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Abstract

The classic formulation that relates the fracture toughness with the in situ strength

of the ply implicitly assumes that a fracture process zone fully develops within the

ply. This assumption, reasonable for conventional composite laminates, may not be

appropriate when the ply thickness is very small or the fracture process zone very

large. In the following it is shown how considering the R-curve of the material, the

in situ strength for the cases when the fracture process zone cannot develop com-

pletely can be correctly computed. Closed form solutions are found for the in situ

strengths, and for their maximum values that are obtained when the ply thickness

approaches zero.
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1 Introduction

Strength prediction methods of composite structures rely on the ability of failure

criteria to predict the ply damage onset associated with a given failure mechanism.

When the ply is embedded in a laminate, phenomenological failure criteria [1–7]

are usually written in terms of the in situ strengths, i.e. the strengths exhibited by

the ply when embedded in a laminate. It is well known that when a ply is part of a

multidirectional laminate it exhibits a transverse strength that is usually higher than

the strength of the same ply when part of a unidirectional laminate [8]; this effect is

usually referred as in situ effect. The in situ effect depends, in a first approximation,

on the thickness of the ply [9], and in a second approximation, on other parameters

as the lay-up of the laminate and the manufacturing process.

An analytical model to predict the in situ strengths was proposed by Camanho

et al. [9] for thick and thin plies under transverse tensile, Y is
T , and in-plane shear

loading, Sis
L . Later, it was also shown that the transverse strength in compression,

Y is
C , and the transverse shear strength, Sis

T , are in situ parameters that can be

estimated if the in situ strength in shear, Sis
L , is known [6]. All these models have been

intensively used, and the ability to correctly estimate the strength of the material

have been proved for conventional laminates (e.g. laminates manufactured using a

thermosetting resin with a thickness in the range of 0.1 to 0.2 mm).

New material systems have however challenged the ability of the classic formu-

lation to predict the in situ strength. For thermoplastic composites [10], and for

(ultra)-thin-ply laminates [11,12], the use of the classic formulation may provide a

substantial overestimation of the in situ strengths.

Considering a constant value of the fracture toughness is more than reasonable for

conventional composites, but leads to well known pathological issues: first of all,
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the in situ strengths asymptotically tend to infinity when the thickness approaches

zero. The following shows how taking into account the R-curve of the material could

mitigate and/or eliminate all these issues, and could lead to a correct estimation of

the in situ strengths.

2 Analytical Model

2.1 In situ tensile strength of a thin embedded ply

The in situ tensile strength of a thin embedded ply, Y is
T , can be obtained solving

the following Equation [9,13]:

GIc =
πt

8
Λo

22
Y is
T

2
(1)

where t is the thickness of the ply, GIc is the composite transverse fracture toughness

in mode I, and Λo
22

is a parameter defined as [13,14]:

Λo
22

= 2

(

1

E2

− ν2
12

E1

)

=
2

E2

(1− ν12ν21) (2)

being E1 and E2 the ply Young’s moduli in the longitudinal and transverse direc-

tions, and ν12 and ν21 the major and minor Poisson’s ratios, respectively.

For a very thin ply, or for a thermoplastic composite for which the resin exhibits

an R-curve characterized by a large fracture of process zone, it may happen that

lfpz ≥ t/2. In this case, Equation (1) is not appropriate because it assumes that the

slit crack of Figure 1 propagates along the transverse direction, developing a full

fracture process zone.
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Fig. 1. Slit crack (after [13]).

In this case, the R-curve of the material should be considered; it can be expressed

in analytical form as [15]:

R =























Rss (1− (1−∆a/lfpz)
κ) if ∆a ≤ lfpz

Rss if ∆a > lfpz

(3)

where ∆a is the crack increment, Rss is the steady state value of the R-curve, and

κ is a dimensionless parameter. Equation (3) can be expressed in a more compact

form as:

R∆a = Rss

((

1−
(

1− ∆a

lfpz

)κ)

H[lfpz −∆a] +H[∆a− lfpz]

)

(4)

where H [x] is the Heaviside step function defined as:
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H [x] =







































1 if x > 0

1/2 if x = 0

0 if x < 0

(5)

Replacing the fracture toughness in Equation (1) with the R-curve of Equation (4)

yields:

R̄t/2 = R̄ss

((

1−
(

1− t/2

l̄fpz

)κ̄)

H
[

l̄fpz −
t

2

]

+H
[

t

2
− l̄fpz

]

)

=
πt

8
Λo

22
Y is
T

2
(6)

where the bar accent denotes any parameter that defines the mode I intralaminar

R-curve. Equation (6) can be solved for the in situ tensile strength, Y is
T :

Y is
T =

√

√

√

√

8 R̄t/2

π tΛo
22

(7)

The maximum value of the in situ strength, Ŷ is
T , can be calculated as the limit of

(7), when t approaches 0, as:

Ŷ is
T = lim

t→0

√

√

√

√

8 R̄t/2

π tΛo
22

= lim
t→0

√

√

√

√

√

8 R̄ss

(

1−
(

1− t
2 l̄fpz

)κ̄
)

π tΛo
22

(8)

which is an indeterminate form. However, noting that the Maclaurin expansion of
(

1− t
2 l̄fpz

)κ̄
reads:

(

1− t

2 l̄fpz

)κ̄∣
∣

∣

∣

∣

t=0

= 1− κ̄

2 l̄fpz
t+ o [t] (9)

where o [t] denotes a little-o of t, the limit in (8) can easily be calculated as:
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Ŷ is
T =

√

√

√

√

4 κ̄ R̄ss

π l̄fpz Λo
22

(10)

2.2 In situ shear strength of a thin embedded ply

The in situ shear strength for a thin embedded ply can be calculated as the real

root of [9,13]:

Sis
L

2

8G12

+
3

16
βSis

L

4
=

GIIc

π t
(11)

where G12 and GIIc are the ply shear in-plane modulus and the composite transverse

fracture toughness in mode II, respectively; β is the parameter used by Hahn and

Tsai [16] to approximate the non-linear behaviour of the ply in shear:

γ12 =
1

G12

τ12 + βτ 3
12

(12)

where τ12 and γ12 are the shear stress and strain, respectively. If in Equation (11)

the R-curve is included it follows:

Sis
L

2

8G12

+
3

16
βSis

L

4
=

R̃t/2

π t
(13)

where the tilde accent indicates any material parameter that defines the mode II

R-curve (see Equation (6)). The real root of Equation (13) reads [9]:

Sis
L =

√

√

√

√

(1 + βφG2
12)

1

2 − 1

3 β G12

(14)

where:
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φ =
48 R̃t/2

π t
(15)

The maximum value of the in situ shear strength, Ŝis
L , is calculated as:

Ŝis
L = lim

t→0

√

√

√

√

(1 + βφG2
12)

1

2 − 1

3 β G12

(16)

In an analogous way, as previously done in Equation (8), the Maclaurin expansion

of the function
(

1− t
2 l̃fpz

)κ̃

can be calculated, and the limit of φ as t approaches

zero reads:

φ̂ = lim
t→0

φ = lim
t→0

48 R̃t/2

π t
=

24 R̃ss κ̃

π l̃fpz
(17)

Replacing Equation (17) into Equation (16) yields:

Ŝis
L =

√

√

√

√

√

(

1 + βφ̂G2
12

)
1

2 − 1

3 β G12

(18)

2.3 In situ strength of a thin outer ply

The formula to be used for the transverse and shear in situ strengths for a thin

outer ply are the same as reported in [9,13] and will not be reported here for the

sake of conciseness. It should be observed that since the surface crack propagates

until a = t the fracture toughness should be replaced by the value of the R-curve

for ∆a = t, i.e. Rt.
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2.4 In situ transverse compressive strength and transverse shear strength

The in situ transverse strength in compression, Y is
C , and transverse shear strength,

Sis
T , can be estimated as [6]:

Y is
C =

(1− 2 cos2 α0)

ηL cos2 α0

Sis
L (19)

Sis
T =

(

2 sin2 α0 − 1
)

ηL sin 2α0

Sis
L (20)

where α0 is the fracture angle under pure compression, and ηL is the friction co-

efficient in the longitudinal direction that corresponds to the slope in the σ22-τ12

diagram when σ22 = 0, and is defined as:

ηL = − ∂τ12
∂σ22

∣

∣

∣

∣

∣

σ22=0

(21)

The in situ in-plane shear strength from Equation (14) is replaced into Equations

(19-20).Once again the maximum values of the in situ transverse strength in com-

pression, Ŷ is
C , and transverse shear strength, Ŝis

T , are calculate replacing φ by φ̂ in

Equations (19–20). The value of φ̂ to be used is obtained from Equation (17) for an

embedded ply.

3 Discussion

Let us consider the material system reported in Table 1. The fracture toughness for

a slit crack propagating in the transverse direction of the lamina is not usually avail-

able because of the lack of test methods, and it is usually approximated with the
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interlaminar fracture toughness measured using the double cantilever beam (DCB)

and the end notched flexural (ENF) tests. This has become common practice because

the transverse intralaminar and interlaminar fracture are matrix-dominated mech-

anisms with the crack propagating parallel to the fibres direction. However, while

interlaminar fracture propagation is usually characterised by bridging phenomena

that influences the shape of the R-curve (i.e. the length of the fracture process zone)

and, ultimately, its steady-state value, the fracture process zone of a propagating

intralaminar crack is fundamentally due to matrix plasticity and fibre-matrix deco-

hesion effects. Therefore, the parameters lfpz and κ are not generally available for

mode I and II transverse cracks, and appropriate test methods should be proposed

in the future to obtain them. Since the main purpose of the paper is to show how

the R-curve affects the in situ strengths, at this stage, it is assumed that the length

of fracture process zone, lfpz, is equal to 0.02 mm for both mode I and II.

The second parameter that affects the R-curve, κ, is chosen to be equal to κ =

1, 1.5, 3, ∞. Figure 2 shows how κ affects the R-curve. When κ = ∞ the R-curve is

constant, and when κ = 1, the R-curve is a ramp. The curves with κ = 1.5 and κ = 3

represents two possible in-between cases. It should be noted that the solutions for

the in situ strength proposed by Camanho et al. [9] for the thin ply can be obtained

as a particular case of the proposed model when κ = ∞.

Figure 3 shows the in situ transverse tensile strength as a function of the ply thick-

ness for different values of κ. The solution for the thick embedded ply (Y is
T =

1.12
√
2Y ud

T where Y ud
T is the transverse strength for the unidirectional laminate)

is also reported as calculated in [9]. It is noted that when κ = ∞, t = 0 is a vertical

asymptote for the curve (red dotted curve in Figure 3), as in Camanho et al. [9]. If

the R-curve is properly considered, the in situ transverse tensile strength approaches

a maximum finite value for t = 0. To obtain the maximum value Equation (10) can
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Table 1

Material parameters.

E1 [Mpa] 171420

E2 [Mpa] 9080

ν12 [–] 0.32

G12 [MPa] 5290

β [MPa−3] 3.6·10−8

R̄ss[N/mm] 0.2

R̃ss [N/mm] 0.7

lfpz = l̄fpz = l̃fpz [mm] 0.02

Y ud
T [MPa] 62.3

Sud
L [MPa] 92.3

be used. It should be noted that all four curves are coincident for t ≥ 2 lfpz = 0.04

mm. For κ = 1, the in situ strength is constant for t ≤ 2 lfpz, and therefore it could

be concluded that for a material that exhibits an R-curve with κ ≈ 1 decreasing the

thickness does not provide a substantial improvement in terms of in situ strengths.

Same considerations as before can be done for Figures 4 which show the in-plane

in situ shear strength as a function of the thickness t for the embedded ply. The

solution for the thick embedded ply is also reported as calculated in [9]. In this case

the maximum value of the in situ strength is calculated using Equation (18), where

φ̂ is reported in Equation (17).

It is worth mentioning the work performed by Arteiro et al. [17], who using micro-
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Fig. 2. R–curve as a function of κ.

mechanical analysis showed that when the ply is sufficiently thick several cracks

propagate through the thickness; however, when the thickness is sufficiently small

through-thickness crack propagation is followed by diffused damage due to the plas-

ticity of the resin. It is clear that when this occurs the failure mechanism changes

and the proposed model is possibly not rigorous; it is conceivable, however, to ex-

pect that the proposed method yields a conservative value of the in situ strength.

In fact, all the dissipative phenomena due to plasticity cause the blunting of the

intralaminar cracks that may be present, thus delaying the fracture of the ply.

Furthermore, if the in situ strength predicted from the model is sufficiently high, its

actual value for t = 0 is of no practical relevance. In fact the stresses of the outer

plies may exceed their strength. Therefore, the first ply failure of the laminate will

depend on the outer ply.
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Fig. 3. Y is
T as a function of the ply thickness t for different shapes of the R-curve.

Fig. 4. Sis
L for the embedded ply as a function of t for different shapes of the R-curve.
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It should also be observed that the analyses performed in [17] consider only the

variation of the thickness, while the diameter of the fibre, d, remains constant.

Rigorously, the modification of the cracking mechanism, and the presence of overall

plasticity on very thin plies, depend more on the ratio between the thickness of

the ply and the diameter of the fibre, t/d, than on the thickness alone. It can be

speculated that if the diameter of the fibre will be scaled with the thickness of

the ply, the cracking mechanism will not change because the material will remain

homogeneous at ply level. Therefore, very thin plies could exhibit the same cracking

mechanism of conventional plies if very thin fibres are used: this could be achievable,

for example, using ultrafine continuous nanofibres composites.

Ultrafine continuous nanofibres show tremendous improvements on the mechanical

properties when the diameter of the fibre is reduced. For example, for polyacryloni-

trile nanofibers, it was found that a reduction of the diameter from 2.8 µm to 100 nm

resulted in an increase of the Young’s modulus from 0.36 GPa to 48 GPa, and of the

strength from 15 MPa to 1750 MPa [18]. The reduction of the diameter may modify

the matrix damage mechanism (due to geometrical effects), while the improvement

of the fibre strength may lead to reconsidering the importance of correctly calcu-

lating the in situ strengths of the ply. In fact, if the strength of the fibre is very

high, intralaminar damage may occur before fibre fracture. On the other hand, a

further decrease of the thickness of the ply achievable using nanofibres could result

in a further increase of the in situ strength of the ply. However this would depend

on the R-curve of the material. For the case of κ ≈ 1 this improvement could be

negligible.
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4 Conclusions

The proposed analytical model provides the solutions of the in situ strength of fibre

reinforced composites when the length of the fracture process zone associated with

transverse intralaminar crack propagation is larger or comparable to the thickness

of the ply.

The proposed formulation, including the R-curve of the material, enables to obtain

closed-form solutions for the in situ strengths. It is shown that when the ply thick-

ness is small, not only the steady-state value, but also the shape of the R-curve

(in mode I and II) should be taken into account; therefore, the length of fracture

process zone, lfpz, the steady-state value of the fracture toughness, Rss, and the

dimensionless parameter κ are required. Although the transverse intralaminar frac-

ture toughness is usually approximated using the DCB and ENF test methods,

reliable measurements of the steady-state value of the R-curve, lfpz and κ cannot be

obtained, and alternative measurement procedures must be proposed.
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[1] Puck A, Schürmann H. Failure analysis of FRP laminates by means of physically

based phenomenological models. Compos Sci Technol, 58:1045–1067, 1998.

14
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