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Abstract—In this paper, we provide an alternative char-
acterization for format 1 of the recently proposed double
shadowed Rician fading model. Unlike the original defini-
tion, both the dominant component and the rms signal are
impacted by Nakagami-m processes. For this exposition,
we derive analytical expressions for the envelope proba-
bility density function (PDF), the moments, the moment
generating function, and the joint envelope-phase PDF. In
addition, with the aid of the joint envelope-phase PDF,
we investigate the phase properties of this interpretation
of the double shadowed Rician fading model, while using
the moments, we provide an analysis of the corresponding
amount of fading.

I. INTRODUCTION

Composite fading models have proved very useful
in the characterization of wireless fading channels, due
to their ability to encapsulate the simultaneous impact
of large-scale and small-scale fading [1]. Traditionally,
the lognormal distribution has been a popular choice
for modeling the effects of large-scale fading [2] and
subsequently to form composite statistical models [2]–
[4]. One of the key challenges with using the log-
normal distribution is that it renders itself particularly
difficult to handle analytically when deriving most
of the performance measures which are fundamental
to the analysis of fading channels. Because of this,
the gamma distribution and the closely related inverse
gamma distribution, which offer more favorable math-
ematical tractability and good approximations than the
lognormal distribution have seen widespread adoption
[5], [6]. These models have been used to develop a
series of fading distributions which offer suitable flexi-
bility for characterizing a range of propagation scenar-
ios, e.g., Nakagami-m/gamma [7], Weibull/gamma [8],
κ−µ/gamma [9], η−µ/gamma [10]–[12], α−µ/gamma
[12], α− κ− µ/gamma [13], κ− µ/inverse gamma [6],
and more recently the η − µ/inverse gamma [6].

A number of models which consider the dominant
component to be fluctuating have also been proposed,
examples include the shadowed Rician model [14] and

the κ − µ shadowed model [15]. These models offer
greater generalization, which renders them applicable
to millimeter-wave applications [16]. Both forms of
shadowing have been combined into a single statisti-
cal model through the recent proposal of the double
shadowed Rician fading model [17]. In this model, the
dominant component is assumed to be fluctuated by
a Nakagami-m random variable while the root mean
square (rms) signal is assumed to undergo shadowing
which is weighted by an inverse Nakagami-m random
variable.

In this contribution we present an alternative inter-
pretation of the double shadowed Rician fading model.
In our approach we assume that the dominant and
rms signals are both perturbed by Nakagami-m random
processes (or equivalently gamma random processes
if considering their power). In particular, we derive
the envelope probability density function (PDF), mo-
ment generating function (MGF), joint envelope-phase
PDF and moments of the distribution. Furthermore,
we demonstrate that the joint envelope-phase PDF can
be used to obtain the phase PDF of the shadowed
Rician fading model [18], as well as examining the
characteristics of the Amount of Fading (AF) in double
shadowed Rician fading channels.

II. THE PHYSICAL MODEL

Consider a Rician fading channel which undergoes
dominant component shadowing and a secondary round
of composite shadowing. Physically, one example of
how this may occur is when the direct path between the
transmitter and receiver varies due to shadowing, at the
same time, the total received power of the dominant and
scattered components is shadowed by moving obstacles
close to either the transmitter or receiver. Let S =
R exp(jΘ) represent the complex signal envelope of the
channel, where R is the received signal envelope and Θ
is the phase. Letting X and Y represent the in-phase
and quadrature components respectively, it follows that,



S = X + jY , R2 = X2 + Y 2, Θ = arg(X + jY ),
X = R cos(Θ) and Y = R sin(Θ). Following from
[17], the signal envelope, R, can be written as

R2 = A2
[
(I + ξp)2 + (Q+ ξq)2

]
, (1)

where I and Q are mutually independent Gaussian
random processes with E[I] = E[Q] = 0 and E[I2] =
E[Q2] = σ2, where E[·] denotes statistical expectation.
Also, p and q are the mean values of the in-phase
and quadrature components, respectively. The Rician
k factor represents the ratio between the total power
of the dominant component d2, with d2 = p2 + q2,
and the total power of the scattered components 2σ2,
that is, k = p2+q2

2σ2 . We also define a phase parameter,
φ = arg(p + jq). The dominant component is shaped
by a Nakagami-m random variable, ξ, with E[ξ2] = 1
and shape parameter md that controls the severity of the
dominant component shadowing, with md → 0 indicat-
ing severe shadowing of the dominant signal. A second
Nakagami-m random variable, A, with E[A2] = 1 and
shape parameter ms, perturbs the rms of the entire
received signal. The secondary shadowing severity is
controlled by ms, with ms → 0 representing severe
shadowing of the rms signal.

III. FUNDAMENTAL STATISTICS

Following the model definition given in (1), the PDF
of the received signal envelope, R, conditioned on the
secondary shadowing A, is expressed as [17]

fR|A(r|α) =
2r(1 + k)e−

r2(1+k)

α2r̂2

α2r̂2(k +md)mdm
−md
d

× 1F1

(
md; 1;

k(1 + k)r2

α2r̂2(k +md)

)
,

(2)

where r̂2 = E[R2] and 1F1(·; ·; ·) denotes the confluent
hypergeometric function of the first kind. The corre-
sponding envelope PDF can then be obtained by

fR(r) =

∫ ∞
0

fR|A(r|α)fA(α) dα. (3)

Theorem 1. For k,md,ms, r̂, r ∈ R+, the envelope
PDF of the double shadowed Rician fading model can
be expressed as,

fR(r) =

∞∑
i=0

4rms+i(md)im
md
d ki

(
ms(1 + k)

)ms+1+i
2

Γ(ms)(1)ii!r̂ms+1+i(md + k)md+i

×Kms−1−i

(
2
√
ms(1 + k)r

r̂

)
,

(4)

where Γ(·) represents the Gamma function [19], Kv(·)
denotes the modified Bessel function of the second kind
[19] and (·)v is the Pochhammer symbol [19].

Proof: The proof is provided in Appendix A.

Letting γ represent the instantaneous signal-to-noise
ratio (SNR), the PDF of the instantaneous SNR, fγ(γ),

is obtained from (4) via a transformation of variables
(r =

√
γr̂2/γ̄), namely

fγ(γ) =

∞∑
i=0

2mmd
d (md)ik

i
(
ms(1 + k)

)ms+1+i
2

Γ(ms)(1)ii!γ̄
ms+1+i

2 (md + k)i+md

× γ
ms−1+i

2 Kms−1−i

(
2

√
γms(1 + k)

γ̄

)
,

(5)

where γ̄ = E[γ] represents the average SNR.

Lemma 1. For k,md,ms, γ̄, γ ∈ R+ the MGF of the
double shadowed Rician fading model, is given by

Mγ(s) =

∞∑
i=0

(md)im
md
d

(md + k)mdi!

(
ms(1 + k)

sγ̄

)ms
2

×
(
k
√
ms(1 + k)

√
sγ̄(md + k)

)i
exp

(
ms(1 + k)

2γ̄s

)
×W− 1

2 (ms+i),
1
2 (ms−1−i)

(
ms(1 + k)

γ̄s

)
,

(6)

where Wu,v(·) represents the Whittaker Hypergeometric
function [19].

Proof: The proof is provided in Appendix B.

Lemma 2. For k,md,ms, γ̄, γ ∈ R+ the n-th order
moment of the double shadowed Rician fading model is
given by

E[γn] =
mmd
d Γ(n+ms)Γ(n+ 1)

(md + k)mdΓ(ms)

(
γ̄

ms(1 + k)

)n
× 2F1

(
md, n+ 1; 1;

k

md + k

)
.

(7)

where 2F1(·, ·; ·; ·) denotes the Gaussian hypergeomet-
ric function.

Proof: The proof is provided in Appendix C.

Proposition 1. For k,md,ms, φ, θ ∈ [−π, π) the joint
envelope-phase PDF of the double shadowed Rician
fading model, fR,Θ(r, θ) is given by (8), at the top of
the next page, where

∆(θ, φ) =
k cos2(θ − φ)

(k +md)
. (9)

Proof: The proof is provided in Appendix D.

Proposition 2. For k,md ∈ R+, φ, θ ∈ [−π, π) the
phase PDF of the double shadowed Rician fading
model, fΘ(θ) is shown to be the same as [18, eq. 8],
namely

fΘ(θ) =
mmd
d

2
√
π(k +md)md+1/2

[√
k +md

π

× 2F1

(
md, 1;

1

2
; ∆(θ, φ)

)
+

Γ
(

1
2 +md

)√
k

Γ(md)

× cos(θ − φ)
(
1−∆(θ, φ)

)−md−1/2
]

(10)



fR,Θ(r, θ) =
2rmsmmd

d

(√
ms(1 + k)

)ms+1

π(md + k)mdΓ(ms)r̂ms+1

[ ∞∑
i=0

(md)i

( 1
2 )ii!

(
r
√
ms(1 + k)∆(θ, φ)

r̂

)i
Kms−1−i

(
2
√
ms(1 + k)r

r̂

)

+

∞∑
n=0

2Γ(md + n+ 1
2 )

( 3
2 )nn!Γ(md)

(
r
√
ms(1 + k)∆(θ, φ)

r̂

)n+ 1
2

Kms− 3
2−n

(
2
√
ms(1 + k)r

r̂

)]
(8)

TABLE I: Special cases of the double shadowed Rician
fading model

Fading parameters

Shadowed Rician ms →∞
Rician ms →∞,md →∞
Nakagami-q (Hoyt) ms →∞,md = 0.5,

k = (1− q2)/2q2

Rayleigh ms →∞,md →∞, k → 0 or
ms →∞,md = 1

Proof: The proof is provided in Appendix E.

IV. PERFORMANCE ANALYSIS

Capitalizing on the above results, we can determine
the amount of fading corresponding to the proposed
composite fading model.

Corollary 1. For k,md,ms ∈ R+ the AF of the double
shadowed Rician fading model can be obtained as

AF =
(ms + 1)

(
k2 +md(k

2 + 4k + 2)
)

ms(1 + k2)
− 1. (11)

Proof: The proof is provided in Appendix F.

V. NUMERICAL RESULTS

The double shadowed Rician fading model comprises
of a number of special cases. For instance, as ms →∞,
(i.e., the impact of the secondary shadowing becomes
significantly reduced), the model approaches the shad-
owed Rician fading model. The shadowed Rician fading
model also includes a number of known special cases
such as Nakagami-n (Rician), Rayleigh and Nakagami-
q (Hoyt). The required parameter substitutions are sum-
marized in Table I. Monte Carlo simulations for all
these special cases are shown in Fig. 1, along with the
envelope PDF of the double shadowed Rician fading
model in (4).

From Fig. 2 we observe that, as ms → 0, the in-
creased secondary shadowing severity causes the enve-
lope PDF to display increasingly heavy tailed behavior.
The effect is reduced as ms increases, with the PDF
approaching that of the shadowed Rician fading model
in the limit ms →∞.

The joint envelope-phase PDF is of significant im-
portance in the study of the higher order statistics of
diversity systems [20] and is illustrated in Fig. 3. In
the chosen example, it is evident that the most likely
envelope-phase values are highly concentrated around
r = 0.7, θ = 0.06 as the probability density drops
sharply as we move away from that point.
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0.6

0.8

1

1.2

Fig. 1: The double shadowed Rician envelope PDF
(4) alongside special cases. Lines represent analytical
results, and circle markers represent Monte Carlo sim-
ulation results with r̂2 = 1.
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Fig. 2: The double shadowed Rician envelope PDF (4)
with ms varying and k = 2.4,md = 1.5 and r̂2 = 1.5.
Lines represent analytical results, and circle markers
represent Monte Carlo simulation results.

The two shadowing processes (i.e., shadowing of the
dominant and rms signals) have different impacts on
the AF, depending on the value k, as illustrated in Fig.
4. For example, when k is large (e.g k = 20), both the
secondary shadowing and dominant component shadow-
ing, respectively controlled by ms and md, affect the
AF. However, when k is small (e.g. k = 0.5), most of
the shadowing is due to the rms signal fluctuations and,
therefore, the AF is only significantly affected by ms.



Fig. 3: The joint envelope-phase PDF (8) with k =
2.4, r̂2 = 1,md = 1.5,ms = 1.5.

Fig. 4: The AF in double shadowed Rician channels for
a range of ms and md when k = 0.5 and 20.

VI. CONCLUSION

An alternative interpretation of the double shadowed
Rician fading model has been presented. In this frame-
work, the dominant and rms signal are both subject
to fluctuations caused by Nakagami-m processes. An-
alytical solutions for the envelope PDF, MGF, moments
and joint envelope-phase PDF were derived. It was also
demonstrated that the joint envelope-phase PDF can
be used to find the phase PDF, which is shown to be
the same as in the shadowed Rician model. Using the
corresponding moments, the AF of the proposed model
was also found. The aforementioned model combines
the advantages of a composite model and the effect of
shadowing the dominant component, offering a degree
of generalization that will enable it to be used in future
use cases that will emerge from 5G.

APPENDIX A

The envelope PDF is obtained by computing the
integral in (3), with

fA(α) =
2mms

s

Γ(ms)
α2ms−1 exp

(
−msα

2
)
. (12)

Using the series representation of the Kummer Conflu-
ent Hypergeometric function [21, eq. 07.20.06.0002.01],
and a transformation of variables, (4) can be obtained
from (3) by using the identity in [19, eq. 3.471.9].

APPENDIX B

The MGF can be obtained as,

Mγ(s) ,
∫ ∞

0

exp(−sγ)fγ(γ)dγ. (13)

Substituting (5) into (13) along with some mathematical
manipulations, it follows that

Mγ(s) =

∞∑
i=0

2mmd
d (md)i

(
ms(1 + k)

)ms+1
2

(md + k)mdΓ(ms)(1)ii!γ̄
ms+1

2

×
(
k
√
ms(1 + k)

√
γ̄(md + k)

)i ∫ ∞
0

γ
ms+i−1

2

× exp(−sγ)Kms−1−i

(
2

√
γms(1 + k)

γ̄

)
,

(14)

which results in (6) by using identity [19, eq. 6.643.3].

APPENDIX C

The n-th order moment can be calculated via,
E[γn] ,

∫∞
0
γnfγ(γ)dγ, using the PDF in (5) and the

identity [19, eq. 6.561.16]; this results in

E[γn] =
mmd
d Γ(n+ms)

(md + k)mdΓ(ms)

(
γ̄

ms(1 + k)

)n
×
∞∑
i=0

(md)i
(1)ii!

(
k

md + k

)i
Γ(n+ i+ 1).

(15)

Using the Pochhammer identity,

Γ(x+ n) = (x)nΓ(x), (16)

and the Gauss Hypergeometric function series relation-
ship [21, eq. 07.23.06.0002.01],

2F1(a, b; c; z) =

∞∑
i=0

(a)i(b)iz
i

(c)ii!
, (17)

(15) reduces to the simplified form of (7).

APPENDIX D

To find the joint envelope-phase PDF, we use a
conditioning and averaging approach, similar to the one
used to derive (4). Thus, all we need to do is condition
the shadowed Rician joint envelope-phase PDF [18, eq.
5] with, A, i.e., splitting the problem into two separate
integrals, namely

B =

∫ ∞
0

rmmd
d (1 + k)

πα2r̂2(md + k)md
exp

(
− r2(1 + k)

α2r̂2

)
× 1F1

(
md;

1

2
;
r2(1 + k)

α2r̂2
∆(θ, φ)

)
fA(α) dα,

(18)



and

C =

∫ ∞
0

2r2mmd
d (1 + k)3/2

√
∆(θ, φ)

πα3r̂3(md + k)mdΓ(md)

× Γ
(
md +

1

2

)
exp

(
− r2(1 + k)

α2r̂2

)
× 1F1

(
md +

1

2
;

3

2
;
r2(1 + k)

α2r̂2
∆(θ, φ)

)
fA(α) dα.

(19)

Both (18) and (19) can be found by substituting (12),
doing a transformation of variables and using [19, eq.
3.471.9], yielding

B =

∞∑
i=0

(md)i2r
msmmd

d

(
r
√
ms(1 + k)∆(θ, φ)

)i
( 1

2 )ii!Γ(ms)π(md + k)md r̂i

×
(
ms(1 + k)

r̂2

)ms+1
2

×Kms−1−i

(
2
√
ms(1 + k)r

r̂

)
,

(20)

and

C =

∞∑
n=0

4Γ(md + n+ 1
2 )mmd

d ∆n+ 1
2 (θ, φ)

( 3
2 )nn!Γ(md)Γ(ms)πr̂

1
2 (md + k)md

×
(
r

√
ms(1 + k)

r̂

)ms+n+1

×Kms− 3
2−n

(
2
√
ms(1 + k)r

r̂

)
.

(21)

Adding (20) and (21) together again produces the final
joint envelope-phase PDF (8).

APPENDIX E

To obtain the phase PDF, we integrate the joint
envelope-phase PDF (8) with respect to the envelope.
This can be accomplished by using the separate com-
ponents of the joint envelope-phase PDF from Appendix
D i.e. (20) and (21). Using [19, eq. 6.561.16] and the
series relationship of Gauss Hypergeometric function
(17) results in

B =
mmd
d

2π(md + k)md
2F1(m, 1;

1

2
; ∆(θ, φ)) (22)

and

C =

∞∑
n=0

(md + 1
2 )n

( 3
2 )nn!

mmd
d

√
kΓ(md + 1

2 )

π(md + k)md+ 1
2 Γ(md)

× cos(θ − φ)∆(θ, φ)nΓ

(
n+

3

2

)
.

(23)

A simplification of (23) can be achieved using (16) and
recalling that

∞∑
n=0

(md + 1
2 )n

n!
∆(θ, φ)n = (1−∆(θ, φ))−md−

1
2 ,

(24)
which leads to

C =
mmd
d

√
kΓ(md + 1

2 ) cos(θ − φ)

2
√
π(md + k)md+ 1

2 Γ(md)(1−∆(θ, φ))md+ 1
2

.

(25)
When (22) and (25) are recombined we obtain the phase
PDF of the shadowed Rician fading model [18, eq. 8].

APPENDIX F

The AF is defined by [2], AF , E[γ2]
E[γ]2 − 1. Using

(7) to find E[γ2], then substituting E[γ]2 into the AF
equation and from [21, eq. 07.23.03.0082.01], along
with some algebraic manipulations, equation (11) is
deduced, which completes the proof.
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