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On Line Graphs of Subcubic Triangle-Free Graphs

Andrea Munaro

Laboratoire G-SCOP, Univ. Grenoble Alpes

Abstract

Line graphs constitute a rich and well-studied class of graphs. In this paper, we focus on three different
topics related to line graphs of subcubic triangle-free graphs. First, we show that any such graph G has
an independent set of size at least 3|V (G)|/10, the bound being sharp. As an immediate consequence,
we have that any subcubic triangle-free graph G, with ni vertices of degree i, has a matching of size at
least 3n1/20 + 3n2/10 + 9n3/20. Then we provide several approximate min-max theorems relating cycle-
transversals and cycle-packings of line graphs of subcubic triangle-free graphs. This enables us to prove
Jones’ Conjecture for claw-free graphs with maximum degree 4. Finally, we concentrate on the computational
complexity of Feedback Vertex Set, Hamiltonian Cycle and Hamiltonian Path for subclasses of
line graphs of subcubic triangle-free graphs.

Keywords: Line graph, Independence number, Matching number, Min-max theorems, NP-completeness,
Approximation hardness

1. Introduction

The line graph L(G) of a graph G is the graph having as vertices the edges of G, two vertices being
adjacent if the corresponding edges intersect. Line graphs constitute a rich and well-studied class of graphs.
In this paper, we concentrate on the subclass of line graphs of subcubic triangle-free graphs (a subcubic
graph is a graph with maximum degree at most 3). It is easy to see that such graphs have maximum degree
at most 4. In Section 2, we provide several characterizations of this class. In particular, we observe that
the class of line graphs of subcubic triangle-free graphs coincides with the class of (K4, claw,diamond)-free
graphs. Moreover, we show that the line graphs of cubic triangle-free graphs are exactly those 4-regular
graphs for which every edge belongs to exactly one K3.

In Section 3, we consider the independence number α(G) of a graph G, the maximum size of an inde-
pendent set of G. The famous Brooks’ Theorem asserts that every connected graph G which is neither a
complete graph nor an odd cycle must be ∆(G)-colourable, and so α(G) ≥ |V (G)|/∆(G). Following this
result, several authors considered the problem of finding tight lower bounds for the independence number of
graphs having bounded maximum degree and not containing cliques on 3 or 4 vertices [1, 2, 3, 4, 5]. Kang
et al. [6] showed that if G is a connected (K4, claw)-free 4-regular graph on n vertices then, apart from three
exceptions, α(G) ≥ (8n − 3)/27. Motivated by this result, we show that if G is a (K4, claw,diamond)-free
graph on n vertices, then α(G) ≥ 3n/10. This gives a tight bound, as can be seen by considering the
following:

Example 1. Let G be the graph obtained from a 7-cycle C7, where V (C7) = {v1, . . . , v7}, by adding the
edges v2v5, v3v6 and v4v7. Clearly, we have α(L(G)) = α′(G) = 3, where the matching number α′(G) is the
size of a maximum matching of G.
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The well-known Petersen’s Theorem asserts that every 3-regular bridgeless graph has a perfect matching
and the question of whether a graph admits a perfect matching has been deeply investigated (see [7] for a
survey). On the other hand, not much is known about general lower bounds for the matching number. Biedl
et al. [8] showed that every subcubic graph G has a matching of size (|V (G)| − 1)/3 and that every cubic
graph G has a matching of size (4|V (G)| − 1)/9. Henning et al. [9] investigated lower bounds in the case of
cubic graphs with odd girth. In particular, they showed that every connected cubic triangle-free graph G has
a matching of size (11|V (G)|−2)/24. By recalling that the matchings of a graph G are in bijection with the
independent sets of its line graph L(G), our result on the independence number of (K4, claw,diamond)-free
graphs directly translates into a tight lower bound for the matching number. Indeed, we show that if G is
a subcubic triangle-free graph with ni vertices of degree i, then α′(G) ≥ 3n1/20 + 3n2/10 + 9n3/20.

Consider now a family of graphs F . An F-transversal of a graph G is a subset T ⊆ V (G) such that T
intersects all the subgraphs of G isomorphic to a graph in F . An F-packing of G is a set of vertex-disjoint
subgraphs of G, each isomorphic to a graph in F . In Section 4, we are interested in F-transversals and
F-packings, where F is the family of cycles or the family of graphs isomorphic to K3. Therefore, we talk
about cycle-transversals and triangle-transversals, with the obvious meaning. Note that, in the literature,
a cycle-transversal is also known as a feedback vertex set. We denote by τ∆(G) (resp. τc(G)) the minimum
size of a triangle-transversal (resp. feedback vertex set) of G and by ν∆(G) (resp. νc(G)) the maximum
number of vertex-disjoint triangles (resp. cycles) of G.
F-transversals and F-packings are related in an obvious way. Indeed, each transversal must contain at

least one vertex for each subgraph in a packing and so τc(G) ≥ νc(G) and τ∆(G) ≥ ν∆(G). A natural ques-
tion is whether τc(G) and τ∆(G) can be upper bounded in terms of νc(G) and ν∆(G). It turns out we have
a positive answer in both cases. Indeed, by taking the vertex set of ν∆(G) vertex-disjoint triangles, we have
that τ∆(G) ≤ 3ν∆(G) (it is easy to see that equality holds for any K3k+2 with k ≥ 1). The case of cycles was
addressed in a seminal work by Erdős and Pósa [10] showing the sharp bound τc(G) = O(νc(G) log νc(G)).
These results are examples of the so-called min-max theorems: one parameter is characterized by its ob-
structing analogue, or dual. Indeed, either G contains k vertex-disjoint triangles (resp. cycles) or it contains
a triangle-transversal (resp. cycle-transversal) of size 3k (resp. O(k log k)).

Kloks et al. [11] conjectured that the bound given by Erdős and Pósa can be greatly improved in the
case of planar graphs:

Conjecture 2 (Kloks et al. [11]). If G is a planar graph, then τc(G) ≤ 2νc(G).

Conjecture 2 is also known as Jones’ Conjecture. If true, it would be sharp, as can be seen by considering
wheel graphs. Kloks et al. [11] showed it holds for outerplanar graphs and, in general, they proved the
weaker τc(G) ≤ 5νc(G). Subsequently and independently, the factor 5 was replaced by 3 in a series of papers
[12, 13, 14]. To the best of our knowledge, Conjecture 2 is open even in the case of subcubic graphs.

In Section 4, we observe that a triangle-transversal of G = L(H), where H is a subcubic triangle-free
graph, essentially corresponds to an edge cover of H. This enables us to show the sharp bound τ∆(G) ≤
3ν∆(G)/2. It is easy to see that line graphs of subcubic triangle-free graphs are not necessarily planar.
Nevertheless, we show that, for any such graph G, the sharp bound τc(G) ≤ 2νc(G) holds. Using this result,
we can finally verify Conjecture 2 for claw-free graphs with maximum degree at most 4.

Feedback Vertex Set is the problem of deciding, given a graph G and an integer k, whether τc(G) ≤ k.
Ueno et al. [15] showed that Feedback Vertex Set can be solved in polyonomial time for graphs with
maximum degree 3 by a reduction to a matroid parity problem. On the other hand, Feedback Vertex
Set becomes NP-hard for graphs with maximum degree 4, even if restricted to be planar, as shown by
Speckenmeyer [16] (see also [17]). In Section 5, we strengthen this result by showing the NP-hardness for
line graphs of planar cubic bipartite graphs. This is done in two steps. We first show that if G is the line
graph of a cubic triangle-free graph H, then τc(G) ≥ |V (G)|/3 + 1, with equality if and only if H contains a
Hamiltonian path. We then show that the well-known Hamiltonian Path is NP-complete even for planar
cubic bipartite graphs. This matches the fact that Hamiltonian Cycle is NP-complete for planar cubic
bipartite graphs [18] and may be of independent interest. We conclude the section with an inapproximability
result for Feedback Vertex Set restricted to line graphs of subcubic triangle-free graphs.
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Despite the fact that Hamiltonicity in line graphs has been widely investigated, beginning with the works
of Chartrand [19, 20] and Harary and Nash-Williams [21], to the best of our knowledge no result is known
about Hamiltonian Cycle for line graphs. Concerning Hamiltonian Path, Bertossi [22] showed that
the problem is NP-complete for line graphs. Lai and Wei [23] strengthened this result by showing that
it remains NP-hard even when restricted to line graphs of bipartite graphs. In Section 6, we prove that
Hamiltonian Cycle remains NP-hard for line graphs of 1-subdivisions of planar cubic bipartite graphs
and for line graphs of planar cubic bipartite graphs. Finally, we show that Hamiltonian Path remains
NP-hard for line graphs of 1-subdivisions of planar cubic bipartite graphs, thus strengthening the result by
Lai and Wei [23].

As a side remark, let us mention that line graphs of subcubic triangle-free graphs are not necessarily
3-colourable, as Example 1 shows. Moreover, if G is the line graph of a cubic triangle-free graph H, then G
is 3-colourable if and only if H is of class 1. This implies that 3-Colourability is NP-complete even when
restricted to line graphs of cubic triangle-free graphs [24].

We assume the reader is familiar with notions of graph theory; for those not defined here, we refer to [25].
Note that we consider only finite and undirected graphs with no loops and no multiple edges. A k-vertex is
a vertex of degree k. A cubic graph is a 3-regular graph. The complete graph on n vertices is denoted by
Kn and the complete bipartite graph with partition classes of size n and m is denoted by Kn,m. A triangle
is (a graph isomorphic to) K3, a claw is K1,3 and a diamond is the graph obtained from K4 by removing
an edge. A 1-subdivision of G is the graph obtained from G by adding a new vertex for each edge of G, i.e.
each edge is replaced by a path of length 2.

2. Characterizations

The purpose of this section is to characterize line graphs of subcubic triangle-free graphs. Most of the
stated results are not original and our goal is to put them under a unified framework.

Let F be a family of non-empty sets. The intersection graph GF of F is the graph having as vertices
the sets in F , two vertices being adjacent if the corresponding sets intersect. The set

⋃
F∈F F is the ground

set of GF . If a graph G is the intersection graph of a family F , then F is a realization of G.
Clearly, the line graph of G is the intersection graph of the family E(G). An equivalent definition of line

graphs is that of 2-intersection graphs: a graph is a 2-intersection graph if it is the intersection graph of a
family of subsets of positive integers, each of size 2.

We now consider a geometric realization. A graph G of order n is a 2-interval graph if it is the intersection
graph of a set of n unions of two disjoint intervals on the real line, i.e. each vertex corresponds to a union of
two disjoint intervals Ik = Ik` ∪ Ikr and there is an edge between Ij and Ik if and only if Ij ∩ Ik 6= ∅. Note
that the two intervals corresponding to a vertex are naturally ordered into a left interval and a right interval.
A 2-interval graph is (x, x)-interval if it has a realization in which the intervals of the ground set have length
x, they are open and they have integral endpoints1. Note that the class of (1, 1)-interval graphs coincides
with that of 2-intersection graphs (and so with line graphs). This can be seen by associating to each vertex
{x, y} ⊆ N of a 2-intersection graph the union (x − 1, x) ∪ (y − 1, y) and, conversely, after an appropriate
translation of the intervals, by associating to each vertex (x, x+ 1) ∪ (y, y + 1) the set {x+ 1, y + 1} of the
right endpoints of the two intervals.

A cornerstone in the theory of line graphs is Beineke’s characterization in terms of forbidden induced
subgraphs:

Theorem 3 (Beineke [27]). G is a line graph if and only if it does not contain any of the graphs depicted
in Figure 1 as an induced subgraph.

Line graphs of bipartite graphs have an interesting geometric characterization: they are equivalent to
gridline graphs (see, e.g., [28]). A gridline graph is a graph whose vertices correspond to distinct points in
R2 and such that (x, y) and (x′, y′) are adjacent if and only if x = x′ or y = y′, i.e. two vertices are adjacent

1We refer the reader to [26] for a survey on 2-interval graphs.
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G1 G2 G3 G4 G5

G6 G7 G8 G9

Figure 1: The minimal forbidden induced subgraphs for the class of line graphs.

if and only if they are on a common horizontal or vertical line. Note that the vertices of a gridline graph
may be assumed to lie in N2.

Before stating our characterization, we need some more definitions. If F is the realization of a 2-
intersection graph G, an incidence matrix M = [mij ] of F is a (0, 1)-matrix whose rows correspond to the
vertices of G (i.e. two-element subsets Si ⊂ N), whose columns correspond to the elements of the ground set
of G (i.e. integers j ∈ ⋃Si) and such that mij = 1 if and only if j ∈ Si. Let now A, B and C be matrices.
B is a submatrix of A if it can be obtained by deleting some rows and columns of A. The matrix A is C-free
if C is not a submatrix of A. Similarly, for a set S of matrices, A is S-free if A is M -free, for any M ∈ S.
Moreover, let F be defined as follows:

F =

{1 1 0
1 0 1
0 1 1

 ,
1 0 1

1 1 0
0 1 1

 ,
1 1 0

0 1 1
1 0 1

 ,
1 0 1

0 1 1
1 1 0

 ,
0 1 1

1 0 1
1 1 0

 ,
0 1 1

1 1 0
1 0 1

 ,


1
1
1
1


}
.

Note that the 3× 3 matrices in F are the cycle matrices of order 3, i.e. the edge-vertex incidence matrices
of cycles of length 3.

Theorem 4. The following are equivalent, for any graph G:

(a) G is a (K4, claw, diamond)-free graph.

(b) G is the line graph of a subcubic triangle-free graph.

(c) G is a (1, 1)-interval graph such that there do not exist four vertices sharing the same interval and
there do not exist three vertices such that any two of them share a different interval.

(d) G is a 2-intersection graph such that any incidence matrix of the realization of G is F -free.

Proof. (a) ⇒ (b): By Theorem 3, we have G = L(H), for some graph H. Let H ′ be the graph obtained
from H by replacing each component isomorphic to K3 with a claw. Clearly, G = L(H) = L(H ′). Since G
is K4-free, H ′ is subcubic. Suppose now H ′ contains a triangle T . By construction, there exists a vertex
v ∈ V (H ′) \ V (T ) which is adjacent to a vertex of T and so there exists an induced diamond in L(H ′), a
contradiction. Therefore, G is the line graph of a subcubic triangle-free graph.

(b)⇒ (c): Let G = L(H), for a subcubic triangle-free graph H with V (H) = {v1, . . . , vn}. By associating
to each vertex eij = vivj of L(H), with i < j, the union Iij = (2i, 2i+1)∪(2j, 2j+1), it is easy to see that G
is (1, 1)-interval. Since G is subcubic, there do not exist four vertices sharing the same interval. Moreover,
since G is triangle-free, there do not exist three vertices such that any two of them share a different interval.
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(c)⇒ (d): By appropriately translating the intervals and associating to each vertex (i, i+ 1) ∪ (j, j + 1)
of G the set {i+ 1, j+ 1} of the right endpoints of the two intervals, it is easy to see that G is 2-intersection.
Since there do not exist four vertices sharing the same interval and there do not exist three vertices such
that any two of them share a different interval, any incidence matrix of the realization of G is F -free.

(d)⇒ (a): Let M be an F -free incidence matrix of the realization of G and, for any v ∈ V (G), let Sv be
the two-element set corresponding to v. It is easy to see that no 2-intersection graph contains an induced
claw. Suppose now G contains a copy H of K4. For v ∈ V (H), the sets Sv are pairwise intersecting and
|Sv| = 2. But then

⋂
v∈V (H) Sv 6= ∅, contradicting the fact that M is F -free. Finally, if G contains an

induced diamond H, there exists a triangle T ⊆ H such that
⋂
v∈V (T ) Sv = ∅. This means that a cycle

matrix of order 3 is a submatrix of M , a contradiction.

The observation that a graph is (claw,diamond)-free if and only if it is the line graph of a triangle-
free graph is probably due to Harary and Holzmann [29]. Let us now recall the following well-known
characterization of diamond-free graphs:

Theorem 5 (Folklore). A graph G is diamond-free if and only if it can be obtained as the edge-disjoint
union of complete subgraphs of order at least 3 plus possibly some edges which are not in any triangle and
isolated vertices.

Proof. The “if” part is trivial. Conversely, we claim that if G′ is an inclusion-wise maximal complete
subgraph of the diamond-free graph G, then each triangle of G is either contained in G′ or edge-disjoint from
it. Indeed, if G is triangle-free, the statement is vacuously true. Therefore, suppose there exists a triangle
uvw having exactly one edge in E(G′), say uv ∈ E(G′) and w /∈ V (G′). By maximality, |V (G′)| ≥ 3.
Moreover, every w′ ∈ V (G′) \ {u, v} is adjacent to both u and v and so, since G is diamond-free, every
w′ ∈ V (G′)\{u, v} is adjacent to w as well. Therefore, V (G′)∪{w} is a clique, contradicting the maximality
of G′.

We now claim that the graph G′′ obtained from G by deleting the edges of G′ is diamond-free. Indeed,
since G is diamond-free, a diamond K4−e can arise in G′′ only if e ∈ E(G′) and the two remaining vertices of
the diamond are not in V (G′). This means there exists a triangle with exactly one edge in G′, contradicting
the paragraph above.

Since G′′ is diamond-free, an easy induction shows that G can be obtained as the edge-disjoint union of
complete subgraphs of order at least 3 plus possibly some edges which are not in any triangle and isolated
vertices.

Corollary 6. Let G be a (K4, claw, diamond)-free graph. For v ∈ V (G), the possible subgraphs induced by
N [v] are exactly those depicted in Figure 2.

Figure 2: The possible subgraphs induced by the closed neighbourhood of a vertex of a (K4, claw, diamond)-free graph.

Proof. By Theorem 5, G can be obtained as the edge-disjoint union of triangles plus possibly some edges
which are not in any triangle and isolated vertices. Moreover, each v ∈ V (G) belongs to at most two
edge-disjoint triangles and d(v) ≤ 4. If v ∈ V (G) belongs to no triangle, then d(v) ≤ 2. If it belongs to
exactly one triangle, then G[N(v)] is isomorphic to either K2 or K2 + K1. Finally, if it belongs to exactly
two triangles, then G[N(v)] = 2K2.

A graph G is locally linear if the subgraph induced by NG(v) is 1-regular, for every v ∈ V (G). Clearly,
a locally linear graph has no odd degree vertices. Fronček [30] showed that there exists a k-regular locally
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linear graph, for any even k. This can be seen by considering the following recursive construction. K3 is
clearly 2-regular and locally linear. A (k + 2)-regular locally linear graph is then obtained by taking the
cartesian product of a k-regular locally linear graph with K3. It is easy to see that a graph is locally linear if
and only if every edge belongs to exactly one triangle [30]. Therefore, combining Theorem 4 and Corollary 6,
we immediately get the following:

Theorem 7. The following are equivalent, for any 4-regular graph G:

(a) G is a (K4, claw, diamond)-free graph.

(b) G is the line graph of a cubic triangle-free graph.

(c) G is a locally linear graph.

(d) G is such that each e ∈ E(G) belongs to exactly one triangle.

3. Independence Number

For a graph G, we denote by i(G) the independence ratio α(G)/|V (G)| of G. The well-known Brooks’
Theorem asserts that every connected graph G which is neither a complete graph nor an odd cycle must
be ∆(G)-colourable and so i(G) ≥ 1/∆(G). If G is Kk-free, Brooks’ bound can be strengthen to i(G) ≥
2/(∆(G) + k), as shown by Fajtlowicz [31], who also provided some cases for which equality holds [32].
Staton [1] improved both Brooks’ and Fajtlowicz’s results in the case of subcubic triangle-free graphs by
showing that i(G) ≥ 5/14, for any such graph G. Moreover, Heckman [33] showed that there are exactly
two connected subcubic triangle-free graphs with independence ratio equal to 5/14. Fraughnaugh and Locke
[2] proved that every connected subcubic triangle-free graph G on n vertices has α(G) ≥ 11n/30 − 2/15.
Fraughnaugh Jones [4] improved Fajtlowicz’s result in the case of triangle-free graphs with maximum degree
4 by showing that i(G) ≥ 4/13, for any such graph G. Locke and Lou [5] showed that if G is a connected
K4-free 4-regular graph with n vertices, then α(G) ≥ (7n− 4)/26. Kang et al. [6] studied the independence
number of 4-regular (K4, claw)-free graphs. In particular, they proved the following:

Theorem 8 (Kang et al. [6]). If G is a connected (K4, claw)-free 4-regular graph on n vertices then,
apart from three exceptions, α(G) ≥ (8n − 3)/27. Moreover, equality holds only if G is the line graph of a
cubic graph.

If we further assume the graph G in Theorem 8 to be 2-connected, then α(G) = bn/3c [34]. Motivated by
these results, we seek a tight lower bound for the independence number of (K4, claw,diamond)-free graphs.
It will appear that forbidding diamonds is stronger than relaxing the regularity assumption, in the sense
that the independence ratio of (K4, claw,diamond)-free graphs is strictly bigger than the independence ratio
of (K4, claw)-free 4-regular graphs.

Theorem 9. If G is a (K4, claw, diamond)-free graph on n vertices, then α(G) ≥ 3
10n. Moreover, the

bound is tight, as shown by the graph in Example 1.

Recall that there is a bijection between the matchings of a graph G and the independent sets of its line
graph L(G). Biedl et al. [8] showed that every subcubic graph G has a matching of size (|V (G)| − 1)/3 and
that every cubic graph G has a matching of size (4|V (G)| − 1)/9. Moreover, O and West [35] characterized
the cubic graphs G with α′(G) = (4|V (G)|−1)/9. Henning et al. [9] showed that α′(G) ≥ (11|V (G)|−2)/24,
for any connected cubic triangle-free graph G, and characterized the graphs attaining equality. If we consider
subcubic triangle-free graphs then, as a direct consequence of Theorem 9, we obtain the following tight lower
bound:

Corollary 10. If G is a subcubic triangle-free graph with ni vertices of degree i, then α′(G) ≥ 3
20n1 +

3
10n2 + 9

20n3.
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By further exploiting the relation between matchings of G and independent sets of L(G), we can ob-
tain the following simple lemma, already implicitly stated in [34], and which will be used in the proof of
Theorem 9:

Lemma 11. If G is a 2-connected 4-regular (K4, claw, diamond)-free graph, then α(G) = |V (G)|
3 .

Proof. By Theorem 7, G is the line graph of a cubic triangle-free graph H. Moreover, since G is 2-connected,

H is bridgeless. Therefore, by Petersen’s Theorem, H has a perfect matching and α(G) = α′(H) = |V (H)|
2 =

|V (G)|
3 .

We can finally proceed to the proof of Theorem 9:

Proof of Theorem 9. Without loss of generality, we may assume G to be connected. Recall that, for v ∈
V (G), the possible subgraphs induced by N [v] are exactly those depicted in Figure 2. We proceed by
induction on the number of vertices and we will repeatedly make use of the following simple observation:

Observation 12. If there exists an independent set S of G such that |S| ≥ 3
10 |NG[S]|, then α(G) ≥ 3

10n.

Indeed, suppose such an S exists and let G′ = G−NG[S]. By the induction hypothesis, there exists an
independent set I ′ of G′ of size at least 3

10 (n− |NG[S]|). But then I ′ ∪ S is an independent set of G of size
at least 3

10 (n− |NG[S]|) + |S| ≥ 3
10n. ♦

By Brooks’ Theorem, if ∆(G) ≤ 3, then G is 3-colourable and so α(G) ≥ n
3 . Therefore, we may assume

there exists a 4-vertex v ∈ V (G) and let NG(v) = {v1, v2, v3, v4}. We have that G[N(v)] = 2K2 and, without
loss of generality, E(G[N(v)]) = {v1v2, v3v4}. We distinguish the following cases:

Case 1: There exists a vertex vi, with i ∈ {1, 2}, such that dG(vi) = 2 (see Figure 3(a)).
Then S = {vi} is clearly an independent set with |NG[S]| = 3.

Case 2: dG(v1) = 3 and dG(v2) = 3 (see Figure 3(b)).
Let NG(v1) \ {v, v2} = {u1} and NG(v2) \ {v, v1} = {u2}. Clearly, u1 6= u2. Let G′ be the graph obtained
from G by deleting the set of vertices {v, v1, v2} and by adding, if necessary (i.e. without creating parallel
edges), the edge u1u2. Suppose first such a graph is (K4, claw,diamond)-free. By the induction hypothesis,
there exists an independent set I of G′ of size at least 3

10 (n− 3). Clearly, at most one of u1 and u2 belongs
to I. But then, if u1 or u2 is in I, we have that I ∪{v2} or I ∪{v1} is an independent set of G, respectively,
of size at least 3

10 (n− 3) + 1 > 3
10n.

v

v1 v2

v3v4

(a)

v4 v3

v1 v2

v

u1 u2

(b)

v4 v3

v1 v2

v

u1 u2

u3

(c)

Figure 3: Illustration for three cases in the proof of Theorem 9.

It remains to consider the case of G′ not being (K4, claw,diamond)-free. Note that, in this case, u1u2 /∈
E(G). Since G− {v, v1, v2} is diamond-free, then G′ is K4-free. Moreover, since G[N(ui)] is isomorphic to
either K1, 2K1 or K2 + K1, then G′ is claw-free. Therefore, only diamonds containing u1u2 may arise in
G′. In order for this to happen, it must be that one of G[N(u1)] and G[N(u2)] is isomorphic to K2 + K1.
Without loss of generality, suppose that w1 and w′1 are the remaining neighbours of u1. But then u2 must be
adjacent to either w1 or w′1. Therefore, since S = {v, u1, u2} is an independent set of G and |NG[S]| ≤ 10,
we conclude by Observation 12.
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Case 3: dG(v1) = 3 and dG(v2) = 4 (see Figure 3(c)).
Let NG(v1)\{v, v2} = {u1} and NG(v2)\{v, v1} = {u2, u3}. Note that {u1}∩{u2, u3} = ∅ and u2u3 ∈ E(G).
The reasoning is similar to the one adopted in the previous case. Let G1 be the graph obtained from G by
deleting the set of vertices {v, v1, v2} and by adding, if necessary (i.e. without creating parallel edges), the
edges u1u2 and u1u3. Suppose first such a graph is (K4, claw,diamond)-free. By the induction hypothesis,
there exists an independent set I of G1 of size at least 3

10 (n − 3). Clearly, at most one of u1, u2 and u3

belongs to I. But then, if u1 or a vertex in {u2, u3} belongs to I, we have that I ∪ {v2} or I ∪ {v1} is an
independent set of G, respectively, of size at least 3

10 (n− 3) + 1 > 3
10n.

It remains to consider the case of G1 not being (K4, claw,diamond)-free. Since both G and G−{v, v1, v2}
are diamond-free, then G1 is K4-free. Moreover, since G[N(u1)] is isomorphic to either K1, 2K1 or K2 +K1

and G[N(u2)] and G[N(u3)] are isomorphic to either K2, K2 +K1 or 2K2, then G1 is claw-free. Therefore,
only diamonds containing newly added edges may arise in G1. It is easy to see that this implies there exists
w ∈ V (G) \ {u1, u2, u3} such that u1w ∈ E(G) and either u2w ∈ E(G) or u3w ∈ E(G). By symmetry, we
may assume u2w ∈ E(G). Suppose w ∈ {v3, v4}, say without loss of generality w = v3. Then u1u2 ∈ E(G)
and S = {u1, v2, v4} is an independent set of G with |NG[S]| ≤ 10.

Therefore, we may assume w /∈ {v3, v4}. Consider now the 4-vertex v2. We have that v1 is a 3-vertex and
v is a 4-vertex. Let G2 be the graph obtained from G by deleting the set of vertices {v, v1, v2} and by adding,
if necessary (i.e. without creating parallel edges), the edges u1v3 and u1v4. By the reasoning above, if G2

is (K4, claw,diamond)-free we are done. Otherwise, as we have already seen, the only possibility is that a
diamond arises in G2. But this means there exists w′ ∈ V (G)\{u1, v3, v4} such that u1w

′ ∈ E(G) and either
v3w

′ ∈ E(G) or v4w
′ ∈ E(G), say without loss of generality v4w

′ ∈ E(G). Since G is (K4, claw,diamond)-
free, it is easy to see that w′ /∈ {u2, u3}. Therefore, suppose first w = w′. Then either u1v4 ∈ E(G),
u1u2 ∈ E(G) or u2v4 ∈ E(G). If u1v4 ∈ E(G), then S = {v, u1, u2} is an independent set of G with
|NG[S]| ≤ 10. If u1u2 ∈ E(G), then S = {u2, v1, v4} is an independent set of G with |NG[S]| ≤ 10. Finally,
if u2v4 ∈ E(G), then S = {u1, v2, v4} is an independent set of G with |NG[S]| ≤ 10.

Therefore, we may further assume w 6= w′. But then ww′ ∈ E(G). We now claim we may assume that
u2 and v4 have both degree 4. Indeed, if dG(u2) = 3, then S = {v, u1, u2} is an independent set of G with
|NG[S]| ≤ 10. Moreover, if dG(v4) = 3, then S = {u1, v2, v4} is an independent set of G with |NG[S]| ≤ 10.
This means that w′ and v4 have a common neighbour and the same holds for w and u2. Suppose now the
common neighbour of w′ and v4 is u3. Then S = {u1, v2, v4} is an independent set of G with |NG[S]| ≤ 10.
Similarly, if the common neighbour of w and u2 is v3, then S = {v, u1, u2} is an independent set of G with
|NG[S]| ≤ 10. Therefore, we may assume that the common neighbour a of w′ and v4 and the common
neighbour b of w and u2 are such that {a, b} ∩ {v, v1, v2, v3, v4, u1, u2, u3, w, w

′} = ∅. Moreover, since G is
(K4, claw,diamond)-free and ww′ ∈ E(G), we have a 6= b.

Consider now the graph G3 obtained from G by deleting the set {v, v1, v2, v3, v4, u1, u2, u3, w, w
′} and

by adding, if necessary (i.e. without creating parallel edges), the edge ab. Suppose first such a graph is
(K4, claw,diamond)-free. By the induction hypothesis, there exists an independent set I of G3 of size at
least 3

10 (n − 10). Clearly, at most one of a and b belongs to I. But then, if a or b is in I, we have that
I∪{u1, u2, v} or I∪{v2, v4, u1} is an independent set of G, respectively, of size at least 3

10 (n−10)+3 ≥ 3
10n.

It remains to consider the case of G3 not being (K4, claw,diamond)-free. Note that, in this case, ab /∈
E(G). Clearly, G3 is K4-free. Moreover, since G[N(a)] and G[N(b)] are isomorphic to either K2, K2 +K1

or 2K2, then G3 is claw-free. Therefore, only diamonds containing ab may arise in G3. In order for this to
happen, it must be that there exist two distinct vertices a1 ∈ V (G3) and a2 ∈ V (G3), with {a1, a2}∩{a, b} =
∅, such that {a1a, a1b} ⊆ E(G) and a2 is a common neighbour of either {a1, a} or {a1, b}. By symmetry,
we may assume that a2 is a common neighbour of {a1, a}.

Now we repeat once again the reasoning of the previous paragraphs. Let G4 be the graph obtained from
G by deleting the set of vertices {v, v1, v2, v4, u1, u2, w, w

′, a, b} and by adding, if necessary (i.e. without
creating parallel edges), the edge u3v3. Suppose first such a graph is (K4, claw,diamond)-free. By the
induction hypothesis, there exists an independent set I of G4 of size at least 3

10 (n − 10). Clearly, at most
one of u3 and v3 belongs to I. But then, if u3 or v3 is in I, we have that I ∪ {v1, v4, w} or I ∪ {v1, u2, w

′} is
an independent set of G, respectively, of size at least 3

10 (n− 10) + 3 ≥ 3
10n.

It remains to consider the case of G4 not being (K4, claw,diamond)-free. Note that, in this case, u3v3 /∈
8



E(G). Moreover, we have that G4 is K4-free and claw-free. Therefore, only diamonds containing u3v3 may
arise in G4. In order for this to happen, it must be that there exist v5 ∈ V (G4) and v6 ∈ V (G4) such
that {v5v3, v5u3} ⊆ E(G) and v6 is a common neighbour of either {v3, v5} or {u3, v5}. In the following, we
assume that v6 is a common neighbour of {v3, v5}. The remaining case can be treated similarly. Clearly,
v5 6= a2 and {v5, v6} ∩ {a1} = ∅. Moreover, if v6 = a2, then S = {v, u1, u2, a, v5} is an independent set of G
with |NG[S]| ≤ 16 and we conclude by Observation 12. Therefore, we may assume {v5, v6} ∩ {a1, a2} = ∅.
We now claim that v5 and a1 both have degree 4. Indeed, if dG(v5) = 3, then S = {v, u1, u2, a, v5} is
an independent set of G with |NG[S]| ≤ 16. Moreover, if dG(a1) = 3, then S = {a1, v1, v3, u2, w

′} is an
independent set of G with |NG[S]| ≤ 16.

Therefore, v5 and a1 both have degree 4. This means there exist vertices x and y such that x is the com-
mon neighbour of {a1, b} and y is the common neighbour of {v5, u3}. If x = v6, then S = {a1, v1, v3, u2, w

′}
is an independent set of G with |NG[S]| ≤ 16. Moreover, if y = a2, then S = {a2, v1, v3, u2, w

′} is an indepen-
dent set of G with |NG[S]| ≤ 16. Therefore, {x, y}∩ {v, v1, v2, v3, v4, v5, v6, u1, u2, u3, w, w

′, a, b, a1, a2} = ∅.
If x = y, then S = {x, a2, v1, u2, v3, w

′} is an independent set of G with |NG[S]| ≤ 19. Finally, if x 6= y, then
S = {u2, v1, v3, w

′, a1, y} is an independent set of G with |NG[S]| ≤ 20.

Case 4: dG(v1) = 4 and dG(v2) = 4.
By the previous cases, we may assume that each neighbour of a 4-vertex is a 4-vertex. Therefore, by
connectedness, we have that G is 4-regular. If G is also 2-connected, we conclude by Lemma 11.

It remains to consider the case of G having a cut-vertex v. Let G1 and G2 be two non-trivial induced
subgraphs of G such that G = G1 ∪ G2 and V (G1) ∩ V (G2) = {v}. Suppose that |V (G1)| = 10k1 + a and
|V (G2)| = 10k2 + b, with 1 ≤ a, b ≤ 10. By the induction hypothesis, there exist an independent set I1 of
G1 − v of size at least d 3

10 (|V (G1)| − 1)e = d3k1 + 3
10 (a − 1)e and an independent set I2 of G2 − v of size

at least d 3
10 (|V (G2)| − 1)e = d3k2 + 3

10 (b− 1)e. Clearly, I1 ∪ I2 is an independent set of G. It is enough to
distinguish the following cases:

Subcase 4.1: 1 ≤ a− 1 ≤ 3.
We have d3k1 + 3

10 (a− 1)e = 3k1 + 1. If 1 ≤ b− 1 ≤ 3, then

|I1 ∪ I2| ≥
⌈
3k1 +

3

10
(a− 1)

⌉
+
⌈
3k2 +

3

10
(b− 1)

⌉
= 3k1 + 3k2 + 2 ≥ 3k1 + 3k2 +

3

10
(a+ b− 1) =

3

10
|V (G)|,

except when a−1 = b−1 = 3. In that case, let I ′1 be an independent set of G1 of size at least d 3
10 |V (G1)|e =

3k1 + d 3
10ae and I ′2 be an independent set of G2 of size at least d 3

10 |V (G2)|e = 3k2 + d 3
10be. By eventually

removing v from I ′1 ∪ I ′2, we get an independent set of G of size at least(
3k1 +

⌈ 3

10
a
⌉

+ 3k2 +
⌈ 3

10
b
⌉)
− 1 ≥ 3k1 + 3k2 + 3 ≥ 3k1 + 3k2 +

3

10
(a+ b− 1) =

3

10
|V (G)|.

If 4 ≤ b− 1 ≤ 6, then

|I1 ∪ I2| ≥
⌈
3k1 +

3

10
(a− 1)

⌉
+
⌈
3k2 +

3

10
(b− 1)

⌉
= 3k1 + 3k2 + 3 ≥ 3k1 + 3k2 +

3

10
(a+ b− 1) =

3

10
|V (G)|.

If 7 ≤ b− 1 ≤ 9, then

|I1 ∪ I2| ≥
⌈
3k1 +

3

10
(a− 1)

⌉
+
⌈
3k2 +

3

10
(b− 1)

⌉
= 3k1 + 3k2 + 4 ≥ 3k1 + 3k2 +

3

10
(a+ b− 1) =

3

10
|V (G)|.

Subcase 4.2: 4 ≤ a− 1 ≤ 6.
We have d3k1 + 3

10 (a− 1)e = 3k1 + 2. If 4 ≤ b− 1 ≤ 6, then

|I1 ∪ I2| ≥
⌈
3k1 +

3

10
(a− 1)

⌉
+
⌈
3k2 +

3

10
(b− 1)

⌉
= 3k1 + 3k2 + 4 ≥ 3k1 + 3k2 +

3

10
(a+ b− 1) =

3

10
|V (G)|.

If 7 ≤ b− 1 ≤ 9, then

|I1 ∪ I2| ≥
⌈
3k1 +

3

10
(a− 1)

⌉
+
⌈
3k2 +

3

10
(b− 1)

⌉
= 3k1 + 3k2 + 5 ≥ 3k1 + 3k2 +

3

10
(a+ b− 1) =

3

10
|V (G)|.
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Subcase 4.3: 7 ≤ a− 1 ≤ 9.
We have d3k1 + 3

10 (a− 1)e = 3k1 + 3. If 7 ≤ b− 1 ≤ 9, then

|I1 ∪ I2| ≥
⌈
3k1 +

3

10
(a− 1)

⌉
+
⌈
3k2 +

3

10
(b− 1)

⌉
= 3k1 + 3k2 + 6 ≥ 3k1 + 3k2 +

3

10
(a+ b− 1) =

3

10
|V (G)|.

Subcase 4.4: a− 1 = 0.
Let I ′1 be an independent set of G1 of size at least d 3

10 |V (G1)|e = 3k1 + 1 and I ′2 be an independent set of
G2 of size at least d 3

10 |V (G2)|e = 3k2 +d 3
10be. By eventually removing v from I ′1∪I ′2, we get an independent

set of G of size at least(
3k1 + 1 + 3k2 +

⌈ 3

10
b
⌉)
− 1 ≥ 3k1 + 3k2 +

3

10
b =

3

10
|V (G)|.

This concludes the proof.

4. Min-Max Theorems

In this section, we provide several min-max theorems relating the dual concepts of packing and covering
of a family of graphs F which is either the family of triangles or that of cycles. It is easy to see that, for
any graph G, we have τ∆(G) ≤ 3ν∆(G). Moreover, a famous result by Erdős and Pósa [10] asserts that
τc(G) = O(νc(G) log νc(G)). We show that if G is the line graph of a subcubic triangle-free graph, these
bounds can be improved to τ∆(G) ≤ 3ν∆(G)/2 and τc(G) ≤ 2νc(G), respectively. This latter result enables
us to prove Jones’ Conjecture for claw-free graphs with maximum degree at most 4.

We begin by considering triangle-transversals of (K4, claw,diamond)-free graphs. A useful object in this
study is represented by the graph T ′(G) defined as follows: the vertices of T ′(G) are the triangles of the
graph G, two vertices being adjacent if the corresponding triangles share a vertex. Note that if G is the line
graph of a subcubic triangle-free graph H, then T ′(G) is isomorphic to the subgraph of H induced by the
3-vertices.

The following lemma tells us that a triangle-transversal of a (K4, claw,diamond)-free graph G essentially
corresponds to an edge cover of T ′(G). Recall that β′(G) denotes the minimum size of an edge cover of G.

Lemma 13. If G is a (K4, claw, diamond)-free graph, then τ∆(G) = β′(T ′(G) − S) + |S|, where S is the
set of isolated vertices of T ′(G).

Proof. Since G is (K4, claw,diamond)-free, the triangles of G are edge-disjoint and every vertex of G belongs
to at most two of them. Therefore, an edge of T ′(G) corresponds to a vertex of G belonging to exactly
two triangles and so a minimum edge cover of T ′(G)− S corresponds to a triangle-transversal for the set of
non-isolated triangles of G. Moreover, we need |S| vertices to cover the isolated triangles of G. Therefore,
τ∆(G) ≤ β′(T ′(G)− S) + |S|.

Conversely, let T be a minimum triangle-transversal of G. Clearly, T contains exactly one vertex for
each isolated triangle of G and so τ∆(G) = |T | = |T1|+ |S|, where T1 is a minimum triangle-transversal for
the set of non-isolated triangles of G. On the other hand, each vertex of T ′(G)−S is incident to at least one
edge and so there exists a minimum triangle-transversal T1 for the set of non-isolated triangles of G, such
that each vertex in T1 belongs to (exactly) two triangles of G. But then T1 corresponds to an edge cover of
T ′(G)− S and so β′(T ′(G)− S) ≤ τ∆(G)− |S|.

Lemma 13 immediately implies that finding a minimum-size triangle-transversal of a (K4, claw,diamond)-
free graph is polynomial.

Corollary 14. It is possible to find a minimum-size triangle-transversal of a (K4, claw, diamond)-free graph
with n vertices in O(n3) time.

Proof. Let G be a (K4, claw,diamond)-free graph of order n. By Lemma 13, it is enough to find a minimum-
size edge cover of T ′(G) − S, where S denotes the set of isolated vertices of T ′(G). This can be done by
Edmonds’ maximum matching algorithm in O(n3) time (see [25]).
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Using Lemma 13, we can now prove our first min-max theorem on packing and covering triangles.

Theorem 15. If G is a (K4, claw, diamond)-free graph, then τ∆(G) ≤ 3
2ν∆(G).

Proof. Consider the graph T ′(G) defined above and let S be the set of its isolated vertices. Clearly,
ν∆(G) = α(T ′(G)). On the other hand, by Lemma 13 and Gallai’s identity (see [25]), we have that
τ∆(G) = β′(T ′(G) − S) + |S| = |V (T ′(G))| − α′(T ′(G) − S). Since G is (K4, claw,diamond)-free, T ′(G)
is subcubic and triangle-free. Henning et al. [9] showed that 3

2α(H) + α′(H) ≥ |V (H)|, for any subcubic
triangle-free graph H. Therefore,

τ∆(G) = |V (T ′(G))| − α′(T ′(G)− S) ≤ 3

2
α(T ′(G)− S) + |S| = 3

2
α(T ′(G))− |S|

2
≤ 3

2
ν∆(G).

This concludes the proof.

Note that the factor 3/2 cannot be improved. Indeed, consider the graph H obtained from a 5-cycle by
adding a pendant vertex for each vertex of the cycle. We have τ∆(L(H)) = 3 and ν∆(L(H)) = 2.

We now move to cycle-transversals and cycle-packings and prove our second min-max theorem.

Theorem 16. If G is a (K4, claw, diamond)-free graph, then τc(G) ≤ 2νc(G).

Proof. We proceed by induction on the number of vertices of G. Without loss of generality, we may assume
G to be connected. Recall that, for v ∈ V (G), the possible subgraphs induced by N [v] are those depicted
in Figure 2.

Suppose first G is triangle-free. This implies that ∆(G) ≤ 2 and G is either a path or a cycle, from which
τc(G) = νc(G).

Therefore, we may assume G contains a triangle T . Suppose there exists v ∈ V (T ) such that dG(v) ≤ 3.
Since any cycle containing v passes through one vertex in V (T ) \ {v}, a feedback vertex set of G can be
obtained from a feedback vertex set of G − V (T ) by adding the two vertices in V (T ) \ {v}. Moreover, by
the induction hypothesis, we have τc(G− V (T )) ≤ 2νc(G− V (T )) and so

τc(G) ≤ τc(G− V (T )) + 2 ≤ 2νc(G− V (T )) + 2 = 2(νc(G− V (T )) + 1) ≤ 2νc(G).

Therefore, we may assume that every triangle of G contains only 4-vertices. Connectedness then implies
that G is 4-regular. Consider now the graph T ′(G). Recall that the vertices of T ′(G) are the triangles
of G, two vertices being adjacent if the corresponding triangles share a vertex. Clearly, T ′(G) is a cubic
triangle-free graph such that L(T ′(G)) is isomorphic to G.

Suppose now G is 3-connected. Then T ′(G) is 3-edge-connected. Jackson and Yoshimoto [36] showed
that every 3-edge-connected graph with n vertices has a spanning even subgraph in which each component
has at least min{n, 5} vertices. Therefore, let F be the 2-factor of T ′(G) whose existence is guaranteed by the

previous result. Then F has at most |V (T ′(G))|
5 components. Moreover, the edges of T ′(G)−E(F ) constitute

a perfect matching of T ′(G) and the vertices of G corresponding to this matching form a triangle-transversal
T of G. Consider now the set obtained by taking exactly one edge for each component of F and let T ′ be the
corresponding set of vertices of G. It is easy to see that T ∪ T ′ is a feedback vertex set of G of size at most
|V (T ′(G))|

2 + |V (T ′(G))|
5 . Now it remains to properly lower bound νc(G). Clearly, νc(G) ≥ ν∆(G) = α(T ′(G)).

On the other hand, Staton [1] proved that α(H) ≥ 5
14 |V (H)|, for every subcubic triangle-free graph H.

Therefore, combining everything, we get

τc(G) ≤ |V (T ′(G))|
2

+
|V (T ′(G))|

5
≤ 2 · 5

14
|V (T ′(G))| ≤ 2νc(G).

By the paragraph above, we may assume G is not 3-connected. Suppose first G has a cut-vertex v. Let G1

and G2 be two non-trivial induced subgraphs of G such that G = G1 ∪ G2 and V (G1) ∩ V (G2) = {v}. If
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νc(G) ≥ νc(G1) + νc(G2) then, by the induction hypothesis,

τc(G) ≤ τc(G1 −NG1 [v]) + τc(G2 −NG2 [v]) + 4

≤ 2νc(G1 −NG1 [v]) + 2νc(G2 −NG2 [v]) + 4

≤ 2(νc(G1)− 1) + 2(νc(G2)− 1) + 4

≤ 2νc(G1) + 2νc(G2)

≤ 2νc(G).

Finally, if νc(G) = νc(G1) + νc(G2) − 1 then, for each i ∈ {1, 2}, every maximum-size cycle packing of Gi
contains a cycle through v. This means that, for each i ∈ {1, 2}, we have νc(Gi − v) ≤ νc(Gi) − 1 and, by
the induction hypothesis,

τc(G) ≤ τc(G1 − v) + τc(G2 − v) + 1

≤ 2νc(G1 − v) + 2νc(G2 − v) + 1

≤ 2(νc(G1)− 1) + 2(νc(G2)− 1) + 1

≤ 2νc(G1) + 2νc(G2)− 3

≤ 2νc(G).

Therefore, we may assume G is 2-connected but not 3-connected. In particular, G has a 2-cut {u, v}. Let
G1 and G2 be two non-trivial induced subgraphs of G such that G = G1 ∪G2 and V (G1)∩ V (G2) = {u, v}.
If νc(G− {u, v}) ≤ νc(G)− 1 then, by the induction hypothesis,

τc(G) ≤ τc(G− {u, v}) + 2 ≤ 2νc(G− {u, v}) + 2 ≤ 2νc(G).

Therefore, we may assume νc(G − {u, v}) = νc(G). But then νc(G) = νc(G − {u, v}) = νc(G1 − {u, v}) +
νc(G2 − {u, v}), from which νc(G) ≤ νc(G1 − {u, v}) + νc(G2). On the other hand, we have that νc(G) ≥
νc(G1 − {u, v}) + νc(G2) and so νc(G) = νc(G1 − {u, v}) + νc(G2). Therefore, νc(G2 − {u, v}) = νc(G2)
and, similarly, νc(G1 − {u, v}) = νc(G1). Combining everything, we get νc(G) = νc(G1) + νc(G2). Since G
is 2-connected, u has neighbours both in G1 and G2 and so, again by the induction hypothesis, we get

τc(G) ≤ τc(G1 −NG1
[u]) + τc(G2 −NG2

[u]) + 4

≤ 2νc(G1 −NG1
[u]) + 2νc(G2 −NG2

[u]) + 4

≤ 2(νc(G1)− 1) + 2(νc(G2)− 1) + 4

≤ 2νc(G1) + 2νc(G2)

= 2νc(G).

Note that the factor 2 in Theorem 16 is best possible. This can be seen by considering the line graph of
the graph obtained from the 6-cycle by adding an edge between two vertices at distance 3.

Using Theorem 16, we can now show that Jones’ Conjecture holds for claw-free graphs with maximum
degree at most 4:

Theorem 17. If G is a planar claw-free graph with maximum degree at most 4, then τc(G) ≤ 2νc(G).

Proof. We proceed by contradiction. Let G be a counterexample with the minimum number of vertices and
consider a fixed planar embedding of G.

Claim 18. Let C be a triangle of G. For each v ∈ V (C), there exists a cycle of G passing through v and
avoiding V (C) \ {v}.

Indeed, suppose there exists v ∈ V (C) such that every cycle through v contains at least one vertex in
V (C)\{v}. If T is a minimum feedback vertex set of G−V (C), we have that T ∪ (V (C)\{v}) is a feedback
vertex set of G. Therefore, by minimality, 2νc(G) ≥ 2νc(G − V (C)) + 2 ≥ τc(G − V (C)) + 2 ≥ τc(G), a
contradiction. ♦
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Claim 19. G is K4-free.

Indeed, suppose G contains a copy of K4 and let {v1, v2, v3, v4} be its vertex set. The cycle C = v1v2v3

is a simple closed curve in the plane and, without loss of generality, v4 belongs to the interior of C. By
Claim 18, for each v ∈ V (C), there exists a cycle of G passing through v but avoiding V (C) \ {v}. In
particular, each vertex of C has degree 4 in G. Let v′1 ∈ N(v1) \ {v2, v3, v4}. Since ∆(G) ≤ 4, a cycle C ′

through v1 which avoids v2 and v3 must contain the edges v1v4 and v1v
′
1. Moreover, C ′ contains a vertex

v′4 ∈ N(v4) \ {v1, v2, v3}. By the Jordan Curve Theorem, v′1 and v′4 both belong to the interior of either
v1v2v4 or v1v3v4. Say, without loss of generality, {v′1, v′4} ⊆ int(v1v2v4). But then, again by the Jordan
Curve Theorem and the fact that ∆(G) ≤ 4, every cycle through v3 contains either v1 or v2, a contradiction.
♦

Claim 20. G is diamond-free.

Indeed, suppose G contains an induced diamond with vertex set {v1, v2, v3, v4}, where v2 and v4 are
the vertices of degree 3. By Claim 18, v2 has a neighbour v′2 ∈ V (G) \ {v1, v3, v4} and v4 has a neighbour
v′4 ∈ V (G) \ {v1, v2, v3}. Since G is claw-free, either v′2v1 ∈ E(G) or v′2v3 ∈ E(G), say without loss of
generality the former holds. Moreover, since G is K4-free, we have v′2 6= v′4. But then either v′4v1 ∈ E(G) or
v′4v3 ∈ E(G). Suppose first the latter holds. Clearly, v1v2v

′
2 and v3v4v

′
4 are two vertex-disjoint triangles and

T ∪ {v1, v
′
2, v3, v

′
4} is a feedback vertex set of G, for any feedback vertex set T of G− {v1, v2, v

′
2, v3, v4, v

′
4}.

But then, by the minimality of G, we have

2νc(G) ≥ 2νc(G− {v1, v2, v
′
2, v3, v4, v

′
4}) + 4 ≥ τc(G− {v1, v2, v

′
2, v3, v4, v

′
4}) + 4 ≥ τc(G),

a contradiction. Therefore, v′4v3 /∈ E(G) and v′4v1 ∈ E(G). By Claim 18, there exists a cycle of G passing
through v′4 and avoiding v1 and v4. In particular, v′4 is adjacent to a and b, where {a, b}∩{v1, v2, v3, v4} = ∅.
Moreover, since G is claw-free and ∆(G) ≤ 4, we have ab ∈ E(G). But then v1v2v4 and v′4ab are two vertex-
disjoint triangles and T ∪ {v2, v4, a, b} is a feedback vertex set of G, for any feedback vertex set T of
G− {v1, v2, v4, v

′
4, a, b}. Once again, by the minimality of G, we have

2νc(G) ≥ 2νc(G− {v1, v2, v4, v
′
4, a, b}) + 4 ≥ τc(G− {v1, v2, v4, v

′
4, a, b}) + 4 ≥ τc(G),

a contradiction. ♦

By Claim 19 and Claim 20, we have that G is (K4, claw,diamond)-free. Theorem 16 then implies that
τc(G) ≤ 2νc(G), a contradiction. This concludes the proof.

5. Complexity of Feedback Vertex Set

Feedback Vertex Set can be solved in polynomial time for graphs with maximum degree 3 [15]. In
this section, strengthening a result by Speckenmeyer [16], we show the NP-hardness for line graphs of planar
cubic bipartite graphs, a subclass of 4-regular planar graphs. Let us begin with the following lower bound
on the size of a feedback vertex set, which will be crucial for our proof.

Theorem 21. If G is the line graph of a cubic triangle-free graph H, then τc(G) ≥ |V (G)|
3 + 1. Equality

holds if and only if H contains a Hamiltonian path.

Proof. Since G = L(H), for a cubic triangle-free graph H, then G is (K4, claw,diamond)-free and H is
isomorphic to T ′(G) (recall that the vertices of T ′(G) are the triangles of G, two vertices being adjacent if
the corresponding triangles share a vertex). By the proof of Lemma 13, we have that a triangle-transversal

of G corresponds to an edge cover of H and τc(G) ≥ τ∆(G) = |V (H)| − α′(H) ≥ |V (H)|
2 = |V (G)|

3 .

Suppose that τc(G) = |V (G)|
3 . This means there exists a minimum triangle-transversal T of G (of size

|V (G)|
3 ) which is also a feedback vertex set of G. Moreover, the edge cover of H corresponding to T is
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a 1-factor H ′. On the other hand, H − E(H ′) contains a cycle and so there exists a cycle in G − T , a

contradiction. Therefore, τc(G) ≥ |V (G)|
3 + 1.

Suppose now equality holds, i.e. τc(G) = |V (G)|
3 + 1, and let T be a minimum feedback vertex set of G.

Moreover, let T∆ be a triangle-transversal of G having minimum size among those contained in T . Clearly,

we have |V (G)|
3 ≤ |T∆| ≤ |V (G)|

3 + 1. If |T∆| = |V (G)|
3 , then the edge cover of H corresponding to T∆ is a

1-factor H ′ and so H − E(H ′) is a 2-factor of H with p components. Since each component gives rise to a

cycle in G− T , then τc(G) = |V (G)|
3 + 1 implies that p = 1 and so H − E(H ′) is a Hamiltonian cycle of H.

Suppose now that |T∆| = |V (G)|
3 + 1 (in particular, T = T∆), and let T ′ be the corresponding minimum

edge cover of H. Since |T ′| = |V (G)|
3 + 1 = |V (H)|

2 + 1, we have that T ′ consists of a maximum matching M

of size |V (H)|
2 −1 together with two edges, each one covering exactly one vertex uncovered by M . Therefore,

the graph H − T ′ either contains a single isolated vertex and all the remaining vertices have degree 2, or it
contains exactly two 1-degree vertices with all the remaining ones having degree 2. Moreover, H − T ′ is a
forest, or else there would be a cycle in G − T . But then all the vertices of H − T ′ have degree 2, except
two of them having degree 1. This means that H − T ′ is a path and so H contains a Hamiltonian path.

Conversely, suppose that H contains a Hamiltonian path P between u and v. If in addition uv ∈ E(H),
then P + uv is a Hamiltonian cycle C and H − E(C) is a 1-factor of H. Moreover, by Lemma 13, we have

that this 1-factor corresponds to a triangle-transversal T of G of size |V (H)|
2 = |V (G)|

3 . But then, by adding
to T exactly one vertex of G which corresponds to an edge of C, we get a feedback vertex set of G of size
|V (G)|

3 + 1. Therefore, we may assume uv /∈ E(H). The edges of H − E(P ) constitute an edge cover of H

of size |V (H)|
2 + 1 to which, by Lemma 13, corresponds a triangle-transversal T of G of size |V (G)|

3 + 1. But
then, since G− T ⊆ L(P ), we have that T is a feedback vertex set as well.

The strategy becomes evident: we would like to reduce from Hamiltonian Path restricted to planar
cubic bipartite graphs. Therefore, we now deal with the hardness of this problem. In order to do so, we first
need an auxiliary result related to the following problem:

Hamiltonian Cycle Through Specified Edge

Instance: A graph G = (V,E) and e ∈ E.
Question: Does G contain a Hamiltonian cycle through e?

Hamiltonian Cycle Through Specified Edge was shown to be NP-complete even when restricted
to planar cubic bipartite graphs [37]. We find it useful to present the proof, since it introduces an operation
which will be used in Section 6 as well. Given a graph G and a 3-vertex u, a hexagon implant is the operation
replacing u by the gadget depicted in Figure 4.

=⇒

1

3

2

u

u1

u3

u2

u′3

u′1

u′2

1

2

3

z

Figure 4: Hexagon implant: the vertex u is replaced by a gadget containing 7 vertices.

Theorem 22 (Labarre [37]). Hamiltonian Cycle Through Specified Edge is NP-complete even
for planar cubic bipartite graphs.
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Proof. We reduce from Hamiltonian Cycle, known to be NP-complete even for planar cubic bipartite
graphs [18]. Given a planar cubic bipartite graph G, we apply a hexagon implant to a vertex u ∈ V (G) (see
Figure 4) and we set e = u′2z. Clearly, the resulting graph G′ is planar, cubic and bipartite. Moreover, G′

contains a Hamiltonian cycle through e if and only if G contains a Hamiltonian cycle.

We can now prove that Hamiltonian Path remains NP-hard for planar cubic bipartite graphs. This
comes as no surprise, since the related Hamiltonian Cycle is NP-hard for the same class [18]. It is worth
noticing, and an easy exercise, that a connected cubic bipartite graph is always 2-connected.

Theorem 23. Hamiltonian Path is NP-complete even for planar cubic bipartite graphs.

Proof. We reduce from Hamiltonian Cycle Through Specified Edge restricted to planar cubic bi-
partite graphs, which is NP-complete by Theorem 22. Given an instance of this problem, i.e. a graph G
and uv ∈ E(G), we build a graph G′ by substituting the edge uv with the gadget depicted in Figure 5. It
is easy to see that G′ is planar, cubic and bipartite. We claim that G contains a Hamiltonian cycle through
uv if and only if G′ contains a Hamiltonian path.

u v

a1 a2

b1 b2

x y

Ga

Gb

GcGd

Figure 5: The gadget in G′ replacing the edge uv.

Suppose first G contains a Hamiltonian cycle C through uv. It is easy to see that C−uv can be extended
to a Hamiltonian a1, b2-path in G′.

Conversely, suppose G′ contains a Hamiltonian path P . It is easy to see that |E(P )∩{a1x, a2y, b1x, b2y}|
is either 2 or 3. If it is equal to 2, then E(P ) contains exactly one edge incident to the subgraph Ga and
exactly one edge incident to the subgraph Gb. This implies that both Ga and Gb contain a vertex of degree
1 in P . Suppose now that |E(P ) ∩ {a1x, a2y, b1x, b2y}| = 3, say without loss of generality E(P ) contains
{a1x, a2y, b2y}. By the reasoning above, both Gb and Gc contain a vertex of degree 1 in P . This means
that, in either case, the vertices of degree 1 in P belong to the gadget in G′ replacing uv and so there exists
a Hamiltonian u, v-path in G. The conclusion immediately follows.

We finally have all the machinery to address Feedback Vertex Set:

Theorem 24. Feedback Vertex Set is NP-complete even for line graphs of planar cubic bipartite
graphs.

Proof. We reduce from Hamiltonian Path which is NP-complete even when restricted to planar cubic
bipartite graphs (Theorem 23). Given a planar cubic bipartite graph H, consider its line graph G = L(H).

By Theorem 21, we know that τc(G) ≤ |V (G)|
3 + 1 if and only if H contains a Hamiltonian path. This

concludes the proof.

Given the NP-hardness of Feedback Vertex Set restricted to (K4, claw,diamond)-free graphs, it is
natural to ask whether the problem admits a PTAS. We now show that this is not the case, unless P = NP.
To this end, let us recall the following problem:
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E3-Occ-Max-E2-Sat

Instance: A formula Φ with variable set X and clause set C, such that each variable
has exactly three literals (in three different clauses) and each clause is the
disjunction of exactly two literals (of two different variables).

Task: Find a truth assignment maximizing the number of satisfied clauses.

Berman and Karpinski [38] showed that, for every sufficiently small ε > 0, it is NP-hard to distinguish
between those instances of E3-Occ-Max-E2-Sat for which there is a truth assignment satisfying at least
( 788

792 − ε)|C| clauses and those for which every truth assignment satisfies at most ( 787
792 + ε)|C| clauses.

Let Φ be an instance of E3-Occ-Max-E2-Sat. Let t(f) be the number of clauses of Φ satisfied by
a truth assignment f and let t(Φ) be the maximum value of t(f), taken over all truth assignments f of
Φ. Clearly, we may assume that the three literals of each variable are neither all positive nor all negative.
Moreover, by eventually replacing each variable x appearing twice negated and once unnegated by x, we
obtain a new instance Φ′ with t(Φ) = t(Φ′) and such that each variable appears twice unnegated and once
negated.

Theorem 25. Feedback Vertex Set is not approximable within 2117
2116 , unless P = NP, even when

restricted to (K4, claw, diamond)-free graphs.

Proof. We construct a gap-preserving reduction from E3-Occ-Max-E2-Sat. Given a formula Φ with
variable set X and clause set C, we build a graph G as follows. First, for any variable x ∈ X, we introduce
the gadget Gx depicted in Figure 6: the literal vertices x1 and x2 correspond to the unnegated occurences
of x, while the literal vertex x1 corresponds to the negated one. Finally, for any clause c = x ∨ y, we create
a triangle having as vertices the literal vertices x and y and a new vertex vc. It is easy to see that the
resulting graph G is (K4, claw,diamond)-free. We claim that τc(G) = 4|X|+ |C| − t(Φ).

x1 x2

x1

a

b

c

d

e

Figure 6: The variable gadget Gx.

Given a truth assignment f of Φ such that t(f) = t(Φ), we build a feedback vertex set T of G as follows.
For any variable x, we add to T either {x1, x2, b, e}, if x evaluates to true, or {x1, a, c, d}, otherwise. Clearly,
it only remains to check whether T intersects the cycles corresponding to clauses. If c is satisfied, the
corresponding triangle already contains a vertex in T . Otherwise, we simply add to T one literal vertex
belonging to c, thus obtaining a feedback vertex set of G. Therefore, we have τc(G) ≤ 4|X|+ |C| − t(Φ).

Conversely, let T be a feedback vertex set of G such that |T | = τc(G). Note that |T ∩V (Gx)| ≥ 4, for any
variable x. We define a truth assignment f of Φ as follows: we set x to true if T ∩{x1, x2} 6= ∅, and to false
otherwise. Consider now a clause c not satisfied by f . If vc /∈ T then, since the literal vertex corresponding
to an unnegated literal (which evaluates to false under f) does not belong to T , it must be that c contains a
negated literal x1 such that the corresponding literal vertex belongs to T . Moreover, since x is set to true,
T ∩ {x1, x2} 6= ∅. Therefore, T contains both an unnegated and a negated literal vertex of Gx and so it is
easy to see that |T ∩ V (Gx)| ≥ 5. Summarizing, we have that for each unsatisfied clause c, either vc ∈ T
or c contains a negated literal x1 and |T ∩ V (Gx)| ≥ 5. But then, denoting by p the number of unsatisfied
clauses c such that vc ∈ T , we have

τc(G) = |T | ≥ p+ 5(|C| − t(f)− p) + 4(|X| − (|C| − t(f)− p)) = 4|X|+ |C| − t(f) ≥ 4|X|+ |C| − t(Φ).
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Now let m = |C| and n = |X|. Clearly, 3n = 2m. Recall that it is NP-hard to distinguish between those
instances Φ of E3-Occ-Max-E2-Sat for which t(Φ) ≥ ( 788

792 − ε)m and those for which t(Φ) ≤ ( 787
792 + ε)m.

On the other hand, if t(Φ) ≥ ( 788
792 − ε)m, then

τc(G) ≤ 4 · 2

3
m+m−

(788

792
− ε
)
m =

(2116

792
+ ε
)
m

and if t(Φ) ≤ ( 787
792 + ε)m, then

τc(G) ≥ 4 · 2

3
m+m−

(787

792
+ ε
)
m =

(2117

792
− ε
)
m.

Therefore, there is no 2117
2116 -approximation algorithm for Feedback Vertex Set on (K4, claw,diamond)-

free graphs, unless P = NP.

Note that we made no effort in optimizing the constant in Theorem 25. In fact, it could be improved by
using the improved inapproximability result for E3-Occ-Max-E2-Sat obtained in [39]. An even stronger
improvement could be possibly obtained by a direct gap-preserving reduction from the problem E3-Occ-
E2-Lin-2 (see [39]).

A planarity constraint cannot be added to Theorem 25, since Demaine and Hajiaghayi [40] showed that
Feedback Vertex Set admits a PTAS when restricted to planar graphs. Moreover, we leave as an open
problem to determine the approximation hardness of Feedback Vertex Set restricted to line graphs of
cubic bipartite graphs.

Bafna et al. [41] showed that Feedback Vertex Set has a 2-approximation for general graphs. Given
the fact that we can find a minimum-size triangle-transversal of a (K4, claw,diamond)-free graph in polyno-
mial time, if we want to approximate Feedback Vertex Set for that same class, it is natural to consider
the following algorithm:

Algorithm 1

Input: A (K4, claw,diamond)-free graph G.
Output: A feedback vertex set of G.

1: Find a minimum-size triangle-transversal T∆ of G.
2: Find a minimum-size feedback vertex set T of G− T∆.
3: return TG = T ∪ T∆.

Unfortunately, Algorithm 1 does not improve on the factor 2 algorithm for general graphs. Indeed, there
exists an infinite sequence of graphs for which the approximation factor r of Algorithm 1 gets arbitrarily
close to 2: just consider the graph depicted in Figure 7 and containing 2k triangles. Algorithm 1 returns a
feedback vertex set of size k + 2k−2

2 , whereas an optimum solution has size 2k−2
2 + 2.

· · ·
Figure 7: A graph with r arbitrarily close to 2.

On the other hand, if we consider 4-regular graphs, we obtain a 3
2 -approximation algorithm:

Theorem 26. Algorithm 1 is a 3
2 -approximation algorithm for 4-regular (K4, claw, diamond)-free graphs.

It runs in O(n3) time, where n is the number of vertices of the input graph.

Proof. Algorithm 1 clearly returns a feedback vertex set of G. Consider now the approximation factor
r. Let τc(G) = τ∆(G) + a, for some a ≥ 0, and let TG = T ∪ T∆ be the feedback vertex set found by
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Algorithm 1, where T∆ is a minimum-size triangle-transversal of G and T is a minimum-size feedback vertex
set of G− T∆. We have that

r =
|TG|
τc(G)

=
τ∆(G) + |T |
τ∆(G) + a

≤ 1 +
|T |

τ∆(G)
.

Recall now that G = L(H), for a cubic triangle-free graph H. By Lemma 13 and Gallai’s identity, we have

τ∆(G) = |V (H)| − α′(H) ≥ |V (H)|
2 . Moreover, |T | ≤ |V (G)|−τ∆(G)

4 and so

|TG|
τc(G)

≤ 1 +
|T |

τ∆(G)
≤ 1 +

1

4

( |V (G)|
τ∆(G)

− 1
)
≤ 1 +

1

4

(3

2
· |V (H)|
τ∆(G)

− 1
)
≤ 3

2
.

As for the running time, since G − T∆ has maximum degree 2, we can find in linear time a minimum-size
feedback vertex set of G− T∆. Therefore, by Corollary 14, Algorithm 1 runs in O(n3) time.

6. Complexity of Hamiltonian Cycle and Hamiltonian Path

In this section, we investigate the computational complexity of Hamiltonian Cycle and Hamiltonian
Path. The topic of Hamiltonicity in line graphs has a rich history, dating back to the works of Chartrand
[19, 20] and Harary and Nash-Williams [21]. At its core lies the concept of sequential ordering. A sequential
ordering of the m edges of a graph G is an ordering e0, e1, . . . , em−1 such that ei and ei+1 are incident,
for any i ∈ {0, . . . ,m − 1} (indices are taken modulo m). A graph admitting such an ordering is called
sequential. It is easy to see that every Hamiltonian graph is sequential and the following result reveals the
relevance of sequential graphs.

Theorem 27 (Chartrand [20]). Given a graph G, its line graph L(G) is Hamiltonian if and only if G
is sequential.

In particular, Theorem 27 implies that if G is Hamiltonian then L(G) is Hamiltonian too. The converse
is in general not true, as can be seen by considering K2,3, which is bipartite, or the Petersen graph, which
is cubic. It is not the case even if G is cubic and bipartite, as can be seen by considering [42, Figure 4]. On
the other hand, passing to a 1-subdivision, we obtain the following:

Lemma 28. Let G be a subcubic graph and let G′ be a 1-subdivision of G. If L(G′) is Hamiltonian, then
G is Hamiltonian too.

Proof. If L(G′) is Hamiltonian then, by Theorem 27, G′ is sequential and let e0, e1, . . . , em−1 be a sequential
ordering of G′. Clearly, δ(G) ≥ 2 and consider a 3-vertex u ∈ V (G′) ∩ V (G), i.e. u is not the result of an
edge subdivision. Let a1, a2 and a3 be the neighbours of u in G′. It is not difficult to see that the edges
ua1, ua2 and ua3 are consecutive (modulo m) in the sequential ordering, say ei = ua1, ei+1 = ua2 and
ei+2 = ua3. But then ei−1 = a1v and ei+3 = a3w, for some {v, w} ⊆ V (G′) ∩ V (G) with {uv, uw} ⊆ E(G).
Therefore, for each 3-vertex u ∈ V (G), we select the edges in E(G) which correspond to the leftmost and
rightmost edge incident to u in the sequential ordering of G′. A similar reasoning applies to 2-vertices. The
resulting subgraph is 2-regular and connected.

Lemma 28 does not hold if G contains vertices of degree 4, as can be seen by considering a 1-subdivision
of the bowtie, the graph G with V (G) = {v, v1, v2, v3, v4} and E(G) = {vv1, vv2, vv3, vv4, v1v2, v3v4}.

It is easy to see that if a graph G is Hamiltonian, then a 1-subdivision of G is sequential. Therefore,
Theorem 27 and Lemma 28 imply the following:

Corollary 29. Let G be a subcubic graph and let G′ be a 1-subdivision of G. We have that L(G′) is
Hamiltonian if and only if G is.

We can now state our first result, which implies that Hamiltonian Cycle remains NP-hard for planar
cubic line graphs.
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Theorem 30. Hamiltonian Cycle is NP-complete even for line graphs of 1-subdivisions of planar cubic
bipartite graphs.

Proof. It is known that Hamiltonian Cycle is NP-complete even for planar cubic bipartite graphs [18].
Given an instance G of this problem, consider the line graph L(G′) of a 1-subdivision G′ of G. The statement
follows by Corollary 29.

Note that the construction in the proof of Theorem 30 can be rephrased in terms of the following
operation. Given a cubic graph G, a Y -extension of G consists in replacing each u ∈ V (G) by a triangle
Tu, where each x ∈ V (Tu) corresponds to an edge incident to u, and connecting the vertices of the triangles
which correspond to the same edge.

We now proceed with the case of line graphs of planar cubic bipartite graphs, for which the hexagon
implant operation defined in Section 5 comes in handy (see Figure 4).

Theorem 31. Hamiltonian Cycle is NP-complete even for line graphs of planar cubic bipartite graphs.

Proof. Once again, we reduce from Hamiltonian Cycle restricted to planar cubic bipartite graphs [18].
Given an instance G of this problem, we build a graph G′ as follows: G′ = L(H), where H is the graph
obtained from G by applying a hexagon implant to each vertex of G. Since G is planar, cubic and bipartite,
the same holds for H. We claim that G is Hamiltonian if and only if G′ is.

Suppose first G is Hamiltonian. It is easy to see that H is Hamiltonian too (in fact, also the converse
holds) and so, by Theorem 27, G′ = L(H) is Hamiltonian.

Conversely, suppose G′ has a Hamiltonian cycle C ′. At this point, it is useful to consider an equivalent
construction of G′. Starting from G, we first replace each u ∈ V (G) by the gadget Gu depicted in Figure 8(a).
It has three specified vertices, called the gates, each one corresponding to a different edge incident to u.
Finally, we identify corresponding gates. It is easy to see that the resulting graph is isomorphic to G′.

e1

e2 e3Gu

(a)

e2

u v

e3e2

e1

e4

e5
=⇒

e1 e5

e4

e3

Gu Gv

(b)

Figure 8: (a) The gadget Gu corresponding to u ∈ V (G): the gate ei ∈ V (Gu) corresponds to the edge ei ∈ E(G) incident
to u. (b) The construction of G′.

We say that the Hamiltonian cycle C ′ crosses the gate ei if the two edges of C ′ incident to ei belong
to different gadgets. It is not difficult to see that, for each gadget, C ′ crosses exactly two of its gates. But
then, by selecting the edges in G corresponding to the crossed gates in G′, we obtain a Hamiltonian cycle
in G.

As an immediate consequence of Theorem 31, we can state the following:

Corollary 32. Let G be a cubic graph and let G′ be the graph obtained from G by applying a hexagon
implant to each vertex of G. We have that L(G′) is Hamiltonian if and only if G is.

We can finally show an analogue of Theorem 30 for Hamiltonian Path which strengthens the result in
[23].
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Theorem 33. Hamiltonian Path is NP-complete even for line graphs of 1-subdivisions of planar cubic
bipartite graphs.

Proof. We reduce from Hamiltonian Path restricted to planar cubic bipartite graphs, shown to be NP-
complete in Theorem 23. Given an instance G of this problem, the graph G′ is obtained by a Y -extension
of G. Note that there is a bijection between the edges of G and the edges of G′ which do not belong to any
triangle, and a bijection between the vertices of G and the triangles of G′. We denote by Tu the triangle of
G′ corresponding to u ∈ V (G) and let V (Tu) = {u1, u2, u3}. Clearly, G′ is isomorphic to the line graph of a
1-subdivision of G. We claim that G has a Hamiltonian path if and only if G′ has.

Suppose first G has a Hamiltonian path P between a and b. By Corollary 29, we may assume a 6= b. We
start by selecting the edges of G′ corresponding to those of E(P ). For each u ∈ V (G) \ {a, b}, the selected
edges are incident to exactly two vertices of Tu, say without loss of generality u1 and u2. For each such
triangle, we now select the edges u3u1 and u3u2. In this way, we obtain a path P ′ containing all but four
vertices (two vertices of Ta and two vertices of Tb). But then it is easy to extend P ′ to a Hamiltonian path
in G′.

Conversely, suppose G′ has a Hamiltonian a1, b1-path P (recall this means a1 ∈ V (Ta) and b1 ∈ V (Tb)).
By Corollary 29, we may assume a1 6= b1 and a1b1 /∈ E(G′). In particular, a 6= b. For u ∈ V (G) \ {a, b}, we
have that E(P ) contains exactly two edges incident to Tu and P [V (Tu)] is connected. Suppose first that,
for each u ∈ {a, b}, the neighbour of u1 in P belongs to Tu. Then E(P ) contains exactly one edge incident
to Tu and P [V (Tu)] is connected. Therefore, by contracting each triangle to a single vertex, we obtain a
Hamiltonian a, b-path in G. Suppose now there exists u ∈ {a, b} such that the neighbour of u1 in P does
not belong to Tu. Without loss of generality, we may assume u = a and let the neighbour of a1 in P belong
to Tv. If the vertices of Tv do not occur consecutively in P , then b1 ∈ V (Tv) (and so v = b). In this case, it
is easy to see that, by deleting the edge of P incident to a1 and contracting each triangle to a single vertex,
we obtain a Hamiltonian cycle in G. On the other hand, if the vertices of Tv occur consecutively in P , then
v 6= b and consider Tb. By the reasoning above, we may assume that either the neighbour of b1 in P belongs
to Tb and P [V (Tb)] is connected, or the neighbour of b1 in P belongs to Tw, with w 6= b, and the vertices
of Tw occur consecutively in P . In the former case, we delete the edge of P incident to a1 and we contract
each triangle to a single vertex. In the latter case, we delete the edges of P incident to a1 and to b1 and we
contract each triangle to a single vertex. In either case, it is easy to see that we obtain a Hamiltonian path
in G.

7. Conclusions and Open Problems

Motivated by the work of Kang et al. [6] and in order to obtain a lower bound on the matching number
of subcubic triangle-free graphs, we showed that α(G) ≥ 3|V (G)|/10, for any (K4, claw,diamond)-free graph
G. The bound is tight, with equality attained by the graph defined in Example 1. We leave as an open
problem to characterize graphs for which equality holds.

In Section 4, we proved an approximate min-max theorem relating cycle-transversals and cycle-packings
of (K4, claw,diamond)-free graphs. This was used to show that Jones’ Conjecture holds for claw-free graphs
with maximum degree 4. It would be interesting to see what happens by removing the degree condition. In
this regard, note that a minimum counterexample (if any) is 3-connected [13] and that a planar 3-connected
claw-free graph has maximum degree at most 6 [43]. More generally, Jones’ Conjecture itself remains the
main open problem. To the best of our knowledge, even the case of subcubic graphs has not been addressed
and seems non-trivial. One can show that a minimum counterexample for this case (if any) has to be cubic,
3-connected, of girth 5 and not cyclically 4-edge-connected [44]. We leave these and other considerations for
future work.

In Section 5, we showed that Feedback Vertex Set remains NP-hard even when restricted to line
graphs of planar cubic bipartite graphs. As a tool for the proof, we showed that Hamiltonian Path remains
NP-hard even when restricted to planar cubic bipartite graphs. Moreover, we provided an inapproximability
result for Feedback Vertex Set restricted to line graphs of subcubic triangle-free graphs. We finally
conjecture that this problem is APX-hard when restricted to line graphs of cubic bipartite graphs.
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