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A Tight Upper Bound on Bit Error Rate of Joint
OFDM and Multi-Carrier Index Keying

Youngwook Ko,Member, IEEE,

Abstract—This letter investigates the performance en-
hancement by the concept of multi-carrier index keying
in orthogonal frequency division multiplexing (OFDM)
systems. For the performance evaluation, a tight closed-
form approximation of the bit error rate (BER) is derived
introducing the expression for the number of bit errors
occurring in both the index domain and the complex
domain, in the presence of both imperfect and perfect
detection of active multi-carrier indices. The accuracy of
the derived BER results for various cases are validated
using simulations, which can provide the accuracy within
1 dB at favorable channels.

Index Terms—Multi-carrier index keying, orthogonal
frequency division multiplexing, bit error rate.

I. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM)
has been adopted in the majority of today and future
communication standards such as IEEE 802.11, 3GPP’s
LTE-Advanced, due to its robustness to multipath fading.
The performance of these systems with increased sub-
carriers is heavily dependent on an increased sensitivity
to mismatched conditions such as frequency offset and
phase noise [1] as well as transmission nonlinearity
caused by the non-constant power ratio of OFDM sym-
bols [2], [3].

In [4], [5], the so-called sub-carrier index modulation
scheme modified the classical OFDM systems treating
the sub-carrier index as additional resource to decrease
the bit error rate (BER) faster than the classical OFDM at
a low complexity with only a few sub-carrier activation.
The effects of channel estimation errors on the approx-
imate pairwise error probability (PEP) of the OFDM
modulating the index of sub-carrier was more recently
discussed in [6].

The contribution of this letter is twofold. We first gen-
eralizes the BER expression of a joint multi-carrier index
keying and OFDM (MCIK-OFDM) that is based on any
number of active sub-carriers and includes expressions
for the number of bit errors by both the MCIK and the
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OFDM transmissions. In [4], [5], the BER is limited by
a fixed number of active sub-carriers that differs from
what we consider herein. For example, the approach
in [5] cannot be used directly with both a small and
a large number of active sub-carriers. Our contribution
is secondly to analyze the performance of the MCIK-
OFDM system deriving a tight upper bound on the BER
in the presence of imperfect and perfect detection of
active indices.

II. JOINT MCIK-OFDM SYSTEM MODEL

We consider a peer-to-peer M-QAM OFDM trans-
mission withNc sub-carriers that consists ofn clusters
of N sub-carriers (i.e.,Nc = nN ). A stream of M-
QAM symbols is first serial-to-parallel converted, where
every n (≤ Nc) symbols are grouped into a vector
s = [s1, s2, · · · , sn]T and si ∈ S are used to modulate
sub-carriers, as in the classical OFDM, but it differs
from that the modulated sub-carriers are only those of
n activated indices, similar to [4], [5]. For then active
indices, a different stream ofm0 bits per cluster is used
to randomly select one out ofN indices of sub-carriers,
and thusn randomly activated sub-carriers at every
transmit interval. In this process, namely multi-carrier
index keying (MCIK), thenm0 bits streams modulate
a combination of then indices of sub-carriers that are
mutually modulated by the aboven symbols streams.
Note that there areL = Nn combinations available,
where for the simplicity in analysisL is assumed to
be L = 2⌊log2

B(Nc,n)⌋ and B(, ) denotes the binomial
coefficient. After modulating both the active indices of
sub-carriers (by MCIK) and the sub-carriers of the active
indices (by OFDM),s is mapped ton sub-carriers of
the active indices. A combination of the active indices
is denoted byxl, i.e., xl = [i1, · · · , in] where iβ ∈
{1, · · · , Nc} for β = 1, · · · , n. Note thatNc−n inactive
sub-carriers are zero padded to represent no transmission
of M-QAM symbols on these [5]. Taking into account
bothxl ands, then, the OFDM block to transmit forms
the Nc × 1 OFDM block assF = [s(1), · · · , s(Nc)]

T

where s(k) ∈ {0,S},∀k. Unlike the classical OFDM,
sF in the proposed system comprisesNc − n zero
elements whose indices help carry information ofnm0
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bits. Supposing that the channel has a discrete-time
impulse response during the OFDM block interval in the
frequency domain defined ashF = [h(1), · · · , h(Nc)]
where h(k) for k ∈ xl represent Rayleigh fading
channel, being independent identically distributed (i.i.d.)
complex Gaussian with zero mean and unit variance, i.e.,
h(k) ∼ CN (0, 1), and others fork /∈ xl are zeros. The
fading channel is assumed to be quasi-static so that the
channel gains vary from one OFDM block to another.
The input-output model in the frequency domain can be
equivalently given by

y = hS+ n (1)

where y = [y(1), · · · , y(Nc)], h = [h(i1), · · · , h(in)]
with iβ ∈ xl, S is then×Nc matrix such that

S = diag(s1,α1
, · · · , sn,αn

) (2)

wheresβ,αβ
= [01×αβ−1, s(iβ), 01×N−αβ

], αβ indicates
the location of the active sub-carrier within clusterβ, i.e.,
iβ = (β−1)N +αβ andαβ ∈ {1, · · · , N}, s(iβ) ∈ S is
the M-ary symbol, andn = [n(1), · · · , n(Nc)] denotes
the independent, additive white Gaussian noise (AWGN)
vector, i.e., n(k) ∼ CN (0, No),∀k. We denote the
signal-to-noise ratio (SNR) byρ = Es/No whereEs

denotes the average power for the M-QAM symbol.

III. BER ANALYSIS

The joint MCIK-OFDM scheme can transmit the total
number ofmt bits that is the sum of two information
rates:m0 = log2(L) = n log2 N bits by the MCIK;
and simultaneouslym1 bits (or n symbols ins) by the
OFDM, i.e., m1 = n log2 M . Therefore, the MCIK-
OFDM scheme offersmt = m0 +m1 (bits/symbol).

Let us define the BER of the proposed scheme as the
ratio of the number of bits in error to the total number
of bits in transmission, which can be given:

Pb =
Num. of bits in error(me)

Num. of bits in transmission(mt)
(3)

where the numeratorme is the sum of bit errors among
the n clusters, i.e.,me =

∑n
β=1me,β.

The bit errors ofme,β result from three error cases:

(i) an incorrect index of active sub-carrier and an
incorrect M-ary symbol;

(ii) an incorrect index of active sub-carrier and a correct
M-ary symbol; and

(iii) a correct index of active sub-carrier and an incorrect
M-ary symbol.

The bit errors caused by only the incorrect index in
cases (i), (ii) is denoted byme0,β while those by the
incorrect M-ary symbol in cases (i), (iii) byme1,β. Thus,

per cluster, we haveme,β = me0,β +me1,β with me0,β

andme1,β being the numbers of bit errors by the MCIK
and the OFDM,respectively.

To compute (3), we first focus onme,β per cluster
since each cluster independently modulates and demod-
ulatesmt/n bits; we examine the expressions for both
me0,β andme1,β which has been overlooked by others
in this field.me,β of all the clusters will be used later to
expressme and thus, the overall BER.

Unlike the classical OFDM, the maximum likelihood
(ML) detector only ons(k) based ony(k) is not suf-
ficient to retrievem bits in the proposed system. This
is because the MCIK-OFDM conveys another bits by
the random combination of active indices. Thus, we
demand two decision processes: a likelihood ratio test
(LRT) detectsxl (and thusm0); and the ML detector
retrievesm1 bits from the sub-carriers of the corrected
and equalized active indices from the estimatex̂l. This
decoder is optimal at the cost of the additional decoder
of sub-carrier index (e.g., see [6] for details).

A. Number of bit errors of the MCIK

We examineme0,β. For this, let(sβ,α → s̃β,α̃) denote
the pairwise error event (PEE) that in clusterβ α is
incorrectly detected as̃α for α, α̃ ∈ {1, · · · , N} and
α 6= α̃, given thatα is transmitted within clusterβ.
Then, given the PEE andh, me,β of each cluster can be
obtained, using the union bound, as

me,β ≤
∑

α

∑

α̃ 6=α

P (sβ,α → s̃β,α̃)
1

N
m̃e,β(α, α̃) (4)

where m̃e,β(α, α̃) denotes the number of bit errors
on both the sub-carrier index domain and the M-ary
complex domain, i.e.,̃me,β(α, α̃) = m̃e0,β+m̃e1,β. Here,
m̃e0,β and m̃e1,β are forme0,β andme1,β, respectively,
conditioned on the PEE(sβ,α → s̃β,α̃). In (4),P (sβ,α →
s̃β,α̃) is the conditional pairwise error probability (PEP)
of decidings̃β,α̃ given thatsβ,α andh are used, and the
priori probabilities ofsβ,α are equally likely.

Using the LRT in [7], the well-known conditional PEP
expression in (4) can be expressed:

P (sβ,α → s̃β,α̃) = Q





1

2

√

||h(iβ) (sβ,α − s̃β,α̃)||2
N0





(5)
where Q(x) , π−1

∫ π/2
0 e−x2/2 sin2 θdθ is the error

function. Definedβ = γβ‖(sβ,α − s̃β,α̃)‖2 = 2Esγβ,
whereγβ = |h(iβ)|2 has a chi-squared distribution with
two degrees of freedom. Then, (5) can be simplified to

P (sβ,α → s̃β,α̃) = Q

(

√

γβEs

2N0

)

. (6)
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Given (6),me0,β from (4) can be obtained as

me0,β ≤ 1

N

N
∑

α=1

N
∑

α̃6=α=1

Q

(

√

γβEs

2N0

)

m̃e0,β. (7)

In (7), m̃e0,β can be obtained referring to the number
of unmatched active sub-carriers on the PEE in (6) by

m̃e0,β = ||x+
α − x+

α̃ ||2 ∀α, α̃ (8)

wherex+
a for a ∈ {α, α̃} is an index-to-binary mapping

so that the indexa represents a sequence of(log2 N)
bits, meaning that (8) is the Hamming distance between
α and α̃ (denoted byH(α, α̃)) that counts the number
of bit errors caused by incorrect indices of sub-carriers.

Using (8) and (7),me0,β as a part ofme,β in (3) can
be obtained based on the MCIK per cluster by

me0,β =
1

N

N
∑

α=1

N
∑

α̃6=α=1

Q

(
√

dβ
4N0

)

H(α, α̃). (9)

As seen in (9), it is worth pointing out thatme0,β scales
proportionally with the Hamming distance between bi-
nary sub-carrier indices while it decreases exponentially
with the Euclidean distancedβ = γβ‖(sβ,α − s̃β,α̃)‖2.

B. Number of bit errors of the conditional OFDM

We examineme1,β of the M-QAM symbols. One term
is added to (4), taking into account the bit errors of
case (iii). This is because the bit errors of the M-ary
symbols can still occur even if the active sub-carriers
are correctly detected.

So,me1,β can be formulated for a givenβ as

me1,β ≤
∑

α

∑

α̃6=α

P (α → α̃)
1

N
m̃e1,β (10)

+
∑

α



1−
∏

α̃ 6=α

P (α → α̃)





1

N
m̆e1,β. (11)

As shown in (10)-(11),me1,β relate the two terms to
case (ii) and case (iii): (1) conditional bit errors (CBEs)
on the mis-detection of the active indices; and (2) CBEs
on the correct detection of the active indices.

1) CBEs on the mis-detected active indices:This
CBE has regard tõme1,β from m̃e,β(α, α̃) in (4). Given
the PEE (αβ → α̃β) for αβ 6= α̃β, s(iβ) should be
determined from a non information-carrying sub-carrier.
It means that̃me1,β is determined without any knowledge
of s(iβ), leading tom̃e1,β = 0.5 log2 M .

Then, (10) for the CBEs on the mis-detected indices
can be captured for clusterβ as

1

N

N
∑

α=1

N
∑

α̃6=α=1

Q

(
√

dβ
4N0

)

log2 M

2
(12)

where for a givenM , (log2 M)/2 represents50 percent
detection accuracy oflog2 M transmit bits in the pres-
ence of the mis-detection, i.e.,α̃ 6= α,∀α, α̃.

2) CBEs on the correctly detected active indices:We
further derive (11). Intuitively, this equals the number
of the bit errors in the classical M-QAM weighted by
the probability of the correct detection thatα → α̃ for
α̃ = α. The probability of the correct detection of the
active indices can be upper bounded by considering the
joint probability of all PEEs. That is, (11) for the CBEs
can be represented by

1

N

N
∑

α=1



1−
N
∏

α̃6=α=1

Q

(
√

dβ
4N0

)



 log2MP (γβ |s(iβ))

(13)
where the term(1−∏(·)) including the product of
the PEPs is used to give a upper bound on the cor-
rect detection probability of the active sub-carriers, and
P (γβ|s(iβ)) stands for the well-known BER of the M-
ary QAM over the AWGN channel. For example, given
s(iβ) ∈ S and the M-QAM, we have [8]

P (γβ |s(iβ)) =
ΘM
∑

i=1

CiQ
(√

ci γβρ
)

(14)

where for a Gray-coded square M-QAM, the constants
ΘM , Ci, andci can be found in [8].

Using (12)-(14), therefore,me1,β of the conditional
OFDM on cases (ii)-(iii) per cluster can be given by

me1,β =
log2M

N

N
∑

α=1

{

N
∑

α̃6=α=1

1

2
Q

(
√

dβ
4N0

)

+



1−
N
∏

α̃ 6=α=1

Q

(
√

dβ
4N0

)



P (γβ|s(iβ))
}

(15)

where notice that the first and the second terms represent
the CBEs of the mis-detection and the CBEs of the
correct detection of active sub-carriers, respectively. As
observed in (15),me1,β for a givenβ relies on only the
Euclidean distancedβ , unlike me0,β in (9).

C. Unconditional BER expression in closed–form

Using the above observations, the overall BER in (3)
can be obtained with respect tome0,β andme1,β of all
the clusters. Then, (3) can be represented by

Pb =
me

mt
=

∑n
β=1(me0,β +me1,β)

log2 N
n + n log2M

. (16)

Inserting (9) and (12) into the numerator of (16), the
conditional BER on the mis-detection is expressed in
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(N,n)=(2,64), MCIK−OFDM, 4QAM, Theorem
(N,n)=(2,64), MCIK−OFDM, BPSK, Theorem
(N,n)=(2,64), MCIK−OFDM, 4QAM, Simulations
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(N,n)=(4,32), MCIK−OFDM, BPSK, Simulations

Fig. 1. Average BER performance of the MCIK-OFDM system
in the presence of both imperfect and perfect detection of MCIK
symbols over the Rayleigh fading per sub-carrier.

closed–form for givenN,n, andM as

Pb,c ≤
n
∑

β=1

N
∑

α=1

N
∑

α̃6=α=1

Q

(
√

dβ
4N0

)

H(α, α̃)

mtN

+
log2 M

mtN

n
∑

β=1

N
∑

α=1

N
∑

α̃6=α=1

1

2
Q

(
√

dβ
4N0

)

.

(17)

The BER in (17) is not the final BER but the con-
ditional BER on the mis-detection cases (i)-(ii) only. It
means that at favorable channels, (17) does not address
the case (iii) whenα = α̃, relying on that the CBEs on
the correct detection will get dominant in the BER.

Instead, inserting (9) and (15) into (16), the gener-
alized expression forunconditional BERof the MCIK-
OFDM can be finally obtained in closed–form:

Pb ≤
1

mtN

n
∑

β

N
∑

α

N
∑

α̃6=α

Q

(
√

dβ
4N0

)

H(α, α̃)

+
log2 M

mtN

n
∑

β

N
∑

α

{

N
∑

α̃6=α

1

2
Q

(
√

dβ
4N0

)

+



1−
N
∏

α̃6=α

Q

(
√

dβ
4N0

)





ΘM
∑

i=1

CiQ
(√

ρ̃γβ
)

}

(18)

where ρ̃ = ci ρ, the first and the second terms relate to
the CBEs of the MCIK and the OFDM, respectively, on
the mis-detection, and the last term represents the the
CBEs of the OFDM based on the correct detection of
the active sub-carrier indices. Note that this union bound
based expression will be tight, as verified in Fig. 1.

IV. N UMERICAL EVALUATIONS AND DISCUSSIONS

We consider the MCIK-OFDM systems withNc =
128 sub-carriers comprising ofn clusters of N

sub-carriers for various configurations of(N,n) =
{(2, 64), (4, 32), (8, 16)}. The average BERs are ob-
tained simply by taking the expectation of (18).

Fig. 1 depicts the average BER of the MCIK-OFDM
on the Rayleigh flat fading per sub-carrier, considering
the presence of both imperfect and perfect detection
of active sub-carrier indices. The theoretical results are
validated by simulations; the distance to the simulations
decreases from 3 dB to within 1 dB as SNR increases.
The accuracy improves further for the average BERs
lower than10−3. This figure illustrates that the accuracy
improves asN (or n) decreases (increases). For smallN ,
intuitively, the OFDM transmission gets a small number
of the summation terms of the upper bound PEPs which
improves the accuracy of the derived average BER.

V. CONCLUSION

We studied the MICK-OFDM system that modulates
both the sub-carriers and their indices in order to convey
the information bits via only a small subset of properly
activated sub-carriers. To measure the performance, we
derived the tight upper bound BER expression in closed–
form taking into account all the three conditional bit
error cases on the activated index detection. The accuracy
of the derived expression has been well validated by
simulations and this accurate BER will be useful to
evaluate various concepts of the MCIK-OFDM for low-
complexity, energy-efficient applications.
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