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Martin Mathieu

Towards a sheaf cohomology theory for
C*-algebras

Abstract: In joint work with Pere Ara (Barcelona) we are in the process of developing a full sheaf
cohomology theory for noncommutative C*-algebras. In this survey, we discuss the difficulties arising
from the fact that the appropriate categories of operator module sheaves over sheaves of C*-algebras
are non-abelian and therefore the homology theory needed has to be set in the more general framework
of exact categories.

Keywords:

Classification:

1 Introduction

Sheaves are ubiquitous in algebraic geometry and algebraic topology. They allow for cohomology theories
with ‘general coefficient systems’ which, to some extent, unify and generalise various other cohomology
theories. The invariants that are obtained in this way enable us to differentiate between spaces and
capture their properties.
This survey article expands on my talk at the Banach Algebras and Applications conference held in
Oulu, Finland in July 2017. In a forthcoming memoir with Pere Ara (Barcelona), [4], we aim to develop
a sheaf cohomology theory for general C*-algebras; one of a number of obstacles in achieving this goal
stems from the absence of appropriate abelian categories. In this paper, the emphasis is on how this
obstacle can be overcome. The main change is to exploit the concept an exact categories in the sense
of Quillen; we shall follow the survey paper by Bühler [7] in explaining this notion. We introduce the
category OMod8

A pXq of sheaves of operator modules over A, where X is a topological space and A a
sheaf of C*-algebras on X and discuss in what way the results (all of which are taken from [4]) have
to be modified from analogous situations in categories of algebraic sheaves of modules over sheaves of
(commutative) rings as they appear in algebraic geometry, for example.

2 Topology

Let us start by reviewing the usual (commutative) topology from a categorical perspective. Let C˚
1

com

denote the category of unital commutative C*-algebras with unital *-homomorphisms as morphisms and
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let Comp be the category of compact Hausdorff spaces with continuous mappings as morphisms. There
is a natural equivalence between these two categories given by the following well-known functors. The
functor C : Comp ÝÑ C˚

1
com associates to every compact Hausdorff space X the unital commutative

C*-algebra CpXq of all complex-valued continuous functions on X and to each continuous function
f : X Ñ Y into another compact Hausdorff space Y the unital *-homomorphism Cpfq : CpY q Ñ CpXq,
Cpfqpgq “ g ˝ f , g P CpY q. Its inverse is the Gelfand functor C˚

1
com

ÝÑ Comp which assigns to a
commutative unital C*-algebra A its Gelfand space Â (the compact Hausdorff space of all multiplicative
linear functionals on A) and to each *-homomorphism π : A Ñ B of unital commutative C*-algebras
the continuous function π̂ : B̂ Ñ Â, π̂pφq “ φ ˝ π, φ P B̂.
By means of this, each property of a compact Hausdorff space (which can be expressed within Comp)
can be investigated and described in C*-algebraic language. Motivated in this way, noncommutative
C*-algebras can be interpreted as “non-commutative topological spaces” which has been a rather fruitful
philosophy leading to many exciting insights in non-commutative geometry in particular. There is, in
fact, an analogue of the Gelfand space for any A P C˚

1 , the category of unital C*-algebras with unital
*-homomorphisms as morphisms, which we describe now.
The space PrimpAq of primitive ideals of A with hull-kernel topology consists of the kernels of irreducible
representations of A, and the open subsets of PrimpAq can be parametrised by the closed (two-sided)
ideals of A as follows. For a topological space X, we denote by UX the category of its open subsets with
morphisms given by inclusion. For a closed ideal I Ď A, the corresponding open subset U P UPrimpAq

is given by
UpIq “ tt P PrimpAq | I Ę tu.

Conversely, for each U P UPrimpAq, ApUq “
Ş

tRU t defines a closed ideal of A. This establishes an
order-preserving bijection; that is, V Ď U implies ApV q Ď ApUq. For more details on this, see [12].
Our approach in [4] is partly inspired by algebraic geometry; following Grothendieck’s philosophy, va-
rieties are described using the concept of schemes, and a basic notion is the one of a ringed space
pX,OXq in which X is the prime spectrum of a commutative unital ring and OX is its structure sheaf
(of commutative unital rings). See, e.g., [8]. In analogy, we introduce the concept of a “C*-ringed space”
pX,Aq, where X “ PrimpAq for a C*-algebra A and A is a sheaf of C*-algebras on X. There are at
least two canonical choices for such sheaves, compare [3].

Example 2.1 (The multiplier sheaf). For a C*-algebra A with primitive ideal space PrimpAq let

MA : UPrimpAq Ñ C˚
1 , MApUq “ MpApUqq,

where MpApUqq denotes the multiplier algebra of the closed ideal ApUq of A associated to the open
subset U Ď PrimpAq, and let MpApUqq Ñ MpApV qq, V Ď U , denote the restriction homomorphisms.

It is not too diffcult to show that the above functor MA defines a sheaf of unital C*-algebras [3]. (We
shall explain the notion of a sheaf in Section 4 below.)
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Example 2.2 (The injective envelope sheaf). Let IpBq denote the injective envelope of a C*-algebra
B. We set

IA : UPrimpAq Ñ C˚
1 , IApUq “ pU IpAq “ IpApUqq,

where pU “ pApUq denotes the unique central open projection in IpAq such that pApUqIpAq is the injective
envelope of ApUq. The restriction morphisms IpApUqq Ñ IpApV qq, V Ď U , are given by multiplication by
pV (as pV ď pU ).

It is fairly easy to verify that this defines a sheaf of unital C*-algebras since tpU | U P UPrimpAqu is a
complete Boolean algebra isomorphic to the Boolean algebra of regular open subsets of PrimpAq, and
it is precisely the set of projections of the AW*-algebra ZpIpAqq. For more information on the injective
envelope see, e.g., [2].

Before we now move on to study sheaves (of C*-algebras and operator modules) in more detail we pause
in order to reflect how to overcome a fundamental obstacle arising from the fact that our categories are
not abelian, which is a fundamental assumption making homological algebra work in Grothendieck’s
approach.

3 Exact categories

Instead of discussing one of the many equivalent definitions of an abelian category, see, e.g., [10], we
focus on some of the decisive features which allow us to work in an abelian category in the same way
we do in module categories.
In an abelian category C,

(i) the morphism set between any pair of objects is an abelian group;
(ii) every morphism has a kernel and a cokernel;
(iii) every morphism can be uniquely factorised as

E
φ //

π   A
AA

AA
AA

A F

G

µ

>>}}}}}}}}

where π is an epimorphism and µ is a monomorphism.

In order to understand why the setting of abelian categories is not the right one for us, let us first of
all introduce the notion of an operator module.

Definition 3.1. Let A be a C*-algebra. A right A-module E which at the same time is an operator
space is a right operator A-module if it satisfies either of the following equivalent conditions:
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(a) There exist a complete isometry Φ: E ÝÑ BpH,Kq, for some Hilbert spaces H, K, and a *-
homomorphism π : A ÝÑ BpHq such that Φpx ¨ aq “ Φpxqπpaq for all x P E, a P A.

(b) The bilinear mapping E ˆA ÝÑ E, px, aq ÞÑ x ¨ a extends to a complete contraction E bhA ÝÑ E.
(c) For each n P N, MnpEq is a right Banach MnpAq-module in the canonical way.
The module E is nondegenerate if the linear span of tx ¨ a | x P E, a P Au is dense in E, and it is unital
if A is unital and x ¨ 1 “ x for all x P E.

Our general reference for operator modules is [5], where, for instance, the Haagerup tensor product in
the above definition is treated in great detail.
Just as in ring theory, we need to work with categories of modules over a given ring. The categories we
must consider (for a C*-algebra A) are:

OMod8
A the category with objects the nondegenerate right operator A-modules and mor-

phisms the completely bounded A-module maps;

OMod1
A the subcategory of OMod8

A with morphisms the completely contractive A-
module maps.

While the first of these categories is additive and finitely bicomplete (that is, finite products and sums
exist), the second one is non-additive and bicomplete (that is, arbitrary products and coproducts exist).
However, none of these categories is abelian!
Instead we will equip these categories with what is termed an “exact structure” (see below); to this end,
let us recall some concepts in an arbitrary category C (which contains a zero object).

Let f P MorCpA,Bq for some A,B P C.

A morphism i : K Ñ A is a kernel of f if fi “ 0 and for each D P C and g P MorCpD,Aq with fg “ 0

there is a unique h P MorCpD,Kq making the diagram below commutative

D

g

��

0

��

h

~~~
~
~
~
~

K

0

66
i // A

f // B

Any kernel is a monomorphism and is, up to isomorphism, unique. We write i “ Ker f .

A morphism p : B Ñ C is a cokernel of f if pf “ 0 and for each D P C and g P MorCpB,Dq with
gf “ 0 there is a unique h P MorCpC,Dq making the diagram below commutative

A

0

((

0
''

f
// B

p
//

g

��

C

h
~~~
~
~
~
~

D
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Any cokernel is an epimorphism and is, up to isomorphism, unique. We write p “ Coker f .

The situation in both our categories is as follows:

(i) the monomorphisms are injective A-module maps;
(ii) the epimorphisms are A-module maps with dense range.

However, in

OMod1
A, T : E Ñ F is a kernel iff is it a complete isometry;

T : E Ñ F is a cokernel iff it is a complete quotient map;

while in

OMod8
A , T : E Ñ F is a kernel iff it is a completely bounded isomorphism

onto its image;

T : E Ñ F is a cokernel iff it is surjective and completely open.

This illustrates clearly why the additive category OMod8
A is not abelian.

Homological algebra in abelian categories is based on the concept of a short exact sequence; see, e.g.,
[11]. For instance, when E,F,G are modules over a ring R, exactness of the sequence

0 // E α // F
β // G // 0

means that α is a monomorphism (so automatically, kerα “ 0), β is an epimorphism (so imβ “ G),
and imα “ kerβ. These conditions can equivalently be summarised by stating that α is the kernel of β
and β is the cokernel of α.
In non-abelian categories, such as OMod8

A , we can re-formulate this key information by introducing
so-called “kernel–cokernel pairs”

E // M // F P // // G

where E,F,G are right operator A-modules over the C*-algebra A and M “ KerP and P “ CokerM .
We can then move on to define an exact category in the sense of Quillen. In an additive category C,
a kernel–cokernel pair pM,P q consists of two composable morphisms in C such that M “ KerP and
P “ CokerM ,

E1
// M // E2

P // // E3

where Ei P C. A monomorphism M arising in such a pair is called admissible and is denoted as

E // //F

and an epimorphism arising in such a pair is called admissible and is denoted as

E // //F
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Definition 3.2. An exact structure on an additive category C is a class of kernel–cokernel pairs, closed
under isomorphisms, satisfying the following axioms.
[E0 ] @ E P C : 1E is an admissible monomorphism;

[E0op ] @ E P C : 1E is an admissible epimorphism;
[E1 ] the class of admissible monomorphisms is closed under composition;

[E1op ] the class of admissible epimorphisms is closed under composition;
[E2 ] the push-out of an admissible monomorphism along an arbitrary morphism exists and yields an

admissible monomorphism;
[E2op ] the pull-back of an admissible epimorphism along an arbitrary morphism exists and yields an

admissible epimorphism.
Together with an exact structure, C is called an exact category.

The survey article by Bühler [7] contains a lot of information on exact categories and the way homological
algebra is extended from abelian categories to this more general setting.

Definition 3.3. Let A be a C*-algebra. We endow the additive category OMod8
A with the exact struc-

ture of all kernel–cokernel pairs

E1
// M // E2

P // // E3

where Ei P OMod8
A , 1 ď i ď 3, M is a monomorphism in OMod8

A with closed range and completely
bounded inverse, P is a completely open mapping in OMod8

A (in particular, surjective) and kerP “

imM .

One of the first results in [4] is the following.

Theorem 3.4. Let A be a C*-algebra. The class of all kernel–cokernel pairs in OMod8
A is an exact

structure on OMod8
A .

This is, however, not sufficient for our purposes as we need to perform arbitrary limits and colimits with
operator modules, which will be come clear in the subsequent section. Consequently the exact structure
on OMod8

A needs to induce a similar gadget in the non-additive category OMod1
A; this is explained in

detail in [4].

4 Sheaves

In this section we discuss a general framework for sheaves in arbitrary categories (with some small
restriction). Throughout, X will be a topological space and UX the category of open subsets (with
open subsets U as objects and V Ñ U if and only if V Ď U). We assume that C is a bicomplete
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category with equalisers and coequalisers. This implies in particular the existence of all (small) limits
and colimits and the existence of a zero object (and hence zero morphisms); see [10].

Definition 4.1. A presheaf on X in C is a contravariant functor F : UX Ñ C.
A sheaf with values in C is a presheaf F such that Fp∅q “ 0 and, for every open subset U of X and
every open cover U “

Ť

i Ui, the morphisms FpUq Ñ FpUiq are the limit of the diagrams FpUiq Ñ

FpUi X Ujq for all i, j.

In order to explain this definition let us recall the concept of limits in categories. Let I ÝÑ C be a
small diagram; we write Ei P C for the image of an object i P I and, if φij : i Ñ j is a morphism, we
denote its image by Tφij : Ei Ñ Ej . An object L P C together with morphisms πi : L Ñ Ei, i P I is a
limit of the diagram if they make the diagram below commutative and is final with this property.

Ei

Tφij

��

L1

ρi

44jjjjjjjjjjjjjjjjj

ρj
**TTT

TTTT
TTTT

TTTT
TT //____ L

πi

::ttttttttt

πj

$$II
III

III
I

Ej

The terminology inverse limits or projective limit is also in use.

Let U P UX . Let I be a set and U “
Ť

iPI Ui with Ui P UX . Let the index category Ip2q consist of
unordered pairs of elements in I (we allow the case of singleton sets in Ip2q) where ti, ju Ñ tk, ℓu if
ti, ju Ď tk, ℓu. Consider the diagram

Ip2q
Ñ tUij “ Ui X Uj | ti, ju P Ip2q

u Ď UU , ti, ju ÞÑ Uij

composed with the functor F : UX Ñ C. Then FpUq is the limit of the diagram

FpUiq

))SSS
SSSS

FpUq

66nnnnnn

''PP
PPP

P FpUi X Ujq

FpUjq

55kkkkkk

Suppose now that C is a concrete category, which will be the case in our applications. Then the elements
of FpUq are called sections over U P UX . By s|V , V Ď U open, we mean the “restriction” of s P FpUq

to V , i.e., the image of s in FpV q under the morphism ρV U : FpUq Ñ FpV q. The unique gluing property
of a sheaf can be expressed as follows:

for each compatible family of sections si P FpUiq, i.e., si|UiXUj
“ sj|UiXUj

for all i, j, there is a unique
section s P FpUq such that s|Ui

“ si for all i.
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Let F, G be (pre)sheaves on X. A morphism φ : F Ñ G is a natural transformation of the functors, i.e.,

FpUq

ρV U

��

φU // GpUq

ρ1
V U

��
FpV q

φV

// GpV q

is commutative for all U, V P UX , V Ď U . Hence we have the categories of sheaves on X, ShpX,Cq,
and of presheaves, PShpX,Cq.
Information at a point of X is provided through the stalks. Suppose F is a presheaf on X, and let t P X.
The stalk of F at t is defined as Ft “ lim

ÝÑ Ut
FpUq, where Ut denotes the downward directed family of

open neighbourhoods of t and lim
ÝÑ

denotes the (directed) colimit in C.

Here is a first example of how to build a sheaf from a given presheaf. Let F be a presheaf on X.
For each U P UX , put FppUq “

ś

tPU Ft and, for V Ď U , set ρV U the canonical morphism from
ś

tPU Ft Ñ
ś

tPV Ft. In this way we obtain the product sheaf associated with F.
We shall assume that the canonical morphism σU : FpUq Ñ FppUq is a monomorphism whenever F is a
sheaf.
Local and global information are interrelated via the stalk functor. Suppose F and G are presheaves
on X and that φ : F Ñ G is a morphism of presheaves. For each t P X there is a unique morphism
φt : Ft Ñ Gt which is defined through the universal property of colimits. In this way, we obtain the
stalk functor at t : PShpX,Cq Ñ C.

We observe the following properties:
(a) Let φp1q, φp2q : F Ñ G be morphisms of sheaves. Then φp1q “ φp2q if and only if φp1q

t “ φ
p2q
t for all

t P X.
(b) Let φ : F Ñ G be a morphism of sheaves. Then

(i)φ is a monomorphism if φt is a monomorphism for all t P X;
(ii)φ is an epimorphism if φt is an epimorphism for all t P X;
(iii)φ is an isomorphism only if φt is an isomorphism for all t P X.

In many algebraic situations, for instance when one considers sheaves of abelian groups, each statement
under (b) above is an if-and-only-if statement. This is in general not the case in our analytic situation
(e.g., for sheaves of C*-algebras), which is one of the causes for headaches.

5 Our kind of categories

In this section we introduce the appropriate categories of sheaves of operator modules over sheaves of C*-
algebras. By Op1 we denote the category of operator spaces with complete contractions as morphisms.
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Definition 5.1. Let X be a topological space, and let A be a sheaf of C*-algebras on X. Suppose
E : UX ÝÑ Op1 is a sheaf in Op1 such that, for each U P UX , EpUq is a (nondegenerate) right operator
ApUq-module and, whenever U, V P UX with V Ď U , we have that TV U : EpUq Ñ EpV q satisfy

TV U px ¨ aq “ TV U pxq ¨ πV U paq px P EpUq, a P ApUqq,

where πV U : ApUq Ñ ApV q are the connecting maps in A. Then we say that E is a right operator
A-module on X.

In analogy to Section 3 we need to consider the following two categories. Let A be a sheaf of C*-algebras
on the space X.

OMod8
A pXq, the category with objects the right operator A-modules and morphisms (at U)

the completely bounded ApUq-module maps;

OMod1
ApXq, the subcategory of OMod8

A pXq with the same objects and morphisms (at U)
the completely contractive ApUq-module maps.

The same difficulties arise: we need the additive category OMod8
A pXq to be able to apply the methods

of homological algebra but we also need the non-additive category OMod1
ApXq in order to perform

various constructions which are not possible within the bigger category, such as arbitrary products. As
none of these categories is abelian, once again we have to define an appropriate exact structure, which
will be done in the subsequent section. First, we shall look at various properties of the morphisms.

Let E,F P OMod8
A pXq. A morphism φ : E Ñ F is a natural transformation between the functors E

and F. In OMod8
A pXq, this means we have a commutative diagram

EpUq

TV U

��

φU // FpUq

SV U

��
EpV q

φV

// FpV q

for each U P UX , where each φU is a completely bounded ApUq-module map and }φ}cb :“

supUPUX
}φU }cb ă 8. In OMod1

ApXq we require, in addition, }φ}cb ď 1. These morphism sets
shall be denoted by CBApE,Fq and CB1

ApE,Fq, respectively.
The stalk functor in these categories is generally well behaved.

Proposition 5.1. Let E be a presheaf of operator A-modules on X. For each t P X, the stalk Et belongs
to OMod1

At
.

Proposition 5.2. Let E, F be presheaves of operator A-modules on X and let φ P CBApE,Fq. For each
t P X, we have φt P CBAt

pEt,Ftq. Moreover, φ is completely contractive if and only if φt is completely
contractive for all t P X.
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To describe the isomorphisms, however, is more delicate than for sheaves of purely algebraic structures;
compare, e.g., [9].

Theorem 5.2. Let φ P CBApE,Fq for some E,F P OMod8
A pXq. Then the following conditions are

equivalent.
(a) φ is an isomorphism;
(b) φU is an isomorphism in OMod8

ApUq for each U P UX and supUPUX
}φ´1
U }cb ă 8;

(c) φt is an isomorphism in OMod8
At

for each t P X, suptPX }φ´1
t }cb ă 8 and φ0

t is surjective for
each t P X.

Here, φ0
t : E

0
t Ñ F0t is the restriction of φt to the uncompleted directed colimit which is given by

E0
t “

Ť

UPUt
TUEpUq, where TU : EpUq Ñ Et, U P Ut are the canonical maps into the colimit.

6 OMod8
A pXq is exact

Our task here is to define an exact structure on OMod8
A pXq. Therefore, we need to define and under-

stand the kernel and the cokernel of a morphism in OMod8
A pXq.

Definition 6.1. Let φ P CBApE,Fq for some E,F P OMod8
A pXq. For each U P UX , we set

pKerφqpUq “ kerφU .
Since TV U kerφU Ď kerφV whenever V Ď U , we can restrict the connecting morphisms TV U in E to
connecting morphisms kerφU Ñ kerφV . In this way, we obtain a sub-presheaf Kerφ of E which is
easily checked to be a sheaf.
We will call this the sheaf kernel or simply the kernel of φ and denote it by Kerφ.

Definition 6.2. Let φ P CBApE,Fq for some E,F P OMod8
A pXq. For each U P UX , we set

pPCokerφqpUq “ cokerφU . Recall that cokerφU “ FpUq{ imφU by definition.
Since SV U imφU Ď imφV whenever V Ď U , the connecting morphisms SV U in F induce connecting
morphisms cokerφU Ñ cokerφV . In this way, we obtain a presheaf PCokerφ, called the presheaf
cokernel of φ.
Since this is in general not a sheaf, we define the sheaf cokernel or simply the cokernel of φ as the
sheafification of PCokerφ : Cokerφ “ pPCokerφq„.

Many constructions in sheaf theory initially lead to a presheaf rather than a sheaf. This is, for example,
the case in Definition 6.2 above. The process of sheafification associates to a given presheaf a sheaf,
unique up to isomorphism, which has the same stalks and with the universal property that every
morphism φ from the presheaf into another sheaf ‘extends’ to a morphism φ̃ defined on the sheafification
such that φt “ φ̃t for all t P X. This is a fundamental device which is well used in sheaves of abelian
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groups, e.g. In our setting, it has to be modified in order to cater for the analytic structures; see [4,
Section 6].

Remarks 6.1. 1. The canonical embedding ι : Kerφ Ñ E is in fact a monomorphism in OMod1
ApXq

since each ιU is a complete isometry.
2. The canonical quotient morphism π : F Ñ PCokerφ is in fact an epimorphism in OMod1

ApXq since
each πU is a completely contractive complete quotient mapping.
Letting π̃ : F Ñ Cokerφ be given by π̃U “ ηUπU , U P UX , where η is the sheafification transformation,
we have }π̃}cb ď 1, since }π̃U }cb ď }ηU }cb }πU }cb for all U P UX .

Theorem 6.3. Let X be a topological space and let A be a sheaf of C*-algebras on X. Let E,F P

OMod8
A pXq. For each φ P CBApE,Fq, Kerφ is a kernel in the category OMod8

A pXq and Cokerφ is
a cokernel in OMod8

A pXq. In particular, the morphisms ι and π̃ defined above are a monomorphism
and an epimorphism, respectively in OMod8

A pXq.

I will try to give you a glimpse into the proof of the above theorem. Suppose ψ P CBApG,Eq for some
G P OMod8

A pXq is such that φψ “ 0. For each U P UX , we have the following commutative diagram

kerφU
ιU // EpUq

φU // FpUq

GpUq

ρpUq

bb
ψU

==zzzzzzzz φUψU“0

44jjjjjjjjjjjjjjjjjjj

where ρpUq P CBApUqpGpUq, kerφU q is the unique morphism such that ιUρpUq “ ψU ; this follows form
the fact that kerφU is a kernel in OMod8

ApUq. See Section 3 above. In order to assemble tρpUqu to a
morphism in OMod8

A pXq, let V P UX , V Ď U and denote the connecting morphisms in E, F and G,
respectively, by TV U , SV U and RV U , respectively. One then has to work through the diagram below

kerφU

T 1
V U

��

ιU // EpUq

TV U

��

φU // FpUq

SV U

��

GpUq

ρpUq

bbEEEEEEEE

RV U

��

ψU

==zzzzzzzz
φUψU“0

44jjjjjjjjjjjjjjjjjjj

GpV q

ρpV q

||yy
yy
yy
yy

ψV !!D
DD

DD
DD

D
φV ψV “0

**TTT
TTTT

TTTT
TTTT

TTTT

kerφV ιV
// EpV q

φV

// FpV q

in order to obtain the unique morphism ρ P CBApG,Kerφq such that ιρ “ ψ. It follows that Kerφ is a
kernel in OMod8

A pXq.
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Remark 6.1. Let C be a category with the property that every morphism has both a kernel and a
cokernel (which is the case in OMod8

A pXq and in OMod1
ApXq). Then a morphism which is a kernel

necessarily is the kernel of its cokernel, and a morphism which is a cokernel necessarily is the cokernel
of its kernel.

We have the following characterisations of kernels and cokernels in OMod8
A pXq, where the superscript 0

indicates the induced mapping on the uncompleted direct limit; compare the remark after Theorem 5.2.

Proposition 6.1. Let µ P CBApE,Fq for some E, F P OMod8
A pXq and let π̃ : F Ñ Cokerµ. Then µ

is a kernel in OMod8
A pXq if and only if, for each t P X, pµt, πtq is a kernel–cokernel pair in OMod8

At

with imµ0t “ kerπ0t and suptPX }µ´1
t }cb ă 8.

E
µ //

ψ

��

F
π̃ // // Cokerµ

Ker π̃
99

ι

99sssssssssss

Proposition 6.2. Let ϖ P CBApF,Gq for some F, G P OMod8
A pXq. Then ϖ is a cokernel in

OMod8
A pXq if and only if, for each t P X, ϖ0

t is completely open onto G0
t and suptPX }ϖ´1

t }cb ă 8.

Kerϖ // ι // F ϖ //

π̃ %% %%KK
KK

KK
KK

KK G

Coker ι

φ

OO

Definition 6.4. Let X be a topological space and let A be a sheaf of C*-algebras on X. Let ExApXq

denote the collection of all kernel–cokernels pairs in OMod8
A pXq

E1
// µ // E2

ϖ // // E3 .

We call this the canonical exact structure on OMod8
A pXq, which is justified by the following result.

Theorem 6.5. The class ExApXq of all kernel–cokernel pairs defines an exact structure on OMod8
A pXq.

Remarks 6.2. 1. ExApXq is the largest exact structure on OMod8
A pXq.

2. Axioms [E0] and [E0op] are easily verified, the others are hard.
3. Given a kernel–cokernel pair pµ,ϖq in ExApXq we obtain an isomorphic pair pι, π̃q

E1
// µ //

– ν

��

E2
ϖ // // E3

–ν1

��
Kerπ // ι // E2

π̃ // // Coker ι
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and for each U P UX , we get an exact sequence in OMod1
ApUq

0 // kerπU
ιU // E2pUq

πU // coker ιU // 0

where coker ιU “ E2pUq{im ιU since ιU is a complete isometry.

7 Homological Algebra in OMod8
A pXq

The short exact sequences that are used in abelian categories are replaced inExApXq by kernel–cokernel
pairs

E1
// µ // E2

ϖ // // E3

where Ei P OMod8
A pXq, which we also address as short exact sequences. To make the homological

algebra work, we have to restrict the morphisms we can use.

Definition 7.1. The morphism φ P CBApE,Fq, E,F P OMod8
A pXq is called admissible if it can be

factorised as
E

φ //

ϖ �� ��@
@@

@@
@@

@ F

G
?? µ

??~~~~~~~

for some admissible monomorphism µ and some admissible epimorphism ϖ in OMod8
A pXq.

Definition 7.2. A sequence of admissible morphisms in OMod8
A pXq

E1
φ1 //

ϖ1 $$ $$I
II

II
I E2

φ2 //

ϖ2 $$ $$I
II

II
I E3

G1

:: µ1

::uuuuuu
G2

:: µ2

::uuuuuu

is said to be exact if the short sequence G1
// µ1 // E2

ϖ2 // // G2 is exact. An arbitrary sequence of
admissible morphisms in OMod8

A pXq is exact if the sequences given by any two consecutive morphisms
are exact.

We can characterise the admissible morphisms using the stalks as follows.

Theorem 7.3. Let φ P CBApE,Fq for some E,F P OMod8
A pXq. Then φ is admissible if and only if,

for each t P X,
(i) φt P CBAt

pEt,Ftq is admissible;
(ii) φ̂0

t is surjective;
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(iii) pKerφqt “ kerφt, pCokerφqt “ cokerφt, and
(iv) suptPX }φ´1

t }cb ă 8.

In particular, the stalk functor at t P X is exact from OMod8
A pXq to OMod8

At
. This result uses the

following factorisation of admissible morphisms which relies on the fact thatOMod8
A pXq is semi-abelian.

(In an abelian category, φ̂ below is always an isomorphism.)

Proposition 7.1. For every morphism φ P CBApE,Fq, there exists a unique factorisation φ “ µφ̂π as
given in the commutative diagram below.

Kerφ
ι / / E

φ //

π

��

F
ρ // Cokerφ

Coker ι
φ̂ // Ker ρ

µ

OO

Moreover, φ is admissible if and only if φ̂ is an isomorphism.

The next steps will then include introducing the cohomology groups as the right derived functors of the
global section functor applied to an injective resolution of a sheaf of operator modules F P OMod8

A pXq.
To this end, we build injective sheaves using the injective envelope of an operator module from which it
follows thatOMod8

A pXq has enough injectives. The homological algebra provided by the exact structure
is essential to this.
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