good comparison of numerical and 
experimental intrusion rates. Intrusion rates increased with increasing bead 
diameter due to the faster flow field developed in higher permeability 
media. The analysis of intrusion rates revealed the saltwater wedge reached 
a steady-state condition sooner while receding than advancing. This was in 
agreement with an existing theory of flow switching from an opposing flow 
field to a unidirectional flow field, which was developed in the literature 
using numerical simulations. Furthermore, the hydrodynamics of the 
experimental mixing zone exhibited similar traits that could be explained by 
the theory. A greater increase in the  was observed in the receding 
saltwater wedge, indicating increased fluid velocities and dispersion. 

 The  analysis revealed the formation of a volume of diluted saltwater at 
the toe position when a saltwater wedge is prompted to recede. The 
brackish zone travels up and along the saltwater-freshwater interface, 
resembling a pulse (‘brackish pulse’), and exits out the saltwater boundary. 
The brackish pulse becomes elongated as it progresses along the interface, 
which is representative of the velocity differential occurring between the 
freshwater and saltwater. 

 For the heterogeneous test cases analysed in this study, s generally 
decreased while s generally increased when compared to the 
homogenous reference case. 

 The saltwater-freshwater interface shows a distinct gradient change across 
differing permeability boundaries. This was attributed to streamline 
refraction, which caused s to increase when transitioning from high to 
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low permeability zones and vice versa. The refraction also affected the 
mixing zone, where additional spreading was observed when transitioning 
from high to low permeability zones and vice versa; 

 The relative change in  across permeability zones is not solely 
dependent on relative permeability, but also depends on hydraulic gradient, 
depth in aquifer, zone thickness and surrounding permeability distribution; 

 The saltwater-freshwater interface does not retreat uniformly in 
heterogeneous aquifers. Faster retreat was observed in high permeability 
zones and slower retreat in low permeability zones. The different rates of 
retreat created a ‘see-saw’ motion in the saltwater-freshwater interface, 
hinged around the permeability boundary. The brackish pulse exacerbated 
this dynamic; 

 Steady-state s and s compared well between experimental Random 
and corresponding Blocked heterogeneous cases. However, the transient 
dynamics and resulting saltwater-freshwater interface shape were heavily 
influenced by preferential flow channelling dictated by the heterogeneous 
structure; 

 A stochastic analysis was conducted to ascertain the effect of 
heterogeneous field parameters on steady-state  and . Simulations 
revealed that increases in coefficient of variation ( ) dominated the 
changes in the , while the  movements were also dependent on 
anisotropic ratio ( ) and scale of fluctuation ( ). An increase in  
produced a landward movement of the toe, while an increase in  
resulted in a seaward movement. Increases in  resulted in enhancing 
the effects of these trends. 

 For these experimental cases, the  was too low to provide sufficient 
change to simulation results using effective homogeneous parameters. 
Additional factors need to be considered, such as heterogeneous 
dispersivity, in order to provide a better match with experimental results. 

 The Random Forest MLT was assessed in order to improve the efficiency of 
constructing a regression calibration to convert image light intensity to 
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concentration. This calibration could be universally applied to all 
heterogeneous domains without requiring unique calibrations for each 
individual test aquifer, providing significant time savings, especially in larger 
scale experiments. The Random Forest model captured the general shape of 
the saltwater wedge and the extent of intrusion. The model was sensitive to 
back light distribution, where strong variations in lighting were conserved 
through the calibration and appeared as either artificially high or low 
concentration regions in the output saltwater concentration fields; 

 Quantification of intrusion parameters showed mixed success. The Random 
Forest model predicted  well, where most cases were within a few 
millimetres of the pixel-wise method. The  was generally larger for the 
Random Forest model and showed significant deviations from the pixel-wise 
method in some cases. 

 The Random Forest method provided promising results, especially 
considering the calibration images were not acquired with the process in 
mind. With a concerted effort to minimise non-linear light distribution, 
through rigorous setup of the back lights and orientation of the sandbox, the 
Random Forest method could provide much more accurate results.   

 
6.1 Recommendations for Future work 
Several further investigations could be undertaken to compliment the work 
presented in this thesis. Development of the image analysis procedure into a 
Graphical User Interface (GUI) would improve the ease of use for those not familiar 
with programming. The automated procedures depend heavily on intrinsic MATLAB 
functions, which limit the scope of adoption compared to programs developed on 
non-commercial platforms. Converting the core functionality to a comparative open 
source platform would be beneficial to the wider scientific community and promote 
involvement from other users to assist in the development for other applications, 
such as contaminant transport of dense non-aqueous phase liquids (DNAPLs). 
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Further investigations into homogeneous aquifers of different grain diameters 
would provide more information to identify trends and relationships, and also 
provide benchmark results for testing numerical modelling codes. Comparison of 
the dynamics identified in this study, specifically the faster retreat and brackish 
pulse, with field observations would give confidence in the experimental 
methodology as a whole. 
In this study, attempts were made to isolate individual heterogeneous effects, with 
limited success. The problem was that the important effects were unknown at the 
beginning of the study. The broad scope of the heterogeneous structures analysed 
(homogeneous – layered – blocked – random) provided limited targeted data to 
develop relationships for the individual heterogeneous effects. With the 
information from this study, further investigations could be developed to delineate 
specific effects from other variables, such as changes in  across similar 
permeability boundaries with respect to hydraulic gradient and surrounding 
permeability structure. 
The promising results from the Random Forest method for calibration would benefit 
from a dedicated experimental programme that minimised non-linear backlight 
distribution. In general, testing at such a small scale produced problems with 
control which would be reduced if working at a larger scale. The advantages of the 
Random Forest method would become more apparent in large scale sandbox 
experiments, which would be beneficial for any future studies. 
 
 
 
 
 
 


