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Stability Analysis of Switched Linear Systems Defined by Graphs

Nikolaos Athanasopoulos⋆ and Mircea Lazar

Abstract— We present necessary and sufficient conditions for
global exponential stability for switched discrete-time linear
systems, under arbitrary switching, which is constrained within
a set of admissible transitions. The class of systems studied
includes the family of systems under arbitrary switching,
periodic systems, and systems with minimum and maximum
dwell time specifications. To reach the result, we describe the
set of rules that define the admissible transitions with a weighted
directed graph. This allows to express the system dynamics as a
time invariant difference inclusion. In turn, a modified version
of the forward reachability set mapping is utilized to analyze
global exponential stability. The developed framework leads to
the establishment of an iterative stability verification algorithm.

I. I NTRODUCTION

Many systems in control engineering can be naturally
modeled by switched discrete-time linear systems [1]–[5].
In the typical setting, the admissible transitions from one
subsystem to another are determined by a set of rules. These
rules constitute the switching constraints which can be time-
dependent, state-dependent or they can be defined according
to a discrete-event logic.

A few recent works have utilized graph-theoretic methods
for stability analysis of switched systems [6]–[12]. For the
continuous-time case, [6], [7] focus on the computation
of mode-dependent upper bounds on dwell and average
dwell time, while [8], [9] deal with the definition and
characterization of the input-to-output stability properties of
general switched systems defined by directed graphs. For the
discrete-time case and in the context of analyzing stability
via Lyapunov theory, directed graphs have been used to
introduce finite path-dependent Lyapunov functions [10] and
path-complete Lyapunov functions [11], which can capture
well known approaches, e.g., maximum and minimum of
quadratic functions as Lyapunov functions. Recently, in [12],
directed graphs were used to capture rule-based constraints
and to provide sufficient conditions of existence of stabilizing
switching signals, when the switching frequency is larger
than a constant.

In this article, we model switched discrete-time linear
systems under constrained switching with weighted directed
graphs (digraphs). By expressing the admissible transitions
with a weighted digraph, we are able to model the dynamics
of the system as a time invariant difference inclusion. More-
over, we allow more nodes than subsystems (or modes) in
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the digraph, incorporating rules with memory. For example,
rules concerning the minimum or maximum dwell time can
be taken into account. In the proposed setting, each node
corresponds to one of the finite discrete states, generated by
the switching rules, that the switched system can be in at
each time instant.

To analyze stability, we utilize the forward reachability
mapping of the obtained difference inclusion, applied on
convex compact sets that contain the origin in their interior.
The idea behind this approach, followed also in [13] for
systems under arbitrary and unconstrained switching, is to
establish stability by requiring confinement of thek-step
forward reachability set in a scaled version of a starting
set that enjoys the aforementioned properties. Consequently,
necessary and sufficient conditions of global exponential
stability are established in the form of set inclusions.

The practical contribution of the article concerns the estab-
lishment of a simple iterative stability verification algorithm.
The computations involved at each step of the algorithm
are convex unions and linear operations on convex sets.
Thus, although it might appear counter intuitive, the stability
analysis problem of the studied class of systems can be
treated in a similar manner as the stability analysis problem
of switched systems under arbitrary switching.

In Section II, the modeling of the family of systems under
study is presented. The main theoretical stability result is
established in Section III. In Section IV, the practical results
concerning the efficient verification of stability are presented,
along with an illustrative example. The conclusions are
drawn in Section V. For clarity of exposition, the proofs
are in the Appendix.

II. SYSTEM DESCRIPTION

Let R, R+, andN denote the field of real numbers, the
set of non-negative reals and the set of nonnegative integers,
respectively. For everyc ∈ R andΠ ⊆ R we define the sets
Π≥c := {k ∈ Π : k ≥ c}, and similarlyΠ≤c, RΠ := Π
andNΠ := N ∩ Π. A C-set S ⊂ R

n is a closed, bounded
and convex set which contains the origin while a properC-
setS ⊂ R

n is a C-set that contains the origin in its interior.
Given a setS ⊂ R

n and a real matrixA ∈ R
n×n, the setAS

is defined byAS := {x ∈ R
n : (∃y ∈ S : x = Ay)}. The

convex hull of the sets{Si}i∈N[1,N ]
, Si ⊂ R

n, i ∈ N[1,N ],
will be denoted byconv({Si}i∈N[1,N ]

). An arbitrary norm in
R

n is denoted by‖ · ‖. The unit ball of an arbitrary norm is
denoted byB := {x ∈ R

n : ‖x‖ ≤ 1}. For a setS ⊂ R
n

with a finite number of elements, the number of its elements
is denoted bycard(S). The boundary and the interior of a
setS ⊂ R

n are denoted by∂S andinterior(S) respectively.
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Fig. 1. The graph of a switched discrete time linear system under arbitrary
switching. All transitions are admissible.

The empty set is denoted by∅. The set of all subsets ofRn,
including the empty set, is denoted byRn.

A. Switching rules described by digraphs

To describe the switching rules that define the admissible
transitions in the family of systems under study, we consider
the following:
(i) A finite set of matrices

A := {Al}l∈N[1,N ]
, (1)

Al ∈ R
n×n, l ∈ N[1,N ]. The matrices induceN ∈ N≥1

systems of the formxt+1 = Alxt, l ∈ N[1,N ]. We shall call
these systems as subsystems of the system under study.
(ii) A weighted digraph

G := (V , E), (2)

which corresponds to the set of admissible switching rules.
In (2), V := {i}i∈N[1,V ]

denotes the set of nodes ofG of
cardinalityV ∈ N≥N , while E ⊆ N[1,V ]×N[1,V ] denotes the
set of the directed edges. The directed graphG is allowed to
have self-loops.
(iii) The weight matrices

Wi,j := Al, l ∈ N[1,N ], (3)

defined for each directed edge(i, j) ∈ E .

Remark 1 The nodesi ∈ V of the directed graphG do not
need to correspond to the extreme subsystems induced by
the matricesAl, l ∈ N[1,N ] of the setA. Such cases are
illustrated in Example 1, for the systems described by the
graphs in Figures 2 and 3.

The in-neighbor set of a nodej ∈ V of the digraphG is

Ij := {i ∈ N[1,V ] : (i, j) ∈ E}, (4)

The indegree of each nodej ∈ V is equal to the cardinality of
the setIj . The out-neighbor set and the outdegree of a node
are defined in a similar manner. A variety of switching rules
can be described by a weighted directed graph, as illustrated
in the following example.
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Fig. 2. The graph of a switched discrete time linear system that consists
of two subsystems and obeys a maximum dwell time rule. In specific, the
system leaves the subsystem induced by matrixA1 at most after two time
instants. Node two was introduced to realize this specification.
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Fig. 3. The graph of a switched discrete time linear system that consists
of two subsystems and obeys a minimum dwell time rule. In specific, the
system stays at the subsystem induced by matrixA1 for at least two time
instants. Node one was introduced to realize this specification.

Example 1 In Figure 1, the induced graph of a switched
linear system under arbitrary switching is depicted. Each
nodei ∈ V corresponds to a subsystem induced by the matrix
Al, l ∈ N[1,3]. Thus,A := {Al}l∈N[1,3]

, V := {i}i∈N[1,3]
,

E := N[1,3] × N[1,3], andWi,j = Aj , for all (i, j) ∈ E .

In Figure 2, the graph of a switched system con-
sisting of two subsystems, i.e.,A := {Al}l∈N[1,2]

,
is shown. For this case,V := {i}i∈N[1,3]

, E :=
{(1, 3), (1, 2), (2, 3), (3, 1), (3, 3)} and W1,3 = A2, W1,2 =
A1, W2,3 = A2, W3,1 = A1, W3,3 = A3. The switching rule
posed is the system to leave the subsystem induced byA1

at most after two time instants. This is a rule with memory,
which leads to the introduction of the additional node2 in
the corresponding graph. This constraint can be considered
as a maximum dwell time specification.

In Figure 3, the graph of a switched system consist-
ing of two subsystems, i.e.,A := {Al}l∈N[1,2]

, is shown.
For this case, V := {i}i∈N[1,3]

, E := {(1, 2), (2, 2),
(2, 3), (3, 1), (3, 3)}, andW1,2 = A1, W2,2 = A1, W2,3 =
A2, W3,3 = A2, W3,1 = A1. The switching rule posed is the
system to remain in the subsystem induced byA1 for at least
two consecutive time instants. The node1 has been added
to realize this switching constraint. This constraint can be
considered as a minimum dwell time specification.



B. Switched system as a difference inclusion

Given (1)–(3), we consider the set-valued mappings
Φj(·) : Rn

card(Ij )

→ Rn, j ∈ N[1,N ], where

Φj({Xi}i∈Ij
) :=

⋃

i∈Ij

Wi,jXi, (5)

with Xi ∈ Rn, i ∈ N[1,V ]. Consequently, the switched
discrete-time linear system under arbitrary switching, subject
to the constraints expressed by (2) and with initial condition
x0 ∈ R

n, can be described by the difference inclusions

xt+1 ∈
V⋃

j=1

Φj({Xt,l}l∈Ij
), (6)

where the setsXt,j satisfy the difference equations

Xt+1,j := Φj({Xt,l}l∈Ij
), (7)

for all (t, j) ∈ N × N[1,V ], where X0,j := {x0}, j ∈
N[1,V ]. Given an integerk ∈ N, the k–th iterated mapping
Φk

j (·) : RnV

→ Rn, j ∈ N[1,V ] is defined as follows.
For k = 0, for all j ∈ N[1,V ], Φ0

j({Xi}i∈N[1,V ]
) :=

Xj holds by convention. Fork = 1, it holds that
Φ1

j({Xi}i∈N[1,V ]
) := Φj({Xi}i∈Ij

). For k ∈ N≥2, it holds
thatΦk

j ({Xi}i∈N[1,V ]
) := Φj({Φ

k−1
i ({Xp}p∈N[1,V ]

)}i∈Ij
).

Remark 2 When switching rules with memory are present,
the initial conditionsX0,j for the nodesj ∈ N[1,V ] that
realize these rules have to be taken with care. To this end,
if there exists a path in the corresponding digraph such that
the switching rule is not satisfied when starting from nodej,
the initial condition is set equal toX0,j := ∅ to guarantee
satisfaction of the switching constraints. This is illustrated
in the remaining part of Example 1. Nevertheless, for clarity
of exposition and without loss of generality, the theoretical
results are obtained by consideringX0,j = {x0}, for all
j ∈ N[1,V ].

Example 1 (continued)Consider the system described by
the weighted digraph in Figure 3. The corresponding in-
neighbor sets, defined by(4), areI1 = {3}, I2 = {1, 2} and
I3 = {2, 3}. We compute the setsXt,j , (t, j) ∈ N[1,3]×N[1,3].
Taking into account Remark 2, given an initial condition
x0 ∈ R

n, it follows thatX0,1 = X0,2 = ∅, X0,3 = {x0}.
For t = 1, it follows that X1,1 = Φ1({X0,i}i∈{3}) =
{A1x0}, X1,2 = Φ2({X0,i}i∈{1,2}) = ∅ and X1,3 =
Φ3({X0,i}i∈{2,3}) = {A2x0}. For t = 2, we calculate
X2,1 = {A1A2x0}, X2,2 = {A2

1x0}, X2,3 = {A2
2x0}, while

for t = 3, it follows that X3,1 = {A1A
2
2x0}, X3,2 =

{A3
1x0, A

2
1A2x0} andX3,3 = {A2A

2
1x0, A

3
2x0}.

III. STABILITY ANALYSIS

In this section, we derive necessary and sufficient con-
ditions for global exponential stability for the family of
switched discrete time linear systems described by (6).

Definition 1 The system(6) is called globally exponentially
stable if and only if there exists a pair(Γ, ε) ∈ R≥1×R[0,1)

such that for allx0 ∈ R
n it holds that

‖xt‖ ≤ Γεt‖x0‖, ∀t ∈ N, (8)

for all xt satisfying(6).

To establish the main theoretical result, a few technical
results are required first. To this end, the following result
establishes that the set valued mappingsΦt

j(·) are order
preserving with respect to set inclusion, for all(t, j) ∈
N× N[1,V ].

Lemma 1 Consider the sets{Yi}i∈N[1,V ]
, Yi ⊂ R

n,
{Zi}i∈N[1,V ]

, Zi ⊂ R
n, such thatYi ⊆ Zi, i ∈ N[1,V ].

Then, relation

Φt
j({Yi}i∈N[1,V ]

) ⊆ Φt
j({Zi}i∈N[1,V ]

) (9)

holds, for all (t, j) ∈ N× N[1,V ].

Definition 2 A set-valued mappingΦ(·) : RnV

→ Rn is
called a positively homogeneous mapping of order one, or
simply a homogeneous mapping, if for any set sequence
{Yi}i∈N[1,V ]

, Yi ∈ Rn, and any nonnegative scalarα ∈ R+

it holds thatΦ({aYi}i∈N[1,V ]
) = aΦ({Yi}i∈N[1,V ]

).

Lemma 2 The mappingsΦt
j(·), (t, j) ∈ N × N[1,V ], where

Φj(·), j ∈ N[1,V ] are defined in(5), are homogeneous, i.e.,

Φt
j({aYi}i∈N[1,V ]

) = aΦt
j({Yi}i∈N[1,V ]

) (10)

holds, for all (t, j) ∈ N× N[1,V ].

Lemma 3 For any pair (ρ, k) ∈ R[0,1) × N≥1, there exists
a pair (M,λ) ∈ R≥1 × R[ρ,1) such that

ρ⌊
i
k
⌋ ≤ Mλi, ∀i ∈ N. (11)

Lemma 4 For any properC-setS ⊂ R
n, there exists a pair

(c1, c2) ∈ R>0 × R(0,c1] such that

c2B ⊆ S ⊆ c1B. (12)

Consider the set–valued mappingsFk(·) : RnV

→ Rn,

Fk({Si}i∈N[1,V ]
) :=

V⋃

j=1

Φk
j ({Si}i∈Ij

), (13)

with k ∈ N≥1. The main theoretical result follows.

Theorem 1 The system(6) is globally exponentially stable
if and only if for any properC–setS ⊂ R

n, there exists a
pair (k, ρ) ∈ N≥1 × R[0,1) such that

Fk({Si}i∈N[1,V ]
) ⊆ ρS, (14)

whereSi := S, i ∈ N[1,V ].



IV. V ERIFICATION OF STABILITY

Theorem 1 establishes necessary and sufficient conditions
for system (6) to be exponentially stable. However, the
result cannot be used directly since it requires verification
of condition (14) for all properC–setsS ⊂ R

n. To this end,
in what follows we show that it is enough for condition (14)
of Theorem 1 to be satisfied for a single, arbitrary properC-
setS ⊂ R

n for the system (6) to be globally exponentially
stable.

Lemma 5 Consider two properC-setsS ⊂ R
n and M ⊂

R
n. Then, there exist positive numbersαi ∈ R+, i ∈ N[1,2],

such that

α2M ⊆ α1S ⊆ M, (15)

Theorem 2 Consider a single, arbitrary, properC-setS ⊂
R

n. Then, the system(6) is globally exponentially stable if
and only if there exists a pair(k, ρ) ∈ N≥1 × R[0,1) such
that (14) holds, withSi := S, i ∈ N[1,V ].

The value of Theorem 2 lies in the observation that relation
(14) needs to be verified for a single arbitrary properC–
set S ⊂ R

n for stability to hold. Nevertheless, computing
the setsFt({Si}i∈N[1,V ]

), t ∈ N, is difficult, since these are
radially convex sets [14], which are nonconvex and have an
increasingly complex description ast grows. To this end, in
what follows it is proven that the condition (14) is equivalent
to a simpler one which can be computed efficiently.

Lemma 6 Let X ⊂ R
n be a properC-set andY ⊂ R

n be a
set. Then, relationY ⊆ X holds if and only ifconv(Y) ⊆ X .

We define the set–valued mappingsΦ̂j(·) : Rn
card(Ij )

→ Rn,
j ∈ N[1,V ], induced from (5),

Φ̂j({Si}i∈Ij
) := conv(Φj({Si}i∈Ij

)). (16)

The k–th iterations of the mappings (16),̂Φk
j (·) : RnV

→
Rn, k ∈ N, are defined in a similar manner.

Proposition 1 Given a set of matricesA ⊂ R
n×n (1), a

digraphG = (V , E) (2) the weightsWi,j , (i, j) ∈ E (3) and
a sequence of sets{Si}i∈N[1,V ]

, Si ⊂ R
n, i ∈ N[1,V ], the

relation

Φ̂t
j({Si}i∈N[1,V ]

) = conv(Φt
j({Si}i∈N[1,V ]

)) (17)

holds, for all (t, j) ∈ N× N[1,V ].

The next result is a direct consequence of Theorem 2,
Lemma 6 and Proposition 1.

Corollary 1 Consider a single, arbitrary properC-setS ⊂
R

n. Then, the system(6) is globally exponentially stable if
and only if there exists a pair(k, ρ) ∈ N≥1 × R[0,1) such
that

conv(

V⋃

j=1

Φ̂k
j ({Si}i∈N[1,V ]

)) ⊆ ρS, (18)
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Fig. 4. The weighted digraph that describes the admissible switching rules
for the system in Example 2.

Fig. 5. The sets{Φ̂i

2
({Si}i∈N[1,8]

)}i∈N[1,38]
, shown in grey color and

the setsS2 and Φ̂39

2
({Sl}l∈N[1,8]

), shown in blue color.

whereSi := S, i ∈ N[1,V ].

The importance of Corollary 1 lies in the fact that the
mappings defined by (16) and their iterations, are easier to
compute compared to the set mappings (5). Indeed, the set
mappingŝΦt

j(·) can be computed by calculating convex hulls
of a finite number ofC-sets. Moreover, it is worth observing
that the conditions for global exponential stability for the
arbitrary switching setting [13] (see Example 1, Figure 1
for the corresponding directed graph) are recovered directly
from Corollary 1 as a particular case.

Example 2 We consider a switched discrete time lin-
ear system that consists of four subsystems, i.e,A :=
{Ai}i∈N[1,4]

, whereA1 =
[

1.10 0.11
−0.33 1.00

]
, A2 =

[
−0.55 0.21
−0.11 −0.35

]
,

A3 =
[

0.99 0.38
−0.58 −1.09

]
, A4 = [ 0.60 0.00

1.00 0.50 ]. It is worth
to observe that the matrixA1 is unstable. The switch-
ing constraints are realized on the weighted digraph
shown in Figure 4, whereV := {i}i∈N[1,8]

and
E := {(1, 2), (2, 3), (2, 4), (3, 4), (4, 1), (4, 5), (5, 4), (5, 5),
(5, 6), (6, 7), (7, 7), (7, 8), (8, 5)}. Apart from the rules that
correspond to the admissible transitions, two additional rules



are present, namely the system must stay at the subsystem
induced by the matrixA3 for at least three consecutive
instants and must leave the subsystem induced byA1 at most
after three consecutive instants. To realize these two rules,
nodes6, 7, 8 and 1, 2, 3 have been added respectively in the
digraph and are shown in Figure 4 in green and red color.
The in-neighbor sets(4) Ii, i ∈ N[1,8] are I1 = {4, 8},
I2 = {1}, I3 = {2}, I4 = {1, 2, 3, 5}, I5 = {4, 5, 8},
I6 = {5}, I7 = {6, 7}, I8 = {7}.

Corollary 1 was utilized to verify global exponential stabil-
ity. For this example, the unit sublevel set of the infinity norm
was chosen to be the properC-setS, i.e.,S := B∞ = {x ∈
R

2 : ‖x‖∞ ≤ 1}. The necessary and sufficient condition for
global exponential stability(18) was satisfied for the pair
k = 39, ρ = 0.903.

The setB∞ is a simple properC–polytopic set, consist-
ing of four vertices. All subsequent setŝΦt

j({Si}i∈N[1,8]
),

(t, j) ∈ N[1,39] × N[1,8], that were computed in order to
verify relation (18), are polytopes generated by the convex
union of linear mappings on polytopes. For this example,
the vertex representation (see, e.g.,[15, Chapter 1]) of the
polytope was utilized, usingMATLAB 2011b in an up-to-
date standard desktop computer. In detail, the polytopic sets
Φ̂t

j({Si}i∈N[1,8]
), (t, j) ∈ N[1,39] × N[1,8] were computed

by collecting products of matrices with vectors, while the
removal of redundant vertices of the sets and verification of
the set relation(18) for k ∈ N[1,39] was performed using
the Multi-Parametric Toolbox [16]. Under this setting, the
computation time for generating the setŝΦt

j({Si}i∈N[1,8]
),

(t, j) ∈ N[1,39] ×N[1,8] and verifying relation(18) of Corol-
lary 1 was0.95 seconds. In Figure 5, the evolution of the
set sequences{Φ̂i

2({Sl}l∈N[1,8]
)}i∈N[1,38]

which correspond
to node2 of the graph is shown in grey color. The setsB∞

and Φ̂39
2 ({Sl}l∈N[1,8]

) are shown in blue color.

V. CONCLUSIONS

A necessary and sufficient condition for global exponential
stability for switched discrete-time linear systems under
arbitrary, yet constrained, switching was established. The
set of rules that define the admissible switching sequences
was described by a weighted directed graph that allows self-
loops. Several families of relevant switched systems can be
described in this setting, such as systems under arbitrary
unconstrained switching, periodic systems and systems with
dwell time specifications. A modified convex version of
the forward reachability set mapping was used to construct
a systematic iterative algorithmic procedure for stability
verification, which is based on convex operations on convex
sets.
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APPENDIX

A. Proof of Lemma 1

For t = 0, it holds that Φ0
j({Yi}i∈N[1,V ]

) = Yj ⊆
Zj = Φ0

j({Zi}i∈N[1,V ]
). Suppose that relation (9) holds for

iteration t, for all j ∈ N[1,V ]. Let Y⋆
j := Φt

j({Yi}i∈N[1,V ]
),

Z⋆
j := Φt

j({Zi}i∈N[1,V ]
), j ∈ N[1,V ]. Then, for anyj ∈

N[1,V ], it holds thatΦt+1
j ({Yi}i∈N[1,V ]

) = Φj({Y⋆
i }i∈Ij

) =⋃
i∈Ij

Wi,jY
⋆
i ⊆

⋃
i∈Ij

Wi,jZ
⋆
i = Φt+1

j ({Zi}i∈N[1,V ]
).

Thus, relation (9) holds for all(t, j) ∈ N× N[1,V ]. �

B. Proof of Lemma 2

For t = 0, it holds that Φ0
j ({αYi}i∈N[1,V ]

) =
αYj = αΦ0

j ({Yi}i∈N[1,V ]
). Suppose that relation (10)

holds for iterationt, for all j ∈ N[1,V ], and let Y⋆
j :=

Φt
j({Yi}i∈N[1,V ]

), j ∈ N[1,V ]. Then, for anyj ∈ N[1,V ],
it holds that Φt+1

j ({αYi}i∈N[1,V ]
) = Φj({αY⋆

i }i∈Ij
) =⋃

i∈Ij
Wi,jαY⋆

i = α
⋃

i∈Ij
Wi,jY⋆

i = αΦt+1
j ({Yi}i∈N[1,V ]

).
Thus, relation (10) holds for all(t, j) ∈ N× N[1,V ]. �

C. Proof of Lemma 3

Relation (11) is satisfied withM := ρ
−k+1

k , λ := ρ
1
k . �



D. Proof of Lemma 4

Relation (12) is satisfied with

c1 := max
x∈S

‖x‖, c2 := min
x∈∂S

‖x‖.�

E. Proof of Theorem 1

Suppose that (14) holds. From (13), relation (14) implies
Φk

j ({Si}i∈N[1,V ]
) ⊆ ρS, for all j ∈ N[1,V ]. Then, from

Lemma 1 and Lemma 2, for any pair(N, j) ∈ N≥1×N[1,V ],
it holds that

ΦNk
j ({Si}i∈N[1,N ]

) = Φ
(N−1)k
j ({Φk

i ({Sl}l∈N[1,V ]
)}i∈N[1,V ]

)

⊆ Φ
(N−1)k
j ({ρSi}i∈N[1,V ]

) = ρΦ
(N−1)k
j ({Si}i∈N[1,V ]

)

⊆ . . . ⊆ ρNS.

Consequently, it follows thatFNk({Si}i∈N[1,V ]
) =⋃V

j=1 Φ
Nk
j ({Si}i∈N[1,V ]

) ⊆
⋃V

j=1 ρ
NS = ρNS. For any

t ∈ N, there exists a pair(N, j) ∈ N × N[0,k−1]

such that t := kN + j. Then, Ft({Si}i∈N[1,V ]
) ⊆

ρN
⋃V

l=1 Φ
j
l ({Si}i∈N[1,V ]

) = ρNFj({Si}i∈N[1,V ]
). The setS

is a bounded set and moreover, since iteration (13) is a union
of linear operations on sets, it is bounded in any bounded set
in R

n. Thus,Fj({Si}i∈N[1,V ]
) is bounded, for anyt ∈ N≥1.

Consequently, sinceS is a properC-set, there exists a number
c3 ∈ R≥1 such thatFj({Si}i∈N[1,V ]

) ⊆ c3S, for all j ∈
N[1,k−1]. Thus,Ft({Sl}l∈N[1,V ]

) ⊆ ρNc3S, and taking into
account Lemma 3, there exists a pair(M,λ) ∈ R≥1×R[ρ,1)

such that

Ft({Sl}l∈N[1,V ]
) ⊆ Mλtc3S, ∀i ∈ N. (19)

From Lemma 4, there exist positive numbersc1, c2 ∈
R+ such that (12) holds. For anyx0 ∈ ∂S, xt ∈
F t({Sl}l∈N[1,V ]

), and from (19), it holds thatxt ∈
Mλtc3c1B, or, equivalently,‖xt‖ ≤ Mλtc3c1, ∀t ∈ N.
For any x0 ∈ ∂S, ‖x0‖ ≥ c2, or, 1 ≤ c−1

2 ‖x0‖. Thus,
‖xt‖ ≤ Mλtc3c1c

−1
2 ‖x0‖, ∀i ∈ N, for anyx0 ∈ ∂S. Since

S is a properC-set, for anyx0 ∈ R
n, there exists a pair

(α, x⋆
0) ∈ R≥0×∂S such thatx0 = αx⋆

0. Then, for allt ∈ N

and for each solutionxt ∈ Ft({Sl}l∈N[1,V ]
) of (6), from

Lemma 2 there exists a vectorx⋆
t ∈ Ft({Sl}l∈N[1,V ]

) such
thatxt = αx⋆

t , because the map (13) is homogeneous. Thus,
for any x ∈ R

n, ‖xt‖ = ‖αx⋆
t ‖ ≤ αMλtc3c1c

−1
2 ‖x⋆

0‖ =
Mλtc3c1c

−1
2 ‖αx⋆

0‖ = Mλtc3c1c
−1
2 ‖x0‖, for all t ∈ N≥0.

Thus, relation (8) is satisfied withΓ := Mc3c1c
−1
2 , ε := λ,

and the system (6) is globally exponentially stable.
Conversely, suppose that the system (6) is globally expo-

nentially stable. Then, there exists a pair(Γ, ε) ∈ R≥1 ×
R[0,1) such that‖xt‖ ≤ Γεt‖x0‖, for all x0 ∈ R

n. From
Lemma 4, for any properC-set S ⊂ R

n, for any x0 ∈ S,
there exists a positive numberc1 ∈ R>0 such that‖x0‖ ≤ c1.
Then, for all x0 ∈ S it follows that ‖xt‖ ≤ Γεt‖x0‖ ≤
Γεtc1. If there exists a finite integerk ∈ N≥1, such that
x0 ∈ S implies xk ∈ ρS, for some ρ ∈ R(0,1), then
relation (14) can be verified. This is true ifxk ∈ ρc2B,
or, ‖xk‖ ≤ ρc2. Thus, it has to be verified that there exists a
k such that‖xk‖ ≤ Γεkc1 ≤ ρc2, or, k log ε ≤ log( ρc2Γc1

), or,

k ≥

⌈
log

ρc2
Γc1

log ε

⌉
. Such a finite integer always exists for the

quintuple(ρ, c2,Γ, c1, ε) ∈ R(0,1) × R(0,c1] × R≥1 × R+ ×
R(0,1). Thus, there exists a pair(k, ρ) ∈ N≥1 × R[0,1) such
that (14) holds.�

F. Proof of Lemma 5

Relation (15) is satisfied withα1 := maxα{α ∈ R+ :
αS ⊆ M} andα2 := maxα{α ∈ R+ : α2M ⊆ αS}. �

G. Proof of Theorem 2

Suppose there exists a properC-set S ⊂ R
n and a pair

(k, ρ) ∈ N≥1 × R[0,1) such that (14) holds. We shall prove
that for any properC-setM ⊂ R

n there always exists a pair
(k⋆, ρ⋆) ∈ N≥1 × R[0,1) such that

Fk⋆({Mi}i∈N[1,V ]
) ⊆ ρ⋆M, (20)

where Mi := M, i ∈ N[1,V ]. From Lemma 5, there
exists a pair(α1, α2) ∈ R+ × R(0,1] such that (15) holds.
Then, for all j ∈ N[1,V ], from Lemma 1 and Lemma 2 it
holds thatΦk

j ({α2Mi}i∈N[1,V ]
) ⊆ Φk

j ({α1Si}i∈N[1,V ]
) =

α1Φ
k
j ({Si}i∈N[1,V ]

) ⊆ α1ρS, whereSi := S, i ∈ N[1,V ].
Applying the set mapΦj(·), j ∈ N[1,V ], kN times, forN ∈
N≥1, it follows that ΦNk

j ({α2Mi}i∈N[1,V ]
) ⊆ ρNM, or,

ΦNk({Mi}i∈N[1,V ]
) ⊆ ρN

α2
M. There exists a pair(k⋆, ρ⋆) ∈

N≥1 × R[0,1) such that (20) holds if and only ifρ
N

α2
≤ ρ⋆,

or, equivalently, ifk⋆ ≥
⌈
log ρ⋆α2

log ρ

⌉
k. Such an integerk⋆

always exists, thus (20) can be verified for any properC-set
M ⊂ R

n, and according to Theorem 1, the system (6) is
globally exponentially stable.�

H. Proof of Lemma 6

If conv(Y) ⊆ X , by definition of the convex hull it holds
that Y ⊆ conv(Y) ⊆ X . Conversely, suppose thatY ⊆
X and there exists a vectory ∈ conv(Y) such thaty /∈
Y. By Caratheodory’s theorem [17, Section 2.3, 5], there
exist n + 1 vectorszi ∈ Y, i ∈ N[1,n+1] such thaty ∈
conv({zi}i∈N1,n+1). However, this would imply that there
exists at least one indexi⋆ ∈ N[1,n+1] such thatzi⋆ /∈ X ,
which is a contradiction. Thus,conv(Y) ⊆ X . �

I. Proof of Proposition 1

From definition (16), relation (17) holds fort = 1.
Suppose that (17) holds for iterationt, for all j ∈ N[1,V ].
Then, for anyj ∈ N[1,V ], it follows that

conv(Φt+1
j ({Si}i∈N[1,V ]

)) =

= conv(Φj({Φ
t
i({Sl}l∈N[1,V ]

)}i∈N[1,V ]
))

= conv(
⋃

i∈Ij

Wi,jΦ
t
i({Sl}l∈N[1,V ]

)

= conv(
⋃

i∈Ij

Wi,j conv(Φ
t
i({Sl}l∈N[1,V ]

))

= conv(
⋃

i∈Ij

Wi,jΦ̂
t
i({Sl}l∈N[1,V ]

)

= Φ̂t+1
j ({Sl}l∈N[1,V ]

Thus, relation (17) holds for all pairs(t, j) ∈ N×N[1,V ]. �


