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A “QUITE SUPERFLUOUS” CHARACTERISATION OF THE
JACOBSON RADICAL OF AN ASSOCIATIVE RING

THOMAS HÜTTEMANN

ABSTRACT. It is well-known that the JACOBSON radical of a unital ring R is
the largest superfluous right ideal of R. While a simple example shows this to be
false for non-unital rings, it is shown that the result remains valid in the absence
of a unit provided the notion of “superfluous” is taken relative to all regular right
ideals. The purpose of this note is to provide a proof for this little-known fact.

A standard result in ring theory asserts that the JACOBSON radical of a unital
ring is the largest superfluous right ideal. Apparently the analogous situation for
non-unital rings has not been documented. We show by a simple modification
of a well-known example that the result fails for non-unital rings in general, but
remains valid provided the notion of “superfluous ideal” is adapted suitably.

1. THE JACOBSON RADICAL OF A RING

Let R be an associative ring, possibly non-unital. An element a ∈ R is said to be
right quasi-regular if there exists x ∈ R with ax = a+ x. (In case R is a unital ring,
this is equivalent to 1−a having right inverse 1− x.) The JACOBSON radical J (R)
of R is the two-sided ideal

J (R) = {a ∈ R |∀b ∈ R : ab is right quasi-regular} ,

see, for example, [McC64, Definition 6.6].

Example 1.1. Write Q for the (commutative) unital ring of rational numbers of
the form s/t for s , t ∈ Z with 2 - t and 3 - t . The units in Q are precisely the
elements represented by fractions s/t with 2,3 - t and 2,3 - s , in which case the
inverse of s/t is t/s .

Let R0 = (2), the (right) ideal consisting of fractions 2s/t with 2,3 - t , consid-
ered as a non-unital ring. The JACOBSON radical of R0 is the ideal J = (6) of frac-
tions of the form 6s/t with 2,3 - t . Indeed, as R0 ÃQ we have J (R0) = R0 ∩ J (Q),
by [McC64, Theorem 6.14]. Hence it is enough to verify that J (Q) = J , that
is, J = {a ∈ Q |∀b ∈ Q : 1− ab is a unit in Q}. This is straightforward, and the
details are omitted. �

2. SUPERFLUOUS IDEALS AND THE JACOBSON RADICAL

A right ideal J Ã R is called superfluous if for every right ideal I Ã R,

J + I = R =⇒ I = R .

The following well-known result can be found in ANDERSON-FULLER [AF92,
Theorem 15.3].

Theorem 2.1. Let R be a unital ring. Its JACOBSON radical J (R) is a superfluous
right ideal of R which contains every superfluous right ideal of R (i.e., J (R) is the
unique largest superfluous right ideal of R). �
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In the next section we will generalise this result to include the case of non-unital
rings. We note first that J (R) need not be superfluous in general:

Example 2.2. Consider the ring R0 = (2) Ã Q from Example 1.1, and let I =
(4)Ã R0 be the proper (right) ideal of R0 consisting of fractions 4s/t with 2,3 - t .
Then J (R0)+ I = R0; for given a = 2s/t ∈ R0 with 2,3 - t we have trivially

a =
2s
t
=

6s
t
− 4s

t
∈ (6)+ (4) = J (R0)+ I .

As I $ R0 this shows that J (R0) is not a superfluous right ideal. �

Such considerations are not without merit; for example, it is known that a left
ARTINian ring possesses a left unit if and only if its JACOBSON radical is a superflu-
ous right ideal, cf. KERTÉSZ [Ker68, Satz 10.16].

3. QUITE SUPERFLUOUS IDEALS AND THE JACOBSON RADICAL

Recall that a right ideal I of a ring R is called regular if there exists an element
e ∈ R such that e r − r ∈ I for all r ∈ R.

Definition 3.1. A right ideal J of R is called quite superfluous if J + I = R implies
I = R for every regular right ideal I of R.

There are of course analogous definitions of “regular” and “quite superfluous”
for left ideals. Every superfluous (right of left) ideal is quite superfluous. Every
right ideal contained in a quite superfluous right ideal is quite superfluous. — The
following well-known fact is central to the theory:

Lemma 3.2 (MCCOY [McC64, Lemma 6.18]). If I 6= R is a regular right ideal
of R, there exists a regular maximal right ideal M containing I . �

The JACOBSON radical J (R) is the intersection of all regular maximal right
ideals of R [McC64, Theorem 6.20]. Hence J (R) = R if and only if R has no
regular right ideals distinct from R, in which case every right ideal of R is quite
superfluous.

Theorem 3.3. Let R be an associative ring. Its JACOBSON radical J (R) is a quite
superfluous right ideal containing every quite superfluous right ideal of R (i.e., J (R)
is the unique largest quite superfluous right ideal of R).

If R possesses a left unit e`, as is the case when R is unital, then every right ideal
is regular (choose e = e`), and “quite superfluous” is the same as “superfluous”.
Thus Theorem 3.3 indeed generalises Theorem 2.1.

Proof of Theorem 3.3. In view of the remarks preceding the Theorem, we may
assume that J (R) 6= R. Suppose that I $ R is a regular right ideal of R. By
Lemma 3.2 there is a regular maximal right ideal M containing I . As the JACOB-
SON radical is contained in every regular maximal ideal, we conclude J (R)+ I ⊆
J (R)+M =M 6= R. Hence J (R) is quite superfluous.

Next, let K be a quite superfluous right ideal of R. If M is a regular maximal
right ideal then K+M 6= R since K is quite superfluous; this implies that K ⊆M .
As this is true for every M we have K ⊆ J (R) as claimed. �
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Corollary 3.4. A right ideal I of R is quite superfluous if and only if it is contained
in J (R). �

Since the JACOBSON radical is left-right symmetric, we can also say that a left
ideal I of R is quite superfluous if and only if it is contained in J (R).

By the Corollary above the JACOBSON radical of R can be described as

J (R) = {a ∈ R | (a) is quite superfluous} , (3.5)

where (a) denotes the smallest right ideal of R containing a. As the JACOBSON

radical of the ring R0 of Example 1.1 contains the element a = 6, but (a) = J (R0)
is not a superfluous (right) ideal by Example 2.2, we cannot replace “quite super-
fluous” by “superfluous” in (3.5).

A characterisation of the JACOBSON radical closely related to (3.5) has been
given by KERTÉSZ [Ker63]:

J (R) = {a ∈ R |∀s ∈ R : (sa) is superfluous} . (3.6)

By comparing (3.5) with (3.6) we see that the right ideal (a) is quite superfluous if
and only if (sa) is superfluous for all s ∈ R.
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