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Chapter 1

Introduction

1.1 Ultrafast Physics

At the very heart of this thesis lies an effort to advance theoretical techniques for mod-

elling the interaction of light, with matter, on atomic time and length scales. The core

philosophy of our challenge is certainly not a new one. Indeed, one could hardly imagine

a time in history when the very notion of light, or its role in facilitating our perception

of the natural world, would not have enticed curious minds. Today, however, we occupy

a rather privileged position relative to the earliest natural philosophers, being equipped

with sophisticated analytical and computational methods, as well as experimental light-

source technology, allowing us to resolve not only the motion of macroscopic objects,

too fast to be observed with the naked eye, but even the microscopic dynamics of atomic

nuclei and electrons.

The feasibility of resolving microscopic dynamics has been inextricably entwined with

the evolution of ultrashort light sources. Indeed, the last few decades have witnessed

remarkable progress in the synthesis of pulses with femtosecond (10−15 s) and even

attosecond (10−18 s) durations. Their availability has enabled novel experiments in

which nuclear and electronic motions in individual atoms and molecules can be char-

acterised in real time, offering unprecedented insight into such fundamental processes

as the breaking and formation of chemical bonds [1, 2, 3, 4], the migration, localisation

and transfer of charge in molecules [5, 6, 7, 8, 9], and even the creation and destruc-
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tion of atomic inner-shell vacancies [10]. The investigation of atomic and molecular

dynamics using femtosecond and attosecond light pulses presently defines the field of

ultrafast physics, whose flourishment has been fuelled by a healthy synergy between

high-precision spectroscopic experiments [11], and cutting-edge numerical simulation

techniques [12].

The challenge of observing dynamics on short timescales can be appreciated from the

perspective of photographic imaging. Indeed, the simplest means of investigating the

motion of fast objects is to generate a series of still frames with a camera. Traditional

cameras employ high mechanical shutter speeds, or short exposure times, to ensure

that the photosensor captures light from the object at discrete instants of the mo-

tion, resulting (ideally) in unblurred images. The exploitation of cameras, and other

imaging devices, to address questions of natural or scientific interest dates from the

mid-nineteenth century. In 1851, Talbot [13] demonstrated the creation of photographs

with an electronic spark, representing the first occurrence of stop-action photogra-

phy. Subsequently, Toepler [14] employed a high-voltage discharge, across a spark gap,

to generate acoustic shock waves in air, which were characterised on a millisecond

timescale through the schlieren method he developed in 1859. During the 1870s, one of

the most popularly debated questions was whether or not a horse, during full gallop,

lifts all four hooves off the ground in a simultaneous fashion. The time period in which

this occurs is simply too short for observation with the naked eye alone. Muybridge and

colleagues [15] answered this question, in an affirmative manner, by arranging a series

of stereoscopic cameras along a horse track, and producing a sequence of photographs

which captured the different stages of the horse’s gait. An image was acquired about

once every 35 ms, with an exposure time of approximately 1 ms. Their results provided

unambiguous confirmation that a horse can become completely airborne during brief

periods of its motion. In the 1930s, the use of stroboscopic light sources, pioneered by

Edgerton and colleagues [16, 17], conferred access to still shorter timescales, permitting

the imaging of events that unfold faster than mechanical shutters can open and close.

By the mid-twentieth century, refinements in electronic flash equipment facilitated tem-

poral resolutions on the order of a microsecond or less. Triggering such short-duration

flashes of light, at the correct instants of time, famously allowed Edgerton to image the

motion of a high-speed bullet traversing a stationary apple [18]. Moreover, the tech-
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nology proved instrumental to the experimental technique of flash photolysis [19, 20],

enabling the observation of intermediate states in photochemical reactions with long

(microsecond) lifetimes. This research was of such importance that Eigen, Norrish and

Porter were jointly awarded the Nobel Prize in 1967 for their insights into chemical-

reaction dynamics [21]. These early works of Talbot, Toepler, Edgerton and others

highlighted an important guiding principle for optical technologies: to investigate pro-

cesses that evolve on short timescales, we are obligated to employ still shorter exposure

times, or light-pulse durations. In particular, to capture and analyse the motion of nu-

clei and electrons in atoms and molecules, we require femtosecond and even attosecond

exposures.

Arguably, the most important development towards realising the temporal resolution of

atomic and molecular dynamics was the introduction of the laser. The demonstration

of the first free-running optical laser by Maiman [22] in 1960 was unprecedented, but

few could have anticipated the instrumental role that such devices would play in the

subsequent evolution of science, and especially of ultrafast physics. Shortly after their

inception, Q-switched [23, 24] and mode-locked [25, 26, 27] lasers provided access to the

dynamics of complex molecules unfolding on the nanosecond and picosecond timescales.

For example, one significant development during this era was the extension of flash pho-

tolysis to the nanosecond timescale by Porter and Topp [28], permitting the real-time

monitoring of short-lived excited states in organic molecules formed during photochem-

ical and radiolytic processes [28, 29]. Furthermore, picosecond laser sources proved key

towards the understanding of multilevel vibrational dynamics and energy flow in iso-

lated, polyatomic molecules following optical excitation. In particular, we highlight the

picosecond laser-spectroscopy studies of Lambert et al. [30], who revealed the fundamen-

tal role of quantum coherences in the phenomenon of intramolecular vibrational-energy

redistribution [31, 32, 33, 34, 35]. Earlier studies of picosecond dynamics in molecules

successfully detected orientational relaxation [36], and directly measured the lifetime of

vibrationally excited states [37]. Many more physical and chemical processes occurring

on this timescale, of key relevance to biology, have formed the subject of time-resolved

spectroscopic study, and we refer the reader to Ref. [38] for a review of early work.

By the 1980s, more than twenty years of research in laser-cavity design, coupled with

external pulse-compression techniques, culminated in the generation of laser pulses with
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durations of merely tens of femtoseconds [39, 40, 41]. The advancement of femtosecond-

laser technology revolutionised molecular and condensed-matter spectroscopy, facilitat-

ing the direct, time-domain investigation of once immeasurably fast processes. In par-

ticular, it has given rise to the entirely new frontier of femtochemistry [1], concerned

with the very act of nuclear motion in molecules that brings about chemical-bond

breaking and formation. Indeed, one of the most fundamental problems in chemistry is

to understand how such elementary events, which give rise to transition states interme-

diate between the reagents and products, actually determine the course of a reaction.

Since transition states typically exist for only picoseconds or less, their direct observa-

tion in real time was infeasible prior to the advent of femtosecond laser sources, and

more traditional studies of reaction dynamics thus relied on the physical attributes

of the products (energy and angular distributions, populations, alignment and so on)

to infer the mechanistic details of the chemical transformation undergone. Famously,

the transition-state spectroscopy of Zewail and coworkers (see Refs. [1, 42, 43, 44, 45]

and cited works therein), which followed the temporal progression of a reaction with

femtosecond time and sub-Ångstrom spatial resolution, earned the award of a Nobel

prize in 1999. The unparalleled insight into chemical-bond dynamics, acquired from

such ultrafast measurements, has resulted in an explosion of activity throughout the

last few decades, extending from the time-resolved imaging of small-molecule dissocia-

tion [46, 47, 48], to proteomic analysis [49] and the laser-mediated control of chemical

reactions [50, 51].

Whilst femtosecond observations of nuclear motion in molecules have been feasible

since the 1980s, it is only within the last twenty years that electronic dynamics in

atoms have been accessed directly, owing to the successful synthesis of attosecond light

pulses. The natural relevance of the attosecond to atomic physics can be appreciated

by way of a well-known, semiclassical theory. In 1913, Niels Bohr proposed a now-

infamous model of the hydrogen atom, wherein the bound electron orbits the nucleus

(proton) in circular trajectories. In the ground state, the electron executes an orbital

motion of radius 5 × 10−11 m, and the orbital period is readily calculated to be 1.5 ×

10−16 as, or 150 as. Although this estimate of the electronic timescale is based on a

simple, semiclassical model, it agrees remarkably well with the characteristic durations

of dynamical effects involving the valence and inner-shell electrons of atoms and small
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molecules, including laser-induced tunnelling [52] and recollision [53, 54], as well as

temporal delays in photoemission from different orbitals [55, 56]. The investigation of

such processes, using attosecond light fields, represents an exceptionally rich vein of

research, since the dynamics unfold on timescales comparable with the durations of

the pulses necessary to probe them. As a result, neither the external laser field, nor

the multielectron interactions inherent in the atomic system of interest, dominate the

temporal evolution, but we must treat the two with comparable emphasis in order

to obtain a complete understanding. This inherent feature of laser-atom interactions

on the attosecond scale renders computational modelling extremely difficult, implying

the need for techniques which solve the time-dependent, quantum many-body problem

without significant approximation. Nevertheless, understanding the physical attributes

of ultrafast electron behaviour in the time domain is of strong current interest: prior

to the advent of ‘attosecond physics’ or ‘attophysics’ [53], electronic structure and

dynamics were studied almost exclusively in the energy domain.

The generation of attosecond light pulses depends critically on the non-linear and non-

perturbative interaction of strong laser fields with matter. In the next section, we review

the historical development of ultrashort light sources, extending from the introduction

of the laser in 1960, to its application in producing the first attosecond pulses in 2001.

1.2 The Development of Ultrashort Light Sources

The synthesis of a pulse of electromagnetic radiation with attosecond-scale duration

is an extremely technical challenge. Since light pulses must comprise at least one field

cycle, extreme-ultraviolet (XUV) or soft-X-ray (SXR) radiation spanning a bandwidth

of tens, if not hundreds of electron-volts is essential. In addition, the spectral amplitude

and phase of the pulse must be strictly controlled, such as to avoid temporal disper-

sion effects. Relentless experimental effort, especially during the last thirty years, has

ensured a reduction in light-pulse durations by around nine orders of magnitude, from

the microsecond pulses of the earliest optical lasers, to the few-femtosecond durations

offered by modern, Ti:sapphire-based systems. Whilst attosecond pulses cannot cur-

rently be produced from laser oscillators or amplifiers in a direct fashion, they can be

synthesised via the highly non-linear process of high-harmonic generation (HHG) in
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gaseous media, driven by few-cycle, femtosecond laser pulses.

In this section, we review the historical evolution of experimental laser technology. We

also examine the physical characteristics of atomic HHG, and discuss the experimental

state-of-the-art for synthesising attosecond pulses via this non-linear process.

1.2.1 Evolution of Laser Technology

The first optical lasers, introduced during the early 1960s, constituted revolutionary

sources of coherent radiation. However, the theoretical foundations for these devices

were established much earlier. In 1917, Einstein [57] published a phenomenological

treatment of the interaction of radiation with matter, highlighting the three elemen-

tary processes of spontaneous emission, absorption and stimulated emission. On the

basis of this and later work by Ehrenfest and Tolman [58], it was realised that the

radiation generated by stimulated emission shares the directionality, frequency, phase

and polarisation properties of the incident radiation, and can thus enhance an existing

light field through constructive interference. As such, the general notion of coherent

amplification by stimulated emission was recognised even during the 1920s, but it was

not until the early 1950s, following the experimental and theoretical efforts of Weber

[59], Gordon et al. [60, 61] and Basov and Prokhorov [62, 63], that the first practical

realisation of the scheme emerged, in the context of microwave technology. In 1954,

Townes and colleagues introduced the first pulsed ‘maser’, an acronym for ‘microwave

amplification by stimulated emission of radiation’, utilising the 24 GHz vibrational

transition in ammonia molecules. The feasibility of achieving maser action in the opti-

cal and near-infrared (NIR) wavelength ranges, in a scheme which later became known

as ‘light amplification by stimulated emission of radiation’, and acronymised to ‘laser’,

was explored in a paper by Schawlow and Townes [64] in 1958. As a natural extension

of maser design, these authors suggested an experimental scheme in which a source of

intense, optical light is used to populate a given excited state, or manifold of states, in

a large proportion of the atoms or molecules constituting some active medium (that is,

to create a population inversion), followed by emission of photons during their stimu-

lated de-excitation. To harness the latter, it had been proposed that the amplification

be accomplished within a resonator cavity, consisting (in the simplest case) of a pair of
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well-aligned mirrors surrounding the lasing material, with one only partially reflective

to allow output. Such cavities support only a discrete set of electromagnetic modes,

whose number and spectral properties depend on both the cavity geometry, as well as

the effective frequency range over which the active medium provides amplification of

the laser modes, known as the gain bandwidth. The realisation of this scheme for an

optical light source was achieved by Maiman [22] in 1960, who demonstrated lasing

action in a ruby-based device. The active species was Cr3+, present as a substitutional

impurity (about 0.05% by mass) in a cylindrical, corundum (Al2O3) crystal. The paral-

lel ends were silvered, with a small aperture in one to allow output. When pumped by

means of an intense, helical flashlamp, this material lases at wavelengths in the range

693 – 700 nm, giving rise to a characteristic red emission.

Whilst the first demonstrations of optical lasers were groundbreaking, they also revealed

limitations in the initial technology. The earliest ruby lasers presented a somewhat un-

stable output, consisting of a sequence of irregular spikes, each of microsecond duration

or less, with variable peak power (104 – 105 W) and temporal separation (1 – 10µs).

Subsequent years saw relentless experimental and theoretical activity, with the aim of

surpassing the performance limitations of ruby-based systems. One of the most sig-

nificant developments was that of Q-switching, first proposed in 1958 by Gould [65]

and independently discovered and demonstrated by Hellwarth and coworkers [23, 24]

in 1962. This technique relies on an artificial modulation of the laser-cavity quality

(or Q-) factor, a well-established figure of merit for resonant systems that offer electro-

magnetic energy-storage capabilities. Large values of the Q-factor imply efficient energy

storage, with only a small fraction of the energy dissipated during each oscillation cycle.

In contrast, low values suggest a lossy cavity, with significant mode attenuation. By

maintaining the Q-value artificially low during pumping (for instance, by introducing a

shutter into the cavity), laser mode oscillations can be precluded until the population

inversion, and hence the gain, are maximised. Then, upon a sudden suppression of

the cavity losses (that is, a rapid increase in the Q-factor upon opening the shutter),

laser oscillations are initiated, and the available stored energy contributes to the for-

mation of a single pulse, with extremely short duration (from the nanosecond to the

picosecond range) and high peak intensity (in the Megawatt regime). In practice, this

is achieved through a variable attenuator, often termed a Q-switch (here, the shutter),
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whose functionality dictates the Q-factor of the laser cavity.

The potential of Q-factor modulation for optical laser systems was revealed in a theo-

retical study by Hellwarth [23]. There, it was predicted that high-intensity pulses could

be created if the reflectivity of the cavity mirrors were suddenly increased from a value

too low for lasing, to one that was sufficiently high for cavity feedback. The same au-

thor originally suggested that Q-switching could be achieved by inserting a Kerr cell

and polariser into the laser cavity, thereby providing a voltage-controlled gating mech-

anism to suppress laser oscillation. On the basis of this scheme, peak powers as high

as 12 MW were predicted, exceeding those of the first ruby lasers by three orders of

magnitude. Soon after, in 1962, McClung and Hellwarth [24] developed an operational

Q-switched laser system. In their early experiments, peak powers approaching 1 MW

were realised, in conjunction with sub-microsecond pulse durations. Collins and Kisliuk

[66] conducted a further proof-of-principle study, demonstrating Q-switching in a ruby

laser with a mechanical, intracavity disk shutter, achieving similarly large power out-

puts. Naturally, the minimum pulse durations were limited by how quickly the Q-switch

could operate. Early mechanical devices, conferring microsecond-scale pulse durations,

became somewhat obsolete in later years, being superseded by electro-optic [67, 68]

and acousto-optic [69, 70] modulators offering nanosecond-timescale pulses. Addition-

ally, saturable absorbers in the form of bleachable dyes, ion-doped crystals and passive

semiconductors, have also been found to provide rapid and stable Q-switching behaviour

for nanosecond- and even picosecond-pulse generation [71, 72, 73].

The minimum pulse durations obtainable by Q-switching techniques tend to be of the

order of nanoseconds. However, to probe the motions of atomic nuclei and electrons on

their natural timescales, we require still shorter pulses of light, with durations six to

nine orders of magnitude smaller. To this end, and as mentioned in Section 1.1, one of

the most notable evolutions in ultrashort light-source technology has been the inception

of mode-locking.

In a typical laser cavity, comprising two opposing mirrors and a gain medium, the

electromagnetic field can be described in terms of a set of discrete, longitudinal modes,

characterised by particular field-intensity distributions and equally-spaced frequencies.

The frequency separation of any two successive modes is δω = πc/L, where c is the
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speed of light and L is the length of the cavity. Mode oscillations are sustained only when

the round-trip gain exceeds the loss, and so the number of active modes will depend on

the available gain bandwidth of the lasing material. In the absence of specialised, intra-

cavity devices, each laser mode oscillates independently, with no fixed phase relation (in

any case, the phase may vary randomly due, for instance, to thermal effects associated

with the gain medium). In devices with only a few active modes, interference between

them can induce significant fluctuations in output intensity, giving rise to a random

sequence of light pulses. In contrast, for lasers supporting many thousands of modes,

these interference effects can yield a near-constant output intensity, corresponding to

continuous-wave operation. However, if instead of behaving independently, the modes

oscillated with some fixed relation among their phases, then constructive interference

at certain instants of time would enable the generation of well-defined, extremely short

and intense pulses of light. Such a laser is said to be phase-locked or mode-locked.

The consequences of mode-locking can be understood by means of the following sim-

ple model. We assume that N axial cavity modes oscillate with equal amplitudes E0,

equispaced frequencies ωn = ω0 + nδω (with ω0 the frequency of mode n = 0, δω their

frequency separation and n = 0, 1, ..., N −1), and some phases θn. At any fixed point of

the cavity axis, the electric field intensity for any one of these modes can be represented

in the form En(t) = E0e
i(ωnt+θn). If we impose the additional requirement of phase lock-

ing, so that the modes should oscillate with constant phase θn = θ (independent of n),

their superposition is readily shown to be

E(t) =
N−1∑
n=0

E0e
i(ωnt+θ)

= E0e
i(ω0t+θ) sin(Nδωt/2)

sin(δωt/2)
,

so that the total intensity behaves as I(t) ∝ E2
0f(t), where

f(t) =
sin2(Nδωt/2)

sin2(δωt/2)
. (1.1)

The function f(t) expresses the temporal intensity profile, and is plotted in Figure 1.1
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for small values of N . Evidently, I(t) is periodic in t, with maxima N2E2
0 at times

tn = 2πn/δω, n = 0,±1,±2, ... . The time interval between two successive intensity

peaks, at times tn and tn+1, is trivially δt = 2π/δω. With the condition that the axial

modes are separated by δω = πc/L, we find that the output of the mode-locked laser

comprises a regular sequence of pulses at intervals of δt = 2L/c (the cavity round-trip

time). If the duration δtp of each pulse is regarded as twice the time between maximum

and zero intensity, then it is readily found from equation (1.1) that δtp = 4π/Nδω. That

is, the pulse duration is inversely related to the number of oscillating modes, or to the

gain bandwidth of the active medium (approximately Nδω). As suggested by Figure

1.1, the individual pulses indeed become shorter, and more intense, with increasing N .

We also note that the peak intensity grows as N2, and can thus become much larger

than that for single-mode emission if many modes can be phase-locked.

Methods for achieving the mode-locking regime of laser operation can be broadly classi-

fied as either active or passive. Active mode-locking, first exemplified for the He-Ne laser

in 1964 by Hargrove et al. [74], is realised when modulation of the cavity loss, or gain,

is effected by means of external signals. By acoustically modulating the index of refrac-

tion at the cavity round-trip frequency, these authors obtained an output consisting of

a series of short pulses, separated by the cavity round-trip time. However, due to the

narrow gain profile of the active medium, the achievable pulse durations remained well

above 1 ns. In practice, the synchronicity requirement has proven difficult to satisfy,

and active mode-locking techniques have found only limited application. In contrast,

passive mode-locking does not rely on external signals for ultrashort-pulse generation,

and is often initiated through stochastic spiking behaviour in cavity noise fluctuations

(amplified spontaneous emission). A key characteristic of passive approaches is their

reliance on a self-modulation mechanism for cavity feedback, which typically acts much

more efficiently, and rapidly, than any active agent. Perhaps the most well-known de-

vice for realising this mode of operation is a saturable absorber. Saturable absorbers

offer intensity-dependent transmission characteristics, and when placed in a laser cav-

ity, effect an attenuation of weak optical signals whilst preferentially transmitting a

sufficiently intense noise spike. As the cavity feedback commences, the process repeats,

resulting in selective amplification of only the most intense spikes, and the elimination

of weaker modes. After many cavity round-trips, a phase-locked train of pulses is es-
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tablished. Since its first demonstration in the ruby laser by Mocker and Collins [25],

passive mode-locking has contributed to the generation of ever shorter pulses directly

from a laser oscillator, extending from the picosecond timescale in the 1960s, down to

the femtosecond one during the 1970s and 1980s.

Figure 1.1: Behaviour of the function f(t), defined by equation (1.1), for N = 2 (black),
4 (red) and 6 (green) oscillating modes.

Historically, the first experimental realisations of the mode-locking principle arose in the

works of several authors during the mid-1960s, employing He-Ne [74], ruby [25, 75] and

Nd:glass [26, 76] laser systems. Passive mode-locking in these early devices enabled the

generation of pulses with sub-100 ps duration. In particular, we highlight the research

of DeMaria et al. [26]. Using a saturable-absorber dye in the cavity of a flashlamp-

pumped, Nd:glass laser, they observed pulses with durations in the 5 − 10 ps range,

much shorter than the temporal resolution achieved by electronic methods at that time.

Improvements in laser performance were facilitated by the use of intracavity saturable

absorbers in combination with tuneable, organic-dye media (most notably rhodamine

6G [77]), as well as effective dispersion-control strategies. The first sub-picosecond, pas-
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sively mode-locked dye lasers were demonstrated in 1974 [27], and exploited throughout

the 1970s. Subsequently, in 1981, the first prism-controlled, sub-100 fs, colliding-pulse

mode-locked (CPM) dye lasers [39] were designed. CPM dye lasers were key tools

throughout the 1980s for ultrafast laser spectroscopy in chemistry and physics, pro-

ducing optical pulses as short as 27 fs [40], albeit with little wavelength tuneability.

In fact, a CPM laser conferred the femtosecond-scale pulse durations necessary for

the transition-state spectroscopy of Zewail and collaborators [44, 78, 79]. Still shorter

pulses, down to 6 fs, were also achieved, but only through additional amplification and

pulse-compression procedures [41].

The discovery of Ti:sapphire as a laser medium [80] was a particularly significant break-

through in ultrafast laser technology. The latter exhibits rather broad, vibronic absorp-

tion (400 – 600 nm) and emission (670 – 1070 nm) bands, enabling flexibility with

respect to the choice of pumping source, and tuneability of laser output. The large gain

bandwidth (exceeding 100 THz at infrared wavelengths) facilitates the oscillation of

many more cavity modes, thereby supporting the broad spectral bandwidth necessary

for ultrashort-pulse synthesis. However, passive mode-locking techniques developed for

dye lasers proved inadequate for the Ti:sapphire system, due both to the long upper-

state lifetime (in the microsecond range) and smaller gain cross-section compared to

organic dyes [81]. As a result, passive pulse-generation schemes required considerable

re-evaluation for this solid-state laser technology.

During the early 1990s, it was realised that passive mode-locking could be achieved

in Ti:sapphire lasers simply by virtue of the non-linear optical response of the las-

ing medium itself, without the need for intracavity, modulating devices. As is well

known, the refractive-index profile of many materials depends on the spatial intensity

distribution of the irradiating light beam, as a consequence of a third-order, non-linear

polarisation generated in the medium. Typically, the refractive index attains its largest

values where the intensity is highest, so that a specific modal intensity distribution can

give rise to a spatially non-uniform distribution of refractive index. The latter can cre-

ate a lens-like focusing effect which, when coupled with suitable intracavity apertures,

enables the self-amplitude modulation necessary for mode-locking. This so-called Kerr-

lens mode-locking was discovered in 1991 by Spence et al. [82], who exploited the effect

to achieve Ti:sapphire pulse durations of around 60 fs. The technique would prove in-
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strumental for some of the most significant advances in femtosecond laser performance,

and permit routine access to sub-100 fs laser pulses [83, 84]. By the late 1990s and early

2000s, higher-order dispersion control, broadband amplification and a new approach

known as solitary mode-locking [85], led to pulses around ten-times shorter, with the

direct generation of sub-10 fs pulses from a laser oscillator [86, 87, 88, 89, 90, 91].

The development of effective mode-locking strategies enabled the realisation of fem-

tosecond laser pulses. However, to obtain high-intensity laser fields, it is necessary to

concentrate large amounts of energy into short periods of time, and then focus the laser

light onto small areas. In a high-intensity laser system, the oscillator is responsible for

producing a train of short pulses. One or more amplifiers then enhance the energy of the

pulses, which are subsequently focused. Although the energy delivered per pulse from a

femtosecond, Ti:sapphire oscillator is typically rather small (of the order of 1 nJ), the

use of additional, broadband amplifiers can facilitate peak laser powers in the Gigawatt

range, exceeding the high-Kilowatt and Megawatt peak powers previously conferred by

Q-switched systems. However, until the mid-1980s, the generation of still higher peak

powers, and ultimately focused laser intensities, was hindered by a fundamental limi-

tation of amplifier technology, namely the damage threshold of the amplifying medium

itself. High photon fluxes can induce non-linear modifications of the refractive-index

profile of the medium, akin to those in Kerr-lens mode-locking. Such an effect may

not only incur undesirable phase distortions, but the accumulation of intensity, arising

from Kerr lensing, can initiate mechanisms of non-linear ionisation, causing irreversible

damage and compromising the quality of laser output. Efforts to circumvent such col-

lateral effects culminated in the development of chirped-pulse amplification (CPA), first

introduced by Strickland and Mourou [92] in 1985.

CPA constitutes a technique for controlled amplification of an ultrashort pulse, avoiding

excessive non-linear pulse distortions or even damage to the gain medium. In a typical

CPA scheme, the ultrashort laser pulse to be amplified (produced by the oscillator) is

first temporally stretched through dispersion. The stretcher consists of an appropriate

arrangement of gratings or prisms, which add a positive chirp to the pulse by creating

a longer path length for the higher-frequency components. This temporal stretching

greatly reduces the peak intensity of the pulse, so that its spectral components can

be delivered, in succession, to an amplifier without significant distortions or damage.
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Following this, the amplified, chirped pulse is compressed in time with another set of

gratings, reversing the chirp imparted by the compressor and giving rise to a short

pulse with very large peak intensity. Finally, the short-duration, amplified pulse is

tightly focused onto a small area. This technique can be implemented with table-top

laser systems, providing output powers in the Terawatt regime. Some of the most

common CPA laser systems in use today employ Ti:sapphire for both the oscillator

and amplifier components. The latter can routinely provide pulses with durations in

the femtosecond range, repetition rates of a few hundred Kilohertz, and intensities of

the order of 1 a.u. (around 3.5 × 1016 Wcm−2) and beyond by focusing the Terawatt

pulses to micrometric spot sizes. For example, at the ATLAS laser facility in Garching,

pulses of wavelength 790 nm, duration 100 fs, and 10 nJ in energy have been stretched,

amplified and compressed, yielding output pulses of duration 150 fs and energy 230 mJ

[93]. Focusing to a spot of 6µm diameter, intensities exceeding 1018 Wcm−2 could be

recorded. Using the Hercules Ti:sapphire system at the University of Michigan, still

higher intensities, as large as 1022 Wcm−2, have even been realised [94].

The evolution of mode-locking technology facilitated major progress in the generation of

ultrashort laser pulses, and ushered in a successful era of femtosecond laser spectroscopy.

However, as suggested by the discussion of page 11, the shortest mode-locked pulses

achievable are limited by the available spectral bandwidth for amplification of the

laser modes (that is, the gain bandwidth). For the broad gain bandwidth pertaining to

Ti:sapphire, of order 100 THz, the minimum pulse duration is around 10 fs. Still shorter

pulses have been realised by means of extracavity compression techniques, yielding sub-

5 fs durations [95, 96]. Fundamentally, however, a laser pulse can be no shorter than

the duration of a single cycle, which for the standard Ti:sapphire operating wavelength

of 800 nm is about 2.7 fs. Thus, to synthesise still shorter pulses of light, and ultimately

access the sub-femtosecond or attosecond regime, a new approach was required. To this

end, Fourier synthesis was proposed by a variety of authors, including Hänsch [97],

Farkas and Toth [98] and Harris et al. [99], as a method to produce pulses with sub-

femtosecond duration. The basic principle is to generate a comb of radiation modes with

precisely equispaced frequencies and controlled relative phases, whose superposition

would yield a train of ultrashort pulses. This strategy is entirely akin to the mode-locked

laser: by phase-locking N spectral modes supported by the gain bandwidth, a sequence
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of pulses can be produced, each with duration inversely proportional to N , separated by

the cavity round-trip time. However, no conventional light source could offer a frequency

comb broad enough to support the synthesis of pulses with attosecond-scale duration,

and attention thus turned away from these direct sources, and towards the non-linear

atomic and molecular processes they can initiate. In particular, Farkas and Toth [98], as

well as Harris et al. [99], recognised that HHG could readily supply a comb of odd-order

harmonics, with comparable amplitudes, throughout a broad frequency range, suitable

for the Fourier synthesis of ultrashort pulses. This potential was finally realised in

2001, with the observation of the first train of attosecond, SXR light pulses produced

by HHG [100]. In the next section, we discuss the physical characteristics of HHG in

atomic systems, before reviewing its exploitation for attosecond-pulse generation in

Section 1.2.3.

1.2.2 High-harmonic Generation

Matter interacting with sufficiently intense laser light can emit radiation at higher-order

multiples, or harmonics, of the driving laser frequency. Since the first experimental

observations of this phenomenon almost sixty years ago [101] (often regarded as the

dawn of non-linear optics), harmonic generation has been exploited in a variety of

applications to extend laser-light sources to shorter wavelengths. For atoms exposed to

ideally monochromatic laser fields, the harmonic frequencies ωn are constrained to be

odd multiples of the driving laser frequency ω0, such that ωn = nω0, n = 3, 5, 7, ..., a

direct consequence of the inversion symmetry of the atom in the light field. In contrast,

for few-cycle pulses, photons are emitted with a continuous distribution of energies,

but the highest signal intensities are typically found at odd multiples of the driving

frequency nonetheless. The generation of high-order harmonics (that is, HHG) has

attracted particular interest, representing a source of ultrashort, high-frequency light

pulses in the XUV and even SXR spectral ranges [100, 102, 103, 104].

The first experimental observation of optical harmonic generation followed shortly after

the invention of the laser in 1960, when Franken et al. [101] detected second-harmonic

emission from a quartz crystal irradiated by 694.3 nm ruby light. The discovery of third-

harmonic generation in noble gases was made a few years later by New and Ward [105] in
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1967. Throughout the following two decades, experiments employing long-pulse infrared

lasers [106, 107, 108] and ultraviolet pump fields [109, 110] further evidenced harmonic

generation in atomic gases, arising predominantly from multiphoton transitions among

bound states. However, the harmonics realised were typically of low order, and the

attainable yields were limited by such effects as ionisation of the medium, or strong

absorption of the generated radiation in optically thick media.

It was only during the late 1980s, with the increasingly widespread availability of high-

intensity, short-pulse lasers, that higher-order (non-perturbative) harmonic radiation

was finally observed. Experiments conducted at the University of Illinois by McPherson

et al. [111] and Rosman et al. [112] demonstrated the generation of up to the 17th har-

monic from a sample of Ne gas, using a KrF laser operating at 248 nm. At Saclay, Ferray

et al. [113] observed the 33rd harmonic in Ar, and Li et al. [114] reported observation

of the 29th and 21st harmonics in Kr and Xe respectively, utilising 1064 nm, Nd:YAG

laser pulses of around 30 ps duration, and of peak intensity 3 × 1013 Wcm−2. By the

early 1990s, harmonic orders exceeding 100 were realised with still higher laser intensi-

ties. In particular, Macklin et al. [115] recorded the generation of harmonics up to 109th

order in Ne, using 125 fs, Ti:sapphire laser pulses. During the same year, L’Huillier and

Balcou [116] demonstrated coherent HHG from a range of noble gases, detecting up

to the 135th harmonic (at about 160 eV) using 1 ps, 1053 nm, Nd:glass laser pulses

with intensities of around 1015 Wcm−2. Such experiments with non-perturbative, pico-

and femtosecond light sources revealed an important feature of HHG: the harmonic

spectrum exhibits a universal shape, independent of the target species in question.

As evidenced in the work of L’Huillier and Balcou [116] for instance, each spectrum

presents a sharp decline in conversion efficiency for the first few harmonics (as predicted

by perturbation theory), followed by a plateau structure in which the harmonic inten-

sity varies weakly with order, finally terminating in an abrupt, wavelength-dependent

cutoff feature.

The existence of the harmonic plateau is a signature of the non-perturbative dynamical

mechanism underlying the HHG process, and can be rationalised only with theoretical

models transcending lowest-order perturbation theory. In particular, by numerically

solving the time-dependent Schrödinger equation in the single-active-electron approx-

imation (see Chapter 2, Section 2.4.3), Krause et al. [117] established that the cutoff
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energy, Eco, of the harmonic spectrum is given by the approximate relation

Eco ≈ Ip + 3Up,

where Ip is the ionisation potential and Up is the ponderomotive energy, given by

Up =
e2E2

0

4meω2
0

, (1.2)

with e the electronic charge, E0 the electric field amplitude and me the electron mass.

An explanation for this general cutoff law swiftly followed, in the context of a sim-

ple, semiclassical model formulated by Corkum [118] and Kulander et al. [119], with

quantum-mechanical confirmation achieved shortly thereafter [120].

The semiclassical ‘three-step’ or ‘simple-man’s’ model, introduced by Corkum [118] in

1993, has been a significant source of inspiration for developments in attosecond physics.

Its success is predicated upon its conceptual and computational simplicity, permitting

the gross features of HHG to be understood largely on the basis of elementary classical

mechanics. Furthermore, the three-step model not only provides a compact description

of the HHG process, but also offers a cohesive explanation for two other strong-field

phenomena, namely high-order above-threshold ionisation [121, 122] and non-sequential

double-ionisation [123]. The three steps of the model are as follows.

(i) Under the influence of an intense, low-frequency laser pulse, the Coulomb poten-

tial binding an outer electron is significantly deformed. There is a finite probability

that the electron will tunnel through the laser-suppressed Coulomb barrier and

enter the continuum.

(ii) Next, the electron is accelerated by the laser field. This motion was modelled

classically by Corkum [118], neglecting the long-range potential of the residual

ion. The trajectory of the field-driven electron can be ascertained by solving the

Newtonian equation of motion, for which Corkum assumed initial conditions of

zero position and velocity.

(iii) Finally, the electron either rescatters from, or recombines with, the parent ion.
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Elastic rescattering gives rise to high-energy photoelectrons, whilst radiative re-

combination entails the release of the kinetic energy, acquired by the electron

during its field-driven motion in the continuum, in the form of high-harmonic

photons.

In principle, the three-step model requires a quantum-mechanical treatment of steps (i)

and (iii), namely the tunnel ionisation of a valence electron and its recollision with the

parent ion respectively, but assumes that step (ii), the motion of the electron in the laser

field, can be described classically. We highlight that the electron trajectory depends,

in the first instance, on the laser polarisation. If the field is circularly polarised, the

electron will be driven away from the residual ion in a helical trajectory. In a linearly

polarised field, the ionised electron can return to the parent ion after some interval

of time, but this is dependent on the timing of the initial ionisation event. We shall

not present the classical analysis appropriate to step (ii) here, since the treatment is

both elementary, and has been adequately discussed elsewhere (see, for instance, Ref.

[124]). Nonetheless, it should be underlined that this apparently simple model yields a

remarkably accurate prediction for the harmonic cutoff energy. Indeed, the maximum

kinetic energy of a classical electron, recolliding with the parent ion, can be determined

analytically as 3.17Up, so that the highest harmonic photon energy realised is given by

E3SM
co ≈ αIp + 3.17Up,

where α is a parameter depending on the ratio of Ip and Up, and is typically of order

unity. This result stands in excellent agreement with the cutoff law ascertained by

Krause et al. [117], and is validated by an extensive body of experimental evidence.

The three-step model suggests that recombination of an energetic, field-ionised electron

to the atomic ground state is responsible for HHG. In a more quantum-mechanical

treatment, the initial tunnel-ionisation event (step (i)) divides the atomic-electron

wavepacket into a bound portion, and a continuum portion which is driven by the laser

field in a semiclassical fashion. The subsequent interference of the two wavepackets, in

a process semiclassically identified as recollision (step (iii)), dictates the characteris-

tics of the harmonic radiation. A quantum-mechanical theory of HHG, based on the
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strong-field approximation (SFA) for low-frequency, high-intensity radiation fields, has

successfully been developed by Lewenstein et al. [120, 125]. This approach has been

widely employed to analyse atomic HHG, and is known to describe well the key fea-

tures of experimental high-harmonic spectra [126, 127, 128]. In its original formulation,

the SFA accounts for only a single bound state, and the influence of the atomic po-

tential on the motion of the ionised electron is neglected. Lewenstein et al. show that

the laser-induced, atomic dipole moment can be evaluated by means of the stationary-

phase method, and derive a semi-analytical formula for the harmonic emission ampli-

tude, enabling the computation of spectra for a wide range of experimental irradiation

conditions.

The Lewenstein model [120] offers considerably deeper insight into the HHG process

than the three-step model. One of its most significant predictions pertains to the phase

of each harmonic mode. The SFA analysis suggests that the nth Fourier component

of the laser-induced, atomic dipole moment has a phase, φn, determined by the action

accumulated by the ionised electron during its excursion in the laser field. In a first

approximation, this phase behaves as φn ∼ Upτ , where τ is the time interval between

ionisation and recombination of the active electron. Using equation (1.2), we find that

φn varies in an approximately linear fashion with intensity, but that its rate of change

with respect to the latter depends on the transit time τ . Importantly, however, both the

semiclassical and SFA treatments suggest that each plateau harmonic arises from two

recollision trajectories: electrons following these trajectories possess the same kinetic

energy upon recollision, but remain in the continuum for different (sub-cycle) amounts

of time. Electrons ionised very early after the peak of the electric field remain in the

continuum for almost a full field cycle before recombination, corresponding to the so-

called ‘long’ trajectories. In contrast, electrons released slightly later spend only about

half a cycle in the continuum, following the so-called ‘short’ trajectories. For a long laser

pulse, these recollision trajectories are initiated during every half-cycle, and give rise

to a spectrum of harmonic peaks separated by 2ω0. The precise variation of the dipole

phase, with laser intensity, therefore differs between the long and short trajectories, a

feature which plays a key role for HHG in macroscopic media [127].

Finally, we mention that the application of few-cycle, femtosecond laser pulses with

peak intensities exceeding 1015 Wcm−2 [129, 130, 131, 132, 133, 134] offers new per-
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spectives for generating coherent XUV and X-ray pulses by HHG in gases. Atoms or

ions subjected to such few-cycle pulses can sustain much stronger fields before ionising

than possible with many-cycle pulses. This, in turn, has contributed to some of the

highest harmonic orders observed to date, with frequencies extending into the water

window of X-ray transmission. For example, Chang et al. [130] recorded discrete har-

monic peaks up to the 221st order from He, corresponding to a wavelength of 3.6 nm,

and unresolved harmonic emission down to 2.7 nm, using 800 nm, 26 fs, Ti:sapphire

laser pulses with peak intensity 6×1015 Wcm−2. The synthesis of coherent X-rays in the

water window, below the carbon K-edge at a wavelength of 4.4 nm, was reported in a

contemporary study of He by Spielmann et al. [131], also exploiting Ti:sapphire pulses

with 5 fs duration. The same group has also reported 500 eV (almost 2.5 nm) harmonic

photons, corresponding to the 323rd harmonic order for He exposed to sub-10 fs pulses

with peak intensity 4×1015 Wcm−2. More recently, Chen et al. [134] have demonstrated

phase-matched harmonics spanning the entire water window. We highlight that such

high-order harmonic emission is instrumental to the synthesis of attosecond light pulses,

as discussed in the following section.

1.2.3 Generation of Attosecond Pulses

A variety of applications of HHG have been reported since its earliest observations,

exploiting the unique properties of the high-frequency radiation. In particular, the sub-

cycle nature of the recollision dynamics confers an ultrashort duration to the emitted

XUV light, suitable for table-top, pump-probe experiments in atomic and molecular

physics [135, 136, 137, 138], solid-state physics [139, 140, 141] and plasma physics

[142, 143]. The possibility of generating attosecond pulses via HHG has drawn intense

academic and technological interest, and is foundational to the burgeoning field of

attosecond physics. Detailed reviews concerning the properties and applications of at-

tosecond pulses have been given in Refs. [103, 104, 144, 145]. Here, we briefly review

the experimental state-of-the-art for their synthesis.

HHG is now well established as the most common method for generating sub-femtosecond

pulses, entailing the frequency up-conversion of intense, few-cycle, NIR laser pulses fo-

cused onto rare-gas media. As discussed in Section 1.2.2, experimental harmonic spectra



1.2. The Development of Ultrashort Light Sources 22

exhibit a broad plateau structure, comprising odd harmonics of the driving radiation

with comparable signal intensities. The SFA predicts that the characteristics of the

single-atom harmonic response are largely determined by two classes of electron tra-

jectories, often qualified as short and long. The recollision dynamics arising from these

trajectories, and thus the accompanying XUV emission, are confined to some fraction

of the driving laser cycle, so that the radiation can be produced in extremely short,

attosecond-timescale bursts. For a many-cycle laser pulse, where the field intensity

varies little over several cycles, the short and long trajectories lead to the emission of

a given plateau harmonic once per half-cycle, so that there are two attosecond bursts

per field period. As suggested by Farkas and Toth [98] and Harris et al. [99], the broad

frequency comb realised by the harmonic plateau bears considerable potential for syn-

thesising a train of ultrashort pulses. However, equispaced frequencies and comparable

amplitudes alone do not suffice: it is also essential that the harmonics are emitted in

a phase-locked manner. If this can be achieved, then the harmonic spectrum would

correctly correspond, in the time domain, to a train of attosecond pulses, separated by

half the driving laser period, with the duration of each individual pulse being inversely

proportional to the number of harmonics. Calculations for the single-atom response of

Ne, conducted by Antoine et al. [146], clearly demonstrated that the plateau harmonics

are typically not in phase, a finding they attributed to the existence of multiple, in-

terfering trajectories. Nevertheless, on the basis of a time-frequency analysis, the same

authors established that the superposition of twenty plateau harmonics could yield two,

temporally localised pulses per half cycle, with one attributable to the long trajectories,

and the other to the short trajectories. The structure of this time profile is important,

implying that each group of trajectories separately produce harmonics that are approxi-

mately phase-locked. However, as mentioned in Section 1.2.2, the harmonic phases bear

a contribution that is proportional to the laser intensity, which varies both temporally,

as well as spatially across the interaction zone. It is not apparent, therefore, that a

constant phase difference between the harmonic modes could be maintained whenever

they are generated in an atomic gas. Interestingly, theoretical studies by Antoine et

al. [146] and Gaarde and Schafer [147] have shown that through a judicious choice

of experimental parameters, the phase-locking between harmonics produced by either

the long or short trajectories can be selectively preserved. In particular, in Ref. [146],

it was predicted that the short trajectories can be preferentially selected by placing
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the interaction region before the laser focus, such that only their associated harmonics

contribute to attosecond-pulse formation. This has been confirmed in the experimental

efforts of Paul et al. [100], who reported the first observation of a train of attosecond

pulses from HHG. These authors measured the relative phases of a group of harmonics

generated in Ar, confirming that their phase-locked nature gives rise to a train of 250 as

pulses in the time domain.

The generation of attosecond pulse trains, by Fourier synthesis of high-order harmonics,

does not require an especially stringent selection of the driving-pulse characteristics.

Whilst their realisation was indeed a revolutionary achievement in light-source tech-

nology, time-resolved applications in atomic, molecular and condensed-matter physics

necessitate fully isolated attosecond pulses. Rather than directly extract the tempo-

ral sub-structure of attosecond pulse trains, techniques for the generation of isolated

pulses have relied primarily on devising suitably structured, ultrashort driving fields.

Broadly, there are two accepted routes toward their synthesis. The first, and perhaps

most direct, relies on bandpass filtering of the highest-energy, XUV emission obtained

from HHG in gases, driven by extremely short pulses comprising only a few cycles.

Such a scheme was the first to successfully produce isolated attosecond pulses in 2001,

each lasting 650 as [102]. As we have already mentioned, HHG is naturally conducive to

the production of attosecond pulse trains when initiated with a many-cycle laser pulse.

However, in a few-cycle laser pulse, the variation in intensity from one half-cycle to

the next can be substantial, and the highest-energy (cutoff) harmonics are generated

only during the most intense half-cycle of the pulse. The harmonic emission is thus

naturally confined to a sub-cycle temporal interval, as short as a few hundred attosec-

onds for femtosecond driving lasers. Synthesising an attosecond pulse from only this

sub-cycle HHG emission therefore requires an efficient spectral filtering mechanism, one

that transmits the high-energy spectral components in a limited band of photon ener-

gies around the cutoff, but which excludes the low-energy emission arising from weaker

half-cycles of the driving laser pulse. Spectral selection of half-cycle cutoff harmonics

[148, 149, 150] has been achieved through amplitude [151, 152, 153] and ionisation

[154, 155, 156, 157] gating techniques, yielding well-defined pulses with durations as

short as 80 as in 2008 [152]. However, these schemes suffer from several drawbacks. For

example, they necessitate intense and extremely short (typically sub-5 fs [152]) driving
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pulses with stabilised carrier-envelope phase (CEP), which are difficult to generate with

high fluence. Moreover, the realisable pulse bandwidths are fundamentally limited: the

lower-order harmonics of the plateau region are filtered out and thus unutilised, whilst

the exploitable cutoff region represents only a small proportion of the total harmonic

spectrum. Although the creation of high-bandwidth pulses has also been facilitated

through recent progress in the synthesis of light transients [158, 159], alternative gating

methods that can exploit the entire spectral content of both the plateau and cutoff

regions have garnered widespread interest, allowing for the generation of truly ultra-

broadband, attosecond-scale pulses.

A second, alternative class of approaches are those reliant on a temporal gating mech-

anism. Such schemes rely on the sensitivity of the HHG process to the temporal char-

acteristics of the driving laser pulse, such as to suppress the XUV or SXR emission

arising outside of a chosen, sub-cycle time interval. To date, one of the most effective

has been polarisation gating (PG), first proposed by Corkum in 1994 [160]. Polarisa-

tion gating depends on the strong sensitivity of HHG to the ellipticity of the driving

laser pulse. Indeed, whilst HHG can proceed efficiently in a linearly polarised field, the

conversion efficiency is drastically reduced in circularly or elliptically polarised fields

[161, 162]. As highlighted in one experimental study [163], the HHG efficiency can be

reduced by as much as 50% when the light-field ellipticity is increased from 0 to 0.1,

and by about an order of magnitude for an ellipticity of 0.2. If the polarisation of the

driving field is temporally modulated from elliptical, to linear, and back to elliptical,

the harmonic XUV emission can be confined to the limited time interval (say, the most

intense half-cycle) where the driving field is linearly polarised, and suppressed during

the remainder of the pulse.

Experimentally, the driving pulse for polarisation gating has been produced by means

of two, counter-rotating, circularly polarised pulses with controlled time delay [163,

164, 165]. In an exemplary scheme, a linearly polarised laser beam is divided into

two, orthogonally polarised beams with a birefringent crystal. A delay between the two

pulses is introduced by virtue of the difference in group velocities along the ordinary and

extraordinary axes. Each of the emerging pulses is then rendered circularly polarised

with a quarter-wave plate. For a suitably chosen time delay [166], the superposition of

the latter will yield a pulse that is linearly polarised only during the central half-cycle,
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with circularly polarised leading and trailing edges. We note that whilst this method

still requires pulses with stabilised CEP, the constraint on the pulse duration is relaxed

relative to amplitude gating. Moreover, since the (lower-order) plateau harmonics can

also be retained in the pulse synthesis, the attosecond emission in PG can achieve a

considerably broader frequency spectrum, contributing to shorter pulse durations than

are possible by spectral filtering.

In 2006, PG led to the generation of isolated attosecond pulses with a duration of

around 130 as, exhibiting a spectral coverage of 25 − 50 eV [164]. Subsequently, in

2009, broadband pulses were synthesised with a frequency spectrum extending from

60 eV to 140 eV, and supporting a transform-limited pulse duration below 50 as [167]

(around twice the atomic unit of time, 24.2 as). That same year, an advancement of the

PG scheme known as double optical gating [168] yielded transform-limited, 16 as pulses

with an in-gate intensity exceeding 1016 Wcm−2, and a spectral bandwidth of almost

200 eV [169]. This remains some of the broadest supercontinuum emission detected to

date. Further evolutions in PG technology include the development of interferometric

PG [170] and generalised double optical gating [171], which hold some potential towards

the realisation of still larger bandwidths and higher photon fluxes.

Finally, we highlight one further technique for the synthesis of isolated attosecond

pulses. Recently, Vincenti and Quéré [172] introduced a novel spatiotemporal gating

method, relying on the attosecond lighthouse effect [172, 173]. Whereas previous gating

methods have made use solely of the time-dependent laser waveform, the attosecond

lighthouse scheme was the first to exploit the intrinsic interplay of the spatial and

temporal characteristics of an ultrashort laser pulse. More specifically, it relies on a time-

dependent rotation of the driving laser wavefront, which can alter the directionality of

HHG emission and, thereby, give rise to attosecond pulses that are angularly separated

in the far-field. The attosecond lighthouse effect has been demonstrated experimentally

for the harmonics produced from a plasma mirror [174], as well as from a Ne-gas target

[173]. With respect to the gas-phase harmonics in particular, the frequency spectrum

can span both the plateau and cutoff regions of the harmonic spectrum, extending from

around 30 eV to more than 110 eV in Ref. [173]. We note that such pulse-synthesis

schemes can readily be extended to enable even broader pulse bandwidths (or still

shorter pulse durations), given that the divergence of attosecond emission tends to
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decrease with increasing photon energy, permitting a more effective spatial selection of

isolated pulses in the far-field region.

1.3 Polarisation Control for Ultrashort Light Pulses

In Section 1.2, we have reviewed progress in the synthesis of femtosecond and attosecond

light pulses. As presented therein, many of the experimental strategies lack tuneability

with respect to the polarisation state of the radiation they deliver. In particular,

traditional schemes for attosecond-pulse generation realise only linear polarisation, by

virtue of the HHG process itself being driven by linearly polarised radiation. However,

achieving a more flexible control over the polarisation state has become a key leitmotiv

of ultrashort light-source technologies, inspired in large part by attractive prospects

for multidimensional coherent control. Indeed, quantum systems are inherently three-

dimensional, so that their active manipulation, by means of ultrashort pulses, requires

precise control over all three components of the optical electric field.

In this section, we review experimental and theoretical efforts towards achieving control

over the polarisation state of ultrashort light pulses. We firstly address the so-called

polarisation shaping of NIR, femtosecond laser pulses produced directly from laser oscil-

lators (particularly the Ti:sapphire source). Following this, we consider the polarisation

characteristics of XUV harmonic radiation, and of the attosecond pulses resulting from

the Fourier synthesis of such harmonic modes.

1.3.1 Femtosecond Polarisation Shaping

Traditional experiments in low-intensity optics have relied upon simple waveplates to

alter the polarisation characteristics of laser light. Their function is described in many

elementary texts on the subject [175]. These devices have also proven effective as com-

ponents of high-intensity, Ti:sapphire-based, CPA light sources, where suitable combi-

nations of half-wave and quarter-wave plates can confer arbitrary control over the ellip-

ticity and orientation of the polarisation ellipse [176, 177, 178]. However, the widespread

and routine accessibility of such femtosecond laser oscillators has facilitated research

into more advanced strategies for polarisation control. Beyond the simple, static mod-
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ulation of the ellipticity afforded by conventional waveplates, experimental techniques

have emerged that enable the synthesis of ultrashort pulses with truly dynamic (time-

dependent) polarisation characteristics, giving rise to an entirely new, vectorial facet

of femtosecond pulse-shaping technology.

Conventional techniques for shaping femtosecond laser light [179, 180] rely on modu-

lation of the scalar properties of the pulse, namely the phase and/or amplitude of the

electric field, with little regard for its vectorial nature. Their underlying strategy en-

tails manipulation of the individual frequency components of a broadband pulse in the

Fourier plane of a 4f optical configuration, using computer-controlled (programmable),

spatial light modulators [179]. Prior to the evolution of these approaches for vectorial

pulse shaping, only rather simple, time-dependent polarisation profiles were produced,

via interferometric superposition of two, orthogonally-polarised laser pulses [181, 182].

Such experiments were susceptible, however, to external thermal or vibrational pertur-

bations, which would compromise the stability of relative phase between the interfering

light pulses. A more direct manipulation of the polarisation state of continuous-wave

light, although neither as a function of time nor frequency, was demonstrated by Zhuang

et al. [183], who employed three, single-pixel liquid-crystal arrays (LCAs). The first at-

tempt to apply this scheme for ultrafast waveform control and time-dependent polarisa-

tion shaping was made by Wefers and Nelson [184], who implemented two, many-pixel

LCA modulators to shape the two orthogonal polarisation components in a spectrally

resolved manner. However, because of the highly polarisation-dependent grating reflec-

tivities in Ref. [184], the intensities of the individual polarisation components could

differ by more than two orders of magnitude. Moreover, the latter did not interfere

temporally, so that only linear polarisation states could be realised with high fidelity.

Shortly after the work of Wefers and Nelson [184], experimental techniques emerged

offering improved vectorial control over the electric field of femtosecond laser pulses.

An especially striking achievement has been the synthesis of light pulses in which the

polarisation state changes dynamically within the temporal envelope [185, 186, 187,

188, 189, 190]. One of the earliest such schemes was that of Brixner and Gerber [185],

who demonstrated systematic shaping of a femtosecond pulse in which both the phase

and amplitude of each frequency component were varied independently. Their pulse

shaper incorporated two LCAs, with optical axes oriented at ±45◦ relative to the po-
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larisation axis of the incident light, to modulate the ellipticity in time for either one of

two, orthogonal orientations of the polarisation ellipse1. Unequal grating reflectivities

for the different polarisation components were compensated for with a stack of Brew-

ster plates, such that comparable intensities could be attained between the two pulses.

Characterisation of the polarisation-shaped pulses was achieved by dual-channel spec-

tral interferometry [193], in which not only the intensities, but also the optical phases

were analysed, as necessary for the assessment of a time-varying polarisation state. The

basic strategy of Brixner and Gerber was successfully employed for a number of exper-

imental demonstrations of multidimensional quantum control. For example, Dudovich

et al. [194] employed a similar programmable pulse shaper to manipulate the quantum

characteristics of two-photon absorption in Rb vapour. Their scheme exploits quantum

interference to reveal both the energy and angular momentum characteristics of the

intermediate or final states, and thus evidences control over the transient, vector prop-

erties of light-matter interactions. Additionally, Suzuki et al. [195] and Brixner et al.

[196] employed vectorial pulse shaping to exert coherent control over the multiphoton

ionisation of I2 molecules and K2 dimers, respectively. A key novelty of their experi-

ments was the use of a learning-loop pulse shaper guided by an evolutionary (genetic)

algorithm, enabling the optimal, time-dependent polarisation profile to be realised for

driving the system towards a desired experimental outcome [197, 198].

Notwithstanding this initial progress, early pulse-shaping techniques conferred only a

limited ability to modulate the polarisation of NIR, femtosecond pulses. The scheme of

Brixner and Gerber [185], for instance, allows control of the ellipticity only for elliptical

polarisations with their major axes fixed along one of two orthogonal directions, owing

to the fixed orientation of the optical axis of the liquid crystals. In principle, and

as discussed by Misawa [191], arbitrary control over the electric field distribution of

ultrashort laser pulses requires four independent degrees of freedom, namely the spectral

amplitudes and phases of the two orthogonal polarisation components. Broadly, two

different strategies have been pursued towards unlimited polarisation control.

The first class of approaches rely on spatial light modulators comprising four LCAs. Two

LCAs are aligned with their optical axes directed at ±45◦ relative to the polarisation

1Details regarding the functionality of LCAs shall not be given here. Their application in the experi-
mental configuration of Brixner and Gerber [185] has been reviewed by Misawa [191], and their role
in ultrafast pulse-shaping technologies more generally by Weiner [192].
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axis of the incident light, and enable the creation of elliptical polarisations with fixed

major axis, as in the work of Brixner and Gerber [185] and Polachek et al. [187]. The

addition of a third layer, with its axis oriented at +45◦, is capable of shifting the relative

phase between the orthogonal polarisation components, in addition to their amplitude

ratio. A fourth LCA, at 0◦, fixes the spectral amplitudes and phases, thus allowing for

arbitrary tailoring of the time-dependent polarisation state. The application of such a

four-LCA device was first advocated by Weise and Lindinger [190], who demonstrated

accurate and unrestricted control over the parameters of the polarisation ellipse for

50 fs, 781 nm laser pulses.

The second class of approaches aim to modulate the spectral amplitude and phase, for

each of the orthogonally-polarised components, in separate arms of an interferometer,

before facilitating their superposition to form a single pulse [188, 189, 199, 200, 201].

As mentioned in connection with earlier works [181, 182], it is crucial to maintain

stable relative phase between the two pulses. Thermal deformations or vibration of

optical elements can alter the relative path length between the two arms, incurring

unwanted phase distortions of shaped waveforms. This scheme was first implemented

by Plewicki et al. [188], who incorporated a liquid-crystal modulator in a Mach-Zehnder

interferometer, and has since been refined for greater phase stabilisation by a variety

of authors [189, 199, 200, 201]. These works evidence that the amplitude and phase

for both polarisation components can be manipulated separately and independently,

thus realising full control over all relevant degrees of freedom for the polarisation of

Ti:sapphire laser light.

Such flexible polarisation pulse-shaping technology has been exploited for a variety of

applications in quantum control. For example, selective excitation of optical phonon

modes in α-quartz has been reported by Sato et al. [202], using polarisation-twisting

laser pulses in which the major axis of the polarisation ellipse rotates with constant

angular frequency. Swept-polarisation fields, in which the polarisation vector rotates

with increasing angular frequency, have been employed as optical centrifuges [181, 203],

enabling Cl2 molecules to be rotationally accelerated until their bonds are broken [181].

More recently, Milner et al. [204] used an optical centrifuge to demonstrate a novel

magneto-optical effect, whereby a dense ensemble of O2 molecules, excited into states

of high rotational angular momentum, was observed to become optically birefringent
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in the presence of a magnetic field. Finally, we highlight the promise of vectorial pulse

shaping for the enantioselective production of chiral molecules [205, 206, 207, 208], with

far-reaching implications in biology, chemistry and pharmaceutical science.

1.3.2 Polarisation control for XUV Harmonic Radiation

Femtosecond polarisation control has, in most reported cases, been restricted to the

laser output from a Ti:sapphire oscillator or amplifier, operating in the NIR wave-

length range. However, polarisation tuneability is rapidly becoming a desirable feature

of short-wavelength radiation sources as well, especially in the photon energy range

of a few tens of electron-volts, close to the ionisation thresholds of many atoms and

molecules. In particular, high-quality, circularly polarised, XUV and SXR light pulses

have found significant application in the study of chiral molecules, via photoelectron

circular dichroism [209], and of ultrafast molecular decay processes [210]. Aside from ap-

plications in atomic and molecular spectroscopy, the production of elliptically polarised,

XUV and SXR light is also motivated by numerous research directives in condensed-

matter physics and materials science. Such radiation has been employed for the direct

measurement of quantum phases (such as Berry’s phase and pseudo-spin) in graphene

and topological insulators [211, 212], as well as the reconstruction of electronic band

structure and modal phases in solids [213]. For magnetic materials, circularly polarised,

SXR radiation is especially valuable for X-ray magnetic circular dichroism spectroscopy

[214], which facilitates the coherent imaging and holography of magnetic structures

with nanometric resolution. Time-resolved experiments utilising this technique have

demonstrated element-specific probing of the spin and orbital magnetic moments in a

material, monitoring their interplay with the electronic and phononic degrees of freedom

[215, 216]. Traditionally, however, only a few large-scale facilities, such as femto-sliced

synchrotrons [217, 218, 219] and free-electron lasers [220, 221], have been capable of

producing intense and coherent, elliptically polarised light pulses for such applications.

Naturally, more compact alternatives which would facilitate table-top, femtosecond and

attosecond chiroptical experiments would be desirable. High-harmonic up-conversion of

femtosecond laser pulses holds considerable promise in this regard, being harnessable

on a laboratory scale, and providing a source of bright, broadband, ultrashort and

coherent radiation with a spectrum extending into the keV range. Thus, substantial re-



1.3. Polarisation Control for Ultrashort Light Pulses 31

search effort has been committed to the efficient production of high-harmonic radiation

with non-zero ellipticity, and we review some of the key experimental and theoretical

findings in what follows.

Given the intrinsic efficiency of the HHG process when driven by linearly polarised

laser light, one of the simplest possibilities is to convert the polarisation state of high-

order harmonics from linear, to elliptical, using multiple reflecting surfaces, possessing

different (complex) reflectivities for s and p polarisation. This approach was adopted

by Vodungbo et al. [222], who employed a reflective quarter-wave plate to generate

circularly polarised harmonics. However, such a device was found to be extremely lossy

(reducing the photon flux by two orders of magnitude), is limited to narrow spectral

regions constrained by the available multilayer mirror materials, and to date, has not

proven useful as a source for practical applications.

Strategies for the direct generation of elliptically polarised harmonics with high effi-

ciency are therefore preferable. Indeed, as the polarisation of harmonic radiation is

determined by the direction of the laser-induced, atomic or molecular dipole moment,

we might expect to control the harmonic ellipticity by modulating that of the driving

laser pulse. This has been predicted for harmonic generation in the perturbative regime

[223], where it has been shown that the harmonic polarisation is the same as that of the

laser. No such prediction appears valid, however, in the more general, non-perturbative

case. Indeed, experimental measurements conducted by several groups during the late

1990s have evidenced strong discrepancies between the polarisation characteristics of

the driving and generated radiation. One of the earliest was that of Weihe et al. [176],

who studied the polarisation of vacuum-ultraviolet harmonics produced in Ar gas, ex-

posed to 785 nm laser pulses from a Ti:sapphire-based, CPA system. The latter were

rendered elliptically polarised by means of suitably oriented waveplates, providing arbi-

trary control over the (time-independent) polarisation. Interestingly, for the harmonics

studied (7th to 17th), it was found that the polarisation ellipse was rotated relative

to that of the applied laser field, with rather large offset angles (even beyond ±40◦ in

some cases) for driver ellipticities below 0.4. In general, the offset angle was found to

increase monotonically in magnitude with laser ellipticity, but with a sign depending

on the harmonic order. Weihe et al. suggest that this effect is an intrinsic property

of the single-atom response (as opposed to any macroscopic propagation effect). How-
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ever, they offer no quantitative estimates for the harmonic ellipticities realised in their

experiments, claiming insufficient signal-to-noise ratios.

Antoine et al. [178] extended the work of Weihe and collaborators, providing a sys-

tematic assessment of the polarisation state for higher-order harmonic radiation (17th

to the 33rd) from Ne, Ar and Xe gases, irradiated by Ti:sapphire laser light with in-

tensities at or exceeding 1014 Wcm−2, and ellipticities ranging from 0 to above 0.4.

Their measurements suggest that the rotation angle and ellipticity are highly sensitive

to the position of the harmonic in the spectrum, especially with regard to the plateau

and cutoff regions. Specifically, plateau harmonics were found to display a significant

degree of ellipticity, which nevertheless remains smaller (by about 50%) than that of

the pump field. Furthermore, the major axis of the polarisation ellipse tends to be

offset by a large angle relative to that of the driver (as much as ±40◦ for Ne, and

±20◦ for Ar). In contrast, for the cutoff harmonics, both rotation angle (well within

±20◦ for all species), as well as the ellipticity (approaching zero for Ar and Xe, but

somewhat larger for Ne) remain considerably lower in magnitude than for their plateau

counterparts, independently of the laser ellipticity. Theoretical modelling performed by

the same authors, which extended the theory of Lewenstein et al. [120] to elliptically

polarised fields [224], confirmed the qualitative trends, and were found to correlate well

with the measured harmonic ellipticities and rotation angles.

In spite of the multitude of early studies that addressed elliptically polarised harmonic

radiation, little insight was acquired as to the precise origins of the ellipticity itself.

Indeed, whilst the semiclassical, three-step model of HHG [118] accounts for the gross

features of the process, it merely implies that the orientation of the light-field polar-

isation vector is determined by the direction of the recolliding electron momentum.

As a result, the three-step model predicts zero harmonic ellipticity, contradicting both

experimental findings [176, 177, 178], as well as the predictions of quantum-mechanical

theories [224, 225]. Perturbation theory, in contrast, does suggest a non-zero ellipticity

of low-order harmonics which matches that of the driving field [223], but since HHG is

a strongly non-perturbative phenomenon, the results of perturbation theory can hardly

ever be applied, even for a qualitative understanding. Moreover, established quantum-

mechanical descriptions of HHG, reliant on the traditional SFA, permit the calculation

of ellipticities, but fail to admit clear, qualitative explanations that complement their
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quantitative value.

To address this deficiency of previous theories, Strelkov et al. [226] published a combined

analytical and numerical study on the polarisation properties of high-order harmonics

generated by a single atom, subject to an intense, elliptically polarised laser field. By

integrating the time-dependent Schrödinger equation numerically, for driving laser el-

lipticities no higher than 0.2, these authors found that the harmonic ellipticity and

rotation angle depend linearly on the fundamental ellipticity, in agreement with the

experimental results of Weihe et al. [176] and predictions of Antoine et al. [178]. The

harmonic yield was also shown to decrease with the fundamental ellipticity, also in con-

currence with experiment [163] for different harmonic orders. By considering an analyt-

ically tractable model, akin to the three-step one, Strelkov et al. demonstrated that the

offset angle of the harmonic polarisation ellipse can be both predicted, and understood,

on the basis of classical electron trajectories in the laser field. Importantly, however,

the harmonic ellipticity could not be rationalised within a classical framework. Here, it

was established that non-zero ellipticities originate from the quantum-mechanical un-

certainty in the component of electronic momentum transverse to the direction of the

wavepacket propagation. That is, the finite extent of the returning electron wavepacket

gives rise to a phase shift between oscillating components of the dipole moment, such

that the single-atom harmonic signal is elliptically polarised.

Thus far, we have regarded the direct production of elliptically polarised radiation by

means of HHG in atomic gases. Whilst the feasibility of such an approach has been

aptly demonstrated in the aforementioned experimental and theoretical works, there

remain significant limitations. Chief among them is that the recombination probability,

and thus the high-harmonic yield, decreases exponentially with the ellipticity of the

fundamental radiation [161], thereby imposing a severe restriction on the range of usable

laser ellipticities. This, coupled with the observation that the ellipticity of harmonic

radiation from rare gases is generally lower than that of the driving field, suggests that

an efficient generation of XUV pulses with ellipticities above 20% is largely infeasible

The decay of the harmonic signal with ellipticity, as observed in the case of HHG from

atomic gases, can be counteracted through the use of multiple laser fields. In partic-

ular, two-colour mixing strategies have been explored extensively for the generation



1.3. Polarisation Control for Ultrashort Light Pulses 34

of circularly polarised harmonics [227, 228, 229, 230, 231, 232]. They were pioneered

by Eichmann et al. [227], who employed a bichromatic (ω – 2ω) field configuration

comprising two, circularly polarised laser pulses with comparable intensities and copla-

nar polarisation ellipses. In the case where the electric field vectors are corotating,

harmonics of all orders n = 1, 2, ... can be emitted. Their polarisation is, in general,

elliptical, and their intensities decrease rapidly with increasing n. In contrast, for a

counter-rotating configuration, selection rules restrict the admissible harmonic orders

to (3n+1) and (3n+2). Selection rules also dictate that the harmonics are circularly po-

larised, with the sign of their helicity alternating from one mode to the next: harmonic

(3n+ 1) has the same helicity as the fundamental pulse, while harmonic (3n+ 2) bears

that of its second harmonic. Notably, whilst the experimental results of Eichmann et al.

evidence the production of harmonics at these predicted orders, no attempt was made

to precisely quantify their ellipticities, and thus confirm the circular polarisation of

the radiation. Nonetheless, among all the mixing schemes considered by these authors

(parallel and orthogonal, linearly polarised pulses, as well as co- and counter-rotating,

circularly polarised pulses), in addition to others (for instance, linearly and circularly

polarised fields in Ref. [229]), the combination of two, counter-rotating, circularly po-

larised pulses appeared to yield the strongest harmonic signals, with the existence of

discernible plateau and cutoff features. Theoretical results, acquired by means of a

simple, zero-range-potential model [228], qualitatively supported these experimental

findings.

Motivated by the promise of bichromatic and counter-rotating drivers, Milošević and

coworkers [233, 234] conducted detailed theoretical studies of the HHG process. Based

on the quantum-mechanical Lewenstein model, as well as a corresponding classical anal-

ysis in terms of simple-man trajectories, Milošević et al. noted significant differences in

the characteristics of HHG from the case of linear polarisation. Firstly, when the peak

intensities of the two pulses are comparable, each plateau harmonic arises from a single,

dominant recollision trajectory, in contrast to the case of linear polarisation in which

there are two (the long and short trajectories, see Section 1.2.2). This suggests that

in principle, no collective effects are necessary to achieve mode-locking among the har-

monics, and thus to extract a train of ultrashort pulses. However, since the dependence

of the harmonic phase on laser intensity was shown to be rather weak (akin to the short
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trajectories in a linearly polarised field), a strong HHG signal might be anticipated for

weak laser focusing [146]. Secondly, the time-dependent electric field arising from the

superposition of a circularly polarised, fundamental pulse with a counter-rotating, sec-

ond harmonic peaks three times within a single cycle of the former, with the direction

of electron return rotating by 120◦ each time. The consequent generation of a group of

harmonics with both positive and negative helicities, three times per cycle of the funda-

mental field, gives rise to a train of three, approximately linearly polarised, attosecond

pulses, whose polarisation axes are also successively rotated by 120◦. As commented by

Milošević et al. [234], were it possible to extract a group of harmonics with common

helicity, the corresponding attosecond pulses would be near-circularly polarised.

In recent years, this approach has been successfully realised by a number of authors

to generate circular harmonic radiation. Fleischer et al. [235], for example, employed a

combination of counter-rotating, 410 nm and 800 nm laser pulses to obtain HHG from a

thin gas jet, confirming the circularly polarised nature of the harmonics by measuring

their ellipticity, but not their helicity. Importantly, their experimental scheme offers

comprehensive control over the polarisation of the XUV harmonics: tuning the ellip-

ticity of one of the driving pulses facilitates tuning of the generated harmonics from

circular, through elliptical, to linear without compromising the conversion efficiency.

The theoretical interpretation of this control remains open [235, 236], but in any case,

the harmonics detected in the experiments were rather weak. In contrast, Kfir et al.

[236] appealed to phase-matching considerations, and realised higher signal intensities

of circular harmonics. Moreover, they suggest a means of extending polarisation con-

trol of individual harmonics to that of attosecond pulses. Following Milošević et al.

[234], selection rules dictate that counter-rotating drivers produce harmonics with or-

ders (3n+ 1) and (3n+ 2), possessing alternating helicities. Suppressing every second

allowed harmonic would enable the synthesis of attosecond pulses with circular polarisa-

tion. Kfir et al. proposed that this might be achieved by optimising the phase-matching

conditions in a gas-filled hollow fibre, and in so doing, reported considerable suppres-

sion at orders (3n+2). Interestingly however, recent theoretical work by Medǐsauskas et

al. [237] suggests that the relative intensities of right- and left-hand circularly polarised

harmonics depends rather strongly on the co- or counter-rotating nature of the field-

ionised electron. For an initial p state, the harmonics corotating with the fundamental
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field can be much stronger than those corotating with its second harmonic. This would

imply that trains of circularly polarised, attosecond pulses can already be produced at

the single-atom level, irrespective of additional phase matching to assist macroscopic

propagation.

An alternative approach to the generation of elliptical harmonics emerged some ten

years ago in the form of HHG from aligned molecules [238, 239, 240, 241]. For an

isotropic target (such as a gas of atoms or randomly oriented molecules), exposed to in-

tense, linearly polarised, femtosecond laser radiation, symmetry arguments dictate that

the emitted harmonics are also linearly polarised, with their polarisation axis parallel

to that of the driving field. Disrupting the isotropy of the medium, however, through

laser-induced alignment of the molecules permits a non-vanishing, perpendicular com-

ponent of the harmonic field, whose existence has been confirmed in recent experiments

concerning aligned N2, O2 and CO2 molecules [238, 240]. In particular, harmonic ra-

diation with elliptical polarisation has been detected from N2 and CO2 [240], offering

new possibilities for realising elliptically polarised, attosecond pulses. Moreover, we

note that the relative phase and intensities of the generated harmonics depend sensi-

tively on both the structure and orientation of the molecule in the laser field, being

linked to the spatial symmetry characteristics of the highest occupied molecular orbital

(HOMO) [242, 243, 244, 245]. The extension of polarimetric measurement techniques,

well established in conventional linear and non-linear optics, to this context might en-

able enhanced molecular imaging, whereby the harmonic polarisation properties are

correlated with the three-dimensional orbital structure.

One of the earliest contributions to this vein of research was made by Levesque et al.

[238], who investigated the polarisation of XUV harmonic radiation from aligned N2,

O2 and CO2 molecules. Their experimental approach differs, fundamentally, from that

adopted in previous studies of isotropic atomic gases [176, 177, 178]. Indeed, in these lat-

ter works, an elliptically polarised, driving laser pulse was shown to produce elliptically

polarised harmonics, with the properties of the polarisation ellipse being influenced by

both the classical and quantum aspects of the recolliding electron motion. Apparently,

the electronic structure of the irradiated target played only a limited role in the HHG

process. In contrast, for the experiments of Levesque et al. the driving laser pulse was

maintained linearly polarised, whilst the gas medium itself was modified through laser-
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induced alignment of the constituent molecules. To generate a rotational wavepacket,

the molecules of interest were first exposed to an 800 nm, 25 fs laser pulse. A second,

800 nm, 50 fs pulse, timed to coincide with a rotational revival of each species, then

elicited HHG. Levesque et al. demonstrated linearly polarised harmonics from all gases,

but with distinct orientations of their polarisation axes relative to that of the driving

laser. In particular, for N2 aligned at ±45◦, it was found that the measured rotation

angles were strongly dependent on the harmonic order. Below the 23rd harmonic, the

polarisation axis rotates in the same sense as the molecular axis, whilst in an opposite

sense at higher orders. For O2 aligned at ±45◦, however, the polarisation axis is rotated

in the same sense as the molecular axis for all detected harmonic orders. In CO2, this

behaviour is reversed, with a counter-rotation of the polarisation with respect to the

molecule. A theoretical analysis of HHG in these molecules was conducted by the same

authors, yielding qualitative insight into their experimental findings. Their calculations

were based on the SFA, wherein the transition dipole moment was evaluated within a

plane-wave approximation for the continuum-electron wavefunction. This tacitly dis-

regards the influence of the long-range Coulomb potential, arising from the ionised

molecular residue, on the returning electron wavepacket, and yields a phase difference

between the two, orthogonal components of the dipole moment that is strictly either 0

or π. The harmonic emission is thus linearly polarised for a linearly polarised driver, as

observed in the experiments. The pronounced rotation of the polarisation axis, found for

N2 and CO2 molecules with ±45◦ alignments, was rationalised in terms of the change,

in both magnitude and sign, of the components of the transition dipole moment with

harmonic order, in conjunction with the differing symmetries of the HOMOs.

Shortly after the work of Levesque and colleagues [238], Zhou et al. [240] published

the results of a polarimetric study conducted with laser-aligned N2 molecules. In their

experiments, linearly polarised pump and probe pulses from a Ti:sapphire amplifier sys-

tem were focused onto N2 gas. The 120 fs pump pulse generated a rotational wavepacket

in the molecular sample, whilst the 30 fs probe pulse, of peak intensity 2×1014 Wcm−2,

initiated HHG. Harmonic ellipticities were extracted for different harmonic orders, and

for molecular orientation angles of 40◦, 50◦ and 60◦. Interestingly, the data presented

by Zhou et al. indicate that harmonics from aligned N2 molecules can be highly el-

liptical, with ellipticities exceeding 35% for harmonic orders comparable to 21, and
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especially for alignments of 50◦ and 60◦. Their findings stand at variance with those of

Levesque et al., who detected only linearly polarised emission. This might be due to

the higher measurement precision achieved by Zhou et al., whose experimental condi-

tions ensured lower rotational temperatures (thus, stronger molecular alignment), and

improved signal-to-noise ratios compared to Ref. [238], enabling the detection of a non-

negligible harmonic-field component perpendicular to the laser polarisation axis. The

orientation of the harmonic polarisation ellipse was also shown to vary with order. Be-

low harmonic 19, the major axis was found to rotate in the same sense as the molecular

axis, whilst for higher orders, a counter-rotation was observed. These observations are

qualitatively similar to those reported for the axis of linear polarisation by Levesque et

al.. Additionally, the phase difference between the harmonic polarisation components

was also found to be rather sensitive to the harmonic order, but not the molecular

orientation.

Zhou et al. [240] claim that the existence of elliptically polarised harmonics from aligned

N2, at variance with the SFA predictions of Levesque et al. [238], manifests the failure

of the plane-wave approximation adopted in the latter analysis. In principle, any im-

print of the HOMO on the shape of the ejected-electron wavepacket, the influence of

the Coulomb potential during its transit, or multiple-orbital effects, could conceivably

invalidate the plane-wave approximation. This perspective has, however, been chal-

lenged by Etches et al. [246], who demonstrated that non-zero ellipticities are naturally

predicted within the SFA, but only when a multicentre generalisation of the traditional

stationary-phase method is used in treating the continuum-electron motion. The reason

for this lies in the appearance of additional contributions to the laser-induced dipole

moment, associated with quantum trajectories in which the electron is ionised from one

atomic centre in the molecule and recombines at another. The harmonics arising from

such recombination events, which have been termed exchange harmonics [247], may be

partly responsible for the elliptical polarisation detected in Ref. [240], and underlines

the importance of the molecular spatial extent for the HHG process.

Whilst methods based on aligned molecules may supply bright sources of elliptically

polarised harmonic light, they remain somewhat cumbersome in practice, given the

apparatus required to achieve a high degree of alignment. A more compact solution

to the problem was presented by Ferré et al. [248], who demonstrated that resonant
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HHG from atoms and molecules, driven by elliptical fields, can deliver intense, XUV

radiation with ellipticities as high as 80%. These authors subjected Ar gas to a 404 nm

laser pulse with ellipticity 40%. Although the 7th and 9th harmonics, generated above

the ionisation threshold, displayed a smooth, Gaussian-like spectral profile, the 5th,

below-threshold harmonic was found to possess considerable sub-structure, previously

identified as a signature of resonant bound-bound transitions [249]. Importantly, this

harmonic exhibits a much higher ellipticity than that of the driving laser pulse, attaining

a maximum value of 77% across its spectral width. To extend the spectral range of

the XUV emission, Ferré et al. also investigated the role of shape resonances in the

ionisation continuum of SF6. Using an 800 nm driver with a low ellipticity of 20%, these

authors recorded unprecedented harmonic ellipticities in the range 60 – 80% between

harmonics 13 and 17, spanning the energy range 20 – 27 eV. The quality of this elliptical

HHG source was demonstrated in a study of photoelectron circular dichroism, wherein

measurable asymmetries were revealed in the one-photon ionisation of enantiomeric

fenchone molecules. It is interesting to note that the work of Ferré et al. evidences

how the interplay of atomic or molecular structure, and strong-field dynamics, can be

harnessed to realise a novel source of coherent, near-circular harmonic radiation for

ultrafast chiroptical experiments.

1.4 Statement of Objectives and Thesis Structure

The discussion thus far has highlighted the promise of modern, polarisation-tuneable

light sources for the spectroscopy and coherent control of matter on atomic time and

length scales. Moreover, and in parallel with refined techniques for vectorial electric

field manipulation, experimental focus has progressively shifted towards more complex

targets, including atomic ions [250, 251, 252, 253]. As a result, there has arisen a clear

demand for sophisticated theoretical and computational modelling approaches, possess-

ing the flexibility and predictive capacity needed to explore stimulated multielectron

processes in both arbitrary atomic systems, and laser fields of arbitrary polarisation.

The present thesis is devoted to the development and application of such techniques,

with a particular focus on the elaboration of truly many-body theories of ultrafast

atomic dynamics. The material is divided into three parts.
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Part I: Introduction and Literature Review

Part I of this thesis reviews experimental and theoretical developments in the field

of ultrafast physics, relevant to the investigation of atomic (and molecular) electron

dynamics in light fields of arbitrary polarisation. In the present chapter, we have already

discussed experimental light-source technology for the realisation of ultrashort, NIR and

XUV pulses with manipulable polarisation properties. Chapter 2, in contrast, reviews

complementary developments in theoretical methodology. Therein, we explore some of

the most impactful approaches to solving the laser-driven, atomic many-body problem

in a non-perturbative fashion. The presentation is organised in accordance with the

time-independent or time-dependent nature of the methods considered. We note that

this discussion serves not only to highlight the present state-of-the-art in computational

methods for laser-atom interactions, but also to contextualise the theoretical progress

reported in Part II of this thesis.

Part II: Developments in R-matrix with Time-dependence Theory

As underlined in Chapter 2, only a limited number of truly many-body theories exist

to tackle the ultrafast dynamics of complex atoms in ultrashort and high-intensity light

fields. Among them, R-matrix with time-dependence (RMT) theory [254] and the asso-

ciated computer codes have proven particularly successful in supporting state-of-the-art

experiments in strong-field physics. The theory offers an ab initio and non-perturbative

approach for solving the time-dependent Schrödinger equation, appropriate to general

atoms and atomic ions interacting with intense, ultrashort and linearly polarised laser

pulses. It represents the latest embodiment of a time-dependent R-matrix formalism

[255, 256, 257, 258, 259], whose flexibility and generality have been reflected in a wide

variety of recent applications [260, 261, 262, 263, 264]. We devote Part II of this thesis

to novel theoretical and computational developments concerning the RMT methodol-

ogy, lifting the traditional restrictions to linearly polarised fields, and even the electric

dipole approximation.

In Chapter 3, we briefly review the evolution and impact of time-dependent R-matrix

methods. We then detail the RMT methodology, as originally presented by Moore et al.

[254] in 2011. This will serve to highlight the numerical features of the RMT approach
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which render it so appropriate for the realisation of full-dimensionality, quantum-

dynamic simulations for laser-atom interactions, especially in the computationally de-

manding parameter regime of high intensities and/or long wavelengths. Moreover, the

discussion given in this chapter is foundational to the further elaboration of the method

considered in Chapters 4 and 5.

Whilst there is little doubt that the RMT approach represents a valuable computational

strategy for the laser-driven, atomic many-body problem, there remains considerable

scope for further development. This is particularly true as experimental techniques

achieve a more refined, vectorial control over the polarisation characteristics of ultra-

short light pulses, discussed in Section 1.3. In Chapter 4, we introduce an ab initio and

non-perturbative RMT theory for ultrafast atomic processes in light fields of arbitrary

polarisation. The theory is applicable to complex, multielectron atoms and atomic ions

subject to ultrashort (particularly few-femtosecond and attosecond) laser pulses with

any given ellipticity, and generalises previous time-dependent R-matrix techniques re-

stricted to linearly polarised fields. We discuss both the fundamental equations, required

to propagate the multielectron wavefunction in time, as well as the computational de-

velopments necessary for their efficient numerical solution. To verify the accuracy of

our approach, we investigate the two-photon ionisation of He, irradiated by a pair of

time-delayed, circularly polarised, femtosecond laser pulses, and compare photoelectron

momentum distributions, in the polarisation plane, with those obtained from recent

time-dependent close-coupling calculations. The predictive capabilities of our approach

are further demonstrated through a study of single-photon detachment from F− in a

circularly polarised, femtosecond laser pulse, where the relative contribution of the co-

and counter-rotating 2p electrons is quantified. The latter work is extended in Chapter

7 of Part III, where we perform a more systematic investigation of electron rotational

asymmetry in multiphoton detachment from F−, induced by femtosecond, circularly

polarised pulses of infrared wavelength.

The work presented in Chapter 4 of this thesis evidences the progress made in es-

tablishing an RMT approach for laser fields of arbitrary polarisation. However, the

original formulation of RMT theory, presented by Moore et al. [254], bears another im-

portant limitation, in that the time-dependent Schrödinger equation for the laser-atom

interaction is solved exclusively in the dipole approximation. In Chapter 5, we detail
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an extension of RMT theory to include the lowest-order, non-dipole corrections to the

laser-atom interaction Hamiltonian. We confine attention to the non-relativistic regime,

where relativistic-kinematic modifications to the electron motion can be neglected, and

devote particular focus to the electric quadrupole and magnetic dipole terms that arise

from the leading correction to the vector potential, linear in the photon momentum.

This more general formulation of RMT enables modelling of the electron dynamics,

driven by intense and ultrashort laser pulses, to order 1/c, and represents the first

non-dipole generalisation of an R-matrix technique for atomic photoionisation.

Part III: Ultrafast Dynamics in Atomic Ions

Investigations on the dynamics of negative and positive ions have long been of fun-

damental importance in atomic physics. Part III of this thesis presents three compu-

tational studies of strong-field processes in such systems, employing both the multi-

electron RMT methodology discussed in Chapers 3 and 4, as well as a much simpler,

single-electron approach suited to negative ions.

As products of photoionisation, positively charged atomic ions bear a natural and in-

evitable relevance to high-intensity laser-atom phenomena. Perhaps most notably, they

represent attractive targets for studies of HHG. By virtue of their open-shell nature,

they offer a stringent test for emerging theoretical techniques, whether in describing

their field-free energy-level structure, or field-driven response dynamics. Furthermore,

higher electron binding energies, with respect to their neutral counterparts, imply in-

creased cutoff energies, especially for the more strongly bound core electrons. Corre-

spondingly, the harmonic spectra present extended plateau structures, supporting the

synthesis of ever shorter attosecond pulses. The harmonic response of positive ions

has also proven of importance for interpreting experimental data: although experimen-

tal studies of HHG have addressed primarily neutral, noble-gas targets, it has been

suggested that the very highest-order harmonics detected arise from ionised species,

generated during the intense laser-target interaction [250]. Moreover, the prospect of

harnessing HHG from such ions, and thereby of extending frequency up-conversion

techniques into still shorter wavelength regimes, has been realised through the develop-

ment of strategies for mitigating plasma-induced beam defocusing and phase-mismatch
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effects [250, 251], which would otherwise limit the highest observable photon energies.

It is thus of considerable practical interest to assess the HHG yields from noble-gas

ions, such as Ne+ and Ar+, both to inform and direct experimental HHG research.

In Chapter 6 of this thesis, we apply ab initio RMT theory to investigate HHG in

the Ar+ ion. In particular, we explore the merits of a two-colour, XUV-initiated HHG

(XIHHG) strategy, whereby the target ion is subject to a strong visible or infrared

driving pulse, as well as a short-duration, typically somewhat weaker XUV pulse. The

HHG process can then be initiated by direct photoionisation, rather than strong-field

tunnelling from the ground state as considered in the traditional three-step model [118].

Such a scheme has been shown to afford enhanced harmonic conversion efficiencies, and

holds considerable spectroscopic potential for the study of more deeply bound electrons

in atomic systems. Both facets of XIHHG remained unexplored for atomic ions prior

to the work reported in this thesis.

Fascinating dynamical effects are also observed in atomic negative ions, characterised

by the binding of an additional electron to a neutral atom by a short-range potential.

Classically, the binding of an excess electron is attributable to the polarisation of the

electronic charge distribution of the neutral atom, giving rise to an induced dipole

moment. The associated polarisation potential is inversely proportional to the fourth

power of the radial distance of the electron from the nucleus, which decreases much

more rapidly than the Coulomb potential binding the electrons in neutral atoms and

positive ions. The short-range nature of the polarisation potential can give rise to novel

dynamical effects in negative ions exposed to electromagnetic fields, perhaps the most

well-known manifestation being the Wigner threshold law [265].

The enhanced relative importance of electron correlation in negative ions offers com-

pelling prospects for investigating many-body interactions. Indeed, many negative ions

would simply not exist without strong correlations in the electronic motion, although

their binding energies are typically rather small, of the order of 1 eV. The highest

binding energies are realised by negative ions with a filled valence shell. In particu-

lar, the halogen systems gain a filled valence np subshell upon acquisition of an addi-

tional electron, producing a stable, 1S ionic bound state. Their electron affinities exceed

3 eV, permitting the study of multiphoton dynamics in the optical and NIR wavelength
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ranges. Fully occupied valence shells also imply a simple electronic structure resembling

the noble-gas atoms, whose strong-field ionisation dynamics have been studied exten-

sively. As such, the halide ions have been the subject of investigation for the majority of

theoretical and experimental studies of multiphoton detachment, and represent natu-

ral candidates for the validation of emerging theoretical and computational techniques

for strong-field processes. In Chapter 7, we apply the latest RMT method to study

detachment from F− in circularly polarised laser fields of infrared wavelength. We ex-

amine the propensity for detachment of valence 2p electrons with different magnetic

quantum number values (i.e., electrons co- and counter-rotating relative to the laser

polarisation), as a function of laser wavelength. Particular attention is commited to the

intermediate, few-photon case, where we attempt to gain a better understanding of the

transient rotational preference between the one-photon and multiphoton regimes. We

also investigate how this preference varies with excess photoelectron energy. Finally,

our ab initio predictions are compared with those of analytical methods tailored for the

strong-field regime, enabling a rigorous assessment of their qualitative reliability over

a range of laser wavelengths.

In addition to the closed-shell halide ions, negative ions with half-filled valence subshells,

namely C−, Si− and Ge−, have also been considered. On the one hand, a number of the-

oretical models for these ions have been discussed in the literature. Photodetachment

cross-sections have been calculated by means of the spin-polarised random-phase ap-

proximation with exchange [266, 267], as well as many-body perturbation theory [268],

revealing intershell correlations and autodetachment resonances. On the other hand, ex-

perimental studies remain rather limited. Recently however, pump-probe experiments

[252, 253] on orbital alignment and quantum beats, arising from the population of the

C, Si and Ge ground-state fine-structure manifolds in strong-field detachment from

these negative ions, have displayed the consequences of non-ideal quantum wavepacket

coherence. In Chapter 8, we employ a Keldysh-type formalism [269, 270, 271] to model

the photodetachment process. Specifically, we compute the density matrix for the fine-

structure manifold of the 3P atomic ground state, whose elements determine the popu-

lations of, and coherences among, electronic states. Such a description offers a quanti-

tative characterisation of the partially coherent dynamics occurring among the ground-

state spin-orbit sublevels of each neutral atomic system. We confirm a fundamental
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criterion for coherent wavepacket generation in strong-field detachment, and asses the

sensitivity of the spin-orbit coherences to the duration of the photodetaching pulse.

Additionally, we demonstrate that a violation of the aforementioned criterion leads

to a suppression of quantum beats in the probe-induced ionisation signal, which may

account for the observed behaviour in polarisation-anisotropy measurements.

Finally, Chapter 9 closes the thesis with relevant conclusions and potential future re-

search.

1.5 Choice of Units

Atomic units (a.u.) will be employed throughout this thesis, unless otherwise specified.

The latter are defined such that me = |e| = ~ = 1, where me is the electron mass, e

is the electronic charge and ~ is the reduced Planck’s constant. As a consequence, the

speed of light is c = 1/α ≈ 137, where α is the fine-structure constant. Energies will

be given in Hartree atomic units as opposed to Rydbergs. One Hartree atomic unit of

energy is approximately equal to 27.211 eV, twice the ionisation energy of the hydrogen

atom (for an infinite proton mass).



Chapter 2

Non-perturbative Theoretical

Techniques for Laser-atom

Interactions

2.1 Introduction

The time-domain observation of multielectron dynamics in atomic, molecular and

condensed-matter systems, using extremely short light pulses for both initiating and

probing the motion, has long been a key leitmotiv of ultrafast physics. Over the last

few decades, refinements in laser-cavity technology, coupled with advances in external

pulse-compression techniques, have enabled the generation of high-intensity, ultrashort

light pulses comprising only a limited number of optical cycles. In particular, with the

development of chirped-pulse amplification (CPA) [92], modern high-power laser sys-

tems can now routinely deliver high-repetition rate, femtosecond light pulses with peak

intensities beyond 1014 Wcm−2, and even as high as 1022 Wcm−2 [94] in the focal region.

Furthermore, by focusing such femtosecond pulses into rare-gas media, the non-linear,

frequency up-conversion afforded by high-harmonic generation (HHG, see Chapter 1,

Section 1.2.2) can provide trains of still shorter, attosecond pulses in the extreme-

ultraviolet (XUV) and soft-X-ray spectral ranges, which can be isolated by means of

appropriate spectral filtering and temporal-gating strategies. Additionally, we empha-
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sise that substantial experimental progress has been made towards the realisation of

ultrashort pulses with manipulable polarisation characteristics. This constitutes a key

source of impetus for the work presented in Chapters 4 and 7 of this thesis. In particu-

lar, femtosecond polarisation-shaping technology [191] has facilitated a more complete,

vectorial control over the electric field distribution of Ti:sapphire laser light, creating

pulses in which, for instance, the polarisation state is modulated dynamically within

the temporal envelope [185, 186, 187, 188, 189, 190]. Moreover, the generation of el-

liptically polarised, XUV harmonics has been explored in a number of experimental

schemes, relying on prealigned molecules as targets [238, 240, 241], bichromatic and

co- or counter-rotating drivers [235, 236], as well as resonance effects inherent in the

dynamics of HHG itself [248]. Indeed, the quality and flexibility of polarisation control

are quickly becoming important figures of merit for short-wavelength HHG sources, es-

pecially in the 10 – 30 eV range, spanning the ionisation thresholds of many atomic and

molecular systems. The relentless drive of experimental light-source technology towards

shorter durations, higher intensities, and full vectorial control of the light-field polar-

isation has created novel opportunities for the time-resolved spectroscopy of atomic

[10, 52, 53, 55, 272], molecular [209, 210, 239, 273, 274] and condensed-matter systems

[215, 216, 236, 248, 275] alike.

In parallel with active experimental interest in the generation, and spectroscopic ap-

plication, of intense and ultrashort light pulses has been a demand for sophisticated

modelling techniques. High photon-flux radiation can drive atomic and molecular sys-

tems into a highly non-linear regime, initiating such phenomena as multiphoton ionisa-

tion [276, 277, 278, 279, 280, 281], above-threshold ionisation (ATI) [121, 282, 283, 284],

HHG [111, 113, 116, 117, 118, 131, 134] and non-sequential, multiple-electron ionisation

[285, 286, 287, 288]. At sufficiently low light intensities (typically below 1013 Wcm−2),

atomic multiphoton processes can be treated rationally through the application of per-

turbation theory [289], possibly to high order if many photons mediate the excitation

or ionisation dynamics. Such an approach was the mainstay of theoretical calculations

for laser-atom processes throughout the 1960s and 1970s, whilst attainable field intensi-

ties remained limited. However, with the advent of CPA during the mid-1980s, focused

laser-light intensities have been realised which are comparable to, or even exceed the

atomic unit of intensity, given (in S.I. units) by
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Ia =
1

2
ε0cE

2
a ≈ 3.5× 1016 Wcm−2,

where c and ε0 are the speed of light in and permittivity of free space, and Ea is the

atomic unit of electric field intensity,

Ea =
|e|

4πε0a2
0

≈ 5.1× 109 Vcm−1,

with e the electronic charge and a0 the Bohr radius. Note that Ea is the classical

Coulomb field binding the electron in the first Bohr orbit of hydrogen. Under such

conditions, the external laser field is strong enough to compete with, or even dominate

the internal Coulomb forces governing the structure and dynamics of the irradiated

target. Thus, while multiphoton processes at intensities I � Ia can be studied using

perturbation theory, in the non-perturbative regime of interaction I & Ia, a direct

treatment of the time-dependent Schrödinger equation (TDSE) for the irradiated atom

becomes the only acceptable recourse1.

The direct solution of the field-free TDSE is relatively simple for one-electron systems,

such as the hydrogen atom. Details surrounding this standard problem can be found

in almost any text on quantum mechanics [291]. However, the inclusion of a laser field

renders analytical solution of the one-electron TDSE intractable for all but the most

artificial models (for instance, that of a delta-function binding potential [292]). For

multielectron systems, the problem is compounded further by Coulombic correlations:

dielectronic repulsion couples the motion of all electrons, ensuring that their degrees

of freedom remain inseparable. The complications imposed by correlation are already

well documented in the context of quantum chemistry, where the accurate estimation of

1It is commonplace in the literature to identify the regime I & Ia as one in which the laser field
can no longer be regarded as a perturbation to the atomic system. However, a characterisation of
the non-perturbative domain in this manner is unsatisfactory, for the onset of such behaviour is
decidedly frequency-dependent [290]. A more appropriate criterion is based on the ponderomotive
energy Up, defined by equation (1.2) of Chapter 1. When the laser field is sufficiently strong that the
ponderomotive energy of an electron becomes comparable to, or even exceeds the atomic ionisation
potential Ip, Up & Ip, then the fundamental premise of perturbation theory fails. Indeed, under these
conditions, the interaction with the external field produces such distortions of the atomic structure (in
terms of energy-level shifts and broadening effects) that the very notion of a perturbation is rendered
inapplicable.
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correlation corrections to the wavefunctions and energy levels of atomic and molecular

bound states has constituted a core theme of research for decades [293]. Such endeavours

have underlined a critical challenge in the computational treatment of correlated, multi-

electron systems: the dimensionality of configuration space increases with the number N

of electrons, such that the computational cost of representing the N -body wavefunction

scales in an exponential manner. This so-called ‘exponential wall’ [294] is prohibitive in

the numerical solution of the time-independent Schrödinger equation for static prob-

lems, but is considerably more crippling in the study of non-perturbative, laser-driven

processes, where solution of the TDSE necessarily entails propagation of the N -body

wavefunction in both space and time, retaining all electron-laser and electron-electron

couplings throughout.

In view of the computational complexities posed by quantum-dynamic simulations for

multielectron systems, we should question the genuine relevance of electron-electron cor-

relations in laser-atom interactions, and whether or not simplified, one-electron models

could suffice. Until the 1990s, the key features of most strong-field experiments could be

rationalised with the aid of single-active-electron models, in which the TDSE is solved

for a single, outermost electron subject to the laser field, as well as some effective

potential due to the ionic core. Such simulations naturally incorporate the possibil-

ity that the electron, once freed, subsequently rescatters from or recombines with the

parent ion, and as such have captured the key qualitative features of such phenomena

as high-order ATI and HHG. However, there exist intense-field phenomena for which

the correlation among electrons has been found decisive. Perhaps the most well-known

example is the laser-induced, non-sequential double-ionisation of atomic [285, 286] and

molecular [287, 288] systems. Here, the Coulombic sharing of energy between contin-

uum and bound electrons, described semiclassically in terms of inelastic rescattering,

is responsible for the markedly enhanced, doubly-charged ion yields from noble gases

in the near-infrared (NIR) and optical wavelength ranges. The impact of multielec-

tron correlations has also been revealed in experimental studies of HHG in atoms and

ions, being manifest through autoionising resonances in Ar [295, 296] and Sn+ [297],

as well as by the giant dipole resonance in Xe [298], mediated by a collective exci-

tation of the 4d electrons. Some of the most profound consequences of multielectron

correlation, however, have been found in connection with the photoionisation of inner
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atomic shells. In heavy atoms and molecules exposed to high-energy, free-electron laser

pulses, the preferential emission of deeply bound, inner-shell electrons can initiate a

cascade of correlation-mediated relaxation effects, such as Auger decay and autoionis-

ing transitions, on an ultrafast (typically femtosecond) timescale. Recent experiments

at free-electron laser facilities have underlined the importance of such processes for the

production of highly charged ionic species [299, 300, 301, 302]. Significantly, the advent

of light pulses with attosecond-scale duration has made feasible the direct observation

of such inner-shell electron dynamics in atomic systems. The particular case of MNN

Auger decay in Kr, following photoionisation from the 3d subshell by an attosecond,

XUV light pulse, constituted the subject for the very first attosecond streaking mea-

surements by Drescher et al. [10], who successfully measured the lifetime of a core-hole

vacancy.

In this chapter, we explore some of the most impactful theoretical methodologies for

solving the laser-driven, atomic many-body problem both non-perturbatively and in full

dimensionality. We commence, in Section 2.2, by discussing the semiclassical framework

typically assumed in treating multiphoton processes for atomic systems. We consider

such important notions as the dipole approximation and gauge invariance, and de-

tail the most relevant gauges for practical calculations. Following this, in Sections 2.3

and 2.4, we review a number of fully non-perturbative methods for solving the TDSE.

These are conveniently classified in accordance with their time-independent or time-

dependent nature. We address the former in Section 2.3. Perhaps the most well-known

time-independent approach is Floquet theory, which exploits an assumed periodicity

of the electron-field interaction to transform the TDSE into a set of coupled, time-

independent equations. We also consider how the Floquet method has been adopted

within an R-matrix framework, enabling a computationally feasible treatment of many-

electron atoms in intense, monochromatic laser fields. In Section 2.4, we address a se-

lection of time-dependent techniques. Historically, direct numerical integration of the

TDSE was tractable only in simplified, reduced-dimensionality models. However, with

advances in computing technology, and the increasingly widespread availability of su-

percomputing facilities, full-dimensionality calculations for the ionisation dynamics of

complex atoms and ions have become feasible. In particular, we mention time-dependent

Hartree-Fock theory and the single-active-electron approximation (now ubiquitous in
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numerical simulations of strong-field ionisation), as well as the time-dependent close-

coupling and time-dependent configuration-interaction singles methodologies. Discus-

sion of such techniques serves not only to highlight the present state-of-the-art in com-

putational methods for laser-atom interactions, but also to contextualise the theoretical

progress presented later in this thesis. Indeed, as we shall emphasise, only a few of the

approaches outlined in this chapter achieve an ab initio treatment of multielectron

atomic systems in laser fields of arbitrary polarisation, with most being restricted to

purely linearly polarised pulses. Finally, we draw a comparison of time-independent

and time-dependent approaches in Section 2.5.

2.2 Semiclassical Theory of the Laser-atom Interaction

2.2.1 Introduction

A truly rigorous treatment of the interaction of an atom, with an electromagnetic

radiation field, would necessitate quantum electrodynamics [303, 304]. In this thesis

however, we consider the rather special kind of radiation that is produced by laser

sources, characterised by its high intensity, as well as superior spatial and temporal

coherence properties [305]. In particular, high laser-light intensities imply large photon

densities. For an electromagnetic plane wave with wavelength λ, photon energy ω and

intensity I, the number of photons per cubic wavelength ρ can be estimated as

ρ ∼ Iλ3

ωc
,

where c is the speed of light in vacuum [306]. Whenever this photon density greatly ex-

ceeds unity, a classical description of the laser field, based on Maxwell’s equations [307],

becomes justified. The latter criterion is adequately satisfied for the fields considered

in the present work. Indeed, even in the case of the low-intensity, high-frequency pulses

considered in Chapter 4, with ω = 15 eV and a peak intensity I = 1× 1012 Wcm−2, we

have ρ ∼ 103 � 1.

Adopting a classical treatment of the laser field affords a substantial simplification in the
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theoretical description of strong-field atomic processes. In particular, it enables a hybrid

approach, whereby the atomic system is described in a detailed, quantum-mechanical

manner, and the light field purely within the framework of classical electromagnetic

theory. This constitutes the well-established semiclassical theory of laser-atom interac-

tions2.

Throughout this chapter, we consider the interaction of an electromagnetic field with

an atomic system (atom or ion), comprising a nucleus of charge Z and N electrons. We

neglect relativistic effects, whether in association with the internal atomic structure or

arising from the external laser field. The behaviour of the N -electron system, in the

presence of this field, is governed by the TDSE,

i
∂

∂t
Ψ(XN , t) = H(t)Ψ(XN , t), (2.1)

where XN = x1,x2, ...,xN , and xi = riσi denotes collectively the space and spin coor-

dinates of electron i. The Hamiltonian H(t) can be obtained either from a semiclassical

reduction of the complete quantum-electrodynamic treatment [304, 313], or from its

classical analogue by means of first quantisation, as discussed for example in Ref. [314].

Ultimately, we find that for an electromagnetic field, described (in an arbitrary gauge)

by the scalar and vector potentials φ(r, t) and A(r, t) respectively, the Hamiltonian for

the N -electron system assumes the form

H(t) =
N∑
i=1

{
1

2

(
pi +

1

c
A(ri, t)

)2

− φ(ri, t)

}
+ V (r1, ..., rN ). (2.2)

Here, pi is the canonical momentum operator for electron i, and V accounts for the

electron-nucleus attraction and dielectronic repulsion,

2A more rigorous argument can be given by recognising that, to a good approximation, the radiation
field generated by a laser is in a coherent state, which is the quantum-electrodynamic state approxi-
mating most faithfully the classical characteristics of the field [308, 309, 310]. For large values of the
mean number of photons in such a state, quantum fluctuations become minor, and can be neglected.
For further details, we refer the reader to standard texts on quantum optics [311, 312].
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V (r1, ..., rN ) =

N∑
i=1

−Zri +

N∑
i>j=1

1

|ri − rj |

 .

Note that in these equations, we have regarded the target nucleus (assumed of infinite

mass) to be located at the origin of coordinates, and denoted by rij = |ri − rj | the

inter-electron separation.

2.2.2 Gauge Invariance and the Dipole Approximation

The classical electromagnetic field, generated by a laser, is described in terms of spa-

tially and temporally evolving electric and magnetic fields, E(r, t) and B(r, t) respec-

tively. The latter can, in turn, be generated from scalar and vector potentials, φ(r, t)

and A(r, t), by means of the relations

E(r, t) = −∇φ(r, t)− 1

c

∂

∂t
A(r, t)

and

B(r, t) = ∇×A(r, t).

An important feature of this description is that the potentials φ(r, t) and A(r, t) are

not unique. Indeed, under the transformation consisting of

φ′(r, t) = φ(r, t)− 1

c

∂

∂t
χ(r, t) (2.3)

and

A′(r, t) = A(r, t) +∇χ(r, t), (2.4)
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where χ(r, t) is an arbitrary, real-valued, scalar function of position and time, the fields

E(r, t) and B(r, t) remain invariant. Equations (2.3) and (2.4) constitute what is known

as a (classical) gauge transformation.

The freedom implied by the gauge invariance (2.3) and (2.4) allows for an additional

condition to be imposed on the electromagnetic potentials. In particular, we can require

that the vector potential A(r, t) be divergenceless,

∇ ·A(r, t) = 0, (2.5)

which corresponds to the Coulomb (or radiation) gauge. The latter is often used when

no sources are present, so that φ(r, t) = 0 and

E(r, t) = −1

c

∂

∂t
A(r, t).

In quantum mechanics, transformation of the potentials according to equations (2.3)

and (2.4) does not suffice to achieve gauge invariance of the dynamics. In addition,

the time-dependent wavefunction must be transformed through multiplication with

the appropriate spatially- and temporally-varying phase factor. In the context of the

semiclassical theory of laser-atom interactions, the TDSE (2.1), with Hamiltonian given

by equation (2.2), remains unchanged in form under the quantum-mechanical gauge

transformation described by

φ′(r, t) = φ(r, t)− 1

c

∂

∂t
χ(r, t), (2.6)

A′(r, t) = A(r, t) +∇χ(r, t) (2.7)

and
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Ψ′(XN , t) = exp

[
− i
c

N∑
i=1

χ(ri, t)

]
Ψ(XN , t), (2.8)

where χ(r, t) is again an arbitrary, scalar function of position and time. Since a gauge

transformation is unitary, measurable quantities (such as expectation values or tran-

sition probabilities), calculated in different gauges, should in principle be the same. It

is only when approximate wavefunctions are employed in the computations that nu-

merical results, obtained in different gauges, may deviate from one another, and that

a specific choice of gauge may produce the most accurate results for a given physical

problem.

The description of the laser-atom interaction can be simplified in many circumstances

of practical interest. In particular, if the wavelength of the radiation field is significantly

greater than the effective spatial extent of the atomic system, we can neglect retarda-

tion effects across the atom, and assume the laser field to be spatially homogeneous.

This constitutes the well-known dipole or long-wavelength approximation [315]. To il-

lustrate it, we consider the vector potential associated with a laser pulse of arbitrary

polarisation, which may be written in the form

A(r, t) =
cF (t)

ω
√

1 + η2

[
ε̂εε sin(k · r− ωt− ϕ) + ηζ̂ζζ cos(k · r− ωt− ϕ)

]
. (2.9)

In this equation, F (t) describes the temporal envelope of the pulse, k is the wavevector,

ω is the carrier frequency and ϕ is a constant phase. The unit vectors ε̂εε and ζ̂ζζ indicate,

respectively, the major and minor axes of the polarisation ellipse, and are related by

ζ̂ζζ = k̂ × ε̂εε. Finally, η is a parameter which, upon varying in the range −1 ≤ η ≤ 1,

accounts for all possible polarisation states of the radiation field. In particular, for a

linearly polarised field, η = 0, whilst for a right-hand (left-hand) circularly polarised

field, η = 1 (η = −1). For a general, elliptically polarised pulse, |η| serves to quantify

the ellipticity.

Now, the XUV, optical and NIR regimes span wavelengths, λ = 2π/|k|, in the range

103 − 104 Å. If the characteristic size of an atom is of the order of 1 Å, we can assume
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k · r� 1 for such fields. Then, the complex exponential eik·r may be approximated by

unity, so that

sin(k · r− ωt− ϕ) ≈ − sin(ωt+ ϕ)

and

cos(k · r− ωt− ϕ) ≈ cos(ωt+ ϕ).

The vector potential (2.9) therefore becomes

A(t) =
cF (t)

ω
√

1 + η2

[
−ε̂εε sin(ωt+ ϕ) + ηζ̂ζζ cos(ωt+ ϕ)

]
.

That is, in the dipole approximation, the vector potential is independent of the spatial

coordinate variables. We highlight that the defining condition of the Coulomb gauge,

given by equation (2.5), is trivially satisfied in this approximation. Moreover, the electric

field is also independent of position, with E = −(1/c)dA/dt, and no magnetic field

(B = ∇×A = 0) acts on the system. The semiclassical Hamiltonian (2.2), describing

the atom in the presence of the laser pulse (treated in the Coulomb gauge), is now

given by

H(t) =
1

2

N∑
i=1

(
pi +

1

c
A(t)

)2

+ V (r1, ..., rN ). (2.10)

It should be noted that as the radiation wavelength becomes comparable to the spatial

extent of the atom, the dipole approximation loses its validity for the outer-shell elec-

trons. This is expected to occur at X-ray wavelengths, such as those realised at modern

free-electron laser facilities. Moreover, and irrespective of the wavelength, extremely

high-intensity radiation will render both non-dipole and relativistic corrections to the

interaction Hamiltonian essential.

We shall find it beneficial to partition the total Hamiltonian (2.10) in the manner
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H(t) = H0 +Hint(t), (2.11)

where

H0 =
1

2

N∑
i=1

p2
i + V (r1, ..., rN ) (2.12)

is the field-free atomic Hamiltonian, and

Hint(t) =
1

c
A(t) ·P +

N

2c2
A2(t) (2.13)

is the interaction Hamiltonian, with

P =

N∑
i=1

pi (2.14)

the total electronic momentum operator. Using equations (2.11) to (2.13), the TDSE

describing the dynamics of the atom-field interaction in the dipole approximation can

be expressed as

i
∂

∂t
Ψ(XN , t) =

[
H0 +

1

c
A(t) ·P +

N

2c2
A2(t)

]
Ψ(XN , t). (2.15)

2.2.3 The Length Gauge, Velocity Gauge and Acceleration Frame

The property of gauge invariance facilitates the simplification of the TDSE by an ap-

propriate choice of unitary transformation (2.8). As already noted, it is convenient to

adopt the Coulomb gauge, such that ∇ ·A = 0 and φ = 0. We now show that in the

dipole approximation, the interaction Hamiltonian can not only be simplified further,

but expressed in a number of equivalent and computationally useful forms.

We consider once more the TDSE (2.15), describing the interaction of an N -electron

atom with a laser field in the dipole approximation. The term in A2(t) can be eliminated
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by performing the well-known gauge transformation

ΨV (XN , t) = exp

[
i
N

2c2

∫ t

A2(t′)dt′
]

Ψ(XN , t), (2.16)

which amounts to choosing

χ(r, t) = − 1

2c

∫ t

A2(t′)dt′

in equations (2.6) to (2.8). The resulting TDSE for ΨV (XN , t) is

i
∂

∂t
ΨV (XN , t) =

[
H0 +

1

c
A(t) ·P

]
ΨV (XN , t), (2.17)

and is said to be in the velocity gauge, since the interaction Hamiltonian

HV
int =

1

c
A(t) ·P

couples the vector potential A(t) to the total electronic momentum P. Another form of

the TDSE (in the dipole approximation) can be ascertained by returning to equation

(2.15), and effecting the gauge transformation

ΨL(XN , t) = exp

[
i

c
A(t) ·

N∑
i=1

ri

]
Ψ(XN , t), (2.18)

as first introduced by Göppert-Mayer [316]. Here,

χ(r, t) = −A(t) · r,

and the transformed wavefunction ΨL(XN , t) satisfies the TDSE

i
∂

∂t
ΨL(XN , t) = [H0 + E(t) ·R] ΨL(XN , t) (2.19)
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with

R =
N∑
i=1

ri (2.20)

the total electronic position operator. The laser-atom interaction is thereby described

in the length gauge, since the interaction Hamiltonian

HL
int = E(t) ·R

couples the electric field intensity to the total electronic position.

In the high-intensity and high-frequency regime, it becomes appropriate to treat the

laser-atom coupling in yet another description, corresponding to an accelerated frame

of reference. Returning to the TDSE in the velocity gauge (2.17), we introduce the

unitary transformation

ΨA(XN , t) = exp

[
iααα(t) ·

N∑
i=1

pi

]
ΨV (XN , t),

where ααα(t) is the classical displacement of an electron in the electric field of the pulse,

ααα(t) =
1

c

∫ t

A(t′)dt′.

This so-called Kramers-Henneberger transformation corresponds to a spatial transla-

tion, characterised by the vector ααα(t), in which a transition is made from the laboratory

frame to an accelerated frame of reference (the Kramers-Henneberger frame). The lat-

ter follows the oscillatory quiver motion of the electrons, and therein, the TDSE for

the multielectron wavefunction ΨA(XN , t) reads

i
∂

∂t
ΨA(XN , t) =

[
1

2

N∑
i=1

p2
i + V (r1 +ααα(t), ..., rN +ααα(t))

]
ΨA(XN , t). (2.21)

Note that the interaction with the laser field is now incorporated, through ααα(t), into
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the once field-free many-body potential V , which is now time-dependent.

The space-translated form of the TDSE (2.21) was first considered by Pauli and Fierz

[317], and subsequently employed by Kramers [318] to investigate the renormalisa-

tion of quantum electrodynamics. It was rediscovered by Henneberger [319] within the

framework of the semiclassical theory of laser-atom interactions, and demonstrated that

multiphoton processes, occurring at non-perturbative laser intensities in the laboratory

frame, could be described perturbatively in the aforementioned accelerated frame of

reference.

We stress once more that the wavefunction Ψ of equation (2.15), as well as the wave-

functions ΨV , ΨL and ΨA obtained by unitary transformation (whether in a change of

gauge or frame), yield identical physical predictions when any problem is solved exactly.

However, the use of approximate wavefunctions (inevitable in any practical calculation)

can render the numerical results gauge-dependent, so that a judicious choice of inter-

action Hamiltonian can be essential in ascertaining reliable data for the measurable

quantities of interest.

2.3 Time-independent Methods

We first discuss a selection of time-independent methods that have been employed to

solve the TDSE (2.1) for atomic systems in intense laser fields. The canonical represen-

tative for this class of techniques is Floquet theory, which enables the non-perturbative

solution of equation (2.1) for atoms irradiated by long (many-cycle) laser pulses. Un-

der these conditions, the TDSE can be replaced by an infinite system of coupled,

time-independent equations, whose numerical solution faithfully captures the dynam-

ics provided that they remain adiabatic in nature. In this manner, Floquet theory

and its variants allow for the TDSE to be solved without the numerical cost of an

explicitly time-dependent, many-body simulation. Although early applications of the

Floquet approach were limited to one-electron systems, its assimilation within an R-

matrix framework enabled the analysis of more complex, multielectron atoms and ions

in intense laser fields. In what follows, we present a brief review of these methods,

highlighting their salient features and notable applications. Note however that with the
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advent of extremely short (femtosecond and attosecond) laser pulses, strong-field exper-

iments can now access a new physical regime, wherein the temporal modulation of the

field intensity is so rapid that the atomic response is rendered strongly non-adiabatic.

Under such conditions, the problem at hand cannot be mapped to a time-independent

one, and the TDSE must be treated directly. We address such explicitly time-dependent

techniques in Section 2.4.

In passing, it should be mentioned that the Floquet techniques considered in this section

do not constitute the only time-independent methods which have been developed. One

notable example is intense-field many-body S-matrix theory (IMST), originally formu-

lated by Becker and Faisal [320, 321, 322, 323] during the late 1990s. In principle fully ab

initio, IMST relies on a diagrammatic expansion of the quantum-mechanical transition

amplitude [323], and moreover, entails no suppositions regarding the monochromaticity

of the light field or adiabaticity of the electron dynamics. As a result, the theory can

yield valuable insight into excitation and ionisation processes initiated with extremely

short-duration (few- or sub-femtosecond) light pulses, where the assumptions of Flo-

quet theory can be markedly violated. However, due to the impracticality of accurately

evaluating high-order diagrams, a complete treatment of electron-electron correlation

is rendered difficult. In particular, many reported IMST studies of multiple-electron

ionisation [320, 322, 324, 325, 326, 327, 328, 329, 330] have relied on simplified models

inspired by the structure of the relevant diagrams, albeit incorporating the essential

physical attributes of the problem [326, 327, 329]. Given this, we shall not discuss IMST

in this section, preferring to focus on Floquet approaches which have yielded ab initio

solutions of the TDSE.

2.3.1 Floquet Theory

In principle, the dynamical behaviour of an atom, subject to a short-duration and

intense laser pulse, can be elucidated by solving the TDSE (2.1). Floquet theory offers

a simplification of this formidable problem for long (many-cycle) pulses, relying on an

adiabatic separation of the short timescale of the laser-field period (during which the

intensity does not vary appreciably), from the much longer timescale of modulation

imposed by the pulse envelope. Under these conditions, and for a definite intensity and
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frequency, solution of the Floquet equations (see below) provides a complete description

of the multiphoton dynamics. Once the latter have been solved for a range of field

intensities, the pulse temporal envelope can be accounted for in a subsequent stage of

the analysis. Here, we shall only discuss the formalism as it applies for a fixed frequency

and intensity. For details surrounding the inclusion of pulse-envelope effects, we refer

the reader to the work of Potvliege and Shakeshaft [331].

Floquet theory describes a regime of steady-state ionisation, characterised by constant

ionisation rates. Traditionally, it is formulated for a monochromatic, spatially homoge-

neous, time-harmonic and linearly polarised laser field,

E(t) = ε̂E0 cosωt. (2.22)

Since the laser field is of constant amplitude E0 and frequency ω, the interaction Hamil-

tonian in equation (2.11) is time-periodic, with Hint(t + T ) = Hint(t) and T = 2π/ω.

In either the length or velocity gauge, it can be written in the form

Hint(t) = H+e
−iωt +H−e

iωt,

where H+ and H− are time-independent operators satisfying H+ = H†−.

As a consequence of the periodicity property of Hint(t), we can appeal to the long-

established Floquet theorem [332], by which the solution of equation (2.1) may be

expressed in the form

Ψ(XN , t) = e−iEtψ(XN , t), (2.23)

where E is the time-independent quasi-energy, and ψ(XN , t) specifies a quasi-stationary

or Floquet state, with the property ψ(XN , t+ T ) = ψ(XN , t)
3.

3The TDSE is a first-order partial differential equation in the time variable, featuring (in the present
context) periodic coefficients. The general properties of solutions of such equations were studied in
1883 by Floquet [332]. For an atomic system subject to an oscillating field, the Floquet theorem can
be shown to emerge naturally from the formalism of quantum mechanics.
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In general, infinitely many solutions of equation (2.1), having the form (2.23), can be

found, with at least one for each discrete energy level constituting the spectrum of

the unperturbed Hamiltonian H0 (more than one if formerly degenerate levels are split

under the action of the laser field). Furthermore, associated with any given solution

(2.23) is a set of infinitely many other solutions, representing so-called shadow states

of the atom. The latter are typically (but not always) unphysical [333].

By virtue of their time-periodic nature, the functions ψ(XN , t) may each be expanded

in a Fourier series,

ψ(XN , t) =
∞∑

n=−∞
e−inωtψn(XN ), (2.24)

where ψn(XN ) are the harmonic components of ψ(XN , t); they can be considered to

describe the absorption or emission of |n| photons. Substitution of equation (2.23), with

ψ(XN , t) given by equation (2.24), in the TDSE (2.1) yields an infinite set of coupled,

time-independent differential equations for the harmonic components ψn(XN ),

(H0−E−nω)ψn(XN )+H+ψn−1(XN )+H−ψn+1(XN ) = 0, n = 0,±1,±2, ... . (2.25)

Equations (2.25), together with suitable boundary conditions, comprise an eigenvalue

problem for the quasi-energies E and quasi-stationary states ψn(XN ). Note that if we

regard the functions ψn(XN ) as the components of a vector ψ in photon space, the

system of equations (2.25) can be represented in an equivalent matrix form,

(HF − EI)ψ = 0. (2.26)

Here, the Floquet Hamiltonian HF is an infinite-dimensional, tridiagonal matrix of

operators, with the structure
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HF =



. . .

H+ H0 − (n− 1)ω H−

H+ H0 − nω H−

H+ H0 − (n+ 1)ω H−
. . .


, (2.27)

and I is the appropriate block identity matrix. We observe that the diagonal blocks of

HF correspond to the interaction-free components of the Hamiltonian, whereas the off-

diagonal blocks represent the laser-induced coupling between adjacent Floquet states.

In practice, only a finite number of terms can be retained in expansion (2.24), and

the dimensions of HF will be determined by the minimum number of Floquet blocks

needed to achieve converged numerical results for the multiphoton process of interest.

For the multiphoton ionisation of atomic systems, equations (2.25) have been solved in

the velocity gauge, subject to Siegert boundary conditions [331, 334, 335]. In this case,

the quasi-energies are complex, and can be expressed as

E = E0 + ∆− iΓ
2
, (2.28)

with E0 the field-free energy of the unperturbed initial state, ∆ the AC Stark shift and

Γ a real constant. The physical significance of Γ has been deduced by observing that the

integral over a finite volume of the electron density, averaged over one cycle, decreases

in time as e−Γt. It follows that the characteristic lifetime of an atomic state described

by equation (2.23) is 1/Γ, so that Γ represents the total multiphoton ionisation rate.

Being a physical quantity, Γ is gauge-invariant, but ∆ is not [336]. More specifically, in

the length gauge (see equation (2.19)), the cycle-averaged, field-induced change in the

energy of a free-electron is the ponderomotive energy Up, whilst the initial, bound-state

energy level is shifted by an amount ∆L . Up (which may be negative). In the velocity

gauge (see equation (2.17)), interaction with a time-periodic field does not shift the

free-electron energy [337]. However, the initial, bound level varies by ∆V = ∆L − Up.

Of course, it is only the difference in energy which is the physical, gauge-invariant

quantity, and not its absolute value.
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We observe that the Floquet method permits the TDSE, for an atom in a monochro-

matic field of constant intensity, to be reduced to a system of coupled, time-independent

equations. Although the evolution of an atom in a strong light pulse is inherently a time-

dependent one, the description afforded by Floquet theory, in terms of quasi-stationary

states and quasi-energies, possesses several merits. Firstly, the accurate computation of

the quasi-stationary solution is much less costly than direct numerical integration of the

TDSE (2.1), independently of the dimensionality of the problem. Secondly, the quasi-

stationary states represent the generalisation of the field-free atomic stationary (bound

or resonance) states, and the entire time-dependent process can be treated in terms

of their associated level shifts, crossings and partial ionisation rates. Thirdly, temporal

variations in the pulse intensity profile, which are significant for few-cycle laser pulses,

can be incorporated within Floquet theory under well-established conditions4. Finally,

we emphasise that Floquet theory is entirely non-perturbative, and can be applied to

atomic processes even at rather high intensities.

Floquet theory has been employed extensively to study laser-driven excitation and ion-

isation processes, primarily in one-electron atomic systems. The systematic application

of the theory to quantum systems began during the mid-1960s [338]. Perhaps one of

the most well-recognised early works was that of Shirley [338], who investigated the

interaction of a simple two-level system with a time-harmonic field, and found that

the semiclassical, time-dependent Hamiltonian could be replaced with its correspond-

ing time-independent (Floquet) analogue. Subsequent elaboration of the theory, and

its numerical implementation, enabled a series of detailed studies to be conducted for

atomic H. Chu and coworkers, for example, extended the Floquet formalism (initially

confined to bound-state dynamics) to include transitions between bound and continuum

states [339], and computed multiphoton ionisation rates under intense-field conditions

[340]. In these works, the harmonic components in equation (2.24) were represented by

means of a discrete basis set, comprising products of Laguerre-like radial functions and

4The Floquet state (2.23) provides an exact solution of the TDSE provided that the interaction Hamilto-
nian is time-harmonic. This harmonicity is disrupted, for example, during the initial rise (or ramp-on)
time t0 of the field, and the Floquet solution contains no information as to the dynamics during
this period. As a result, equation (2.23) is valid only if the initial atomic state is not significantly
depopulated during the pulse rise time: Potvliege and Shakeshaft [331] assert the necessary condi-
tion 2π/ω � t0 � 1/Γ. If t0 is sufficiently long, and substantial depletion does occur, a parametric
intensity-dependence of E and ψ(XN , t) can be introduced, but only under the condition that the
atom remains in the Floquet state adiabatically connected to the initial, unperturbed state. We refer
the reader to Ref. [331] for details.
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spherical harmonics. The coupled equations (2.25) were then solved through a complex

coordinate-rotation technique. Further application of the Floquet method was made by

Potvliege and Shakeshaft [336, 341], as well as Dörr et al. [342], who expanded the har-

monic components in a basis of complex Sturmian functions and spherical harmonics,

leading to an approach formally equivalent to the complex rotation procedure of Chu

and collaborators. This so-called Sturmian-Floquet method has enabled accurate and

fully non-perturbative calculations for H in linearly polarised and monochromatic laser

fields. Quasi-energy spectra, partial and total ionisation rates, as well as photoelec-

tron angular distributions [331, 336] and harmonic spectra [341, 342] were ascertained

across a wide range of laser wavelengths (from 265 nm to 1064 nm) and intensities (from

1012 Wcm−2 to above 1014 Wcm−2), with considerable emphasis on the role of interme-

diate, Stark-shifted resonances [341, 342]. For a more detailed discussion surrounding

the theory and application of the Sturmian-Floquet method, we refer the reader to the

reviews of Potvliege and Shakeshaft [333, 343] and Potvliege and Smith [344]. Notwith-

standing the success of the Floquet approach, we note that a more general formulation

appropriate to laser fields of elliptical polarisation is absent.

2.3.2 R-matrix-Floquet Theory

Throughout the late 1970s and 1980s, most ab initio, non-perturbative calculations

for atomic multiphoton processes were performed by means of Floquet theory and its

various extensions. As mentioned in Section 2.3.1, the use of a complex Sturmian basis

set has proven particularly fruitful in obtaining accurate ionisation rates for H, but

calculations quickly become infeasible for systems with more than one active electron.

One exception to the use of the Floquet method was the work of Kulander [345, 346],

who solved numerically the time-dependent Hartree-Fock equations for He and Xe

atoms (see Section 2.4.2). There however, calculations were limited by the restricted

extent of the finite-difference grid used, so that a true determination of the asymptotic

characteristics of the wavefunction, and hence of the photoelectron energy and angular

distributions, was rendered difficult. During the early 1990s, Burke et al. [347, 348]

formulated a unified and fully ab initio methodology for treating multiphoton processes

in arbitrary atomic (and molecular) systems, representing the confluence of Floquet

theory with established R-matrix techniques for atomic continuum processes. This so-
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called R-matrix-Floquet (RMF) formalism surpasses the pure Floquet approach and

its variants, being applicable to more complex, multielectron systems where dynamic

correlations are not just prevalent, but perhaps even decisive for the laser-driven atomic

response.

R-matrix theory represents one of the greatest modern advances in the theoretical study

of fundamental atomic and molecular processes. The theory was originally developed

during the late 1940s by Wigner and Eisenbud [349, 350], with the purpose of treating

resonance effects in nuclear collisions. During the 1960s, and following further develop-

ments and applications in nuclear physics [351, 352, 353], it was realised that the theory

could be extended rather naturally to atomic and molecular scattering processes. The

efforts of Burke and collaborators, during the early 1970s, realised the first R-matrix

method for electron-atom and electron-ion collisions [354, 355, 356]. Subsequently, R-

matrix theory was elaborated as an ab initio and non-perturbative methodology for

the description of a broad spectrum of atomic and molecular properties and processes.

These include atomic and molecular photoionisation [357, 358], bound-state energies

and oscillator strengths [359], atomic polarisabilities [360], atom-molecule reactive scat-

tering [361], and in more recent times, multiphoton excitation and ionisation in intense

laser fields [254, 255, 259, 347, 348] (see also Chapter 3 and references therein). Crucial

to the success of the theory, in all its traditional variants, has been a partitioning of

configuration space into at least two distinct regions, in accordance with the radial

coordinate of a single, ionised electron. This division enables the circumvention of the

interacting, many-body problem in its full complexity: multielectron exchange and cor-

relation effects are confined to a limited volume of space (defined by the effective range

of the target states retained in the calculations), whilst a simpler, effectively one-body

problem predominates beyond this region. The RMF formalism, in particular, exploits

this segregation such that in each region, the most appropriate form of the laser-atom

interaction Hamiltonian can be selected in a physically natural manner. Moreover, im-

plementation of the RMF approach has been aided by previously developed computer

programs for the study of field-free electron-atom scattering [356], single-photon pho-

toionisation [357] and free-free transitions [362].

A detailed presentation of RMF theory has been given in the original works of Burke

et al. [347, 348], and discussed more recently in the monograph [363]. As such, we
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provide only a brief review here. We consider an atomic system, composed of a nucleus

with charge Z and N electrons, subject to a spatially homogeneous, time-harmonic and

linearly polarised laser pulse. The electric field of the pulse can once more be expressed

by equation (2.22), the corresponding vector potential being A(t) = ε̂A0 sinωt, with

A0 = −cE0/ω. Neglecting relativistic effects, the behaviour of the atomic system in

the presence of this external field is described by the TDSE,

i
∂

∂t
Ψ(XN , t) =

[
HN +

1

c
A(t) ·PN +

N

2c2
A2(t)

]
Ψ(XN , t), (2.29)

where HN is the non-relativistic, field-free Hamiltonian of the N -electron target (given

by equation (2.12)) and PN is the total electronic momentum operator (given by equa-

tion (2.14)).

In accordance with the R-matrix method, configuration space is principally divided

into two regions. This partitioning is effected by means of a sphere of radius b, centred

upon the target nucleus. The inner region is defined by the condition that the radial

coordinates ri of all N electrons satisfy ri ≤ b, i = 1, 2, ..., N , where the sphere effec-

tively confines the electronic charge distributions of the target states of interest. In this

region, the electrons are indistinguishable, and short-range many-body exchange and

correlation effects should be adequately captured. In contrast, the outer region is such

that only one of the electrons, say electron N , lies beyond the segregating sphere, hav-

ing a radial coordinate rN ≥ b, while all other electrons remain confined. Thus, in the

outer region, exchange and correlation effects between the ejected electron and those

of the residual, (N −1)-electron system can be neglected. The TDSE (2.29) is solved in

these two regions separately using the Floquet method, and the solutions connected at

the boundary r = b. It should be noted that in the original formulation of RMF theory,

only a single-electron outer region was treated, such that the formalism was applicable

exclusively to processes involving at most one unbound electron (namely, multiphoton

single-ionisation, harmonic generation and non-ionising, laser-assisted electron-atom

collisions).

In the inner region, we transform the TDSE (2.29) to the dipole length gauge, exploiting

the unitary gauge transformation (2.18). Adoption of the length gauge in this region
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is most appropriate, since the laser-atom coupling vanishes at the origin, and thus the

Floquet-Fourier expansion for the multielectron wavefunction converges more rapidly.

It should be remarked that due to the finite extent of the inner region, the Floquet

Hamiltonian HL
F is rendered non-Hermitian. This complication, inherent in any multi-

region R-matrix approach, arises from surface terms at r = b, originating from the

electronic kinetic energy operators in HN . Traditionally, the problem has been remedied

by means of a Bloch operator LB which, when added to the inner-region Hamiltonian,

eliminates these terms completely [364]. After diagonalisation of the matrix HL
F + LB

in an R-matrix basis [348, 363], we obtain a boundary relation of the form

F(b) = RL(E)
[
bF̄(b)− g0F(b)

]
, (2.30)

where F(r) is a vector formed from the reduced radial wavefunctions of the continuum

electron (one per ionisation channel), F̄ = dF/dr is its first derivative, g0 is an arbitrary

constant (typically set to zero), and RL(E) is the R-matrix in the length gauge. Note

that instead of diagonalising HL
F + LB directly, Glass et al. [365] have devised a more

efficient technique, entailing the numerical solution of a system of linear-algebraic equa-

tions for computing RL(E). Once the R-matrix has been ascertained, we can exploit

equation (2.30) to compute the logarithmic derivatives of the reduced radial wavefunc-

tions at r = b, thereby providing the boundary conditions for solving the problem in

the outer region.

We now consider the solution of the TDSE (2.29) in the outer region. Therein, the

ejected electron, with radial coordinate rN ≥ b, is described in the velocity gauge. The

N − 1 electrons of the atomic or ionic residue, with radial coordinates 0 ≤ ri ≤ b, i =

1, ..., N − 1, remain confined within the partitioning sphere, and are still described

using the length gauge. We highlight that this differential treatment of the ionised

and residual electrons is indeed justified, since they occupy different regions of con-

figuration space, and are therefore distinguishable. Their wavefunctions may thus be

transformed independently, using equations (2.16) (for electron N) and (2.18) (for the

(N − 1)-electron residue). Moreover, since the laser-electron interaction in the length

gauge diverges as rN →∞, a velocity-gauge treatment of the outgoing electron is most

suitable. A simple, unsymmetrised, close-coupling expansion, which neglects exchange
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effects between the ejected and residual electrons, is adopted for the harmonic compo-

nents of the multielectron wavefunction. The resulting system of coupled differential

equations is solved subject to appropriate boundary conditions at r = b and r → ∞.

Enforcing continuity of the continuum-electron wavefunctions at r = b provides RV (E),

the R-matrix in the velocity gauge. The coupled equations are then solved from r = b to

some large value r = bq of the radial coordinate by means of standard R-matrix propa-

gation techniques [348, 363, 366]. The solutions obtained in this manner are matched,

at r = bq, with those satisfying given boundary conditions for r → ∞, determined us-

ing asymptotic expansions. Details surrounding these asymptotic boundary conditions,

which are rather technical and depend on the particular process of interest, can be

found in Refs. [348, 363].

Some of the earliest RMF calculations were reported by Dörr et al. [367], who investi-

gated multiphoton ionisation of H in a KrF laser field of wavelength 248 nm. Numerical

results for the total ionisation rate, as a function of laser intensity, were found to be

in excellent agreement with existing Sturmian-Floquet data [333]. Calculations were

also presented for H at high intensities (above 1016 Wcm−2), and for a photon energy

(0.65 a.u.) in excess of the ground-state binding energy, evidencing the phenomenon

of adiabatic stabilisation [368, 369, 370]. Importantly, RMF theory has also provided

some of the first non-perturbative, multiphoton ionisation rates for two-electron atoms,

including electronic correlation effects [371, 372]. For instance, Purvis et al. [371] pre-

sented RMF calculations for the resonantly enhanced, two-photon ionisation of He at

1012 Wcm−2. This work was subsequently extended by Glass and Burke [373] to the

longer, 248 nm KrF wavelength, and later by van der Hart et al. [374] to the frequency-

doubled, Ti:sapphire wavelength of 390 nm. The latter authors, in particular, reported

ionisation rates in clear agreement with those obtained by the ab initio helium ap-

proach [374, 375] (see also Section 2.4.4), entailing a direct numerical integration of the

two-electron TDSE. Additionally, RMF theory has been used to investigate photode-

tachment from the two-electron negative ion H−. Dörr et al. [372] computed two- and

three-photon detachment rates for intensities ranging from zero up to 8× 1011 Wcm−2.

We highlight especially the use of a pseudostate basis in these calculations (for describ-

ing the neutral H core), enabling an improved treatment of dielectronic correlation, and

thus contributing to quantitatively accurate detachment rates.
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Whilst ab initio computations for two-electron systems already surpass the capabilities

of previous Floquet approaches, the true merit of RMF theory lies in its applicability to

truly multielectron atomic targets. A wide variety of multiphoton continuum processes

in complex atoms and ions have been investigated through the RMF formalism. These

include resonant multiphoton ionisation of the noble-gas atoms Ne [376, 377, 378] and

Ar [377, 378, 379, 380, 381], of Ca [382] and Sr [383] (employing model core potentials),

multiphoton detachment from Li− (including emission of inner-shell electrons) [384,

385], Na− [386], K− [387] and the halide ions F− and Cl− [388, 389], as well as the

ultraviolet and X-ray multiphoton ionisation of positively charged ions, such as Ne+

[390, 391] and Ar7+ [392]. One particularly striking effect, predicted in RMF studies

for complex atoms and ions, is the occurrence of laser-induced degenerate states [379,

380, 393], involving autoionising resonances of such systems. Finally, we note that RMF

theory has also been applied to the calculation of single-atom harmonic generation rates

[394] for Mg [395] and Ar [396], highlighting the influence of autoionising resonances

and Stark-shifted bound states.

RMF theory has proven to be a valuable tool for elucidating the role of dynamical,

multielectron correlations in laser-driven atomic processes. Nonetheless, like the more

traditional Floquet formalism, the RMF approach assumes a purely linearly polarised

laser field, and has not been elaborated for arbitrary, multidimensional field configura-

tions. Moreover, it is fundamentally limited to problems in which the system evolves

adiabatically in the presence of the light field, an assumption that is inevitably vio-

lated for the ultrafast modulations pertaining to state-of-the-art, sub-femtosecond and

attosecond laser pulses. Although some progress has been made with non-Hermitian

Floquet techniques [397, 398], the analysis of atomic multiphoton dynamics under such

conditions demands more robust, explicitly time-dependent approaches, whereby the

TDSE (2.1) is solved through numerical propagation of the multielectron wavefunction

in real time. We discuss some of the most popular methods for this purpose in the next

section, and detail an explicitly time-dependent R-matrix formalism in Chapter 3.



2.4. Time-dependent Methods 72

2.4 Time-dependent Methods

2.4.1 Introduction

The direct solution of the TDSE (2.1) for an atom, interacting with an arbitrary laser

pulse, is a daunting challenge. As mentioned in Section 2.1, the task is already non-

trivial for the laser-driven hydrogen atom [399, 400], and carries the notorious complex-

ity of the quantum many-body problem for multielectron systems. Moreover, depending

on the polarisation state of the radiation field, as well as its intensity and wavelength

characteristics, the complexity of a time-dependent simulation might be further en-

hanced by the appearance of additional laser-induced couplings among atomic states,

as in the case of non-zero field ellipticity (see Chapter 4), or non-dipole corrections

to the interaction Hamiltonian (2.13) (see Chapter 5). Achieving a robust numerical

approach to propagating solutions of the multielectron TDSE, applicable for both ar-

bitrary atomic targets and light-field configurations, has been a key objective of the

research presented in this thesis.

Historically, one approach to reducing the complexity of the TDSE, whilst retaining

the important electron-electron repulsion, has been to adopt a reduced-dimensionality

model of the system under study [401, 402, 403, 404, 405, 406, 407, 408]. With advances

in computing capabilities, however, full-dimensionality treatments of many-electron

atoms became feasible, and it is a selection of these that we review in the present

section. Techniques such as time-dependent Hartree-Fock theory (TDHF) and its mul-

ticonfigurational extensions permit, in principle, the interaction of all electrons with

the laser field. However, single-configuration TDHF theory was inherently deficient, ac-

counting for multiple-electron excitations only in a highly constrained manner. Efforts

to alleviate this issue contributed to the development of a somewhat simpler modelling

approach, known as the single-active-electron (SAE) approximation. The latter affords

a significant reduction in the computational cost of simulating complex atoms in laser

fields, allowing only one electron to absorb photons and ionise. Although SAE models

successfully incorporate the screening of the active electron by those of the frozen core,

they fail to describe effects that arise from multielectron correlations, such as autoionisa-

tion [296, 297] and non-sequential double-ionisation [285, 286]. To properly capture the
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many-body dynamics inherent in the non-perturbative, laser-driven atomic problem,

computational techniques are required which treat the electron-electron and electron-

laser coupling with equal emphasis. Two such methods are the time-dependent close-

coupling (TDCC) approach for few-body systems, and time-dependent configuration-

interaction singles (TDCIS) theory for multielectron atoms. Importantly, the TDCC

method has been formulated for arbitrary polarisation of the laser pulse, while TDCIS

theory is restricted to linearly polarised light fields. Moreover, and as we discuss in

Chapters 3 and 4, a recent incarnation of time-dependent R-matrix theory, offering

significantly more predictive power than the TDCC and TDCIS approaches, has been

developed and successfully extended for arbitrary polarisation.

We emphasise that the present review is far from exhaustive. Indeed, in this thesis we

are concerned primarily with the development and application of ab initio approaches

to solving the multielectron TDSE for atoms in intense light fields. In view of this, we

have chosen to limit the scope of our review to state-of-the-art methods for the non-

perturbative and full-dimensionality modelling of atomic systems alone. We shall not

discuss methods more commonly employed for larger systems, such as molecules and

atomic clusters. These include, for example, time-dependent density-functional theory

[409, 410, 411] and B-spline algebraic diagrammatic construction [412, 413, 414]. For

methodological details and recent applications, we direct the reader to the cited works

and references therein.

2.4.2 Time-dependent Hartree-Fock Theory

TDHF theory was originally developed for the study of heavy-ion collisions in the

context of nuclear physics [415, 416]. During the late 1980s, Kulander advocated this

approach for the investigation of multiphoton processes in multielectron atomic systems,

particularly the noble-gas atoms He [345] and Xe [346].

Within TDHF theory, the temporal evolution of the electronic orbitals is governed

by the mean field of the electron-density distribution, in addition to the applied laser

field. As a result, instantaneous correlations in the electronic motion are lost (averaged

over), but the essential consequences of dielectronic repulsion, as well as of multielectron

exchange, are retained. Importantly, the mean-field approximation inherent in TDHF
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theory reduces the dimensionality of the problem significantly: for an N -electron atom,

the TDSE for the 3N -dimensional wavefunction (excluding spin) is replaced by a system

of three-dimensional equations (albeit coupled and non-linear) for the N single-electron

orbitals.

Following Kulander [345], we assume that the multielectron wavefunction, at any in-

stant of time, can be approximated as a single Slater determinant, whose time evolution

is given in terms of that of its constituent, single-particle wavefunctions. Explicitly,

Ψ(x1, ..,xN , t) = A
N∏
i=1

ϕi(xi, t), (2.31)

where A is the antisymmetrisation operator and ϕi(xi, t) are single-electron spin-

orbitals. Substituting the determinantal wavefunction (2.31) in the TDSE (2.19) yields

a system of coupled, non-linear, integro-differential equations,

i
∂

∂t
ϕi(xi, t) = (hi + ri ·E(t))ϕi(xi, t), (2.32)

where the Fock operator hi is such that

hiϕi(xi, t) =

−1

2
∇2
i −

Z

ri
+
∑
j

∫
dxj
|ϕj(xj , t)|2

|ri − rj |

ϕi(xi, t)
−
∑
j

∫
dxjϕ

∗
j (xj , t)

1

|ri − rj |
ϕi(xj , t)ϕj(xi, t). (2.33)

The TDHF equations (2.32) constitute an initial-value problem, for which the ini-

tial conditions are determined by the static, ground-state Hartree-Fock orbitals of the

atomic system. In the original works of Kulander, these equations were solved directly

for He [345] and in a simplified form for Xe [346], to ascertain multiphoton ionisa-

tion rates and cross-sections. Already in these early works, several critical defects were

evidenced.

(1) The final term, on the right-hand side of equation (2.33), represents the action
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of a non-local operator in configuration space, and accounts for the electron-

electron exchange interaction. To apply the TDHF method to complex atoms, the

contribution of exchange must be determined for each orbital. This constitutes

the principal computational difficulty for many-electron systems. The exchange

potential can, nonetheless, be approximated in a much simpler, local fashion,

exploiting well-established results from the theory of a free-electron gas [417].

(2) Inclusion of only a single configuration in the analysis precludes the treatment

of effects arising from configuration-interaction, particularly autoionisation. Ad-

ditionally, and as evidenced in the TDHF study of He [345], the use of a doubly-

occupied spatial orbital, to describe the initial 1s2 1Se state of a two-electron

system, leads to unphysical behaviour in the final state. This can be illustrated

by writing the doubly-occupied orbital in the form

ϕi(r, t) = c1s(t)ψ1s(r) + ckl(t)ψkl(r), (2.34)

where ψ1s(r) and ψkl(r) are He ground-state and continuum spatial orbitals re-

spectively. The time-dependent expansion coefficients c1s(t) and ckl(t) are deter-

mined by substituting equation (2.34) in the TDHF equations (2.32) and (2.33).

The resulting set of equations imply that the states ψ1s and ψkl are still coupled

even after termination of the laser pulse. Consequently, stable transition prob-

abilities cannot be obtained from TDHF wavefunctions. Indeed, previous works

have demonstrated ionisation probabilities with an oscillatory behaviour in time

long after the pulse has ended [406, 418]. Moreover, the probability of double-

ionisation, |ckl|2, is related to that of single-ionisation, 2Re(c∗1sckl), giving rise

to the unphysical constraint that there cannot be substantial single-ionisation

without double-ionisation also occurring5.

(3) Perhaps the most severe defect of TDHF theory is the artificial inhibition of ioni-

sation, as discussed by Pindzola et al. [406]. The Coulomb and exchange potentials

5Attempts have been made to circumvent these complications. For example, Horbatsch et al. have
employed an unsymmetrised, two-electron spatial wavefunction to study both photoionisation [419]
and harmonic generation [420] in He. Although such a representation is strictly invalid (permitting
the two electrons to be distinguished), the equations to be solved for the ionisation probabilities are
considerably simpler. Pindzola et al. [406], in contrast, have considered a fully symmetrised spatial
wavefunction, but to render the computations more manageable, the number of space dimensions, per
electron, was restricted to one.
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of equation (2.33) depend on the occupation of the orbital ϕi(xi, t), so that the

linear TDSE (2.19) is transformed into a system of coupled, non-linear, integro-

differential equations. Ionisation depletes the electronic density in the vicinity of

the nucleus, implying a reduction in screening and an effective increase in the

binding energy of the system. The unphysical population trapping, thereby pro-

moted, renders calculated ionisation rates ambiguous, and of extremely limited

reliability.

These deficiencies largely precluded subsequent investigations using single-configuration

TDHF theory. Considerably more success has been achieved, however, with the devel-

opment of time-dependent approaches stemming from post-Hartree-Fock techniques

in quantum chemistry. For example, a multiconfigurational generalisation of TDHF

theory has been formulated [421, 422], and successfully employed to study both few-

photon ionisation and high-harmonic generation in atoms [423, 424] and small molecules

[425, 426, 427]. Time-dependent configuration-interaction techniques have also been

actively pursued [428, 429], with the configuration-interaction singles variant, in par-

ticular, providing an insightful description of multielectron effects in laser regimes be-

yond the few-photon limit (see Section 2.4.5). We further highlight that time-dependent

complete-active-space and restricted-active-space self-consistent field theories [430, 431]

have emerged, but have been applied only to few-electron systems and are not yet well

established. Notwithstanding their sophistication, the computational cost of these ap-

proaches tends to scale rather adversely with the size of the system under study, pre-

cluding their systematic application to large atoms. Nevertheless, efforts to circumvent

the limitations of traditional TDHF theory have contributed to the development of

single-active-electron techniques, which have become a common recourse for modelling

strong-field processes in complex atoms.

2.4.3 The Single-active-electron Approximation

As highlighted in Section 2.4.2, the standard formulation of the TDHF method leads to

unphysical ionisation rates, and in particular, is unable to treat the single-photon frag-

mentation of a two-electron system, described by means of a single Slater determinant.

The orbital describing the ionised electron is the same as that used to calculate the
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screening potential, so that the ejected electron experiences a steadily increasing, effec-

tive nuclear charge. Kulander [346] and Pindzola et al. [403] suggest that this difficulty

might be mitigated by maintaining all but one of the electrons in a frozen-core configu-

ration. The atomic response to the laser field is then due to a single, outermost electron,

subject to both the applied laser field, as well as a static potential arising from the core

electrons and nuclear attraction. In this so-called SAE approximation, the ionised elec-

tron experiences a constant (statically screened), effective nuclear charge, precluding

the artificial population trapping which plagued the original TDHF method.

The SAE approximation has proven fruitful in a plethora of numerical studies, facilitat-

ing a reduction in the scale of computation (from that of a true many-body treatment)

whilst retaining essential non-perturbative, single-electron effects. Early applications

to compute multiphoton ionisation rates and harmonic spectra for He yielded good

agreement with ab initio two-electron approaches, as reported by Pindzola et al. [403]

and Parker et al. [432]. An SAE model was also developed to describe multiphoton ion-

isation from the valence shell of Xe at various laser wavelengths and intensities [346].

In this work, an effective potential for the inner-shell electrons was generated using a

local Hartree-Slater approximation for the exchange interaction, and the valence-shell

5s and 5p orbitals computed for the ground state therefrom. Then, maintaining five of

the valence electrons frozen, the TDSE was solved explicitly for the wavefunction of

the unconstrained electron, evolving under the action of an effective, residual-core po-

tential and a linearly polarised laser pulse. Numerical results for one- to eleven-photon

ionisation were found to be in credible agreement with experimentally measured rates,

with wavelengths ranging from 293 nm to 1064 nm, and intensities from 1013 Wcm−2 to

1014 Wcm−2. Moreover, the effects of intermediate resonances and their consequences

for photoelectron angular distributions were highlighted.

In the aforementioned SAE studies, the static potential due to the residual electrons

was ascertained by solving the Hartree-Fock equations, or their approximate analogues.

However, simple model potentials, bearing compact analytical forms and incorporating

a number of adjustable parameters, became increasingly popular in subsequent years.

This is readily attributed to their ease of implementation, as well as preclusion of inten-

sive many-electron computations and gauge-dependence issues. Numerical simulations

exploiting such potentials are well illustrated by the investigation of high-order ATI in
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Ar by Muller [433], who constructed a spherically-symmetric potential to capture both

electron-electron and electron-nucleus interactions. The latter was of the form

V (r) = V1(r) + V2(r),

where V1(r), in particular, is given by

V1(r) = −1

r
[1 +Ae−Br + (17−A)e−Cr].

The values of A, B and C were determined such that the eigenenergies for an electron,

bound by this potential well, reproduce accurately the configuration-average energies

of the singly-excited states. Additionally, the ionisation potentials for the K and L

shells, as well as of the 3s subshell, are well reproduced, and V1(r) exhibits the correct

behaviour as r → 0 and r → ∞. As a result, the potential V1(r) provides a rational

approximation to the true electron-ion interaction (including exchange), provided that

core excitations are absent. Furthermore, to account for the presence of the inner shells,

Muller corrected V1(r) with a soft repulsive core V2(r), whose explicit form is given in

Ref. [433]. The TDSE was solved numerically, in the velocity gauge, for a 3p electron,

driven by an 800 nm, 6.8 × 1013 Wcm−2, linearly polarised laser pulse. The predicted

ATI spectrum exhibited a pronounced plateau around a photoelectron energy of 25 eV,

which was attributed to a resonance. Similar enhancements have also been observed

experimentally [434], and testify the predictive capabilities of such SAE models for

processes dominated by single-electron excitations.

The computational simplicity of the SAE approximation has also enabled full-dimensionality

simulations for atomic ionisation in elliptically polarised laser fields. For instance, Abu-

samha and Madsen [435] employed an SAE approach to investigate the imprint of

atomic-orbital symmetry characteristics on photoelectron momentum distributions, re-

sulting from ionisation by intense, elliptically polarised, femtosecond laser pulses. These

authors solved the TDSE in the velocity gauge for 3p±1 electrons in Ar, irradiated by

800 nm laser pulses of variable ellipticity and no longer than 7 cycles in duration. The

influence of the Ar core was accounted for using the same model potential as introduced
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by Muller [433], and discussed above. Interestingly, it was found that the degree to which

orbital structure manifests itself in the spectra depends on both the pulse ellipticity, as

well as the orientation of the major axis of the polarisation ellipse relative to the probed

orbital. It was established that, in general, circular polarisation yields the most evident

imprints of orbital nodes, largely irrespective of the pulse duration. Later, Ivanov and

Kheifets [436] simulated the photoionisation of a Li atom, prepared in an excited 1s22p

state, by 13.6 eV, circularly polarised laser pulses of few-femtosecond duration. Using

a model potential for the 1s2 core, these authors solved the TDSE for field-ionised 2p±1

electrons, and found a strong discrepancy in photoemission time delays according to

the co- or counter-rotating nature of the initial orbital. Moreover, the computed time

delays were found sensitive to the directionality of photoelectron emission in the polar-

isation plane, with a modulation depending on the shape and duration of the ionising

pulse. The same authors also performed SAE simulations for the strong-field ionisation

of He in elliptically polarised laser fields [437], modelling the recent attoclock exper-

iments of Boge et al. [438]. By solving the three-dimensional TDSE, they obtained

the angular offset in the peak of the photoelectron momentum distribution relative

to the position suggested by the simplified strong-field approximation. This offset is

used to compute the tunnelling time. Their results support the experimental angular

offset values calibrated under the assumption of non-adiabatic tunnelling dynamics,

calling into question the use of adiabatic tunnelling models for the interpretation of

attoclock measurements. Finally, we mention the more recent work of Mancuso et al.

[439], who investigated strong-field ionisation with two-colour, circularly polarised laser

fields. These authors measured photoelectron angular distributions resulting from the

ionisation of Ar gas, exposed to time-delayed, 395 nm and 790 nm pulses with focused

intensities of around 5 × 1013 Wcm−2. Their experiments were complemented by nu-

merical SAE simulations, in which the three-dimensional TDSE was solved by means

of a generalised pseudospectral method [440, 441]. Rather distinct symmetry properties

were evidenced according to the relative helicity of the two pulses, with a single-lobed

distribution observed for corotating fields, and a three-lobed one for counter-rotating

fields. In addition, the latter were found to enable significant electron-ion rescattering

and HHG, which were largely absent in the corotating case. Notably, both theory and

experiment indicate that for the counter-rotating configuration, rescattered electrons

are well separated in energy from those electrons that never return to the parent ion,
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indicating that such a laser field may prove valuable for the dynamic probing of atomic

and molecular structure.

2.4.4 The Time-dependent Close-coupling Method

The TDCC formalism was introduced by Pindzola and Schultz [442], as well as Pindzola

and Robicheaux [443, 444], for the study of electron-impact ionisation and photoion-

isation in few-body atomic systems. It represents a natural evolution of the time-

independent close-coupling techniques developed for electron scattering processes [445].

More than this, however, the TDCC approach offers an important practical advantage

in the computational study of atomic continuum processes: in facilitating the direct

numerical solution of the TDSE for the collisional dynamics, it obviates the need for

accurate asymptotic boundary conditions on the multielectron wavefunction6. As first

highlighted by Bottcher [448], treating the temporal evolution of a wavefunction, ini-

tially localised in space (such as that for the ground state of an atomic system), circum-

vents any questions surrounding the asymptotic form of the wavefunction in coordinate

space, or its singularities in momentum space. In this respect, the TDCC approach

differs rather fundamentally from more traditional non-perturbative theoretical tech-

niques, developed to address similar few-body problems.

In the TDCC method, the TDSE (2.1) is solved by expanding the spatial component

of the time-dependent, two-electron wavefunction Ψ(r1, r2, t) in coupled spherical har-

monics Y LM
l1l2

(r̂1, r̂2),

Ψ(r1, r2, t) =
∑
l1,l2

PLSl1l2(r1, r2, t)

r1r2
Y LM
l1l2 (r̂1, r̂2). (2.35)

Here, l1 and l2 are the orbital angular momenta of the two electrons, while L and S are

the total orbital and spin angular momenta of the atomic system. Upon substituting

the wavefunction expansion (2.35) (multiplied by an appropriate singlet or triplet spin

function) in the TDSE (2.1), with Hamiltonian (2.11), we obtain the following set of

coupled, partial differential equations for the functions PLSl1l2(r1, r2, t),

6The complexity of this matter was first discussed, for two-electron systems, by Rudge and Seaton [446]
and Peterkop [447].
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i
∂

∂t
PLSl1l2(r1, r2, t) =Tl1l2(r1, r2)PLSl1l2(r1, r2, t) +

∑
l′1l
′
2

V L
l1l2,l′1l

′
2
(r1, r2)PLSl′1l′2

(r1, r2, t)

+
∑
L′

∑
l′1l
′
2

WLL′
l1l2,l′1l

′
2
(r1, r2, t)P

L′S
l′1l
′
2

(r1, r2, t), (2.36)

to be solved subject to the initial condition

PLSl1l2(r1, r2, t = 0) =
∑
l′1l
′
2

P̄L0S
l′1l
′
2

(r1, r2)δl1l′1δl2l′2δLL0 . (2.37)

In equation (2.36), Tl1l2(r1, r2) acts as a Hamiltonian for the radial motion of the two

electrons, whereas V L
l1l2,l′1l

′
2
(r1, r2) and WLL′

l1l2,l′1l
′
2
(r1, r2, t) express the electron-electron

and electron-field interactions respectively. Explicit formulae for the latter, appropriate

to linearly polarised light fields, can be found in Ref. [449]. Additionally, in equation

(2.37), P̄L0S
l′1l
′
2

(r1, r2) describes the radial motion of the two electrons in the initial (field-

free) atomic state, with total orbital and spin angular momentum quantum numbers

L0 and S.

The earliest applications of the TDCC method entailed the calculation of total cross-

sections for electron-impact ionisation of the H atom [442, 443]. Soon after, the theory

was extended to include radiative dipole coupling, enabling the treatment of photon-

impact single- and double-ionisation of He [444] and H− [450] in linearly polarised

fields. In these works, a perturbative variant of the TDCC equations (2.36) were solved

by means of a two-dimensional, finite-difference discretisation, with time propagation

achieved through an explicit, staggered leapfrog approximation [451]. Early investiga-

tions of total cross-sections for He were subsequently extended to the computation of

singly, doubly and triply differential cross-sections (in energy and/or angle), for both

single- and double-electron ejection processes. These quantities, ascertained by trans-

forming the two-electron wavefunction to momentum space [449], were presented for the

single- and two-photon double-ionisation of He by Colgan and coworkers [452, 453, 454]

and Hu et al. [455], who discussed energy sharing and signatures of shake-off at near-

threshold, moderate and high incident photon energies, in addition to effects arising
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from resonant excitation of the He+ core [456]. Similar calculations have also been

reported for the single-photon, single- and double-ionisation of other atomic systems,

including H− [450] and Li [457, 458], as well as Li+ in its ground and first excited

states [459]. In addition, the quasi-two-electron system Be, exhibiting a closed 1s2

core, has been treated with an approximate pseudopotential [460], enabling an effec-

tive description of the additional many-body interactions. Note that these studies of

single-photon ionisation, whether along the He isoelectronic sequence or in more com-

plex (three- and four-electron) systems, generally regarded rather large excess photon

energies (tens, if not hundreds of electron-volts), so that the simpler, perturbative form

of the TDCC equations sufficed, and only a very limited number of angular momenta

(l1, l2 ≤ 6) were required for numerical convergence. However, the TDCC methodol-

ogy is not restricted to the treatment of low-order processes. Recently, Pindzola et al.

[461] solved the non-perturbative TDCC equations (2.36) to calculate total, singly and

triply differential probabilities for two-, three-, four- and five-photon double-ionisation

of He exposed to femtosecond laser pulses. A marked variation in both the energy-

and angular-dependences of the aforementioned differential quantities was observed

with increasing number of absorbed photons, reflecting the increasing complexity of

the dynamics as more ionisation pathways become active.

One of the most successful embodiments of the TDCC approach has been the he-

lium methodology, developed at Queen’s University Belfast by Parker, Taylor and

colleagues [462, 463, 464]. As in the works of Colgan, Pindzola and collaborators [449],

the helium technique employs a combination of basis-set (for the angular motion) and

finite-difference (for the radial motion) methods to solve the two-electron TDSE with-

out significant approximation. Assuming the laser light to be linearly polarised in the

z-direction, the complete, two-electron wavefunction is represented in a close-coupling

form analogous to equation (2.35), and substitution of this expansion in the TDSE

(2.1) yields a system of coupled, partial differential equations for the functions describ-

ing the correlated, radial motion of the two electrons. The key difference between the

implementation of Pindzola et al., and that of Parker, Taylor and colleagues, lies in

the choice of propagator for advancing the two-electron wavefunction in time. Whereas

Pindzola and Robicheaux [444] originally advocated the use of an explicit, staggered

leapfrog approximation, Smyth et al. [462] adopted a more efficient Arnoldi propaga-
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tor for helium computations, whose details and merits are discussed in Chapter 3. To

date, the helium method has been applied to a plethora of intense-field processes in He,

including single-electron, multiphoton ionisation and harmonic generation [432, 465],

non-sequential double-ionisation [432, 464, 466] and its above-threshold manifestations

[467, 468], as well as time delays between single- and double-ionisation events [469].

Frequency-scaling relations for single-ionisation rates in He have also been obtained,

applicable throughout the NIR, visible and ultraviolet spectral ranges [470, 471]. As

an entirely first-principles approach, the helium technique offers benchmark numerical

results for two-electron systems, and has played a key role in the development, and

computational implementation, of other theoretical techniques for laser-atom interac-

tions, most notably the R-matrix with time-dependence method discussed in Chapter

3.

The TDCC works cited thus far have addressed the single- and double-ionisation of

He exclusively in laser pulses of linear polarisation. More recently however, the non-

perturbative TDCC equations (2.36) have also been solved efficiently for this system

exposed to XUV fields of elliptical polarisation. Such calculations pose substantially

larger computational demands than those for linear polarisation. Indeed, for the ioni-

sation of He by a field linearly polarised in the z-direction, the Hamiltonian operator

H, and that for the z-component of the total orbital angular momentum Lz, commute

([H,Lz] = 0), implying that the total magnetic quantum number ML is conserved. As

a result, only those atomic states with the same value of ML become coupled through

the dipole interaction, minimising the complexity of numerical calculations. In con-

trast, laser pulses with non-zero ellipticity violate this commutation ([H,Lz] 6= 0).

Under these conditions, ML is no longer conserved, and an explicit account must be

taken of all possible laser-induced transitions among magnetic substates of the target

(the so-called ML-mixing problem [472, 473]).

To solve the six-dimensional TDSE for He, interacting with elliptically polarised, fem-

tosecond and attosecond light pulses, Ngoko Djiokap and coworkers [474, 475, 476] have

adopted the basic principles of a method first introduced by Muller [472], and devel-

oped intensively by a variety of other authors [435, 473, 477, 478]. Briefly, it consists of

the introduction of a rotational transformation between two frames, the atomic fixed

(or laboratory) frame, and a rotating frame whose orientation is determined by the
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instantaneous polarisation vector of the laser pulse. The latter frame is rotated with

respect to the former by the Euler angles (α, β, γ), an operation that can be effected

through the Wigner rotation operator D(α, β, γ). In a basis comprising eigenstates of

the field-free, atomic Hamiltonian, the matrix elements of D(α, β, γ) are given by

〈L′ML′ |D(α, β, γ)|LML〉 = eiML′αdLML′ ,ML
(−β)eiMLγδLL′ ,

where dLML′ ,ML
(−β) are the Wigner small-d matrix elements [479]. In Refs. [474, 475,

476], Ngoko Djiokap et al. employed the standard expansion (2.35) for the two-electron

wavefunction in coupled spherical harmonics. The resulting TDCC equations were

solved by means of a finite-element discrete-variable representation and split-operator

techniques [480, 481], in conjunction with the aforementioned Wigner rotations at each

time step of the wavefunction propagation. The computational advantage of this pro-

cedure is that, with respect to the rotating frame, the radiation field is always linearly

polarised, thereby mitigating the complexities of the ML-mixing problem.

The numerical strategy of Ngoko Djiokap and colleagues has been employed with con-

siderable success, revealing novel effects arising from the quantum dynamics of He in

multidimensional light fields. For example, in Ref. [474], a non-linear dichroic phe-

nomenon was predicted for the double-ionisation of the atom in few-cycle, elliptically

polarised, XUV laser pulses, consisting of a helicity-dependence in the two-electron

angular distributions. More recently, Ngoko Djiokap et al. [475, 476] have discovered

a rather peculiar manifestation of Ramsey interference, occurring among continuum

photoelectron wavepackets in the single- and multiphoton, single-ionisation of He by

ultrashort, circularly polarised laser pulses. By solving the TDSE for the atom, subject

to a pair of time-delayed, counter-rotating, circular pulses with femtosecond or attosec-

ond duration, these authors found that the interference of photoelectron wavepackets,

produced by each of the pulses, could give rise to helical vortex patterns in the ionised-

electron momentum distributions. The formation of such structures in photoelectron

spectra provides a striking example of wave-particle duality, and evidences a rather

novel form of control over the dynamics of ionised electrons on an ultrashort timescale.

Finally, we note that their method has even been extended to two-electron molecules,

with similar vortex features observed in the single-photon double-ionisation of H2 [482].
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2.4.5 The Time-dependent Configuration-interaction Singles Method

The TDCC method has offered valuable insight into the dynamics of two-active-electron

systems exposed to laser pulses with arbitrary polarisation characteristics. In the case

of linear polarisation, the theory has also been formulated for three-active-electron

systems [483, 484], although the calculations entailed are extremely costly, and ap-

pear to represent the current practical limit for this approach. In the pursuit of a

truly many-body, quantum-dynamic formalism for atoms in intense, ultrashort light

fields, one natural approach has been to explore time-dependent variants of more tra-

ditional, time-independent methodologies for electronic structure. One example of this,

in the form of TDHF theory (as well as its multiconfigurational extensions), has already

been discussed in Section 2.4.2. Considerably less explored in the context of laser-atom

physics, until the mid-2000s, was the variational configuration-interaction method [293].

Both computationally and conceptually attractive is the configuration-interaction sin-

gles (CIS) variant [485, 486], which is well known to be size-consistent and applicable

to larger systems, such as molecules and atomic clusters. A time-dependent analogue

(TDCIS) has been formulated, and applied to inelastic electron-atom scattering within

a one-dimensional jellium model [487], as well as to the laser excitation of a poly-

atomic molecule [488]. It should be noted that in this latter work, the laser intensity

did not exceed 1012 Wcm−2, so that strongly non-perturbative ionisation effects could

be disregarded.

A formulation of TDCIS theory, suitable for the ab initio treatment of multielectron

atoms and molecules in strong laser fields, was first discussed by Rohringer et al. [489].

Assuming a linearly polarised field and neglecting all relativistic interactions, their

theory treats the temporal evolution of the N -electron wavefunction, restricted to spin-

singlet-conserving, single-particle excitations from a closed-shell, Hartree-Fock ground

state. The corresponding ansatz for the wavefunction is

|Ψ(t)〉 = α0(t)|Φ0〉+
∑
i

∑
a

αai (t)|Φa
i 〉, (2.38)

where |Φ0〉 is the Hartree-Fock ground state
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|Φ0〉 =

N/2∏
i=1

c†i−c
†
i+|0〉, (2.39)

and

|Φa
i 〉 =

1√
2
{c†a+ci+ + c†a−ci−}|Φ0〉. (2.40)

In these equations, the index i is used for spatial orbitals that are doubly-occupied

in the non-interacting ground state |Φ0〉, whereas the index a is employed for unoc-

cupied (virtual) orbitals. The operators c†pσ and cpσ create and annihilate electrons,

respectively, in orbital p with spin σ. In equation (2.39), |0〉 specifies the vacuum state.

Equation (2.40) describes a singly-excited configuration, with one electron removed

from the initially occupied orbital i, and added to the initially unoccupied orbital a.

The coefficients α0(t) and αai (t) are required to satisfy appropriate initial conditions,

such that α0(t → −∞) = 1 and αai (t → −∞) = 0. Introducing the ansatz (2.38) into

the TDSE (2.1), and projecting onto |Φ0〉 and |Φa
i 〉, yields equations of motion for

α0(t) and αai (t), given explicitly in Ref. [489]. A corresponding numerical implemen-

tation for full-dimensionality TDCIS simulations of atomic strong-field processes has

been reported by Greenman et al. [490].

We highlight that the TDCIS approach incorporates the many-body attributes of laser-

atom processes that fall beyond the scope of simplified SAE models. In particular,

the method includes the electronic structure of the multielectron target, and allows

for the computation of the reduced density matrix of the residual ion, whose off-

diagonal elements, in particular, reveal the coherence of electronic wavepacket dynamics

[491, 492, 493]. Moreover, both intrachannel and interchannel interactions, as well as

multipole effects, can be retained in a time-dependent simulation. On the one hand,

multichannel interactions exist beyond the remit of the one-body (SAE) techniques

commonly employed for strong-field ionisation and HHG studies. These single-channel

approaches include only the interaction of the ionised electron with the hole from which

it originates, which recent TDCIS works have termed intrachannel coupling. Interchan-

nel coupling, in contrast, emerges if the interaction with the liberated electron can

alter the hole state, such that more than one target orbital participates in the dynam-
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ics. On the other hand, multipole corrections to the electron-ion coupling could, in

principle, arise even in a single-channel model. However, the typical application of a

static, spherically-symmetric potential in SAE calculations, to describe the electron-

core interaction, precludes any tensorial multipole moments beyond the monopole one.

Since its inception, TDCIS theory has been applied to both perturbative [493, 494] and

non-perturbative [495, 496, 497] multiphoton processes, with photon energies extending

from the X-ray to NIR regimes.

The computational strategy discussed by Greenman and coworkers [490] has enabled

numerical solution of the TDCIS equations in a number of recent investigations, with

the aim of addressing multichannel and multipole effects in HHG from complex atoms.

For example, Pabst et al. [495] investigated the significance of multiple-orbital con-

tributions, as well as multipole effects in the residual electron-ion interaction, for the

Cooper minimum in the harmonic spectrum of Ar. These authors simulated the re-

sponse of the Ar atom to an 800 nm, linearly polarised laser pulse of duration 10 fs and

peak intensity exceeding 2× 1014 Wcm−2. They found that the predicted position and

shape of the Cooper minimum are especially sensitive to the inclusion of interchannel

interactions. In addition, multipole corrections, arising from the non-spherical charac-

ter of the electron-ion interaction, also modify the HHG spectrum, albeit much more

weakly. The position of the Cooper minimum in their computed spectra is most clearly

defined in the full, interchannel model, lying just above 50 eV in concurrence with

experiment [498, 499, 500], whilst a simplified, intrachannel model with a spherically-

symmetric electron-ion potential yielded poorer agreement (below 50 eV). Moreover,

and in spite of their relatively low ionisation probability, the presence of active 3p±1

electrons was shown to modify the harmonic yields by up to two orders of magnitude,

most notably in the range 30 − 50 eV. This effect of the 3p±1 orbitals, mediated by

interchannel coupling, demonstrates that the argument of low ionisation probability

is simply insufficient to justify the neglect of multiple-orbital contributions in atomic

HHG. The TDCIS methodology was similarly exploited in a later study by Pabst et

al. [497], addressing the giant enhancement observed in the harmonic spectrum of Xe,

centred around 100 eV [298]. They examined the harmonic response of the atom when

exposed to a 1.69µm, 10 fs laser pulse with peak intensity 1.7× 1014 Wcm−2. By selec-

tively including or excluding multichannel couplings in their calculations, these authors
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confirmed that the giant resonance is mediated by two-body, interchannel interactions,

whereby a collective excitation of the 4d electrons is induced by the recolliding 5p elec-

tron. Such findings underline the need for genuinely multielectron and multichannel

modelling approaches to atomic strong-field processes. Further notable applications of

the TDCIS method have included the study of decoherence in attosecond photoionisa-

tion [493], modelling attosecond transient-absorption spectroscopy [496], as well as the

influence of spin-orbit interaction on HHG [501].

The TDCIS approach is one of the few methods capable of elucidating multielectron

effects in laser-atom interactions. This is especially true in the computationally de-

manding NIR regime considered in Ref. [497], where an electron can absorb many more

photons, and consequently a large number of angular momenta must be retained to

achieve numerical convergence. However, the technique suffers from a number of dis-

advantages. Firstly, TDCIS theory has been formulated only for atoms and molecules

with closed-shell, electronic ground states. In particular, the theory offers no predic-

tive capabilities for open-shell atomic ions, which have featured prominently in several

other theoretical and experimental works [250, 251, 252, 253]. Secondly, the TDCIS

equations of motion have been derived, and solved, exclusively in the length gauge.

Indeed, restriction of the analysis to single excitations effectively truncates the Hilbert

space of the system, such that the TDCIS equations are rendered gauge-dependent.

Transforming the TDSE, in the CIS subspace, from length to velocity gauge generates

couplings to higher excitations, with the result that numerical solution of the TDCIS

equations gives rise to different physical predictions in the two gauges. Thirdly, both

the theoretical formulation of the TDCIS approach, as well as its numerical implemen-

tation for atoms described by Greenman et al. [490], are appropriate only to linearly

polarised laser fields, where the polarisation axis coincides with that of angular mo-

mentum quantisation (the z-axis). The simplifications conferred by strict conservation

of the total magnetic quantum number, ML, were exploited by Pabst and coworkers to

render the computational cost of TDCIS simulations as low as possible. The relaxation

of this ML-conservation in numerical calculations, as demanded by laser pulses with

non-zero ellipticity, would inevitably require revision of the fundamental TDCIS equa-

tions, as well as of the numerical procedures discussed in Ref. [490] for their efficient

solution.
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2.5 Comparison of Time-independent and Time-dependent

Methods

In this chapter, we have reviewed the theory of laser-atom interactions, and described

a variety of time-independent and time-dependent approaches to solving the TDSE in

a non-perturbative fashion. Despite their common objective, close examination of these

techniques reveals little in common. For example, in the RMF method, the multielectron

wavefunction is expanded in a Floquet-Fourier series. The individual Floquet compo-

nents, in turn, are expanded in an R-matrix basis set, the functions of which being

represented in a close-coupling form augmented with correlation functions [348, 363].

Construction of this close-coupling expansion necessitates a judicious choice of phys-

ical states and non-physical pseudostates for the residual ionic system. In contrast,

two-active-electron approaches such as the traditional TDCC method and the closely

related helium one, entail the propagation of the wavefunction on a two-dimensional

lattice (for the radial degrees of freedom), as well as on a discrete mesh in time. Dif-

ferential operators are thus represented in accordance with a standard finite-difference

discretisation. The angular variables are treated through an expansion of the two-

electron wavefunction in terms of coupled spherical harmonics (see equation (2.35)).

Moreover, the RMF method neglects the exchange interaction among the ejected elec-

tron and those of the residual system beyond some finite radial distance, whilst the

laser-electron interaction is treated in all spatial regions. The solution in the outer

region is ascertained by standard R-matrix propagation techniques, followed by the

use of an asymptotic expansion to extract scattering information. In TDCC meth-

ods, no segregation of configuration space is assumed, and both electron exchange and

electron-electron correlation are retained irrespective of the spatial separation of the

two electrons. Furthermore, the wavefunction is propagated in both space and time,

without the need for asymptotic boundary conditions7. Additionally, in many time-

dependent simulations, integration of the TDSE has been restricted to a finite volume

of space by imposing an absorbing boundary [375, 470, 502].

As duly emphasised in Section 2.3.2, the RMF formalism is essentially a time-independent

7As noted in Section 2.4.4, this is a key advantage of explicitly time-dependent methods for collision
processes, especially when more than one electron can be ionised.
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one. The laser field is assumed to be of infinite duration and constant intensity. Time is

eliminated from the analysis through adoption of the Floquet ansatz. Time-dependent

methods address the temporal evolution of the multielectron wavefunction in an explicit

fashion, requiring some iterative numerical procedure to solve the TDSE over many time

steps. This includes intervals in which the laser pulse ramps on or off, as well as typi-

cally long intervals of time (tens or hundreds of field cycles) following its termination,

such that the photoelectron emission characteristics can be accurately extracted from

the wavepacket solution by standard projection techniques [503]. Undoubtedly, such

calculations can be resource-intensive. However, with the advent of ultrashort light

pulses, and the fundamental importance of the sub-cycle electron dynamics driven by

them (see, in particular, Chapter 1, Section 1.2.2), the direct integration of the TDSE

is not purely an exercise of academic interest, but a pragmatic necessity to support

experimental endeavours at the frontier of ultrafast physics. Although time-dependent

simulations for single- and two-active-electron systems are now well established, only

a limited number of computational techniques are capable of treating the response

of truly multielectron atoms and atomic ions to intense and ultrashort laser pulses.

Among them, TDCIS theory, alongside the R-matrix with time-dependence (RMT)

method [254] discussed in Chapter 3, have become world-leading, offering the predic-

tive faculty needed to explore the correlated dynamics of multielectron systems exposed

to femtosecond and attosecond light pulses. Like the RMF formalism, the TDCIS and

RMT approaches treat many-body correlation effects in atomic strong-field processes,

but surpass the limitations of the former in that they can capture the non-adiabatic

evolution of the system induced by rapid pulse-intensity modulations. An efficient com-

putational implementation of these methods has enabled their application for a broad

range of laser parameters, particularly in the strong-field regime characterised by high

intensities and long wavelengths. However, whilst TDCIS theory is formulated exclu-

sively for closed-shell systems, the RMT approach permits the analysis of entirely gen-

eral atoms and ions in intense laser fields, even those with open-shell ground states.

Furthermore, the RMT methodology has recently been extended to treat laser pulses of

arbitrary polarisation [504], as well as to include one-body relativistic corrections such

as spin-orbit coupling [505]. We present the basic principles of the RMT formalism

for linearly polarised laser fields in Chapter 3, in preparation for a discussion of the

complete generalisation for arbitrary field configurations in Chapter 4.
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In spite of the aforementioned differences, it should be underlined that ab initio, time-

independent and time-dependent (numerical integration) approaches have proven com-

plementary. As discussed in the case of He by Parker et al. [375], they separately

emphasise the energy and time domains [506], and thus offer two different perspectives

on atomic ionisation phenomena in strong laser fields. On the one hand, numerical

solution of the TDSE can correctly model the laser-atom interaction with arbitrary

pulse profiles, and provides the natural description of electron dynamics in the high-

intensity limit, where ionisation may occur on a timescale of one field period. On the

other hand, the accuracy afforded by such an approach exacts a high price: propaga-

tion of a fully correlated, many-body wavefunction in both space and time can be a

costly task, and the dynamics of intense laser-atom interactions in the time domain

are typically so complex that the physical mechanisms, responsible for novel effects,

are difficult to extract or disentangle. RMF theory, however, provides a framework for

understanding the ionisation process, treating the characteristics of a typically limited

number of field-dressed (quasi-stationary) atomic states, as well as their adiabatic tra-

jectories in the complex, quasi-energy plane. Finally, we mention that the application of

completely distinct methods, with different computational demands and numerical pro-

cedures, provides a valuable means of identifying deficiencies in theory and estimating

errors in computational implementations. The need for stringent testing and validation

cannot be overestimated in large-scale numerical simulations for complex systems. Ap-

proximations are inevitably introduced in the course of solving the quantum-dynamic,

many-body problem, and each new approximation imposes additional limits beyond

which a simulation may fail. Without complementary methodologies, precise quanti-

tative assessment of when, and to what extent, an approximation may fail is often

impossible.



Part II

Developments in R-matrix with

Time-dependence Theory



Chapter 3

R-matrix with Time-dependence

Theory

3.1 Introduction

As discussed in Chapter 1, the last three decades have witnessed a relentless advance in

experimental laser technology. Extending from large-scale synchrotron and free-electron

laser facilities to table-top, high-harmonic generation (HHG) sources, these technologies

have supplied ultrashort (femtosecond and attosecond), high-energy light pulses for a

myriad of spectroscopic experiments surrounding atoms and molecules [103, 104, 135,

136, 137, 138, 241, 248], condensed-matter systems [139, 140, 141, 236, 507] and plasmas

[142, 143, 508]. Crucially, the scientific research they afford has progressively shifted

focus away from electronic structure, and towards electronic dynamics, as the spatial

and temporal behaviour of the microscopic systems under inspection become resolvable

with evermore precisely crafted laser pulses.

If theory is to play a complementary role for experiments in ultrafast physics, then

sophisticated computational techniques are required, which accurately model the in-

teraction of light with matter on atomic time and length scales, retaining a proper

account of all many-body correlations. Until the last decade, the most advanced the-

oretical techniques for describing atoms irradiated by intense and short-duration light

pulses were dedicated to two-active-electron systems. In particular, the time-dependent
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close-coupling (TDCC) formalism of Pindzola and coworkers [449], as well as the he-

lium approach of Parker, Taylor and colleagues [375, 463], enabled the direct numerical

integration of the full-dimensionality, time-dependent Schrödinger equation (TDSE) for

helium, addressing the key challenge of describing the correlation between the electrons

without significant approximation. Importantly, although TDCC calculations have gen-

erally been restricted to short-wavelength, ultraviolet-visible radiation fields, the he-

lium approach has facilitated the study of single- and double-ionisation induced by

intense, 390 nm [464, 466, 469, 470] and even 780 nm [469, 470] laser light.

The full-dimensionality treatment of two-active-electron methods has conferred funda-

mental insight into the laser-driven dynamics of few-body atomic systems in strong

light fields. However, their extension to more complex atoms, possessing more than

two electrons, is computationally challenging. A truly ab initio, multielectron approach

which predated the helium one was R-matrix-Floquet (RMF) theory [347, 348], rep-

resenting a confluence of the traditional, time-independent R-matrix approach with

Floquet theory. For almost two decades, RMF theory was employed to analyse a wide

range of multiphoton processes, particularly in the experimentally relevant noble-gas

atoms Ne and Ar [376, 377, 378, 379, 380, 381]. However, the Floquet ansatz, on which

the formalism is based, limits the applicability of the technique to many-cycle laser

pulses, typically exceeding tens of femtoseconds in duration. As laser-pulse durations

approach the single-cycle limit, and thus enter the few- or even sub-femtosecond range,

the Floquet ansatz quickly becomes unrealistic.

The development of an explicitly time-dependent R-matrix (TDRM) theory, which

would describe multielectron atoms and ions irradiated by intense and ultrashort laser

pulses, was initiated by Burke and Burke [255] during the late 1990s, and extended

by van der Hart and coworkers [256, 258, 259] throughout the following years. The

TDRM approach has been successfully applied to a variety of complex atomic targets,

demonstrating the importance of many-body effects in ultrafast pump-probe schemes

[509, 510, 511, 512], as well as in the fundamental process of harmonic generation

[513, 514, 515, 516]. In this respect, TDRM theory transcends the single-active-electron

approximation which has, for many years, represented the best compromise between

accuracy and computational cost for complex atomic systems in intense laser fields. The

TDRM method was encumbered, however, with the need to propagate the R-matrix
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throughout an expansive region of configuration space, a computationally expensive

task which limited the application of the code to scenarios in which short-wavelength,

extreme-ultraviolet (XUV) laser light was employed. For this reason, alternative ab

initio methods, such as the time-dependent configuration-interaction singles (TDCIS)

approach [489, 490], led the way in theoretical support for experiments employing near-

infrared wavelengths (800 nm and above), with insightful applications to the attosecond

transient-absorption spectroscopy of Kr [496], as well as the giant resonance in the HHG

spectrum of Xe [497]. Notwithstanding this success, it should be noted that TDCIS

theory is fundamentally restricted to the description of single excitations and of closed-

shell systems, so that a more flexible method, capable of addressing these niches, would

prove valuable.

The computational difficulty in describing atomic electron dynamics in the regime of

long wavelengths and high intensities is two-fold. Firstly, the combination of a low

photon energy with a high intensity allows for the absorption of multiple photons by

the electrons. As each absorption can increase the angular momentum of the system,

a correct description of the dynamics requires a large number of angular momenta to

be retained in a numerical simulation, incurring substantial computational overhead.

Secondly, ionised electrons can be steered by a strong laser field in a classical trajectory

which re-encounters the residual ion (this is the centrepiece of the three-step model due

to Corkum [118]). The maximum radial displacement of a returning electron in a strong

field is proportional to the square of the wavelength, so that an accurate description

requires prohibitively large simulation domains.

The R-matrix with time-dependence (RMT) method, first introduced by Moore et al.

[254] in 2011, represents the latest evolution in time-dependent R-matrix techniques.

Like its TDRM predecessor, RMT theory is capable of modelling the non-relativistic

dynamics of multielectron atoms and ions exposed to linearly polarised, ultrashort laser

pulses, but surpasses the limitations of the former by offering a hybrid numerical strat-

egy, comprising a unique integration of R-matrix basis-set and helium finite-difference

techniques. Whereas TDRM theory employed a semi-implicit Crank-Nicolson scheme,

RMT relies on a high-order Arnoldi propagator, whose accuracy and efficiency have

been demonstrated in the context of helium [462]. Moreover, and in contrast to earlier

R-matrix techniques (both time-independent and time-dependent), the RMT method
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does not explicitly require an R-matrix to enforce continuity of the total wavefunction

at the boundary separating different regions of configuration space, thereby eliminat-

ing the need for a costly R-matrix propagation scheme. The combination of a finite-

difference discretisation with an Arnoldi propagator in RMT confers a high degree

of parallel scalability, making feasible, in particular, the simulation of laser-induced,

multielectron dynamics in the long-wavelength regime [260, 261, 262, 263].

In this chapter, we discuss the principles of the RMT methodology, as first presented

by Moore et al. [254] for complex atomic systems in intense, ultrashort and linearly po-

larised laser fields. We commence, in Section 3.2, by reviewing the historical evolution

of time-dependent R-matrix techniques for laser-atom interactions, highlighting their

salient features. Following this, in Section 3.3, we provide a detailed account of RMT

theory. We discuss the key elements of the Arnoldi propagation scheme and the standard

R-matrix division of configuration space, before treating the outer- and inner-region

analyses in turn. Finally, in Section 3.4, we underline several computational considera-

tions relevant to the application of the RMT codes in practice. It should be noted that

the discussion given in this chapter is very much foundational to the further elaboration

of the RMT methodology presented in Chapters 4 and 5.

3.2 Previous Formulations of Time-dependent R-matrix

Theory

The demand for an explicitly time-dependent R-matrix formalism principally arose

from the development of experimental light sources conferring few-femtosecond and

even attosecond pulse durations [103, 104, 144, 145]. As highlighted in Chapter 2,

Section 2.3.2, the interaction of intense, ultrashort laser pulses with atomic targets

cannot be described accurately with RMF theory, by virtue of the highly non-adiabatic

nature of the induced dynamics. Rather, the full TDSE for the laser-atom interaction

must be solved, ideally without significant approximation.

Following the discussion given in Chapter 2, Section 2.2, the non-relativistic TDSE for

an atomic system, possessing N + 1 electrons and nuclear charge Z, interacting with a

spatially homogeneous laser pulse is
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i
∂

∂t
Ψ(XN+1, t) = [HN+1 +DN+1(t)]Ψ(XN+1, t). (3.1)

Here, Ψ(XN+1, t) is the time-dependent and multielectron wavefunction, HN+1 is the

field-free Hamiltonian,

HN+1 =

N+1∑
i=1

−1

2
∇2
i −

Z

ri
+

N+1∑
i>j=1

1

rij

 , (3.2)

and DN+1(t) is the dipole interaction operator for N + 1 electrons, which in the length

gauge reads

DN+1(t) = E(t) ·
N+1∑
i=1

ri,

with E(t) the pulse electric field intensity. In these equations, we have regarded the

target nucleus (assumed of infinite mass) to be located at the origin of coordinates, and

we have written rij = |ri − rj |, where ri and rj are the position vectors of electrons i

and j. Also, XN+1 = x1,x2, ...,xN+1, where xi = riσi denotes collectively the space

and spin coordinates of electron i.

TDRM theory was first introduced by Burke and Burke [255], with the aim of solv-

ing the TDSE ab initio for arbitrary multielectron atoms in intense and ultrashort

laser fields. These authors proposed the use of a Crank-Nicolson propagation scheme

for the multielectron wavefunction, in combination with a partitioning of the spatial

region of interest to solve the TDSE in the velocity gauge. Their method was illus-

trated through an analysis of the multiphoton ionisation of a charged particle, initially

bound in a one-dimensional potential well. Subsequently, efforts were made to extend

the one-dimensional method to a three-dimensional one, suitable for the realistic and

accurate treatment of complex atoms exposed to ultrashort laser pulses. Initially, a

time-dependent approach that employs the length gauge, together with R-matrix basis

functions in a box, was described by van der Hart and colleagues [256, 258] as well

as Guan et al. [257], and applied to the multiphoton ionisation of noble-gas atoms.

This technique of propagating the multielectron wavefunction within an R-matrix in-
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ner region (RMI) only was shown to yield accurate multiphoton ionisation rates for

Ar, irradiated by 390 nm laser light. The RMI method was later extended through a

significant increase in the simulation-box size, as well as in the number of one-electron

continuum functions retained in describing the ionised electron. This progress enabled

the investigation of wavepacket interference effects in the two-dimensional momentum

spectra of electrons ejected from Ne, subject to a sequence of 2 as pulses in the pres-

ence of a 390 nm dressing field [258]. Notwithstanding this success, it should be noted

that the RMI approach is not a truly time-dependent R-matrix formalism, for it fails

to exploit the natural partitioning of configuration space so characteristic of R-matrix

methodologies. An important consequence of the latter is that any increase in the spa-

tial extent of the simulation domain, to accommodate, say, larger electron excursion

lengths in long-wavelength and/or higher-intensity laser fields, inevitably places severe

demands on computational resources, and can quickly render the calculations infeasible.

The formulation of a three-dimensional TDRM theory, incorporating both inner and

outer regions, was achieved by Lysaght et al. [259] in 2009. Following the original

work of Burke and Burke [255], as well as that of van der Hart et al. [256, 258], these

authors solve the TDSE (3.1) using a standard Crank-Nicolson propagator. Introducing

a discrete mesh in time, tq = qδt, q = 0, 1, 2, ..., with time step δt, the solution of

equation (3.1) can be expressed in terms of that at time tq as

[H(tq+1/2)− E]Ψ(XN+1, tq+1) = Θ(XN+1, tq), (3.3)

where H(t) = HN+1 +DN+1(t), tq+1/2 = tq + δt/2, and

Θ(XN+1, tq) = −[H(tq+1/2) + E]Ψ(XN+1, tq).

The solution of equation (3.3) is accomplished by means of a similar partitioning of

configuration space as in RMF theory. Within the inner region, encapsulating the target

nucleus and delimited by a spherical surface of radius r = b, full account is taken of

all electron-electron interactions. Beyond this region, exchange interactions between

a single, ionised electron and those of the ionic residue are neglected, such that the
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outgoing electron is subject only to the long-range multipole potential of the latter

and the laser field. Unlike the RMF analysis, however, we omit the asymptotic region,

choosing the outer region to be sufficiently large that the ejected-electron wavefunction

vanishes by its outer boundary r = bp.

In the inner region, the multielectron wavefunction is represented using a completely

antisymmetric, R-matrix basis, comprising eigenfunctions of the field-free Hamiltonian

(3.2). These basis functions, in turn, are expressed in a close-coupling-with-pseudostates

form [363, 517]. In the outer region, a multichannel close-coupling expansion is adopted,

featuring reduced radial wavefunctions for the outgoing electron. To connect these wave-

function solutions, Lysaght et al. [259] show that equation (3.3) implies the following

matrix relation, valid at the inner-region boundary r = b,

F(b) = bRF̄(b) + T(b). (3.4)

Here, the vector F is formed from the reduced radial wavefunctions of the continuum

electron (one for each channel), F̄ is its first derivative, and R and T are the R-matrix

and so-called T -vector respectively. Together, the latter quantities provide information

concerning the ionising flux crossing the inner-region boundary, and play a crucial role

in the theory. In practice, the R-matrix and T -vector at the boundary are determined

through numerical solution of a system of linear equations at each time step of the

calculation [259].

In the outer region, the close-coupling representation for the multielectron wavefunc-

tion gives rise to a system of second-order differential equations for the reduced radial

wavefunctions of the ionised electron. These are solved by dividing the outer region

into subregions, extending from the inner-region boundary to some large radial dis-

tance bp at which the continuum-electron wavefunctions can be assumed to vanish.

Lysaght et al. [259] show that a relation similar to equation (3.4) holds for each subre-

gion boundary, and exploit this information in a sophisticated propagation scheme that

enables the continuum-electron motion to be described throughout configuration space.

Briefly, the time-dependent Green’s function for each subregion is obtained from the

Hamiltonian, and employed to propagate the R-matrix and T -vector from the inner-
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region boundary at r = b, across the boundaries of each subregion, to the outer-region

boundary at r = bp. We note that the Green’s functions are obtained in an approach

similar to that described by Baluja et al. [518], but employing a basis of B-splines,

and solving a system of linear-algebraic equations involving the full Hamiltonian in

each subregion. Acknowledging that the outer-region F vector satisfies F(bp) = 0, in

conjunction with the R-matrix and T -vector propagated outwards, the F vector can be

propagated inwards from r = bp to r = b. Once F is known at all subregion boundaries,

the wavefunction at time tq+1 can be determined in both the inner and outer regions.

This procedure is then repeated to advance the multielectron wavefunction through

successive time steps in accordance with equation (3.3).

The development of a full-dimensionality TDRM theory represented an important ad-

vance in the computational study of ultrafast dynamics in complex atomic systems, and

stood as one of the few methodologies capable of revealing the multielectron character of

the atomic response, to an intense laser field, in a fully ab initio and non-perturbative

manner. Lysaght et al. [509] applied this TDRM theory to simulate an attosecond

pump-probe scheme, combining a free-electron laser pulse with an attosecond laser

pulse to explore ultrafast excitation dynamics in Ne. The same authors also considered

the ultrafast probing of a 2s2p2 wavepacket in C+ [510], emphasising the signatures of

collective electron dynamics in photoelectron angular distributions [511]. Soon after,

the role of ultrafast spin dynamics in the doublet 2s2p2 configuration of C+ was eluci-

dated by Hutchinson et al. [512], who performed a comparative study for total orbital

magnetic quantum numbers of ML = 0 and 1. In a separate publication [519], the lat-

ter authors also assessed the most appropriate choice of gauge for TDRM calculations.

Indeed, although TDRM theory has been formulated in both the length and velocity

gauges, Ref. [519] evidences that the length gauge provides the most reliable results,

specifically when the degree of atomic structure retained is limited. Later, Brown et al.

[465] extended TDRM theory to enable the computation of atomic harmonic spectra.

This capability was demonstrated in a study of autoionising, so-called window reso-

nances appearing in the spectrum of Ar [513], which arise due to an interference in

the response of 3p and 3s electrons to the laser field. Subsequent TDRM works also

examined harmonic generation in noble-gas ions, addressing the influence of multiple

ionisation thresholds, as well as an initial alignment with ML = 1, for the process in
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both Ne+ [516] and Ar+ [514, 515].

3.3 RMT Theory

3.3.1 Introduction

The latest development in explicitly time-dependent R-matrix approaches has been the

incorporation of helium finite-difference techniques [462, 463] within the framework

of TDRM theory, resulting in a new, ab initio methodology known as RMT theory

[254]. RMT theory represents the culmination of more than forty years of research in

R-matrix methods at Queen’s University Belfast, and stands as a rigorous, truly mul-

tielectron treatment of complex atoms and ions exposed to ultrashort light pulses. The

associated computer programs execute efficiently in modern high-performance comput-

ing environments, and offer improved parallel scalability over the TDRM codes. This,

in turn, has enabled the description of evermore complex many-body dynamics driven

at higher laser intensities, and longer wavelengths, than previously afforded by other

computational approaches. In this section, we review the fundamental principles of the

RMT methodology, as first presented by Moore et al. [254] for linearly polarised laser

fields. In Chapter 4, a formulation of RMT theory for laser pulses of entirely arbitrary

polarisation shall be given.

3.3.2 Differences between the TDRM and RMT Methods

Before presenting the details of RMT theory, it is useful to provide a gross comparison of

the TDRM and RMT methods. Although both are concerned with the direct solution

of the TDSE, and depend fundamentally on the traditional R-matrix paradigm of

partitioning configuration space, they differ in their choice of time propagator, as well

as in their numerical treatment of the ionised-electron wavepacket in the outer region.

In any ab initio description of laser-driven atomic dynamics, an explicit solution of the

TDSE (3.1) is sought. To this end, TDRM theory relies on a Crank-Nicolson scheme,

together with the numerical solution of linear-algebraic systems of equations involving

the full, multielectron Hamiltonian. Linear solvers are required not only to compute
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the R-matrix and T -vector at the inner-region boundary, but also to compute the ap-

propriate Green’s function in each outer-region subsector, such that these quantities

may be propagated throughout the entire outer region. The calculations for both the

inner region, as well as each outer-region subsector, were typically performed on single

processor cores, limiting their feasible scale. We highlight that this implementation was

especially restrictive in the study of strong-field processes in the long-wavelength (es-

pecially near-infrared) regime, where an electron can absorb many more photons from

the laser field, incurring a substantial increase in the number of angular momenta (and

therefore basis-set size) required for numerical convergence. Moreover, the sequential

nature of the R-matrix propagation scheme, in the outer region, restricted the level of

efficient parallelisation to around 100 – 200 processor cores. The current implementa-

tion of time-dependent R-matrix theory, in the form of the RMT approach, provides a

more efficient means of treating the laser-driven atomic problem, particularly when the

R-matrix basis must be enlarged. Here, a high-order Arnoldi propagator is adopted,

which not only respects unitarity, but also offers a number of attractive performance

benefits (see Section 3.3.3). Furthermore, the Arnoldi algorithm replaces the solution

of a linear-algebraic system with a series of matrix-vector multiplications. This not

only facilitates accurate propagation of the wavefunction, but also enables a mitigation

of greater memory demands, imposed by the inclusion of more target atomic states,

through a block-distribution of the matrix and vector across a large number of parallel

processors. We note that the Arnoldi algorithm has also been implemented in several

other computer programs, such as the helium code, the time-dependent B-spline R-

matrix codes [257, 520], as well as others written for the study of laser-driven molecular

systems [521, 522].

Experience with the helium code has also suggested that grid-based, finite-difference

methods can be invaluable in describing the propagation of one- and two-electron

wavepackets over large radial distances. During the ionisation of complex atoms, al-

most all of the electrons remain within a few tens of Bohr radii about the nucleus. In

this region, it is essential to adopt a multielectron description that captures the effects

of electron excitation and exchange. The latter is realised, in both the TDRM and RMT

methods, by means of a close-coupling form for the complete wavefunction, limited to

the appropriate region surrounding the nucleus through the R-matrix division-of-space
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technique. However, this partitioning of space affords a further flexibility, exploited

only in the RMT approach. It facilitates the application of a finite-difference discretisa-

tion for treating the radial motion of the ejected electron in an expansive outer region,

whilst retaining a basis-set description for the multielectron inner region. The use of

a finite-difference grid not only affords a controllable discretisation, but also a natu-

ral mode of parallelisation (domain decomposition) which can be combined with other

data-decomposition approaches (appropriate for the inner region) in a single implemen-

tation. The integration of basis-set and finite-difference approaches, coupled with the

Arnoldi propagator for both regions of configuration space, yields an efficient computa-

tional methodology that offers improved parallel scalability over its TDRM counterpart,

making feasible calculations that exploit massively parallel computing resources (with

more than 10000 cores).

3.3.3 The Arnoldi Propagator

Historically, Krylov-subspace techniques were introduced by Lanczos [523] and Arnoldi

[524] for computing eigenvectors of matrices. They have since been adapted to the

numerical integration of differential equations [525]. A particular incarnation of these

methods, which we term Arnoldi propagators [524], have been successfully implemented

in the context of the helium approach, facilitating the propagation of wavefunction

solutions to the one- and two-electron variants of the TDSE forward in time [462, 463,

464]. In order to solve the TDSE for truly multielectron atomic systems exposed to

intense laser fields, Arnoldi techniques have been incorporated within the framework

of time-dependent R-matrix theory.

Perhaps the simplest approach to propagating a general, time-dependent wavefunction

Ψ(t), from time t to time t+ δt, is a truncated Taylor series,

Ψ(t+ δt) ≈
P∑
p=0

(δt)p

p!

∂p

∂tp
Ψ(t), (3.5)

which constitutes an explicit, single-step scheme of order P . If Ψ(t) satisfies ∂Ψ(t)/∂t =

−iH(t)Ψ(t), where H(t) is a given time-dependent Hamiltonian, we can rewrite equa-

tion (3.5) as
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Ψ(t+ δt) ≈
P∑
p=0

cpH
p(t)Ψ(t), (3.6)

where cp = (−iδt)p/p!, and it has been assumed that the first- and higher-order time

derivatives of H(t) can be neglected. This is justified only if the characteristic timescale

for variations in H(t) is much longer than the interval δt under consideration, such that

the Hamiltonian may be regarded as a constant operator therein.

Rather than utilise the Taylor-series expansion directly, the wavefunction can be prop-

agated in time by exploiting a Krylov-subspace construction [462]. Beginning from

an initial wavefunction vector Ψ and the Hamiltonian matrix H (expressed with re-

spect to some basis), we iteratively generate a sequence of vectors Ψ,HΨ, ...,HPΨ,

through repeated application of the matrix operator H, which collectively span the

(P + 1)-dimensional Krylov subspace determined by H and Ψ. Gram-Schmidt orthog-

onalisation may be employed to ascertain a corresponding orthonormal set of vectors

Q0,Q1, ...,QP , with Q0 = Ψ/|Ψ|. Here, Qk is determined by computing HQk−1, and

then orthonormalising this vector with respect to Q0,Q1, ...,Qk−1. After k + 1 itera-

tions, we find the relation

HQk =
k+1∑
j=0

hjkQj ,

where the quantities hjk are determined by the normalisation and orthogonality re-

quirements. Defining the orthogonal matrix Q as that formed from the P + 1 column

vectors Q0,Q1, ...,QP , and assembling the (P+1)×(P+1) matrix h from the quantities

hjk, the above equation implies

h = Q†HQ.

The matrix h serves as the representative of H in the space spanned by Q0,Q1, ...,QP ,

and is termed the Krylov-subspace Hamiltonian. The latter is of considerable practical

value. For instance, as demonstrated by Lanczos [523], the eigendecomposition of h can

be exploited in the first stage of an iterative scheme to compute the eigenvalues of H.
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Moreover, it has been shown that h (or more precisely, H̃ = QhQ†) can be adopted as

a replacement for H in a broad range of numerical applications [526, 527, 528, 529, 530].

In the present context, this replacement is especially beneficial, since the Taylor series

(3.6) in H̃ can be summed to effectively arbitrary order in negligible time, at least

compared to that required to calculate the vectors Ψ,HΨ, ...,HPΨ. Indeed, in this

Krylov-subspace construction, the wavefunction at time t+ δt is given by

Ψ(t+ δt) ≈
P∑
p=0

cp(QhQ†)pΨ(t),

and since (QhQ†)p = QhpQ†,

Ψ(t+ δt) ≈ Q
P∑
p=0

cph
pQ†Ψ(t).

The latter approximates an infinite sum over p, so that

Ψ(t+ δt) ≈ Qe−ihδtQ†Ψ(t).

Thus, the temporal evolution of the wavefunction is effected by means of the operator

Qe−ihδtQ†, where the smaller dimensions and symmetric, tridiagonal nature of h ensure

that both its storage, as well as exponentiation through direct diagonalisation, are

computationally inexpensive.

The Arnoldi propagator has proven attractive for a number of reasons. Firstly, the com-

putational overhead scales in an approximately linear fashion with P (the order of the

propagator), in spite of the additional processing required to orthonormalise the rele-

vant vectors [462]. The explicit nature of the method precludes the need for expensive

inversion operations, and what cost there is largely accumulates in the computation of

Ψ,HΨ, ...,HPΨ. Secondly, the method provides a scheme for establishing an accurate

and unitary propagator, correct to order P in the time step δt. Traditional alternatives,

such as the Taylor series propagator (3.6) or more generally Runge-Kutta integrators,

tend to be less efficient where higher accuracy favours the highest possible order of
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propagator. Thirdly, and although not of direct relevance to the RMT studies detailed

in this thesis, we mention that the Arnoldi formulation offers an efficient means of as-

certaining eigenstates of the time-independent (field-free) Hamiltonian. In the helium

approach, this feature has been used to generate the ground and other initial states of

two-electron atomic systems, as required for time-dependent computations.

3.3.4 Division of Configuration Space

The RMT method, like its TDRM counterpart, employs the partitioning of configura-

tion space that is well known from more traditional, time-independent formulations of

R-matrix theory [356, 357, 363, 517]. This partition, shown in Figure 3.1, is effected

by means of a spherical surface of radius b centred upon the nucleus of the irradiated

target, and yields an inner region (containing the nucleus), and an outer region of

relatively large radial extent.

The inner region is defined by the condition that the radial coordinates ri of all N + 1

electrons satisfy ri ≤ b, i = 1, 2, ..., N + 1, where the sphere effectively confines the elec-

tronic charge distributions of the target states of interest. In this region, the electrons

are indistinguishable, and short-range, many-body exchange and correlation effects

should be adequately captured in the construction of the multielectron wavefunction.

An accurate and computationally tractable representation of the latter can be achieved

using an R-matrix basis set, comprising eigenfunctions of the field-free Hamiltonian

represented in a standard, close-coupling with pseudostates form [363, 517]. In con-

trast, the outer region is such that only one of the electrons, say electron N + 1, lies

beyond the segregating sphere, having a radial coordinate rN+1 ≥ b, while all other

electrons remain confined such that ri ≤ b, i = 1, ..., N . In this region, exchange and

correlation effects between the ejected electron and those of the residual, N -electron

system can be neglected, such that the former moves only under the influence of the

laser field, as well as the long-range, multipole potential of the residual ion. The effec-

tive one-electron problem that results can be tackled with state-of-the-art, grid-based

techniques, whereby the radial characteristics of the ionised-electron wavepacket are

described using a finite-difference grid with uniformly spaced points. In both regions,

the TDSE is integrated directly, thereby retaining a first-principles description of the



3.3. RMT Theory 107

laser-driven dynamics.
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Figure 3.1: Partitioning of configuration space assumed in RMT theory [254]. In the
inner region, which encapsulates the target nucleus, the multielectron wavefunction is
represented by an expansion in R-matrix basis functions, thus retaining a full account
of electron exchange and electron-electron correlation. In a more expansive outer re-
gion, an explicit, grid-based representation for the wavefunction is adopted. The radial
coordinate of electron N + 1 is denoted by r. The finite-difference grid points indexed
by ib and iR correspond to the inner-region boundary (r(ib) = b) and outer-region
boundary (r(iR) = R) respectively. The radial mesh size is h.

3.3.5 Outer-region Analysis

Following previous formulations of time-dependent R-matrix theory, we solve the TDSE

(3.1) in the outer region (see Figure 3.1) by expanding the (N+1)-electron wavefunction

in a standard, close-coupling form,
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Ψ (XN+1, t) =
∑
p

Φ̄p (XN ; r̂N+1σN+1)
1

r
fp(r, t). (3.7)

Here, the radial coordinate of the ejected electron, rN+1, is denoted r for brevity.

The channel functions Φ̄p (XN ; r̂N+1σN+1) are formed by coupling the orbital and spin

angular momenta of the residual-ion states Φp(XN ) with those of the outgoing electron,

Φ̄p(XN ; r̂N+1σN+1) =
∑

MLpmlp

∑
MSpmp

(
LpMLp lpmlp |LML

)
(SpMSp

1

2
mp|SMS)

× Φp(XN )Ylpmlp (r̂N+1)χ 1
2
mp

(σN+1) . (3.8)

For a given channel p, L,ML and S,MS denote the total orbital and spin angular

momentum quantum numbers, whilst Lp,MLp and Sp,MSp are those pertaining to the

residual-ion state Φp(XN ). Also, lp and mlp are the orbital angular momentum quantum

numbers associated with the ejected electron. Furthermore, Ylpmlp (r̂N+1) is a spherical

harmonic, and quantities of the form (abcd|ef) are Clebsch-Gordan coefficients. Finally,

χ 1
2
mp

(σN+1) is a one-electron spin function, describing the spin degree of freedom of

the ejected electron.

The time-dependence of the multielectron wavefunction (3.7) is incorporated solely in

the functions fp(r, t), which describe the radial motion of the ejected electron in each

channel. Note that expansion (3.7) is also unsymmetrised: the spatial isolation of the

ionised electron from the complex, many-body inner region ensures that the exchange

interaction is negligible. Moreover, since the number of electrons in the outer region is

limited to one, the dimensionality of the TDSE, for each residual-ion state, is reduced

to at most three. As in TDRM theory, this affords a substantial simplification of the

computational problem.

Equation (3.7) expresses the outer-region wavefunction in the form of a simple, unsym-

metrised, close-coupling expansion. By substituting the latter in equation (3.1) and

projecting onto the channel functions (3.8), we find that the functions fp(r, t) satisfy

the following system of coupled, second-order, partial differential equations,
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i
∂

∂t
fp(r, t) = hp(r)fp(r, t) +

∑
p′

[
WE
pp′(r) +WD

pp′(t) +WP
pp′(r, t)

]
fp′(r, t). (3.9)

Here, hp(r) is the one-electron operator given by

hp(r) = −1

2

d2

dr2
+
lp(lp + 1)

2r2
− Z −N

r
+ Ep, (3.10)

and includes terms corresponding to the kinetic energy, screened nuclear attraction

and centrifugal repulsion for the ejected electron. The quantities lp and Ep are the

angular momentum of the outgoing electron, and the energy of the residual-ion state

respectively. The remaining terms on the right-hand side of equation (3.9) correspond to

the long-range potentials [254, 259]. The matrix WE has been discussed in the context

of time-independent formulations of R-matrix theory [363, 517], and arises from the

repulsive interaction among the outgoing and residual electrons,

WE
pp′(r) =

〈
Φ̄p

∣∣∣∣∣∣
N∑
j=1

1

|r− rj |
− N

r

∣∣∣∣∣∣ Φ̄p′

〉′
. (3.11)

The matrix WD is time-dependent, and describes the interaction of the light field with

the N -electron residual ion,

WD
pp′(t) =

〈
Φ̄p|E(t) ·RN |Φ̄p′

〉′
, (3.12)

where RN is given by the sum of the position operators ri for electrons i = 1, .., N .

Finally, WP emerges from the interaction of the light field with the ejected electron,

WP
pp′(r, t) =

〈
Φ̄p |E(t) · r| Φ̄p′

〉′
. (3.13)

The prime on the Dirac bracket in each of equations (3.11), (3.12) and (3.13) indicates

that the integration is performed over all electron space and spin coordinates, with the

exception of the radial coordinate r of the ejected electron. These potentials are given
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explicitly for linear polarisation along the z-direction in Ref. [259], but we provide a

more detailed derivation in Appendix A.

To solve the system of equations (3.9) in the outer region, we employ a finite-difference

technique. The radial coordinate of the ejected electron is discretised over a uniform

grid in the form r(i) = ih, with i = ib, ib + 1, ..., iR, and where ib and iR correspond

to points at the inner- and outer-region boundaries, respectively (see Figure 3.1). For

a given channel p and instant of time t, the radial function fp(r, t) is represented by

a set of pointwise numerical values. The centrifugal repulsion and screened Coulomb

interaction terms can be evaluated directly at each grid point, whereas the action of the

second-order derivative operator can be approximated by means of a five-point finite-

difference formula [531]. The latter, when applied to the one-electron function fp(r, t) at

the boundary grid point i = ib, requires information pertaining to the function values

at two adjacent points i = ib−1 and i = ib−2, both of which are taken to lie within the

inner region1. However, provided that b is chosen sufficiently large, and h sufficiently

small, we may assume that the wavefunction is primarily one-electron in character at

each of these points.

The inner-region wavefunction is given by equation (3.18) of Section 3.3.6. Projecting

the left- and right-hand sides of this equation onto the channel functions, and inte-

grating over all spatial coordinates aside from the radial coordinate r of the outgoing

electron, we find that the following radial function for the outgoing electron, in the

inner region, can be introduced,

f̄p(r, t) =
∑
k

Ck(t)fpk(r).

The quantities Ck(t) are time-dependent coefficients that arise in the basis-set ex-

pansion (3.18) of the inner-region wavefunction, whilst fpk(r) represent inner-region

channel amplitudes. As discussed in Ref. [254], this equation plays a crucial role in

the formalism, providing a link between the time-dependent solutions of the inner and

outer regions at their common boundary r = b. Indeed, by imposing the continuity

condition f̄p(b, t) = fp(b, t), we obtain the relation

1Note that the function value when i = ib − 1 is also necessary when the second-order derivative,
appearing in equation (3.10), is approximated at point i = ib + 1.
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fp(b, t) =
∑
k

Ck(t)ωpk(b),

where ωpk(b) are channel amplitudes evaluated at the inner-region boundary, to be

discussed further in what follows. Analogous expressions for the radial wavefunction

evaluated at the inner-region grid points i = ib − 1 and i = ib − 2 can similarly be

ascertained,

fp(b− h, t) =
∑
k

Ck(t)ωpk(b− h) (3.14)

and

fp(b− 2h, t) =
∑
k

Ck(t)ωpk(b− 2h). (3.15)

Thus, the radial wavefunction of the ejected electron can be evaluated at these two

points, assuming only a knowledge of the expansion coefficients Ck(t), at any given

time t. This enables the application of the operator hp(r) to the one-electron radial

function fp(r, t), as in equation (3.9).

To advance the outer-region wavefunction in time, we employ the Arnoldi propagation

algorithm outlined in Section 3.3.3. We assume that at some time t, the wavefunction

is known throughout both the inner and outer regions. Of course, this is typically the

wavefunction at time t = 0, describing the initial, often ground state of the system.

Firstly, the ejected-electron radial wavefunctions are evaluated at the points where

r = b − h and r = b − 2h, using equations (3.14) and (3.15) respectively. This fa-

cilitates the HΨ operation in the outer region. The propagation of the wavefunction,

however, requires not only the computation of HΨ, but also of H2Ψ, H3Ψ, ...,HnΨ,

where n is the maximum propagation order. It follows that, at the points i = ib − 1

and i = ib − 2, not only must the values of fp(r, t) be established, but also those of

Hfp(r, t), H
2fp(r, t), ...,H

n−1fp(r, t). The application of these higher powers of H can

be achieved either by providing the original, inner-region wavefunction and extending

the finite-difference grid further into the inner region (that is, to 2n points), or by
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maintaining a two-point grid extension, but updating the inner-region wavefunction

after each successive application of the Hamiltonian. Either of these approaches are ac-

ceptable, but only the latter is presently implemented in the RMT suite of codes. Once

found, these higher-order operations can be performed, and the outer-region wavefunc-

tion advanced by one time step using the Arnoldi propagator.

3.3.6 Inner-region Analysis

We now consider the solution of the TDSE (3.1) in the inner region (see Figure 3.1).

We first observe that due to the finite extent of the latter, the field-free Hamiltonian

HN+1 lacks the essential property of Hermiticity. Mathematically, we attribute this to

the presence of the kinetic energy operator in equation (3.2), and to the finite values

of the radial continuum functions and their derivatives at the inner-region boundary.

Physically, the non-Hermiticity arises from the possibility of ionisation in the laser

field, which entails the transfer of probability from the inner region to the outer region,

and consequently the loss of wavefunction norm. As mentioned in the discussion of

R-matrix-Floquet theory, given in Chapter 2, Section 2.3.2, we can correct for this

behaviour by introducing a Bloch operator LB into equation (3.1), defined by

LB =
N+1∑
i=1

1

2
δ(ri − b)

(
d

dri
− g0 − 1

ri

)
,

where g0 is an arbitrary constant. The action of LB ensures thatHN+1+LB is Hermitian

in the inner region for any value of g0; we shall choose g0 = 0 in this work for simplicity.

The TDSE for the inner-region wavefunction then assumes the form

i
∂

∂t
ΨI(XN+1, t) = HI(t)ΨI(XN+1, t)− LBΨ(XN+1, t), (3.16)

where

HI(t) = HN+1 + LB +DN+1(t) (3.17)
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and ΨI(XN+1, t) is the multielectron wavefunction defined only in this region.

In order to solve equation (3.16), we expand the time-dependent, (N + 1)-electron

wavefunction in a basis comprising eigenfunctions ψk(XN+1) of the field-free operator

HN+1 + LB,

Ψ(XN+1, t) =
∑
k

Ck(t)ψk(XN+1). (3.18)

Note that the time-dependence is incorporated purely in the coefficients Ck(t), such

that they alone characterise the temporal evolution of the multielectron wavefunction.

The R-matrix basis functions ψk(XN+1) are, in turn, developed in a close-coupling

with pseudostates expansion,

ψk(XN+1) = A
∑
pj

Φ̄p(XN ; r̂N+1σN+1)r−1
N+1upj(rN+1)apjk +

∑
p

χp(XN+1)bpk. (3.19)

Here, A is an antisymmetrisation operator and Φ̄p(XN ; r̂N+1σN+1) are the channel

functions defined by equation (3.8). The functions upj(rN+1) are radial continuum or-

bitals (non-zero at the inner-region boundary) describing the motion of the ejected elec-

tron, whilst χp(XN+1) are fully antisymmetrised, square-integrable, (N + 1)-electron

correlation functions (vanishing at the boundary), which aid in capturing short-range

correlation effects in the inner region. The constant coefficients apjk and bpk are deter-

mined following a field-free diagonalisation.

We seek a set of equations that describe the evolution of the expansion coefficients

Ck(t). To this end, we project the left- and right-hand sides of equation (3.16) onto the

R-matrix basis functions ψk(XN+1), thereby obtaining the following system of first-

order, ordinary differential equations,

d

dt
Ck(t) = −i

∑
k′
HI
kk′(t)Ck′(t) +

i

2

∑
p

ωpk
∂

∂r
fp(r, t)

∣∣∣∣
r=b

. (3.20)

The quantities HI
kk′(t) are matrix elements of the inner-region Hamiltonian (3.17),
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computed with respect to a basis comprising the field-free eigenfunctions ψk(XN+1).

Furthermore, ωpk are surface amplitudes, defined by

ωpk = 〈r−1
N+1Φ̄p|ψk〉′rN+1=b,

with the prime on the Dirac bracket denoting integration with respect to the space

and spin coordinates of all N + 1 electrons, except the radial coordinate rN+1 of the

outgoing one. Finally,

fp(r, t) = 〈r−1
N+1Φ̄p|Ψ〉′rN+1=r

are reduced radial functions that represent analytical continuations of the correspond-

ing functions introduced in Section 3.3.5. We note that the inhomogeneous nature of

equation (3.20) is due to the second term on the right-hand side of equation (3.16),

which compensates for the addition of a Bloch operator to render HI(t) Hermitian

in equation (3.17). This term plays a key role in RMT theory, making a contribution

only at the inner-region boundary r = b, and bringing into play there the wavefunction

Ψ(XN+1, t) that we have defined throughout both regions of configuration space. Cru-

cially, and as manifest in equation (3.20), it connects the multielectron wavefunction

in the inner region, ΨI(XN+1, t), with a wavefunction that, at r = b, is one-electron in

nature and which, numerically, is obtained from the outer region.

In what remains of this section, we discuss a numerical procedure for solving the system

of equations (3.20), enabling the inner-region wavefunction to be propagated forward

by one time step δt. To begin, we express this system in matrix form,

i
d

dt
C(t) = HI(t)C(t)− S(t), (3.21)

where S(t) is a vector with components

Sk(t) =
1

2

∑
p

ωpk
∂

∂r
fp(r, t)

∣∣∣∣
r=b

.
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Equation (3.21) arises in connection with a range of quantum-dynamical processes

[532, 533], and as a result, much effort has been committed to its efficient numerical

solution. Prior to the development of the RMT methodology, equation (3.21) had been

successfully treated by means of split-operator techniques [534], full diagonalisation of

the Hamiltonian matrix [533], as well as by a semi-implicit Crank-Nicolson scheme in

TDRM theory [259]. For the one-electron implementation of the RMT method pre-

sented by Nikolopoulos et al. [535], a high-order, explicit propagator was devised by

approximating the formal solution with a truncated Taylor-series expansion, following

the work of Ndong et al. [536]. While such an approach had proven accurate in the

study of atomic hydrogen exposed to an intense laser pulse [535], Moore et al. [254]

recognised that a Krylov-subspace technique would be more efficient, especially when

the dynamics of interest are governed by a large Hamiltonian matrix (as for complex

atoms and ions in the strong-field regime).

As shown in Ref. [536], the Taylor series for C(t+ δt) can be expressed in the form

C(t+ δt) =
∞∑
j=0

δtj
∞∑
k=0

(−iδtHI)k

(k + j)!
Uj(t), (3.22)

where

U0(t) = C(t), Uj(t) = i
dj−1

dtj−1
S(t). (3.23)

Equation (3.22) can be rewritten in terms of the φ-functions introduced by Skaflestad

and Wright [537]. For a single, scalar variable z, the functions φj(z) are defined by

φj(z) =
1

(j − 1)!

∫ 1

0
exp[(1− θ)z]θj−1dθ, j ≥ 1.

They satisfy the recurrence relation

φj+1(z) =
φj(z)− (1/j!)

z
, φ0(z) = exp(z), j = 0, 1, 2, ...,
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and exhibit the Taylor series

φj(z) =
∞∑
k=0

zk

(k + j)!
.

Introducing these functions in equation (3.22) (such as to replace the summation over

k), and truncating the resulting series, we obtain the approximation

C(t+ δt) ≈ exp(−iδtHI)C(t) +

nj∑
j=1

δtjφj(−iδtHI)Uj(t). (3.24)

The first term on the right-hand side of this equation is, of course, the solution to

the homogeneous analogue of equation (3.21). To compute this term, we employ the

Arnoldi-propagator technique described in Section 3.3.3. A Krylov-subspace method is

also utilised to compute the action of φj(−iδtHI) on the vector Uj(t) passed from the

outer region, and thereby the second term on the right-hand side of equation (3.24).

More specifically, for each vector φj(−iδtHI)Uj(t) entering the summation of this

equation, we proceed as follows.

1) We compute the vectors Uj ,H
IUj , ..., (H

I)nUj , which span the Krylov subspace

Kn+1,j associated to Uj and HI .

2) The Gram-Schmidt procedure is used to generate an orthonormal basis for Kn+1,j ,

comprising the vectors Q0,j ,Q1,j , ...,Qn,j where Q0,j = Uj/|Uj |.

3) Let Qj denote the matrix formed by the n+ 1 column vectors Q0,j ,Q1,j , ...,Qn,j .

The action of HI in Kn+1,j is then represented by that of the n × n matrix

hj = Q†jH
IQj .

4) We now approximate φj(−iδtHI)Uj by φj(−iδtQjhjQ
†
j)Uj . Since Q†jQj = I and

QjQ
†
jUj = Uj , we can write φj(−iδtQjhjQ

†
j)Uj = Qjφj(−iδthj)Q†jUj . The pri-

mary advantage of this approach is that since the matrix hj has size order n, the

computation of φj(−iδthj) is much less expensive than that of φj(−iδtHI).

Considerable effort has been devoted to the efficient computation of the φj(z) func-

tions. The standard Padé approximation, combined with scaling and squaring, was
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considered by Moler et al. [538] for the calculation of the φ0(z) (matrix exponential)

function. Recently, this technique has been modified to permit the evaluation of φj(z)

for j ≥ 1 [537]. In the present implementation of RMT theory, the φj(z) functions are

computed following an approach described by Saad [539] and generalised by Sidje [540],

who advocated an extension of the Arnoldi algorithm. Here, the reduced matrix hj is

augmented to form the larger matrix h′j , given by

h′j =


hj e1 0

0 0 I

0 0 0

 ,

where I is the (j − 1) × (j − 1) identity matrix, and e1 is the first vector of the

standard basis. Following this augmentation, the first n entries of the final column

of exp(−iδth′j) yield the components of the vector φj(−iδthj)e1. To form the matrix

exponential exp(−iδth′j), we employ the corresponding Padé approximant of degree 6,

combined with scaling and squaring.

The procedure outlined above is to be repeated for each φj(−iδtHI)Uj term appearing

in the summation of equation (3.24). By summing these nj terms and adding to the first

term on the right-hand side of this equation, we successfully propagate the inner-region

wavefunction forward in time by δt.

Once these calculations have been performed, the wavefunction is known at time t+ δt

throughout both the inner and outer regions. The total wavefunction can be advanced

further in time by repeating, for successive time steps, the procedures discussed in both

Section 3.3.5 and the present one.

3.4 Computational Considerations

Before concluding this chapter, we make several comments surrounding RMT compu-

tations in practice.

Firstly, to establish the inner-region Hamiltonian matrix in equation (3.17), we employ

the R-matrix II suite of codes [541]. These provide the eigenenergies for the (N + 1)-
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electron, atomic or ionic target (within a box) for a specified range of total orbital

angular momenta. They also supply reduced dipole matrix elements computed between

all relevant eigenstates. An important feature of these codes is their use of a flexible B-

spline basis for representing the one-electron continuum functions upj(rN+1) appearing

in equation (3.19) [256]. Recently however, the R-matrix I package [542] has been

adapted to generate the necessary input for RMT calculations [543]. The latter codes

are actively maintained, well optimised, and see extensive application to contemporary

problems in electron-atom scattering and photoionisation [544, 545, 546]. They are

freely available, and can be accessed via Ref. [547].

The atomic data provided by the R-matrix I and II suites constitute the necessary

input for performing RMT calculations. The RMT code itself is specifically designed for

deployment on massively parallel computer architectures, and as such makes extensive

use of both Message Passing Interface (MPI) and Open Multi-Processing (OpenMP)

parallelisation. The calculations reported in Chapter 6 of this thesis, which relied on the

original RMT code for linear polarisation, were made feasible by Kelvin, the local high-

performance computing cluster at Queen’s University Belfast, as well as ARCHER, the

UK national supercomputing service [548].

To complement the distinct numerical methods employed in each region of configura-

tion space, the RMT code exploits a hybrid parallelisation strategy. Application of the

Arnoldi algorithm in the inner region (see Section 3.3.6) enables the numerical solution

of equation (3.20) through a series of matrix-vector multiplications. The calculation of

matrix-vector products is rendered efficient by means of a three-layer parallelisation

scheme, incorporating both distributed-memory and shared-memory elements. In the

first layer, the Hamiltonian matrix and wavefunction vector are divided into blocks

corresponding to the various LSπ symmetries of the (N + 1)-electron system (with π

the total parity), and each symmetry block is assigned an MPI task. A second layer of

parallelism provides the flexibility to further decompose the data, for each symmetry

block, across multiple MPI tasks. The third and final layer represents shared-memory,

OpenMP parallelism per MPI task which, in particular, improves the efficiency of cer-

tain linear-algebraic aspects of the computations. In contrast, two layers of parallelism

are employed in the outer region, one using MPI and another using OpenMP. The first

layer entails domain decomposition, whereby the outer-region, finite-difference grid is
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partitioned into sectors (individually comprising a specified number of grid points),

with each being assigned a single MPI task. Note that the use of a finite-difference

discretisation gives rise to a rather local computational scheme, in the sense that each

MPI task need communicate only with those responsible for neighbouring sectors of

the grid (such as to supply the data needed for calculating derivatives of the functions

fp(r, t)). Further performance can be extracted from a second layer of OpenMP paral-

lelism, whereby a number of shared-memory threads can be allocated, per MPI task, to

perform calculations for a large number of electron-emission channels more efficiently.

An important source of overhead in RMT calculations is the communication required

between the inner- and outer-region MPI processes. At each time step, data consisting of

the channel amplitudes fpk(r), evaluated at the inner-region grid points (see equations

(3.14) and (3.15)), must be passed from the inner region to the outer region. The nj

vectors Uj(t) (see equations (3.23) and (3.24)) must also be communicated from the

outer region to the inner region, with nj the order of the Arnoldi propagator (often,

nj = 8). Given that this exchange of data must occur between the two regions at every

time step, and that the number of such time steps is typically in the range 104 – 105

for the calculations discussed in this thesis, the inter-region communications can exact

a considerable resource demand.

In general, there are four key factors which determine the scale of RMT calculations.

1) The degree of atomic structure retained. This includes a dependence on the num-

ber of angular momenta (L ≤ Lmax, for some choice of Lmax), the number of

N -electron residual-ion states and the number of electronic configurations em-

ployed in their description. Naturally, a more detailed treatment of the target

structure can improve the accuracy of a calculation, but the concomitant in-

crease in the dimensions of the inner-region Hamiltonian matrix, as well as in the

number of ionisation channels, can quickly render calculations infeasible. Thus, a

judicious choice of atomic structure, which suffices to capture the most significant

many-body features of the problem without prohibitive expense, is essential.

2) The radial extent of the outer region. For a fixed core count, simply increasing

the number of grid points per core, and thus the extent of the grid, increases

the computation time. However, the outer region should be of sufficient size as
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to avoid reflections of the ejected-electron wavepacket, which would give rise to

unphysical interference effects. For the calculations reported in this thesis, the

outer-region radius typically varies from 2000 a.u. to around 3500 a.u..

3) The choice of time step. The smaller the time step, the greater the number of

iterations, and the longer the calculation time. For most routine calculations, a

time step of δt = 0.01 a.u. represents the best compromise between resolution

and stability of the wavefunction propagation. For more specialised applications

however, particularly in connection with multiphoton ionisation in high-frequency

laser fields [549], a significant reduction in the latter may be necessary.

4) The magnetic quantum number of the initial state. For an initial state of the

target atom or ion with total magnetic quantum number ML = 0, and assuming

a laser field whose polarisation axis coincides with that of angular momentum

quantisation (the z-axis), the only permissible radiative transitions are such that

∆L = ±1 and ∆ML = 0. For systems with aligned initial states (for instance, Ne+

or Ar+, in their P o ground state, with ML = 1), the selection rule on L is relaxed

to ∆L = 0,±1, whilst ML remains conserved, ∆ML = 0. The possibility of

transitions with ∆L = 0 increases the number of accessible symmetries, allowing

both even and odd parity for each orbital angular momentum of the (N + 1)-

electron system. Moreover, the number of dipole couplings is enhanced, with

each LSπ state of the target interacting with up to three others (rather than

two in the case of ML = 0). The significant increase in the dimensions of the

Hamiltonian matrix, as well as in the number of ionisation channels treated in

the outer region, incurs a substantially larger computational load than for initial

states with ML = 0.

Aside from the specific selection of target and calculation parameters, it should be

highlighted that a judicious allocation of processor cores to the inner and outer regions

is essential to achieve effective load balancing, and thus optimal calculation efficiency.

Indeed, assigning too many cores to either one of these can incur long wait times, and

merely amounts to an inefficient use of available resources. Preliminary testing, such

as to establish an optimal distribution of cores among the two regions, can ultimately

assist in saving computation time.
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As mentioned previously, only Chapter 6 reports calculations which utilised the original

RMT codes for linearly polarised laser pulses. In the next chapter, we discuss the theory

and computational implementation of a more general RMT approach, suitable for laser

fields of arbitrary polarisation. The very latest RMT codes, resulting from this and other

developments, are detailed in a forthcoming publication [550], and can be accessed using

Ref. [551].



Chapter 4

R-matrix with Time-dependence

Theory for Ultrafast Atomic

Processes in Arbitrary Light

Fields

4.1 Introduction

Precise control of the polarisation state has become a key research directive for femtosec-

ond and attosecond light-source technologies. In particular, in the extreme-ultraviolet

(XUV) and soft-X-ray spectral ranges, intense and coherent elliptically polarised laser

pulses have traditionally been realised only through large-scale facilities, such as femto-

sliced synchrotrons [217, 218, 219] and free-electron lasers [220, 221]. In recent years,

however, a substantial effort has been made towards the development of compact alter-

natives, with the aim of meeting the requirements of photon-demanding applications,

such as ultrafast metrology and spectroscopy, on a laboratory scale. In particular, solid-

state and gas-based media, for high-order harmonic generation (HHG), continue to rep-

resent attractive means of producing ultrashort light pulses with manipulable polarisa-

tion properties. To date, several schemes have been explored both experimentally and

theoretically with fruition, relying on prealigned molecules as targets [238, 240, 241],
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bichromatic and co- or counter-rotating drivers [233, 235, 236, 237], cross-polarised,

multicolour laser light [227, 552, 553], HHG assisted with static electric fields [554, 555],

and even resonance effects inherent in the dynamics of HHG itself [248]. Moreover, ad-

vances in plasma-based laser technology have enabled the table-top demonstration of

stable, circularly polarised, soft-X-ray pulses, with photon fluxes superior to current

HHG sources [556].

The development, and increasingly widespread availability, of polarisation-tuneable

light sources has facilitated a host of experimental opportunities, both for the investi-

gation and novel control of laser-matter interactions on an ultrafast timescale. Indeed,

the use of elliptically polarised fields opens the possibility of probing dynamical effects

and target properties that may be inaccessible with linearly polarised pulses alone.

In particular, recent experiments on atomic and molecular strong-field ionisation, ef-

fected with circularly and/or elliptically polarised, femtosecond pulses, have revealed a

number of new and exciting phenomena. Several authors [477, 557, 558] have reported

“counterintuitive” shifts in photoelectron angular distributions (attributable to a dy-

namical phase shift [559]), as well as imprints of target orbital characteristics therein

[435, 560, 561, 562]. Coherent, circularly polarised laser pulses have also led to the ob-

servation of kinematic vortex patterns in momentum spectra [563], and to the detection

of spin-polarised electrons created by non-adiabatic tunnelling [564, 565]. Moreover, the

potential of such pulses to serve as an attoclock, for timing attosecond-scale ionisation

dynamics, has been demonstrated via the angular streaking technique [566], yielding

unprecendented insight into the nature of quantum tunnelling [478, 557, 567, 568, 569].

In order to complement these experimental efforts, theoretical treatments of the laser-

atom interaction are compelled to address new challenges. Crucially, laser fields with

non-zero ellipticity drive atomic dynamics that is intrinsically multidimensional in na-

ture, largely invalidating simplified, reduced-dimensionality models of strong-field ion-

isation [570, 571]. More fundamentally, the conservation of the total orbital magnetic

quantum number, ML, that prevails for linear polarisation is now lost: even in the dipole

approximation, elliptically polarised fields effect transitions in which ML must change

by ±1. Accounting for all such transitions (sometimes referred to as the ML-mixing

problem in the literature [472, 473]) can render first-principles, quantum-dynamic sim-

ulations computationally intensive.
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As a consequence of this complexity, only a limited number of ab initio approaches have

been developed for atomic systems in arbitrarily polarised light fields. First-principles

calculations have been reported for the H atom exposed to circularly polarised, fem-

tosecond pulses [572, 573, 574, 575], where the time-dependent Schrödinger equation

(TDSE) was solved numerically by means of spectral methods. More recently, a com-

putational technique based on the time-dependent close-coupling (TDCC) formalism

[449], combined with Wigner frame transformations [472, 473], was applied to the laser-

driven, two-electron problem, enabling the six-dimensional TDSE to be solved for a He

atom subject to elliptically polarised, attosecond pulses [475, 476]. These approaches

have offered some of the most detailed insight into the strong-field dynamics of one-

and two-electron systems, revealing a differential response of co- and counter-rotating

electrons [575], unusual manifestations of Ramsey interference [475, 476], as well as a

nonlinear dichroic effect in double-ionisation [474].

Although full-dimensionality treatments have been effective in describing both single-

and double-ionisation phenomena, driven by intense, elliptically polarised laser light,

their application to systems with more than two electrons is computationally intractable.

Thus far, time-dependent simulations for multielectron atoms, exposed to ultrashort

pulses with arbitrary polarisation, have been rooted in the single-active-electron (SAE)

approximation [435, 477, 560, 576, 577, 578, 579]. Such approaches have played a key

supporting role for experimental efforts, particularly where the photoelectron emission

characteristics have been of primary interest.

Whilst the value of SAE methods cannot be denied, it has long been established that

the dynamics of complex atoms, exposed to ultrashort laser pulses, are fundamen-

tally many-body in nature [10, 52, 54, 123, 580]. Recently, experiments have begun to

uncover how spatially correlated electronic motion, previously probed with somewhat

limited pulse-polarisation control, might be manifest, and perhaps even coherently ma-

nipulated, with multidimensional light fields [478, 557, 569, 581, 582]. It should be

emphasised that adequate modelling approaches for such experiments are largely lack-

ing: SAE (one-body) techniques can offer only a limited insight, and a computationally

feasible, yet truly multielectron (many-body) treatment, has yet to be realised.

If theory is to play a complementary role for state-of-the-art experiments in strong-field
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physics, then sophisticated methods of calculation are required, offering an accurate

account of both multielectron correlations in atomic structure, and a multielectron re-

sponse to the light field. To this end, R-matrix with time-dependence (RMT) theory

[254] offers an ab initio and non-perturbative technique for solving the TDSE, appropri-

ate to general, multielectron atoms and atomic ions in strong laser fields. It represents

the latest embodiment of a time-dependent R-matrix formalism [255, 256, 257, 259],

whose flexibility and generality have been reflected in a wide variety of recent appli-

cations. These include multielectron correlation in doubly- and core-excited states of

Ne [262], strong-field rescattering in F− [261] and HHG from noble-gas atoms in the

near-infrared regime [260]. RMT theory has even been extended for the description of

double-electron continua [583, 584].

In this chapter, we present a recent evolution in the RMT methodology, facilitating the

analysis of ultrafast atomic dynamics in entirely arbitrary light fields. This capability

subsumes the previous RMT methodology that was tailored specifically for linearly

polarised laser pulses [254]. The generalisation has been achieved by relaxing the con-

straint of ML conservation, allowing transitions, among different LS-coupled states of

the target, in which ∆ML = 0,±1. Not only does this accomodate arbitrary orienta-

tions for the axis of linear polarisation, but also enables the adoption of laser pulses

with circular or, more generally, elliptical polarisation in RMT computations. We de-

tail our extension of the existing RMT formalism, and associated computer codes, in

Section 4.2. As a means of verifying the accuracy of our new approach, we investigate,

in Section 4.3, the formation of multistart-spiral vortex features in the photoelectron

momentum distributions of He, irradiated by a pair of time-delayed, ultrashort, cir-

cularly polarised laser pulses with opposite helicities. We compare our predicted pho-

toelectron momentum distributions, in the polarisation plane, with those obtained in

a recent time-dependent close-coupling study. The predictive capabilities of our gen-

eralised RMT method are further demonstrated, in Section 4.4, through a study of

single-photon detachment from F− in a circularly polarised, femtosecond laser pulse,

where we quantify the sensitivity of the dynamics to the sign of the bound-electron

magnetic quantum number. Section 4.5 closes the chapter with relevant conclusions.

Finally, we note that atomic units are assumed throughout this work, unless otherwise

stated.
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4.2 Theoretical and Computational Approach

We consider an atomic system, possessing N + 1 electrons and nuclear charge Z, inter-

acting with an intense and ultrashort light pulse of arbitrary polarisation.

4.2.1 Laser Field

Throughout, the laser field is treated classically, and the interaction with the atomic

system described in the dipole approximation. The electric field of a single, arbitrarily

polarised laser pulse may be expressed in the form

E(t) = F (t)Re[e e−i(ωt+ϕ)], (4.1)

where F (t) specifies the temporal envelope, ω is the carrier frequency, ϕ is the carrier-

envelope phase (CEP), and e is the polarisation vector. In general, the vector e is

complex (e∗ · e = 1), and can be written in the form

e = (ε̂εε+ iηζ̂ζζ)/
√

1 + η2,

where −1 ≤ η ≤ 1, ζ̂ζζ = k̂ × ε̂εε, and k̂, ε̂εε and ζ̂ζζ indicate, respectively, the propagation

direction of the pulse and the major and minor axes of the polarisation ellipse. In

particular, for a linearly polarised field, η = 0, whilst for a right-hand (left-hand)

circularly polarised field, η = 1 (η = −1). For a general, elliptically polarised pulse, |η|

serves to quantify the ellipticity.

For calculations incorporating elliptically (and especially circularly) polarised laser

fields, we shall often adopt ε̂εε = x̂, ζ̂ζζ = ŷ and k̂ = ẑ (see, for instance, Sections 4.3

and 4.4). However, the formalism discussed here is entirely general, and applies for any

choice of propagation direction and orientation of the polarisation plane.
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4.2.2 TDSE

Neglecting relativistic effects, the behaviour of the atomic system in the presence

of the laser field, described by the time-dependent and multielectron wavefunction

Ψ(XN+1, t), is governed by the TDSE,

i
∂

∂t
Ψ(XN+1, t) = [HN+1 +DN+1(t)]Ψ(XN+1, t). (4.2)

Here, HN+1 is the field-free Hamiltonian,

HN+1 =

N+1∑
i=1

−1

2
∇2
i −

Z

ri
+

N+1∑
i>j=1

1

rij

 , (4.3)

and DN+1(t) is the dipole interaction operator, for N+1 electrons, in the length gauge,

DN+1(t) = E(t) ·
N+1∑
i=1

ri.

In these equations, we have regarded the target nucleus (assumed of infinite mass) to be

located at the origin of coordinates, and we have written rij = |ri−rj |, where ri and rj

are the position vectors of electrons i and j. Also, XN+1 = x1,x2, ...,xN+1, where xi =

riσi denotes collectively the space and spin coordinates of electron i. We highlight that

adoption of the length gauge in the present theory stands in contrast to previous strong-

field calculations for one- and two-electron systems, wherein the velocity gauge was

deemed advantageous [585]. However, on the basis of earlier investigations conducted

with time-dependent R-matrix theory [519], we have found that the interaction of a

laser field with a multielectron atom is most accurately described in the length gauge.

The velocity form of the dipole interaction operator appears to be less appropriate

for such systems, since it emphasises the behaviour of the multielectron wavefunction

at short-range. As a result, the latter requires a much superior description of atomic

structure relative to the length form, and thus places a greater computational demand

on time-dependent simulations of atomic strong-field processes.
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In extending the capabilities of the RMT approach, we have nonetheless preserved the

essential philosophy of the method [254]. We therefore provide only a brief summary of

the basic principles here, and devote Sections 4.2.3 and 4.2.4 to a discussion of the key

developments and modifications of the original formulation. To enable a computation-

ally efficient solution of equation (4.2), we employ the traditional R-matrix paradigm

of dividing configuration space into two separate regions. This partition is effected with

respect to the radial coordinate of an ejected electron, and yields an inner region, con-

taining the target nucleus, and an outer region of relatively large radial extent. Within

the inner region, multielectron exchange and correlation effects are accounted for in the

construction of the many-body wavefunction. In the outer region, the ionised electron

is regarded as sufficiently distant from the residual ion that exchange may be neglected.

This electron is thus subject only to the long-range multipole potential of the residual

system, as well as the applied laser field. Importantly, RMT relies on a hybrid numerical

scheme, consisting of a unique integration of basis-set and finite-difference techniques.

This enables the most appropriate method for solving the TDSE to be applied in each

region.

Whereas previous implementations of time-dependent R-matrix theory relied on a low-

order Crank-Nicolson propagator, together with the solution of a system of linear-

algebraic equations [259], the RMT approach adopts a high-order Arnoldi scheme [462].

This replaces the solution of a linear system with a series of matrix-vector multiplica-

tions, which may reduce the numerical error in both the temporal and spatial propaga-

tion of the wavefunction. Since the Arnoldi algorithm is dominated by such operations,

the RMT methodology offers substantially improved parallel scalability, making feasi-

ble calculations that exploit massively parallel computing resources (with more than

10000 cores).

4.2.3 Inner Region

To solve equation (4.2) in the inner region, we expand the time-dependent, (N + 1)-

electron wavefunction in a basis comprising eigenfunctions, ψk(XN+1), of the field-free

Hamiltonian,
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Ψ(XN+1, t) =
∑
k

Ck(t)ψk(XN+1). (4.4)

Note that the time-dependence is incorporated purely in the coefficients Ck(t), such that

they alone characterise the temporal evolution of the multielectron wavefunction. The

basis functions ψk(XN+1) are, in turn, developed in a close-coupling with pseudostates

expansion [363, 517], generated from the N -electron wavefunctions of the residual-ion

states, as well as from a complete set of one-electron continuum functions, describing

the motion of the ejected electron. Additional (N + 1)-electron correlation functions

can be added to improve the quality of the basis set.

As in the original formulation of RMT theory, it can be shown [254] that the time-

dependent coefficients satisfy a system of first-order, ordinary differential equations,

d

dt
Ck(t) = −i

∑
k′
Hkk′(t)Ck′(t) +

i

2

∑
p

ωpk
∂

∂r
fp(r, t)

∣∣∣∣
r=b

. (4.5)

The quantities Hkk′(t) are the matrix elements of the inner-region Hamiltonian, com-

puted with respect to a basis consisting of the functions ψk(XN+1). Furthermore, ωpk

are surface amplitudes, defined in Ref. [254], and the functions fp(r, t) are the reduced

radial wavefunctions of the ejected electron, found by resolution of the outer-region

problem (see Section 4.2.4). The inner-region boundary radius is chosen as r = b. Note

that the inhomogeneous nature of equation (4.5) arises due to inclusion of a Bloch op-

erator in the analysis [363, 517], which suitably enforces hermiticity of the inner-region

Hamiltonian. In fact, the second term on the right-hand side of this equation plays a

critical role in RMT theory, for it connects a multielectron wavefunction in the inner

region with a wavefunction that, at the boundary, is one-electron in nature and which,

numerically, is obtained from the outer region.

Thus far, our formulation of the generalised RMT theory follows that for purely lin-

early polarised laser light [254]. However, the complexities of modelling atomic systems,

subject to multidimensional light fields, are already inherent in equation (4.5). As men-

tioned previously, the RMT approach relies on an efficient, high-order Arnoldi scheme

to solve this system of equations, and thereby propagate the inner-region wavefunc-
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tion in real time. The latter entails numerical evaluation of a series of matrix-vector

products, involving powers of the Hamiltonian matrix (Hkk′). Crucially, the precise

structure of this matrix depends on the polarisation state of the radiation, reflecting

the dipole selection rules that dictate the admissible atomic transitions. Thus, to enable

the treatment of truly arbitrary light-field configurations within an RMT framework,

we must devise a single, robust computational strategy, facilitating an accurate solution

of equation (4.5) for any relevant set of dipole selection rules.

We elaborate on this latter observation, and its implications for the generalisation of

the RMT approach, through a specific example, pertaining to a neutral, noble-gas atom

in two different light-field configurations. In particular, we compare the structure of the

matrix (Hkk′) for a linearly polarised (one-dimensional) field, a case for which RMT had

originally been formulated, and an arbitrarily polarised (three-dimensional) field. This

comparison serves not only to highlight the essential modifications for the inner-region

computations, but also to emphasise those features of the RMT method which render

it most appropriate (over previous R-matrix techniques) for the advancements that we

report here. Whilst, in the following discussion, we confine attention to the noble-gas

systems, it should be emphasised that these are merely exemplary. Indeed, the present

methodology is applicable to entirely general multielectron atoms and atomic ions,

offering the same flexibility, with respect to the choice of target, as its predecessors

[254, 259].

(a) Linearly polarised laser field: Firstly, we consider a linearly polarised field, whose

axis is aligned along that of angular momentum quantisation (typically the z-axis).

In this case, the only permissible radiative transitions are those such that the change

in the total orbital angular momentum quantum number L, and that in the quantum

number associated with its projection ML, satisfy

∆L = ±1, ∆ML = 0, (4.6)

together with a change in total parity π. Note that we have assumed an initial atomic

state with ML = 0 (for example, the Se0 ground-state), such that L-conserving transi-

tions are forbidden. As a result of the aforementioned selection rules, the Hamiltonian
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matrix (Hkk′) exhibits the following block-tridiagonal structure,

(Hkk′) =



HSe0S
e
0

HSe0P
o
0

0 0 0 · · ·

HP o0 S
e
0

HP o0 P
o
0

HP o0D
e
0

0 0 · · ·

0 HDe0P
o
0

HDe0D
e
0

HDe0F
o
0

0 · · ·

0 0 HF o0D
e
0

HF o0 F
o
0

HF o0G
e
0
· · ·

0 0 0 HGe0F
o
0

HGe0G
e
0
· · ·

...
...

...
...

...
. . .


. (4.7)

Here, we have adopted the notation LπML
for the various (N + 1)-electron target states,

omitting the spin multiplicity (which, in the present non-relativistic theory, is conserved

in any transition). The diagonal blocks are, individually, diagonal matrices, consisting of

the eigenvalues of the field-free Hamiltonian with respect to the basis of eigenfunctions

ψk(XN+1). Their dimensions are determined by the total number of (N + 1)-electron

configurations that admit those angular symmetry properties. The off-diagonal blocks

consist of the dipole matrix elements. It should be emphasised that the linearly polarised

laser field couples each target state to no more than two others (for initial ML = 0),

so that the bandwidth of the matrix (4.7) never spans more than a single block. This

represents a particularly simple structure for numerical computations.

Of course, in any practical calculation, only a finite number of basis functions ψk(XN+1)

can be included. The basis set is rendered finite by imposing an upper limit, Lmax, on

the total angular momentum L of the (N + 1)-electron states. As a result, the number

of target LSπ symmetries in the present case (with selection rules given by equations

(4.6)) is restricted to

Nsym = Lmax + 1. (4.8)

The choice of Lmax, in turn, is largely dictated by the radiation-field parameters in the

problem of interest. In particular, the number of target angular momenta (and there-

fore basis-set size), required for numerical convergence, scales rapidly with wavelength

[260, 261]. As a result, the study of strong-field processes in the long-wavelength optical

and near-infrared regimes can become prohibitively demanding, necessitating an effi-
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cient computational strategy for both storing, and performing calculations with, large

Hamiltonian matrices.

Additionally, we highlight that a substantial increase in the dimensions of (Hkk′) can

also occur in treating more general initial states of the target [512]. For atomic systems

with aligned initial states (for example, Ne+ or Ar+, in their P o ground state, with

ML = 1), the selection rule on L is relaxed to ∆L = 0,±1, whilstML remains conserved,

∆ML = 0. The possibility of transitions with ∆L = 0 increases the number of accessible

symmetries, allowing both even and odd parity for each orbital angular momentum of

the (N + 1)-electron system. Moreover, the number of dipole couplings is enhanced,

with each LSπ state of the target interacting with up to three others (rather than two

in the case of ML = 0). Such conditions further stress the need for an efficient scheme of

computation in time-dependent R-matrix approaches, accommodating large quantities

of atomic-structure and dipole-coupling data.

The current implementation of time-dependent R-matrix theory, in the form of the

RMT approach, provides an efficient means of treating problems in which the R-matrix

basis must be enlarged, whether due to a change in the selection rules (for aligned target

states), or a more demanding set of conditions for numerical convergence. Here, appli-

cation of the Arnoldi algorithm [254] enables the numerical solution of equation (4.5)

through a series of matrix-vector multiplications. Not only does this facilitate accurate

propagation of the wavefunction, but the memory demands, imposed by the inclusion

of more target symmetries, can be mitigated through a block-distribution of the ma-

trix and vector across multiple parallel processors. Presently, the RMT suite of codes

exploit the message passing interface (MPI) library to achieve this data decomposition.

Each target LSπ symmetry is assigned to one or more MPI tasks, and to facilitate

the calculation of matrix-vector products arising in the Arnoldi method, blocks of the

wavefunction vector are sent and received dynamically (during each time step of the

propagation). The computational tractability afforded by the RMT method, when a

large number of target symmetries and their dipole coupling need to be accounted for,

renders it suitable for subsequent developments and still more demanding applications,

particularly in regard of arbitrarily polarised light fields. Indeed, prior to the progress

reported here, both the data distribution and parallel communication strategies imple-

mented in the RMT codes were uniquely specialised to the Hamiltonian structure (4.7)
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and its analogue for aligned initial states.

(b) Arbitrarily polarised laser field: The interaction of a neutral, noble-gas atom with an

arbitrarily polarised radiation field naturally presents the greatest complexities. When

all three components of the electric field (4.1) are active, the dipole selection rules

become

∆L = 0,±1, ∆ML = 0,±1, (4.9)

in addition to a change in parity. Correspondingly, the Hamiltonian matrix assumes

the form

(Hkk′) =



HSe0S
e
0

0 0 0 HSe0P
o
−1

HSe0P
o
0

HSe0P
o
1
· · ·

0 HP e−1P
e
−1

0 0 HP e−1P
o
−1

HP e−1P
o
0

0 · · ·

0 0 HP e0P
e
0

0 HP e0P
o
−1

HP e0P
o
0

HP e0P
o
1
· · ·

0 0 0 HP e1P
e
1

0 HP e1P
o
0

HP e1P
o
1
· · ·

HP o−1S
e
0

HP o−1P
e
−1

HP o−1P
e
0

0 HP o−1P
o
−1

0 0 · · ·

HP o0 S
e
0

HP o0 P
e
−1

HP o0 P
e
0

HP o0 P
e
1

0 HP o0 P
o
0

0 · · ·

HP o1 S
e
0

0 HP o1 P
e
0

HP o1 P
e
1

0 0 HP o1 P
o
1
· · ·

...
...

...
...

...
...

...
. . .



.

(4.10)

This Hamiltonian governs a richer dynamics than that of equation (4.7), by virtue of

the increased number of relevant electronic degrees of freedom. Computationally, the

difficulties arising from its treatment are twofold. First, the replacement of each LSπ

symmetry, with (2L+ 1) LMLSπ symmetries, incurs a dramatic increase in the size of

the matrix. Specifically, the number of symmetries (diagonal blocks), for a given choice

of Lmax, is now

Nsym = 2(Lmax + 1)2 − 1. (4.11)

Subtraction of unity in this equation accounts for the absence of the So0 symmetry,
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which is dipole-inaccessible for neutral, noble-gas systems. Thus, when all possible

magnetic substates are accounted for explicitly, Nsym scales quadratically with Lmax.

This contrasts with the linear scaling suggested by equation (4.8) in the case of pure,

linear polarisation. Second, whenever ∆ML = 0,±1 transitions are permitted, the total

number of dipole couplings is enhanced. This is reflected by an increase in the number

of off-diagonal (dipole) blocks, which are no longer distributed in the simple manner

of equation (4.7) (along the block super- and sub-diagonals), but which now span a

much larger bandwidth of the matrix. As a result, it becomes essential to manage a

much more intricate set of parallel communications, among MPI tasks responsible for

different target symmetries, whenever the matrix-vector multiplications are performed

in a block-distributed fashion.

To tackle these complications, and thereby extend the predictive capabilities of the

RMT method to arbitrary light fields, we have made several critical modifications to

the suite of codes. Now, each LMLSπ (as opposed to LSπ) symmetry is assigned to one

or more MPI tasks, so that equation (4.11) (rather than equation (4.8)) constitutes the

minimum number of processor cores required for the inner-region computations. Such

a scheme suffices for the description of atomic ionisation in low-intensity, XUV laser

fields, for which only a limited number of angular momenta (Lmax ≈ 10) are required for

satisfactory convergence (see Sections 4.3 and 4.4). However, as suggested by our pre-

vious work [260, 261], the study of strong-field processes in long-wavelength (especially

optical and near-infrared) fields necessitates much larger values of Lmax for good con-

vergence (Lmax ≈ 100 – 200). To render such problems tractable, we have implemented

a number of computational measures and simplifications, which reduce core require-

ments and improve load balancing for the inner-region calculations. We mention two

in particular. Firstly, a parameter Mmax
L has been introduced, which limits the target

magnetic substates to a range |ML| ≤Mmax
L . This parameter proves valuable when only

a subset of these are significantly populated during the dynamics. Such behaviour is

realised, for instance, in the cross-polarised laser-field configurations explored in recent

two-colour HHG experiments [553, 586], where ∆ML = ±1 transitions are minimised

through an appropriate choice of z-axis (i.e., such that it coincides with the polari-

sation axis of the longer wavelength and/or higher intensity laser pulse). Under such

conditions, restricting the number of magnetic substates so that Mmax
L � Lmax can
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facilitate a substantial reduction in the number of LMLSπ symmetries retained in the

calculations, now given by

Nsym = 2[(Mmax
L + 1)2 + (2Mmax

L + 1)(Lmax −Mmax
L )]− 1

instead of equation (4.11), and thus, in the number of processor cores assigned to the

inner region. Secondly, whilst we must set Mmax
L = Lmax for linearly or elliptically

polarised fields in the xy-plane, not all LMLSπ symmetries of the target are realisable

via dipole transitions. Indeed, when only the x- and/or y-components of the electric

field (4.1) assume non-zero values, the selection rule on ML is ∆ML = ±1. Then, for

a neutral, noble-gas system, irradiated by a linearly or circularly polarised field in the

xy-plane (see, for example, Section 4.3), the symmetries P e±1, P o0 , De
±1, Do

0, Do
±2, ...

are all inaccessible by dipole-allowed transitions from the Se0 ground state. In practice,

we therefore exclude the corresponding symmetry blocks from the Hamiltonian (4.10)

when such fields are considered. This affords a considerable saving in computational

effort, for the number of target LMLSπ symmetries is almost halved relative to that

given by equation (4.11),

Nsym = (Lmax + 1)2.

Such measures to limit the computational load, where possible, aid in expanding the

range of intensities and wavelengths which can be explored using the latest RMT code

for arbitrarily polarised fields.

In tandem with these modifications, we have also adapted the parallel linear-algebra

routines, critical to the implementation of the Arnoldi propagator, for the Hamiltonian

(4.10). To compute matrix-vector products involving this matrix, blocks of the vector

must be sent and received among MPI tasks responsible for different target symmetries.

Parallel communication strategies, employed in the original RMT codes for linearly

polarised fields, were developed specifically for the block-tridiagonal structure of the

matrix (4.7), as well as its analogue in the case of aligned initial states (ML 6= 0).
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To accomodate the Hamiltonian (4.10), relevant for a field of arbitrary polarisation,

we have devised a much more robust set of communication routines for the efficient

exchange of data. Crucially, our scheme is now based solely on the LMLSπ couplings

prevalent in the problem of interest, and not on a fixed structure of the Hamiltonian

matrix (that is, a specific arrangement of the off-diagonal dipole blocks). This has two

important implications. Firstly, a high degree of efficiency is maintained, by avoiding

the unnecessary sending or receiving of data whenever only a subset of the selection

rules (4.9) are satisfied. This is valuable in particular special cases of the matrix (4.10)

(for instance, given an elliptically polarised field in the xy-plane, ∆ML = 0 transitions

are forbidden, and the corresponding dipole matrix elements are zero). Secondly, our

scheme could be adapted to manage the communications required for other interactions,

such as those of a non-dipole or relativistic nature.

4.2.4 Outer Region

To solve equation (4.2) in the outer region, we expand the time-dependent, (N + 1)-

electron wavefunction in a standard close-coupling form,

Ψ (XN+1, t) =
∑
p

Φ̄p (XN ; r̂N+1σN+1)
1

r
fp(r, t). (4.12)

Here, the radial coordinate of the ejected electron, rN+1, is denoted as r for brevity.

The channel functions Φ̄p (XN ; r̂N+1σN+1) are formed by coupling the orbital and spin

angular momenta of the residual ion with those of the outgoing electron [363, 517]. The

time-dependence of the multielectron wavefunction is incorporated solely in the func-

tions fp(r, t), which describe the radial motion of the ejected electron in each channel p.

Note that expansion (4.12) is unsymmetrised: the spatial isolation of the ionised elec-

tron, from the complex, many-body inner region, ensures that the exchange interaction

is negligible. Moreover, since the number of electrons in the outer region is limited to

one, the dimensionality of the TDSE, for each residual-ion state, is reduced to at most

three. This affords a substantial simplification of the computational problem.

As in the original formulation of RMT theory [254], it can be shown that the one-

electron, reduced radial wavefunctions fp(r, t) satisfy a system of coupled, second-order,
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partial differential equations,

i
∂

∂t
fp(r, t) = hp(r)fp(r, t) +

∑
p′

[
WE
pp′(r) +WD

pp′(t) +WP
pp′(r, t)

]
fp′(r, t). (4.13)

The one-electron operator hp(r), given by

hp(r) = −1

2

d2

dr2
+
lp(lp + 1)

2r2
− Z −N

r
+ Ep,

includes terms corresponding to the kinetic energy, screened nuclear attraction and

centrifugal repulsion for the ejected electron. The quantities lp and Ep are the angular

momentum of the outgoing electron, and the energy of the residual-ion state, respec-

tively. The remaining terms on the right-hand side of equation (4.13) correspond to the

long-range potentials [254, 259]. The matrix (WE
pp′) has been discussed in the context

of time-independent formulations of R-matrix theory [363, 517], and arises from the

repulsive interaction among the outgoing and residual electrons,

WE
pp′(r) =

〈
Φ̄p

∣∣∣∣∣∣
N∑
j=1

1

|r− rj |
− N

r

∣∣∣∣∣∣ Φ̄p′

〉′
. (4.14)

The matrix (WD
pp′) is time-dependent, and describes the interaction of the light field

with the N -electron residual ion,

WD
pp′(t) =

〈
Φ̄p|E(t) ·RN |Φ̄p′

〉′
, (4.15)

where RN is given by the sum of the position operators ri for electrons i = 1, .., N .

Finally, (WP
pp′) emerges from the interaction of the light field with the ejected electron,

WP
pp′(r, t) =

〈
Φ̄p |E(t) · r| Φ̄p′

〉′
. (4.16)

The prime on the Dirac bracket in each of equations (4.14), (4.15) and (4.16) indicates
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that the integration is performed over all electron space and spin coordinates, with the

exception of the radial coordinate r of the ejected electron.

The field-dependent potentials (4.15) and (4.16) play a critical role in the RMT outer-

region analysis. Information pertaining to the polarisation of the laser field, and con-

comitantly the dipole selection rules for laser-induced transitions, is encoded entirely

therein. Previously, these had been derived and implemented purely for linearly po-

larised fields (in the z-direction), so that the couplings, among different electron-

emission channels, were appropriate only for ∆ML = 0 transitions of the (N + 1)-

electron system. To enable the treatment of light fields with arbitrary polarisation, we

have established a more general set of potentials, which also express the essential chan-

nel couplings when ∆ML = ±1 transitions are allowed. Their derivation, which can be

found in Appendix A, generalises that given in Ref. [259] for fields linearly polarised in

the z-direction, and relies on standard techniques for irreducible tensor operators [479].

We summarise the results here for reference,

WD
pp′ =

∑
µ=−1,0,1

W
D (µ)
pp′ , (4.17)

W
D (µ)
pp′ = (−1)Lp+Lp′+µEµ(t)

√
2L′ + 1

× (1(−µ)L′ML′ |LML)W (1Lp′Llp;LpL
′)

× 〈βLp||RN ||β′Lp′〉

× δlplp′ δmlpmlp′ δSS′δSpSp′ δMSMS′ δMSpMSp′
, (4.18)

and

WP
pp′ =

∑
µ=−1,0,1

W
P (µ)
pp′ , (4.19)
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W
P (µ)
pp′ = (−1)L+L′+1Eµ(t)

√
(2lp′ + 1)(2L+ 1)

× (LML1µ|L′ML′)W (1lp′LLp; lpL
′)

×
a(lp′)

(lp010|lp′0)
r

× δββ′δLpLp′ δSS′δSpSp′ δMSMS′ δMSpMSp′
. (4.20)

In these equations, Eµ(t) are the spherical components of the electric field intensity.

For a given channel p, L,ML and S,MS denote the total orbital and spin angular

momentum quantum numbers, whilst Lp,MLp and Sp,MSp are the quantum numbers

pertaining to the residual-ion state. Also, lp and mlp are the orbital angular momentum

quantum numbers associated with the ejected electron. All remaining quantum numbers

required to specify the ionic state are denoted collectively by β. Quantities of the

form (abcd|ef) andW (abcd; ef) are Clebsch-Gordan and Racah coefficients respectively,

while 〈βLp||RN ||β′Lp′〉 are the reduced matrix elements of the N -electron position

operator. Finally, a(lp′) is defined by

a(lp′) =



lp′

[(2lp′ − 1)(2lp′ + 1)]1/2
, lp = lp′ − 1

− (lp′ + 1)

[(2lp′ + 1)(2lp′ + 3)]1/2
, lp = lp′ + 1.

Throughout, we have employed the Fano-Racah phase convention [587]. It should be

noted that in the case of a field linearly polarised along the z-axis (E±1 = 0), we recover

the potentials employed in previous formulations of time-dependent R-matrix theory

[254, 259, 363].
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4.3 Application to the Two-photon Ionisation of He in

Circularly Polarised Light Fields

As a first demonstration of the generalised RMT methodology, we investigate the forma-

tion of multistart-spiral vortex features in the photoelectron momentum distributions

of He, irradiated by a pair of time-delayed, ultrashort, circularly polarised laser pulses

with opposite helicities. We validate our results through comparison of the RMT data

with that of Ngoko Djiokap et al. [476], who previously treated the same laser-driven,

two-electron problem by means of the TDCC approach [449] in conjunction with Wigner

frame transformations [472, 473].

4.3.1 Calculation Parameters

The He target considered in this work is as discussed in previous R-matrix studies

[514, 519, 588]. Within the inner region, we regard the atomic system as He+ to which

is added a single electron. For the description of He+, we employ the physical 1s orbital,

together with 2s and 2p pseudo-orbitals. The pseudo-orbitals are expressed analytically

as a sum of Sturmian-type orbitals, each of the form rie−αr, with the same exponential

decay as the 1s function, minimal degree of the polynomial, and orthogonality with

respect to the 1s function. Their inclusion facilitates a more accurate account of changes

in the He+ ground state, induced by the laser field, than might be achieved with the

physical orbitals alone. The initial state is the He 1s2 1Se ground state, with binding

energy Eb(He) ≈ 24.6 eV.

The radial extent of the inner region is 20 a.u., which suffices to effectively confine the

orbitals of the residual He+ ion. The inner-region continuum functions are generated

using a set of 70 B-splines of order 9 for each available orbital angular momentum of the

outgoing electron. The knot-point distribution varies from a near-quadratic spacing, in

proximity to the nucleus, to a near-linear spacing towards the inner-region boundary.

Additional knot points are inserted further inward, to improve the description of the

one-electron continuum functions close to the nucleus. We retain all admissible electron-

emission channels up to a maximum total orbital angular momentum Lmax = 9, as well

as all permitted magnetic substates with −9 ≤ ML ≤ 9. The outer-region boundary
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radius is 3500 a.u., ensuring that no unphysical interference structure in the wavefunc-

tions arise through reflection of the ejected-electron wavepacket. The finite-difference

grid spacing is 0.08 a.u.. To advance the multielectron wavefunction in time, we adopt

an Arnoldi propagator of order 8, choosing a time step of 0.01 a.u..

We select a set of pulse characteristics appropriate for the single-colour, two-photon

interferometry scheme proposed by Ngoko Djiokap et al. [476]. Therein, the He atom

is subject to a pair of counter-rotating, circularly polarised, femtosecond laser pulses,

having controlled time delay τ and CEP values ϕ1 and ϕ2. Both pulses exhibit a sine-

squared ramp-on/off temporal profile. For such a configuration, the electric field may

be expressed in the form

E(t) = F (t)Re[e1 e
−i(ωt+ϕ1)] + F (t− τ)Re[e2 e

−i(ω(t−τ)+ϕ2)], (4.21)

where, for circular polarisation in the xy-plane, e1 = e∗2 = (x̂ + iŷ)/
√

2. The sine-

squared envelope is described by

F (t) = F0 sin2(ωt/2N), (4.22)

with F0 the peak electric field intensity. The latter is related to the pulse peak intensity

I0 by I0 = (c/4π)F 2
0 , where c is the speed of light in vacuum. In line with Ngoko

Djiokap et al. [476], we adopt a carrier frequency of ω = 15 eV, a peak intensity of

I0 = 1 × 1012 Wcm−2, and a duration of N = 6 cycles for each pulse. Note that the

time delay is measured between the central peaks of the two pulses, and is always chosen

such that the right-hand circularly polarised pulse attains peak intensity simultaneously

with, or before, its left-hand circularly polarised counterpart (i.e., τ ≥ 0 in equation

(4.21)).

By solving the TDSE, it is well known [503] that the ionised-electron momentum dis-

tribution can be extracted from the wavepacket solution in three different zones: (i) re-

action zone, (ii) Coulomb zone and (iii) free zone. In the reaction zone, the momentum

distribution is obtained by projecting the wavepacket (immediately after termination
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of the pulse) onto fully correlated, field-free scattering wavefunctions. In Ref. [476], the

latter were computed by the J-matrix method [589]. In the Coulomb zone, the photo-

electron properties are assessed through projection of the ionised-electron wavepacket

(long after termination of the laser pulse) onto field-free continuum wavefunctions, ap-

proximated by a product of a Coulomb function and a bound-state wavefunction. In

the TDCC study of Ngoko Djiokap et al. [476], such projections were performed at

times up to 20 a.u. following the end of the laser pulse, with good agreement observed

between these Coulomb-zone spectra and that obtained in the reaction zone. Finally,

in the free zone, the momentum distribution is calculated by projecting the wavepacket

(after a substantially long period of time following the end of the pulse) onto a product

of a plane-wave wavefunction and a bound-state wavefunction. This method, which

requires extremely large simulation domains, is equivalent to a Fourier transform of

the wavepacket at long times, and is akin to the procedure adopted in our present

investigation.

To ascertain photoelectron momentum spectra in the RMT approach, we must deter-

mine the angular momentum characteristics of the continuum-electron wavefunction in

each ionisation channel of interest. Following a time-dependent simulation, we obtain

data for the reduced radial wavefunctions (denoted fp in equation (4.12)), for every

channel, at the final time step. However, all information pertaining to the orbital and

spin angular momenta of the outgoing electron is associated with the channel functions

(denoted Φ̄p in equation (4.12)). To extract the spatial component of the continuum-

electron wavefunction (including the angular dependence) in each channel, we decouple

the orbital and spin angular momenta of the ejected electron and residual He+ states,

employing Clebsch-Gordan coefficients [258]. Once acquired, we transform the wave-

function, for r > 200 a.u., into the momentum representation, under the assumption

that the long-range Coulomb potential is negligible.

It is pertinent to highlight three important facets of this analysis in the present context.

Firstly, although we retain the non-physical 2s and 2p pseudo-thresholds in computing

the momentum spectra, their associated ionisation channels are populated insignifi-

cantly under the prevalent field conditions. This is to be expected: whilst absorption of

at least two 15 eV photons is required for production of the He+ 1s state, the 2s and 2p

pseudo-thresholds are accessible only through absorption of at least five such photons.
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The low pulse intensities, regarded in this work, ensure that such higher-order processes

occur with negligible probability. As a result, the presence of the pseudo-thresholds has

no adverse consequences for our comparison with the data of Ngoko Djiokap et al. [476],

who project the full, two-electron wavefunction onto field-free scattering wavefunctions

of the singly-ionised He+(1s) + e− continuum, constructed by means of the J-matrix

method [589]. Secondly, to minimise the role of dielectronic repulsion, and thus ensure

the validity of our procedure for assessing photoelectron emission properties, we have

propagated the total wavefunction for a further 116 field cycles following termination

of the second laser pulse. Additional cycles of field-free propagation (up to a total of

300) incur no significant alterations to the spectra. Thirdly, a minimum cutoff distance

of 200 a.u. was deemed suitable following a direct examination of the ejected-electron

wavefunctions. Beyond this distance, the latter exhibit clear continuum-wave charac-

teristics. We have also repeated our analysis for other distances, verifying that the

main features of the spectra are both qualitatively, and quantitatively, insensitive to

acceptable variations of the minimum cutoff. Note, however, that effecting the trans-

formation in this manner does artificially eliminate near-zero-momentum features of

the distribution, which arise from threshold photoelectrons. The latter are typically 10

times weaker than the dominant emission features discussed in Section 4.3.2, and are

not of interest for the present study.

4.3.2 Results and Discussion

Figures 4.1 and 4.2 present photoelectron momentum distributions, in the polarisation

plane, for selected CEPs and time delays between the pulses. Our numerical RMT

results (Figures 4.1(a),(c) and 4.2(a),(c),(e)) are compared with the TDCC data re-

ported by Ngoko Djiokap et al. [476] (Figures 4.1(b),(d) and 4.2(b),(d),(f)). Note that

in Ref. [476], only the two-photon ionisation channels (i.e., those with L = 0, 2 and

ML = 0,±2) were retained in computing the momentum maps of Figures 4.1(b),(d)

and 4.2(b),(d),(f). To enable a true comparison, we also include exclusively these chan-

nels in our numerical projections. In any case, our data suggests that these channels

account for around 90% of the total ionisation yield.
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Figure 4.1: Photoelectron momentum distributions, in the polarisation plane, following
ionisation of He by right- and left-hand circularly polarised laser pulses with zero time
delay (τ = 0). The distributions acquired through the generalised RMT method (for
arbitrary polarisation) are shown in (a) and (c), whilst those obtained by Ngoko Djiokap
et al. [476], employing a TDCC approach, are shown in (b) and (d). Each pulse has a
carrier frequency of 15 eV, a duration of 6 cycles and a peak intensity of 1×1012 Wcm−2.
In (a) and (b), the CEPs are ϕ1 = ϕ2 = 0, but in (c) and (d), they are chosen to be
ϕ1 = 0, ϕ2 = π/2. Relative magnitudes are indicated by the colour scales.
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Figure 4.2: Photoelectron momentum distributions, in the polarisation plane, following
ionisation of He by right- and left-hand circularly polarised laser pulses with non-zero
time delay (τ 6= 0). The distributions acquired through the generalised RMT method
(for arbitrary polarisation) are shown in (a), (c) and (e), whilst those obtained by
Ngoko Djiokap et al. [476], employing a TDCC approach, are shown in (b), (d) and (f).
Each pulse has a carrier frequency of 15 eV, a duration of 6 cycles, a peak intensity
of 1 × 1012 Wcm−2 and zero CEP (ϕ1 = ϕ2 = 0). The pulses are delayed in time by
τ = 500 as in (a) and (b), τ = 1.1 fs in (c) and (d), and τ = 1.65 fs in (e) and (f).
Relative magnitudes are indicated by the colour scales.
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It should be highlighted that the momentum distributions, in each of Figures 4.1 and

4.2, are all normalised in the same manner, such that the colour scales extend from zero

to one. This is due to a discrepancy in the ionisation yields suggested by the present

RMT approach and the TDCC calculations of Ngoko Djiokap et al. [476], the origins of

which remain unclear. We note that the TDCC code developed by the latter authors,

for two-electron systems in circularly polarised laser fields, is a generalisation of a code

employed in Ref. [589] for pure linear polarisation. Numerical results presented therein

are well reproduced by the TDCC code used in Ref. [476] for pulses with small ellipticity.

Regarding the RMT data, our predicted yields have been verified in the specific case of

Figure 4.1(a), where the laser field is linearly polarised in the x-direction (see below).

For He, we expect to recover the same total yield irrespective of the orientation of the

linear polarisation axis, given the closed-shell nature of the system. In particular, for

an analogous field distribution, but linearly polarised in the z-direction, calculations

relying on the original RMT approach [254] reproduce the same yield to around 10−6.

Moreover, for the photon energy (15 eV) in question, our calculated yields agree well

(within 10%) with those estimated using established data for the generalised two-photon

cross-section of He, acquired by means of previous R-matrix-Floquet calculations [590]

and alternative ab initio methods [591].

To focus the present treatment purely on a comparison of the key qualitative features

and their relative magnitudes, we normalise the RMT and TDCC spectra in a consistent

fashion. By contrast, in Section 4.3, we present energy and momentum distributions

with a scale that reflects the true wavefunction density in momentum space.

We begin by discussing the results for zero time delay (τ = 0) and two values of the

relative CEP (ϕ1 = 0, ϕ2 = 0 and ϕ1 = 0, ϕ2 = π/2) in equation (4.21). Under these

conditions, the superposition of two, counter-rotating, circularly polarised pulses yields

a linearly polarised one, where the orientation of the polarisation axis is determined by

the relative CEP of the two pulses. In both Figures 4.1(a) and (c), we find the expected

quadrupole distribution of the ionised-electron momenta. For zero relative CEP, the

field is linearly polarised along the x-axis, so that in Figure 4.1(a), the photoelectron

peaks are aligned along the kx-axis and the perpendicular ky-axis. When the relative

CEP is π/2, the polarisation axis is rotated clockwise by π/4, giving rise to a disposition

of the peaks shown in Figure 4.1(c). These properties of the spectra are entirely in line



4.3. Application to the Two-photon Ionisation of He in Circularly Polarised Light
Fields 147

with the results of Ngoko Djiokap et al. [476]. Irrespective of the CEP values, we find

that the peak positions are consistent with the excess energy in a two-photon ionisation

event (k = [2 {2ω − Eb(He)}]1/2 ≈ 0.63 a.u.). Indeed, as emphasised in Ref. [476], the

choice of pulse parameters (frequency 15 eV, bandwidth 3.6 eV and peak intensity 1×

1012 Wcm−2) ensure that two-photon ionisation is, effectively, the only active transition

pathway, so that the peak structures in Figure 4.1 are uniquely attributable to this

process.

Aside from the gross symmetry properties and peak dispositions, we also consider the

relative intensities of the on- and off-axis emission features in Figure 4.1. In qualitative

agreement with Ngoko Djiokap et al. [476], we find that the photoelectron peaks, aligned

along the polarisation axis of the field, are considerably more pronounced than those

oriented perpendicular to it. Once more, this is an expected characteristic, arising due to

interferences, among different ionisation pathways, involving absorption of two photons

with equal or opposite helicities. For on-axis emission, this interference is constructive,

but becomes destructive for emission in the perpendicular direction, thus reducing the

brightness of the off-axis features in Figure 4.1. More quantitatively however, a notable

difference appears in their relative magnitudes between the RMT and TDCC spectra.

We predict the off-axis photoelectron peaks to be around three times smaller than

those on-axis, whereas in the data of Ngoko Djiokap et al. [476], the peak heights differ

by almost a factor of five. We have verified that this disparity does not arise from

a deficiency in our description of the He target. Indeed, calculations employing more

elaborate He+ basis sets (for example, incorporating the 3s, 3p and 3d pseudo-orbitals

[514, 519, 588]) yield no significant differences in the predicted momentum distributions.

Moreover, for a field analogous to that of Figure 4.1(a), but linearly polarised in the

z-direction, calculations exploiting the established RMT codes [254] suggest an almost

identical spectrum in the kxkz-plane (with the same difference of peak heights as in

Figures 4.1(a) and (c)). Of course, the same photoelectron emission properties should

be recovered for any orientation of the polarisation axis in the case of He, or any

other closed-shell system. Notwithstanding this discrepancy in the RMT and TDCC

predictions, the favourable comparison of the momentum spectra, for zero time delay

and both CEP values, highlights the reliability of our generalised RMT approach, at

least for problems in which the axis of linear polarisation is inequivalent to that of
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angular momentum quantisation.

As discussed by Ngoko Djiokap et al. [476], non-zero time delays between the two

counter-rotating pulses elicit the formation of multistart-spiral vortex patterns in the

photoelectron momentum distribution, whose characteristics depend sensitively on the

relative handedness, phase and time delay between the pulses. Such conditions thereby

offer a more stringent test of accuracy for the present RMT methodology.

Figure 4.2 compares the momentum distributions, computed by means of the present

RMT method and the TDCC approach of Ngoko Djiokap et al. [476], for non-zero time

delays between the right- and left-hand circularly polarised pulses. In agreement with

the TDCC data, we find four-start spiral patterns with a counter-clockwise handedness.

Moreover, with increasing time delay between the pulses, we observe the same evolution

in the number and locations of the maxima and minima in the distributions. Note that

for the shortest non-zero time delay of 500 as (Figures 4.2(a) and (b)), the disparity

in relative peak heights found for the RMT and TDCC spectra in Figure 4.1 persists,

but once more appears to constitute the only qualitative difference in the results. For

longer time delays, and in further concurrence with the data of Ngoko Djiokap et al.

[476] shown in Figures 4.2(d) and (f), the photoelectron peaks in Figures 4.2(c) and (e)

assume a more complete four-fold rotational symmetry. In fact, the variation across the

four maxima, in each of Figures 4.2(e) and (f), is less than 1%. Under these conditions,

the RMT data of Figures 4.2(c) and (e), and the TDCC results in Figures 4.2(d) and

(f), describe highly comparable photoelectron emission characteristics.

4.4 Application to Single-photon Detachment from F− in

a Circularly Polarised Light Field

In Section 4.3, we validated our new RMT methodology, for arbitrarily polarised laser

fields, in the context of two-photon ionisation of He by circularly polarised pulses.

We now discuss a further application of the method to the problem of single-photon

detachment, from F−, in a circularly polarised laser field.

Our motivation for investigating this process is twofold. Firstly, F− constitutes an
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ionic and truly multielectron system, so that our treatment of the photodetachment

dynamics therein emphasises the generality of our approach with respect to the choice

of target. Moreover, the theoretical description of negative ions presents an interesting

challenge: both their structure and field-driven dynamics are influenced profoundly by

multielectron correlations, particularly the strong dielectronic repulsion. A number of

approximate methods are available to model photodetachment from complex negative

ions [269, 271, 592], but tend to be rather limited in their account of electron repulsion.

The role of multielectron correlations in negative-ion photodetachment was highlighted

in a recent RMT study [261], addressing above-threshold detachment and strong-field

rescattering in F−. In the present work, the capacity of RMT to capture short-range

exchange and correlation effects is combined with a newly developed capability to treat

atomic ionisation dynamics in light fields of arbitrary polarisation.

Secondly, for fields of non-zero helicity, the dependence of the ionisation characteristics

on the atomic orbital phase, or sign of the single-electron magnetic quantum num-

ber ml, has garnered substantial interest. On the one hand, it has long been recognised

that circularly polarised fields preferentially ionise corotating electrons (i.e., positive ml

for right-hand circular polarisation), in both one-photon ionisation and field-ionisation

from Rydberg states [593, 594]. On the other hand, more recent experimental and the-

oretical works [564, 595, 596, 597, 598] suggest that in the regime of strong-field tun-

nelling, non-adiabatic effects alter the characteristics of this ml-dependence, whereby

counter-rotating electrons (i.e., negative ml for right-hand circular polarisation) are

preferentially removed. Naturally, it is of interest to gain a better understanding of this

behaviour, and to assess both how and when a transition from one ml-dependence to

the other emerges. We address this matter systematically in Chapter 7. Here, we report

on the first step in such an investigation, employing our new RMT method to quan-

tify the degree of quantum-state selectivity in the process of single-photon detachment,

from F−, in the field of a right-hand circularly polarised, femtosecond laser pulse.

4.4.1 Calculation Parameters

Our treatment of the F− target in this work is as described in a previous RMT study

[261], and is based upon that of much earlier R-matrix investigations of multiphoton
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detachment in this system [388, 389]. Within the inner region, we regard the ion as

F to which is added a single electron. To describe the neutral F atom, we employ

a set of Hartree-Fock 1s, 2s and 2p orbitals, acquired for the F ground state from

the data of Clementi and Roetti [599], in conjunction with additional 3s, 3p and 3d

pseudo-orbitals [600]. Incorporation of these pseudo-orbitals facilitates a more accu-

rate determination of the 1s22s22p5 2P o ground-state wavefunction, obtained in the

form of a configuration-interaction expansion which includes the 1s22s22p5, 1s22s2p53s,

1s22s22p43p, 1s22s22p33p2 and 1s22s22p33d2 configurations. The present model sug-

gests a binding energy of Eb(F
−) ≈ 3.420 eV for the initial, 1Se F− ground state,

which is similar to the experimental value of 3.401 eV [601].

The radial extent of the inner region is 50 a.u., which suffices to effectively confine

the orbitals of the F− ion. The inner-region continuum functions are generated using

a set of 60 B-splines of order 13 for each available orbital angular momentum of the

outgoing electron. We retain all admissible 1s22s22p5εl channels up to a maximum

total orbital angular momentum Lmax = 9, as well as all permitted magnetic substates

with −9 ≤ML ≤ 9. The outer-region boundary radius (3500 a.u.), finite-difference grid

spacing (0.08 a.u.) and time step for the Arnoldi propagator (0.01 a.u.) are the same

as those adopted in our calculations for He, as reported in Section 4.3.

To probe the differential ionisation dynamics of the 2p±1 electrons in single-photon

detachment, we subject the F− ion to a single, right-hand circularly polarised laser

pulse, whose electric field is given by equation (4.1) with e = (x̂+ iŷ)/
√

2. The pulse is

assumed to have a ramp-on/off temporal profile of the sine-squared form (4.22), with

a peak intensity I0 = 1× 1013 Wcm−2, a carrier frequency ω = 8 eV, a CEP ϕ = 0 and

a duration of N = 6 cycles.

The photoelectron momentum distribution is computed via the method discussed in

Section 4.3.1. The distribution thereby obtained incorporates the emission characteris-

tics of initially bound 2p electrons with ml = −1, 0 and 1, which we designate hence-

forth as 2p−1, 2p0 and 2p1 respectively. To decompose this total spectrum into its

constituent ml-selective components, our numerical projections should include only

specific electron-detachment channels, identified by means of the following simple con-

sideration. In a right-hand (η = 1) circularly polarised laser field, the selection rule on
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the single-electron ml value is ∆ml = 1. Thus, in a single-photon detachment event,

only those channels p, in which a final value of mlp = 2 can be realised, contribute to

the spectrum for 2p1 electrons. Similarly, only those channels admitting a final value

mlp = 0 (or mlp = 1) contribute to the spectrum for 2p−1 (or 2p0) electrons. Of course,

this procedure is readily extended to multiphoton detachment processes.

4.4.2 Results and Discussion

Figure 4.3 presents photoelectron momentum and energy distributions, in the polar-

isation plane, for single-photon detachment from F−, as driven by an 8 eV, 6-cycle,

right-hand circularly polarised laser pulse. As expected, the total distribution of Figure

4.3(a) exhibits a high degree of circular symmetry, and comprises a single, dominant

ring of radius determined by the excess energy in this one-photon process (approxi-

mately 0.58 a.u.). Note that the pulse peak intensity is too low to elicit higher-order

(multiphoton) detachment with any substantial probability, so that the spectrum of

Figure 4.3(a) displays primarily the single-photon feature. Nonetheless, a very faint

outer ring is discernible, and is attributable to weak two-photon detachment (approxi-

mately 0.96 a.u.).
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Figure 4.3: Photoelectron momentum and energy distributions, in the polarisation
plane, following single-photon detachment from F−, initiated by a right-hand circularly
polarised laser pulse with a carrier frequency of ω = 8 eV, a duration of N = 6
cycles, a peak intensity of I0 = 1× 1013 Wcm−2 and CEP ϕ = 0. (a) Total momentum
distribution. Magnitudes are indicated by the colour scale, and expressed in units of
10−2 a.u.. (b) Energy spectra for electrons ejected with zero azimuthal angle. The total
spectrum (solid black line) is decomposed into individual spectra for the 2p1 (upper,
dashed blue line) and 2p−1 (lower, dashed green line) electrons. The totality of the 2p1

and 2p−1 spectra (dash-dotted red line) is also shown.
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The momentum distribution of Figure 4.3(a) is determined by the response of the 2p−1,

2p0 and 2p1 electrons of F− to the laser field (note that only the 2p electron-emission

channels are retained in the present calculations). To assess the sensitivity of single-

photon detachment to the sign of the bound-electron magnetic quantum number, we

decompose the distribution in Figure 4.3(a) following the procedure outlined in Sec-

tion 4.4.1. The resulting momentum spectra possess the same qualitative (symmetry)

properties as the total spectrum, and so to emphasise their quantitative differences, we

discuss only one-dimensional energy spectra. Figure 4.3(b) displays the energy distri-

butions for the 2p±1 electrons of F−, appropriate to a fixed photoelectron emission di-

rection in the polarisation plane (corresponding to zero azimuthal angle). For reference,

the total spectrum for this direction is also shown in Figure 4.3(b), and corresponds to

a one-dimensional slice of the two-dimensional distribution of Figure 4.3(a). Of course,

the circular symmetry of the momentum distribution ensures that we may choose any

emission direction, in the polarisation plane, to investigate the energy spectra aris-

ing from ionisation of these electrons. We observe that the total energy spectrum is

essentially determined by ionisation of the 2p±1 electrons, which implies that the con-

tribution of the 2p0 electrons is negligible. This behaviour is to be expected, and reflects

the spatial orientation of the 2p0 and 2p±1 orbitals of the target ion. The symmetry

axes of the 2p±1 orbitals lie in the polarisation plane, and as such they are depleted

with the highest probability. In contrast, the 2p0 orbital is aligned perpendicular to

the polarisation plane (i.e., its symmetry plane), and participates much more weakly.

Moreover, the yield of 2p1 (corotating) electrons is almost five times larger than that

of 2p−1 (counter-rotating) electrons. This dominance of the corotating electrons, in a

single-photon process, has also been observed in previous studies of atomic hydrogen

in Rydberg states exposed to long-wavelength fields [574, 593, 594], but is here demon-

strated for a truly multielectron target in the XUV range. Our results therefore suggest

that this ml-selectivity is likely a fundamental attribute of single-photon ionisation in

fields of non-zero helicity, persisting not only in different wavelength regimes, but even

in spite of dynamical, multielectron correlations in a more complex system.
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4.5 Conclusions

We have introduced an ab initio and fully non-perturbative RMT theory for ultra-

fast atomic processes in arbitrary light fields. Our approach represents the very latest

evolution in time-dependent R-matrix techniques, retaining the same capacity as its

predecessors [254, 259] in treating detailed, multielectron exchange and correlation

effects, whilst facilitating the description of atomic ionisation dynamics in truly mul-

tidimensional light-field configurations. These include, in particular, the fields arising

from elliptically (and especially circularly) polarised laser pulses, for which compact

and efficient radiation sources have become increasingly widespread. As such, our pre-

dictive capabilities should prove valuable in exploring the interplay between quantum

many-body physics, and strong-field dynamics, in realistic and polarisation-controllable

laser fields.

Laser pulses with non-zero ellipticity effect atomic transitions in which the total orbital

magnetic quantum number ML is not conserved. We have discussed the necessary al-

terations to both the RMT formalism (inner- and outer-region analyses), as well as the

associated computer codes, to relax the constraint of ML-conservation assumed in pre-

vious R-matrix techniques, and thereby enable an explicit account of all possible laser-

induced transitions among magnetic substates of the target. Whilst modifications to

the outer-region computational scheme are rather simple (requiring implementation of

the long-range potentials (4.17) to (4.20), and no changes to the domain-decomposition

parallelisation strategy), substantial alterations to the inner-region scheme were essen-

tial. In particular, to facilitate the numerical solution of the system of equations (4.5),

with the Hamiltonian (4.10) appropriate for a field of arbitrary polarisation, we have

modified the inner-region parallelisation structure, and developed a much more ro-

bust set of communication routines for the efficient distribution and exchange of both

Hamiltonian-matrix and wavefunction data. We emphasise that our strategy for such

communications is now based solely on the LMLSπ couplings (selection rules) rele-

vant to the laser-field polarisation of interest, and assume no fixed structure of the

Hamiltonian matrix. Our scheme could be extended to manage the communications

required for other interactions, such as those of a non-dipole nature, and has already

been adapted for time-dependent molecular R-matrix calculations. As such, the com-
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putational progress reported here is not only relevant to atomic RMT calculations for

arbitrarily polarised light fields, but bears important implications for future evolutions

and applications of the RMT methodology.

As a first demonstration of our generalised RMT approach, we investigate the formation

of multistart-spiral vortex features in the photoelectron momentum distributions of He,

irradiated by a pair of time-delayed, ultrashort, circularly polarised laser pulses with

opposite helicities. Through comparison of the RMT data with the TDCC results of

Ngoko Djiokap et al. [476], we have verified that our calculations can reproduce the key

qualitative features of the photoelectron momentum distributions in the polarisation

plane, correctly capturing the sensitivity of the electron-vortex properties (number and

orientation of the spiral arms) to the relative handedness, CEP and time delay of the

pulses. Our predicted ionisation yields, in cases where the superposition of the two

circularly polarised pulses yields a linearly polarised one, are supported by available

data for the generalised two-photon cross-section of He.

The predictive capacity of our latest RMT approach has been further underlined in a

study of single-photon detachment from F−, initiated by a single, right-hand circularly

polarised, femtosecond laser pulse. We highlight that this application relies on both

the intrinsic ability of RMT to capture many-body exchange and correlation effects,

as well as our newly developed capability to treat atomic ionisation in light fields of

arbitrary polarisation. To assess the sensitivity of the photodetachment dynamics to

the sign of the bound-electron magnetic quantum number ml, we have decomposed the

photoelectron energy spectrum into its ml-selective components. Our results suggest

that the ionisation response of corotating (2p1) electrons dominates that of counter-

rotating (2p−1) electrons. Such behaviour was previously identified in studies of atomic

hydrogen in Rydberg states exposed to long-wavelength fields [574, 593, 594], but has

here been evidenced for a truly multielectron target in the XUV range. The latter

observation may suggest that preferential removal of electrons, with one sign of ml,

is a fundamental attribute of single-photon ionisation in fields with non-zero helicity,

persisting not only in different wavelength regimes, but even in spite of dynamical,

multielectron correlations in more complex systems.

More generally, the dependence of the ionisation characteristics on the atomic orbital
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phase, or sign of ml, has been the subject of substantial research activity. Recent ex-

perimental and theoretical works [564, 595, 596, 597, 598] suggest that in the regime

of strong-field tunnelling, non-adiabatic effects alter the ml-dependence observed in

this work, whereby counter-rotating electrons (i.e., negative ml for right-hand circular

polarisation) are preferentially ionised. The generalised RMT approach, introduced in

this chapter, represents a viable theoretical tool for investigating this transition, in a

systematic fashion, as the driving wavelength (or number of photons required for ionisa-

tion) increases. However, we emphasise that the newly developed suite of codes appear

promising for a plethora of other novel applications, whether in regard of fundamen-

tal, laser-induced atomic processes (in particular, inner-shell dynamics [602] and the

production of valence ring currents [598]), or experimental schemes of contemporary

interest (including the attoclock [478, 557, 566, 567, 568, 569], HHG in cross-polarised

[553, 586] and circularly or elliptically polarised [233, 235, 236, 237] laser pulses, as

well as attosecond photoelectron holography [603]). As a result, the methodology pre-

sented here constitutes a significant and timely development in R-matrix techniques,

facilitating the accurate simulation, and more profound understanding, of ultrafast,

many-body dynamics in atomic systems exposed to arbitrarily polarised light fields.

The data presented in this chapter may be accessed using Ref. [604]. The RMT code

is part of the UK-AMOR suite, and can be obtained for free through Ref. [551].



Chapter 5

Incorporation of Non-dipole

Effects in R-matrix with

Time-dependence Theory

5.1 Introduction

For many decades, the dipole approximation has been assumed adequate for the treat-

ment of atomic photoionisation throughout a broad range of photon energies, typically

below 1 keV. Therein, we assume that the wavelength λ of the radiation field is much

larger than the characteristic distance over which the atomic wavefunction extends. As

a result, in the expansion of the complex exponential exp(ik ·r) = 1+ik ·r+ ..., express-

ing the (unmodulated) spatial periodicity of the vector potential A(r, t), it suffices to

retain only the first term, independent of the photon momentum k (with |k| = 2π/λ).

The effect of this truncation is to render the vector potential spatially uniform, preclud-

ing retardation effects across the extent of the atom. The dipole approximation is thus

tantamount to neglecting the effect of the magnetic field on the electron motion, and

retaining only the most dominant, purely time-dependent contribution to the electric

field. The latter is responsible for the electric dipole (E1) interaction, which typically

represents the only radiation-field coupling retained in theoretical calculations. It is

generally accepted that as the radiation wavelength becomes comparable to the spa-
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tial extent of the atom, the dipole approximation loses its validity for the outer-shell

electrons. Such conditions are realised at X-ray wavelengths, such as those achieved at

modern synchrotron and free-electron laser facilities. At these higher photon energies,

the next term of the aforementioned expansion, linear in k, must be retained, giving

rise to the electric quadrupole (E2) and magnetic dipole (M1) corrections at order 1/c.

Moreover, and irrespective of the wavelength, extremely high intensity radiation will

render both non-dipole and relativistic corrections (of order 1/c2 and higher) to the

interaction Hamiltonian essential.

Although the dipole approximation has proven remarkably successful in most pho-

toionisation studies, its failures can be dramatic. Perhaps one of the most well-known

deficiencies relates to the symmetry properties exhibited by the angular distribution of

electrons ejected in photoionisation at keV photon energies. Indeed, in the dipole ap-

proximation, photoelectron angular distributions are rotationally symmetric about the

laser-field polarisation axis, and have a well-known parameterisation [605]. However,

addition of the first-order, momentum-dependent correction to the vector potential in-

duces a forward-backward asymmetry with respect to the photon propagation direction.

This inherently non-dipole effect was first reported by Krause [606] and Wuilleumier

and Krause [607], who studied angle-resolved photoemission spectra of Ne at a photon

energy of 1.25 keV, and has since been substantiated by numerous other measurements

[608, 609, 610, 611]. Although the significance of the E2 and M1 corrections in weak-field

photoionisation has been recognised for some time, systematic studies of non-dipole ef-

fects have emerged only within the last thirty years, perhaps owing to the development

of high-brilliance, synchrotron radiation sources with controllable frequency (see Refs.

[612, 613] and cited works therein). Theoretical approaches to non-dipole effects in

atomic photoionisation are now well-established [614, 615, 616, 617], and investigations

for molecular systems are underway [618, 619, 620, 621, 622].

There are several possible mechanisms by which non-dipole effects can manifest strongly

in atomic photoionisation. One is the presence of a Cooper minimum in the photoionisa-

tion cross-section, where the dipole contribution is suppressed, and the relative impor-

tance of E1-E2 and E1-M1 interferences in the photoelectron angular distribution is en-

hanced [616, 617]. Another possibility is the appearance of a resonance in a quadrupole

photoionisation channel, either autoionising [610, 623] or shape [624, 625] in nature. In
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particular, a broad shape resonance has been discovered in the np → εf quadrupole

transition in atoms [625, 626], representing a strong non-dipole effect at photon energies

of the order of 100 eV. Furthermore, due to interchannel coupling, a shape resonance

in one channel can induce alterations in the characteristics of other photoionisation

channels, and thus manifest non-dipole corrections even in those channels where such

resonances are absent [624]. A joint action of all three mechanisms is also possible,

and is responsible for the prominent non-dipole effect in photoionisation of the Xe 5s

subshell around 150 eV, which was predicted theoretically in Ref. [624] and observed

experimentally soon after [627, 628]. The primary contribution arises from the mini-

mum in the 5s partial cross-section, which results from a strong coupling between the

5s → εp and 4d → εf dipole transitions. We note that the excitation of a 4d electron,

into a quasi-bound resonance of f character, gives rise to the well-known giant dipole

resonance around 100 eV. A second contributing factor pertains to photoionisation

from the 4p subshell, where a shape resonance arises in the 4p→ εf quadrupole tran-

sition. The latter influences photoionisation from the 5s subshell through interchannel

coupling. It should be highlighted that, in spite of the common expectation that the

lowest-order correction to the vector potential (linear in k) becomes important only

for photon energies in the keV range, the aforementioned mechanisms often operate at

substantially lower energies, even below 200 eV.

Non-dipole effects in single-photon, extreme-ultraviolet and soft-X-ray photoionisation

have been studied extensively, and in this context, emerge primarily due to the short

wavelength of the ionising radiation. Considerably less explored, however, are mani-

festations of non-dipole radiation effects in high-intensity laser-atom interactions. Un-

der strong-field conditions, the dipole approximation may be violated not only due to

extremely short radiation wavelengths (where k-dependent corrections to the vector

potential become important), but also as a result of very large intensities (such that

the pulse magnetic field is strong). The failure of the dipole approximation has been in-

vestigated for H in the relativistic regime, employing classical Monte Carlo simulations

[629, 630], as well as quantum treatments of reduced-dimensionality models, in which

the Klein-Gordon [631] and Dirac [632, 633, 634] equations were solved. These studies,

which typically addressed laser intensities beyond 1020 Wcm−2, elucidated dressed-mass

effects, and evidenced an inhibition of high-frequency stabilisation due to the action of
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the magnetic field. Notably, however, Joachain et al. [635] have commented that with

increasing laser intensity, the magnetic field can significantly influence the electron

dynamics even before relativistic-kinematic corrections become necessary. The conse-

quences of non-dipole interactions in this non-relativistic regime have been studied for

laser-driven, one-electron systems, facilitated by Monte Carlo simulations [636], numer-

ical integration of the time-dependent Schrödinger equation (TDSE) in two-dimensions

[637, 638], in addition to full-dimensionality calculations relying on the strong-field ap-

proximation (SFA) [639, 640], Cartesian grids [641] and basis sets [642]. In particular,

a non-dipole variant of the low-frequency SFA has been developed [639], and applied

to study high-harmonic generation in positive ions exposed to intense and ultrashort,

Ti:sapphire laser pulses with carrier wavelength 800 nm [639, 640]. It was found that for

peak intensities exceeding 1017 Wcm−2, the pulse magnetic field reduces the harmonic

yield, and modifies the plateau structure significantly.

Beyond these investigations of hydrogenic systems, a limited number of groups have

reported numerical solution of the two-electron, non-dipole TDSE for the He atom and

He-like ions. Meharg et al. [643], for instance, extended the ab initio helium method

to incorporate the E2 and M1 corrections in the laser-atom Hamiltonian. They un-

derline an important complication arising from them: the E2 and M1 terms violate

conservation of the total magnetic quantum number, even for a linearly polarised laser

field, so that all accessible magnetic substates of the atomic system must be retained

in a numerical simulation. In a later publication, Moore et al. [644] described suitable

modifications to the helium code, appropriate for the computation of K-shell, single-

and double-ionisation rates of two-electron, noble-gas ions in X-ray laser fields. How-

ever, reported calculations using this non-dipole formulation of helium were almost

exclusively for simpler, one-electron targets [643, 645]. Additionally, Ludlow et al. [646]

have performed non-perturbative, time-dependent close-coupling calculations for the

double-ionisation of He at 800 eV, including quadrupole radiation effects. A strong,

non-dipole modification of the triply differential cross-section was observed at equal

energy sharing of the two ejected electrons, which may be experimentally detectable.

To date, no ab initio techniques have emerged that are capable of treating non-dipole

effects in multielectron atoms of arbitrary complexity, exposed to intense and ultra-

short laser light. On the one hand, whilst quantum-dynamic simulations for one- and
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two-active-electron systems provide some of the most detailed insights into non-dipole

interactions, their exclusivity to such simple targets render them of limited value in

support of experimental synchrotron and free-electron-laser research, which have ad-

dressed a rather broad spectrum of target complexities. On the other hand, simplified

approaches, such as the non-dipole SFA [639, 640], account for the influence of the

magnetic field on the ejected-electron motion, but are fundamentally incapable of cap-

turing effects that arise from the target atomic structure and its interplay with the

photoionisation process, including Cooper minima and resonant single- or multielec-

tron excitations. As evidenced above, however, such detailed effects can give rise to

some of the most profound manifestations of the E2 and M1 corrections in laser-atom

interactions. A proper assessment on the importance of the E2 and M1 interactions in

atomic strong-field processes, as well as a rigorous validation of simplified models (such

as the SFA), thus necessitate an ab initio method for solving the non-dipole TDSE,

appropriate to general atoms and ions in intense laser fields.

To address this demand, the present chapter details an extension of ab initio R-matrix

with time-dependence (RMT) theory to include the lowest-order, non-dipole correc-

tions to the laser-atom interaction Hamiltonian. Originally introduced by Moore et al.

[254], the RMT formalism treats the non-relativistic dynamics of multielectron atomic

systems exposed to intense, ultrashort and linearly polarised laser fields, but has thus

far been formulated exclusively in the electric dipole approximation. We confine at-

tention to the non-relativistic regime, where relativistic-kinematic modifications to the

electron motion can be neglected, and devote particular focus to the E2 and M1 terms

that arise from the leading correction to the vector potential, linear in the photon

momentum. This more general formulation of RMT enables modelling of the electron

dynamics, driven by intense and ultrashort laser pulses, to order 1/c, and represents

the first non-dipole generalisation of an R-matrix technique for atomic photoionisation.

This chapter is structured as follows. In Section 5.2, we describe the approximation of

the vector potential A(r, t) that plays an integral role in the theory. Following this,

in Section 5.3, we extend the RMT method to fully incorporate E2 and M1 radiation

effects, thereby enabling the ab initio and non-perturbative solution of the TDSE for

laser-driven, multielectron atoms beyond the standard dipole approximation. In partic-

ular, we formulate the non-dipole, laser-atom interaction Hamiltonian, and discuss the
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solution of the TDSE in each of the R-matrix inner and outer regions. The angular mo-

mentum algebra, relevant to the calculation of matrix elements, is detailed throughout.

Finally, Section 5.4 closes the chapter with general conclusions. We note that atomic

units are assumed throughout, unless otherwise stated.

5.2 The Vector Potential

Traditionally, RMT theory [254] was formulated both in the dipole approximation and

in the length gauge, so that no explicit introduction of the vector potential was required.

However, to establish a time-dependent R-matrix formalism that transcends the dipole

approximation, we shall find it necessary to address the vector potential directly, and

derive the electric field distribution therefrom.

We describe the laser field, assumed classical and of linear polarisation, by means of

the vector potential

A(r, t) = F (t) cos(k · r− ωt+ ϕ)ε̂εε, (5.1)

where F (t) specifies the temporal envelope, ω is the carrier frequency, k is the wavevec-

tor, with |k| = k = ω/c, ϕ is the carrier-envelope phase and ε̂εε is the fixed polarisation

vector. Throughout, we regard F (t) as a slowly-varying function on the timescale of

one field cycle.

When the carrier wavelength λ = 2π/k is much larger than the extent of the atomic

system, we may approximate the complex exponential

eik·r = 1 + ik · r + ... (5.2)

by unity. This corresponds to the dipole approximation, wherein the vector potential

(5.1) assumes the form

A(r, t)→ A(0)(t) = F (t) cos(ωt− ϕ)ε̂εε. (5.3)
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In contrast, if we retain the first two terms of the series expansion (5.2), we obtain the

vector potential in the form

A(r, t)→ 1

2
F (t)

[
(1 + ik · r)ei(−ωt+ϕ) + (1− ik · r)e−i(−ωt+ϕ)

]
ε̂εε.

= F (t)[cos(ωt− ϕ) + k · r sin(ωt− ϕ)]̂εεε

= A(0)(t) + A(1)(r, t), (5.4)

where A(0)(t) is the vector potential in the dipole approximation, and A(1)(r, t) repre-

sents a first-order correction,

A(1)(r, t) = (k · r)F (t) sin(ωt− ϕ)ε̂εε.

Note that the latter accounts for the photon momentum k, and is of order 1/c smaller

than A(0)(t). It may also be written as

A(1)(r, t) = −(k̂ · r)ε̂εε

c

d

dt
A(0)(t), (5.5)

with A(0)(t) = A(0)(t)ε̂εε.

Inclusion of A(1)(r, t) in A(r, t) enables theoretical modelling of the laser-driven electron

dynamics to order 1/c, thereby accounting for magnetic dipole and electric quadrupole

interactions (see below). In the dipole approximation, where the vector potential (5.3)

is spatially homogeneous, the magnetic field B(0) is zero, and the electric field is ap-

proximated by

E(0)(t) = −1

c

d

dt
A(0)(t). (5.6)

However, on retaining the first-order correction A(1)(r, t) in equation (5.4), the electric

and magnetic fields are given by
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E(r, t) = −1

c

∂

∂t

(
A(0)(t) + A(1)(r, t)

)

and

B = ∇×A(1)(r, t). (5.7)

5.3 Non-dipole Formulation of RMT Theory

5.3.1 Hamiltonian and TDSE

We consider an atomic system, possessing N + 1 electrons and nuclear charge Z, inter-

acting with an electromagnetic field described by the vector potential A(r, t) and scalar

potential φ(r, t). Neglecting relativistic effects arising from the atomic structure, the

behaviour of the (N + 1)-electron system, in the presence of the laser field, is governed

by the TDSE,

i
∂

∂t
Ψ(XN+1, t) = HN+1(t)Ψ(XN+1, t), (5.8)

where HN+1 is the Hamiltonian operator

HN+1 =
N+1∑
i=1

1

2

(
pi +

1

c
A(ri, t)

)2

− Z

ri
− φ(ri, t) +

N+1∑
i>j=1

1

rij

 . (5.9)

In these equations, we have regarded the target nucleus (assumed of infinite mass) to

be located at the origin of coordinates, and we have written rij = |ri−rj |, where ri and

rj are the position vectors of electrons i and j. The momentum operator of electron

i is pi. Also, XN+1 = x1,x2, ...,xN+1, where xi = riσi denotes collectively the space

and spin coordinates of electron i. Neglecting external charge sources (φ(r, t) = 0), and

approximating the vector potential in the form (5.4), equation (5.9) can be expressed
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as

HN+1 =

N+1∑
i=1

1

2

(
pi +

1

c
A(0)(t)

)2

− Z

ri
+

N+1∑
i>j=1

1

rij


+
N+1∑
i=1

{
1

c
A(1)(ri, t) · pi +

1

c2
A(0)(t) ·A(1)(ri, t) +

1

2c2
|A(1)(ri, t)|2

}
,

which evidences the non-dipole contributions to the Hamiltonian in this velocity-gauge-

like description. Rather than consider the latter operator, we shall perform a unitary

transformation of the multielectron wavefunction Ψ(XN+1, t) in equation (5.8),

Ψ′(XN+1, t) = exp

[
− i
c

N+1∑
i=1

χ(ri, t)

]
Ψ(XN+1, t),

together with a transformation of the potentials A(r, t) and φ(r, t) in equation (5.9),

φ′(r, t) = φ(r, t)− 1

c

∂

∂t
χ(r, t) (5.10)

and

A′(r, t) = A(r, t) +∇χ(r, t), (5.11)

where

χ(r, t) = −
(

A(0)(t) +
1

2
A(1)(r, t)

)
· r. (5.12)

Substituting for χ(r, t), from equation (5.12), in equations (5.10) and (5.11) yields

φ′(r, t) = −r ·E(0)(t)− 1

2c2
(k̂ · r)(ε̂εε · r)

d2

dt2
A(0)(t)
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and

A′(r, t) = − 1

2c
(k̂× ε̂εε)× r

d

dt
A(0)(t).

The non-dipole TDSE, thereby obtained, can be written in the manner

i
∂

∂t
Ψ′(XN+1, t) = [HFF

N+1 +HI
N+1(t)]Ψ′(XN+1, t), (5.13)

where HFF
N+1 is the field-free atomic Hamiltonian,

HFF
N+1 =

N+1∑
i=1

1

2
p2
i −

Z

ri
+

N+1∑
i>j=1

1

rij

 , (5.14)

and HI
N+1(t) is the laser-atom interaction Hamiltonian, accounting for the first-order

non-dipole correction to the vector potential,

HI
N+1(t) = HD

N+1 +HND
N+1. (5.15)

Here, HD
N+1 expresses the simple dipole coupling,

HD
N+1(t) = E(0)(t) ·

N+1∑
i=1

ri, (5.16)

whilst HND
N+1(t) expresses the non-dipole coupling, and is given by

HND
N+1(t) =

1

2c2

[
d2

dt2
A(0)(t)

]N+1∑
i=1

(k̂ · ri)(ε̂εε · ri)−
1

2c2

[
d

dt
A(0)(t)

]
(k̂× ε̂εε) · LN+1

+
1

8c4

N+1∑
i=1

∣∣∣∣(k̂× ε̂εε)× ri
d

dt
A(0)(t)

∣∣∣∣2 , (5.17)

where
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LN+1 =
N+1∑
i=1

ri × pi (5.18)

is the total orbital angular momentum operator for the (N + 1)-electron system. A

similar gauge transformation was previously considered by Istomin et al. [647]. Note

that the final term, appearing on the right-hand side of equation (5.17), is of order 1/c2

smaller than either of the remaining two terms, and will be neglected henceforth.

We can acquire some insight into the physical origins of the operator appearing in the

second term of equation (5.17). From relations (5.5) and (5.7), the magnetic field is

B = ∇×A(1)(r, t)

= −∇× [(k̂ · r)ε̂εε]

c

d

dt
A(0)(t)

= −(k̂× ε̂εε)
c

d

dt
A(0)(t),

so that the aforementioned term is proportional to B · LN+1, and thus expresses the

orbital magnetic dipole interaction. Retaining this term in the laser-atom interaction

Hamiltonian (5.15) thus provides a partial account of magnetic dipole (M1) transitions

(see below). As will become evident in what follows, the remaining term in equa-

tion (5.17) captures the electric quadrupole interaction, and the corresponding (E2)

transitions. We emphasise that these interactions arise from the same correction (5.5)

(lowest-order in 1/c) to the vector potential (5.3) in the dipole approximation.

Since the present treatment addresses the leading corrections to the dipole approxima-

tion, the lowest-order spin interaction (spin magnetic dipole coupling) should also be ac-

counted for. This could be achieved by making the substitution pi → pi+isi×k in equa-

tion (5.9), where si is the one-electron spin operator (see Ref. [303]). However, to lowest-

order in 1/c, this is tantamount to making the replacement LN+1 → LN+1 + 2SN+1

in the second term of equation (5.17), with SN+1 the total spin operator for N + 1

electrons. We thereby obtain the non-dipole interaction Hamiltonian in the form
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HND
N+1(t) = HND

E2,N+1(t) +HND
M1,N+1(t),

where

HND
E2,N+1(t) =

1

2c2

[
d2

dt2
A(0)(t)

]N+1∑
i=1

(k̂ · ri)(ε̂εε · ri) (5.19)

describes the electric quadrupole coupling, and

HND
M1,N+1(t) = − 1

2c2

[
d

dt
A(0)(t)

]
(k̂× ε̂εε) · (LN+1 + 2SN+1) (5.20)

represents the (orbital and spin) magnetic dipole coupling.

5.3.2 Inner Region

To solve equation (5.13) in the inner region, with interaction Hamiltonian given by

equations (5.15), (5.16) and (5.17), we expand the time-dependent, (N + 1)-electron

wavefunction in terms of R-matrix basis functions ψk(XN+1) with time-dependent co-

efficients Ck(t),

Ψ(XN+1, t) =
∑
k

Ck(t)ψk(XN+1).

The basis functions ψk(XN+1) are eigenfunctions of the inner-region, field-free Hamil-

tonian supplemented by a Bloch operator [254], which suitably enforces Hermiticity of

HFF
N+1 in this finite region of configuration space (see also Chapter 3, Section 3.3.6).

They are represented by a close-coupling with pseudostates expansion [363, 517], gen-

erated from the N -electron wavefunctions of the residual-ion states, as well as from a

complete set of one-electron continuum functions, describing the motion of the ejected

electron. Additional (N+1)-electron correlation functions can be added to improve the

quality of the basis set.

As in the original formulation of RMT theory, it can be shown [254] that the time-
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dependent coefficients satisfy a system of first-order, ordinary differential equations,

d

dt
Ck(t) = −i

∑
k′
Hkk′(t)Ck′(t) +

i

2

∑
p

ωpk
∂

∂r
fp(r, t)

∣∣∣∣
r=b

. (5.21)

The quantities Hkk′(t) are the matrix elements of the inner-region Hamiltonian, com-

puted with respect to a basis consisting of the functions ψk(XN+1). Furthermore, ωpk

are surface amplitudes, defined in Ref. [254], and the functions fp(r, t) are the reduced

radial wavefunctions of the ejected electron, found by resolution of the outer-region

problem (see Section 5.3.3). The inner-region boundary radius is chosen as r = b. Note

that the inhomogeneous nature of equation (5.21) arises due to inclusion of a Bloch op-

erator in the analysis [363, 517], which suitably enforces hermiticity of the inner-region

Hamiltonian. In fact, the second term on the right-hand side of equation (5.21) plays

a critical role in RMT theory, for it connects a multielectron wavefunction in the inner

region with a wavefunction that, at the boundary, is one-electron in nature and which,

numerically, is obtained from the outer region.

We consider the matrix elements Hkk′(t) of the total Hamiltonian operator, given by the

sum HFF
N+1 + HI

N+1(t). Note that the computation of matrix elements of the field-free

Hamiltonian HFF
N+1, as well as of the dipole interaction operator HD

N+1(t), is a standard

feature of time-independent R-matrix calculations for atomic photoionisation [357], and

codes for this purpose are well-established [542]. We therefore confine attention to the

matrix elements of HND
N+1(t), treating individually those of HND

E2,N+1(t) and HND
M1,N+1(t)

in turn.

For the purpose of this discussion, it is simplest to adopt a specific laser-field config-

uration. We assume that the laser pulse propagates in the x-direction and is linearly

polarised in the z-direction, so that k̂ = x̂ and ε̂εε = ẑ. To make explicit the angu-

lar momentum properties of the basis functions ψk(XN+1), we shall denote them by

|αLMLSMS〉, where L,ML and S,MS are the total orbital and spin angular momen-

tum quantum numbers of the (N + 1)-electron state, and α accounts for any additional

quantities required to distinguish basis functions with otherwise identical sets of angular

momentum quantum numbers.
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Matrix Elements of HND
E2,N+1(t)

From equation (5.19),

〈αLMLSMS |HND
E2,N+1(t)|α′L′ML′S

′MS′〉 =
1

2c2

[
d2

dt2
A(0)(t)

]
×
N+1∑
i=1

〈αLMLSMS |xizi|α′L′ML′S
′MS′〉.

(5.22)

The sum of matrix elements, appearing in equation (5.22), can be written as

N+1∑
i=1

〈αLMLSMS |xizi|α′L′ML′S
′MS′〉 = − 1√

6

{
〈αLMLSMS |Q(2)

N+1,1|α
′L′ML′S

′MS′〉

− 〈αLMLSMS |Q(2)
N+1,−1|α

′L′ML′S
′MS′〉

}
,

(5.23)

where

Q
(2)
N+1,µ =

N+1∑
i=1

r2
iC

(2)
µ (r̂i) (5.24)

are components of an irreducible tensor operator of rank 2, namely the electric quadrupole

operator for the (N + 1)-electron system, and

C(k)
µ (r̂i) =

(
4π

2k + 1

)1/2

Ykµ(r̂i) (5.25)

are renormalised spherical harmonics. We adopt the Condon-Shortley phase convention

for the latter [648]. Note also that both here and in the remainder of this chapter, we

use a superscript (k) on tensor operators to denote their rank k1.

1The use of superscripts (k) for tensor operators in this and the following section should not be confused
with that for the (non-operator) field quantities A(0)(t) and A(1)(r, t), introduced in Section 5.2. In
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The matrix elements of the quadrupole moment components in equation (5.23) can be

evaluated in terms of a corresponding set of reduced matrix elements. Summing over

the spin quantum numbers and employing the Wigner-Eckart theorem, we have that

〈αLMLSMS |Q(2)
N+1,±1|α

′L′ML′S
′MS′〉 =

(L′ML′2± 1|LML)√
2L+ 1

〈L||Q(2)
N+1||L

′〉

× δαα′δSS′δMSMS′ ,

where here and in what follows, quantities of the form (abcd|ef) are Clebsch-Gordan

coefficients.

Ultimately, matrix elements of HND
E2,N+1(t) are given by

〈αLMLSMS |HND
E2,N+1(t)|α′L′ML′S

′MS′〉 = − 1

2
√

6c2

1√
2L+ 1

[
d2

dt2
A(0)(t)

]
×
{

(L′ML′21|LML)− (L′ML′2− 1|LML)
}

× 〈L||Q(2)
N+1||L

′〉δαα′δSS′δMSMS′ .

Inspection of the Clebsch-Gordan coefficients in this equation reveals that the quadrupole

interaction not only violates the conservation of ML in the field of a linearly polarised

pulse (with ML′ ± 1 = ML), but that it can also couple both higher and lower angular-

momentum states of the atomic system (|L′−2| ≤ L ≤ L′+ 2) than is possible through

the dipole interaction alone. In practice, the reduced matrix elements 〈L||Q(2)
N+1||L′〉 for

a multielectron system must be computed numerically.

Matrix Elements of HND
M1,N+1(t)

From equation (5.20),

the latter, the superscripts are used only to make explicit that these quantities are correct to either
zeroth or first order in the photon momentum k.
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〈αLMLSMS |HND
M1,N+1(t)|α′L′ML′S

′MS′〉 =
1

2c2

[
d

dt
A(0)(t)

]
×

{
〈αLMLSMS |LN+1,y|α′L′ML′S

′MS′〉

+ 〈αLMLSMS |2SN+1,y|α′L′ML′S
′MS′〉

}
.

(5.26)

The matrix elements appearing within the braces of equation (5.26) can be determined

analytically. Expressing LN+1,y in terms of the corresponding spherical components,

LN+1,y =
i√
2

(L
(1)
N+1,1 + L

(1)
N+1,−1), (5.27)

we can write

〈αLMLSMS |LN+1,y|α′L′ML′S
′MS′〉 =

i√
2

{
〈αLMLSMS |L(1)

N+1,1|α
′L′ML′S

′MS′〉

+ 〈αLMLSMS |L(1)
N+1,−1|α

′L′ML′S
′MS′〉

}
,

and upon summing over the spin coordinates of all N + 1 electrons, and invoking the

Wigner-Eckart theorem,

〈αLMLSMS |L(1)
N+1±1|α

′L′ML′S
′MS′〉 =

(L′ML′1± 1|LML)√
2L+ 1

〈L||L(1)
N+1||L

′〉

× δαα′δSS′δMSMS′ . (5.28)

The reduced matrix element can be evaluated directly in terms of L [649],

〈L||L(1)
N+1||L

′〉 = δLL′
√
L(L+ 1)(2L+ 1),
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so that equation (5.28) becomes

〈αLMLSMS |L(1)
N+1,±1|α

′L′ML′S
′MS′〉 =

√
L(L+ 1)(L′ML′1± 1|LML)

× δαα′δLL′δSS′δMSMS′ .

Matrix elements of LN+1,y are thus given by

〈αLMLSMS |LN+1,y|α′L′ML′S
′MS′〉 =

i√
2

√
L(L+ 1)

×
{

(L′ML′11|LML) + (L′ML′1− 1|LML)
}

× δαα′δLL′δSS′δMSMS′ . (5.29)

In an entirely analogous manner,

〈αLMLSMS |2SN+1,y|α′L′ML′S
′MS′〉 =

√
2i

{
〈αLMLSMS |S(1)

N+1,1|α
′L′ML′S

′MS′〉

+ 〈αLMLSMS |S(1)
N+1,−1|α

′L′ML′S
′MS′〉

}

and

〈αLMLSMS |S(1)
N+1,±1|α

′L′ML′S
′MS′〉 =

√
S(S + 1)(S′MS′1± 1|SMS)

× δαα′δLL′δMLML′ δSS′ ,

so that matrix elements of 2SN+1,y are determined as
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〈αLMLSMS |2SN+1,y|α′L′ML′S
′MS′〉 = i

√
2S(S + 1)

×
{

(S′MS′11|SMS) + (S′MS′1− 1|SMS)
}

× δαα′δLL′δMLML′ δSS′ . (5.30)

The matrix elements of HND
M1,N+1(t) are then ascertained by substituting the right-hand

sides of equations (5.29) and (5.30) in equation (5.26),

〈αLMLSMS |HND
M1,N+1(t)|α′L′ML′S

′MS′〉 =
i

2
√

2c2

[
d

dt
A(0)(t)

]
×

{√
L(L+ 1)

[
(L′ML′11|LML) + (L′ML′1− 1|LML)

]
δMSMS′

+ 2
√
S(S + 1)

[
(S′MS′11|SMS) + (S′MS′1− 1|SMS)

]
δMLML′

}
× δαα′δLL′δSS′ .

5.3.3 Outer Region

To solve equation (5.13) in the outer region, we expand the time-dependent, (N + 1)-

electron wavefunction in a standard close-coupling form,

Ψ (XN+1, t) =
∑
p

Φ̄p (XN ; r̂N+1σN+1)
1

r
fp(r, t). (5.31)

Here, the radial coordinate of the ejected electron, rN+1, is denoted as r for brevity.

The channel functions Φ̄p (XN ; r̂N+1σN+1) are formed by coupling the orbital and spin

angular momenta of the residual ion with those of the outgoing electron, and are defined

by [363, 517]
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Φ̄p(XN ; r̂N+1σN+1) =
∑

MLpmlp

∑
MSpmp

(
LpMLp lpmlp |LML

)
(SpMSp

1

2
mp|SMS)

× Φp(XN )Ylpmlp (r̂N+1)χ 1
2
mp

(σN+1) .

For a given channel p, L,ML and S,MS denote the total orbital and spin angular

momentum quantum numbers, whilst Lp,MLp and Sp,MSp are those pertaining to the

residual-ion state Φp(XN ). Also, lp and mlp are the orbital angular momentum quantum

numbers associated with the ejected electron. The function Ylpmlp (r̂N+1) is a spherical

harmonic, here defined in the Condon-Shortley phase convention, and χ 1
2
mp

(σN+1) is a

one-electron spin function, describing the spin degree of freedom of the ejected electron.

The time-dependence of the multielectron wavefunction in equation (5.31) is incorpo-

rated solely in the functions fp(r, t), which describe the radial motion of the ejected

electron in each channel p. Note that expansion (5.31) is unsymmetrized: the spatial

isolation of the ionised electron, from the complex, many-body inner region, ensures

that the exchange interaction is negligible. Moreover, since the number of electrons in

the outer region is limited to one, the dimensionality of the TDSE, for each residual-

ion state, is reduced to at most three. This affords a substantial simplification of the

computational problem.

As in the original formulation of RMT theory [254], it can be shown that the one-

electron, reduced radial wavefunctions fp(r, t) satisfy a system of coupled, second-order,

partial differential equations,

i
∂

∂t
fp(r, t) = hp(r)fp(r, t) +

∑
p′

[
WE
pp′(r) +WD

pp′(t) +WP
pp′(r, t)

]
fp′(r, t). (5.32)

The one-electron operator hp(r), given by

hp(r) = −1

2

d2

dr2
+
lp(lp + 1)

2r2
− Z −N

r
+ Ep,
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includes terms corresponding to the kinetic energy, screened nuclear attraction and

centrifugal repulsion for the ejected electron. The quantities lp and Ep are the angular

momentum of the outgoing electron, and the energy of the residual-ion state, respec-

tively. The remaining terms on the right-hand side of equation (5.32) correspond to the

long-range potentials [254]. The matrix WE has been discussed in the context of time-

independent formulations of R-matrix theory [363, 517], and arises from the repulsive

interaction among the outgoing and residual electrons,

WE
pp′(r) =

〈
Φ̄p

∣∣∣∣∣∣
N∑
j=1

1

|r− rj |
− N

r

∣∣∣∣∣∣ Φ̄p′

〉′
. (5.33)

The matrix WD is time-dependent, and describes the interaction of the light field with

the N -electron residual ion,

WD
pp′(t) =

〈
Φ̄p

∣∣∣∣∣E(0)(t) ·RN +
1

2c2

[
d2

dt2
A(0)(t)

] N∑
i=1

(k̂ · ri)(ε̂εε · ri)

− 1

2c2

[
d

dt
A(0)(t)

]
(k̂× ε̂εε) · (LN + 2SN )

∣∣∣∣∣Φ̄p′

〉′
, (5.34)

where RN is given by the sum of the position operators ri for electrons i = 1, .., N , while

LN and SN are the orbital and spin angular momentum operators for the N -electron

residual system (for instance, LN is given by equation (5.18) with N+1 replaced by N).

Finally, WP emerges from the interaction of the light field with the ejected electron,

WP
pp′(r, t) =

〈
Φ̄p

∣∣∣∣∣E(0)(t) · r +
1

2c2

[
d2

dt2
A(0)(t)

]
(k̂ · r)(ε̂εε · r)

− 1

2c2

[
d

dt
A(0)(t)

]
(k̂× ε̂εε) · (l + 2s)

∣∣∣∣∣Φ̄p′

〉′
, (5.35)

with l = r×p and s the ejected-electron orbital and spin angular momentum operators.

The prime on the Dirac bracket in each of equations (5.33), (5.34) and (5.35) indicates

that the integration is performed over all electron space and spin coordinates, with the
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exception of the radial coordinate r of the ejected electron.

We derive explicit formulae for the elements of the field-dependent potential matrices

WD and WP in what follows, assuming the laser-field configuration discussed in Section

5.3.2.

Matrix WD

We shall write WD
pp′(t), given by equation (5.34), as

WD
pp′(t) = WD:D

pp′ (t) +WD:ND
pp′ (t),

where WD:D
pp′ (t), given by

WD:D
pp′ (t) =

〈
Φ̄p

∣∣∣E(0)(t) ·RN

∣∣∣ Φ̄p′
〉′
, (5.36)

describes the interaction of the residual system, and laser field, in the dipole approxi-

mation, while WD:ND
pp′ (t) is determined as

WD:ND
pp′ (t) =

〈
Φ̄p

∣∣∣∣∣ 1

2c2

[
d2

dt2
A(0)(t)

] N∑
i=1

(k̂ · ri)(ε̂εε · ri)

− 1

2c2

[
d

dt
A(0)(t)

]
(k̂× ε̂εε) · (LN + 2SN )

∣∣∣∣∣Φ̄p′

〉′
,

and captures the lowest-order non-dipole correction to WD:D
pp′ (t). More compactly,

WD:ND
pp′ (t) =

〈
Φ̄p

∣∣HND
E2,N (t) +HND

M1,N (t)
∣∣ Φ̄p′

〉′
, (5.37)

where HND
E2,N (t) and HND

M1,N (t) are given by equations (5.19) and (5.20) respectively,

with N in place of N + 1. Note that the elements of WD in the dipole approxima-

tion, WD:D
pp′ (t) (see equation (5.36)), have been ascertained previously [259] (see also
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Appendix A), and so we treat exclusively the non-dipole quantity WD:ND
pp′ (t) in this

section.

To render explicit the angular momentum properties of the channels, we shall write

the channel functions Φ̄p (XN ; r̂N+1σN+1) as |β(Lplp)LML; (Sp1/2)SMS〉, omitting the

dependence on the quantities XN and r̂N+1σN+1 for brevity. The quantity β denotes

all remaining quantum numbers required to specify the residual-ion state.

Consider firstly the E2 contribution in equation (5.37). For a pulse propagating in the

x-direction, and which is linearly polarised in the z-direction (k̂ = x̂ and ε̂εε = ẑ), we

have

〈β(Lplp)LML; (Sp1/2)SMS |HND
E2,N (t)|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′

=
1

2c2

[
d2

dt2
A(0)(t)

]
×

{
N∑
i=1

〈β(Lplp)LML; (Sp1/2)SMS |xizi|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′
}
, (5.38)

and similar to equation (5.23), we express the sum of products of coordinate operators

xizi in terms of the components Q
(2)
N,±1 of the N -electron quadrupole moment operator,

N∑
i=1

〈β(Lplp)LML; (Sp1/2)SMS |xizi|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ = −
1√
6

×

{
〈β(Lplp)LML; (Sp1/2)SMS |Q(2)

N,1|β
′(Lp′ lp′)L

′ML′ ; (Sp′1/2)S′MS′〉′

− 〈β(Lplp)LML; (Sp1/2)SMS |Q(2)
N,−1|β

′(Lp′ lp′)L
′ML′ ; (Sp′1/2)S′MS′〉′

}
.

(5.39)

Now, summing over the spin coordinates of all N + 1 electrons, and applying the

Wigner-Eckart theorem, we find
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〈β(Lplp)LML; (Sp1/2)SMS |Q(2)
N,µ|β

′(Lp′ lp′)L
′ML′ ;(Sp′1/2)S′MS′〉′ =

(L′ML′2µ|LML)√
2L+ 1

× 〈β(Lplp)L||Q(2)
N ||β

′(Lp′ lp′)L
′〉

× δmpmp′ δSpSp′ δMSpMSp′
δSS′δMSMS′ .

(5.40)

We now observe that the action of the operator Q
(2)
N,µ is relevant only to the total

orbital angular momentum of the N -electron system. We can therefore employ standard

uncoupling formulae for reduced matrix elements [649] to write

〈β(Lplp)L||Q(2)
N ||β

′(Lp′ lp′)L
′〉 = (−1)Lp+Lp′+L+L′

√
(2L+ 1)(2L′ + 1)

×W (2Lp′Llp;LpL
′)〈βLp||Q(2)

N ||β
′Lp′〉

× δlplp′ δmlpmlp′ , (5.41)

where here and in what follows, quantities of the form W (abcd; ef) are Racah coeffi-

cients [649, 650]. Substituting the expression for the reduced matrix element (5.41) in

equation (5.40), and exploiting the result in equations (5.38) and (5.39), yields the E2

correction for WD
pp′ ,

〈β(Lplp)LML; (Sp1/2)SMS |HND
E2,N (t)

∣∣β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′
〉′

=
1

2
√

6c2

× (−1)Lp+Lp′+1
√

2L′ + 1

[
d2

dt2
A(0)(t)

]
× {(21L′ML′ |LML)− (2− 1L′ML′ |LML)}

×W (2Lp′Llp;LpL
′)〈βLp||Q(2)

N ||β
′Lp′〉

× δlplp′ δmlpmlp′ δmpmp′ δSpSp′ δMSpMSp′
δSS′δMSMS′ .

(5.42)

We now turn to the magnetic dipole contribution in equation (5.37). Assuming the
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same field configuration as before,

〈β(Lplp)LML; (Sp1/2)SMS |HND
M1,N (t)|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ =

1

2c2

d

dt
A(0)(t)

× 〈β(Lplp)LML; (Sp1/2)SMS |LN,y + 2SN,y|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′.

(5.43)

Using equation (5.27), LN,y can be expressed in terms of the spherical components

L
(1)
N,±1, so that

〈β(Lplp)LML; (Sp1/2)SMS |LN,y|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ =
i√
2

×

{
〈β(Lplp)LML; (Sp1/2)SMS |L(1)

N,1|β
′(Lp′ lp′)L

′ML′ ; (Sp′1/2)S′MS′〉′

+ 〈β(Lplp)LML; (Sp1/2)SMS |L(1)
N,−1|β

′(Lp′ lp′)L
′ML′ ; (Sp′1/2)S′MS′〉′

}
.

(5.44)

Summing over the spin coordinates of all N + 1 electrons, and invoking the Wigner-

Eckart theorem once more, we find

〈β(Lplp)LML; (Sp1/2)SMS |L(1)
N,µ|β

′(Lp′ lp′)L
′ML′ ;(Sp′1/2)S′MS′〉′ =

(L′ML′1µ|LML)√
2L+ 1

× 〈β(Lplp)L||L(1)
N ||β

′(Lp′ lp′)L
′〉

× δmpmp′ δSpSp′ δMSpMSp′
δSS′δMSMS′ ,

(5.45)

where the orbital angular momenta appearing in the reduced matrix element can be

uncoupled in a manner similar to equation (5.41), yielding
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〈β(Lplp)L||L(1)
N ||β

′(Lp′ lp′)L
′〉 = (−1)Lp+Lp′+L+L′

√
(2L+ 1)(2L′ + 1)

×W (1Lp′Llp;LpL
′)〈βLp||L(1)

N ||β
′Lp′〉

× δlplp′ δmlpmlp′ . (5.46)

Substituting the expression for the reduced matrix element (5.46) in equation (5.45),

and exploiting the result in equation (5.44), we obtain

〈β(Lplp)LML; (Sp1/2)SMS |LN,y|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ =
i√
2

× (−1)Lp+Lp′+1
√

2L′ + 1

× {(11L′ML′ |LML) + (1− 1L′ML′ |LML)}

×W (1Lp′Llp;LpL
′)〈βLp||L(1)

N ||β
′Lp′〉

× δlplp′ δmlpmlp′ δmpmp′ δSpSp′ δMSpMSp′
δSS′δMSMS′ .

(5.47)

Before proceeding to a final result, we note that the reduced matrix element in equation

(5.47) can be evaluated exactly for any given angular momenta of the residual ion.

Indeed,

〈βLp||L(1)
N ||β

′Lp′〉 = δββ′δLpLp′

√
Lp(Lp + 1)(2Lp + 1),

so that
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〈β(Lplp)LML; (Sp1/2)SMS |LN,y|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ =
i√
2

(−1)Lp+Lp′+1

×
√
Lp(Lp + 1)(2Lp + 1)(2L′ + 1)

× {(11L′ML′ |LML) + (1− 1L′ML′ |LML)}

×W (1Lp′Llp;LpL
′)

× δββ′δlplp′ δmlpmlp′ δmpmp′ δLpLp′ δSpSp′ δMSpMSp′
δSS′δMSMS′ .

(5.48)

The matrix element of 2SN,y, appearing in equation (5.43), can be ascertained in an

analogous fashion, yielding

〈β(Lplp)LML; (Sp1/2)SMS |2SN,y|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ = i

× (−1)Sp+S′+3/2(−1)S
′−S+1

(−1)Sp′+S+3/2

×
√

2Sp(Sp + 1)(2Sp + 1)(2S′ + 1)

× {(11S′MS′ |SMS) + (1− 1S′MS′ |SMS)}

×W (1Sp′S1/2;SpS
′)

× δββ′δlplp′ δmlpmlp′ δmpmp′ δLpLp′ δMLpMLp′
δSpSp′ δLL′δMLML′ .

(5.49)

We note that for the most common applications of RMT theory, namely to the single-

ionisation of neutral, noble-gas atoms and their singly-charged positive ions, either

Sp, Sp′ are half-integer and S, S′ are integer, or vice-versa. As a result, the powers

of −1 appearing in equation (5.49) are all integer, and the prefactor occurring on

the right-hand side can be simplified to (−1)Sp−Sp′+2S′−2S+1. Moreover, the Clebsch-

Gordan coefficient (1 ± 1S′MS′ |SMS) ensures that S′ − S = 0,±1. We can therefore

write
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〈β(Lplp)LML; (Sp1/2)SMS |2SN,y|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ = i(−1)Sp−Sp′+1

×
√

2Sp(Sp + 1)(2Sp + 1)(2S′ + 1)

× {(11S′MS′ |SMS) + (1− 1S′MS′ |SMS)}

×W (1Sp′S1/2;SpS
′)

× δββ′δlplp′ δmlpmlp′ δmpmp′ δLpLp′ δMLpMLp′
δSpSp′ δLL′δMLML′ .

(5.50)

The M1 correction for WD
pp′ is then given by substituting the right-hand sides of equa-

tions (5.48) and (5.50) in equation (5.43),

〈β(Lplp)LML;(Sp1/2)SMS |HND
M1,N (t)|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉 =

i

2
√

2c2

d

dt
A(0)(t)

×

{
(−1)Lp+Lp′+1

√
Lp(Lp + 1)(2Lp + 1)(2L′ + 1)W (1Lp′Llp;LpL

′)

×
[
(11L′ML′ |LML) + (1− 1L′ML′ |LML)

]
δMSpMSp′

δSS′δMSMS′

+ 2(−1)Sp−Sp′+1
√
Sp(Sp + 1)(2Sp + 1)(2S′ + 1)W (1Sp′S1/2;SpS

′)

×
[
(11S′MS′ |SMS) + (1− 1S′MS′ |SMS)

]
δMLpMLp′

δLL′δMLML′

}
× δββ′δlplp′ δmlpmlp′ δmpmp′ δLpLp′ δSpSp′ .

Matrix WP

We shall write WP
pp′(t), given by equation (5.35), as

WP
pp′(r, t) = WP :D

pp′ (r, t) +WP :ND
pp′ (r, t),

where WP :D
pp′ (r, t), given by
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WP :D
pp′ (r, t) =

〈
Φ̄p

∣∣∣E(0)(t) · r
∣∣∣ Φ̄p′

〉′
, (5.51)

describes the interaction of the ejected electron, and laser field, in the dipole approxi-

mation, while WP :ND
pp′ (r, t) is determined as

WP :ND
pp′ (r, t) =

〈
Φ̄p

∣∣∣∣ 1

2c2

d2

dt2
A(0)(t)(k̂ · r)(ε̂εε · r)− 1

2c2

[
d

dt
A(0)(t)

]
(k̂× ε̂εε) · (l + 2s)

∣∣∣∣ Φ̄p′

〉′
,

(5.52)

and captures the lowest-order non-dipole correction to WP :D
pp′ (r, t). Note that the ele-

ments of WP in the dipole approximation, WP :D
pp′ (t) (see equation (5.51)), have been

ascertained previously [259] (see also Appendix A), and so we treat exclusively the

non-dipole quantity WP :ND
pp′ (t) in this section.

Consider firstly the E2 contribution in equation (5.52). For a pulse propagating in the

x-direction, and which is linearly polarised in the z-direction (k̂ = x̂ and ε̂εε = ẑ), we

have

1

2c2

d2

dt2
A(0)(t)〈β(Lplp)LML; (Sp1/2)SMS |(k̂ · r)(ε̂εε · r)|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′

=
1

2c2

d2

dt2
A(0)(t)

〈
β(Lplp)LML; (Sp1/2)SMS |xz|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′

〉′
.

(5.53)

Similar to equations (5.23) and (5.39), we express the product of coordinate operators

xz in terms of the components Q
(2)
±1 of the one-electron quadrupole moment operator,
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〈β(Lplp)LML;(Sp1/2)SMS |xz|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ = −
1√
6

×

{
〈β(Lplp)LML; (Sp1/2)SMS |Q(2)

1 |β
′(Lp′ lp′)L

′ML′ ; (Sp′1/2)S′MS′〉′

− 〈β(Lplp)LML; (Sp1/2)SMS |Q(2)
−1|β

′(Lp′ lp′)L
′ML′ ; (Sp′1/2)S′MS′〉′

}
.

(5.54)

Now, summing over the spin coordinates of all N + 1 electrons, and applying the

Wigner-Eckart theorem, we find

〈β(Lplp)LML; (Sp1/2)SMS |Q(2)
µ |β′(Lp′ lp′)L′ML′ ;(Sp′1/2)S′MS′〉′ =

(L′ML′2µ|LML)√
2L+ 1

× 〈β(Lplp)L||Q(2)||β′(Lp′ lp′)L′〉

× δmpmp′ δSpSp′ δMSpMSp′
δSS′δMSMS′ .

(5.55)

The action of Q
(2)
µ is relevant only to the orbital angular momentum of the ejected

electron. Employing standard uncoupling formulae for reduced matrix elements [649],

we can write

〈β(Lplp)L||Q(2)||β′(Lp′ lp′)L′〉 =
√

(2L+ 1)(2L′ + 1)W (2lp′LLp; lpL
′)

× 〈lp||Q(2)||lp′〉δββ′δLpLp′ δMLpMLp′
. (5.56)

The reduced matrix element in equation (5.56) can be determined analytically. By the

Wigner-Eckart theorem,

〈lp||Q(2)||lp′〉 =

√
2lp + 1

(lp′mlp′20|lpmlp)
〈lp|Q(2)

0 |lp′〉, (5.57)
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and since Q
(2)
0 = (4π/5)1/2r2Y20(r̂) (see equations (5.24) and (5.25)), we have that

〈lp|Q(2)
0 |lp′〉 =

√
4π

5
r2

∫
Y ∗lpmlp (r̂)Y20(r̂)Ylp′mlp′

(r̂)dr̂

= (−1)lp′−lp

√
2lp′ + 1

2lp + 1
r2(lp′mlp′20|lpmlp)(20lp′0|lp0). (5.58)

Substituting the right-hand side of equation (5.58) in equation (5.57),

〈lp||Q(2)||lp′〉 = (−1)lp′−lp
√

2lp′ + 1r2(20lp′0|lp0), (5.59)

and exploiting the latter result in equations (5.56) and (5.55), we find

〈β(Lplp)LML; (Sp1/2)SMS |Q(2)
µ |β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ = (−1)lp′−lp

×
√

(2L′ + 1)(2lp′ + 1)r2

× (L′ML′2µ|LML)(20lp′0|lp0)W (2lp′LLp; lpL
′)

× δββ′δmpmp′ δLpLp′ δMLpMLp′
δSpSp′ δMSpMSp′

δSS′δMSMS′ .

From equations (5.53) and (5.54), the E2 correction to WP :D
pp′ (r, t) is therefore

1

2c2

d2

dt2
A(0)(t)〈β(Lplp)LML; (Sp1/2)SMS |(k̂ · r)(ε̂εε · r)|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′

=
(−1)lp′−lp+1

2
√

6c2

[
d2

dt2
A(0)(t)

]
×
√

(2L′ + 1)(2lp′ + 1)r2(20lp′0|lp0)W (2lp′LLp; lpL
′)

× {(L′ML′21|LML)− (L′ML′2− 1|LML)}

× δββ′δmpmp′ δLpLp′ δMLpMLp′
δSpSp′ δMSpMSp′

δSS′δMSMS′ .

We now turn to the M1 contribution in equation (5.52). For the same laser-field con-
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figuration as before,

− 1

2c2

[
d

dt
A(0)(t)

]
〈β(Lplp)LML; (Sp1/2)SMS |(k̂× ε̂εε) · (l + 2s)|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′

=
1

2c2

[
d

dt
A(0)(t)

]
〈β(Lplp)LML; (Sp1/2)SMS |ly + 2sy|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′.

(5.60)

Analogously with equations (5.27) and (5.44), ly can be expressed in terms of the

spherical components l
(1)
±1, so that

〈β(Lplp)LML; (Sp1/2)SMS |ly|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ =
i√
2

×

{
〈β(Lplp)LML; (Sp1/2)SMS |l(1)

1 |β
′(Lp′ lp′)L

′ML′ ; (Sp′1/2)S′MS′〉′

+ 〈β(Lplp)LML; (Sp1/2)SMS |l(1)
−1|β

′(Lp′ lp′)L
′ML′ ; (Sp′1/2)S′MS′〉′

}
.

(5.61)

Summing over the spin coordinates of all N + 1 electrons, and invoking the Wigner-

Eckart theorem once more, we find

〈β(Lplp)LML; (Sp1/2)SMS |l(1)
µ |β′(Lp′ lp′)L′ML′ ;(Sp′1/2)S′MS′〉′ =

(L′ML′1µ|LML)√
2L+ 1

× 〈β(Lplp)L||l(1)||β′(Lp′ lp′)L′〉

× δmpmp′ δSpSp′ δMSpMSp′
δSS′δMSMS′ .

(5.62)

The orbital angular momenta, appearing in the reduced matrix element on the right-

hand side of equation (5.62), can be uncoupled in a manner similar to equation (5.56),
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〈β(Lplp)L||l(1)||β′(Lp′ lp′)L′〉 =
√

(2L+ 1)(2L′ + 1)W (1lp′LLp; lpL
′)

× 〈lp||l(1)||lp′〉δββ′δLpLp′ δMLpMLp′
. (5.63)

Exploiting equations (5.62) and (5.63) in equation (5.61), and using the result

〈lp||l(1)||lp′〉 = δlplp′

√
lp(lp + 1)(2lp + 1),

we obtain

〈β(Lplp)LML; (Sp1/2)SMS |ly|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ =
i√
2

×
√
lp(lp + 1)(2lp + 1)(2L′ + 1)

× {(L′ML′11|LML) + (L′ML′1− 1|LML)}

×W (1lp′LLp; lpL
′)

× δββ′δlplp′ δmpmp′ δLpLp′ δMLpMLp′
δSpSp′ δMSpMSp′

δSS′δMSMS′ .

(5.64)

The matrix element of 2sy, appearing in equation (5.60), can be ascertained similarly,

yielding

〈β(Lplp)LML; (Sp1/2)SMS |2sy|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ = i
√

3(2S′ + 1)

× {(S′MS′11|SMS) + (S′MS′1− 1|SMS)}

×W (11/2SSp; 1/2S′)

× δββ′δlplp′ δmlpmlp′ δLpLp′ δMLpMLp′
δSpSp′ δMSpMSp′

δLL′δMLML′ .

(5.65)

The M1 correction for WP
pp′ is then given by substituting the right-hand sides of equa-
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tions (5.64) and (5.65) in equation (5.60),

− 1

2c2

[
d

dt
A(0)(t)

]
〈β(Lplp)LML; (Sp1/2)SMS |(k̂× ε̂εε) · (l + 2s)|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉

=
i

2
√

2c2

[
d

dt
A(0)(t)

]{√
lp(lp + 1)(2lp + 1)(2L′ + 1)W (1lp′LLp; lpL

′)

×
[
(L′ML′11|LML) + (L′ML′1− 1|LML)

]
δmpmp′ δSS′δMSMS′

+
√

6(2S′ + 1)
[
(S′MS′11|SMS) + (S′MS′1− 1|SMS)

]
W (11/2SSp; 1/2S′)δmlpmlp′

δLL′δMLML′

}
× δββ′δlplp′ δLpLp′ δMLpMLp′

δSpSp′ δMSpMSp′
.

5.4 Conclusions

In this chapter, we have extended the RMT methodology to include the lowest-order

non-dipole corrections to the laser-atom interaction Hamiltonian. Incorporation of the

E2 and M1 interactions within an RMT framework enables the modelling of ultrafast

electron dynamics, to order 1/c, in entirely general, multielectron atoms and ions. This

progress expands the predictive scope of the theory to a regime of laser intensities and

wavelengths in which relativistic-kinematic corrections to the electron motion remain

negligible, but the laser magnetic field is significant. An important feature of the E2 and

M1 interactions is that they violate conservation of the total orbital magnetic quantum

number ML, even for a linearly polarised laser field. The computational complexities

resulting from this loss of symmetry have been discussed in the context of the helium

method [643, 644], where substantial code development was necessary to accommo-

date this effect for two-electron systems. For the general-atom RMT method, however,

the demands imposed by ML non-conservation have already been addressed in connec-

tion with arbitrary laser-field polarisations, as detailed in Chapter 4. The RMT suite of

codes is thus wholly amenable to the inclusion of these interactions, and efforts towards

their implementation are on the horizon. We emphasise that the elaboration of a non-

dipole RMT theory, together with an efficient computational implementation, should

prove especially valuable in support of experiments at modern free-electron laser facil-

ities, which promise coherent, sub-nanometre-wavelength light pulses with intensities
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surpassing those available through conventional synchrotron technology.



Part III

Ultrafast Dynamics in Atomic

Ions



Chapter 6

Extreme-ultraviolet-initiated

High-harmonic Generation in

Ar+

6.1 Introduction

High-harmonic generation (HHG) has emerged as the canonical representative for non-

linear and ultrafast optical effects. The production of high-order harmonics of intense,

femtosecond laser radiation, focused onto atomic or molecular gases, constitutes an

indispensable capability for a myriad of scientific and technological endeavours. In par-

ticular, HHG has become a cornerstone of attosecond physics [651], wherein its innately

ultrafast nature has enabled the synthesis of coherent, extreme-ultraviolet (XUV) and

soft-X-ray light pulses with ever-shortening durations [152, 652, 653].

HHG is most simply understood in terms of the semiclassical three-step model [118], a

simple and physically appealing scheme that captures the gross features of the process.

Here, an electron (i) tunnels through the laser-suppressed Coulomb barrier, (ii) is ac-

celerated by the field, and (iii) radiatively recombines with the parent ion, all within a

single cycle of the driving laser field.

In more recent years, research in HHG has diversified beyond the development of
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light sources, acquiring new leitmotivs that reflect its potential as a sensitive probe

of structure and dynamics. On the one hand, techniques of harmonic spectroscopy

[273, 298, 654] can facilitate the acquisition of intricate, field-free structural informa-

tion. It is well recognised, for instance, that HHG bears an intimate relation with

the process of photoionisation, and should thus encode details of the electronic struc-

ture of the irradiated target [498, 655, 656]. On the other hand, the development of

advanced experimental techniques for assessing and controlling the spectral intensity

[657, 658], phase [658, 659], polarisation state [248, 553] and spatial divergence [499, 660]

of high-harmonic radiation has inspired novel approaches for monitoring photophysi-

cal processes in real-time. These include molecular structural changes [661] and charge

migration [8], as well as chiral activity [248] on sub-femtosecond timescales.

Concomitant with this growth of interest in the spectroscopic utilisation of HHG has

been a demand for enhanced control and optimisation of the process, especially at the

single-atom or single-molecule level. Tackling this demand necessitates a careful con-

sideration of essentially all aspects of the three-step scheme, including the mechanism

and timing of electron emission [662], the influence of multiple orbitals and ionisation

thresholds [273, 514], the shape of the continuum electron wavepacket [663], as well as

the energy and orientation of the recollision event [664]. In particular, tunnel ionisation

from the initial state, traditionally recognised as the first step, yields only poor tempo-

ral control and a low conversion efficiency, being both confined to a fixed time interval

during the laser-pulse evolution, and restricted to the emission of an electron from the

outermost atomic shell.

Acknowledging these limitations, several authors have advocated schemes based on

two-colour laser fields [662, 665, 666], whereby the target is subject to a strong, visible

or infrared (IR) driving pulse, as well as a short-duration, often somewhat weaker

XUV pulse. The HHG process can then be initiated by direct photoionisation, or by

excitation to a high-lying Rydberg state of the target with subsequent tunnelling. Such

alternatives to tunnel ionisation from the ground state represent more efficient means

of driving HHG in single atoms, offering improved control over the timing of the initial

ionisation event.

The aforementioned schemes of XUV-initiated HHG (XIHHG) have constituted the
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focus of several experimental studies, exploring core excitation and correlated electron-

hole dynamics in small molecules [667, 668]. The three-step process has also been sim-

ulated in a number of theoretical works [669, 670]. More recently, XIHHG has been

exploited to assess the relative contribution of inner- and outer-valence electrons to

the harmonic response of Ne [263]. With a suitable combination of XUV and IR laser

light, it was shown that the action of the 2p electrons may be selectively suppressed,

and that of the 2s electrons thereby revealed. An important implication of this work

is the possibility for HHG spectroscopy of more deeply bound electrons, and of the

interference dynamics among inner- and outer-valence electrons.

The potential of XIHHG, both as a more efficient mode of single-atom HHG and as a

spectroscopic tool, merits further investigation in general atomic and molecular systems.

In this chapter, we explore XIHHG in the Ar+ ion, employing the ab initio R-matrix

with time-dependence (RMT) methodology [254]. We devote particular attention to

the role of an inner-valence excitation for this process. By tuning the XUV pulse ap-

propriately, it is possible to excite the Ar+ ion into a superposition of the 3s23p5 2P o

ground and 3s3p6 2Se first excited states. Such tailoring of the initial state, with the

potential to activate different ionisation or recombination pathways, could represent a

novel means of controlling the characteristics of the harmonic response.

Effects arising from quantum interference, and their implications for atomic harmonic

generation, have been treated in a number of theoretical works. It has been demon-

strated, for instance, that if the system is prepared in a coherent superposition of

different bound states [671, 672, 673], in which ionisation proceeds primarily from the

most weakly bound, the harmonic spectrum can present two distinct plateaus with

different conversion efficiencies [674, 675]. More recently, HHG from excited states was

addressed experimentally, exploiting the attosecond lighthouse effect [676]. There, it

was shown that the population of high-lying Rydberg states can lead to either XUV

free-induction decay [677, 678], or near-threshold ionisation followed by recombination

to the ground state. We emphasise, however, that the present investigation differs from

previous theoretical works in two key ways. Firstly, we consider the dynamics of a com-

plex ion within a fully ab initio framework, as opposed to a few-level model [671] or

one-electron system [675]. Secondly, we examine a plethora of additional effects that

arise from XUV irradiation, otherwise absent in a single-colour HHG scheme.
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More generally, atomic ions represent attractive targets for studies of HHG. They offer

a stringent test for emerging theoretical techniques, whether in describing their field-

free energy-level structure, or field-driven response dynamics. Furthermore, higher elec-

tron binding energies with respect to their neutral counterparts imply increased cutoff

energies, especially for the more strongly bound core electrons. Correspondingly, the

harmonic spectra would present extended plateau structures, supporting the synthe-

sis of ever-shorter attosecond pulses. The harmonic response of atomic ions has also

proven of importance for interpreting experimental data: although experimental stud-

ies of HHG have addressed primarily neutral, noble-gas targets, it has been suggested

that the very highest-order harmonics detected arise from ionised species, generated

during the intense laser-target interaction [250]. Moreover, the prospect of harnessing

HHG from ions, and thereby of extending frequency up-conversion techniques into still

shorter wavelength regimes, has been realised through the development of strategies

for mitigating plasma-induced beam defocusing and phase-mismatch effects [250, 251],

which would otherwise limit the highest observable photon energies. It is thus of con-

siderable practical interest to assess the HHG yields from noble-gas ions, such as Ne+

and Ar+, both to inform and direct experimental HHG research.

This chapter is organised as follows. We begin with a brief summary of the RMT

method. Following this, we examine the consequences of XUV multiphoton processes

for IR-driven HHG in Ar+. The possible role of the first excited state in providing

an intermediate resonance, as well as of multielectron interference effects involving the

outer-valence 3p and inner-valence 3s electrons, are then discussed. To illustrate the

importance of temporal control over the ionisation event, we also address the depen-

dence of the XIHHG efficiency on time delay, and supplement the analysis by means of

classical-trajectory simulations. The corresponding conclusions will close the chapter.

6.2 Theory

The study of ultrafast atomic dynamics in intense light fields demands sophisticated the-

oretical techniques, possessing the predictive capacity needed to explore multielectron

correlations, and their consequences, in a first-principles manner. RMT theory offers an

ab initio and non-perturbative technique for solving the time-dependent Schrödinger
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equation (TDSE), appropriate to general, multielectron atoms and atomic ions in strong

laser fields. It represents the latest evolution in the development of a time-dependent

R-matrix formalism [255, 257, 259], whose flexibility and generality have been reflected

in a plethora of recent applications. These include multielectron correlation in doubly-

and core-excited states of Ne [262], strong-field rescattering in F− [261], and spectral

caustics in two-colour HHG schemes [679].

A detailed exposition of RMT theory has been given in Ref. [254], and so we merely

provide a brief overview here. The method employs the traditional R-matrix paradigm

of dividing configuration space into two separate regions. This partition is effected

with respect to the radial coordinate of an ejected electron, and yields an inner region,

containing the target nucleus, and an outer region of relatively large radial extent.

Within the inner region, multielectron exchange and correlation effects are accounted

for in the construction of the many-body wavefunction. In the outer region, the ionised

electron is regarded as sufficiently distant from the residual ion that exchange may

be neglected. This electron is thus subject only to the long-range, multipole potential

of the residual system, as well as the applied laser field. Importantly, RMT relies on

a hybrid numerical scheme, consisting of a unique integration of basis-set and finite-

difference techniques. This enables the most appropriate method for solving the TDSE

to be applied in each region.

In the inner region, the time-dependent, N -electron wavefunction is represented by

an expansion in terms of R-matrix basis functions, where the time-dependence is in-

corporated in the expansion coefficients. These basis functions are generated from the

(N − 1)-electron wavefunctions of the residual-ion states, as well as from a complete

set of one-electron continuum functions describing the motion of the ejected electron.

Additional N -electron correlation functions can be added to improve the quality of the

basis set. The outer-region wavefunction, in contrast, is constructed by means of the

residual-ion wavefunctions and radial wavefunctions of the ejected electron in each ad-

missible channel. The latter are represented throughout a finite-difference grid, which

not only affords a controllable discretisation, but also a natural mode of parallelisation

(domain decomposition), which can be combined with other data-decomposition ap-

proaches (appropriate for the inner region) in an efficient and scalable implementation.

Continuity of the total wavefunction is enforced explicitly at the boundary, rather than
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via an R-matrix [254]. Indeed, the outer-region grid is extended into the inner region,

and the inner-region wavefunction is evaluated at these interior points. This provides

the boundary condition for the solution of the TDSE in the outer region. A derivative

of the outer-region wavefunction at the boundary is also made available to the inner

region, enabling the inner-region wavefunction to be updated.

Whereas previous implementations of time-dependent R-matrix theory relied on the

solution of a system of linear equations, and a low-order Crank-Nicolson propagator

[259], the RMT approach adopts a high-order Arnoldi scheme [462]. This replaces the

solution of a linear-algebraic system with a series of matrix-vector multiplications,

which may reduce the numerical error in both the temporal and spatial propagation

of the wavefunction. Since the Arnoldi algorithm is dominated by such operations, the

RMT methodology offers substantially improved parallel scalability, making feasible

calculations that exploit massively parallel computing resources (with more than 10000

cores).

Within the framework of RMT theory, harmonic spectra can be established following

the method discussed in Ref. [465]. Specifically, the spectra presented in this work are

found from the expectation value of dipole length,

d(t) ∝ 〈Ψ(t)|z|Ψ(t)〉,

where z is the total position operator along the laser polarisation axis, and Ψ(t) is

the wavefunction. The harmonic yield is proportional to ω4|d(ω)|2, where ω is the

laser frequency and d(ω) is the Fourier transform of d(t). However, as demonstrated in

previous studies [465, 679], the spectra may also be ascertained through the expectation

value of dipole velocity,

ḋ(t) ∝ d

dt
〈Ψ(t)|z|Ψ(t)〉,

where the harmonic yield is proportional to ω2|ḋ(ω)|2. The acceleration form, in con-

trast, is less appropriate for the RMT approach, as restrictions on the basis set mean

that inner-shell electrons, such as those of the 1s shell, are often maintained frozen. As
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a consequence, the calculations incorporate the action of the 1s electrons on those of

the valence shell, but the back-action of the latter is not accounted for. This limitation

precludes the use of the dipole acceleration in computing harmonic spectra for complex

atoms and ions. It should be noted that, independently of the manner in which the

spectra are represented, we have consistently chosen to propagate the wavefunction in

the length gauge. The latter has been found to give better results in conjunction with

the description of atomic structure employed in time-dependent R-matrix calculations

[519].

The possibility of assessing the harmonic response in either length or velocity form

offers an important check for accuracy within a simulation. As a relevant example,

Figure 6.1 compares the harmonic spectra of Ar+, subject to the IR field considered in

this work, as computed from the expectation values of both dipole length and velocity.

We observe only small discrepancies between the spectra, until well beyond the cutoff

region (around 90 eV). Those differences, in turn, can be attributed to the limited ba-

sis set adopted for the Ar2+ residual-ion states (see Section 6.3). Indeed, the present

choice of basis ensures that the lowest ionisation thresholds, corresponding to the Ar2+

3s23p4 3P e, 1Se and 1De states, are most faithfully represented. This facilitates good

agreement between the spectra for energies up to approximately 30 eV, where their

associated Rydberg series are active. More significant deviations are found in the range

35 eV to 55 eV, which is dominated by excitations from the 3s subshell. Further expan-

sion of the basis set to include additional, suitably optimised orbitals might improve the

description of the Ar2+ 3s3p5 3P o and 1P o states, and provide still better agreement

among the spectra in this region. Notwithstanding these differences, the generally high

degree of consistency among the spectra is suggestive of the numerical quality of the

wavefunction data employed in the present calculations.
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Figure 6.1: Harmonic spectra generated by the Ar+ ion, subject to an 800 nm, 3 ×
1014 Wcm−2, IR laser pulse, as computed from the dipole length (solid, black line) and
velocity (dashed, red line).

To supplement analysis of the harmonic spectra, we perform classical-trajectory simula-

tions based on the three-step model [118]. We assume that an electron is tunnel-ionised

into the continuum with zero initial velocity, and for each possible ionisation time,

the electron velocity and position are determined through numerical solution of the

classical (Newtonian) equation of motion. Those electrons which recollide, and thereby

elicit high-harmonic emission, describe trajectories which pass through the origin. The

energy of the harmonic photons is then readily calculated from the electron recollision

energy and the ionisation potential. Whilst such a model possesses obvious limitations,

we find it to be a particularly simple and convenient means of estimating harmonic

cutoff energies, for both single- and multicolour field configurations.
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6.3 Calculation Parameters

The Ar+ target considered in this work is as discussed in previous R-matrix studies

[514, 515]. Within the inner region, we regard the ion as Ar2+ to which is added a

single electron. To describe the structure of Ar2+, we employ a set of Hartree-Fock

1s, 2s, 2p, 3s, 3p orbitals, acquired for the Ar2+ ground state from the data of Clementi

and Roetti [599]. The 3s23p4 3P e, 1Se, 1De and 3s3p5 3P o, 1P o states of Ar2+ are ob-

tained in the form of configuration-interaction expansions, comprising the 3s23p4, 3s3p5

and 3p6 configurations. Such an approach permits flexibility in the degree of atomic

structure included in the calculations, which has proven especially important in assess-

ing the relative contribution of different electron-emission channels to the harmonic

spectrum [514, 515]. The initial state is the Ar+ 3s23p5 2P o ground state, with to-

tal orbital magnetic quantum number ML = 0. This corresponds to the dominant

(non-relativistic) Ar+ ground-state level following strong-field ionisation of Ar at short

wavelengths.

The radial extent of the inner region is 20 a.u., which suffices to effectively confine the

orbitals of the residual Ar2+ ion. The inner-region continuum functions are generated

using a set of 60 B-splines of order 13 for each available orbital angular momentum

of the outgoing electron. We retain all admissible 3s23p4εl and 3s3p5εl channels up to

a maximum total orbital angular momentum Lmax = 70. The outer-region boundary

radius is 2000 a.u., ensuring that no unphysical interference structure in the wavefunc-

tions arise through reflection of the ejected-electron wavepacket. The finite-difference

grid spacing is 0.08 a.u., and a time step of 0.01 a.u. is adopted for propagation of the

wavefunction.

We employ a two-colour irradiation scheme, comprising a four-cycle XUV pulse, with

a peak intensity of 3× 1012 Wcm−2 and a central wavelength of 92.0 nm (or a central

photon energy of ωXUV ≈ 13.5 eV), and a time-delayed, six-cycle IR pulse, with peak

intensity 3×1014 Wcm−2 and central wavelength 800 nm. The former is responsible for

initiating an excitation and/or ionisation response from the Ar+ target. In particular,

a one-photon absorption event can excite the ion into a superposition of the 3s23p5 2P o

ground and 3s3p6 2Se first excited states. The latter, in contrast, mediates the electron

recollision dynamics, thereby eliciting high-harmonic emission. Both pulses are linearly
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polarised along the z-axis, and are assumed to exhibit a sine-squared ramp-on/off

temporal profile. The time delay, ∆, is measured between the central peaks of the two

pulses, and is always chosen such that the XUV pulse attains peak intensity before the

IR pulse.

6.4 Results and Discussion

6.4.1 Two-colour Harmonic Spectrum

To assess the features of XIHHG from Ar+, we consider the harmonic spectra produced

upon subjecting the ion to both single-colour (IR only) and two-colour (IR + XUV)

field configurations. For the latter, we assume a fixed time delay between the pulses,

such that the XUV peak is near-coincident in time with the penultimate IR peak. This

corresponds to a delay of approximately ∆ = 3.5TXUV, where TXUV = 2π/ωXUV is

the XUV-pulse period and ωXUV the central frequency. According to the three-step

model, electrons released into the field at this time describe the optimal trajectories for

HHG. We thus expect any promotion of ionisation, afforded by the XUV pulse, to be

manifested most clearly under these conditions.

Figure 6.2 displays the single- and two-colour harmonic spectra. Perhaps the most

striking consequence of XUV irradiation is an enhancement, by up to four orders of

magnitude, in the yield of low-energy harmonics over the single-field case. This effect is

particularly noteworthy at energies comparable to both ωXUV (unsurprisingly), and to

the ionisation threshold for the 3p subshell (I3p ≈ 27.6 eV). A sustained enhancement,

by as much as two orders of magnitude, is also found throughout the plateau region,

which spans around 60 eV.

The high-order harmonics are of particular interest, given their role in frequency up-

conversion applications. We attribute the increased response above the ionisation thresh-

old to multiphoton processes, mediated by one or both laser fields. Indeed, absorption

of two XUV photons can excite the ion into a (superposition of) Rydberg state(s) con-

verging onto the 3p thresholds. This dramatically increases the susceptibility of the

ion to tunnel ionisation in the IR field. Such a two-stage process enables the electron
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to be released into the field with approximately zero energy, which is desirable for

optimising the three-step recollision process. The finite bandwidth of the XUV pulse

(approximately 6.8 eV), however, may also support direct photoionisation from the 3p

subshell, through absorption of at least two photons. This is also expected to contribute

to the increased response at threshold. Note that the Ar+ 3s3p6 2Se state, accessible

by one-photon absorption from the XUV field, may provide a resonant enhancement of

these multiphoton processes, whether they result in Rydberg-state excitation, or direct

ionisation to the continuum. However, we must establish confirmation that this state

truly participates in the dynamics before making such an assertion (see Section 6.4.4).

Figure 6.2: Harmonic spectra generated by the Ar+ ion, subject to single-colour (solid,
black line) and two-colour (dashed, red line) laser-field configurations. The single-colour
field comprises an 800 nm, 3 × 1014 Wcm−2, IR laser pulse. The two-colour scheme
consists of the same IR pulse, in combination with a 92 nm, 3 × 1012 Wcm−2, XUV
pulse. The latter is timed to coincide with the penultimate maximum of the IR field.

The aforementioned, XUV-dependent mechanisms of ionisation also influence the har-

monic yield in the cutoff region. For the single-field spectrum, we find the harmonic

cutoff to be consistent with the semiclassically predicted value [117],
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EIR
co ≈ 1.2I3p + 3.2Up ≈ 90.5 eV,

where Up is the ponderomotive energy, and we have assumed ionisation from the 3p

subshell. The comparable cutoff energy, observed for the two-colour spectrum, suggests

that the highest-energy harmonics there are also determined by the action of a 3p

electron, with the recollision dynamics driven almost solely by the IR field. The choice

of time delay (3.5TXUV, or approximately one half-cycle of the IR pulse) ensures that

ionisation, or increased susceptibility to it, is realised within a temporal interval in

which the IR pulse attains its penultimate peak. As emphasised previously, an electron

ejected within this interval will not only recollide with the parent ion, but do so with

the maximum possible kinetic energy acquired under the given field conditions. We

can therefore rationalise the higher yield of cutoff harmonics in terms of enhanced

ionisation from the 3p subshell, driven directly by or assisted with the XUV pulse,

within an optimal sub-cycle time period.

The choice of XUV photon energy (ωXUV ≈ 13.5 eV) was made with the aim of probing

the 3s3p6 2Se state, and we discuss the importance of this excitation in Section 6.4.4.

The present XIHHG scheme thus requires the absorption of at least two XUV photons

to excite a 3p electron close to the ionisation threshold (2ωXUV ≈ I3p). It is natural

to question, however, if the enhanced harmonic response observed in Figure 6.2 could

have been achieved through a single-photon process alone. Indeed, we could envisage

direct excitation of Ar+ from the ground state to either a weakly-bound Rydberg

state, or even to the continuum, by the absorption of a single, sufficiently energetic

photon (ωXUV ≈ I3p), with otherwise little selectivity warranted in the choice of pulse

frequency. Such a scheme would be somewhat akin to that proposed by Brown and van

der Hart [263], who employed below-threshold, XUV laser light to populate selected

Rydberg series of Ne.

To address this question, we have ascertained the two-colour spectrum in the case

ωXUV ≈ 27.0 eV (not shown). The results suggest that whilst the qualitative features

of the spectrum remain unchanged above the 3p ionisation threshold, the yield of high-

order harmonics can be raised by as much as an order of magnitude. The latter can be

understood most simply in terms of the relative probabilities pertaining to XUV single-
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and multiphoton processes: a one-photon absorption event is more probable than any

higher-order process, in which two or more photons are absorbed. A further advantage,

offered by this one-photon XIHHG strategy, is that enhanced harmonic yields could

likely be realised with still lower XUV peak intensities.

6.4.2 Competition among the 3s23p4 3P e, 1Se and 1De Thresholds

Previous R-matrix studies [514, 515] have shown that for single-field harmonic gener-

ation in Ar+, aligned with ML = 0, channels associated with the 1Se and especially

1De thresholds are most influential for the harmonic yield. Tunnel ionisation, leav-

ing Ar2+ in the ground 3P e state, was found to contribute much less significantly to

the total yield. We emphasise that the distribution of single-electron orbital magnetic

quantum number values ml plays a fundamental role in suppressing the 3P e channels

in an IR-only HHG scheme. The 3P e threshold is unavailable for emission or excitation

of an electron with ml = 0, requiring the transition of one with ml = ±1. Such a

condition will be most restrictive during the initial ionisation phase of the three-step

mechanism, where IR-photon absorption will favour excitation from an orbital aligned

along the laser polarisation axis (ml = 0). As such, electrons with ml = ±1 exhibit a

weak ionisation response, and channels associated with the 3P e threshold are poorly

populated.

The aforementioned works treated exclusively the dynamics of HHG in a single-colour

field. In contrast, we have here chosen to enhance the conversion efficiency by means

of an additional XUV pulse, which provides an initial excitation of the electron to be

ejected. The question arises as to whether XUV irradiation might also affect the compe-

tition among low-lying ionisation thresholds, especially of the 3P e and 1De thresholds

in the Ar+ harmonic response. To reveal their interplay in the present XIHHG scheme,

we have effected a change in the field-free, Ar+ electronic structure, selectively removing

each of the two thresholds, and computing the harmonic spectrum in each case.



6.4. Results and Discussion 205

Figure 6.3: Harmonic spectra generated by the Ar+ ion, subject to single-colour and
two-colour laser-field configurations. The single-colour field comprises an 800 nm, 3 ×
1014 Wcm−2, IR laser pulse. The two-colour scheme consists of the same IR pulse,
in combination with a 92 nm, 3 × 1012 Wcm−2, XUV pulse. The latter is timed to
coincide with the penultimate maximum of the IR field. The yields are compared for
different descriptions of the Ar+ structure, incorporating the Ar2+ 3s23p4 1Se and 1De

thresholds (lower, solid black line and upper, solid blue line), or 3P e and 1Se thresholds
(lower, dashed red line and upper, dashed green line).

Figure 6.3 evidences the effect of restricting the number of ionisation thresholds on the

HHG yield, for both single- and two-colour field configurations. For clarity, we have

omitted the full spectrum pertaining to each of these (but shown in Figure 6.2), which

account for the influence of all three 3p ionisation thresholds (3P e, 1Se, 1De). Indeed,

we have found the latter spectra to be well approximated through inclusion of only

the Ar2+ 1Se and 1De thresholds, suggesting that, as in single-field HHG [514, 515],

channels connected to these excited residual-ion states are dominant. Comparison of the

two-colour (3P e, 1Se) and (1De, 1Se) spectra provides additional insight into the role

of the 1De threshold. We find that its removal reduces the yield of plateau harmonics

by up to an order of magnitude, principally mitigating the ehancements (observed in

Figure 6.2) in the cutoff region, as well as at energies comparable to I3p. Interestingly,

however, the presence of the XUV field actually improves the relative contribution of
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the 3P e threshold, by more than a factor of 5 for harmonic photon energies exceeding

40 eV.

We claim that the presence of an additional XUV pulse alters the relative importance

of ml = 0 and ml = ±1 electron-emission pathways. An XUV field interacts with both

ml = 0 and ml = ±1 electrons of the valence 3p subshell, albeit more strongly with

the former. Absorption of one or more XUV photons can promote an electron to some

higher energy state, giving rise to a (superposition of) Rydberg state(s) of the ion, or

some virtual state. Once an excitation has been realised, the electron can interact more

freely with the IR field, so that the initial ml value (orbital alignment) plays a reduced

role. We therefore expect that the emission pathway for ml = ±1 electrons will be

enhanced when ionisation proceeds from an XUV-excited state, rather than from the

ground state (as in single-colour HHG). This would reduce the discrepancy between

the contributions of ml = 0 and ml = ±1 electron emission for a two-colour scheme,

reflected in an increased yield arising from the 3P e channels.

6.4.3 Cooper Minimum

The single-field spectrum of Figure 6.2 displays a rather prominent minimum, localised

to the energy range 40 – 80 eV. This feature persists in the two-colour spectrum also.

In general, the presence of minima in atomic or molecular harmonic spectra can be

attributed to any one of several possible effects. Perhaps the most actively studied are

those that pertain to the intrinsic structure of the irradiated target, whether electronic

(such as the well-known Cooper minimum [498, 500]) or geometric (as in molecular

multicentre interference [680]). Recent work has suggested, however, that suppression

of the harmonic yield can also result from the field-driven, post-ionisation dynamics of

the ejected electron or residual system [681]. A crucial discriminant between structure-

and dynamically-derived effects, as already discussed by Wörner et al. [498], is that the

latter should present a sensitive dependence on irradiation conditions, with their char-

acteristic spectral features being controlled, in particular, by the laser-light intensity

and wavelength.
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Figure 6.4: Harmonic spectrum generated by the Ar+ ion, subject to an 800 nm, 3 ×
1014 Wcm−2, IR laser pulse (solid, red line), with Gaussian smoothing (dashed, black
line). The arrow indicates the position of the minimum, at approximately 61.5 eV.

To constrain the possible origins of the minimum in the single-field spectrum of Ar+,

we have performed a series of calculations for a range of IR-pulse peak intensities and

wavelengths. In each case, and following Higuet et al. [500], we estimate the position

of the minimum by means of a Gaussian filter, as demonstrated in Figure 6.4 for the

IR-only spectrum. There, we locate the feature at 61.5 eV.

The influence of laser intensity on the Ar+ spectrum is demonstrated in Figure 6.5. As

expected, an increase in peak intensity effects both a rise in the cutoff energy, as well

as in the global harmonic yield. Crucially, the position of the minimum remains largely

unaffected, with shifts that are both unsystematic, and typically of a sub-electron-

volt scale. Similarly, in Figure 6.6, we consider possible changes in the location of

the minimum for three distinct IR wavelengths. Note that those shorter than 800 nm,

for the fixed intensity of interest (3× 1014 Wcm−2), reduce the harmonic cutoff energy

sufficiently that the minimum no longer appears well-defined (if at all). We thus restrict

the comparison of harmonic yields to those at longer wavelengths. Despite an increase
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of over 50% in this quantity, and correspondingly of almost 69 eV in the ponderomotive

energy, we find comparatively minor shifts in the minimum. The general robustness of

this feature, with respect to changes in irradiation conditions, favours the conclusion

that it must be associated, in some fashion, with the electronic structure of the Ar+

ion, as opposed to the dynamics of laser-driven recollision.

Perhaps the most plausible explanation for this feature, given the Ar-like nature of

the system, is that the suppression of yield reflects the emergence of a Cooper mini-

mum [498, 500]. This is supported by recent experimental [682] and theoretical [544]

investigations of the photoionisation spectrum of Ar+, which clearly demonstrate the

existence of such a feature. Importantly, however, the minimum observed in photoion-

isation spectra arises at a somewhat lower energy, in the range 45 – 50 eV. This is

in line with studies of the Cooper minimum in neutral Ar, which has been reported

to systematically shift between harmonic and photoionisation spectra [500]. Due to

the paucity of experimental data for HHG in Ar+, it is difficult to state conclusively

that such a shift also occurs for this species. More significantly, theoretical predictions

for such electronic-structure features can be rather sensitive to the quality of atomic

wavefunctions. In particular, a faithful representation of low-lying residual-ion states is

essential for the accuracy of photoionisation data. Previous time-independent R-matrix

studies [544] have suggested that elaborate Ar2+ descriptions, employing large num-

bers of configurations and relativistic corrections to the Hamiltonian, are necessary for

a reliable account of Ar+ single-photon photoionisation, even from the valence shell.

Thus, whilst the limited degree of atomic structure, adopted in this work, is sufficient

to identify the most important facets of the XIHHG process, quantitative predictions

for such features, depending very sensitively on that structure, should be made with

care.

6.4.4 Role of the 3s3p6 2Se Excited State

As mentioned previously, the choice of XUV photon energy (ωXUV ≈ 13.5 eV) was

made with the aim of probing the 3s3p6 2Se excited state. The two-colour spectrum of

Figure 6.2 presents a broad peak structure at energies comparable to the 3s23p5 2P o →

3s3p6 2Se transition energy. To establish whether the excited 2Se state truly plays a
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mediating role in the present two-colour HHG process, we must examine its contribution

in greater detail.

Supplementary RMT calculations (results not shown) reveal that this state is only

weakly populated during XUV irradiation, with the maximum population attained of

order 10−3. Systematic detuning from the expected resonance, through variation of the

XUV central photon energy by ±10 eV, yields only a simple reduction in the occupancy

for both positive and negative changes in ωXUV. We note that this behaviour points to

the absence of a strong ponderomotive shift in the 2Se state, which would otherwise

ensure its resonant population at a somewhat higher or lower XUV frequency. Moreover,

by selectively removing this state from the dynamics, we have found only insignificant

alterations in the aforementioned peak structure of Figure 6.2. We therefore conclude

that excitation of the Ar+ 3s3p6 2Se state is inconsequential for the present XIHHG

scheme.

Figure 6.5: Harmonic spectra generated by the Ar+ ion, subject to an 800 nm, IR laser
pulse of variable peak intensity. The spectra are successively offset by a factor of 105,
and all intensities are expressed in units of Wcm−2. The approximate position of the
minimum, which varies weakly about 61.5 eV, is indicated by the dashed line.
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Figure 6.6: Harmonic spectra generated by the Ar+ ion, subject to a 3× 1014 Wcm−2,
IR laser pulse of variable wavelength. The spectra are successively offset by a factor of
105, and all wavelengths are expressed in units of nm. The approximate position of the
minimum, which varies weakly about 61.5 eV, is indicated by the dashed line.

A plausible explanation for the apparent insignificance of the 2Se intermediate reso-

nance may lie in the relative magnitudes of the dipole matrix elements for transitions

among different low-lying bound states of Ar+. Indeed, time-independent R-matrix cal-

culations for the static Ar+ structure, performed by the present author, indicate that

the dipole matrix element for a 3s→ 3p transition can be up to an order of magnitude

lower than those relevant for other transitions, including 3p → 4s, 3p → 3d, 3d → 4p

and 4s→ 4p. These predictions are supported by the data of both Hibbert and Hansen

[683] and Berrington et al. [684], which indicate that the corresponding discrepancy

in oscillator strengths can readily exceed an order of magnitude. This would suggest

that the first excited (2Se) state of Ar+ may not be optimal for realising resonantly

enhanced, multiphoton ionisation yields in XIHHG schemes, or of driving HHG from

an excited state. In connection with the latter, alternative strategies based on XUV

free-induction decay [676, 677, 678], or direct ionisation from an excited state followed

by recombination to the ground state [676], offer considerable promise.
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6.4.5 3s versus 3p Emission

A long-standing feature of time-dependent R-matrix techniques has been their capac-

ity for exploring the correlated response of multiple electrons in laser-driven atomic

processes. For instance, the impact of window resonances on low-order harmonic gener-

ation from Ar has been described in a first-principles manner [513]. More recently, the

predictive capabilities of the RMT methodology were exploited in a study of XIHHG

from neon [263]. There, a novel scheme had been proposed for resolving the contribu-

tion of inner- and outer-valence electrons to the harmonic response, with implications

for HHG spectroscopy of their interference dynamics.

Given the rich behaviour observed in these studies, and notwithstanding the conclu-

sions of the preceding section, it is natural to question if any signatures of a 3s-electron

response are manifest in the present XIHHG scheme. To this end, we find that even

a gross analysis of the two-colour spectrum (Figure 6.2) yields some insight. The pro-

nounced intensity of harmonics, around the 3p ionisation threshold, suggests that the

outer-valence electrons dominate the ionisation yield. The higher binding energy of 3s

electrons would also give rise to a double-plateau structure, with a second cutoff fea-

ture (above 110 eV). Since the two-colour spectrum displays only a single cutoff, in

the energy range expected for 3p electron dynamics alone, we cannot claim that the 3s

electrons elicit the generation of the highest observable harmonics.

In order to isolate the contribution of the 3s electrons more effectively, and thereby

conduct a more systematic assessment of their role, we modify the present description

of the field-free, Ar+ electronic structure. More specifically, we selectively remove the

3s3p5 3P o and 3s3p5 1P o Ar2+ ionisation thresholds, tantamount to neglecting ionisa-

tion from the 3s subshell. Note that a similar approach had been adopted to investigate

the contribution of the 3s and 3p electrons to low-energy, single-field harmonic gener-

ation in both Ne+ [516] and Ar+ [514].

Figure 6.7 compares the two-colour spectra in a restricted energy range, as generated

with the aforementioned ionic-structure configurations. We find that the gross features

of the spectrum are largely preserved upon precluding ionisation of a 3s electron. The

latter confirms that both the plateau and cutoff harmonics arise primarily from the
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action of a 3p electron. Above the target ionisation threshold, calculations neglecting

the emission of a 3s electron display a moderately enhanced yield (typically less than

an order of magnitude). Importantly, the energy range 35 – 55 eV is spanned by two

Rydberg series, converging onto the 3s3p5 3P o and 3s3p5 1P o Ar2+ ionisation thresholds

(see Ref. [514] for the precise threshold energies). We can thus assume that the reaction

of multiple electrons to the laser field actually hinders HHG in the present scheme.

Figure 6.7: Harmonic spectra generated by the Ar+ ion, subject to a two-colour irradia-
tion scheme. This comprises an 800 nm, 3×1014 Wcm−2, IR laser pulse, in combination
with a 92 nm, 3 × 1012 Wcm−2, XUV pulse. The latter is timed to coincide with the
penultimate maximum of the IR field. The yields are compared for two ionic-structure
configurations, in which all Ar2+ 3s23p4 and 3s3p5 ionisation thresholds are retained
(solid, black line), or only the 3s23p4 thresholds (dashed, red line).

Given the dominance of the 1De and 1Se thresholds for the Ar+ harmonic response

(see Section 6.4.2), we expect that the XIHHG excitation and tunnelling mechanism

will be mediated by substantial populations in the 3s23p4 (1De)nl and 3s23p4 (1Se)nl

Rydberg states. These may couple to the 3s3p5 (1P o)nl states via an IR- or XUV-driven,

single-electron 3s→ 3p transition. Rydberg series converging onto the 3s3p5 thresholds

effectively describe the excitation of an inner-valence 3s electron, whilst the harmonic

response is primarily determined by the action of an outer-valence 3p electron. The
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existence of such distinct pathways for ionic HHG, competing for electronic population,

has a suppressive effect on the overall yield.

As for the above-threshold harmonics, we find only minor deviations in yield (less

than a factor of 3 on average) below the ionisation threshold. In particular, the dipolar

response at energies comparable to the 3s3p6 2Se excitation threshold (around 13.5 eV)

appears largely independent of the presence, or absence, of the 3s3p5nl Rydberg series.

This echoes the conclusions of the preceding section, wherein it had been established

that the 2Se state plays no essential role in the XIHHG process. These findings suggest

that despite the choice of XUV-pulse parameters (especially the central frequency), we

cannot selectively resolve the dynamics of a 3s electron under these conditions. The

HHG process is dictated by the ionisation and recollision dynamics of a 3p electron, with

the XUV field merely promoting the former through provision of high-energy photons.

Inner-valence emission channels are manifest only in their suppressive effect for the

total harmonic yield, which is ultimately mediated by interference among competing

excitation pathways.

6.4.6 Time-delay Scan of the Harmonic Response

Having confirmed that a combination of XUV and IR laser light, with appropriately

chosen time delay, can afford enhanced HHG yields from Ar+, we now consider the

effect of varying the time delay between the pulses. In doing so, we may assess the

implications, for the HHG yield, of a more systematic control over the timing of the

initial ionisation event.

Figure 6.8 presents a time-delay scan of the Ar+ harmonic response. Perhaps the most

notable effect is the enhancement in the harmonic yield both above, and somewhat

below, the ionisation threshold, for time delays satisfying 0.0TXUV < ∆ < 1.0TXUV

and 3.0TXUV < ∆ < 4.0TXUV. In these cases, the central peak of the XUV pulse is

near-coincident in time with either the primary or penultimate peak of the IR field.

The XIHHG mechanism, discussed previously in the case ∆ = 3.5TXUV, is then most

efficient. Multiphoton absorption from the XUV field can drive direct photoionisation

from the 3p subshell, or excite the ion into high-lying 3s23p4nl Rydberg states, from

which the intense IR field can mediate tunnel ionisation. Multiphoton processes, enabled
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by one or both laser fields, thereby enhance dipolar emission throughout the plateau

region, and especially around the 3p ionisation threshold.

The efficacy of the XIHHG excitation and/or tunnelling process, for time delays that fall

within the aforementioned ranges, accounts for the pronounced intensities of the plateau

harmonics. In comparison, for 1.0TXUV < ∆ < 2.0TXUV, XUV-driven transitions are

not followed with significant tunnel ionisation, by virtue of the decreasing intensity of

the IR field. We thus expect a reduction in the degree of ionisation, and consequently

a reduction in the harmonic yield. Moreover, by ejecting an electron when the field is

weak, we fail to promote energetic recollision trajectories, thereby compromising the

efficiency of the HHG process.

The timing of the XUV pulse is important in yet another respect. When the XUV pulse

temporally overlaps the primary peak of the IR field, as for 0.0TXUV < ∆ < 1.0TXUV,

the cutoff appears around 81 eV. However, for somewhat longer time delays, spanning

3.0TXUV < ∆ < 4.0TXUV, the cutoff emerges around 90 eV. We claim that this is a

consequence of strong-field dynamics alone, and provide confirmation by simulating the

classical, laser-driven motion of an ejected electron.
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Figure 6.8: Time-delay scan of the harmonic response of Ar+, subject to a combination
of IR (800 nm, 3 × 1014 Wcm−2) and XUV (92 nm, 3 × 1012 Wcm−2) laser light. (a)
Evolution of the two-colour harmonic spectrum with time delay. (b) Two-colour field
configuration, with separate depiction of the XUV (dashed, magenta line) and IR (solid,
red line) pulses. Filled circles (black) indicate, for specified time delays, the IR field
when the XUV pulse attains peak intensity. All time delays are measured between the
peaks of the XUV and IR pulses, and expressed in units of the XUV pulse period,
TXUV ≈ 0.31 fs.
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Figure 6.9 presents the distribution of harmonic photon energies, assuming ionisation

at different instants of time in the IR field (the weak XUV field modifies the recol-

lision energies negligibly). If the XUV pulse excites the target into a (superposition

of) Rydberg state(s), its susceptibility to tunnel ionisation is increased. Since, for

0.0TXUV < ∆ < 1.0TXUV, this occurs around the primary peak of the IR pulse, we

might anticipate that the ionisation response there dominates. From Figure 6.9, we

find that an electron released into the field near this peak will recollide with the parent

ion, but give rise to a photon energy no higher than about 81 eV. Thus, short IR time

delays promote only sub-optimal recollision trajectories, leading to lower cutoff energies

and hence shorter plateau structures. In contrast, for 3.0TXUV < ∆ < 4.0TXUV, ioni-

sation is enhanced within an optimal, sub-cycle time interval (about the penultimate

IR peak), giving rise to the most energetic recollisions possible under the prevalent

field conditions. This yields higher cutoff energies and longer harmonic plateaus. Note

that in both cases, the XUV-mediated ionisation affords enhanced intensities in their

respective cutoff regions. Otherwise, the timing of the XUV pulse limits the efficiency

of the XIHHG process, as reflected by lower cutoff yields.

Figure 6.9: Harmonic photon energies (black, filled circles), arising from ionisation at
given instants of time, in an 800 nm, 3 × 1014 Wcm−2, IR laser pulse (solid, red line),
assuming a classical-trajectory model.
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There is some current interest in the characterisation of sub-threshold harmonics, given

that the details of the target atomic structure can be imprinted on the spectral emission

[513, 514, 685, 686]. The use of combined (XUV + IR) fields has traditionally been the

concern of multidimensional absorption spectroscopies [262, 687, 688, 689], but Figure

6.8 suggests that such a scheme may also effect non-negligible changes in the harmonic

response, especially below the target ionisation threshold. We observe that for time

delays satisfying ∆ ≈ 0.0TXUV and 3.0TXUV < ∆ < 4.0TXUV, the harmonics which

span the range 20 eV to 25 eV accumulate considerable intensity. This is an unexpected

feature of the present results. The three-step (recollision) process should not contribute

to the yield of sub-threshold harmonics, being initiated only at energies exceeding the

ionisation threshold. The characteristics of low-order harmonics are often determined

by dipole-allowed transitions among resonantly-coupled bound states. We propose that

low-lying 3s23p4nl Rydberg states, spanning the aforementioned energy range, become

resonantly populated through XUV or (XUV + IR), few-photon absorption. When the

XUV pulse is coincident with a peak of the IR field, the latter may stimulate the ion

to de-excite, with radiative emission. When the timing of the XUV pulse is otherwise,

these Rydberg states do not depopulate so efficiently, and the lower-order harmonics

exhibit reduced intensities.

6.5 Conclusions

We have applied ab initio RMT theory to investigate XIHHG in Ar+. With an appro-

priate choice of time delay between the XUV and IR pulses, we find that XUV-mediated

multiphoton processes afford substantial enhancements in the yield of plateau harmon-

ics, including those below the target ionisation threshold. The single-colour spectrum

presents an important signature of the target electronic structure, in the form of a

pronounced Cooper minimum. The latter has previously been observed in photoioni-

sation spectra of Ar+, reinforcing the notion that HHG could enable a novel mode of

spectroscopy. This minimum also persists in the two-colour spectrum, suggesting that

the XIHHG scheme we propose retains the spectroscopic potential of single-field HHG,

whilst offering improved conversion efficiencies. In general, the measurement of ionic

harmonic yields may facilitate the retrieval of their photoionisation or photorecombi-
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nation cross-sections throughout a broad range of energies, as demonstrated for neutral

atoms [298].

The competition among low-lying ionisation thresholds, whose separation is comparable

to the IR photon energy, has long been of interest in atomic HHG. We have shown that

multicolour field configurations can alter the relative importance of different electron-

emission channels. Specifically, by driving HHG from an XUV-excited state, the effect

of orbital alignment in the ground state, which ensures a weaker ionisation response

of ml = ±1 as opposed to ml = 0 electrons, can be rendered less significant. In HHG

from Ar+, this leads to an enhanced population of channels connected with the 3P e

threshold, accessible only by ml = ±1 emission. The present findings could, however,

be considerably more far-reaching for the control of ultrafast and strong-field processes.

In molecules for instance, excitation of particular electronic or vibrational states, via

an appropriate multicolour irradiation strategy, could contribute to the enhancement

of selected ionisation, dissociation or even HHG pathways. This would aid in the ma-

nipulation of complex, multichannel dynamics in such systems.

We have examined the potential role of an intermediate resonance for the present

XIHHG scheme. Excitation of the low-lying 3s3p6 2Se state was effected via an XUV-

driven, 3s → 3p transition. However, little population transfer was achieved, and no

signatures of HHG from this state were observed. Higher XUV peak intensities may

enable a more effective participation of such a state in the HHG process. Alternatively,

schemes surrounding the excitation of outer-valence electrons, and high-lying Rydberg

states, could prove more fruitful [676].

Additionally, the general consequences of multielectron interference effects, involving

the outer-shell 3s and 3p electrons, have been highlighted. Selective closure of 3s-

emission channels incurs only a minor enhancement in the yield of plateau harmonics,

indicating that competing excitation pathways actually hinder HHG in the present

scheme. Our findings seed doubt that such weak effects could be detected in an ex-

perimental realisation. The relatively low probability of ionising an inner-valence elec-

tron ensures that, even with a tuned XUV pulse, the outer-valence electrons dominate

the HHG process. To resolve inner-valence excitations, we must devise more carefully

a multicolour irradiation scheme, with appropriately selected spectral and temporal
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properties [263].

The importance of a systematic control over the timing of the initial ionisation event

has been demonstrated for XIHHG in Ar+. In particular, we have confirmed that XUV

multiphoton processes confer the greatest increases in yield whenever the XUV pulse

coincides, in time, with a peak of the IR pulse. Moreover, depending on the phase of

the IR field when ionisation is promoted, the harmonic cutoff energy may be varied.

Interestingly, the characteristics of the harmonics below the target ionisation threshold,

which are often dictated by intricate, bound-state dynamics, also appear somewhat

sensitive to the time delay between the pulses. These findings suggest that (XUV +

IR) irradiation schemes, traditionally employed in absorption-spectroscopy techniques,

may also hold considerable promise for multidimensional harmonic spectroscopy.

An experimental implementation of the XIHHG scheme proposed here presents several

challenges. Not least among these is the preparation of the Ar+ target. However, we

note that in past experimental works, the highest-order harmonics from laser-irradiated

Ar have indeed been attributed to Ar+ [250, 690]. These arise from a sequential process,

in which Ar first ionises, and then undergoes HHG. Moreover, although ionisation in

a linearly polarised field will leave Ar+ predominantly in the ML = 0 state, the ion

will subsequently evolve under the spin-orbit interaction. As a consequence, after a

time of the order of 10 fs, a significant ML = 1 population will arise. Previous R-

matrix studies have demonstrated that enhanced HHG can be achieved with ML = 1

alignment, in both Ne+ [516] and Ar+ [515]. It would thus be of considerable interest

to explore the role of spin-orbit dynamics in ionic XIHHG schemes, especially those in

which variable XUV-pulse time delays play a fundamental role. Efforts to incorporate

spin-orbit coupling within the RMT formalism have recently been achieved [505].

Furthermore, the laser regime which optimises the resolution of XUV-initiated dynam-

ics is not yet well understood. Our previous work has shown that long-wavelength

driving pulses hold much promise, reducing the direct contribution of the IR field to

the harmonic spectrum [263]. Although this was formerly thought untenable – most

experiments in attosecond physics employ the ubiquitous (800 nm) Ti:sapphire laser

– a recent report has demonstrated the stable production of ultrashort, XUV pulses

with a 1.8µm driver [691]. Such developments enhance the possibility that spectro-
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scopic XIHHG strategies, similar to the one outlined in this chapter, might become

experimentally viable within the next several years.

The data presented in this chapter may be accessed using Ref. [692]. The RMT code

is part of the UK-AMOR suite, and can be obtained for free through Ref. [551].



Chapter 7

Electron Rotational Asymmetry

in Strong-field Photodetachment

from F− by Circularly Polarised

Laser Pulses

7.1 Introduction

The characteristics of atomic photoemission in circularly polarised fields naturally de-

part from those induced by their linearly polarised counterparts. One distinct feature of

circular fields is the possibility of ejecting electrons that rotate with or against the laser

polarisation. Depending on the polarisation direction, it is possible for a particular sign

of the magnetic quantum number to be favoured over another, inducing an asymmetric

yield distribution among the accessible magnetic substates. This phenomenon, which we

term ‘electron rotational asymmetry’, has raised interest in the study of residual-ion ring

currents induced by circularly polarised fields [564, 595, 598, 693, 694, 695, 696, 697],

as well as in the production of spin-polarised electron bunches [565, 596, 698, 699]. This

asymmetry has also proven relevant for attoclock measurements using noble gases, par-

ticularly in connection with the deflection angles of ejected electrons originating from

different orbitals. Recent calculations [695] demonstrated a noticeable disparity not only
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in yields, but also in photoelectron offset angles pertaining to p1 and p−1 electrons. The

calculated angular shifts were deemed large enough to be detected in experiment, thus

promoting the attoclock setup as a possible scheme for detecting ring currents.

Experimental techniques for laser polarisation control in the infrared regime are now

well established [185, 191, 196], and polarisation-tuneable pulses with tailored spec-

tral amplitude and phase are becoming increasingly common [700, 701]. Addition-

ally, high-harmonic generation (HHG) has emerged as an attractive source of ultra-

short, extreme-ultraviolet pulses with manipulable polarisation properties. A classic

experimental scheme entails the use of bichromatic, co- or counter-rotating, circularly

polarised laser pulses to generate attosecond pulse trains with elliptical polarisation

[233, 235, 236, 237, 702]. Harmonic emission from atoms with p-electron ground states

has recently proved to be an effective and efficient source of such radiation [237, 703].

With experimental developments gathering pace, theoretical interest in problems con-

cerning pulses of circular and elliptical polarisation is rising. However, accurate treat-

ment of the dynamics induced by such fields poses significant challenges for the theorist.

The necessary inclusion of all accessible magnetic substates can quickly scale calcula-

tions to a daunting size. Therefore, only a limited number of ab initio methods have

been developed for electron dynamics in arbitrarily polarised light fields. The response

of the H atom to circularly polarised pulses has been studied using a variety of methods

[574, 575, 704]. Recently, a two-active-electron approach [474, 476, 705] was employed

to investigate the dynamics of both single- and double-ionisation in He, irradiated by

pulses of circular and elliptical polarisation. A similar computational technique has been

used to assess the photoelectron emission characteristics arising from the multiphoton

double-ionisation of H2 in circularly polarised fields [706]. Strong-field single-ionisation

of molecular ions in bichromatic, circularly polarised pulses has also been studied, with

a particular focus on HHG [707, 708, 709].

Such calculations have provided detailed insight into the dynamics of one- and two-

electron systems in laser fields of arbitrary polarisation. However, time-dependent sim-

ulations for more complex atoms have thus far relied primarily on the single-active-

electron (SAE) approximation [435, 436, 437, 439, 473]. This is in spite of an exten-

sive body of experimental and theoretical evidence challenging the SAE perspective
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[10, 52, 54, 123, 580], suggesting that a correlated, multielectron response to the light

field can be decisive for an authentic characterisation of the dynamics.

The ab initio and fully non-perturbative treatment of laser interactions with multi-

electron atoms is a demanding theoretical and computational task. Indeed, both the

electronic structure of the irradiated target, as well as the strong-field ionisation dy-

namics, must be reliably captured. To date, one of the few methodologies that achieves

this is R-matrix with time-dependence (RMT) theory [254]. The RMT method has been

used to analyse the strong-field dynamics of a variety of atoms and ions [260, 263, 264],

and has recently been extended to handle light fields of arbitrary polarisation [504].

A recent RMT study [261] addressed above-threshold detachment and electron rescat-

tering in the F− negative ion, driven by long-wavelength (1300 nm and 1800 nm), ul-

trashort laser pulses. Comparison with a Keldysh-type approach [269] highlighted the

role of short-range multielectron correlations, and underlined the need for many-body,

quantum-dynamic simulations to obtain reliable photoelectron spectra.

More generally, electron detachment from negative ions is of considerable interest,

since their structure and laser-driven dynamics are influenced significantly by electron-

electron correlations. Various techniques have been used to treat photodetachment from

negative ions [261, 269, 271, 592, 710, 711, 712, 713, 714], where electron repulsion is

handled approximately. Negative ions are particularly amenable to investigation by

methods based on the strong-field approximation (SFA) [713], since their neutral core

dictates that the detachment dynamics are influenced by short-range interactions alone.

Investigations on the response of negative ions to circularly polarised fields are becoming

more prevalent [710, 714, 715]. Additionally, recent SFA calculations of photoelectron

momentum distributions for F−, subject to orthogonal laser fields, have shown good

agreement with those obtained by solving the time-dependent Schrödinger equation

within the SAE approximation [716].

For general atoms and ions in strong fields of circular polarisation, the dependence of the

ionisation or detachment rate on the bound-electron magnetic quantum number may be

given approximately by a number of analytical methods. Among the most widely used

of these is the Perelomov, Popov and Terent’ev (PPT) theory [717, 718, 719]. Recently,

PPT theory was used to investigate strong-field ionisation of Kr 4p electrons in circular
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fields [595], and predicted that throughout a wide range of laser frequencies and intensi-

ties, the vast majority of photoelectrons initially rotated against the laser polarisation.

Analogous expressions may also be obtained using the analytical R-matrix (ARM)

technique [694, 695, 696, 697], which can also account for Coulomb interactions when

necessary. A notable recent study of ring currents in Ar demonstrated strong agreement

between measured photoelectron spectra, ARM predictions, and those obtained from

SAE simulations [598]. Here it was predicted that counter-rotating electrons dominate

the ionisation signal. However, it was also apparent that high-energy emission could

arise from either co- or counter-rotating electrons.

In this chapter, we employ the RMT method [504] to study electron detachment from

F− by circularly polarised laser fields. We study the propensity for detachment of

valence 2p electrons with different magnetic quantum numbers (i.e., electrons co- and

counter-rotating relative to the laser polarisation) as a function of laser wavelength.

This propensity is well-known for both one-photon and multiphoton ionisation, but

the intermediate, few-photon regime has not been systematically studied. We attempt

to gain a better understanding of the transient preference for corotating and counter-

rotating electrons between the one-photon and multiphoton regimes, investigating how

the rotational preference varies with the number of above-threshold photon absorptions.

We also compare our ab initio predictions with those of the ARM and PPT analytical

methods, enabling a rigorous assessment of their qualitative reliability over a range of

laser wavelengths.

7.2 Theoretical Method

The theoretical foundations of the RMT method for complex atoms in arbitrarily po-

larised laser fields are described in Chapter 4 (see also Ref. [504]). The time-dependent

Schrödinger equation for the multielectron system, in the presence of the light field,

is solved in both the electric dipole and non-relativistic approximations. The method

employs the traditional R-matrix technique of dividing configuration space into two

separate regions. This partition is effected with respect to the radial coordinate of an

ejected electron, and yields an inner region, confined to small radial distances from

the target nucleus, and an outer region of relatively large radial extent. Within the



7.3. Calculation Parameters 225

inner region, multielectron exchange and correlation effects are accounted for in the

construction of the many-body wavefunction. In the outer region, the ionised electron

is regarded as sufficiently distant from the residual ion that exchange may be neglected.

This electron is thus subject only to the long-range, multipole potential of the residual

system, as well as the applied laser field.

Importantly, RMT relies on a hybrid numerical scheme, consisting of a unique in-

tegration of basis-set and finite-difference techniques. In the inner region, the time-

dependent, (N + 1)-electron wavefunction is represented by an expansion in terms of

R-matrix basis functions, where the time-dependence is incorporated in the expansion

coefficients. These basis functions are generated from the N -electron wavefunctions

of the residual-ion states, as well as from a complete set of one-electron continuum

functions describing the radial motion of the ejected electron. Additional (N + 1)-

electron correlation functions can be added to improve the quality of the basis set.

The outer-region wavefunction, in contrast, is constructed by means of the residual-

ion wavefunctions and radial wavefunctions of the ejected electron in each ionisation

channel of interest. A finite-difference discretisation scheme is used to represent the

ejected-electron wavefunctions.

In both regions, the laser-atom interaction is described in the length gauge, a choice

merited by previous calculations [519]. A velocity-gauge interaction tends to emphasise

short-range excitations close to the nucleus, requiring a highly detailed modelling of

the target atomic structure. The length-gauge interaction reduces the effect of such

excitations, thereby permitting a less elaborate treatment of atomic structure.

7.3 Calculation Parameters

Our treatment of the F− ionic structure is described in previous works [261, 504], and

is based on earlier R-matrix-Floquet calculations for this system [388, 389]. Within the

inner region, the neutral F atom is described using a set of Hartree-Fock 1s, 2s and 2p

orbitals for the F ground state, acquired from the data of Clementi and Roetti [599]. To

improve our description of the neutral residue, we include 3s, 3p and 3d pseudo-orbitals

[600]. Inclusion of these pseudo-orbitals enables a more accurate determination of the
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1s22s22p5 2P o F ground-state wavefunction, by performing a configuration-interaction

calculation that includes the 1s22s22p5, 1s22s2p53s, 1s22s22p43p, 1s22s22p33p2 and

1s22s22p33d2 configurations. Our static-structure calculations yield a binding energy of

3.42 eV for the initial, 1Se F− ground state, which agrees well with the experimental

value of 3.401 eV [601].

To test the sensitivity of the results to the atomic-structure description of the neutral

residue, we also employ an additional, simpler model of the F atom. This model includes

only the 1s22s22p5 configuration, using the Hartree-Fock 1s, 2s and 2p orbitals [599].

The binding energy obtained in this calculation is artificially shifted to match the value

of 3.42 eV obtained in the model that includes pseudo-orbitals.

The radial extent of the inner region is 50 a.u., which suffices for effective confinement

of the F− target orbitals. The inner-region continuum functions are generated using

a set of 60 B-splines of order 13 for each available orbital angular momentum of the

outgoing electron. We retain all admissible 1s22s22p5εl channels up to some maximum

total angular momentum L = Lmax, dictated by the choice of laser wavelength λ and

peak intensity I0, as well as the required set of magnetic substates. Calculations for

circular polarisation are most efficiently performed using pulses polarised in the xy-

plane, as this geometry halves the number of dipole-accessible symmetries [504]. The

two-photon calculations at 532 nm required Lmax = 12 for satisfactory convergence.

The calculations at wavelengths of 800 nm and 1064 nm used Lmax = 29, yielding 900

LMLSπ symmetries, and 1364 channels. At 1560 nm, Lmax = 49 was required, resulting

in 2500 LMLSπ symmetries, and 3774 channels.

In the outer region, the radial motion of the ejected electron is treated using a one-

dimensional radial grid, with uniform mesh size 0.08 a.u.. We adopt a fifth-order finite-

difference scheme, which ensures a high degree of accuracy in describing the spatial

properties of the ionised-electron wavepacket. For each calculation, the outer-region

grid extends to a large radial distance, enabling the asymptotic characteristics of the

ionised-electron wavefunction (and hence, the photoelectron energy and momentum

distributions) to be reliably ascertained. The calculations for 532 nm radiation employ

a radial grid with a maximum extent of 3400 a.u.. For the 800 nm and 1064 nm wave-

lengths, we use a maximum radial extent of 2880 a.u., and at 1560 nm, a maximum
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extent of 4400 a.u..

The main observable of interest in this work is the photoelectron momentum distribu-

tion, a quantity that is particularly sensitive to the details of the time propagation. A

high-accuracy time propagation of the wavefunction is secured by using an 8th-order

Arnoldi propagator [254], with a time step 0.01 a.u.. Accurate momentum distributions

may then be obtained by ensuring that the wavefunction is propagated for a signifi-

cant length of time after the pulse has terminated. At 532 nm, 800 nm and 1064 nm,

the total propagation time is 2000 a.u., which represents approximately 21 cycles, 12

cycles and 8 cycles following termination of the respective pulses. At 1560 nm, the

total propagation time is 2800 a.u., equivalent to around 13 field cycles, with the pulse

terminating after 8 cycles.

In RMT theory, the outer-region wavefunction is represented by a multichannel ex-

pansion, in which the orbital and spin angular momenta of the outgoing electron are

coupled with those of the residual atomic or ionic state for each ionisation channel of

interest [254, 504]. Following the time propagation, we obtain the radial component of

the continuum-electron wavefunction in each channel. To extract its complete spatial

dependence (that is, both radial and angular), the orbital and spin angular momenta

of the ejected electron must be decoupled from those of the atomic residue [258]. The

wavefunction is then transformed, for r > 50 a.u., into the momentum representation by

means of a standard Fourier transform. Analysis of the channel wavefunctions suggests

that even the lowest-energy wavepackets have attained radial distances r > 50 a.u. by

the final propagation time, and moreover possess continuum character, indicating that

the entire photoelectron wavefunction is faithfully transformed to momentum space.

The F− target interacts with a laser field that is treated classically and within the

electric dipole approximation. Since the laser-ion interaction is described in the length

gauge, we adopt a carrier-envelope form for the electric field, assumed of circular po-

larisation in the xy-plane. The right-hand circularly polarised fields considered in this

work are described by

E(t) =
E0√

2
sin2

(
ωt

2Nc

)
[cosωt x̂ + sinωt ŷ] , (7.1)
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where E0 is the peak electric field intensity, ω = 2πc/λ is the laser frequency, and Nc is

the number of laser cycles. The peak intensity I0 is related to E0 through I0 = cE2
0/4π,

where c is the speed of light in vacuum.

In this work, the 532 nm, 800 nm and 1064 nm laser pulses ramp on over 3 laser

cycles, followed by 3 cycles of ramp off, so that Nc = 6 in these cases. At 1560 nm, the

pulse ramps on and off over 4 cycles, so that Nc = 8. Calculations are performed for

a range of laser wavelengths, spanning two-photon (532 nm) to five-photon (1560 nm)

detachment. At 1560 nm, the peak laser intensity is I0 = 2× 1012 Wcm−2 . In all other

cases, the peak intensity is I0 = 3× 1012 Wcm−2.

7.4 Results and Discussion

We now discuss the application of the RMT method to few-photon detachment from

F− in circularly polarised laser fields. In such fields, the dependence of the detachment

characteristics on the sign of the valence-electron magnetic quantum number ml is of

considerable interest. In both one-photon ionisation and field-ionisation from Rydberg

states of hydrogen by microwave fields [593, 594], it is well known that a circularly po-

larised field preferentially ionises corotating electrons. On the other hand, recent studies

[564, 595, 598, 694, 695, 696, 697] have established that counter-rotating electrons are

preferentially ionised in the strong-field regime.

In the following sections, we determine the ejected-electron rotational asymmetry, re-

solved in photoelectron momentum, for F− in circularly polarised, near-infrared laser

pulses. We place particular emphasis on the variation of this asymmetry with laser wave-

length. Moreover, we compare the ratio of ionisation yields for p±1 electrons, suggested

by our RMT calculations, to that predicted by PPT and ARM theories, previously

employed for such strong-field problems.

7.4.1 Selection of Electron Rotation

To quantify the contributions of initially bound, 2p±1 electrons, we decompose the

momentum distributions according to the photoelectron magnetic quantum number
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ml. This is achieved by selectively retaining specific electron-detachment channels in

our numerical computations, identified according to the pathways shown in Figure 7.1.

In a right-hand circularly polarised laser field, the selection rule on the single-electron

ml value is ∆ml = 1. Detachment of a p1 (corotating) electron therefore proceeds via a

single pathway, accessing a set of possible final channels indicated in Figure 7.1 as set

A. Detachment of a p−1 (counter-rotating) electron proceeds along two possible paths,

accessing two sets of final channels, labelled B and C. Symmetry arguments dictate

that p0 electrons, aligned perpendicular to the polarisation plane, make a negligible

contribution to the momentum distribution in this plane [53].

4

2p+1

L = 0

d2

L = 1

f3

L = 2

g4

L = 3

h5

L = 4

A

2p�1

s0

d0

p1

f1

d2

g2

f3

h3

B

C

FIG. 1: Lowest-order pathways for detachment of p1 (path A)
and p�1 (paths B and C) electrons in a right-hand circularly-
polarized laser field (Eq. (1)). Ejected-electron l and ml val-
ues and total orbital angular momentum L are indicated.

A. Selection of electron rotation

To quantify the contributions of initially bound p-
electrons of di↵erent orbital phase, we decompose the
momentum distribution according to the photoelectron
magnetic quantum number, ml. To do this, we consider
the contribution of specific electron-detachment chan-
nels, that we identify using the pathways shown in Fig. 1.
In a right-hand circularly polarized laser field, the selec-
tion rule on the single-electron ml value is �ml = 1. De-
tachment of a p1 (corotating) electron therefore proceeds
via a single pathway, passing through a set of possible fi-
nal channels indicated in Fig. 1 as set A. Detachment of a
p�1 (counter-rotating) electron proceeds along two pos-
sible paths, accessing two sets of final channels, labelled
B and C. Symmetry arguments dictate that p0 electrons,
aligned perpendicular to the polarization plane, make a
negligible contribution to the momentum distribution in
this plane [72].

B. Three-photon detachment

Figure 2 presents photoelectron momentum distribu-
tions in the polarization plane, for three-photon detach-
ment from F�, induced by a 800-nm, 6-cycle, right-
hand circularly polarized pulse. The distribution is com-
prised of concentric toroidal features. The innermost
toroid arises from three-photon detachment, and the
outer toroid from above-threshold detachment (ATD) fol-
lowing four photon absorptions. At this intensity, higher-
order processes are negligible.

Comparing Figs. 2 (a) and (b), two features are strik-
ing. Firstly, a strong rotational asymmetry is evident,
with counter-rotating electrons clearly dominating the
total yield. This contrasts with the results of previous
RMT calculations for single-photon detachment from F�,
that observed the well-known preference for detachment
of co-rotating electrons [47]. It is not clear if this contrast
should be regarded as a surprising feature or not, since

(a) corotating (b) counter-rotating

FIG. 2: (Color online) Photoelectron momentum distribu-
tions in the polarization plane for (a) corotating and (b)
counter-rotating electron detachment, following three-photon
detachment from F� by a right-hand circularly polarized laser
pulse with a carrier wavelength of 800 nm, a duration of
Nc = 6 cycles, and a peak intensity of I0 = 3 ⇥ 1012 Wcm�2.

a three-photon absorption process represents an inter-
mediate case between the one-photon and multiphoton
extremes.

Secondly, the degree of asymmetry varies strongly
with excess energy. The lowest-energy electrons close to
threshold appear to be predominantly counter-rotating,
whereas the first ATD peak displays less disparity. In
fact, the yields for three-photon and four-photon detach-
ment of co-rotating electrons are comparable, whereas
the analogous yields for detachment of counter-rotating
electrons di↵er by more than an order of magnitude.

We note one further feature of the distributions,
namely the apparent discrepancy in the widths of the
peaks in Fig. 2(a) and (b) respectively. This is simply
due to the choice of scale, and in fact the respective peaks
have almost identical widths.

C. Four-photon detachment

Figure 3 presents photoelectron momentum distri-
butions in the polarization plane, for four-photon de-
tachment from F� by a 1064-nm, 6-cycle, right-hand
circularly polarized pulse. The distribution now con-
tains three distinct peaks, due to two significant above-
threshold photon absorptions. As in Fig. 2, a strong
energy-dependent electron rotational asymmetry is ev-
ident. Detached counter-rotating electrons dominate
the signal close to threshold, before dying away rela-
tively rapidly for higher-order ATD processes. However,
in contrast to Fig. 2, counter-rotating electrons detach
more readily after one above-threshold photon absorp-
tion. Near-parity between the detachment yields for co-
and counter-rotating electrons is only established by the
second above-threshold peak (the outermost visible ring).

Aside from the disparity in their respective magni-
tudes, a noticeable di↵erence in the energy-dependence of

Figure 7.1: Lowest-order pathways for detachment of p1 (path A) and p−1 (paths
B and C) electrons in a right-hand circularly polarised laser field (equation (7.1)).
Ejected-electron l and ml values and total orbital angular momentum L are indicated.
Detachment of p0 electrons is not considered, as their detachment yield is negligible in
the polarisation (xy-) plane.

7.4.2 Two-photon Detachment

Figure 7.2 presents photoelectron momentum and energy distributions in the polarisa-

tion plane, for two-photon detachment from F− induced by a 6-cycle, 532 nm, right-

hand circularly polarised laser pulse. The momentum distributions shown in Figures

7.2(a) and (b) are comprised of concentric toroidal features. The innermost toroid arises

from two-photon detachment, and the outer toroid from above-threshold detachment
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(ATD) following three-photon absorption. At this laser intensity (3 × 1012 Wcm−2),

higher-order processes are negligible.

Figures 7.2(a) and (b) contain two main features of interest. Firstly, counter-rotating

electrons clearly dominate the total yield, indicating a strong rotational asymmetry.

Although striking in its own right, this observation is further distinguished by its stark

contrast with the well-established preference for detachment of corotating electrons by

a single photon. Indeed, such a preference was observed in recent RMT calculations for

F− [504], with corotating electrons taking an 84% share of the single-photon yield. In the

two-photon detachment calculation presented here, the change in preference is rather

dramatic – counter-rotating electrons provide almost 80% of the total detachment yield.

The distributions contain a further salient feature – at the first above-threshold peak,

the rotational preference is reversed. Despite the low yield at the first ATD peak, a

preference for corotating electrons is evident, and therefore the degree of rotational

asymmetry varies strongly with excess energy. The energy-dependent nature of the

rotational asymmetry is rendered most obvious in the energy distributions for co- and

counter-rotating electrons in the polarisation plane, obtained by numerical integration

of the distributions shown in Figures 7.2(a) and (b) with respect to azimuthal angle.

The respective, angle-integrated distributions are shown in Figure 7.2(c), where the

reversal in preference with photoelectron energy is apparent.



7.4. Results and Discussion 231

(a
)

C
o
ro

ta
ti

n
g

(b
)

C
ou

n
te

r-
ro

ta
ti

n
g

(c
)

A
n

gl
e–

in
te

g
ra

te
d

sp
ec

tr
u

m

F
ig

u
re

7.
2
:

P
h

ot
o
el

ec
tr

o
n

m
o
m

en
tu

m
d

is
tr

ib
u

ti
o
n

s,
in

th
e

p
ol

ar
is

at
io

n
p

la
n

e,
fo

r
(a

)
co

ro
ta

ti
n

g
an

d
(b

)
co

u
n
te

r-
ro

ta
ti

n
g

el
ec

tr
o
n
s,

fo
ll

ow
in

g
tw

o-
p
h

o
to

n
d

et
ac

h
m

en
t

fr
o
m

F
−

in
it

ia
te

d
b
y

a
ri

g
h
t-

h
an

d
ci

rc
u

la
rl

y
p

ol
ar

is
ed

la
se

r
p

u
ls

e
w

it
h

a
ca

rr
ie

r
w

av
el

en
g
th

o
f

5
3
2

n
m

,
a

d
u

ra
ti

o
n

o
f

N
c

=
6

cy
cl

es
a
n

d
a

p
ea

k
in

te
n

si
ty

o
f
I 0

=
3
×

1
01

2
W

cm
−

2
.

T
h

e
an

gl
e-

in
te

gr
at

ed
d

is
tr

ib
u

ti
on

s
(c

)
d

em
on

st
ra

te
th

e
en

er
g
y
-d

ep
en

d
en

t
n

a
tu

re
of

th
e

ro
ta

ti
o
n

a
l

a
sy

m
m

et
ry

am
o
n

g
co

-
a
n

d
co

u
n
te

r-
ro

ta
ti

n
g

el
ec

tr
on

s.



7.4. Results and Discussion 232

7.4.3 Three-photon Detachment

Figure 7.3 presents photoelectron momentum and energy distributions, in the polar-

isation plane, for three-photon detachment from F−, induced by a 6-cycle, 800 nm,

right-hand circularly polarised laser pulse. Here, the innermost toroid arises from three-

photon detachment, and the outer toroid from ATD following four-photon absorption.

For this choice of laser intensity, higher-order processes are again negligible.

Comparing Figures 7.3(a) and (b), two features are striking. Firstly, a strong rotational

asymmetry is visible, with counter-rotating electrons clearly dominating the total yield.

Again, this contrasts with the well-established preference for single-photon detachment

of corotating electrons, observed for F− in previous RMT calculations [504]. For three-

photon detachment, counter-rotating electrons now contribute over 80% of the total

yield.

Secondly, the degree of asymmetry once again varies strongly with excess energy. The

lowest-energy electrons close to threshold are predominantly counter-rotating, whereas

the first ATD peak displays less disparity. In fact, the yields for three-photon and

four-photon detachment of corotating electrons are comparable, whereas the analogous

yields for detachment of counter-rotating electrons differ by almost an order of magni-

tude. The respective energy distributions of co- and counter-rotating electrons in the

polarisation plane are shown in Figure 7.3(c). The degree to which counter-rotating

electrons dominate the low-energy yield is evident, as is the level of parity obtained

between the contributions at the first above-threshold peak.

We note one further feature of the distributions, namely the apparent discrepancy in

the widths of the peaks in Figures 7.3(a) and (b) respectively. However, this is merely

due to the choice of scale, and in fact, the respective peaks have almost identical widths,

largely dictated by the laser bandwidth.
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7.4.4 Four-photon Detachment

Figure 7.4 presents photoelectron momentum and energy distributions, in the polar-

isation plane, for four-photon detachment from F−, initiated by a 1064 nm, 6-cycle,

right-hand circularly polarised laser pulse. The distribution now contains three distinct

peaks, due to two significant above-threshold photon absorptions. As in Figure 7.3, a

strong, energy-dependent rotational asymmetry is evident. Detached counter-rotating

electrons dominate the signal close to threshold, before falling away relatively rapidly

for higher-order ATD processes. However, in contrast to Figure 7.3, counter-rotating

electrons detach more readily than corotating electrons after one above-threshold pho-

ton absorption. Near-parity between the detachment yields for co- and counter-rotating

electrons is only established by the second above-threshold peak.

Aside from the disparity in their respective magnitudes, a noticeable difference in the

energy-dependence of co- and counter-rotating electrons appears: corotating electrons

make their strongest contribution at the first above-threshold peak, whereas the con-

tribution from counter-rotating electrons decreases monotonically with excess energy.

Here, we observe the first indication of similarity with existing results using the ARM

and PPT theories for Kr [595, 695] and Ar [598], which have suggested strong counter-

rotating-electron yields close to threshold, with the weaker signal of corotating electrons

strengthening at higher energies. This trend is made clear in the energy distribution

shown in Figure 7.4(c), where the counter-rotating-electron contribution falls rapidly,

while the corotating contribution peaks at around 2 eV.
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7.4.5 Five-photon Detachment

Figure 7.5 presents photoelectron momentum and energy distributions, in the polar-

isation plane, for five-photon detachment from F−, driven by a 1560 nm, 8-cycle,

2 × 1012 Wcm−2, right-hand circularly polarised laser pulse. Above-threshold detach-

ments are considerably more prominent at this wavelength, particularly for counter-

rotating electrons, where the two innermost peaks differ in magnitude by only around

25%. Many of the features of Figure 7.4 are visibly extended in the two cases shown in

Figure 7.5, and the presence of multiple above-threshold peaks allows a trend to be dis-

cerned. Counter-rotating electrons are preferentially detached close to threshold, before

their contribution monotonically decreases as excess energy increases. Corotating elec-

trons again appear more likely to be detached in above-threshold processes than close

to threshold. A strong rotational asymmetry is evidenced at a number of ATD peaks,

with symmetry approached only at the outermost ATD peak. These observations are

again reminiscent of those found for noble-gas targets using the PPT [595] and ARM

[695] approaches.
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7.4.6 Comparison with Analytical Expressions

In approaching the strong-field limit, it is interesting to determine if such an effect is

predicted within the analytical PPT and ARM theories. Treating a monochromatic,

circularly polarised laser pulse of frequency ω, equation (19) of Ref. [595] and equation

(B31) of Ref. [694] provide analytical expressions for the n-photon ionisation rate, and

its dependence on the bound-electron ml value. When considering detachment of p

electrons from negative ions, the respective expressions in Refs. [595] and [694] become

identical, giving the ionisation rate w
pml
n whose ml-dependence is expressed simply by

w
pml
n ∝

[√
ζ2 + γ2

1 + γ2
− ζ sgn(ml)

]2

. (7.2)

Here, ζ = (2n0/n)−1 is a dimensionless parameter, dependent on the minimum number

of photons for detachment, n0, and the total number of photons absorbed, n. For a

circularly polarised field, n0 is related to the ionisation potential Ip and ponderomotive

energy Up by

n0 =
Ip + 2Up

ω
.

Finally, γ = (Ip/2Up)
1/2 is the Keldysh parameter.

We note that the ARM approach has been formulated for both infinitely long (i.e.,

monochromatic) and finite laser pulses [695]. However, in the former case, ARM theory

yields a simple, closed-form result for the ml-dependent ionisation rate (equation (7.2)),

which not only concurs with that of PPT theory, but which is also convenient and

practical, being free of complex, numerical calculations. Since our purpose in this work

is to gain insight into the general, energy-dependent trend of the asymmetry ratio, and

to draw a qualitative comparison between methods, we shall employ only the ARM

and PPT results for monochromatic fields.

At threshold (i.e., n = n0), equation (7.2) predicts that only p−1 electrons are de-

tached. The contribution of p1 electrons gradually rises as n increases. When ζ = 0

(i.e., n = 2n0), the rate is independent of ml, and hence p±1 electrons are predicted to
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detach with equal probability. For n� n0, p1 electrons dominate the detachment yield,

although the yield at such energies is insignificant. Such variation has been observed in

experiment [598], with ARM predictions agreeing well with the measured spectra and

SAE calculations. Therefore, equation (7.2) predicts a photoelectron energy spectrum

(or momentum distribution) whose first n0 peaks are overwhelmingly due to detach-

ment of a counter-rotating electron, whereafter the contribution of corotating electrons

increases. Such behaviour is, in fact, prevalent in the ionisation of p electrons from no-

ble gases, and has been demonstrated in Ref. [595] for ionisation of 4p electrons in Kr,

and in subsequent studies for a variety of atomic targets exposed to few-cycle pulses

[695, 696, 697].

The relative contributions of counter-rotating and corotating electrons are commonly

quantified using their energy-dependent ratio of yields ρ, which PPT and ARM theories

provide in the convenient form

ρ =
wp−1
n

wp1n
=


√
ζ2 + γ2

1 + γ2
+ ζ√

ζ2 + γ2

1 + γ2
− ζ


2

. (7.3)

We stress that this result is based on two main assumptions – a monochromatic laser

pulse, and an initial state in which correlation effects are not explicitly accounted for.

In the RMT approach, we calculate this quantity by integrating the photoelectron

momentum distribution over the angular variables to obtain the energy spectrum, and

taking the ratio of the respective spectral data for co- and counter-rotating electrons.

Figure 7.6 shows the ratio of counter-rotating to corotating electron-detachment yields,

as a function of photoelectron energy, calculated using the RMT and ARM/PPT meth-

ods (see equation (7.3)) at wavelengths of 1064 nm and 1560 nm. Here, we consider the

results of two RMT calculations, one that incorporates the 3s, 3p and 3d pseudo-

orbitals in the description of the F ground-state wavefunction, and one in which only

the Hartree-Fock 1s, 2s and 2p orbitals are used (see Section 7.3 for details).
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Figure 7.6: Energy-dependent ratio of yields for p−1 electrons to p1 electrons following
photodetachment from F−, initiated by right-hand circularly polarised laser pulses
of carrier wavelength (a) 1064 nm and (b) 1560 nm. The ratios given by ARM and
PPT theories (see equation (7.3)) are compared against two RMT calculations: one
employing an F atomic structure that includes the Hartree-Fock 1s, 2s and 2p orbitals,
and another that includes the 3s, 3p and 3d pseudo-orbitals. The photoelectron energy
is derived from the parameters of equation (7.2) using E = (n− n0)ω.
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We begin by comparing the results of RMT calculations that include pseudo-orbitals

with the ARM/PPT ratio. It is clear from Figure 7.6 that both methods predict a sim-

ilar qualitative energy dependence at each wavelength, with counter-rotating electrons

strongly dominating near threshold, before falling away at higher excess energies. The

series of rapid, resonance-like variations in the RMT ratio occur at energies between

the photoelectron peaks (see Figures 7.4(c) and 7.5(c)), and are due to the division of

small yields. We do not attempt comparisons at 532 nm and 800 nm, due to the limited

number of significant ATD peaks in the distributions of Figures 7.2 and 7.3.

We emphasise that a high degree of quantitative agreement between the methods is not

expected, given the difference in pulse lengths and the differing accounts of correlation in

the initial state. Nonetheless, these comparisons demonstrate how the energy-dependent

disparity between co- and counter-rotating electrons can be captured by an ab initio

approach. They allow an initial assessment of the trends predicted by the ARM and

PPT theories, which are commonly used for strong-field processes in circularly polarised

laser pulses.

We now examine the degree to which the distributions are influenced by the amount

of atomic structure retained in treating the neutral F residue. To this end, we have

performed additional calculations using the Hartree-Fock structure model discussed in

Section 7.3. We find that the total detachment yields calculated using this model are

around 40% higher than those obtained with the more complete one (results not shown),

despite the artificial shift in the ground-state binding energy of F−. This sensitivity

to the atomic-structure description is commensurate with that observed in previous

calculations for linearly polarised fields [261].

For both of the cases shown in Figure 7.6, we find that calculations employing a Hartree-

Fock structure yield a ratio which is around 30% lower than that obtained with the

inclusion of pseudo-orbitals. This difference in the magnitude of ρ, however, is only

weakly energy-dependent, thus preserving the general trend suggested by the more

sophisticated model, as well as by the PPT and ARM approaches. We therefore con-

clude, in line with earlier R-matrix investigations of photodetachment in this system

[261, 389], that the quality of the F ground-state wavefunction impacts the accuracy of

calculated detachment yields. Indeed, although the simplified SFA (which neglects the
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target atomic structure) can provide qualitatively correct predictions, a more detailed,

quantitative insight into the dynamics may warrant the proper modelling of electronic

correlation in the target and residual systems, achieved here through an appropriate

selection of the corresponding, configuration-interaction wavefunction compositions.

7.5 Conclusions

In this chapter, we have reported ab initio, non-perturbative calculations of photoelec-

tron momentum distributions for F−, irradiated by circularly polarised, near-infrared

laser pulses, using the RMT method. We have established the contributions of co- and

counter-rotating electrons, and demonstrated the well-known preference for strong-

field detachment of counter-rotating electrons. Furthermore, we have observed a strong

variation in this preference with photoelectron energy. Close to threshold, a strong ro-

tational asymmetry favours detachment of counter-rotating electrons. With increasing

photoelectron energy, the degree of rotational asymmetry gradually decreases, with

equal partitioning only established at high excess energies, where detachment yields

are negligible. Conveniently, the quantity of interest – the energy-dependent ratio of

counter-rotating to corotating ionisation yields – is provided analytically by the ARM

and PPT approaches. We find good qualitative agreement between the predictions of

these methods and our numerically computed ratios. This demonstrates the ability of

both numerical and analytical methods alike to capture the asymmetric distribution

of detachment yields for the F− system in circularly polarised laser fields, providing a

valuable verification of their predictive power. The energy-dependent trend exhibited

by the rotational asymmetry is largely insensitive to the quality with which the ionic

structure is described, although a poorer treatment of the residual, F ground state

can give rise to significant quantitative changes in the predicted detachment yields.

Notably, sensitivities to the atomic-structure model can be considerably more difficult

to gauge in other approaches. Our work further underlines that the RMT method is

capable of capturing the multiphoton dynamics of a truly multielectron atomic system

in circularly polarised laser light.

The data presented in this chapter may be accessed using Ref. [720]. The RMT code

is part of the UK-AMOR suite, and can be obtained for free through Ref. [551].



Chapter 8

Density-matrix Description of

Atomic Spin-orbit Wavepackets

Produced by Short-pulse Laser

Photodetachment

8.1 Introduction

Advances in laser technology have facilitated a wealth of important discoveries sur-

rounding the electronic structure and dynamics of atomic and molecular systems [721].

Electronic and nuclear wavepackets, formed as a result of strong-field excitation or

ionisation processes, underlie essentially all aspects of ultrafast physics [651], and play

an instrumental role in a myriad of its scientific and technological applications. These

include spatially-resolved molecular imaging [722, 723] and the generation of high-

harmonic radiation [652, 653], as well as the active manipulation of chemical reaction,

charge and energy transfer pathways [8, 724, 725, 726].

In general, it is the coherent superposition of quantum energy eigenstates that drives

time-dependent motion in atoms and molecules, with a characteristic timescale that is

dictated by their energy separations. In molecules for instance, the spacing of vibra-
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tional and rotational energy levels is typically a small fraction of an electron-volt, giving

rise to structural and orientational changes on a timescale of tens, even hundreds of

femtoseconds. As a result, femtosecond laser spectroscopy [1] has enabled the direct ob-

servation of both vibrational [727, 728] and rotational [729, 730, 731] wavepackets, and

moreover, has made feasible their coherent control for chemical applications [732, 733].

In contrast, the electron-volt-scale separation of atomic and molecular electronic states

ensures that electron motion, in the valence shell, evolves on a sub- to few-femtosecond

timescale. Both the generation and time-domain characterisation of electron wavepack-

ets thus demand advanced spectroscopic capabilities, offering temporal resolution orders

of magnitude greater than that which suffices for molecular structural and orientational

dynamics. To date, such wavepackets have been examined in the valence shells of atomic

ions, employing attosecond transient-absorption spectroscopy (ATAS) [158, 734, 735]

and sequential double-ionisation [736, 737, 738, 739], as well as in the valence shells of

neutral molecules, by means of high-harmonic spectroscopy (HHS) [740, 741, 742].

Just as coherent vibrational and rotational wavepackets enable control over these molec-

ular degrees of freedom, electronic coherence is key to accessing and exploiting the

dynamics of electrons on the natural timescale of their motion. It has constituted the

subject of recent kinematically complete experiments [743], wherein the electron mo-

tion had been inferred, but not directly observed. Aside from the very simplest systems

however, experimental techniques are unable to probe all degrees of freedom. Under

such conditions, we are compelled to address an open quantum system, whose proper

characterisation necessitates the computation of a time-dependent density matrix [744],

along with the ensemble-averaged quantities derived therefrom.

Perhaps one of the most well recognised examples of an open system is an atom ionised

by an intense radiation field. Whilst strong-field ionisation has been studied extensively

and in many respects, little attention has been committed to the issue of whether it

is conducive to long-lived electronic coherences. Certainly, the process can lead to the

population of multiple electronic states, which constitutes a basic requirement for the

initiation of wavepacket dynamics in the residual system [495, 745, 746]. However, the

question of whether coherences among those states can be created, let alone sustained,

remains largely unresolved. Insufficient temporal confinement of ionisation, spontaneous

decay or recollision could all, in principle, compromise electronic coherences, rendering
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the ionised system in a mixed state with little or no inherent time-dependence. It is

thus of interest to explore the synchrony of wavepacket dynamics arising from strong-

field ionisation, with the aim of assessing its potential for the preparation of coherent,

quantum superpositions in single atoms or ions.

Experimentally, one of the key challenges in quantifying electronic coherence stems from

the need for truly time-resolved measurements. The integration of correlated measure-

ment techniques with HHS has yielded some promise [661, 747]. In particular, Smirnova

et al. [273] have revealed signatures of partial coherence among transient ionic states in

an ensemble of irradiated molecules, within a timescale of order 1 fs following ionisation.

However, no means of estimating the degree of coherence, nor of accurately monitor-

ing its temporal persistence, were considered. Recently, the appropriateness of existing

HHS strategies for this purpose has been scrutinised. As noted in Ref. [734], HHS has

traditionally been restricted to molecular systems with large ionisation potentials (in

excess of about 10 eV), and intrinsically necessitates the presence of a strongly perturb-

ing laser field. More fundamentally, and as highlighted by Pabst [748], high-harmonic

emission involving multiple electronic states of the ion appears largely insensitive to the

coherences among them, provided that ionisation and recombination occur to the same

electronic state. Only under a rather specific set of conditions are the consequences of

coherence clearly manifest in high-harmonic generation [497, 741].

The evolution of attosecond pump-probe spectroscopy has offered an alternative means

of characterising coherent electron dynamics. For instance, Goulielmakis et al. [734]

and Wirth et al. [158] have advocated ATAS measurements to surpass some of the

limitations of HHS. These authors proposed to use waveform-controlled, few-cycle laser

pulses to generate Kr+ ions from their neutral counterparts by strong-field ionisation.

The ions were subsequently probed through the spectrally-resolved absorption of an

isolated, extreme-ultraviolet, attosecond light pulse. Their observations suggest that

temporally confined ionisation, in the field of an ultrashort pulse, could give rise to

broadband electron wavepackets in the spin-orbit manifold of the ground state (see

below), with a high degree of coherence that can persist for longer than 10 fs. Comple-

mentary theoretical studies of noble-gas ions, based on numerical multichannel models

[491, 492], highlight the importance of the pulse length, demonstrating that the degree

of coherence diminishes whenever the duration of the ionising pulse exceeds the nat-
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ural timescale of wavepacket evolution. Note that this behaviour parallels that found

in the preparation of coherent superpositions from atomic bound states by short-pulse

photoexcitation [749, 750, 751, 752]. Indeed, the coherence in strong-field ionisation ap-

pears to have a comparable physical origin [748], arising from the indistinguishability

of the ionisation pathways, associated with different residual-ion states, by virtue of

the broad pulse bandwidth (inversely related to its duration). Before proceeding, we

highlight that ATAS schemes appear to offer a unique combination of advantages for

observing electronic wavepackets in real time. The controllable degree of perturbation,

applicability to systems with arbitrary ionisation potentials, and adaptability to sys-

tems without gaseous or thin-film constitution (such as bulk, solid-state media), ensure

that spectroscopic techniques, based on the transient-absorption response of matter on

an ultrafast timescale, remain promising for the detection of coherent electron dynamics

in complex physical systems.

The realisation of electronic coherences in strong-field processes plays a particularly

important role in the preparation of atoms or ions with orbitally-aligned states. The

field-driven ionisation response of an atomic system is strongly dependent on the spa-

tial orientation of the valence electron orbitals. Upon subjecting an atom to a linearly

polarised light pulse, emission of electrons with orbital angular momentum projection

ml = 0 is strongly favoured relative to ml 6= 0 [269, 717, 753, 754]. Thus, follow-

ing the ionisation event, the residual system presents a spatially confined hole in the

electron-density distribution of the valence shell, oriented predominantly along the

laser polarisation axis. This constitutes the orbital alignment effect, as discussed in

Refs. [755, 756, 757]. Such a state is not stationary when the atomic Hamiltonian in-

cludes spin-orbit coupling, but represents the coherent superposition of a manifold of

fine-structure states, often that associated with the ground state of the ionic residue.

For example, in strong-field ionisation of noble-gas atoms, a hole in the valence np

subshell leads to a coherent population of the 2P3/2 and 2P1/2 levels of the positive

ion. Since the corresponding wavepacket is formed from stationary states with different

energies, the hole displays a time-dependent spatial distribution [734]. The timescale

for this evolution, in turn, is dictated by the energy-level splittings prevalent in the

manifold. The experimental ATAS studies of Goulielmakis et al. [734] and Wirth et al.

[158] clearly demonstrated the formation of such spin-orbit wavepackets and, as high-
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lighted in the work of Rohringer and Santra [492], their coherence hinged critically on

the relative timescales of the photoionisation process and spin-orbit beats.

Until recently, investigations of orbital alignment had been restricted to noble-gas ions

[734, 737, 755, 756, 757]. The elaboration of experimental and theoretical techniques for

other quantum systems, particularly neutral atoms, remains of considerable interest.

In this connection, significant experimental advances have been reported by Hultgren

et al. [252] and Eklund et al. [253]. These authors employed a pump-probe scheme to

assess the time-evolution of orbital alignment in the ground state of laser-produced

neutral atoms. Specifically, C, Si and Ge atoms, with valence np2 configuration, were

prepared in the 3P ground state by photodetachment from their respective negative

ions, initially in their np3 4S ground state. The detachment was induced by a linearly

polarised, infrared (2055 nm) pump pulse of 100 fs duration. Preferential removal of

an electron with ml = 0 gave rise to the formation of a localised hole in the valence

np subshell, which was probed through strong-field ionisation in a second, infrared

(1310 nm), 100 fs pulse, delayed in time by 600 − 5000 fs, and with polarisation axis

oriented either parallel or perpendicular to that of the pump pulse. These authors

recorded angle-resolved photoelectron spectra, and provided a visualisation of the va-

lence electron-density distribution. Additionally, integrated ionisation yields pertaining

to the high-energy photoelectron jets were reported as a function of time delay be-

tween the pump and probe pulses. The experimental findings confirmed a dependence

of the ionisation yield on the time-varying density distribution, and the existence of

quantum-beat modulations in this signal with time delay for C and Si (with no clear

manifestations for Ge). Being inextricably connected with the coherent population of

atomic fine-structure manifolds, their observations highlight that electron dynamics

induced by the spin-orbit interaction could be detected even for light atoms.

The aforementioned work has been complemented by two recent theoretical studies.

Rey and van der Hart [758] employed ab initio R-matrix with time-dependence (RMT)

theory [254] to model the ionisation dynamics in the probe phase of the experiment.

These authors examined the photoelectron momentum spectra resulting from ionisation

of the C atom in initial, orbitally-aligned states with total magnetic quantum number

ML = 0 and ML = 1. Significant differences in their qualitative characteristics were re-

vealed, in concurrence with the observations reported by Eklund et al. [253]. Moreover,
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the experimental ionisation signal was simulated by integrating electron emission within

a cone of 11.7◦ around the polarisation axis of the probe pulse, and accounting for pho-

toelectron momenta p ≥ 0.4 a.u.. The normalised yield obtained in this fashion was

also found to be in good agreement with the data presented in Ref. [253]. Soon after,

Law and Gribakin [759] recognised that the experimental observations could be de-

scribed in a much simpler manner. These authors assumed that instantaneous removal

of an electron with ml = 0 dominates both the detachment (pump) and subsequent

ionisation (probe) events, and analysed the evolution of the perfectly coherent, np2

3PJ fine-structure wavepacket in C, Si and Ge. They established a simple, analytical

expression for the ionisation signal as a function of pump-probe time delay, finding it to

have a very specific shape. For C and Si, the theory predicts a temporal modulation of

the signal that accurately reflects the experimental observations. These oscillations are

characteristic of quantum beats, and signify the existence of a coherent superposition

of the ground-state fine-structure components. We note that the J = 1, 2 beats were

particularly dominant in the experimental signal. For Ge however, Eklund et al. found

a lack of clear beat features compared to C and Si, and the theory could not provide a

satisfactory description of the experimental data. Law and Gribakin suggest that this

behaviour may stem from the relation between the pulse duration and spin-orbit beat

periods. In the experiment, both the pump and probe pulses were of 100 fs duration.

This is much shorter than the dominant beat period for C, and shorter than that for Si,

but is more than twice as long as that for Ge. As a consequence, the degree of coherence

is expected to be greatest for spin-orbit wavepackets in C and Si, but reduced for Ge,

where the states prepared by the pump pulse begin to resemble a classical ensemble.

Such an effect, dependent on the pulse duration, is however absent in the treatment

of Law and Gribakin, wherein photodetachment is assumed to occur instantaneously,

leading to fully coherent (i.e., pure), time-evolving states of the residual atomic system.

The pronounced loss of coherence, possibly observed for Ge, may indicate that the

assumption of instantaneous photodetachment is inadequate for atoms with shorter

spin-orbit beat periods (in the femtosecond range). For heavier systems, whose beat

periods can readily be exceeded by the duration of even short laser pulses, strong-field

detachment may not, in general, produce ideally coherent spin-orbit wavepackets. In

this chapter, we apply a semi-analytical Keldysh-type approach (KTA) to compute the
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density matrix of atomic states produced by short-pulse photodetachment from nega-

tive ions with np3 ground-state configuration, of relevance to the pump-probe studies

of Hultgren et al. [252] and Eklund et al. [253]. The original Keldysh theory [576] and

its variants are commonly used to study strong-field interactions with matter (see, for

instance, Refs. [269, 270, 579, 760]). They have proven especially valuable for modelling

electron detachment from anions, where the photoelectron is unaffected by a long-range

Coulomb field. Here, we use this formalism to calculate the amplitudes for photode-

tachment by a short laser pulse, leading to a neutral atom (C, Si or Ge) and an electron

with a given asymptotic momentum in the final state. By computing the relevant ele-

ments of the density matrix for the residual atom, we characterise the partially coherent

dynamics arising in the spin-orbit manifolds of the atomic np2 systems. In particular,

we confirm the criterion suggested by Law and Gribakin [759] for coherent wavepacket

generation in strong-field detachment, and verify that a loss of coherence for Ge results

in a strong suppression of quantum beats in the ionisation signal.

This chapter is structured as follows. In Section 8.2, we discuss the application of the

KTA in computing the density matrix for each residual np2 atomic system. We show

how the density-matrix elements can be determined from a set of transition amplitudes,

and discuss their numerical evaluation by means of the adiabatic saddle-point method.

Additionally, we derive formulae for the probe-induced ionisation signal as a function

of pump-probe time delay, and examine the dependence of the beat amplitudes on

the degree of electronic coherence attained following photodetachment. In Section 8.3,

we discuss the choice of calculation parameters adopted in this study, particularly in

connection with the saddle-point approach. Following this, in Section 8.4, we report

the results of our numerical computations. For each atomic species, we investigate the

temporal evolution of the density matrix during the photodetaching pump pulse, whose

elements reflect the populations of and coherences among the ground-state spin-orbit

components. We confirm a fundamental criterion for coherent spin-orbit wavepacket

generation in strong-field detachment, and in light of this, discuss the validity of the

simplified, pure-states description previously considered by Law and Gribakin [759].

Subsequently, we discuss the sensitivity of the atomic spin-orbit coherences to the

pump-pulse duration, and rationalise the observed behaviour in terms of a simple,

perturbation-theoretic model. Additionally, using the computed density matrices in
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conjunction with the analytical formulae derived in Section 8.2, we model the probe-

induced ionisation signal for each species. We compare our predictions for the signal

shapes with those of Law and Gribakin, as well as the experimental data of Hultgren et

al. [252] and Eklund et al. [253] for the pump-pulse durations adopted in their studies.

Section 8.5 closes the chapter with relevant conclusions. We use atomic units throughout

this work, unless otherwise stated.

8.2 Theory

In this work, we examine single-electron, strong-field detachment from C−, Si− and

Ge−, initially in their np3 4S ground state, and quantify the coherences generated

in the residual neutral atoms during the laser-anion interaction. The ground state of

each negative ion is characterised by the total angular momentum quantum number

J0 = 3/2, and correspondingly the total magnetic quantum number M0 = ±1/2,±3/2.

In connection with this initial state, two points should be highlighted. Firstly, by virtue

of symmetry, we may confine attention to only two distinct values of M0, say M0 = 1/2

and 3/2. Secondly, the total angular momentum properties of the anion ground state

(J0,M0) are determined purely by the total spin. In a non-relativistic description, con-

servation of the latter will ensure that the value of M0 dictates which states of the resid-

ual atom are accessible following the photodetachment event. In the present analysis,

we must therefore consider the two admissible spin states of the anion corresponding

to M0 = 1/2 and 3/2 separately, so that the density matrix, and all quantities derived

therefrom, will be specific to the initial state in question. Throughout, we treat only

the three outer-valence (np) electrons of the anion in an explicit manner, assuming that

the inner-valence (ns) electrons, as well as those of the inner shells, remain inactive.

The residual atomic species considered in this work have ground-state valence config-

uration np2, giving rise to the terms 3P, 1D and 1S. Specifically, the atoms of interest

have nuclear charges Z = 6, 14 and 32, so we may assume that the total spin is a

good quantum number for them. In this case, strong-field detachment does not permit

production of the singlet states, so that the laser-generated C, Si and Ge stoms can be

created only with 3P symmetry. The orbital alignment dynamics in these systems thus

result from a superposition of their 3PJ spin-orbit components, where the total angular
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momentum quantum number can assume values of J = 0, 1, 2. For each value of J , all

realisable magnetic substates, M , should be accounted for.

Regarding the laser field, the time-dependent vector potential is assumed of the form

A(t) = A0 sin2

(
ωpt

2N

)
sinωpt ẑ, (8.1)

where A0 is its peak magnitude, ωp is the carrier frequency of the pulse, N is the number

of cycles for some total pulse duration τp = 2πN/ωp, and ẑ is a unit vector in the z-

direction. The corresponding electric field intensity is simply given by E(t) = −dA/dt.

8.2.1 Atomic Density Matrix

In the KTA for photodetachment, we evaluate the transition amplitude in a manner

akin to first-order perturbation theory [289],

AJMJ0M0
(p, σ) =

∫ τp

0

〈
ΨJM

p,σ (t)
∣∣VL(t) |ΨJ0M0(t)〉 dt. (8.2)

Here, ΨJ0M0 is the wavefunction of the initial (bound) state of the anion, with total

angular momentum quantum numbers J0 and M0, whilst ΨJM
p,σ is the wavefunction of

the final (continuum) state. In treating the latter, we acknowledge the absence of the

long-range Coulomb potential (due to the neutral residue), and neglect the influence

of the short-range atomic potential on the detached electron. This constitutes a ratio-

nal simplification in modelling photodetachment, given its characteristic occurence at

asymptotically large distances [269] (see also Section 8.2.2). The wavefunction ΨJM
p,σ (t)

thus describes the residual atomic system, with total angular momentum quantum

numbers J and M , and the detached electron, with canonical momentum p and spin

σ, moving under the action of the external laser field. Finally, VL(t) is the dipole inter-

action operator for the three-electron system, which we express in the length gauge as

VL(t) = −D ·E(t), where D is the total dipole moment operator.

To quantify the extent of coherent wavepacket dynamics in atomic spin-orbit manifolds,

we compute the reduced density matrix for the residual atom. The density operator
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of the whole system at time t, following photodetachment from a given anionic state

J0M0, is given by

ρ(t) = |Φ(t)〉 〈Φ(t)| ,

where |Φ(t)〉 describes collectively the state of the residual system and continuum elec-

tron,

|Φ(t)〉 =
∑
σ

∑
JM

∫
|p, σ〉|JM〉e−iEJ tAJMJ0M0

(p, σ)
d3p

(2π)3
.

In this equation, |JM〉 denotes a fine-structure state of the atomic residue with energy

EJ , and |p, σ〉 a continuum state with asymptotic momentum p and spin σ. The in-

tegration is performed over all momenta of the detached electron. The elements of the

reduced atomic density matrix at time t > 0, following termination of the photodetach-

ing (pump) pulse, are given by

ρ
(J0,M0)
J ′M ′,JM (t) = e−i(EJ′−EJ )tρ

(J0,M0)
J ′M ′,JM ,

where the values at the end of the pulse (correspondng to t = 0) are evaluated as

ρ
(J0,M0)
J ′M ′,JM = 〈J ′M ′|ρ(0)|JM〉

=
∑
σ

∫ [
AJ
′M ′
J0M0

(p, σ)
]∗
AJMJ0M0

(p, σ)
d3p

(2π)3
. (8.3)

The diagonal elements

ρ
(J0,M0)
JM,JM =

∑
σ

∫ ∣∣AJMJ0M0
(p, σ)

∣∣2 d3p

(2π)3

are real, and represent the population of each fine-structure state of the atom. Thus, the

total population (or detachment probability) is simply the trace of the matrix ρ(J0,M0),
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w(J0,M0) =
∑
JM

ρ
(J0,M0)
JM,JM . (8.4)

The off-diagonal elements are in general complex, and encode the coherence among

different fine-structure states of the atom. Note that for a linearly polarised pulse,

the density matrix at t = 0 is diagonal in the basis of uncoupled spin-orbital angular

momentum states, so that only those states with M = M ′ in equation (8.3) may

form coherent superpositions, characterised by non-zero values of the corresponding

off-diagonal elements [492, 734].

Equation (8.3) enables computation of the density-matrix elements directly from a set

of transition amplitudes. In principle, the latter must be determined from truly mul-

tielectron wavefunctions, pertaining to both the initial and final states of the system.

In this work, we apply the KTA elaborated by Gribakin and Kuchiev [269] as well

as Shearer et al. [270, 271, 761], whose efficiency and predictive capabilities, at the

quantitative level, have been adequately demonstrated for single-electron, multipho-

ton detachment [271, 761, 762]. Crucially however, the KTA is a single-active-electron

technique, in which only the dynamics of the detached electron are treated explicitly.

This implies using approximations for the many-electron wavefunctions, that reduce

the evaluation of the quantity (8.2) to that of a one-electron detachment amplitude,

which can be calculated as outlined in Refs. [269, 270, 271].

8.2.2 Evaluation of the Transition Amplitude

Evaluation of the transition amplitude (8.2) in the KTA implies an approximate repre-

sentation for the wavefunctions of the initial (bound) and final (continuum) states of the

system. To this end, we make, and provide justification for, the following assumptions:

(a) The wavefunction of the initial anionic state, and that of the atomic residue in

the final state, are antisymmetrised products of one-electron spin-orbitals (Slater

determinants), or linear combinations thereof in accordance with the coupling of

the total orbital and spin angular momenta into the appropriate J and M . For

the final continuum state of the system, the total wavefunction is a product of
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two individual wavefunctions, one for the atomic bound state, and the other for

the motion of the detached electron in the laser field.

(b) Non-zero contributions to the amplitude (8.2) are obtained if, of the three one-

electron spin-orbitals that comprise these Slater determinants, two are exactly

the same for the anion and residual-atom states.

(c) The field-dressed continuum state of the detached electron is described by means

of a Volkov wavefunction [763].

Assumption (a) is, of course, foundational to Hartree-Fock theory [764]. As is well

known, the Slater-determinant form respects the requirement of permutation antisym-

metry for many-fermion wavefunctions. However, correlation is only partially incor-

porated, arising by virtue of the Pauli exclusion principle alone. Whilst the role of

dynamical correlations in np2 systems, for example, has been underlined in previous

work [588, 765], we nonetheless continue to favour the analytical tractability afforded

by simple Hartree-Fock wavefunctions. In fact, within the framework of the KTA, it has

been shown that electron-electron correlations, prevalent in the initial, multielectron

state, do not contribute significantly to the computed multiphoton detachment proba-

bilities, provided that the asymptotic behaviour of the initial, bound-state wavefunction

is faithfully represented [269]. Moreover, the occurrence of detachment at asymptoti-

cally large distances justifies the factorisation adopted for the total wavefunction of the

final state, wherein short-range exchange and correlation effects between the detached

electron and those of the residual atom can be neglected.

Assumption (b) implies that the residual atomic system is unrelaxed following the

photodetachment event. The true credibility of this assumption is difficult to assess,

given the paucity of available literature on the matter for strong-field detachment.

We highlight, however, that relaxation to the ground state of the atom is, at least

partly, incorporated in the present analysis. To capture the correct, asymptotically

decaying behaviour of the bound-state wavefunctions, we estimate the binding energy,

appropriate for each detachment threshold, from the experimentally measured electron

affinities and fine-structure splittings. This stands in contrast to the use of Hartree-

Fock binding energies, which have been shown to produce significant errors in predicted

multiphoton detachment rates [269].
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Finally, assumption (c) specifies a simple analytical form for the wavefunction of the

continuum-electron state, which accounts for the laser field non-perturbatively (i.e., in

all orders). As mentioned previously, electron detachment from negative ions bears a

largely asymptotic, long-range character, whether in the weak- or strong-field regime.

Owing to this, we may reasonably neglect the influence of the atomic field (i.e., short-

range polarisation effects) on the photoelectron in the final state. This, combined with

the absence of a long-range Coulomb potential for the neutral residue, allows for the

explicit treatment of only the external field there. The Volkov wavefunction is thus

suitable for the determination of transition amplitudes pertaining to multiphoton de-

tachment.

Calculations based on the Volkov final-state wavefunction were first performed by

Keldysh [576], with subsequent developments by Perelomov et al. [717] and later both

Faisal [278] and Reiss [766]. Whilst the original theory of Keldysh, and its derivatives,

often provide a faithful qualitative account of strong-field processes in atoms, Gribakin

and Kuchiev [269] have demonstrated that a proper application of these methods can

provide reliable, quantitative predictions for multiphoton detachment in negative ions.

In Appendix B, we show that assumptions (a)–(c) allow for the transition amplitude

(8.2), for a given set of J0, M0, J and M values, to be expressed as a linear combi-

nation of one-electron detachment amplitudes with spin-dependent factors. Each such

amplitude has the form

A
(J)
lml

(p) =

∫ τp

0
〈ψp(r, t)|VL,1(t)|ψ(J)

lml
(r, t)〉 dt, (8.5)

where ψ
(J)
lml

(r, t) = exp(−iEJb t)φ
(J)
lml

(r) is the wavefunction for an initially bound elec-

tron, and EJb is the electron energy with respect to a particular fine-structure detach-

ment threshold. Also, φlml(r) is the spatial component of the spin-orbital that becomes

unoccupied in the final state. The Volkov wavefunction ψp(r, t), given by equation (8)

of Ref. [269], describes the motion of the continuum electron with canonical momentum

p, and VL,1(t) = r ·E(t) is the dipole interaction operator for the detached electron.

The amplitude (8.5), for detachment of an electron with orbital angular momentum

quantum numbers l and ml, is evaluated numerically using the saddle-point method
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of Gribakin and Kuchiev [269], adapted for short pulses by Shearer et al. [270, 271].

Following the latter work, equation (8.5) can be rewritten as

A
(J)
lml

(p) =

∫ τp

0

[
EJb −

1

2
(p + kt)

2

]
φ̃

(J)
lml

(p + kt) exp[iSJp(t)] dt, (8.6)

where

φ̃
(J)
lml

(q) =

∫
e−iq·rφ

(J)
lml

(r) dr

is the Fourier transform of φ
(J)
lml

(r), the quantity

kt = −
∫ t

0
E(t′) dt′

is the classical, kinetic momentum of the electron due to the field, and

SJp(t) =
1

2

∫ t

0
(p + kt′)

2 dt′ − EJb t (8.7)

is the coordinate-independent component of the classical action.

The integrand in equation (8.6) includes a complex exponential, exp[iSJp(t)], whose

real and imaginary parts oscillate rapidly in time. Indeed, for multiphoton processes,

SJp(t) ∼ 2πN |EJb |/ωp, with |EJb |/ωp the minimum number of quanta required for

photodetachment. The dominant contributions to the integral are then given by the

neighbourhoods of points of stationary phase (or the saddle points of SJp(t)), at which

dSJp(t)/dt = 0, or

(p + kt)
2 + κ2

J = 0. (8.8)

Here, κJ is related to the initial electron energy, with respect to detachment threshold

J , by EJb = −κ2
J/2.
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Note that equation (8.8) expresses conservation of energy at the saddle-point times:

the two terms on the right-hand side of equation (8.7) correspond to the energies of

the electron in the final and initial states. Their equality reflects the adiabatic nature

of the present treatment, wherein a transition between these states occurs at those

instants of time when the energies coincide [767]. Significantly, the condition (8.8)

cannot be satisfied for any real value of t, so that the saddle points lie in the complex

plane of time. Their complex form manifests that multiphoton ionisation is a classically

forbidden process (except in the over-barrier regime), and their real parts represent

those instants of time (around the peaks of the field) when removal of the electron is

most probable.

A crucial observation in the application of the saddle-point method is that condition

(8.8) corresponds to the poles of the Fourier transform φ̃
(J)
lml

(p + kt), appearing in the

amplitude (8.6). The behaviour of this function, in proximity to each pole, is in turn

determined by the asymptotic behaviour of the initial, bound-state wavefunction for

large radial distances [269],

φ
(J)
lml

(r) ∼ A

r
e−κJrYlml(r̂), (8.9)

where A is a normalisation constant and Ylml(r̂) is a spherical harmonic. Therefore, the

detachment amplitude in length form, when calculated by the saddle-point method, de-

pends only on the long-range behaviour of the initial-state wavefunction, as opposed to

that throughout the whole of space. This constitutes a distinct advantage of describing

the laser-ion interaction in the length gauge. Indeed, such is not true for the evalua-

tion of the detachment amplitude in velocity form, for which accurate wavefunctions,

incorporating the effects of short-range exchange and correlation, would be required

[269].

For the sine-squared pulse (8.1), numerical solution of equation (8.8) yields 2(N +

1) saddle points tµ, occurring in complex-conjugate pairs. Only those which reside

in the upper half-plane, however, need be considered for the transitions of interest

(this pertains to a general feature of the adiabatic theory [767]). As in Ref. [271],

the single-electron detachment amplitude (8.5) is determined by a sum of saddle-point
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contributions,

A
(J)
lml

(p) = −(2π)3/2A

2(N+1)∑
µ=1

(±1)lYlml(p̂µ)
exp[iSJp(tµ)]√
−iSJp

′′(tµ)
. (8.10)

Here, p̂µ is a unit vector, formed from the complex momentum pµ = p + ktµ evaluated

at the saddle points, and the phase factor (±1)l alternates, for odd l, between succes-

sive saddle points. These quantities allow one to determine the bound-free transition

amplitudes AJMJ0M0
(p, σ) for the system (see Appendix B), and hence the density-matrix

elements ρ
(J0,M0)
J ′M ′,JM given by equation (8.3).

8.2.3 Ionisation Signal

As discussed in Section 8.2.1, computation of the reduced density matrix, for each

laser-produced np2 atomic system, enables a quantitative assessment of coherences

among the various 3P ground-state spin-orbit components. However, it also allows

one to predict the subsequent temporal evolution of the atomic state following the

photodetachment event. In particular, by extracting the time-dependent probability

with which single-electron states having ml = 0 or ±1 are occupied, we can establish

how the photoelectron signal might behave upon subjecting the atom to an ionising

probe pulse. In this respect, the present density-matrix approach offers a comprehensive

analysis of the experiments discussed by Hultgren et al. [252] and Eklund et al. [253],

providing a treatment of both the pump- and probe-induced dynamics.

During the time delay between the pump and probe pulses, the residual atomic state

undergoes a field-free evolution. As such, the density operator characterising this (in

general, mixed) state at time t can be written in the form

ρ(J0,M0)(t) =
∑
J ′M ′

∑
JM

ρ
(J0,M0)
J ′M ′,JMe

−i(EJ′−EJ )t|J ′M ′〉〈JM |. (8.11)

We emphasise that following photodetachment, the time-evolution is determined by

a phase variation e−i(EJ′−EJ )t, dictated by the fine-structure splittings of the atom.

The quantities ρ
(J0,M0)
J ′M ′,JM are precisely the density-matrix elements at time t = 0 (i.e.,
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upon termination of the photodetaching pulse), and are given by equation (8.3). Their

computation is as described in Section 8.2.1. Additionally, it is sufficient to retain only

those terms with M ′ = M , since the total angular momentum projection of the system

is conserved. Equation (8.11) can also be expressed in an equivalent fashion, involving

the uncoupled LS-states of the residual atom,

ρ(J0,M0)(t) =
∑
J ′JM

∑
M ′LML

∑
M ′SMS

ρ
(J0,M0)
J ′M,JMe

−i(EJ′−EJ )t(LM ′LSM
′
S |J ′M)

× (LMLSMS |JM)|LM ′L;SM ′S〉〈LML;SMS |. (8.12)

Here, L,ML and S,MS are the total orbital and spin angular momentum quantum num-

bers of the residual-atom state, and the quantities (LMLSMS |JM) are Clebsch-Gordan

coefficients. Note that these atomic LS-states are expressed as linear combinations of

Slater determinants, as discussed in Section 8.2.2. They are given explicitly in Appendix

B.

In the experimental works of Hultgren et al. [252] and Eklund et al. [253], the photo-

electron yields were measured not only for a range of time delays between the pump

and probe pulses, but also for two different relative orientations of their polarisation

axes (i.e., either parallel or perpendicular). Indeed, while the polarisation of the pump

pulse defines the axis of orbital alignment, created initially in the C, Si and Ge atoms,

the probe pulse allows one to monitor the time-evolution of the electron-density dis-

tribution along its own polarisation axis. Such polarisation-anisotropy measurements

not only provide time-resolved insight into the dynamics of coherent wavepacket ex-

citation [252, 253, 768, 769], but can also confer improved signal-to-noise ratios over

more traditional pump-probe schemes.

Correspondingly, to model the experimental ionisation signals, we determine the pho-

toelectron yields for parallel and perpendicular configurations of the pump and probe

polarisation axes. These yields are assumed to be proportional to the probabilities with

which single-electron states, having ml = 0 and ml = ±1 respectively, are occupied.

To ascertain these probabilities, we introduce the operator O(ml), given by a sum of
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single-electron projection operators,

O(ml) =
2∑
i=1

∑
ms

|lml; sms〉i〈lml; sms|i. (8.13)

Each projector probes the occupation of the spin-orbital |lml; sms〉i for electron i,

where l,ml and s,ms are the orbital and spin angular momentum quantum numbers

respectively. Of course, for the valence np2 electrons of interest, l = 1 and s = 1/2.

Note the summation over the electron spin projection ms, which remains unobserved

in the experiments of Refs. [252, 253]. In parallel configuration, we determine the time-

dependent signal of ml = 0 electrons, S
(J0,M0)
‖ (t), as the expectation value of the

operator (8.13), with ml = 0, in the density-matrix state (8.12) of the system,

S
(J0,M0)
‖ (t) = Tr

[
O(0)ρ(J0,M0)(t)

]
.

For the perpendicular configuration of pump and probe polarisation axes, the sig-

nal S
(J0,M0)
⊥ (t) can be found by rotating the two-electron wavefunctions, appearing in

equation (8.12), through an angle π/2 about the y-axis, with the orientation of the

coordinate frame maintained fixed. This, however, is tantamount to a rotation of the

coordinate frame itself through the same angle, but in an opposite sense, about the

original y-axis. To achieve the latter, we express the angular component of each one-

electron np orbital, Y1ml(θ, φ), in terms of spherical harmonics defined with respect to a

rotated coordinate frame, wherein the z-axis becomes oriented perpendicularly to that

of the original frame [479]. More specifically,

Y11(θ, φ) =
1

2
Y11(θ̃, φ̃)− 1√

2
Y10(θ̃, φ̃) +

1

2
Y1−1(θ̃, φ̃), (8.14)

Y10(θ, φ) =
1√
2
Y11(θ̃, φ̃)− 1√

2
Y1−1(θ̃, φ̃), (8.15)

Y1−1(θ, φ) =
1

2
Y11(θ̃, φ̃) +

1√
2
Y10(θ̃, φ̃) +

1

2
Y1−1(θ̃, φ̃). (8.16)

Here, the spherical polar angles θ and φ pertain to the original coordinate frame, whilst
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θ̃ and φ̃ are associated with that obtained by rotation.

Exploiting the two-electron, residual-atom wavefunctions, we can determine the ionisa-

tion signals S
(J0,M0)
‖ (t) and S

(J0,M0)
⊥ (t), appropriate to the parallel and perpendicular

configurations of the pump and probe polarisation axes. Explicit formulae for the latter

are provided in Appendix B. These quantities are then used to construct a normalised

measure for the polarisation-anisotropy,

S(J0,M0)(t) =
2S

(J0,M0)
⊥ (t)− S(J0,M0)

‖ (t)

2S
(J0,M0)
⊥ (t) + S

(J0,M0)
‖ (t)

. (8.17)

Note that the denominator is constant in time, 2S
(J0,M0)
⊥ (t) + S

(J0,M0)
‖ (t) = 2w(J0,M0),

where w(J0,M0) is the total detachment probability (8.4). Substituting the expressions

obtained for S
(J0,M0)
‖ (t) and S

(J0,M0)
⊥ (t) in equation (8.17), we ultimately find the signals

for the M0 = 3/2 and 1/2 initial states as

S(3/2,3/2)(t) = S̄(3/2,3/2) −∆S
(3/2,3/2)
20,00 cos(ω20t− β(3/2,3/2))

−∆S
(3/2,3/2)
21,11 cos(ω21t− γ(3/2,3/2)) (8.18)

and

S(3/2,1/2)(t) = S̄(3/2,1/2) −∆S
(3/2,1/2)
20,00 cos(ω20t− β(3/2,1/2))

−∆S
(3/2,1/2)
21,11 cos(ω21t− γ(3/2,1/2)) + ∆S

(3/2,1/2)
2−1,1−1 cos(ω21t− δ(3/2,1/2)).

(8.19)

In these equations, S̄(3/2,3/2) and S̄(3/2,1/2) are determined purely by the diagonal ele-

ments of the density matrix,

S̄(3/2,3/2) =
1

3
ρ̃

(3/2,3/2)
00,00 +

1

2
ρ̃

(3/2,3/2)
11,11 +

2

3
ρ̃

(3/2,3/2)
20,20 +

1

2
ρ̃

(3/2,3/2)
21,21 (8.20)
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and

S̄(3/2,1/2) =
1

3
ρ̃

(3/2,1/2)
00,00 +

1

2
ρ̃

(3/2,1/2)
11,11 +

2

3
ρ̃

(3/2,1/2)
20,20 +

1

2
ρ̃

(3/2,1/2)
21,21 +

1

2
ρ̃

(3/2,1/2)
1−1,1−1 +

1

2
ρ̃

(3/2,1/2)
2−1,2−1 ,

(8.21)

where we have used the notation

ρ̃
(J0,M0)
J ′M ′,JM =

ρ
(J0,M0)
J ′M ′,JM∑

JM

ρ
(J0,M0)
JM,JM

(8.22)

for a normalised density-matrix element. Each of equations (8.20) and (8.21) represents

a constant offset in the signal. The quantities ∆S
(J0,M0)
J ′M,JM and ωJ ′J dictate the temporal

structure in the signals, denoting the amplitude and frequency of quantum beats among

the J = 0, 1, 2 fine-structure levels. The former are directly related to the normalised

off-diagonal density-matrix elements,

∆S
(J0,M0)
20,00 =

2
√

2

3
|ρ̃(J0,M0)

20,00 |, ∆S
(J0,M0)
21,11 = |ρ̃(J0,M0)

21,11 |, ∆S
(J0,M0)
2−1,1−1 = |ρ̃(J0,M0)

2−1,1−1|. (8.23)

The latter are simply given by the atomic fine-structure energy intervals,

ωJ ′J = EJ ′ − EJ . Additionally, the phases β(J0,M0), γ(J0,M0) and δ(J0,M0) satisfy

cosβ(J0,M0) =
Re ρ̃

(J0,M0)
20,00

|ρ̃(J0,M0)
20,00 |

, cos γ(J0,M0) =
Re ρ̃

(J0,M0)
21,11

|ρ̃(J0,M0)
21,11 |

, cos δ(J0,M0) =
Re ρ̃

(J0,M0)
2−1,1−1

|ρ̃(J0,M0)
2−1,1−1|

.

(8.24)

They can also be modified to include a constant time offset, such as to account for the

difficulty in determining the zero time delay in experiment [252, 253]. Note that the

element ρ̃
(J0,M0)
2−1,1−1 is non-zero only for M0 = 1/2, so that ∆S

(J0,M0)
2−1,1−1 and δ(J0,M0) are

relevant solely in equation (8.19).

The total signals for parallel and perpendicular polarisations of the pump and probe
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pulses are S‖(t) = S
(3/2,3/2)
‖ (t) + S

(3/2,1/2)
‖ (t) and S⊥(t) = S

(3/2,3/2)
⊥ (t) + S

(3/2,1/2)
⊥ (t). In

the experiments of Hultgren et al. [252] and Eklund et al. [253], the photoelectron

yield was presented in the form S(t) = (S⊥(t)− S‖(t))/(S⊥(t) + S‖(t)). In this work

however, we favour computation of the total signal in the manner S(t) = (2S⊥(t) −

S‖(t))/(2S⊥(t)+S‖(t)), similar to equation (8.17) for each initial anionic state. Indeed,

not only do there exist two perpendicular directions with respect to the pump-pulse

polarisation, but the denominator is independent of time, 2S⊥(t)+S‖(t) = 2w(3/2,3/2) +

2w(3/2,1/2). Note that if w(3/2,3/2) ≈ w(3/2,1/2), S(t) amounts to a sum of S(3/2,3/2) and

S(3/2,1/2) with equal weights,

S(t) ≈ 1

2
S(3/2,3/2)(t) +

1

2
S(3/2,1/2)(t). (8.25)

8.3 Calculation Parameters

To apply the KTA to photodetachment from C−, Si− and Ge−, we require numeri-

cal values for the asymptotic parameters A and κJ featuring in the initial, bound-state

wavefunction (8.9). The values of A pertaining to C− and Si− are taken from Ref. [770].

For Ge− however, no such value is readily available. We have thus fitted the long-range

behaviour of the Hartree-Fock 4p wavefunction of this ion with the asymptotic form

(8.9) to obtain an appropriate estimate. The quantity κJ is calculated, for each fine-

structure detachment threshold, from the corresponding electron energy in accordance

with κJ =
(
2|EJb |

)1/2
. These energies, in turn, are estimated from experimentally mea-

sured electron affinities [771] and fine-structure splittings [772]. The relevant data for

each species, together with the spin-orbit beat periods τJ ′J = 2π/ωJ ′J , are presented

in Table 8.1.

To compare the dynamics of photodetachment in these systems, we employ a refer-

ence set of irradiation conditions. Specifically, we consider a 15-cycle pulse, of total

duration τp ≈ 102 fs, with a carrier wavelength of 2055 nm and a peak intensity of

1 × 1012 Wcm−2. To assess the sensitivity of atomic coherences to the pulse duration,

however, we have also performed calculations in which the number of cycles is varied.

For each number of cycles N , the 2(N + 1) saddle points are identified from three-
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Atom Wavefunction Parameters Beat Periods (fs)

A E0
b (eV) E1

b (eV) E2
b (eV) τ10 τ20 τ21

C 0.74 −1.262 −1.264 −1.267 2034 768.6 1235

Si 1.1 −1.390 −1.399 −1.417 432.6 149.5 228.4

Ge 1.0 −1.233 −1.302 −1.408 59.87 23.66 39.11

Table 8.1: Atomic parameters of the initial-state, valence-electron wavefunctions for
C−, Si− and Ge−. Values of the asymptotic parameter A are drawn from Ref. [770]
for C− and Si−, but determined by numerical fit to the long-range behaviour of the
Hartree-Fock 4p wavefunction for Ge−. Anion electron energies EJb are calculated from
the electron affinities EA of Ref. [771], in combination with the atomic fine-structure
splittings ∆EJ0 from Ref. [772], as EJb = −EA − ∆EJ0. The spin-orbit beat periods
τJ ′J are estimated from the latter splittings as τJ ′J = 2π/∆EJ ′J .

dimensional surface plots of |dSJp(t)/dt|−1/2, for some representative momentum p and

each value of J . The roots of equation (8.8) are then visualised as infinities, rather

than zeros. These approximate roots, found by graphical solution, can be iteratively

refined by means of a complex variant of the Newton-Raphson method, yielding a more

accurate set of values. The numerical procedure entails refining each root in turn, for a

range of angles θ between the photoelectron momentum p and laser polarisation axis.

For the calculations reported here, we consider 0◦ ≤ θ ≤ 180◦, with an increment of

1◦. The range of momenta is determined by the maximum photoelectron energy, for

which we adopt the value 15ωp. A set of discretised momentum values pj , ranging from

threshold to the maximum permitted, are obtained from pj = (2εj)
1/2, with uniformly

distributed energies of εj = (ωp/160)j, j = 1, 2, ..., 2400.

It must be noted that both the peak intensities and pulse durations, adopted for these

calculations, differ from those of the pump-probe experiments reported by Eklund et

al. [253]. These authors initiated the photodetachment process with a pulse of peak

intensity 8 × 1013 Wcm−2 and duration 100 fs, where the latter, notably, is measured

as the full-width-at-half-maximum (FWHM) of the intensity profile. Such a pulse is

considerably longer, and more intense, than those addressed throughout much of this

work. Indeed, for the approximately sine-squared electric field distribution of present

interest, the FWHM duration can be estimated as τ̃p ≈ 0.364τp. Thus, to reproduce the

experimental pulse length of Eklund et al., we would require τp ≈ 275 fs, or N ≈ 40
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cycles.

Preliminary calculations, based on the theory presented in Section 8.2, suggest that

the experimental irradiation conditions give rise to complete saturation of the pho-

todetachment process at the laser focus, whereby the anion ground-state population

is totally depleted. This may imply that the effective pulse intensities and durations

for photodetachment are lower than their nominal values. In this work, the reference

set of pulse parameters, listed above, guarantee that the total detachment probabil-

ity remains somewhat less than unity (typically in the range 0.55 to 0.58) for each

species. This not only ensures that the results remain physical, but provides a degree

of scope for varying the pulse characteristics (in particular, the total duration), and

assessing the concomitant effect on the spin-orbit coherences. However, in the interest

of modelling the atomic ionisation signals for the experimental pump-pulse duration,

we also perform calculations for N = 40 cycles, and choose a low peak intensity of

5× 1011 Wcm−2 to avoid saturation.

8.4 Results and Discussion

8.4.1 Atomic Density Matrix and Coherence Accumulation

We begin by examining the diagonal and off-diagonal elements of the residual-atom

density matrix for each of C, Si and Ge, as calculated for the initial anion states with

M0 = 3/2 andM0 = 1/2. We assume that these atoms are produced by a 15-cycle, 102 fs

pulse with peak intensity 1× 1012 Wcm−2 and carrier wavelength 2055 nm (or carrier

frequency ωp = 0.0222 a.u.). The degree of coherence is determined by the magnitude

of the off-diagonal density-matrix elements relative to the diagonal elements, and it is

thus convenient to normalise all such quantities to the total probability of detachment,

as in equation (8.22).

It is insightful to examine the variation of the density-matrix elements during the evo-

lution of the laser pulse. To this end, and for each species, we compute these quantities

at discrete instants of time, determined by the real parts of the 2(N + 1) = 32 saddle-

point times tµ satisfying 0 ≤ Re(tµ) ≤ τp. At any such instant Re(tµ), the detachment
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amplitude A
(J)
lml

, given by equation (8.10), is evaluated as a partial sum over only those

saddle-point times t′µ with 0 ≤ Re(t′µ) ≤ Re(tµ). In this manner, we can monitor the

accumulation of atomic-state populations and the coherences among them during the

laser-ion interaction. The discrete saddle-point times, indicated in each figure of this

subsection, correspond to electron emission along the laser polarisation axis (θ = 0◦)

with low momentum, p = 0.05 a.u..

Figures 8.1 to 8.4 present the normalised diagonal and off-diagonal density-matrix ele-

ments for C, Si and Ge during the irradiation time. The variation of the pulse electric

field is also shown. For all three species, we find that the accumulation of popula-

tion in the various spin-orbit states, together with the most pronounced variations in

the off-diagonal elements, occur during the central 5 cycles of the pulse. Note that

this is quite consistent with the FWHM of the pulse intensity profile, estimated as

τ̃p ≈ 0.364τp ≈ 37.4 fs. In particular, saddle points 11 to 24 account for more than 95%

of the total detachment probability for each anion. These observations may suggest that

the FWHM of the intensity distribution (τ̃p) constitutes a more appropriate quantity for

a treatment of effects related to the pulse duration, as opposed to the total pulse length

τp. Thus, in what follows, we shall adopt the former as a measure of the effective pulse

length. The figures also demonstrate that the time-variation of the diagonal elements

is monotonic for all species, indicating the build-up of the detachment probability. The

variation of the off-diagonal elements is also monotonic for C, but non-monotonic (Si,

Ge) and even oscillatory (Ge) for the heavier species.
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Figure 8.1: Time-evolution of the normalised, diagonal density-matrix elements for
(a) C, (b) Si and (c) Ge atoms, produced by photodetachment from their anions in
the M0 = 3/2 initial state. The latter is effected by means of a 15-cycle, 2055 nm,
1× 1012 Wcm−2 laser pulse, also shown in each case. The density-matrix elements are
computed at discrete instants of time, by retaining the first 1, 2, 3, ..., 32 saddle points
when evaluating the amplitudes (8.5). The filled circles in (a) to (c) correspond to
the real parts of the complex saddle-point times for electron emission along the laser
polarisation axis (θ = 0◦) with low momentum, p = 0.05 a.u..
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Figure 8.2: Time-evolution of the normalised, diagonal density-matrix elements for
(a) C, (b) Si and (c) Ge atoms, produced by photodetachment from their anions in
the M0 = 1/2 initial state. The latter is effected by means of a 15-cycle, 2055 nm,
1× 1012 Wcm−2 laser pulse, also shown in each case. The density-matrix elements are
computed at discrete instants of time, by retaining the first 1, 2, 3, ..., 32 saddle points
when evaluating the amplitudes (8.5). The filled circles in (a) to (c) correspond to
the real parts of the complex saddle-point times for electron emission along the laser
polarisation axis (θ = 0◦) with low momentum, p = 0.05 a.u..
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Figure 8.3: Time-evolution of the normalised, off-diagonal density-matrix elements for
(a) C, (b) Si and (c) Ge atoms, produced by photodetachment from their anions in
the M0 = 3/2 initial state. The latter is effected by means of a 15-cycle, 2055 nm,
1× 1012 Wcm−2 laser pulse, also shown in each case. The density-matrix elements are
computed at discrete instants of time, by retaining the first 1, 2, 3, ..., 32 saddle points
when evaluating the amplitudes (8.5). The filled circles in (a) to (c) correspond to
the real parts of the complex saddle-point times for electron emission along the laser
polarisation axis (θ = 0◦) with low momentum, p = 0.05 a.u.. The inset in (c) displays

the behaviour of ρ̃
(3/2,3/2)
20,00 in greater detail.
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Figure 8.4: Time-evolution of the normalised, off-diagonal density-matrix elements for
(a) C, (b) Si and (c) Ge atoms, produced by photodetachment from their anions in
the M0 = 1/2 initial state. The latter is effected by means of a 15-cycle, 2055 nm,
1× 1012 Wcm−2 laser pulse, also shown in each case. The density-matrix elements are
computed at discrete instants of time, by retaining the first 1, 2, 3, ..., 32 saddle points
when evaluating the amplitudes (8.5). The filled circles in (a) to (c) correspond to
the real parts of the complex saddle-point times for electron emission along the laser
polarisation axis (θ = 0◦) with low momentum, p = 0.05 a.u..
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It is of interest to compare the final spin-orbit-state populations with those predicted for

ideally coherent dynamics. This regime has been treated in the work of Law and Grib-

akin [759], wherein it was assumed that following instantaneous removal of an electron

with ml = 0, the residual atom is produced in a pure superposition of the ground-state

fine-structure components. These authors emphasise that effective instantaneity of the

detachment event, achieved by means of a pump pulse with duration shorter than the

spin-orbit beat periods (or of bandwidth larger than the fine-structure splittings), is

key to strong coherence in the population of atomic spin-orbit manifolds.

Within the framework of the present density-matrix approach, we establish contact with

the model of Law and Gribakin through the instantaneous detachment approximation

(IDA). Therein, we (i) disregard the removal of electrons with ml 6= 0, and (ii) assume

the perturbation, responsible for driving the detachment process, to be instantaneous in

time. This is tantamount to neglecting the differences in the fine-structure detachment

thresholds, since their associated detachment pathways would become energetically

indistinguishable in the infinite-bandwidth limit. Details surrounding the IDA are pre-

sented more fully in Appendix B, and so we merely summarise the results here. We

find that, for the initial M0 = 3/2 state of the anion, ρ̃
(3/2,3/2)
11,11 = ρ̃

(3/2,3/2)
21,21 = 0.5, whilst

all other ρ̃
(3/2,3/2)
JM,JM values are zero. Note that only the J = 1,M = 1 and J = 2,M = 1

states are accessible by emission of an electron with ml = 0, and moreover, are equally

populated by virtue of a neglect of the different detachment-threshold energies. All

other states require the removal of an electron with ml 6= 0, which is forbidden in the

IDA. For the initial M0 = 1/2 state of the anion, the only non-zero diagonal elements

are ρ̃
(3/2,1/2)
00,00 = 2/9, ρ̃

(3/2,1/2)
11,11 = 1/6, ρ̃

(3/2,1/2)
20,20 = 4/9 and ρ̃

(3/2,1/2)
21,21 = 1/6. Once more,

these elements pertain to states that are realisable through detachment of an electron

with ml = 0. The relative magnitudes of these quantities, in either case, are determined

purely by the Clebsch-Gordan coefficients that arise in the coupling of the total orbital

and spin angular momenta (see Appendix B). Note that for an equal population of the

initial states with M0 = 3/2 and M0 = 1/2, the IDA suggests populations of the final

fine-structure states J = 0, 1, 2 in the ratios 1 : 3 : 5 (i.e., purely statistical).

Tables 8.2 and 8.3 compare the relative populations of the atomic fine-structure states

upon termination of the laser pulse, as predicted within the IDA and full density-matrix

(FDM) descriptions. For all three species, the IDA accounts for the main trends in the
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distribution of population among the spin-orbit states. It is, perhaps, most accurate

in predicting the atomic-state populations for C and Si, achieving agreement with the

density-matrix model to within 15% (for the probabilities that are non-zero in the

IDA). Considerably larger deviations (exceeding 25% in some instances) are found for

Ge, suggesting the need for a careful evaluation of the assumptions underpinning the

IDA for this system.

The performance of the IDA for C and Si can be rationalised in terms of both the

prevalent fine-structure splittings, as well as the characteristics of the photodetaching

pulse itself. The 3P ground states of C and Si present the smallest fine-structure split-

tings, ranging from a few, to tens of millielectron-volts (see Table 8.1). The latter give

rise to spin-orbit beat periods no shorter than a few tenths of a picosecond. The pulse

duration employed here, τ̃p ≈ 37.4 fs, is, however, considerably shorter than these. This

ensures effective temporal confinement of the photodetachment event, and according

to Ref. [759], should be conducive to the generation of coherent spin-orbit wavepackets.

We therefore anticipate that assumption (ii) of the IDA will be reasonable for C and Si,

supporting its accuracy for these systems. Nonetheless, it should be highlighted that in

the case of Si, the discrepancy in the binding energies for the J = 1 and J = 2 states,

whilst small (less than 20 meV), does have a perceivable effect in Figures 8.1(b) and

8.2(b), preferentially raising the values of ρ̃
(3/2,3/2)
11,11 and ρ̃

(3/2,1/2)
11,11 , for the lower-lying

J = 1 state, relative to those of ρ̃
(3/2,3/2)
21,21 and ρ̃

(3/2,1/2)
21,21 , for the higher-lying J = 2

state. Note that adequate fulfillment of condition (ii) for C also justifies the R-matrix

approach of Rey and van der Hart [758], in which the probe-induced photoelectron

emission characteristics and ionisation yields were obtained under the assumption that

the detachment and spin-orbit-induced dynamics could be totally decoupled.

Furthermore, by virtue of the linearly polarised nature of the laser pulse, we expect

that electrons with ml = 0 will dominate the dynamics of photodetachment in these

systems. This effect is most readily appreciated in the results for M0 = 3/2, where the

transition amplitude (8.2) is proportional to either that for detaching an electron with

ml = 0, or that for an electron with ml 6= 0, but not a linear combination of both

(see Appendix B). Indeed, from Table 8.2, the most populated spin-orbit states are

those with quantum numbers J = 1,M = 1 and J = 2,M = 1, precisely the states

that are accessible by removing an electron with ml = 0. Their total populations are,
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Atom J M IDA FDM

C 0 0 0.000 0.021

1 0 0.000 0.032

1 1 0.500 0.440

2 0 0.000 0.010

2 1 0.500 0.434

2 2 0.000 0.062

Si 0 0 0.000 0.017

1 0 0.000 0.024

1 1 0.500 0.478

2 0 0.000 0.007

2 1 0.500 0.430

2 2 0.000 0.043

Ge 0 0 0.000 0.036

1 0 0.000 0.035

1 1 0.500 0.541

2 0 0.000 0.006

2 1 0.500 0.347

2 2 0.000 0.035

Table 8.2: Normalised populations of the ground-state fine-structure components, spec-
ified by their total angular momentum quantum numbers J and M , in atomic C, Si and
Ge, following photodetachment from the corresponding anions in the M0 = 3/2 initial
state. Populations are obtained within the instantaneous detachment approximation
(IDA) and the full density-matrix (FDM) treatment.
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Atom J M IDA FDM

C 0 0 0.222 0.205

1 -1 0.000 0.021

1 0 0.000 0.011

1 1 0.167 0.168

2 -1 0.000 0.021

2 0 0.444 0.389

2 1 0.167 0.165

2 2 0.000 0.021

Si 0 0 0.222 0.229

1 -1 0.000 0.016

1 0 0.000 0.008

1 1 0.167 0.175

2 -1 0.000 0.014

2 0 0.444 0.385

2 1 0.167 0.158

2 2 0.000 0.014

Ge 0 0 0.222 0.323

1 -1 0.000 0.023

1 0 0.000 0.011

1 1 0.167 0.197

2 -1 0.000 0.011

2 0 0.444 0.300

2 1 0.167 0.123

2 2 0.000 0.011

Table 8.3: Normalised populations of the ground-state fine-structure components, spec-
ified by their total angular momentum quantum numbers J and M , in atomic C, Si and
Ge, following photodetachment from the corresponding anions in the M0 = 1/2 initial
state. Populations are obtained within the instantaneous detachment approximation
(IDA) and the full density-matrix (FDM) treatment.
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however, only about 90% of the IDA prediction, and we find a small, but crucially

non-zero, probability of realising other fine-structure states of each atomic system.

This behaviour naturally evidences the response of electrons with ml 6= 0 (that is, the

violation of assumption (i)), a feature that is incorporated only in the FDM treatment.

The non-zero probability of detaching an electron with ml 6= 0 (about 1/10 of that for

ml = 0 electrons) ensures that additional fine-structure states of the residual system,

forbidden in the IDA, are accessible, and become populated at the expense of the

J = 1,M = 1 and J = 2,M = 1 states. Nonetheless, the contribution of these electrons

is clearly small, effecting an approximate 10% reduction in ρ̃
(3/2,3/2)
11,11 and ρ̃

(3/2,3/2)
21,21 . This

appears to confirm, in line with previous studies [252, 253], the decisive role of orbital

spatial orientation in the detachment process.

For Ge, we continue to find that those states, realised by ml = 0 electron emission, con-

stitute the dominant products of the photodetachment event. In contrast to C and Si

however, Ge exhibits considerably larger fine-structure splittings. This has two signif-

icant consequences. Firstly, the shorter spin-orbit beat periods imply that assumption

(ii) of the IDA is more readily violated under the prevalent field conditions. Now,

τ̃p > τ20 and τ̃p . τ21, so that the requirement of instantaneity is no longer met.

This fundamentally invalidates the IDA treatment for Ge, albeit primarily affecting

the off-diagonal density-matrix elements (see below). Secondly, and irrespective of the

initial anionic state, we observe a stronger preference for production of the J = 0 (for

M0 = 1/2) and J = 1 (for M0 = 3/2 and 1/2) states relative to those with J = 2.

Indeed, for C and Si, the J = 1 and J = 2 detachment thresholds are separated in

energy by 3.35 meV and 18.1 meV respectively, yielding only a small discrepancy in the

values of ρ̃
(3/2,M0)
11,11 and ρ̃

(3/2,M0)
21,21 . In the case of Ge, the larger splitting of 105.7 meV en-

sures a much larger binding, and hence a smaller yield, in the J = 2 channel compared

to J = 0 and 1. As such, the present results demonstrate the influence of the atomic

fine-structure splittings, and the concomitant differences in the detachment thresholds,

on the final spin-orbit-state populations. These differences give rise to a non-statistical

population of the atomic fine-structure levels, a feature neglected in the IDA.

We now examine the time-evolution of the off-diagonal elements, which measure the

coherences among different JM states. Figures 8.3 and 8.4 present their real and imag-

inary parts for C, Si and Ge atoms, for the two possible initial states of the anion, and
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assuming the same 102 fs, 2055 nm laser pulse. As mentioned previously, the variation

of the off-diagonal elements that reflect the coherences among the J = 0, J = 1 and

J = 2 states is most significant during the central 5 cycles of the pulse. It should be

noted that the one-electron amplitudes A
(J)
lml

, which determine the common off-diagonal

elements ρ̃
(3/2,M0)
20,00 and ρ̃

(3/2,M0)
21,11 , are dependent on the initial anionic state in question

(see Appendix B). This gives rise to quantitative differences in their time-dependent

behaviour. Consider, for instance, ρ̃
(3/2,M0)
20,00 . For M0 = 3/2, ρ̃

(3/2,3/2)
20,00 is determined

solely by the amplitudes A
(0)
11 and A

(2)
11 for detaching an electron with ml = 1. Since the

contribution of this process is weak, both Re ρ̃
(3/2,3/2)
20,00 and Im ρ̃

(3/2,3/2)
20,00 are consistently

small (see Figure 8.3). This suggests that for detachment from the initial M0 = 3/2

state, beats between the J = 1 and J = 2 fine-structure states will dominate the subse-

quent temporal evolution of the atomic system, and dictate its response to an ionising

probe pulse. In contrast, in the M0 = 1/2 state, ρ̃
(3/2,1/2)
20,00 contains the contribution

of both ml = 0 (A
(0)
10 and A

(2)
10 ) and ml = 1 (A

(0)
11 and A

(2)
11 ) electron emission. The

dominance of the former enhances the real and imaginary parts of ρ̃
(3/2,1/2)
20,00 , relative to

those of its analogue in the case of M0 = 3/2.

For C and Si, the magnitudes of the real and imaginary parts of the off-diagonal density-

matrix elements ρ̃
(J0,M0)
2M,1M and ρ̃

(J0,M0)
20,00 increase in a manner similar to the corresponding

diagonal elements (or probabilities). In contrast, for Ge, they show pronounced modula-

tions. The oscillatory behaviour in Figures 8.3(c) and 8.4(c) has a timescale comparable

to the spin-orbit beat periods τ20 and τ21. This confirms the expectation that the re-

lation between the pulse duration τ̃p, and these latter quantites, plays a critical role

in the formation of coherent superpositions of the spin-orbit components. For instance,

in the cases of C and Si, the beat periods are much longer than the FWHM duration

of the pulse intensity profile (τ̃p ≈ 37.4 fs), such that no oscillations in Re ρ̃
(J0,M0)
21,11 and

Im ρ̃
(J0,M0)
21,11 are observed. Indeed, from the atomic parameters of Table 8.1, we find that

the beat periods τ21 for C and Si exceed τ̃p by factors of approximately 33 and 6, re-

spectively. The comparability of τ21 and τ̃p for Ge, however, ensures that oscillatory

fluctuations in ρ̃
(J0,M0)
21,11 are readily observed. Note that a qualitatively similar effect has

been reported by Rohringer and Santra [492], who investigated multichannel coherence

in strong-field ionisation of Ne and Xe atoms, subject to few-cycle optical pulses.

To aid our discussion on the nature of quantum wavepackets in these systems, we
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consider a more robust measure of their coherence. Following Ref. [734], we quantify

the degree of coherence, between atomic states J ′M and JM , through the parameter

g
(J0,M0)
J ′M,JM =

|ρ(J0,M0)
J ′M,JM |√

ρ
(J0,M0)
J ′M,J ′Mρ

(J0,M0)
JM,JM

(8.26)

(i.e., the ratio of the modulus of the relevant off-diagonal element to the geometric

mean of the corresponding diagonal elements). Note that 0 ≤ g
(J0,M0)
J ′M,JM ≤ 1 for any

combination of J ′M and JM , where the extreme values of 0 and 1 correspond to an

incoherent admixture, and to a pure quantum superposition, respectively.

Figure 8.5 presents the time-dependent variation of g
(3/2,3/2)
20,00 and g

(3/2,3/2)
21,11 for each

atomic species, assuming the initial state M0 = 3/2 and the same set of pulse param-

eters as in Figures 8.1 to 8.4. For C, both g
(3/2,3/2)
20,00 and g

(3/2,3/2)
21,11 remain very close

to unity, while for Si and especially Ge, they are considerably reduced by the conclu-

sion of the pulse. This affirms the coherent nature of superpositions, among different

fine-structure states, generated in C atoms produced via strong-field detachment. The

final coherences for Si, g
(3/2,3/2)
20,00 ≈ 0.899 and g

(3/2,3/2)
21,11 ≈ 0.965, are somewhat lower

than for C, but nonetheless indicative that a simple pure-states description, such as

that afforded by the IDA (see Ref. [759], as well as Appendix B), should still provide

a faithful account of dynamics in the 3PJ fine-structure manifold of this system. Ge,

however, displays a rather drastic loss of coherence during the evolution of the pulse.

Upon its termination, g
(3/2,3/2)
20,00 ≈ 0.0316 whereas g

(3/2,3/2)
21,11 ≈ 0.262.
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Figure 8.5: Time-evolution of the degree of coherence (8.26) for C (black and blue
circles), Si (red and magenta squares) and Ge (green and orange triangles), produced by
photodetachment from their anions in the M0 = 3/2 initial state. The latter is effected

by means of a 15-cycle, 2055 nm, 1 × 1012 Wcm−2 laser pulse. Values of g
(3/2,3/2)
20,00 and

g
(3/2,3/2)
21,11 are computed from the relevant density-matrix elements at discrete instants of

time during the pulse exposure period, by retaining the first 1, 2, 3, ..., 32 saddle points
in their evaluation.

The aforementioned behaviour affirms that the criterion for coherent wavepacket gen-

eration, in strong-field detachment, mirrors that in optical excitation of atomic bound

states [749, 750, 751, 752]. The creation of a coherent superposition of residual-atom

states requires sufficient bandwidth of the radiation that drives the detachment process.

Specifically, the bandwidth of the pulse should exceed the separation in energy of the

states that participate in the superposition. In the present case, this can be achieved if

the pulse duration τ̃p is short enough that τ̃p < τJ ′J , for any two fine-structure states

J ′M and JM of interest. In the cases of C and Si, this condition is certainly satisfied

for any two of the ground-state fine-structure components, ensuring that the spin-orbit

manifolds are populated in a highly coherent fashion. We expect that upon subsequent

probing of the atom with a time-delayed, ionising pulse, such superpositions will lead

to high-contrast quantum beats in the resulting photoelectron yield. The latter is dis-

cussed at length in Section 8.4.3.

However, when the spin-orbit beat periods are comparable to or smaller than the pulse

duration (τJ ′J . τ̃p), the fine-structure states of interest become spectrally resolvable.
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In the present study, this is realised for Ge, where τ21 ≈ 1.05τ̃p and τ20 ≈ 0.633τ̃p. Elec-

tron detachment, leading to the population of one state or the other, can be regarded as

partly distinguishable transition pathways followed by the system. A perfectly coher-

ent superposition of atomic states, resulting from detachment, could only be attained

if the states were energetically degenerate, or equivalently, if the pathways could not

be distinguished by a measurement of the photoelectron energy. The states prepared

by the detaching pulse for τJ ′J < τ̃p become more representative of a classical ensemble

than of coherent superpositions, such as those realised in C and Si. Thus, the results

discussed here highlight the requirement of higher bandwidth (i.e., shorter) pulses to

ensure coherent wavepacket formation in heavier systems.

In Figure 8.6, we present a corresponding set of results for the M0 = 1/2 initial state.

Compared with the case of M0 = 3/2, a number of striking differences can be observed.

In particular, for all three species, both g
(3/2,1/2)
20,00 and g

(3/2,1/2)
21,11 drop below unity at the

very start of the pulse. Moreover, and despite the greater susceptibility of the J = 0, 2

beat component to a loss of coherence (since τ20 < τ21), the values attained by g
(3/2,1/2)
20,00 ,

upon termination of the pulse, are consistently higher than those of g
(3/2,1/2)
21,11 for C and

Si. Such is not true for Ge however, whose behaviour is somewhat more comparable

to that found in Figure 8.5. Finally, we note that the coherences g
(3/2,1/2)
2−1,1−1 behave in

a manner similar to g
(3/2,3/2)
21,11 in Figure 8.5, decreasing monotonically from an initial

value of unity, and attaining final values which become smaller with increasing beat

period τ21 from C to Ge.
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Figure 8.6: Time-evolution of the degree of coherence (8.26) for C (black, blue and
cyan circles), Si (red, magenta and brown squares) and Ge (green, orange and violet
triangles), produced by photodetachment from their anions in the M0 = 1/2 initial
state. The latter is effected by means of a 15-cycle, 2055 nm, 1 × 1012 Wcm−2 laser

pulse. Values of g
(3/2,1/2)
20,00 and g

(3/2,1/2)
21,11 are computed from the relevant density-matrix

elements at discrete instants of time during the pulse exposure period, by retaining the
first 1, 2, 3, ..., 32 saddle points in their evaluation.

The apparent reduction from unity, experienced by the coherences g
(3/2,1/2)
20,00 and g

(3/2,1/2)
21,11

during early times in Figure 8.6, is an especially conspicuous feature. It motivates the

following question: should the spin-orbit coherences always become unity in the lim-

iting regime of instantaneous photodetachment (that is, τ̃p � τJ ′J)? To answer this

question, it is instructive to examine the various contributions to the density-matrix el-

ements, employed in the evaluation of g
(3/2,1/2)
20,00 and g

(3/2,1/2)
21,11 for each initial state. The

case of M0 = 3/2 is particularly simple. There, each residual-atom state is accessible

only by detaching an electron with a unique value of ml. As a result (see Appendix B),

the computation of each density-matrix element involves only amplitudes with a single

value of ml. Omitting the normalisation, those relevant to the estimation of g
(3/2,3/2)
20,00

are given by

ρ
(3/2,3/2)
00,00 =

1

3

∫
|A(0)

11 (p)|2 d3p

(2π)3
, (8.27)
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ρ
(3/2,3/2)
20,20 =

1

6

∫
|A(2)

11 (p)|2 d3p

(2π)3
(8.28)

and

ρ
(3/2,3/2)
20,00 =

√
2

6

∫
A

(2)∗
11 (p)A

(0)
11 (p)

d3p

(2π)3
, (8.29)

whilst those pertaining to g
(3/2,3/2)
21,11 are

ρ
(3/2,3/2)
11,11 =

1

2

∫
|A(1)

10 (p)|2 d3p

(2π)3
, (8.30)

ρ
(3/2,3/2)
21,21 =

1

2

∫
|A(2)

10 (p)|2 d3p

(2π)3
(8.31)

and

ρ
(3/2,3/2)
21,11 = −1

2

∫
A

(2)∗
10 (p)A

(1)
10 (p)

d3p

(2π)3
. (8.32)

In contrast, for M0 = 1/2, the same atomic states can be realised through two different

detachment pathways, involving emission of an electron with ml = 0 and ml 6= 0. This

represents a fundamental difference from the case of M0 = 3/2. As a consequence, each

density-matrix element acquires two distinct contributions, arising from amplitudes

with different values of ml. Specifically, g
(3/2,1/2)
20,00 is now determined from

ρ
(3/2,1/2)
00,00 =

2

9

∫
|A(0)

10 (p)|2 d3p

(2π)3
+

1

9

∫
|A(0)

11 (p)|2 d3p

(2π)3
, (8.33)

ρ
(3/2,1/2)
20,20 =

4

9

∫
|A(2)

10 (p)|2 d3p

(2π)3
+

1

18

∫
|A(2)

11 (p)|2 d3p

(2π)3
(8.34)

and
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ρ
(3/2,1/2)
20,00 = −2

√
2

9

∫
A

(2)∗
10 (p)A

(0)
10 (p)

d3p

(2π)3
+

√
2

18

∫
A

(2)∗
11 (p)A

(0)
11 (p)

d3p

(2π)3
, (8.35)

whereas the calculation of g
(3/2,1/2)
21,11 involves

ρ
(3/2,1/2)
11,11 =

1

6

∫
|A(1)

10 (p)|2 d3p

(2π)3
+

1

3

∫
|A(1)

1−1(p)|2 d3p

(2π)3
, (8.36)

ρ
(3/2,1/2)
21,21 =

1

6

∫
|A(2)

10 (p)|2 d3p

(2π)3
+

1

3

∫
|A(2)

1−1(p)|2 d3p

(2π)3
(8.37)

and

ρ
(3/2,1/2)
21,11 = −1

6

∫
A

(2)∗
10 (p)A

(1)
10 (p)

d3p

(2π)3
+

1

3

∫
A

(2)∗
1−1(p)A

(1)
1−1(p)

d3p

(2π)3
. (8.38)

Additionally, the density-matrix elements relevant to the calculation of g
(3/2,1/2)
2−1,1−1 are

given by

ρ
(3/2,1/2)
1−1,1−1 =

1

3

∫
|A(1)

11 (p)|2 d3p

(2π)3
, (8.39)

ρ
(3/2,1/2)
2−1,2−1 =

1

3

∫
|A(2)

11 (p)|2 d3p

(2π)3
(8.40)

and

ρ
(3/2,1/2)
2−1,1−1 = −1

3

∫
A

(2)∗
11 (p)A

(1)
11 (p)

d3p

(2π)3
. (8.41)

Equations (8.27) to (8.32) show that for an initial anionic state with M0 = 3/2,

ideal coherence should be recovered in the limit of instantaneous photodetachment.

Indeed, for τ̃p � τJ ′J , we may neglect the differences in the fine-structure detach-

ment thresholds (assumption (ii) of the IDA). The amplitudes A
(J)
lml

are then expected
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to be comparable for all J , so that A
(J)
lml

may be replaced with a single amplitude

Alml (independent of J). As a result, from equations (8.27) to (8.29), we find that

|ρ̃(3/2,3/2)
20,00 | ≈

[
ρ̃

(3/2,3/2)
00,00 ρ̃

(3/2,3/2)
20,20

]1/2
. Similarly, from equations (8.30) to (8.32),

|ρ̃(3/2,3/2)
21,11 | ≈

[
ρ̃

(3/2,3/2)
11,11 ρ̃

(3/2,3/2)
21,21

]1/2
. It follows that both g

(3/2,3/2)
20,00 and g

(3/2,3/2)
21,11 assume

approximate values of unity whenever τ̃p � τJ ′J , as seen in Figure 8.5 for short times.

The same argument, however, does not hold for the coherences g
(3/2,1/2)
20,00 and g

(3/2,1/2)
21,11

pertaining to the initial M0 = 1/2 state. This is due to the presence of terms cor-

responding to both ml = 0 and ml 6= 0 electron detachment in equations (8.33) to

(8.38), albeit the contribution of the ml 6= 0 terms is relatively small. Regarding equa-

tions (8.33) to (8.35), the first (ml = 0) term dominates the second (ml = ±1), not

only because of the favoured removal of ml = 0 electrons in a linearly polarised field,

but also due to favourable numerical coefficients. In Figure 8.6, we observe that the

coherence g
(3/2,1/2)
20,00 is initially comparable (but not equal) to unity for each species,

remaining so for C, but deviating more substantially for Si, and especially Ge, as the

laser-ion interaction proceeds. The difference between the coherences and unity, at the

very earliest times (neglecting the spurious numerical behaviour for Ge at the second

and third saddle points), arises due to the contribution of ml = 1 electron removal,

for which the corresponding term bears the opposite sign to that for ml = 0 in equa-

tion (8.35) for ρ
(3/2,1/2)
20,00 . Furthermore, for the off-diagonal element ρ

(3/2,1/2)
21,11 given by

equation (8.38), the term describing ml = 0 electron emission has a smaller numerical

coefficient than that for ml = −1, while exhibiting the opposite sign. The structure of

this equation thus ensures that the value of g
(3/2,1/2)
21,11 differs from unity significantly at

the earliest times, and the effect appears quite similar for all atoms (refer, for instance,

to the coherences at saddle points four to six). Thus, it appears that for the M0 = 1/2

initial anionic state, fully coherent superpositions involving the J = 0, 2 and J = 1, 2

sublevels with M ≥ 0 can never be realised when both ml = 0 and ml 6= 0 electron

removal is allowed, no matter how short the pulse.

The behaviour of the coherences g
(3/2,1/2)
20,00 and g

(3/2,1/2)
21,11 , observed for the M0 = 1/2 ini-

tial state, reflects a fundamental feature of the photodetachment process for this anionic

state, absent in the case of M0 = 3/2. The two contributions to the off-diagonal density-

matrix elements (8.35) and (8.38) not only correspond to the removal of electrons with

different ml values (ml = 0,±1), but also different spin projections (σ = ±1/2). This is
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made explicit in Appendix B, where equations (8.27) to (8.41) are derived. Indeed, for

the J = 0, 2 and J = 1, 2 admixtures with M ≥ 0, each of the participating spin-orbit

states can be realised by detaching an electron with two possible combinations of ml

and σ. Furthermore, we note that the photoelectron spin remains unobserved in the

experiments of Refs. [252, 253]. Consequently, even in the short-pulse limit, the total

wavefunction of the system can never be written as a product of the residual-atom

and photoelectron wavefunctions, but is rather a sum of such products, corresponding

to the different combinations of ml and σ relevant to the outgoing electron. In other

words, the detached electron and residual atom exist in an entangled state, so that a

measurement of the photoelectron spin would, in principle, yield information on the

atomic state. It follows that upon computing the partial trace of the full density matrix

over the continuum-electron states, the resulting reduced density matrix of the atomic

system could never describe a pure state (no matter how short the photodetaching

pulse). In contrast, for the M0 = 3/2 initial state, the J = 0, 2 and J = 1, 2 admixtures

involve electron detachment with only a single ml value (ml = 0 or ml = 1) and spin

projection (σ = ±1/2). In this case, the photoelectron orbital angular momentum and

spin projections are uniquely determined, and in the limit of an instantaneous pump

pulse, the total wavefunction is given by a simple product of the residual-atom and

photoelectron wavefunctions. Under these conditions, it is possible to prepare a pure

state of the atomic residue.

In the initial state with M0 = 1/2, detachment of an electron can also form a super-

position of the atomic J = 1 and J = 2 spin-orbit states having M = −1, absent in

the case of M0 = 3/2. However, unlike the admixtures discussed above, the coherence

g
(3/2,1/2)
2−1,1−1 behaves much like g

(3/2,3/2)
21,11 in Figure 8.5, decreasing monotonically from an

initial value of unity. Equations (8.39) and (8.40) show that the J = 1,M = −1 and

J = 2,M = −1 states are accessible only by removing an electron with ml = 1 (as well

as σ = 1/2). As a result, and following arguments similar to those given previously for

M0 = 3/2, a coherent spin-orbit wavepacket comprising these states can be produced

whenever τ̃p � τJ ′J .
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8.4.2 Sensitivity of Coherence to the Pulse Duration

We now quantify the effect of the pulse duration on the residual-atom spin-orbit co-

herences. Specifically, for each atomic species, we compute the density matrix for a

varying number of pulse cycles, adopting the same peak intensity (1 × 1012 Wcm−2)

and wavelength (2055 nm) of the photodetaching (pump) pulse as in Section 8.4.1. For

each number of cycles N , 2(N + 1) complex saddle-point times are evaluated, and the

transition amplitudes (8.10) determined as before. We restrict our consideration to the

initial anionic state with M0 = 3/2, since in the case of M0 = 1/2, the entanglement

of the atomic residue and photoelectron, sustained regardless of the pulse duration

(see Section 8.4.1), presents an additional complication for the analysis of basic trends.

We calculate the coherences g
(3/2,3/2)
20,00 and g

(3/2,3/2)
21,11 attained upon conclusion of the

N -cycle, photodetaching pulse for cycle numbers N = 3, 5, 7, ..., Nmax, where the max-

imum number Nmax is limited by depletion of the anion ground-state population. For

C, Nmax = 25, whereas for Si and Ge, Nmax = 21 and 19 respectively.

Figure 8.7 presents the coherences as functions of the ratio between the pulse duration,

τ̃p, and the relevant spin-orbit beat periods, τ20 and τ21. Evidently, for each system,

the degree of coherence decreases in a monotonic fashion with increasing pulse length

(an exception to this is some ‘revival’ of coherence, seen for small values of g
(3/2,3/2)
20,00 in

Ge at τ̃p/τ20 ≈ 1.5). This behaviour is most pronounced for the J = 0, 2 and J = 1, 2

beat components of Ge, particularly for the former, where the relatively short beat

period τ20 ≈ 23.66 fs is already exceeded by τ̃p when N > 10. Indeed, we observe

a reduction in coherence to about 0.2, for both admixtures, whenever τ̃p/τJ ′J = 1,

and effectively complete loss of coherence is predicted for the J = 0, 2 superposition

when τ̃p/τ20 = 2.0. In contrast, for spin-orbit wavepackets comprising J = 1, 2 states,

saturation of photodetachment limits the highest possible values of τ̃p/τ21 to around

1.2, so that a complete loss of coherence cannot be realised in this case (unless the

intensity is reduced and the pulse length increased). Nonetheless, the present KTA

calculations offer a clear demonstration of the criterion for coherence (τ̃p/τJJ ′ < 1)

suggested in Section 8.4.1.
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Figure 8.7: Sensitivity of the coherences (a) g
(3/2,3/2)
20,00 and (b) g

(3/2,3/2)
21,11 to the normalised

pulse duration τ̃p/τJJ ′ . The coherence values are calculated for C (black circles), Si
(red squares) and Ge (blue triangles), following photodetachment from their respective
anions in the M0 = 3/2 initial state. The latter is effected by means of a 2055 nm,
1 × 1012 Wcm−2 laser pulse, with a variable number of cycles N = 3, 5, 7, ..., Nmax,
where Nmax = 25 for C, 21 for Si and 19 for Ge. A Gaussian fit (8.42) to the data (solid,
green line) is also shown, together with the optimal values of the fitting parameters ζ
and η.

A more detailed examination of the data reveals an important feature of decoherence

in the present laser-produced, np2 atomic systems. For the fixed peak intensity and

wavelength in question, and in spite of the variation in electron affinity (EA) and fine-

structure splittings (from 0.4% of the EA in C, to as much as 15% in Ge), the degree

of coherence follows a universal dependence on the scaled pulse duration. Indeed, the

data of Figures 8.7(a) and (b) can be described by means of a Gaussian function,

G

(
τ̃p
τJJ ′

)
= ζ exp

[
−η

τ̃2
p

τ2
JJ ′

]
, (8.42)

where ζ and η are fitting parameters. The latter are optimally determined through a

non-linear least-squares technique, and their values displayed in each figure. We high-

light that ζ ≈ 1.0 for both admixtures, reflecting the highly coherent nature of quantum

wavepackets in C for all pulse durations considered.

It is interesting to note that the near-Gaussian dependence of g
(3/2,3/2)
20,00 and g

(3/2,3/2)
21,11

on the pulse duration can be understood in a somewhat simple manner. In Appendix

C, we demonstrate that in a perturbation-theoretic model, addressing two-level exci-
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tation following ionisation by a Gaussian laser pulse, the off-diagonal density-matrix

elements, and hence the degree of coherence, bear a Gaussian dependence on the ra-

tio τ̃p/τ21, where τ21 = 2π/(E2 − E1) is the beat period for energy levels E1 and E2.

More specifically, for a finite pulse with a Gaussian electric field profile, described by

exp
[
−t2/2τ2

p

]
, the corresponding FWHM is τ̃p = 2τp

√
2 ln 2, and in a single-photon

process, the degree of coherence g21 is given by

g21 = exp

[
−

(E2 − E1)2τ2
p

4

]
= exp

[
− π2

8 ln 2

τ̃2
p

τ2
12

]
.

For the present calculations, we employ a sine-squared temporal profile for the vector

potential (8.1). However, for many-cycle pulses, the electric field envelope is approxi-

mately sine-squared in fashion also. Such a modulation is comparable to that effected

by a Gaussian envelope, as is readily appreciated by considering the equivalent cosine-

squared distribution,

cos2

(
ωpt

2N

)
≈ 1−

ω2
pt

2

4N2
≈ exp

[
−
ω2
pt

2

4N2

]
.

The latter is Gaussian with a FWHM of 4N
√

ln 2/ωp. This comparability of the cosine-

squared (or equivalently, sine-squared) and Gaussian temporal profiles may account for

the Gaussian-like behaviour of the coherences, for any pair of fine-structure states, with

increasing pulse duration in Figures 8.7(a) and (b).

8.4.3 Ionisation Signal

Having computed the reduced density matrix and spin-orbit coherences for laser-produced

C, Si and Ge atoms, we now address their subsequent temporal evolution, as manifest

in the corresponding probe-induced ionisation signals. For each atomic species, the

density-matrix elements (8.3), at time t = 0 (i.e., at the end of the photodetaching

pulse), are computed for different cycle numbers N via the saddle-point method of

Section 8.2.2. Throughout, we assume the same pump-pulse parameters (peak inten-

sity 1× 1012 Wcm−2 and carrier wavelength 2055 nm) as treated in Section 8.4.1. The
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predicted density matrices, at t = 0, are then used to determine the beat amplitudes

and phases through equations (8.23) and (8.24) of Section 8.2.3, thus providing a com-

plete characterisation of the ionisation signals S
(J0,M0)
‖ and S

(J0,M0)
⊥ as functions of the

pump-probe time delay.

Figures 8.8 and 8.9 present the temporal evolution of the probe ionisation signals (8.18)

and (8.19), for each laser-produced atomic system of interest, and treating both initial

anionic states. The total signal (8.25) for each species is also displayed in Figure 8.10.

For comparison, the signals predicted within the IDA, corresponding to ideally coherent

wavepacket dynamics, are included in each plot. Their analytical formulae are provided

in Appendix B, but we summarise the results here for reference,

S
(3/2,3/2)
IDA (t) =

1

2
+

1

2
cosω21t (8.43)

and

S
(3/2,1/2)
IDA (t) =

29

54
+

8

27
cosω20t+

1

6
cosω21t, (8.44)

with the total signal determined in accordance with equation (8.25). Note that equa-

tions (8.43) and (8.44) were previously derived by Law and Gribakin [759], who con-

sidered a simplified model of instantaneous photodetachment from np3 anions. We

emphasise, however, that the present density-matrix treatment subsumes this idealised

(pure-states) model. Indeed, formulae (8.18) and (8.19) for the state-dependent ioni-

sation signals are general (applying for any pulse duration), and reduce to the results

of Ref. [759] (equations (8.43) and (8.44)) only in the IDA. Additionally, to aid visual

analysis, we have synchronised the FDM and IDA beat signals by means of a temporal

shift t→ t− t0 in equations (8.18) and (8.19), where t0 = τp/2 = πN/ω. The discrep-

ancy in signal phases, with respect to the IDA, arises since the atomic states are formed

primarily within a short temporal interval surrounding the centre of the finite-length

pulse (see Figures 8.1 to 8.4), while in the IDA, the pulse is instantaneous (at t = 0).
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Figure 8.8: Time-dependent behaviour of the probe-induced ionisation signal (8.18)
for (a) C, (b) Si and (c) Ge atoms, predicted within the full density-matrix (FDM)
treatment. The latter are produced from their respective anions, in the M0 = 3/2 initial
state, by means of a photodetaching pump pulse with carrier wavelength 2055 nm,
peak intensity 1 × 1012 Wcm−2 and a variable number of cycles. Also shown in each
case is the signal (8.43) predicted within the instantaneous detachment approximation
(IDA), wherein an instantaneous pump pulse realises ideally coherent, atomic spin-orbit
wavepackets.
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Figure 8.9: Time-dependent behaviour of the probe-induced ionisation signal (8.19)
for (a) C, (b) Si and (c) Ge atoms, predicted within the full density-matrix (FDM)
treatment. The latter are produced from their respective anions, in the M0 = 1/2 initial
state, by means of a photodetaching pump pulse with carrier wavelength 2055 nm,
peak intensity 1 × 1012 Wcm−2 and a variable number of cycles. Also shown in each
case is the signal (8.44) predicted within the instantaneous detachment approximation
(IDA), wherein an instantaneous pump pulse realises ideally coherent, atomic spin-orbit
wavepackets.
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Figure 8.10: Time-dependent behaviour of the total probe-induced ionisation signal
(8.25) for (a) C, (b) Si and (c) Ge atoms, predicted within the full density-matrix (FDM)
treatment. The latter are produced from their respective anions, in the M0 = 3/2 and
1/2 initial states, by means of a photodetaching pump pulse with carrier wavelength
2055 nm, peak intensity 1× 1012 Wcm−2 and a variable number of cycles. Also shown
in each case is the signal predicted within the instantaneous detachment approximation
(IDA), wherein an instantaneous pump pulse realises ideally coherent, atomic spin-orbit
wavepackets.
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For all species, we observe a periodic or quasi-periodic modulation of the state-dependent

(Figures 8.8 and 8.9) and total (Figure 8.10) signals, characteristic of quantum beats.

Each signal also exhibits a constant offset, which appears to be comparable in magni-

tude for all systems, and only weakly sensitive to the pulse duration. The oscillation

effect is particularly strong for C (Figures 8.8-8.10(a)) and Si (Figures 8.8-8.10(b)),

where the signal shapes conform qualitatively to the predictions of the IDA for any du-

ration of the photodetaching (pump) pulse. For Ge (Figures 8.8-8.10(c)) however, we

find that the modulation amplitude is generally smaller than that of C and Si for any

given pump-pulse duration. Furthermore, the beat profile of this species is considerably

more sensitive to the pulse length, with a progressive diminishing of the beats for in-

creasing N . Ultimately, for the longest pulse length considered (N = 19), the beats in

the state-dependent and total signals (Figures 8.8-8.10(c)) for Ge become quite weak,

with amplitudes less than 10% of their maximum (IDA) values. As expected, the con-

stant offset in each signal persists, independently of the pulse duration.

The present density-matrix description renders explicit the manner in which the individ-

ual beat amplitudes are controlled by the spin-orbit coherences. From equations (8.23),

the amplitudes ∆S
(J0,M0)
J ′M,JM are proportional to the moduli of the off-diagonal density-

matrix elements, so that the oscillatory component of the signal directly reflects the

degree of electronic wavepacket coherence attained in short-pulse detachment. Indeed,

as discussed in Sections 8.4.1 and 8.4.2, superpositions among the J = 0, 2 and J = 1, 2

fine-structure states of C and Si tend to be highly coherent over the range of pump-pulse

durations studied (at least for the present combination of peak intensity and carrier

wavelength). The coherent population of multiple spin-orbit sublevels gives rise to a

well-defined, fine-structure wavepacket, whose temporal evolution is characterised by a

periodic localisation of the electronic density primarily along axes parallel, or perpen-

dicular to, the polarisation axis of the pump pulse. These fluctuations are conducive to

an oscillatory time-dependence in the signals S
(J0,M0)
‖ and S

(J0,M0)
⊥ , respectively, and

ultimately in S(3/2,3/2) and S(3/2,1/2) . For these systems then, the strong modulation of

the state-dependent signals in Figures 8.8 – 8.9(a) and (b), as well as in the total signal

of Figures 8.10(a) and (b), manifests the high degree of orbital alignment achieved in

the photodetachment process. Moreover, and independently of the initial anionic state

in question, their signal shapes are largely robust to changes in the pump-pulse dura-
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tion. This behaviour, which is qualitatively consistent with the IDA, further evidences

the highly coherent nature of spin-orbit wavepackets in C and Si, verifying that stable

beat patterns can be generated for the full range of pulse lengths addressed in this

work.

In contrast to the coherent wavepacket dynamics presented by C and Si, we find impor-

tant signatures of decoherence in the results for Ge. In both Figures 8.8(c) and 8.9(c), a

marked suppression of quantum beats is observed as the duration of the photodetaching

pulse is increased. The larger fine-structure splittings of Ge (see Table 8.1) ensure that

the pulse bandwidth is already comparable with the J = 0, 2 splitting when N = 11,

and with the J = 1, 2 splitting when N = 15. As such, the ground-state spin-orbit

components are readily resolved through the range of pulse lengths considered here,

thus compromising the coherence of superpositions among these 3PJ bound states. In

accordance with equations (8.23), the sharp reduction in the off-diagonal quantities

|ρ̃(J0,M0)
J ′M,JM | (see also Section 8.4.2) diminishes the beat amplitudes, weakening the beat

profile in Figure 8.10(c). We emphasise that this effect can only be predicted within

the FDM treatment, so that even the qualitative value of a pure-states description,

such as the IDA, becomes questionable when applied to Ge− photodetachment under

realistic (finite-pulse) conditions. This can be seen particularly in Figure 8.9(c), where

increasing the pulse length changes the shape of the beats, as well as their amplitude.

The loss of coherence for spin-orbit wavepackets in laser-produced Ge atoms, and the

concomitant suppression of quantum beats in the probe-induced ionisation signal, con-

stitute key predictions of the present density-matrix treatment. In addition to this qual-

itative insight however, we also acquire valuable quantitative information pertaining to

the structure and composition of the beat signals in Figures 8.8 and 8.9, permitting a

more stringent assessment on the reliability of the IDA.

Tables 8.4 and 8.5 present the calculated offsets and beat amplitudes, pertaining to

the photoelectron signals (8.18) and (8.19), for each species and a range of pump-pulse

durations. In the case of M0 = 3/2 (Figure 8.8), we find that the amplitude ∆S
(3/2,3/2)
20,00

is typically negligible relative to ∆S
(3/2,3/2)
21,11 for all species. This is to be expected. On the

one hand, from equation (8.23), ∆S
(3/2,3/2)
20,00 ∝ |ρ̃(3/2,3/2)

20,00 |, and ρ̃
(3/2,3/2)
20,00 is determined

solely by amplitudes (A
(0)
11 and A

(2)
11 ) for detaching an electron with ml = 1. On the
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other hand, ∆S
(3/2,3/2)
21,11 ∝ |ρ̃(3/2,3/2)

21,11 |, and ρ̃
(3/2,3/2)
21,11 is computed from amplitudes for

electron emission with ml = 0. It is precisely the latter electrons which contribute most

to photodetachment in a linearly polarised field. As a consequence, the signal S(3/2,3/2)

is dominated by a single harmonic component, with a frequency determined by the

J = 1, 2 splitting. In contrast, for M0 = 1/2 (Figure 8.9), the two beat amplitudes

∆S
(3/2,1/2)
20,00 and ∆S

(3/2,1/2)
21,11 are comparable, independently of the pulse duration. Each of

these quantities, however, is determined by single-electron amplitudes with both ml = 0

and ml = ±1. Additionally, a third amplitude ∆S
(3/2,1/2)
2−1,1−1 , that arises in the M0 = 1/2

case, remains an order of magnitude smaller than either ∆S
(3/2,1/2)
20,00 or ∆S

(3/2,1/2)
21,11 . The

weak contribution of this beat reflects the origins of ρ̃
(3/2,1/2)
2−1,1−1 in electron detachment

with ml 6= 0. The signal S(3/2,1/2) thus comprises more than one harmonic component

(primarily two), as is evident from Figure 8.9.

Given that electron emission with ml 6= 0 is forbidden in the IDA, the amplitudes

∆S
(3/2,3/2)
20,00 and ∆S

(3/2,1/2)
2−1,1−1 are found to be exactly zero in this approximation, for all

species and any duration of the photodetaching pulse. As a result, the IDA fails to

account for the precise beat composition in all cases, capturing only the most signifi-

cant contributions (quantified by ∆S
(3/2,3/2)
21,11 , ∆S

(3/2,1/2)
20,00 and ∆S

(3/2,1/2)
21,11 ) to the signals

S(3/2,3/2) and S(3/2,1/2).

More generally, we find that the IDA over-estimates the beat amplitudes ∆S
(J0,M0)
J ′M,JM ,

as well as the constant offsets S̄(J0,M0), irrespective of how short the pulse. This is

perhaps unsurprising, since the IDA embodies the regime of ideally coherent wavepacket

dynamics, wherein the maximum attainable beat amplitudes are realised. Whilst the

offset values obtained from the FDM calculation typically lie within 10% of the IDA

predictions, the beat amplitudes themselves can deviate considerably more. Indeed,

even in the cases of C and Si, for which the IDA should be most faithful, the disparity

consistently exceeds 10% for the ∆S
(3/2,3/2)
J ′M,JM values, and 20% for ∆S

(3/2,1/2)
J ′M,JM . The present

results thus demonstrate that despite the apparent applicability of the IDA for C and

Si, its quantitative reliability remains rather limited for realistic (finite-length) pulses.

Furthermore, and as largely anticipated, the IDA performs most poorly for Ge, failing

to predict the beat profile accurately for essentially any pulse duration.

From Tables 8.4 and 8.5, we note that the dominant beat amplitudes ∆S
(3/2,3/2)
21,11 ,
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Atom N τ̃p/τ20 τ̃p/τ21 S̄(3/2,3/2) ∆S
(3/2,3/2)
20,00 ∆S

(3/2,3/2)
21,11

C 3 0.00973 0.00605 0.451 0.0140 0.437

7 0.0227 0.0141 0.452 0.0139 0.438

11 0.0357 0.0222 0.452 0.0139 0.437

15 0.0486 0.0303 0.451 0.0139 0.437

19 0.0616 0.0383 0.451 0.0139 0.436

Si 3 0.0500 0.0327 0.456 0.0131 0.441

7 0.117 0.0764 0.462 0.0111 0.447

11 0.183 0.120 0.464 0.0101 0.444

15 0.250 0.164 0.464 0.00951 0.437

19 0.317 0.207 0.465 0.00869 0.429

Ge 3 0.316 0.191 0.454 0.0131 0.396

7 0.737 0.446 0.458 0.00559 0.322

11 1.16 0.701 0.459 0.000597 0.213

15 1.58 0.956 0.460 0.000434 0.113

19 2.00 1.21 0.460 0.0000776 0.0490

IDA - - - 0.5 0.0 0.5

Table 8.4: Parameters of the probe-induced ionisation signals for C, Si and Ge atoms

shown in Figure 8.8. The offset values S̄(3/2,3/2) and beat amplitudes ∆S
(3/2,3/2)
J ′M,JM are

computed in accordance with equations (8.20) and (8.23), where the density-matrix
elements are evaluated upon termination of the N -cycle, photodetaching pump pulse.
Also given are the signal parameters arising in the instantaneous detachment approx-
imation (IDA), wherein an instantaneous pump pulse realises ideally coherent, atomic
spin-orbit wavepackets.
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Atom N τ̃p/τ20 τ̃p/τ21 S̄(3/2,1/2) ∆S
(3/2,1/2)
20,00 ∆S

(3/2,1/2)
21,11 ∆S

(3/2,1/2)
2−1,1−1

C 3 0.00973 0.00605 0.515 0.256 0.125 0.0208

7 0.0227 0.0141 0.515 0.256 0.125 0.0208

11 0.0357 0.0222 0.515 0.255 0.125 0.0208

15 0.0486 0.0303 0.515 0.258 0.127 0.0211

19 0.0616 0.0383 0.515 0.254 0.125 0.0208

Si 3 0.0500 0.0327 0.512 0.262 0.128 0.0191

7 0.117 0.0764 0.514 0.264 0.132 0.0163

11 0.183 0.120 0.515 0.259 0.133 0.0152

15 0.250 0.164 0.514 0.253 0.132 0.0149

19 0.317 0.207 0.515 0.241 0.130 0.0141

Ge 3 0.316 0.191 0.478 0.233 0.109 0.0173

7 0.737 0.446 0.481 0.122 0.0914 0.0120

11 1.16 0.701 0.484 0.0327 0.0618 0.00668

15 1.58 0.956 0.484 0.00476 0.0347 0.00257

19 2.00 1.21 0.486 0.00211 0.0155 0.000270

IDA - - - 0.537 0.296 0.167 0.0

Table 8.5: Parameters of the probe-induced ionisation signals for C, Si and Ge atoms

shown in Figure 8.9. The offset values S̄(3/2,1/2) and beat amplitudes ∆S
(3/2,1/2)
J ′M,JM are

computed in accordance with equations (8.21) and (8.23), where the density-matrix
elements are evaluated upon termination of the N -cycle, photodetaching pump pulse.
Also given are the signal parameters arising in the instantaneous detachment approx-
imation (IDA), wherein an instantaneous pump pulse realises ideally coherent, atomic
spin-orbit wavepackets.



8.4. Results and Discussion 297

∆S
(3/2,1/2)
20,00 and ∆S

(3/2,1/2)
21,11 for Si generally exceed those of C for the shorter pulse du-

rations (N ≤ 11). This is perhaps an unexpected feature of the present results: naively,

we might anticipate that Si should present a somewhat weaker beat modulation than

C, in accordance with the larger values of τ̃p/τJ ′J pertaining to the former. The origins

of this behaviour are most simply understood in the case of M0 = 3/2, for the J = 1, 2

beat component. Indeed, equations (8.23) and (8.26) imply the proportionality

∆S
(3/2,3/2)
21,11 ∝ g(3/2,3/2)

21,11 ρ̄
(3/2,3/2)
21,11 ,

where

ρ̄
(3/2,3/2)
21,11 =

√
ρ̃

(3/2,3/2)
21,21 ρ̃

(3/2,3/2)
11,11

is the geometric mean of the populations ρ̃
(3/2,3/2)
21,21 and ρ̃

(3/2,3/2)
11,11 . That is, the beat

amplitude ∆S
(3/2,3/2)
21,11 is determined not only by the degree of coherence g

(3/2,3/2)
21,11 ,

among the J = 2,M = 1 and J = 1,M = 1 spin-orbit components, but also by their

respective populations, ρ̃
(3/2,3/2)
21,21 and ρ̃

(3/2,3/2)
11,11 , realised following the photodetachment

event. Now, from Figure 8.7, we observe that g
(3/2,3/2)
21,11 ≈ 1 for both C and Si, so

that the amplitude ∆S
(3/2,3/2)
21,11 is effectively controlled by ρ̄

(3/2,3/2)
21,11 . In C, the small

J = 1, 2 fine-structure splitting (see Table 8.1) ensures that ρ̃
(3/2,3/2)
21,21 and ρ̃

(3/2,3/2)
11,11

assume comparable values, and we find that ρ̃
(3/2,3/2)
21,21 ≈ ρ̃

(3/2,3/2)
11,11 ≈ ρ̄

(3/2,3/2)
21,11 ≈ 0.437

for any number of cycles N . For Si, the J = 1, 2 fine-structure splitting is more than

five times larger. Interestingly however, our calculations suggest that whilst the values

of ρ̃
(3/2,3/2)
11,11 for Si are around 10% greater than those of C, ρ̃

(3/2,3/2)
21,21 is typically reduced

only by about 1% (this behaviour is evidenced for a 15-cycle pump pulse in Table 8.2).

As a result, we find larger mean values for Si, in the range 0.440 < ρ̄
(3/2,3/2)
21,11 < 0.460,

that raise the beat amplitude ∆S
(3/2,3/2)
21,11 of this species above that of C.

It should be emphasised again that these differences in the spin-orbit-level populations,

for the C and Si atoms, are manifest in their comparative beat modulations only because

of the near-unit coherence, g
(3/2,3/2)
21,11 , realised whenever τ̃p � τ21. For larger values of

τ̃p/τ21, the exponential decline in g
(3/2,3/2)
21,11 , described by equation (8.42), dictates the

relative magnitude of the beat amplitudes (8.23) in accordance with this ratio. This is

why, for instance, ∆S
(3/2,3/2)
21,11 for C exceeds that of Si for the longest pulse duration
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(N = 19) considered. Moreover, the much shorter beat period τ21 for Ge ensures that

an admixture of the J = 1, 2 spin-orbit states is much more susceptible to a loss of

coherence than its counterpart in C or Si. As a result, the contribution of this beat, to

the ionisation signal of this species, is generally much weaker than that of C and Si for

any duration of the photodetaching pulse studied.

Similar behaviour is observed for the J = 0, 2 beat component in the case M0 = 1/2.

Here, we also find that the coherence g
(3/2,1/2)
20,00 for C and Si is near-unity under short-

pulse conditions, so that the values of ∆S
(3/2,1/2)
20,00 displayed in Table 8.5 reflect the larger

mean population (by around 5%) of the J = 0,M = 0 and J = 2,M = 0 spin-orbit

components of Si compared to C. Such differences in the spin-orbit populations may

also contribute to the larger values of the amplitude ∆S
(3/2,1/2)
21,11 for Si. However, the

reduction in g
(3/2,1/2)
21,11 from unity even for short pulse durations, in combination with

its subsequent non-monotonic variation with increasing τ̃p/τJ ′J , render an explanation

more difficult in this case.

Finally, we remark on the data of Tables 8.4 and 8.5 pertaining to the weaker beat

modulations, quantified by ∆S
(3/2,3/2)
20,00 and ∆S

(3/2,1/2)
2−1,1−1 . From Table 8.4, and in contrast

to the behaviour found for the J = 1, 2 beats in the M0 = 3/2 case, the amplitude

∆S
(3/2,3/2)
20,00 for C remains consistently larger than that of Si. Likewise, in Table 8.5,

the amplitude ∆S
(3/2,1/2)
2−1,1−1 for C is greater than that of Si for any number of cycles N ,

at variance with the relative magnitudes of ∆S
(3/2,1/2)
20,00 , for the same species, at pulse

lengths N ≤ 11.

Once more, these observations are connected with differences in the distribution of

population among the C and Si 3PJ spin-orbit sublevels. Consider firstly the J =

0, 2 beat component in the case M0 = 3/2. The present calculations suggest that the

diagonal elements ρ̃
(3/2,3/2)
00,00 and ρ̃

(3/2,3/2)
20,20 experience a considerable reduction in Si (by

as much as 30%) compared to their values for C. This effect can be appreciated, for

instance, from the data of Table 8.2 for the particular pump-pulse length of N = 15

cycles, but is much more systematic, contributing to the reduction in ∆S
(3/2,3/2)
20,00 no

matter the pulse duration. The same effect also prevails in the M0 = 1/2 case, where

comparable reductions (up to 33%) in ρ̃
(3/2,1/2)
2−1,2−1 and ρ̃

(3/2,1/2)
1−1,1−1 for Si consistently lower

∆S
(3/2,1/2)
2−1,1−1 relative to that of C.
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The smaller populations for higher J states in Si (whether ρ̃
(3/2,3/2)
20,20 for M0 = 3/2, or

ρ̃
(3/2,1/2)
1−1,1−1 and ρ̃

(3/2,1/2)
2−1,2−1 for M0 = 1/2) may be partly attributable to the larger fine-

structure splittings in this system compared to C (see Table 8.1). Note, however, that

the quantity ρ̃
(3/2,3/2)
00,00 for Si also remains lower than that of C, despite the greater pref-

erence for populating the atomic ground state when larger fine-structure splittings are

prevalent. This may point to the existence of an additional effect, which competes with

the latter propensity. We highlight that one general feature of the weaker spin-orbit

beats is that their participating states can only be realised by detaching an electron

with ml 6= 0. Moreover, whilst two-photon detachment from C− (or Ge−) can produce

the C (or Ge) atom in the 3P0 ground-state level, absorption of three photons is nec-

essary to prepare neutral Si in its lowest-energy spin-orbit component (ignoring the

ponderomotive threshold shifts). These observations may suggest that detachment of

ml 6= 0 electrons is suppressed more strongly for a higher-order multiphoton process, as

prevails in laser-induced photodetachment from Si−. Of course, such behaviour should

also affect the results for excited states, such as the spin-orbit populations calculated

for J = 1,M = 0 and J = 2,M = 0 in the case M0 = 3/2, or J = 1,M = −1 and

J = 1,M = 1 in the case M0 = 1/2, all of which require ml 6= 0 electron detachment.

Whilst these are indeed found to be larger in C than in Si, it should be emphasised

that such relative probabilities are also influenced by the fine-structure energy intervals.

More specifically, higher detachment thresholds imply that lower angular momentum

atomic states (especially the ground state) are more favourable as products of pho-

todetachment. This could compensate for any reduction in the detachment probability

of ml 6= 0 electrons. In contrast, higher angular momentum states (J 6= 0) are less

favourable, and experience a reduced probability irrespective of the ml value of the

detached electron. Thus, if electrons with ml 6= 0 are less preferentially removed from

a more stongly bound system, the variation in 3PJ fine-structure splittings, across the

present np2 atoms, render the effect difficult to quantify, and some further investigation

is warranted.

To complete this section, we compare the photoelectron signals given by the present

FDM analysis with those measured experimentally by Hultgren et al. [252] and Eklund

et al. [253]. For the approximate sine-squared electric field envelope adopted in this

work, the experimental FWHM duration of 100 fs can be reproduced using a 40-cycle



8.4. Results and Discussion 300

pulse lasting τp ≈ 275 fs. For each species, the density-matrix elements at time t = 0

are computed for this fixed number of cycles, as well as a carrier wavelength of 2055 nm

and a peak intensity of 5×1011 Wcm−2. The latter, whilst much lower than the intensity

of 8 × 1013 Wcm−2 reported in Refs. [252, 253], avoids depletion of the anion ground-

state population in our calculations. The beat amplitudes and phases are once more

determined via equations (8.23) and (8.24). Note, however, that the normalised yield

of electrons presented in Refs. [252, 253] is not that of equation (8.25), but is given by

S′(t) =
S⊥(t)− S‖(t)
S⊥(t) + S‖(t)

. (8.45)

For the purpose of comparison, we shall also employ this definition, but again note that

equation (8.25) may provide a more appropriate measure of the polarisation anisotropy.

To enable a direct comparison of the signal shapes, the theoretically predicted signal

is shifted and rescaled according to

S̃′(t) = c0 + c1S
′(t− t0), (8.46)

where c0, c1 and t0 are parameters determined for each atomic species. The temporal

shift t0 relates to the uncertainty in zero time delay under experimental conditions

[253]. The constants c0 and c1 account for the actual ionisation yield produced for the

probe-pulse wavelength (1310 nm) and peak intensity (4× 1014 Wcm−2), as well as for

the presence of any additional background photoelectrons that may contribute to the

measured signal.

We shall employ the three-parameter function (8.46) to fit the signals given by both

the FDM analysis, as well as the IDA, to the experimental data. The adequacy of

the IDA in describing the observed beat profile was previously addressed by Law and

Gribakin [759]. Note, however, that their fitting function differs from equation (8.46):

instead of c0 and c1, they adopt as free parameters the sum and difference of the

background signals for parallel and perpendicular polarisations (see equation (11) of

Ref. [759]). In spite of the difference in fitting functions, we have confirmed that the

fits for the IDA signal presented in what follows are very similar to those reported in
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Ref. [759]. As such, much of the discussion given therein surrounding the performance

of the IDA remains applicable here also. However, our present density-matrix approach

offers deeper insight into the nature of the beat modulation, and enables changes in its

character to be connected directly with a loss of quantum wavepacket coherence at the

single-atom level. In particular, our analysis can demonstrate the failure of the IDA

under conditions of strong decoherence, a behaviour speculated, but not quantitatively

confirmed, in Ref. [759].

Figure 8.11 displays results for the normalised yield as a function of time delay for

C, Si and Ge. The predictions of the FDM treatment and IDA are compared with

the experimental data of Hultgren et al. [252] and Eklund et al. [253], obtained from

momentum-resolved images for high-energy (p ≥ 0.4 a.u.) photoelectrons. The param-

eters c0, c1 and t0 for the theoretically predicted signals have been determined for an

optimal fit of equation (8.46) to the experimental data in each case, using a non-linear

least-squares algorithm. We provide their values in Table 8.6. Note that by varying the

range of the time-shift parameter t0 in equation (8.46), several locally optimal fits can

be achieved. Here, we choose that corresponding to the smallest absolute value of t0,

with other optimised values differing from it by multiples of τ21 (see below).

For C (Figure 8.11(a)) and Si (Figure 8.11(b)), we find good agreement between the

experimentally observed signal shapes and those predicted by the present FDM treat-

ment. For C, the signal derived within the IDA stands in clear concurrence with that

of the FDM analysis, but shows noticeable deviations for Si. In line with the analy-

sis given in Refs. [252, 253], the signals arising from these species are quasi-harmonic,

being dominated by an oscillatory modulation at the J = 1, 2 beat frequency (or

with periods τ21 ≈ 1.24 ps and 0.228 ps for C and Si respectively). Nevertheless, the

J = 0, 2 beat component is manifested, producing a characteristic knee-like feature at

even half-periods. The latter appears rather prominently in the FDM signal for C, but

less sharply for Si. It is worth noting that a similar knee-like feature was also observed

in the ab initio RMT simulations of C by Rey and van der Hart [588]. These authors

exploited the disparity in timescales between photodetachment and spin-orbit beats

(τ20 ≈ 7.69τ̃p and τ21 ≈ 12.4τ̃p) to model the probe phase of the experiment, thus cir-

cumventing explicit computation of the atomic density matrix. Whilst this approach is

indeed rational for the C system, it becomes questionable for the heavier Si one, where
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the difference in timescales is greatly reduced (τ20 ≈ 1.50τ̃p and τ21 ≈ 2.28τ̃p). In this

case, calculation of the density matrix for the atom represents a necessary recourse,

offering a quantitative characterisation of the beat profile that properly incorporates

the effect of the pump-pulse duration.

The pronounced temporal oscillations observed for C and Si have clear physical ori-

gins, in light of the discussion given in Section 8.4.1. In C, the beat periods τ20 and

τ21 are more than seven times larger than the effective pulse duration (τ20 ≈ 7.69τ̃p

and τ21 ≈ 12.4τ̃p), ensuring that the 3PJ fine-structure manifold is populated coher-

ently following electron detachment from C−. In this case, the signals arising from the

density-matrix description and the IDA bear very similar shapes, and a fit of either to

the experimental data, in the manner of equation (8.46), can reproduce well the ob-

served signal. Nevertheless, it should be highlighted that relative to the FDM treatment,

the IDA over-estimates the amplitudes ∆S
(3/2,3/2)
21,11 , ∆S

(3/2,1/2)
20,00 and ∆S

(3/2,1/2)
21,11 of the

dominant beat components by up to 27%, so that its quantitative reliability in predict-

ing the beat composition remains limited. For Si, although the spin-orbit beat periods

exceed the pulse duration, the disparity is much less (τ20 ≈ 1.50τ̃p and τ21 ≈ 2.28τ̃p).

In the experiments of Ref. [253], a clear weakening of the beat modulation for this

species was observed relative to C. Our present FDM treatment also suggests a sup-

pression, with the dominant beat amplitudes being as much as 43% smaller than those

of C. Within this single-atom description, and following the discussion given in Section

8.4.1, the latter behaviour reflects the mixed-state character of spin-orbit wavepackets

prepared by photodetachment from Si− under these conditions. Furthermore, we note

that the FDM and IDA show differences in the relative contribution of the various beat

components, which is a direct consequence of the finite duration of the photodetaching

pulse. For Si, the IDA deviates still further from a FDM calculation than in the case of

C, now over-estimating the amplitudes of the dominant beat components by as much

as 52%. This is manifested by the qualitatively distinct shapes of the rescaled signals,

and calls into question the appropriateness of the IDA for this system.
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Figure 8.11: Time-dependent behaviour of the total probe-induced ionisation sig-
nal (8.45) for (a) C, (b) Si and (c) Ge atoms, produced from their anions in the
M0 = 3/2 and 1/2 initial states by a photodetaching pump pulse, with carrier wave-
length 2055 nm, peak intensity 5 × 1011 Wcm−2 and duration 40 cycles. The signals
obtained within the full density-matrix treatment (FDM, solid black line) and instan-
taneous detachment approximation (IDA, dashed red line) are optimally fitted to the
experimental data of Refs. [252, 253] (solid blue circles) using equation (8.46). Values
of the fitting parameters are given in Table 8.6.
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Atom FDM IDA

c0 c1 t0 (ps) c0 c1 t0 (ps)

C 0.0464 0.119 0.292 0.0452 0.0932 0.153

Si 0.111 −0.0477 −0.00987 0.0969 0.0220 0.0169

Ge −2.25 15.0 −0.00791 0.0395 −0.00647 −0.0100

Table 8.6: Optimised values of the parameters c0, c1 and t0, used in equation (8.46) to
fit the signals obtained in the full density-matrix (FDM) and instantaneous detachment
approximation (IDA) treatments to the experimental data of Refs. [252, 253].

In contrast to the good agreement found for C and Si, no satisfactory fit (8.46) to

the experimental data for Ge (Figure 8.11(c)) can be obtained. For this system, our

FDM calculations suggest a vastly diminished beat modulation, with the largest beat

amplitude being ∆S
(3/2,3/2)
21,11 ∼ 10−4, and all others smaller still. This suppression is

unsurprising: the beat periods τ20 and τ21 are smaller than half the pulse duration

(τ20 ≈ 0.237τ̃p and τ21 ≈ 0.391τ̃p), leading to a classical (incoherent) ensemble of

atomic states rather than a quantum superposition. The rescaled signal in Figure 8.11(c)

comprises only a single dominant harmonic component, oscillating at the J = 1, 2

beat frequency (or with a period τ21 ≈ 39.1 fs). As in Ref. [759], the IDA fit is also

unsatisfactory, suggesting a signal with somewhat more temporal structure than the

FDM treatment. This is due to the severe discrepancies in calculated beat ampliudes

between the two approaches, where the IDA would suggest the presence of more than

one harmonic component in the signal. The stark disagreement between the FDM

and IDA predictions for the beat composition demonstrates that the assumption of an

instantaneous pulse, and thus ideal purity of residual atomic states, is grossly inaccurate

for this system, and leads to qualitatively different shapes for the theoretical ionisation

signal fitted to the experimental data.

Inspection of the data of Eklund et al. [253] suggests no clear evidence of a temporal

oscillation in the signal for Ge. Indeed, using a simple phenomenological fit to this data,

incorporating harmonic components for the J = 0, 2 and J = 1, 2 beat frequencies,

these authors found only statistically insignificant values for the corresponding beat

amplitudes. Note, however, that even if some small-scale oscillation is present, the

number of available data points per period τ21 is rather limited (three or four), rendering
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an accurate fit using equation (8.46) difficult in any case.

The present density-matrix treatment offers insight into the beat composition of the

single-atom ionisation signal, and appears to reproduce well the observed signal shapes

for C and Si. Nonetheless, one should question its genuine relevance in understanding

the response of ensembles of laser-produced atoms, as considered in the experiments of

Refs. [252, 253]. Two aspects are of particular importance, namely decoherence effects

arising from interactions with the environment, and the subjection of the atomic en-

semble to a spatial distribution of intensities across the laser focal region. The relevance

of the former under experimental conditions has already been assessed by Hultgren et

al. [252] and Eklund et al. [253]. As noted by these authors, the collisional interac-

tion of orbitally-aligned atoms, with those of the ambient medium, is anticipated to be

the most important source of wavepacket decoherence operating under experimental

conditions. Given that no evidence of such behaviour was observed on the timescale

of experimental measurement, the photoelectron data of Refs. [252, 253] should truly

manifest the time-evolution of (partially coherent) spin-orbit admixtures in individual

atoms prepared by photodetachment. The latter, however, may be necessary for a more

meaningful comparison between theory and experiment.

The calculations discussed in this work have been performed for a single laser intensity.

However, in the experiments of Hultgren et al. [252] and Eklund et al. [253], there is

a distribution of laser intensities across the focal region, and so in principle, our KTA

calculations should be repeated for a range of pulse peak-intensity values conforming to

the experimental profile. The spatial variation of intensity may have important impli-

cations. For instance, the signal phases arising from atoms subject to higher intensities

(i.e., near the centre of the laser focus), and thus formed earlier in the pulse, will differ

from those formed later under low-intensity conditions (i.e., in the periphery of the focal

region). Moreover, the coherence properties of atomic wavepackets are also expected to

be sensitive to the local intensity. Ions at the centre of the laser focus undergo more

rapid photodetachment, and therefore experience effectively shorter pulse durations,

than those outside. The latter effect is likely irrelevant for C under the experimental

conditions in Refs. [252, 253], where irrespective of the location of an ion in the fo-

cal region, the effective pulse duration is extremely short. For Si and Ge however, the

experimentally observed suppression of quantum beats may not solely reflect a loss of
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quantum wavepacket coherence at the single-atom level, but could arise from spatial

and temporal averaging of the signals produced from the whole ensemble of atoms in

the focal region. Should this effect be significant, it would render any comparison of

experimental data with predictions for the single-atom system less meaningful. Further

refinement of our present modelling approach, such as to incorporate the experimental

intensity profile and the effects of focal averaging, would be necessary in order to truly

confirm the observation of quantum decoherence effects in Si and Ge at the single-atom

level.

8.5 Conclusions

In this work, we have developed a semi-analytical, density-matrix approach to investi-

gate the coherence properties of np2 3PJ spin-orbit wavepackets produced by photode-

tachment from C−, Si− and Ge− ions, initially in their 4S3/2 ground state. Our work is

motivated by the recent pump-probe experiments of Hultgren et al. [252] and Eklund

et al. [253], addressing orbital alignment and quantum beats in C, Si and Ge atoms

prepared by femtosecond-pulse photodetachment from their corresponding anions. We

have computed the reduced density matrix for each laser-produced, np2 atom within

the framework of a Keldysh-type theory, and provided a quantitative account of the

partially coherent dynamics in the atomic fine-structure manifolds, offering physical

insight into the experimentally observed loss of coherence for heavier systems.

For a realistic set of pulse parameters, we have examined the temporal build-up of

population in the 3PJ ground-state spin-orbit components, as well as in the coherences

among them, during the evolution of the photodetaching pulse. For an initial anionic

state with M0 = 3/2, our results evidence a clear criterion for coherent spin-orbit

wavepacket dynamics in the atomic ground state: coherent superpositions of the spin-

orbit states JM and J ′M are realised only when the effective pulse duration τ̃p is

much smaller than the intrinsic spin-orbit beat period τJ ′J (i.e., τ̃p � τJ ′J). This

requirement was anticipated by Hultgren et al. [252] and Eklund et al. [253], as well

as by Law and Gribakin [759], but has here been confirmed within a general, density-

matrix description of the photodetachment process. It reflects the need for a sufficiently

large bandwidth of the driving laser pulse, exceeding the splittings among the atomic
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3PJ states participating in the superposition. Thus, depending on the pulse duration,

strong-field detachment may not, in general, produce perfectly coherent, aligned atomic

states, and a density-matrix description becomes necessary.

For the M0 = 1/2 initial anionic state, we have found that coherent admixtures of the

J = 1 and J = 2 ground-state spin-orbit components cannot generally be realised, even

in the limiting regime of an instantaneous photodetaching pulse. In this case, and in

contrast to that of M0 = 3/2, the states participating in the dominant spin-orbit beats

are accessible via more than one transition pathway, involving detachment of an electron

with either ml = 0 or ml = ±1, and different spin projections σ = ±1/2. As a result, the

total wavefunction of the system cannot be written as a product of the atomic-residue

and photoelectron wavefunctions, but is a sum of such products, corresponding to the

different combinations of ml and σ. Such entanglement ensures that the reduced density

matrix of the atom never describes a pure state, even when τ̃p � τJ ′J . Our numerical

results for M0 = 1/2 thus underline a fundamental significance of multiple-orbital

contributions in strong-field detachment. In spite of their weaker response to a linearly

polarised laser pulse, the possbility of detaching electrons with ml 6= 0 has an important

effect on the coherence properties of laser-generated atomic wavepackets, rendering the

residual system in a mixed state independently of the photodetaching pulse duration.

Note that if we allow electron removal only from the valence orbital with ml = 0,

then ideal coherence would incorrectly be predicted in the limit τ̃p � τJ ′J . This shows

that in modelling the electronic coherences produced during strong-field processes, one

must account for the removal of electrons from all valence orbitals, irrespective of their

spatial orientation relative to the laser polarisation axis.

The dependence of the spin-orbit coherences on the pulse duration has also been in-

vestigated. For the initial M0 = 3/2 state, we have found that the degree of coherence

g
(3/2,3/2)
J ′M,JM behaves as a universal function of the ratio τ̃p/τJ ′J , exhibiting a Gaussian-

like decrease with increasing pulse duration relative to the intrinsic beat period. Our

analysis confirms that residual atomic states are effectively pure (that is, comprise

highly coherent superpositions) for very short pulses, but begin to resemble a classical

(incoherent) ensemble already as τ̃p/τJ ′J exceeds unity. These findings are in quali-

tative accord with previous theoretical studies of strong-field ionisation in noble-gas

systems [492, 734]. Additionally, we have shown that this exponential sensitivity of the



8.5. Conclusions 308

coherences, to the ratio τ̃p/τJ ′J , can be understood on the basis of time-dependent per-

turbation theory, as arising from the Gaussian-like nature of the photodetaching laser

pulse. No such simple trend, however, can be identified for the M0 = 1/2 initial state,

where the atomic residue and photoelectron remain entangled regardless of the pulse

duration.

Using the reduced density matrix for each residual atomic system, we have studied the

subsequent temporal evolution of the np2 3PJ spin-orbit wavepackets. By extracting

the time-dependent probability with which single-electron states, having ml = 0 or ±1,

are occupied, we have established analytic formulae for the probe-induced photoelec-

tron signal. Our analysis provides an explicit link between the spin-orbit coherences

and the quantum beats in the ionisation signal, such that the oscillatory modulations

of the latter directly reflect the degree of electronic wavepacket coherence attained in

strong-field detachment. For the range of pump-pulse durations considered here, we

find the modulations to be particularly strong for C and Si, where the signal shapes

conform qualitatively to the predictions of the IDA. More quantitatively, however, the

beat amplitudes found in the density-matrix treatment can deviate considerably from

those of the IDA. In particular, by computing the atomic density matrix for the exper-

imental FWHM pulse duration of τ̃p ≈ 100 fs in Refs. [252, 253], we have established

that the IDA over-estimates the dominant beat amplitudes by as much as 27% for

C, and 52% for Si. Thus, in spite of the apparent applicability of this approximation

for the lighter C and Si systems (whose beat periods exceed the experimental pulse

duration by more than a factor of 7 and 1.5, respectively), its quantitative reliability

remains rather limited for realistic (finite-length) pulses. Furthermore, for the heavier

Ge system, we have found that the quantum beats in the photoelectron signal are much

weaker than those of C and Si for any given pump-pulse duration, and are practically

invisible for a τ̃p ≈ 100 fs photodetaching pulse. This suppression of the beats has a

fundamental physical origin, reflecting the loss of coherence due to the spectral resolv-

ability of the 3PJ ground-state spin-orbit components. Under such conditions, the IDA

loses its validity completely, and only a density-matrix treatment can correctly predict

the photodetachment dynamics.

We have also performed a comparison between our theoretically predicted signal shapes

and those measured experimentally by Hultgren et al. [252] and Eklund et al. [253] for
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each atomic species. Good agreement has been obtained for C and Si, where the density-

matrix analysis captures well the observed quantum-beat modulations in the signal. In

contrast, no satisfactory agreement could be achieved for Ge, whose experimental signal

appears to be devoid of any temporal oscillation. We emphasise, however, that a more

meaningful comparison might incorporate the effects of spatial and temporal averaging

of the photoelectron signals arising from a whole ensemble of atoms in the laser focal

region. Indeed, in the present study, we have discussed calculations of the atomic den-

sity matrix and photoelectron signals for fixed peak intensities of the photodetaching

pulse. These were chosen such as to avoid depletion of the anion ground-state popula-

tion, allowing for the evolution of the density matrix to be examined throughout the

entire duration of the pulse. However, in the experiments of Refs. [252, 253], there is

a distribution of intensities across the laser focus, and a more realistic modelling ap-

proach might incorporate focal averaging of the photoelectron signal. To achieve this,

the KTA calculations can simply be repeated for a range of pulse peak intensities con-

forming to the experimental profile. For each intensity value, we can follow the time

evolution of the density matrix from one saddle point to the next (as discussed in Sec-

tion 8.2.1), but terminating the simulation once the total detachment probability has

reached unity. For relatively low pulse intensities (i.e., those pertaining to the periphery

of the focal region), the contributions of all 2(N + 1) saddle points might be required,

but at relatively high intensities (i.e., near the centre of the laser focus), only a small

subset of these might contribute, thus restricting the time integration in equation (8.5)

to a limited portion of the pulse. The spatial intensity variation may prove relevant.

For instance, the signal phases arising from atoms subject to higher intensities, and

thus formed earlier in the pulse, will differ from those formed later under low-intensity

conditions. Moreover, the coherence properties of atomic wavepackets are also expected

to be sensitive to the local intensity. Ions at the centre of the laser focus undergo more

rapid photodetachment, and therefore experience effectively shorter pulse durations,

than those outside. Then, focal averaging may produce a further suppression of the

observed beats, additional to that connected with a loss of quantum coherence. This

effect, whilst likely insignificant for C (by virtue of its long spin-orbit beat periods), may

be important in rationalising the experimental results for Si and Ge. As such, further

refinement of our present modelling approach, such as to account for the experimental

intensity profile and the effects of focal averaging, would be necessary in order to truly
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confirm the observation of quantum decoherence effects at the single-atom level.

Finally, we note that the KTA adopted in this work could be extended to analyse

vibrational-wavepacket excitation in neutral molecules, induced by electron detachment

from the corresponding anion in the field of a short pulse. Although the nuclear dy-

namics are commonly treated within the approximation of instantaneous detachment,

the femtosecond pulse durations assumed in real experiments are often comparable to

the intrinsic vibrational periods, which calls for a proper density-matrix description of

the mixed-state vibrational wavepackets formed in the neutral residue.



Chapter 9

Conclusions

9.1 Summary

In this thesis, we have explored the development and application of advanced theoretical

techniques for modelling the interaction of intense, ultrashort light pulses with complex

atoms and ions. In particular, the progress reported here further solidifies the ab initio

R-matrix with time-dependence (RMT) methodology as one of remarkable generality

and predictive scope, capable of solving the laser-driven, atomic many-body problem

now for arbitrarily polarised laser fields, and even beyond the traditional electric dipole

approximation. The material has been organised into three parts, and we provide a

dedicated summary for each in what follows.

Summary of Part I

Part I of this thesis has reviewed experimental and theoretical developments in ultrafast

physics, relevant to the investigation of atomic and molecular systems in ultrashort,

arbitrarily polarised laser pulses. In Chapter 1, we discussed the evolution of ultra-

short light-source technology, extending from the introduction of the laser in 1960 to

the most recent schemes for attosecond-pulse synthesis via the non-linear process of

high-harmonic generation (HHG). We have explored a range of strategies for tailoring

the polarisation state of ultrashort pulses, whether those produced directly from laser

oscillators (as in the femtosecond polarisation-shaping of near-infrared, Ti:sapphire
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laser light), or resulting from high-harmonic up-conversion to the extreme-ultraviolet

(XUV) spectral range. Notable applications of polarisation-tuneable light pulses to the

spectroscopy of atomic, molecular and condensed-matter systems have been duly high-

lighted.

Chapter 2, in contrast, has reviewed complementary developments in theoretical method-

ology. Therein, we have given a brief overview surrounding the semiclassical theory of

laser-atom interactions, before exploring some of the most impactful approaches to

solving the laser-driven, atomic many-body problem in a non-perturbative and full-

dimensionality fashion. We have highlighted that whilst Floquet techniques circumvent

the need for explicit time propagation of the atomic wavefunction, the Floquet ansatz

itself can be strongly violated for the few-cycle, femtosecond and attosecond light pulses

of current experimental interest. Moreover, both the original Floquet theory, as well as

its R-matrix variant, were formulated exclusively for atomic systems in laser fields of

linear polarisation. A satisfactory treatment of atomic electron dynamics in truly ultra-

short laser fields is only possible with explicitly time-dependent approaches, which solve

the time-dependent Schrödinger equation (TDSE) in a direct manner. We have sum-

marised some of the most popular to date, including the single-active-electron (SAE),

time-dependent close-coupling (TDCC) and time-dependent configuration-interaction

singles (TDCIS) approaches. On the one hand, TDCC techniques achieve the direct

numerical integration of the multielectron TDSE without significant approximation,

and thus retain electronic correlation effects. However, such calculations have proven

feasible only for small, two- and three-active-electron systems. On the other hand, SAE

techniques offer substantially reduced computational cost relative to truly many-body

methods for complex atoms, but by their very construction, are unsuitable for the

elucidation of effects arising from the interaction of multiple electrons. Both, nonethe-

less, have facilitated the simulation of multielectron atoms in laser fields of arbitrary

polarisation. TDCIS theory transcends the SAE approximation for complex systems,

and has seen successful application to the strong-field regime. Yet, it remains confined

to linearly polarised fields, as well as to single excitations from a closed-shell, atomic

ground state. As a result, there has remained a considerable demand for ab initio mod-

elling approaches that offer flexibility with respect to the target complexity (single-

or multielectron atom or ion), light-field intensity (weak-field, few-photon or strong-
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field, many-photon dynamics), as well as polarisation state (linear, circular or general

elliptical).

Summary of Part II

Part II of this thesis has reported novel theoretical and computational developments

concerning the ab initio and fully non-perturbative RMT methodology, lifting the tra-

ditional restrictions to linearly polarised fields, and even the electric dipole approxima-

tion.

As underlined in Chapter 2, only a limited number of truly many-body theories exist

to tackle the ultrafast dynamics of complex atoms in ultrashort and high-intensity

light fields. Among them, RMT theory [254] and the associated computer codes have

proven particularly successful in supporting state-of-the-art experiments in strong-field

physics. In Chapter 3, we have reviewed the principles of the RMT methodology, as

first presented by Moore et al. [254]. Like its predecessors, [255, 256, 257, 258, 259], the

RMT method is capable of modelling the non-relativistic dynamics of multielectron

atoms and ions exposed to linearly polarised, ultrashort laser pulses, but surpasses

the limitations of the former by offering a hybrid numerical strategy, comprising a

unique integration of R-matrix basis-set with helium finite-difference and Arnoldi time-

propagation techniques. This approach confers a high degree of parallel scalability,

making feasible the simulation of laser-induced, multielectron dynamics in complex

targets, particularly in the long-wavelength regime [260, 261, 262, 263].

In Chapter 4, we have introduced an ab initio and fully non-perturbative RMT the-

ory for ultrafast atomic processes in arbitrary light fields. This approach represents

the very latest evolution in time-dependent R-matrix techniques, retaining the same

capacity as its forerunners in treating detailed, multielectron exchange and correlation

effects, whilst facilitating the description of atomic ionisation dynamics in truly mul-

tidimensional light-field configurations. These include, in particular, the fields arising

from elliptically (and especially circularly) polarised laser pulses, for which compact

and efficient radiation sources have become increasingly widespread. As such, our pre-

dictive capabilities should prove valuable in exploring the interplay between quantum

many-body physics and strong-field dynamics, in realistic and polarisation-controllable
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laser fields.

As a first demonstration of our generalised RMT approach, we have investigated the

formation of multistart spiral-vortex features in the photoelectron momentum distribu-

tions of He, irradiated by a pair of time-delayed, ultrashort, circularly polarised laser

pulses with opposite helicities. Through comparison of the RMT data with the TDCC

results of Ngoko Djiokap et al. [476], we have verified that our calculations can re-

produce the key qualitative features of the photoelectron momentum distributions in

the polarisation plane, correctly capturing the sensitivity of the electron-vortex prop-

erties (number and orientation of the spiral arms) to the relative handedness, carrier-

envelope phase and time delay of the pulses. In a second demonstration, we have studied

single-photon detachment from the F− ion, initiated by a single, right-hand circularly

polarised, femtosecond laser pulse. To assess the sensitivity of the photodetachment

dynamics to the sign of the bound-electron magnetic quantum number ml, we have

decomposed the photoelectron energy spectrum into its ml-selective components. Our

results suggest that the ionisation response of corotating (2p1) electrons dominates that

of counter-rotating (2p−1) electrons. Such behaviour was previously identified in studies

of atomic hydrogen exposed to microwave fields [593, 594], but has here been evidenced

for a truly multielectron target in the XUV range. The latter observation may suggest

that preferential removal of electrons, with one sign of ml, is a fundamental attribute of

single-photon ionisation in fields with non-zero helicity, persisting not only in different

wavelength regimes, but even in spite of dynamical, multielectron correlations in more

complex systems.

In Chapter 5, we have extended the RMT methodology of Chapter 3 to include the

lowest-order non-dipole corrections to the laser-atom interaction Hamiltonian. Incor-

poration of the electric quadrupole (E2) and magnetic dipole (M1) interactions within

an RMT framework enables the modelling of ultrafast electron dynamics, to order 1/c,

in entirely general, multielectron atoms and atomic ions. This progress expands the

predictive scope of the theory to a regime of laser intensities and wavelengths in which

relativistic-kinematic corrections to the electron motion remain negligible, but the laser

magnetic field is significant. An important feature of the E2 and M1 interactions is that

they violate conservation of the total magnetic quantum number ML, even for a linearly

polarised laser field. However, the demands imposed by ML non-conservation in RMT
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simulations have already been addressed in connection with arbitrary laser-field polar-

isations, as detailed in Chapter 4. The RMT suite of codes is thus wholly amenable to

the inclusion of these interactions, and efforts towards their implementation are on the

horizon. We emphasise that the elaboration of a non-dipole RMT theory, together with

an efficient computational implementation, should prove especially valuable in support

of experiments at modern free-electron laser facilities, which promise coherent, sub-

nanometre-wavelength light pulses with intensities surpassing those available through

conventional synchrotron technology.

Summary of Part III

In Chapter 6, we have applied the ab initio RMT theory of Chapter 3 to investigate

extreme-ultraviolet-initiated high-harmonic generation (XIHHG) in Ar+. With an ap-

propriate choice of time delay between the XUV and infrared (IR) pulses, we find that

XUV-mediated multiphoton processes afford substantial enhancements in the yield of

plateau harmonics, including those below the target ionisation threshold. The single-

colour spectrum presents an important signature of the target electronic structure, in

the form of a pronounced Cooper minimum. The latter has previously been observed

in photoionisation spectra of Ar+, reinforcing the notion that HHG could enable a

novel mode of spectroscopy. This minimum also persists in the two-colour spectrum,

suggesting that the XIHHG scheme we propose retains the spectroscopic potential of

single-field HHG, whilst offering improved conversion efficiencies. We have shown that

multicolour field configurations can alter the relative importance of different electron-

emission channels, and examined the potential role of an intermediate resonance for the

XIHHG scheme of interest. Finally, we have demonstrated the importance of a system-

atic control over the timing of the initial ionisation event, and discussed the sensitivity

of the sub-threshold harmonics to the XUV-IR time delay. Our findings suggest that

(XUV + IR) irradiation strategies, traditionally employed in absorption-spectroscopy

techniques, may also hold considerable promise for multidimensional harmonic spec-

troscopy.

In Chapter 7, we have employed the generalised RMT method of Chapter 4 to calcu-

late photoelectron momentum spectra for F−, irradiated by circularly polarised, near-
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infrared laser pulses. We have established the contributions of co- and counter-rotating

electrons, and demonstrated the well-known preference for strong-field detachment of

the latter. Furthermore, we have observed a strong variation in this preference with

photoelectron energy. Close to threshold, a strong rotational asymmetry favours de-

tachment of counter-rotating electrons, whereas with increasing photoelectron energy,

the degree of rotational asymmetry gradually decreases. Equal partitioning is estab-

lished only at high excess energies, where the detachment yields are typically negligible.

Conveniently, the energy-dependent ratio of yields for counter-rotating to corotating

electrons is provided in closed form by the analytical R-matrix and Perelomov, Popov

and Terent’ev approaches. We find good qualitative agreement between the predictions

of these methods and our numerically calculated ratios. This demonstrates the ability

of both numerical and analytical methods alike to capture the asymmetric distribution

of detachment yields for the F− system in circularly polarised laser fields, providing a

valuable verification of their predictive power. The energy-dependent trend exhibited

by the rotational asymmetry is largely insensitive to the quality with which the ionic

structure is described, although a poorer treatment of the residual F ground state can

give rise to significant quantitative changes in the predicted detachment yields.

Chapter 8 presents a digression from the development and application of RMT theory to

investigate a rather specialised problem. Therein, we have developed a semi-analytical,

density-matrix approach to examine the coherence properties of np2 3PJ spin-orbit

wavepackets produced by photodetachment from C−, Si− and Ge− ions, initially in their

4S3/2 ground state. Our work is motivated by the recent pump-probe experiments of

Hultgren et al. [252] and Eklund et al. [253], addressing orbital alignment and quantum

beats in C, Si and Ge atoms prepared by femtosecond-pulse photodetachment from their

corresponding anions. We have computed the reduced density matrix for each laser-

produced, np2 atom within the framework of a Keldysh-type theory, and provided a

quantitative account of the partially coherent dynamics in the atomic fine-structure

manifolds, offering physical insight into the experimentally observed loss of coherence

for heavier systems.

In particular, to make contact with the experiments of Hultgren et al. [252] and Eklund

et al. [253], we have studied the temporal evolution of the atomic np2 3PJ spin-orbit

wavepackets following the photodetachment process. Using the reduced density matrix
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for each residual atomic system, we have modelled their probe-induced photoelectron

signals, and compared our predictions with the experimental measurements reported

in Refs. [252, 253]. Good agreement has been obtained for C and Si, where the density-

matrix analysis appears to capture well the beat composition of the observed signals. In

contrast, no satisfactory agreement could be achieved for Ge. We emphasise, however,

that a more meaningful comparison might incorporate the effects of spatial and tem-

poral averaging of the photoelectron signals arising from a whole ensemble of atoms in

the laser focal region. This may prove key in rationalising the experimental results for

Si and especially Ge, where the suppression of quantum beats may not purely reflect

a loss of wavepacket coherence at the single-atom level. As such, further refinement

of our present modelling approach, such as to account for the experimental intensity

profile and the effects of focal averaging, is advisable.

9.2 Future Research

The research presented in this thesis admits several possible extensions and elabora-

tions. We outline a selection of these in what follows.

Double-ionisation in General Atomic Systems and Arbitrary Light Fields

The original RMT theory developed by Moore et al. [254] was restricted to single-

electron ionisation. Indeed, their analysis assumes only a single electron in the outer

region, moving under the influence of the laser field, as well as the long-range multipole

potential of the residual ion. The method has been extended to incorporate double-

electron continua through implementation of a two-electron outer region, with recent

applications to the double-ionisation and electron-impact ionisation of He (s-wave scat-

tering only) [583, 584]. However, this double-ionisation variant of the RMT approach is

limited to at most one-electron residual ions and linearly polarised laser pulses. Natu-

rally, a more general formalism, capable of treating double-electron emission processes

in multielectron atoms and in laser fields of arbitrary polarisation, would be highly

desirable. Such a method is presently under development, and builds upon the earlier

efforts of Scott et al. [773], who formulated an intermediate-energy R-matrix technique
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for single- and double-ionisation processes in weak fields. The availability of a corre-

sponding suite of codes would enable theoretical modelling support for a number of

novel spectroscopic techniques, including charge-state chronoscopy [774], double-core-

hole spectroscopy [775, 776] and multielectron coincidence studies [777].

Computational Implementation of the Non-dipole RMT Theory

In Chapter 5, we presented a non-dipole formulation of RMT theory, which incorporates

the E2 and M1 corrections to the multielectron, laser-atom interaction Hamiltonian.

Whilst the formalism has now been established, a corresponding numerical implemen-

tation has yet to be realised. The latter represents a natural and undoubtedly valuable

objective for future research, promising to enhance the predictive scope of the RMT

approach still further, and reinforcing its utility as a computational tool in support of

modern experiments, especially those concerning intense, high-frequency, free-electron

laser light. Broadly, efforts towards achieving it must address two significant challenges.

The first pertains to limitations in the R-matrix I and II suites, which are responsible

for supplying the atomic-structure data needed in RMT simulations. At present, these

codes provide only reduced matrix elements for E1 transitions in the (N + 1)-electron

target, as well as in the N -electron residual atom or ion. Inclusion of the E2 interaction

in RMT calculations will therefore necessitate their modification, for provision of the

reduced matrix elements appropriate to E2 transitions. Note that simple formulae for

the M1 matrix elements have been derived in closed form (see Chapter 5), and are

trivial to evaluate.

The second issue is that the additional couplings among atomic states, imposed by the

E2 and M1 corrections, will considerably increase the cost and complexity of numerical

computations. Indeed, even for the simplest case of a field linearly polarised in the z-

direction, the E2 interaction introduces an additional selection rule on the total orbital

angular momentum quantum number L (∆L = ±2), and both this, as well as the orbital

M1 interaction, violate conservation of the total orbital magnetic quantum number

ML (∆ML = ±1). Furthermore, the spin M1 interaction, whilst conserving of the

total spin quantum number S, violates conservation of the corresponding magnetic

quantum number MS (∆MS = ±1). As such, to incorporate the lowest-order non-
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dipole corrections in RMT calculations, we must account explicitly for all possible

laser-induced transitions among atomic states with different orbital and spin angular

momentum properties. The concomitant increase in scale will be experienced in both

the inner- and outer-region aspects of a calculation. With respect to the inner region,

the dimensions of the Hamiltonian matrix (and wavefunction vector) are increased

substantially relative to a calculation in the dipole approximation, where each atomic

LSπ symmetry (with π the parity) is now replaced by an appropriate set of LMLSMSπ

symmetries. In the outer region, a larger number of electron-emission channels must

be retained in the multichannel expansion for the wavefunction, leading to a more

numerous set of coupled, partial differential equations that must be solved for the

ejected-electron radial wavefunctions. In addition, the E2 and M1 modifications to

the field-dependent, long-range potentials give rise to a more intricate set of channel

couplings, relevant to both the orbital and spin angular momentum characteristics of

the outgoing electron and residual atom or ion. Given the likely computational demand,

we anticipate that initial explorations of non-dipole effects in RMT simulations will

be confined to simple, two-electron atoms and ions, such as to minimise any cost or

complexity arising from the target structure. Note that such studies would nonetheless

be valuable, providing natural grounds for quantitative comparison with the non-dipole

helium method [643, 644]. In particular, this approach has provided ionisation yields

for the single-photon, single- and double-ionisation of Ne8+ at X-ray wavelengths [778],

and this could represent a suitable choice of target for early RMT work.

In the future, however, we would aim to exploit the non-dipole RMT methodology as

a truly multielectron approach, with a view towards the simulation of more complex

targets. Possible cases for study might include the photoionisation of highly charged

ions of Kr and Xe, commonly formed through sequential, non-sequential and relaxation-

mediated ionisation processes in free-electron laser experiments [300, 301, 302]. In spite

of their generally enhanced importance for higher charge states, no systematic investi-

gations of E2 and M1 effects have been conducted for these systems. Another matter

of contemporary interest is high-harmonic interferometry of the Lorentz force, and

the re-enabling of recollision in the long-wavelength regime [779, 780]. Indeed, it has

been found that the dipole approximation is violated not only at extremely short wave-

lengths, but also at very long wavelengths, where an electron experiences longer periods
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of acceleration, and the magnetic component of the Lorentz force Fm ∝ v×B becomes

significant [781]. The latter creates a drift of the electron along the direction of laser

propagation, and when strong enough, can suppress recollision entirely. The effect has

important implications, most notably compromising the use of long-wavelength, mid-IR

driving lasers to achieve bright, ultrashort pulses of X-ray radiation in the keV range

[653, 782, 783]. Recently, Pisanty et al. [780] have devised a simple scheme to counteract

the suppression of HHG when the laser magnetic field is significant. They demonstrate

that the combination of two, non-collinear laser beams with opposite circular polarisa-

tions gives rise to a field with a slight ellipticity in the propagation direction, which can

be exploited to sensitively monitor, control and even cancel the effect of the magnetic

force. As such, their arrangement could permit the recovery of high-harmonic emission

in the presence of the laser magnetic field, as well as ultrafast imaging techniques re-

lying on the elastic or inelastic scattering of the returning electron. The calculations

of Pisanty et al. for He and Ne6+ relied on the non-dipole strong-field approximation

[639, 640]. However, a more advanced formulation of RMT theory, suitable for both

arbitrary laser polarisation and non-dipole effects, could offer more detailed, ab initio

modelling support, and facilitate the exploration of more complex scenarios where, for

instance, the HHG process might be influenced by multielectron resonances in dipole

or even non-dipole ionisation channels.

Macroscopic Effects in High-harmonic Generation

Time-dependent R-matrix techniques have offered detailed insight into the process of

HHG from individual atoms and ions [260, 263, 264]. However, calculations thus far

have treated exclusively the single-atom response, with no regard for the spatial laser-

beam characteristics, or collective effects arising from an ensemble of radiating atoms.

Importantly, alterations to the spectral properties of the driving or generated radiation,

during propagation in a macroscopic medium, can influence not only the measured

harmonic yields and the quality of synthesised attosecond light pulses [784], but also

the clarity with which detailed signatures of the target electronic structure are manifest

in the spectrum, such as Cooper minima [499]. To date, only a limited number of truly

multiscale modelling approaches have been developed to treat the harmonic response

of realistic media, providing an approximate account of both the quantum-mechanical
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and classical-electrodynamic facets of the problem [146, 147, 785, 786, 787, 788, 789].

In striving towards a greater synergy between computational and experimental studies

of HHG in macroscopic media, there are two principal effects that we should address.

Firstly, due to the focusing of the incident laser light, a distribution of intensities exists

across the interaction region. Note that this distribution need not correspond specifi-

cally to the laser focus: the gas jet, for instance, could be placed outside of the focal

region to facilitate the selection of a particular set of recollision trajectories (see Chap-

ter 1, Section 1.2). Presently, the laser-pulse profiles assumed in RMT calculations are

spatially uniform. However, the effect of the spatial intensity profile could be exam-

ined by performing RMT simulations for a range of pulse peak intensities, conforming

to the experimental intensity distribution (perhaps Gaussian) across the interaction

region. Secondly, the harmonic fields contributed by each ionising atom ensure that

the driving laser pulse undergoes substantial reshaping during its propagation in the

medium, manifesting as intensity alterations and spectral distortions [790, 791, 792].

Ultimately, the harmonic spectrum arising from a medium depends on which harmonic

modes were generated with sufficient intensity, and with the correct phases (a condi-

tion known as phase matching [793, 794]), such that the radiation fields produced by

the atoms add coherently to the driving one. It is thus the self-consistent interaction

between the gas atoms and the driving laser field which determines the characteristics

of the measured harmonic spectrum.

A truly rigorous treatment of the latter facet would require the self-consistent solution

of Maxwell’s equations, coupled to the TDSE for each atom of the ensemble, in full

dimensionality [795, 796]. In spite of modern-day computing power, such an approach

remains largely infeasible for the simulation of atomic media with macroscopic dimen-

sions. In order to make some progress, previous studies have simplified the description

of the atomic response, appealing to the well-known strong-field approximation (SFA)

[120, 146, 797]. Its simplicity allows the simulation of experimental gas-jet lengths, while

the analysis in terms of quantum orbits facilitates the development of control strate-

gies based on the trajectories of electrons following ionisation [798, 799, 800]. However,

neglect of the ionic-core potential renders the treatment of the lowest-order harmonics

(particularly those just above the ionisation threshold) questionable. In a more sophis-

ticated approach, known as quantitative rescattering theory [284, 787, 788, 801], the



9.2. Future Research 322

TDSE is solved for the single-atom response, but within the SAE approximation. As

such, this technique may be unsuitable towards elucidating the signatures of multi-

electron correlation in HHG spectra. Given the current trend across many experiments

to maintain the gas jet as tenuous as possible, and thus to minimise any propaga-

tion effects, we anticipate that a fully ab initio treatment of the single-atom response

will remain of crucial importance. Nevertheless, a greater synergy between theory and

experiment can only be achieved with advances in both, with theory incorporating

unavoidable experimental considerations (such as focal averaging), and experimental

techniques improving towards the single-atom ideal.

Application of the t-SURFF Method

A key predictive capability of the RMT approach, and one of essential importance in

synergising with experiment, lies in the calculation of accurate photoelectron energy

and momentum spectra [261, 504, 588]. Indeed, photoelectron spectroscopy is among

the most popular techniques in atomic and molecular physics for acquiring insight into

the structural and dynamical characteristics of a target system [802]. State-of-the-art

techniques such as velocity-map imaging [803] and COLTRIMS (cold-target recoil-ion

momentum spectroscopy) [804] yield both energy- and angle-resolved photoelectron

spectra, and have been successfully applied to study above-threshold ionisation [563]

and double-ionisation [805], as well as to facilitate more elaborate experimental schemes

such as the attoclock [478, 557, 566, 567, 568, 569] and photoelectron holography [603].

Additionally, the measurement of photoelectron spectra underlies the characterisation

of isolated attosecond pulses and trains thereof, via such techniques as RABBITT

(reconstruction of attosecond beating by interference of two-photon transitions) [100,

806] and attosecond streaking [807].

A notable feature of these experimental strategies is their use of a strong, IR laser

field to drive the ionisation dynamics. As highlighted in Chapter 3, the simulation of

atomic processes in such fields poses significant challenges. Firstly, the combination of

low photon energy and high intensity allows for the absorption of multiple photons by

the electrons. As each absorption can increase the angular momentum of an electron, a

correct description of the dynamics requires a large number of angular momenta to be
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retained in a numerical simulation, incurring substantial computational overhead. Sec-

ondly, in order to compute photoelectron spectra by traditional plane-wave or Coulomb-

wave projection techniques [503], the multielectron wavefunction must be propagated

for long periods of time following the laser pulse, with the concomitant requirement of

large simulation volumes to avoid artificial boundary reflections. Note that the need

to propagate the wavefunction for long, field-free intervals of time could be avoided

through projection, upon termination of the pulse, onto field-free scattering wavefunc-

tions appropriate to the atomic binding potential in question [475, 476, 808, 809]. How-

ever, computation of the latter can be cumbersome, necessitating advanced numerical

procedures (see, for instance, Ref. [589]). Although the RMT approach is well suited

to the treatment of the strong-field regime, accurate propagation of the multielectron

wavefunction throughout expansive spatial regions, for long times, and with a full ac-

count of all electron-electron and electron-field interactions remains a computationally

demanding and time-consuming task.

An alternative and more efficient approach to the calculation of photoelectron spectra

is that of analytical Volkov continuation, or the time-dependent surface flux (t-SURFF)

method. This technique was originally developed by Ermolaev et al. [810, 811] and Serov

et al. [812], but rediscovered and popularised by Tao and Scrinzi [813, 814]. These au-

thors established that photoelectron spectra could be computed simply by monitoring

the ionising flux transmitted across a spherical surface with some large radius, with

the ejected-electron motion thereafter described analytically (for example, by means

of a Volkov wavefunction). Importantly, such an analysis requires neither numerical

scattering wavefunctions, nor the complete wavefunction throughout an expansive re-

gion of configuration space. Indeed, when combined with suitable absorbing boundary

conditions, such as to effectively truncate the solution of the TDSE without generating

strong reflections, the t-SURFF approach enables an assessment of the photoelectron

emission properties with only minimal integration volumes, accommodating the rele-

vant range of the atomic potential and the electronic quiver motion in the laser field.

This was aptly demonstrated in the early t-SURFF calculations reported by Tao and

Scrinzi [813], addressing the photoelectron spectrum arising from the ionisation of H by

an 800 nm, 1014 Wcm−2 laser pulse. Their data suggests that an accurate spectrum can

be obtained using a t-SURFF boundary placed just beyond 100 a.u., which contrasts
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with the large simulation-box sizes (extending to thousands of atomic units) required

by more traditional calculation procedures, even at shorter wavelengths [815]. In the

interest of achieving similar savings for the study of more complex atomic targets, we

propose the incorporation of the t-SURFF technique within the framework of RMT

theory.

It is worth noting one important feature of the t-SURFF approach as implemented by

Tao and Scrinzi [813]. To attenuate the wavefunction in the region external to the spher-

ical surface, these authors employed the infinite-range exterior complex scaling (irECS)

technique, first introduced by Scrinzi [816]. The latter represents an alternative to more

traditional absorbing masks [817] and the closely related complex absorbing potentials

[818], being highly efficient and seemingly free of numerical artefacts. It is well estab-

lished, however, that irECS fails in the length gauge [816, 819], and as such, cannot

be adopted directly in the outer-region analysis of RMT theory (where this gauge has

traditionally been chosen). Although, in principle, the length gauge could be retained,

and the field-free Hamiltonian supplemented with a complex absorbing potential, the

highly sensitive nature of t-SURFF spectra to unphysical wavepacket reflections de-

mands traceless absorption of ionising flux. As such, we envisage a hybrid-gauge for-

mulation of RMT theory, whereby the length gauge is employed for the inner region,

and the velocity gauge in the outer region. This would enable the ideal absorption

characteristics of irECS to be harnessed, and thus an accurate and efficient use of the

t-SURFF method.

A Keldysh-type Theory of Strong-field Detachment from Molecular Anions

The Keldysh-type approach (KTA) employed in Chapter 8 of this thesis could be ex-

tended to study strong-field dynamics in molecular negative ions. In particular, whilst

dissociative electron attachment of the diatomic F2 molecule has been the subject of

several experimental [820, 821, 822, 823] and theoretical [824, 825, 826, 827] works,

photodetachment from the corresponding molecular anion remains largely unexplored.

Of key interest is the sensitivity of the photodetachment process to the orientation

of the anion in the laser field. We envisage that this elaboration of the KTA will, in

part, mirror the extension of the atomic SFA to molecular systems [828, 829, 830],
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and may incorporate a multicentre generalisation of the adiabatic saddle-point analysis

[246, 269].

In addition to the calculation of photodetachment amplitudes for molecular anions,

the development of a molecular KTA could also enable the analysis of vibrational-

wavepacket excitation in neutral molecules, induced by electron detachment from the

corresponding anion in the field of a short pulse. Although the nuclear motion is com-

monly treated within the approximation of instantaneous detachment, the femtosecond

pulse durations assumed in real experiments are often comparable to the intrinsic vi-

brational periods, which calls for a proper density-matrix description of the mixed-state

vibrational wavepackets formed in the neutral molecular residue.



Appendix A

Long-range Potentials in RMT

Theory

A.1 Introduction

In this appendix, we derive explicit formulae for the long-range potentials WE , WD and

WP that arise in R-matrix with time-dependence (RMT) theory, discussed for linearly

polarised laser fields in Chapter 3 and arbitrarily polarised fields in Chapter 4. In

particular, we generalise the field-dependent potentials WD and WP given in Ref. [259],

establishing formulae that are valid for multidimensional light-field configurations. Our

presentation relies crucially on standard results from the theory of angular momentum

in quantum mechanics, and we give appropriate references to the literature on the

subject where necessary. For a detailed treatment of the general theory of angular

momentum, we refer the reader to dedicated publications, such as those of Varshalovich

[479], Fano and Racah [587], Rose [650], Edmonds [831], as well as Biedenharn et al.

[832].

It is important to maintain a consistent phase convention throughout the derivations

that we discuss, although predictions for physical observables should remain indepen-

dent of the one chosen. In the course of this thesis, we have employed two different

phase conventions for the spherical harmonics, referred to by the names of Condon and

Shortley [648] and Fano and Racah [587]. The latter has been followed in the develop-
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ment of the RMT formalism (Chapters 3 and 4), and we shall also assume it for the

derivations considered in this appendix. The Condon-Shortley phase convention has,

however, been used in Chapter 5, but the results therein could easily be modified in

accordance with the Fano-Racah scheme.

We commence by deriving formulae for the elements of the matrix WE in Section A.2.

Following this, we derive formulae for the elements of the matrix WD in Section A.3,

and finally for those of WP in Section A.4.

A.2 Matrix WE

The matrix WE arises from the interaction of an ejected electron with the electrons

and nucleus of the residual atom or ion. It captures the long-range multipole potential

of the residual system experienced by the outgoing electron, and is identical to that

appearing in the R-matrix theory of field-free electron-atom collisions [363].

The matrix elements WE
pp′(rN+1) have the explicit form

WE
pp′(rN+1) =

〈
Φ̄p

∣∣∣∣∣
N∑
i=1

1

riN+1
− N

rN+1

∣∣∣∣∣ Φ̄p′

〉′
. (A.1)

In this equation, Φ̄p is a channel function, defined by

Φ̄p(XN ; r̂N+1σN+1) =
∑

MLpmlp

∑
MSpmp

(
LpMLp lpmlp |LML

)
(SpMSp

1

2
mp|SMS)

× Φp(XN )Ylpmlp (r̂N+1)χ 1
2
mp

(σN+1) , (A.2)

where XN = x1,x2, ...,xN , and xi = riσi denotes collectively the space and spin coor-

dinates of electron i. For a given channel p, L,ML and S,MS denote the total orbital

and spin angular momentum quantum numbers, whilst Lp,MLp and Sp,MSp are those

pertaining to the residual-ion state Φp(XN ). Also, lp and mlp are the orbital angu-

lar momentum quantum numbers associated with the ejected electron. The function
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Ylpmlp (r̂N+1) is a spherical harmonic, and quantities of the form (abcd|ef) are Clebsch-

Gordan coefficients. Further, χ 1
2
mp

(σN+1) is a one-electron spin function, describing

the spin degree of freedom of the ejected electron. In equation (A.1), the radial coordi-

nate of the outgoing electron is denoted by rN+1, and riN+1 represents the separation

of electrons i and N + 1. The prime on the Dirac bracket indicates integration with

respect to the space and spin coordinates of all N + 1 electrons, except the radial coor-

dinate rN+1 of the ejected electron. In the interest of brevity, we shall in what follows

denote the latter coordinate simply by r.

To render explicit the angular momentum properties of the channels, we shall write

the channel functions Φ̄p (XN ; r̂N+1σN+1) as |β(Lplp)LML; (Sp1/2)SMS〉, omitting the

dependence on the quantities XN and r̂N+1σN+1 for brevity. The quantity β denotes

all remaining quantum numbers required to specify the residual-ion state.

The potential (A.1) can be simplified for asymptotically large radial distances. To this

end, we consider the well-known expansion of 1/riN+1 in terms of Legendre polynomials,

1

riN+1
=

∞∑
λ=0

rλ<

rλ+1
>

Pλ(cos θiN+1), (A.3)

where cos θiN+1 = r̂i · r̂N+1, Pλ(x) is a Legendre polynomial and r< and r> are the

smaller and larger, respectively, of the distances ri and r. We now observe that the

integration over ri, for each i = 1, ..., N in equation (A.1), involves the residual-atom

or residual-ion states retained in the multichannel expansion for the outer-region wave-

function (see equation (3.7) of Chapter 3), and their wavefunctions, in turn, decay

exponentially for large ri. Beyond the inner-region boundary r = b, the latter are re-

garded as negligibly small, so that the corresponding contributions to the integrals

over ri > b in equation (A.1) are effectively zero. It follows that when the outgoing-

electron radial coordinate satisfies r ≥ b, then the ratio rλ</r
λ+1
> in equation (A.3) can

be replaced with rλi /r
λ+1, and equation (A.1) thus becomes

WE
pp′(r) =

∞∑
λ=1

αpp′λr
−λ−1δLL′δMLML′ δSS′δMSMS′ , r ≥ b, (A.4)

where the quantities
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αpp′λ =

〈
β(Lplp)LML; (Sp1/2)SMS

∣∣∣∣∣
N∑
i=1

rλi Pλ(cos θkN+1)

∣∣∣∣∣β′(Lp′ lp′)LML; (Sp′1/2)SMS

〉′
(A.5)

are the long-range potential coefficients [363].

To derive an explicit formula for αpp′λ, we begin by expanding Pλ(cos θiN+1) in equation

(A.5) in terms of spherical harmonics conforming to the Fano-Racah phase convention

[363, 587],

Pλ(cos θiN+1) =
4π

2λ+ 1

λ∑
m=−λ

Y FR
λm (r̂i)Y

FR∗
λm (r̂N+1). (A.6)

Note that the spherical harmonics Y FR
lm (r̂) in this convention differ from their Condon-

Shortley counterparts Y CS
lm (r̂) by a factor of il,

Y FR
lm (r̂) = ilY CS

lm (r̂).

Next, we introduce the irreducible tensor operators

MFR
λm (r̂i) =

√
4π

2λ+ 1

N∑
i=1

rλi Y
FR
λm (r̂i) (A.7)

and

CFRλm (r̂N+1) =

√
4π

2λ+ 1
Y FR
λm (r̂N+1) (A.8)

of rank λ, so that using equations (A.6), (A.7) and (A.8), equation (A.5) becomes

αpp′λ =

〈
β(Lplp)LML; (Sp1/2)SMS

∣∣∣∣∣
λ∑

m=−λ
MFR
λmC

FR∗
λm

∣∣∣∣∣β′(Lp′ lp′)LML; (Sp′1/2)SMS

〉′
.

(A.9)
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Matrix elements of the scalar product of two tensor operators, such as that appear-

ing in the last equation, can be determined most elegantly through the techniques of

Racah algebra, as detailed in Refs. [479, 649]. Here, however, we shall follow the more

direct approach adopted in the literature [363], employing the definition of the channel

functions (A.2). Substituting for these in equation (A.9), and performing the sums over

the spin magnetic quantum numbers, gives

αpp′λ =
λ∑

m=−λ

∑
MLpMLp′

∑
mlpmlp′

(LpMLp lpmlp |LML)(Lp′MLp′ lp′mlp′ |LML)

× 〈lp|CFR∗λm |lp′〉〈βLp|MFR
λm |β′Lp′〉

× δmpmp′ δSpSp′ δMSpMSp′
. (A.10)

The integral with respect to the angular coordinates r̂N+1 of the outgoing electron can

be performed directly, following the standard procedure for integrating a product of

three spherical harmonics [479, 650, 831],

〈lp|CFR∗λm |lp′〉 =

√
4π

2λ+ 1

∫
Y FR∗
lpmlp

(r̂N+1)Y FR∗
λm (r̂N+1)Y FR

lp′mlp′
(r̂N+1)dr̂N+1

= ilp′−lp−λ(−1)m

√
2lp′ + 1

2lp + 1
((λ−m)lp′mlp′ |lpmlp)(λ0lp′0|lp0). (A.11)

Furthermore, we can employ the Wigner-Eckart theorem [650] to extract the depen-

dence of 〈βLp|MFR
λm |β′Lp′〉 on the magnetic quantum numbers MLp , MLp′ and m,

〈βLp|MFR
λm |β′Lp′〉 =

(Lp′MLp′λm|LpMLp)√
2Lp + 1

〈βLp||MFR
λ ||β′Lp′〉, (A.12)

where the quantities 〈βLp||MFR
λ ||β′Lp′〉 are the reduced multipole moments of the

residual atom or ion. The latter depend on the detailed electronic structure of this

system, and in practice are computed numerically.

To carry out the summations over the orbital magnetic quantum numbers in equation
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(A.10), we collect together all quantities involving them from equations (A.10), (A.11)

and (A.12), and define

S =
λ∑

m=−λ

∑
MLpMLp′

∑
mlpmlp′

(−1)m(LpMLp lpmlp |LML)(Lp′MLp′ lp′mlp′ |LML)

× ((λ−m)lp′mlp′ |lpmlp)(Lp′MLp′λm|LpMLp).

The manipulations required to determine a compact expression for S are somewhat

intricate, and are described in Ref. [363]. We merely quote the final result,

S = (−1)lp−λ−L+Lp
√

(2lp + 1)(2Lp + 1)W (LpLp′ lplp′ ;λL),

where here and in what follows, quantities of the form W (abcd; ef) are Racah coeffi-

cients [479, 650, 831]. Using this expression for S, we find that the long-range potential

coefficients (A.10) reduce to

αpp′λ = ilp+lp′−λ(−1)Lp−L
√

2lp + 1(lp0λ0|lp′0)W (LpLp′ lplp′ ;λL)

× 〈βLp||MFR
λ ||β′Lp′〉δmpmp′ δSpSp′ δMSpMSp′

.

A.3 Matrix WD

The matrix WD arises from the laser interaction with the residual, N -electron atom

or ion. In the length gauge, its elements are defined by

WD
pp′(t) =

〈
Φ̄p |E(t) ·RN | Φ̄p′

〉′
, (A.13)

where E(t) is the electric field intensity and RN is the total position operator for N

electrons,
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RN =
N∑
i=1

ri.

The scalar product E(t) ·RN could be expressed in terms of the Cartesian components

of the vector E(t) and vector operator RN . However, to facilitate the use of standard

results from angular momentum algebra, we shall instead recognise RN as an irreducible

tensor operator of rank 1, with spherical components

RN,µ =
N∑
i=1

riC
FR
1µ (r̂i),

where CFR1µ (r̂i) is defined analogously with equation (A.8). Then, the scalar product in

equation (A.13) can be written as

E(t) ·RN =
∑

µ=−1,0,1

(−1)µ+1E−µRN,µ, (A.14)

where Eµ are the spherical components of the electric field intensity.

It is worth noting that in the Fano-Racah phase convention, the spherical components

RN,µ are related to their Cartesian analogues by

RN,1 = − i√
2

(XN + iYN ), RN,0 = iZN , RN,−1 =
i√
2

(XN − iYN ), (A.15)

with XN , YN and ZN the N -electron Cartesian coordinate operators. Similarly, the

spherical components of the electric field intensity are defined in terms of the Cartesian

components by

E1 = − i√
2

(Ex + iEy), E0 = iEz, E−1 =
i√
2

(Ex − iEy). (A.16)

Using equations (A.15) and (A.16), one can readily establish that equation (A.14)
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correctly reproduces the standard scalar product in terms of Cartesian components,

E(t) ·RN = E1RN,−1 − E0RN,0 + E−1RN,1

= ExXN + EyYN + EzZN .

Equation (A.14) thus provides the correct evaluation of scalar products in the Fano-

Racah phase convention.

Now, changing notation for the channel functions as discussed in Section A.2, and using

equation (A.14) in equation (A.13), we can write

WD
pp′(t) =

∑
µ=−1,0,1

(−1)µ+1E−µ

× 〈β(Lplp)LML; (Sp1/2)SMS |RN,µ|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′.

(A.17)

The matrix elements of the operator components RN,µ can be evaluated in terms of a

corresponding set of reduced matrix elements. Summing over the spin quantum numbers

and using the Wigner-Eckart theorem, we have that

〈β(Lplp)LML; (Sp1/2)SMS |RN,µ|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ =
(L′ML′1µ|LML)√

2L+ 1

× 〈β(Lplp)L||RN ||β′(Lp′ lp′)L′〉

× δmpmp′ δSpSp′ δMSpMSp′

× δSS′δMSMS′ . (A.18)

Here, we highlight that the action of RN,µ is relevant only to the orbital angular mo-

mentum of the residual system. The angular momenta appearing in the reduced matrix

element of equation (A.18) can thus be uncoupled in accordance with standard formal-
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ism [649], yielding

〈β(Lplp)L||RN ||β′(Lp′ lp′)L′〉 = (−1)Lp+Lp′+L+L′
√

(2L+ 1)(2L′ + 1)

×W (1Lp′Llp;LpL
′)〈βLp||RN ||β′Lp′〉

× δlplp′ δmlpmlp′ . (A.19)

Substituting the expression for the reduced matrix element (A.19) in equation (A.18),

exploiting the result in equation (A.17), and making use of the symmetry relation

(L′ML′1µ|LML) = (−1)L
′+1−L(1µL′ML′ |LML)

for the Clebsch-Gordan coefficient, we ultimately obtain the elements WD
pp′(t) in the

form

WD
pp′(t) =

∑
µ=−1,0,1

(−1)Lp+Lp′+µE−µ
√

2L′ + 1(1µL′ML′ |LML)W (1Lp′Llp;LpL
′)

× 〈βLp||RN ||β′Lp′〉δlplp′ δmlpmlp′ δσpσp′ δSpSp′ δMSpMSp′
δSS′δMSMS′ .

A.4 Matrix WP

The matrix WP arises from the laser interaction with the ejected electron. In the length

gauge, its elements are defined by

WP
pp′(r, t) =

〈
Φ̄p |E(t) · r| Φ̄p′

〉′
.

Using equation (A.14),
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WP
pp′(r, t) =

∑
µ=−1,0,1

(−1)µ+1E−µ

× 〈β(Lplp)LML; (Sp1/2)SMS |rµ|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′,

(A.20)

where rµ are the spherical components of the outgoing-electron position operator. Now,

summing over the spin coordinates of all N + 1 electrons, and invoking the Wigner-

Eckart theorem, the matrix element in equation (A.20) can be written as

〈β(Lplp)LML; (Sp1/2)SMS |rµ|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ =
(L′ML′1µ|LML)√

2L+ 1

× 〈β(Lplp)L||r||β′(Lp′ lp′)L′〉

× δmpmp′ δSpSp′ δMSpMSp′

× δSS′δMSMS′

= (−1)L−L
′+µ (LML1(−µ)|L′ML′)√

2L′ + 1

× 〈β(Lplp)L||r||β′(Lp′ lp′)L′〉

× δmpmp′ δSpSp′ δMSpMSp′

× δSS′δMSMS′ , (A.21)

where the second equality follows from the symmetry relation

(L′ML′1µ|LML) = (−1)L−L
′+µ

√
2L+ 1

2L′ + 1
(LML1(−µ)|L′ML′).

Next, we observe that the action of rµ is relevant only to the ejected-electron orbital

angular momentum, so that standard uncoupling formulae can be used to express the

reduced matrix element of equation (A.21) in the form
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〈β(Lplp)L||r||β′(Lp′ lp′)L′〉 =
√

(2L+ 1)(2L′ + 1)W (1lp′LLp; lpL
′)〈lp||r||lp′〉

× δββ′δLpLp′ δMLpMLp′
. (A.22)

The reduced matrix element on the right-hand side of equation (A.22) can be found

analytically. Employing the Wigner-Eckart theorem once more, the latter can be written

as

〈lp||r||lp′〉 =
√

2lp + 1
〈lp|r0|lp′〉

(lp′mlp′10|lpmlp)
, (A.23)

and the matrix element appearing on the right-hand side of this equation is determined

as follows,

〈lp|r0|lp′〉 =

√
4π

3
r

∫
Y FR∗
lpmlp

(r̂N+1)Y FR
10 (r̂N+1)Y FR

lp′mlp′
(r̂N+1)dr̂N+1

= (−1)lp′−lp+1ilp′−lp+1

√
2lp′ + 1

2lp + 1
r(lp′mlp′10|lpmlp)(10lp′0|lp0). (A.24)

Making use of equations (A.22), (A.23) and (A.24), the matrix element (A.21) becomes

〈β(Lplp)LML; (Sp1/2)SMS |rµ|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ = (−1)lp′−lp+L−L′+µ+1ilp′−lp+1

×
√

(2lp′ + 1)(2L+ 1)

× (LML1(−µ)|L′ML′)r

× (10lp′0|lp0)W (1lp′LLp; lpL
′)

× δββ′δmpmp′ δLpLp′ δMLpMLp′

× δSpSp′ δMSpMSp′
δSS′δMSMS′ .

(A.25)



A.4. Matrix WP 337

Substitution of this expression for the matrix element in equation (A.20) establishes a

formula for WP
pp′(r, t). Although this would be an acceptable result, it differs from the

one given in Ref. [259] for the case of pure linear polarisation (where only the term

with µ = 0 occurs). To render WP
pp′(r, t) in a more comparable (and compact) form, we

note that

∫
Y FR∗
lp0 (r̂N+1) cos θN+1Y

FR
lp′0

(r̂N+1)dr̂N+1 = ilp′−lp

√
2lp′ + 1

2lp + 1
(10lp′0|lp0)2. (A.26)

The Clebsch-Gordan coefficient on the right-hand side of equation (A.26) dictates that

the integral is non-zero only for lp = lp′ ± 1. In particular,

∫
Y FR∗
lp′+10(r̂N+1) cos θN+1Y

FR
lp′0

(r̂N+1)dr̂N+1 = −i
(lp′ + 1)

[(2lp′ + 1)(2lp′ + 3)]1/2
(A.27)

and

∫
Y FR∗
lp′−10(r̂N+1) cos θN+1Y

FR
lp′0

(r̂N+1)dr̂N+1 = i
lp′

[(2lp′ − 1)(2lp′ + 1)]1/2
. (A.28)

As a result of equations (A.27) and (A.28), the integral in equation (A.26) is also given

by

∫
Y FR∗
lp0 (r̂N+1) cos θN+1Y

FR
lp′0

(r̂N+1)dr̂N+1 = ia(lp′), (A.29)

where

a(lp′) =



lp′

[(2lp′ − 1)(2lp′ + 1)]1/2
, lp = lp′ − 1

− (lp′ + 1)

[(2lp′ + 1)(2lp′ + 3)]1/2
, lp = lp′ + 1.



A.4. Matrix WP 338

Equations (A.26) and (A.29) together imply that

(10lp′0|lp0) = ilp−lp′+1

√
2lp + 1

2lp′ + 1

a(lp′)

(10lp′0|lp0)
.

Substituting this expression for (10lp′0|lp0) in equation (A.25), and making use of the

symmetry property

(10lp′0|lp0) = −

√
2lp + 1

2lp′ + 1
(lp010|lp′0),

we obtain

〈β(Lplp)LML; (Sp1/2)SMS |rµ|β′(Lp′ lp′)L′ML′ ; (Sp′1/2)S′MS′〉′ = (−1)L−L
′+µ

×
√

(2lp′ + 1)(2L+ 1)

× (LML1(−µ)|L′ML′)

×W (1lp′LLp; lpL
′)

×
a(lp′)

(lp010|lp′0)
r

× δββ′δmpmp′ δLpLp′ δMLpMLp′

× δSpSp′ δMSpMSp′
δSS′δMSMS′ .

Finally, substituting this result in equation (A.20), we ascertain a formula for the

elements WP
pp′(r, t),

WP
pp′(r, t) =

∑
µ=−1,0,1

(−1)L−L
′+1E−µ

√
(2lp′ + 1)(2L+ 1)

× (LML1(−µ)|L′ML′)W (1lp′LLp; lpL
′)

×
a(lp′)

(lp010|lp′0)
r

× δββ′δmpmp′ δLpLp′ δMLpMLp′
δSpSp′ δMSpMSp′

δSS′δMSMS′ .



Appendix B

Derivation of Formulae for

Chapter 8

B.1 Introduction

In this appendix, we discuss and provide derivations for the analytic formulae arising in

the density-matrix modelling of Chapter 8, concerning the formation and dynamics of

np2 3P spin-orbit wavepackets in C, Si and Ge atoms, produced by photodetachment

from their negative ions and probed through ionisation in femtosecond laser pulses. We

begin in Section B.2 by discussing the two- and three-electron wavefunctions used in

describing the valence np electrons of each neutral atom and negative ion respectively.

Next, in Section B.3, we consider the photodetachment amplitude within the Keldysh-

type theory of interest, and show that through an appropriate set of assumptions, its

calculation may be reduced to that of a set of single-electron transition amplitudes.

In Section B.4, we discuss the structure and calculation of the reduced density matrix

for each laser-produced atomic system. Following this, in Section B.5, we derive the

formulae used to model the probe-induced atomic ionisation signals and their temporal

modulations arising from quantum beats. Finally, in Section B.6, we establish the

density-matrix elements and ionisation signals within the instantaneous detachment

approximation, wherein an instantaneous, photodetaching pump pulse realises ideally

coherent spin-orbit wavepackets. In particular, we demonstrate that the present density-
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matrix description subsumes the simplified, pure-states treatment previously developed

by Law and Gribakin [759].

B.2 Valence-electron States of Anions and Atoms of C, Si

and Ge

We consider the preparation of neutral C, Si and Ge atoms, in their np2 3P ground state,

through short-pulse photodetachment from the corresponding negative ions, initially

in their np3 4S ground state. Only the valence electrons of each system (atom or

ion) will be treated explicitly. The multielectron wavefunction is written as a Slater

determinant, or a linear combination of Slater determinants in accordance with the

coupling of the orbital and spin angular momenta of the electrons. The anionic and

atomic states are then described by their total orbital and spin angular momentum

quantum numbers L and S, as well as the associated projections ML and MS , collected

in the ket |LML;SMS〉. The possible initial states of each np3 4S3/2 negative ion are

|0, 0; 3/2, 3/2〉 = ↑ ↑ ↑ (B.1)

and

|0, 0; 3/2, 1/2〉 =
1√
3

(
↑ ↑ ↓ + ↑ ↓ ↑ + ↓ ↑ ↑

)
,

(B.2)

where each box represents a Slater determinant, and specifies the occupation of three

spin-orbitals with magnetic quantum numbers ml = −1, 0 and 1, and up (↑) or down

(↓) spins. The states with MS = −1/2 and −3/2 are similar, and owing to inversion

symmetry, they need not be considered.

For the neutral np2 atomic residue, possible 3P states are given by

|1, 1; 1, 1〉 = ↑ ↑ , (B.3)
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|1, 0; 1, 1〉 = ↑ ↑ , (B.4)

|1,−1; 1, 1〉 = ↑ ↑ , (B.5)

|1, 1; 1, 0〉 =
1√
2

(
↑ ↓ + ↓ ↑

)
, (B.6)

|1, 0; 1, 0〉 =
1√
2

(
↑ ↓ + ↓ ↑

)
, (B.7)

|1,−1; 1, 0〉 =
1√
2

(
↑ ↓ + ↓ ↑

)
, (B.8)

|1, 1; 1,−1〉 = ↓ ↓ , (B.9)

|1, 0; 1,−1〉 = ↓ ↓ (B.10)

and

|1,−1; 1,−1〉 = ↓ ↓ . (B.11)

Note that equations (B.4) and (B.7) describe the possible two-electron 3P states of the

atom that may be formed by removal of an ml = 0 electron from the anion in states

(B.1) and (B.2). The above states can be used to construct the LS-coupled eigenstates

of the total angular momentum,

|JM〉 =
∑

MLMS

(LMLSMS |JM)|LML;SMS〉, (B.12)
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which constitute the true final (fine-structure) states of the atomic residue when spin-

orbit coupling is accounted for.

B.3 Detachment Amplitude

As discussed in Chapter 8, Section 8.4.1, we evaluate the transition amplitude for

photodetachment as

AJMJ0M0
(p, σ) =

∫ τp

0

〈
ΨJM

p,σ (t)
∣∣VL(t) |ΨJ0M0(t)〉 dt. (B.13)

In principle, this quantity must be determined using multielectron wavefunctions per-

taining to both the initial and final states of the system. Here, however, we reduce

the evaluation of the amplitude (B.13) to that of one or more single-particle ampli-

tudes, amenable to computation by the adiabatic saddle-point method of Gribakin and

Kuchiev [269] and Shearer et al. [270]. This is achieved by means of the simplifying

assumptions stated in Section 8.2.2. We have already appealed to assumption (a) in

part, describing the initial anion and residual-atom states in terms of antisymmetrised

products of one-electron spin-orbitals, and linear combinations thereof in accordance

with angular momentum coupling requirements. Now, for the final (continuum) state

of the system, we neglect the short-range potential of the atomic residue, so that the

atom and photoelectron are assumed non-interacting. Under these conditions, ΨJM
p,σ (t)

may be written as a product of the continuum-electron wavefunction and a bound-state

wavefunction for the atomic system, also in accord with assumption (a) of Section 8.2.2.

We shall express the former as ψp(r, t)χ(σ), where ψp(r, t) describes the motion of the

electron with canonical momentum p in the laser field, and χ(σ) is a one-electron spin

function. For the latter, the fine-structure state of the atomic residue is given in terms

of the states (B.3) to (B.11) (described in LS coupling) by equation (B.12), with a

time-dependence expressed by the phase factor e−iEJ t, where EJ is the energy of the

final atomic state.

With this treatment of the final state, and using equation (B.12), the transition ampli-

tude (B.13) may be written in the form
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AJMJ0M0
(p, σ) =

∑
MLMS

(LMLSMS |JM)

×
∫ τp

0
ei(EJ−E

−
0 )t〈LML;SMS |χ∗(σ)ψ∗p(r, t)VL(t)|0, 0; J0,M0〉 dt,

(B.14)

where E−0 is the energy of the anion ground state and, by virtue of its zero orbital

angular momentum, the associated spin angular momentum quantum numbers are

S = J0 and MS = M0. To proceed, we consider the amplitudes for specific values of

the quantum numbers J0, M0, J and M .

We begin with the anionic state (B.1) with J0 = 3/2, M0 = 3/2, and first consider

the amplitude A2,2
3/2,3/2(p, σ) for J = 2, M = 2. In this instance, only a single Clebsch-

Gordan coefficient appearing in the sum of equation (B.14) is non-zero (that being

(1111|22) = 1), and we thus find

A2,2
3/2,3/2(p, σ) =

∫ τp

0
ei(E2−E−0 )t〈11; 11|χ∗(σ)ψ∗p(r, t)VL(t)|0, 0; 3/2, 3/2〉 dt. (B.15)

Assumption (b) of Section 8.2.2 can now be invoked to simplify the integrand. Referring

to the states (B.1) and (B.3), we observe that the amplitude (B.15) is non-zero only if

the electron is detached from a spin-orbital with ml = −1 and σ = 1/2, with the states

of the other two electrons remaining unchanged. Equation (B.15) therefore gives

A2,2
3/2,3/2(p, σ) = δσ,1/2A

(2)
1,−1(p), (B.16)

where A2,2
3/2,3/2(p, σ) is a particular instance of the general quantity

A
(J)
lml

(p) =

∫ τp

0
〈ψp(r, t)|VL,1(t)|ψ(J)

lml
(r, t)〉 dt,
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representing a single-particle amplitude for detachment of an electron in the laser field.

Here, ψ
(J)
lml

(r, t) = exp(−iEJb t)φ
(J)
lml

(r) acts as a wavefunction for the initial, bound

electron state, with EJb = EJ−E−0 the electron energy with respect to a particular fine-

structure detachment threshold. The latter is tabulated for C−, Si− and Ge− in Table

8.1. Also, φlml(r) is the spatial component of the spin-orbital that becomes unoccupied

in the final state, which is that with ml = −1 in equation (B.3). In accordance with

assumption (c), the motion of the continuum electron with canonical momentum p

is described using the Volkov wavefunction, given by equation (8) of Ref. [269], and

whose analytical form plays a crucial role in the adiabatic saddle-point analysis of

Refs. [269, 270]. Finally, VL,1(t) = r · E(t) is the dipole interaction operator for the

detached electron. Assumptions (a) to (c) thus facilitate the reduction of the transition

amplitude (B.13) to single-particle form, amenable to efficient computation by means

of the saddle-point method.

The remaining non-zero amplitudes for J0 = 3/2, M0 = 3/2 are obtained similarly, and

we collect the results here for reference,

A2,1
3/2,3/2(p, σ) =

1√
2
δσ,1/2A

(2)
1,0(p), (B.17)

A2,0
3/2,3/2(p, σ) =

1√
6
δσ,1/2A

(2)
1,1(p), (B.18)

A1,1
3/2,3/2(p, σ) = − 1√

2
δσ,1/2A

(1)
1,0(p), (B.19)

A1,0
3/2,3/2(p, σ) = − 1√

2
δσ,1/2A

(1)
1,1(p) (B.20)
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and

A0,0
3/2,3/2(p, σ) =

1√
3
δσ,1/2A

(0)
1,1(p). (B.21)

Note that the amplitudes A2,−2
3/2,3/2(p, σ), A2,−1

3/2,3/2(p, σ) and A1,−1
3/2,3/2(p, σ) are exactly

zero, since the atomic states (B.8), (B.10) and (B.11) cannot be produced by removing

an electron from the anion in state (B.1).

The amplitudes AJM3/2,1/2(p, σ) for the anionic state (B.2) with J0 = 3/2 and M0 = 1/2

are determined analogously to those above, and we have

A2,2
3/2,1/2(p, σ) =

1√
3
δσ,−1/2A

(2)
1,−1(p), (B.22)

A2,1
3/2,1/2(p, σ) =

1√
3
δσ,1/2A

(2)
1,−1(p) +

1√
6
δσ,−1/2A

(2)
1,0(p), (B.23)

A2,0
3/2,1/2(p, σ) =

1

3
√

2
δσ,−1/2A

(2)
1,1(p) +

2

3
δσ,1/2A

(2)
1,0(p), (B.24)

A2,−1
3/2,1/2(p, σ) =

1√
3
δσ,1/2A

(2)
1,1(p), (B.25)

A1,1
3/2,1/2(p, σ) = − 1√

6
δσ,−1/2A

(1)
1,0(p) +

1√
3
δσ,1/2A

(1)
1,−1(p), (B.26)
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A1,0
3/2,1/2(p, σ) = − 1√

6
δσ,−1/2A

(1)
1,1(p), (B.27)

A1,−1
3/2,1/2(p, σ) = − 1√

3
δσ,1/2A

(1)
1,1(p) (B.28)

and

A0,0
3/2,1/2(p, σ) =

1

3
δσ,−1/2A

(0)
1,1(p)−

√
2

3
δσ,1/2A

(0)
1,0(p). (B.29)

In this case, only the amplitude A2,−2
3/2,1/2(p, σ) is zero.

B.4 Density Matrix

To quantify the extent of coherent wavepacket dynamics in the 3PJ spin-orbit manifold

of the residual atom, we compute the reduced density matrix. There are two density

matrices to consider, one for each initial state with total angular momentum quantum

numbers J0 = 3/2 and M0 = 3/2 or 1/2. Each density matrix, in turn, is a 9 × 9

Hermitian matrix, with 9 real, diagonal elements and 36 independent, complex off-

diagonal elements. As discussed in Section 8.2.1 of Chapter 8, the elements of the

atomic density matrix at time t = 0, following termination of the photodetaching

(pump) pulse, are given by

ρ
(J0,M0)
J ′M ′,JM =

∑
σ

∫ [
AJ
′M ′
J0M0

(p, σ)
]∗
AJMJ0M0

(p, σ)
d3p

(2π)3
. (B.30)

Substitution of the results (B.16) to (B.29) in equation (B.30) yields a set of inte-

gral formulae, connecting the density-matrix elements to the one-electron amplitudes
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A
(J)
lml

(p). In practice, each volume integral in momentum space is computed numerically,

adopting the discretisations in momentum and angle discussed in Section 8.3.

Note that due to the existence of identically zero amplitudes (A2,−2
3/2,3/2, A2,−1

3/2,3/2, A1,−1
3/2,3/2

and A2,−2
3/2,1/2), only a limited number of the 36 independent, off-diagonal elements will

be non-zero. Specifically, for J0 = 3/2 and M0 = 3/2, these are ρ
(3/2,3/2)
10,00 , ρ

(3/2,3/2)
20,00 ,

ρ
(3/2,3/2)
20,10 and ρ

(3/2,3/2)
21,11 whilst for J0 = 3/2 and M0 = 1/2, they are ρ

(3/2,1/2)
10,00 , ρ

(3/2,1/2)
20,00 ,

ρ
(3/2,1/2)
2−1,1−1 , ρ

(3/2,1/2)
20,10 and ρ

(3/2,1/2)
21,11 .

B.5 Ionisation Signal

During the time delay between the pump and probe pulses, the residual atom undergoes

a field-free evolution. Following the discussion in Chapter 8, Section 8.2.3, the density

operator, characterising its (in general, mixed) state at time t, can be written in the

form

ρ(J0,M0)(t) =
∑
J ′JM

∑
M ′LML

∑
M ′SMS

ρ
(J0,M0)
J ′M,JMe

−i(EJ′−EJ )t(LM ′LSM
′
S |J ′M)

× (LMLSMS |JM)|LM ′L;SM ′S〉〈LML;SMS |, (B.31)

where the uncoupled LS states of the residual atom are given by equations (B.3) to

(B.11). To model the experimental ionisation signals of Hultgren et al. [252] and Ek-

lund et al. [253], we determine the photoelectron yields for parallel and perpendicular

configurations of the pump and probe polarisation axes. These yields are assumed to

reflect the probabilities with which single-electron states, having ml = 0 and ml = ±1

respectively, are occupied. To ascertain these probabilities, we consider the operator

O(ml) defined in Section 8.2.3,

O(ml) =
2∑
i=1

∑
ms

|lml; sms〉i〈lml; sms|i. (B.32)

Each projector probes the occupation of the spin-orbital |lml; sms〉i for electron i,
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where l,ml and s,ms are the orbital and spin angular momentum quantum numbers

respectively. In parallel configuration, we determine the time-dependent signal ofml = 0

electrons, S
(J0,M0)
‖ (t), as the expectation value of the operator (B.32), with ml = 0, in

the density-matrix state (B.31) of the system,

S
(J0,M0)
‖ (t) = Tr

[
O(0)ρ(J0,M0)(t)

]
.

Using equation (B.32), this becomes

S
(J0,M0)
‖ (t) =

∑
J ′JM

ρ
(J0,M0)
J ′M,JMe

−i(EJ′−EJ )t

×
∑

MLMS

(LMLSMS |J ′M)(LMLSMS |JM)

× 〈LML;SMS |O(0)|LML;SMS〉. (B.33)

We can now employ equations (B.3) to (B.11) to establish the signals S
(3/2,3/2)
‖ (t) and

S
(3/2,1/2)
‖ (t), with the results

S
(3/2,3/2)
‖ (t) =

2

3
ρ

(3/2,3/2)
00,00 + ρ

(3/2,3/2)
10,10 +

1

2
ρ

(3/2,3/2)
11,11 +

1

3
ρ

(3/2,3/2)
20,20 +

1

2
ρ

(3/2,3/2)
21,21 + ρ

(3/2,3/2)
22,22

+
2
√

2

3
|ρ(3/2,3/2)

20,00 | cos(ω20t− β(3/2,3/2)) + |ρ(3/2,3/2)
21,11 | cos(ω21t− γ(3/2,3/2))

and

S
(3/2,1/2)
‖ (t) =

2

3
ρ

(3/2,1/2)
00,00 +

1

2
ρ

(3/2,1/2)
1−1,1−1 + ρ

(3/2,1/2)
10,10 +

1

2
ρ

(3/2,1/2)
11,11 +

1

2
ρ

(3/2,1/2)
2−1,2−1

+
1

3
ρ

(3/2,1/2)
20,20 +

1

2
ρ

(3/2,1/2)
21,21 + ρ

(3/2,1/2)
22,22 +

2
√

2

3
|ρ(3/2,1/2)

20,00 | cos(ω20t− β(3/2,1/2))

− |ρ(3/2,1/2)
2−1,1−1 | cos(ω21t− δ(3/2,1/2)) + |ρ(3/2,1/2)

21,11 | cos(ω21t− γ(3/2,1/2)),
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where the phase angles β(J0,M0), γ(J0,M0) and δ(J0,M0) are given by equations (8.24).

For the perpendicular configuration of pump and probe polarisation axes, the signal

S
(J0,M0)
⊥ (t) can be found by means of a suitable rotation of the coordinate frame, de-

scribed in Section 8.2.3 and expressed by equations (8.14) to (8.16). Using the latter in

conjunction with equations (B.3) to (B.11), (B.32) and (B.33), we derive the following

formulae,

S
(3/2,3/2)
⊥ (t) =

2

3
ρ

(3/2,3/2)
00,00 +

1

2
ρ

(3/2,3/2)
10,10 +

3

4
ρ

(3/2,3/2)
11,11 +

5

6
ρ

(3/2,3/2)
20,20 +

3

4
ρ

(3/2,3/2)
21,21 +

1

2
ρ

(3/2,3/2)
22,22

−
√

2

3
|ρ(3/2,3/2)

20,00 | cos(ω20t− β(3/2,3/2))− 1

2
|ρ(3/2,3/2)

21,11 | cos(ω21t− γ(3/2,3/2))

and

S
(3/2,1/2)
⊥ (t) =

2

3
ρ

(3/2,1/2)
00,00 +

3

4
ρ

(3/2,1/2)
1−1,1−1 +

1

2
ρ

(3/2,1/2)
10,10 +

3

4
ρ

(3/2,1/2)
11,11 +

3

4
ρ

(3/2,1/2)
2−1,2−1 +

5

6
ρ

(3/2,1/2)
20,20

+
3

4
ρ

(3/2,1/2)
21,21 +

1

2
ρ

(3/2,1/2)
22,22 −

√
2

3
|ρ(3/2,1/2)

20,00 | cos(ω20t− β(3/2,1/2))

+
1

2
|ρ(3/2,1/2)

2−1,1−1 | cos(ω21t− δ(3/2,1/2))− 1

2
|ρ(3/2,1/2)

21,11 | cos(ω21t− γ(3/2,1/2)).

Using the above results for S
(J0,M0)
‖ (t) and S

(J0,M0)
⊥ (t), a normalised measure S(J0,M0)(t)

of the polarisation anisotropy can be formed in accordance with equation (8.17). We

thereby obtain the state-dependent signals (8.18) and (8.19) given in Section 8.2.3,

S(3/2,3/2)(t) = S̄(3/2,3/2) −∆S
(3/2,3/2)
20,00 cos(ω20t− β(3/2,3/2))

−∆S
(3/2,3/2)
21,11 cos(ω21t− γ(3/2,3/2)) (B.34)

and
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S(3/2,1/2)(t) = S̄(3/2,1/2) −∆S
(3/2,1/2)
20,00 cos(ω20t− β(3/2,1/2))

−∆S
(3/2,1/2)
21,11 cos(ω21t− γ(3/2,1/2)) + ∆S

(3/2,1/2)
2−1,1−1 cos(ω21t− δ(3/2,1/2)),

(B.35)

where the constant offsets are given by equations (8.20) and (8.21), the beat amplitudes

by equations (8.23), and the phases by equations (8.24). The total ionisation signal is

determined from equation (8.25).

B.6 Instantaneous Detachment Approximation

It is of interest to compare the predictions of the present density-matrix approach, par-

ticularly in regard of the spin-orbit populations and ionisation signals, with those per-

taining to the regime of ideally coherent wavepacket dynamics. The latter was treated

in previous work by Law and Gribakin [759]. These authors assumed each np2 atom

to be prepared in a coherent admixture of its 3P ground-state spin-orbit components,

produced initially by the removal of an ml = 0 electron. By modelling the subsequent

time-evolution of the fine-structure wavepacket, they ascertained simple analytical for-

mulae describing the beat signals. For reference, we give the signals appropriate to each

J0, M0 pair here,

S
(3/2,3/2)
LG (t) =

1

2
+

1

2
cosω21t (B.36)

and

S
(3/2,1/2)
LG (t) =

29

54
+

8

27
cosω20t+

1

6
cosω21t. (B.37)

Within the framework of the present density-matrix approach, we establish contact

with the model of Law and Gribakin [759] through the instantaneous detachment ap-

proximation (IDA). The IDA is founded upon the following two assumptions.
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(a) Only electrons with ml = 0 are ejected in the linearly polarised photodetaching

(pump) pulse.

(b) The photodetaching pulse is instantaneous in time. This is tantamount to ne-

glecting the differences in the fine-structure detachment thresholds, and thus

their effect on the populations of the atomic fine-structure states. The character-

istics of the pulse (intensity and wavelength in particular) are inessential to the

subsequent spin-orbit dynamics of the atomic system.

We claim that the state-dependent signals (B.34) and (B.35) reduce to equations (B.36)

and (B.37) under the assumptions of the IDA. To see this, it is convenient to rewrite the

normalised density-matrix elements at zero time, ρ̃
(J0,M0)
J ′M ′,JM , in terms of the quantities

wJ
′J

lml
=

1∑
JM

ρ
(J0,M0)
JM,JM

∫ [
A

(J ′)
lml

(p)
]∗
A

(J)
lml

(p)
d3p

(2π)3
.

Note that for J ′ = J , wJJlml represents the normalised probability of detaching an elec-

tron with angular momentum quantum numbers l and ml. Following the discussion of

Section B.4, the density-matrix elements relevant to the signals (B.34) and (B.35) can

be expressed in terms of the quantities wJ
′J

lml
. For the initial anionic state with J0 = 3/2

and M0 = 3/2, we find

ρ̃
(3/2,3/2)
00,00 =

1

3
w00

11, ρ̃
(3/2,3/2)
10,10 =

1

2
w11

11, ρ̃
(3/2,3/2)
11,11 =

1

2
w11

10, ρ̃
(3/2,3/2)
20,00 =

1

3
√

2
w20

11,

ρ̃
(3/2,3/2)
21,11 = −1

2
w21

10, ρ̃
(3/2,3/2)
20,20 =

1

6
w22

11, ρ̃
(3/2,3/2)
21,21 =

1

2
w22

10, ρ̃
(3/2,3/2)
22,22 = w22

1−1.

Under assumptions (a) and (b) of the IDA, we must set wJ
′J

10 = 1 and wJ
′J

1±1 = 0 for all

J ′ and J . Then,
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ρ̃
(3/2,3/2)
00,00 = 0, ρ̃

(3/2,3/2)
10,10 = 0, ρ̃

(3/2,3/2)
11,11 =

1

2
, ρ̃

(3/2,3/2)
20,00 = 0,

ρ̃
(3/2,3/2)
21,11 = −1

2
, ρ̃

(3/2,3/2)
20,20 = 0, ρ̃

(3/2,3/2)
21,21 =

1

2
, ρ̃

(3/2,3/2)
22,22 = 0.

Substituting these numerical values for the density-matrix elements appearing in equa-

tions (8.20), (8.23) and (8.24) of Chapter 8, the signal (B.34) for J0 = 3/2 and M0 = 3/2

becomes

S
(3/2,3/2)
IDA (t) =

1

2
+

1

2
cosω21t,

in agreement with equation (B.36) derived by Law and Gribakin [759].

For the initial anionic state with J0 = 3/2 and M0 = 1/2, we find

ρ̃
(3/2,1/2)
00,00 =

1

9
w00

11 +
2

9
w00

10, ρ̃
(3/2,1/2)
1−1,1−1 =

1

3
w11

11, ρ̃
(3/2,1/2)
10,10 =

1

6
w11

11,

ρ̃
(3/2,1/2)
11,11 =

1

3
w11

1−1 +
1

6
w11

10, ρ̃
(3/2,1/2)
20,00 =

1

9
√

2
w20

11 −
4

9
√

2
w20

10, ρ̃
(3/2,1/2)
2−1,1−1 = −1

3
w21

11,

ρ̃
(3/2,1/2)
21,11 =

1

3
w21

1−1 −
1

6
w21

10, ρ̃
(3/2,1/2)
2−1,2−1 =

1

3
w22

11, ρ̃
(3/2,1/2)
20,20 =

1

18
w22

11 +
4

9
w22

10,

ρ̃
(3/2,1/2)
21,21 =

1

3
w22

1−1 +
1

6
w22

10, ρ̃
(3/2,1/2)
22,22 =

1

3
w22

1−1.

Under assumptions (a) and (b) of the IDA,

ρ̃
(3/2,1/2)
00,00 =

2

9
, ρ̃

(3/2,1/2)
1−1,1−1 = 0, ρ̃

(3/2,1/2)
10,10 = 0,

ρ̃
(3/2,1/2)
11,11 =

1

6
, ρ̃

(3/2,1/2)
20,00 = − 4

9
√

2
, ρ̃

(3/2,1/2)
2−1,1−1 = 0,

ρ̃
(3/2,1/2)
21,11 = −1

6
, ρ̃

(3/2,1/2)
2−1,2−1 = 0, ρ̃

(3/2,1/2)
20,20 =

4

9
,

ρ̃
(3/2,1/2)
21,21 =

1

6
, ρ̃

(3/2,1/2)
22,22 = 0,
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and using equations (8.21), (8.23) and (8.24), the signal (B.35) becomes

S
(3/2,1/2)
IDA (t) =

29

54
+

8

27
cosω20t+

1

6
cosω21t,

in line with equation (B.37).

Note that within the assumptions of the IDA, the populations of the different spin-

orbit states, as well as the off-diagonal coherences, are determined essentially by the

Clebsch-Gordan coefficients appearing in equation (B.14). In contrast, the density-

matrix treatment accounts for the emission of both ml = 0 and ml 6= 0 electrons, in

addition to the influence of excited fine-structure states, which shifts both the diago-

nal and off-diagonal elements from their IDA values that correspond to fully coherent

dynamics.



Appendix C

Coherence in Two-level

Excitation

C.1 Introduction

In this appendix, we develop a perturbation-theoretic model to investigate coherences

in a two-level system following ionisation. In particular, our analysis provides insight

into the numerical results presented in Chapter 8, concerning the generation of spin-

orbit coherences in neutral atoms by strong-field detachment from their corresponding

negative ions.

We commence in Section C.2 by formulating time-dependent perturbation theory for

an atomic bound state that is coupled to a continuum through the dipole interaction.

Following this, in Section C.3, we apply this formalism in the context of a two-level

residual system, deriving the reduced density matrix and characterising the sensitivity

of the coherence to the ionising-pulse duration.
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C.2 Time-dependent Perturbation Theory for an Atomic

Bound State Coupled to a Continuum

We consider an atomic system with N electrons, and described by a field-free Hamil-

tonian H0. Under the action of an applied laser field, the behaviour of the system is

governed by the time-dependent Schrödinger equation (TDSE),

i
∂

∂t
Ψ(XN , t) = (H0 + λV (t))Ψ(XN , t), (C.1)

where Ψ(XN , t) is the multielectron wavefunction, λ is a coupling parameter, and

V (t) = −D · E(t) expresses the dipole interaction, with D the dipole moment op-

erator of the system and E(t) the electric field intensity. Also, XN = x1,x2, ...,xN ,

where xi = riσi denotes collectively the space and spin coordinates of electron i.

To simplify the discussion, we shall consider a single bound state (say, the ground

state) with energy E0 < 0 and wavefunction Ψ0(XN , t) = exp(−iE0t)ψ0(XN ), coupled

(due to the perturbation) to a continuum of states with energies ε > 0 and described by

wavefunctions Φ(ε,XN , t) = exp(−iεt)φ(ε,XN ). Both ψ0(XN ) and φ(ε,XN ) satisfy the

time-independent Schrödinger equation with eigenvalues E0 and ε, respectively. Note

that the continuum states of interest correspond to single-ionisation of the atom. For

this model system, we shall develop a lowest-order perturbative solution of the TDSE

(C.1).

We begin by writing the time-dependent wavefunction as a superposition of all stationary-

state wavefunctions with time-dependent coefficients,

Ψ(XN , t) = C0(t)e−iE0tψ0(XN ) +

∫
dεC(ε, t)e−iεtφ(ε,XN ). (C.2)

These coefficients, C0(t) and C(ε, t), represent the amplitudes for finding the system in

the initial, bound state with energy E0, or in a continuum state with energy ε, respec-

tively. Substituting expansion (C.2) in equation (C.1), and projecting onto φ(ε′,XN ),

we obtain
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i
∂

∂t
C(ε′, t) = ei(ε

′−E0)tC0(t)〈φ(ε′,XN )|λV (t)|ψ0(XN )〉

+

∫
dε ei(ε

′−ε)tC(ε, t)〈φ(ε′,XN )|λV (t)|φ(ε,XN )〉, (C.3)

where the Dirac brackets denote integration with respect to the space and spin coordi-

nates of all N electrons. If the perturbation is weak, it becomes frutiful to expand the

coefficients in powers of the coupling parameter λ. For instance,

C0(t) = C
(0)
0 (t) + λC

(1)
0 (t) + λ2C

(2)
0 (t) + ...,

and similarly for C(ε, t). Substituting these in equation (C.3), and equating powers of

λ, we find in particular that

i
∂

∂t
C(0)(ε′, t) = 0 (C.4)

and

i
∂

∂t
C(1)(ε′, t) = ei(ε

′−E0)tC
(0)
0 (t)〈φ(ε′,XN )|V (t)|ψ0(XN )〉

+

∫
dε ei(ε

′−ε)tC(0)(ε, t)〈φ(ε′,XN )|V (t)|φ(ε,XN )〉. (C.5)

If the initial, unperturbed state at time t = 0 is the ground state, then C0(0) = 1 and

C(ε, 0) = 0 in equation (C.2). Equation (C.4) therefore implies that C(0)(ε′, t) = 0 for

all t, and equation (C.5) yields the transition amplitude to first order,

C(1)(ε′, t) = −i
∫ t

dt′ ei(ε
′−E0)t′〈φ(ε′,XN )|V (t′)|ψ0(XN )〉. (C.6)

Higher-order corrections to the bound-free amplitude C(1)(ε′, t) will not be treated.
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C.3 Application to Two-level Excitation in the Residual

System

The formalism of the preceding section addresses the laser-induced coupling of an

atomic bound state to the ionisation continuum. We now extend it to a situation in

which two, energetically distinct states of the residual system are accessible. As we

demonstrate, the present model is sufficiently simple that the 2× 2 density matrix for

the two-level residue can be determined analytically, and in particular, the dependence

of its off-diagonal elements on the pulse length ascertained.

To render the problem tractable, we assume that in the final, N -electron continuum

state, the residual atom or ion and ionised electron constitute non-interacting subsys-

tems. The continuum eigenfunction φ(ε,XN ) can then be expressed in the factorised

form φ(ε,XN ) = φr,j(XN−1)φ(ε′,x), where φr,j(XN−1) specifies the state j of the

atomic or ionic residue with energy Ej (j = 1, 2), and φ(ε′,x) describes the motion of

the ejected electron with energy ε′. Of course, ε = Ej + ε′. Also, for brevity, we have

written x in place of xN for the space and spin coordinates of the outgoing electron N .

Such an assumption may be most appropriate for the problem of electron detachment

from negative ions, where the long-range Coulomb interaction, as well as short-range

exchange and correlation effects, are absent in the final state (see Chapter 8).

To accommodate a two-level residual system in the analysis, we write expansion (C.7)

for the time-dependent wavefunction as

Ψ(XN , t) =C0(t)e−iE0tψ0(XN ) +

∫
dε′C1(ε′, t)e−i(E1+ε′)tφr,1(XN−1)φ(ε′,x)

+

∫
dε′C2(ε′, t)e−i(E2+ε′)tφr,2(XN−1)φ(ε′,x), (C.7)

in which Cj(ε
′, t) denotes the amplitude for realising a continuum state with ejected-

electron energy ε′, and where the residual atom occupies state j. For the perturbation

V (t), we assume a laser pulse with a Gaussian electric field profile. Then
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V (t) = f(t)Ṽ ,

where

f(t) = e−t/2τ
2
e−iωt (C.8)

specifies the complete time-dependence of V (t), and Ṽ accounts for the coupling of

the field to the electronic degrees of freedom. Of course, the interaction operator V (t)

should be Hermitian. By using the form (C.8), we include only its part responsible for

transitions in which energy is absorbed from the field, leading to ε ≈ E0 +ω. Exploiting

the integral formula (C.6) for the first-order transition amplitude, and utilising the

standard result

∫
e−αx

2+βxdx =

√
π

α
eβ

2/4α

for any real constants α 6= 0 and β, we find

Cj(ε
′) =− i〈φr,j(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉

∫
dt ei(E1+ε′−E0)tf(t)

= −i
√

2πτ〈φr,j(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉e−(Ej+ε
′−E0−ω)2τ2/2.

We aim to determine the coherences among the residual j = 1, 2 states. To this end,

we introduce the density operator of the system,

ρ(t) = |Ψ(XN , t)〉〈Ψ(X′N , t)|,

and establish the reduced density operator for the two-level residue by substituting

expansion (C.7), and forming the partial trace over all continuum-electron states,
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ρ̃(t) =

∫
dε′〈φ(ε′,x)|

[∫
dε1C1(ε1)e−i(E1+ε1)t|φr,1(XN−1)φ(ε1,x)〉

+

∫
dε1C2(ε1)e−i(E2+ε1)t|φr,2(XN−1)φ(ε1,x)〉

]
×
[∫

dε2C
∗
1 (ε2)ei(E1+ε2)t〈φr,1(X′N−1)φ(ε2,x

′)|

+

∫
dε2C

∗
2 (ε2)ei(E2+ε2)t〈φr,2(X′N−1)φ(ε2,x

′)|
]
|φ(ε′,x′)〉. (C.9)

If the one-electron continuum wavefunctions φ(ε′,x) are normalised such that

〈φ(ε′,x)|φ(ε′′,x)〉 = δ(ε′−ε′′), integration with respect to ε1 and ε2 enforces ε′ = ε1 = ε2.

We therefore obtain the reduced density operator in the form

ρ̃(t) = ρ̃11|φr,1(XN−1)〉〈φr,1(X′N−1)|+ ρ̃12|φr,1(XN−1)〉〈φr,2(X′N−1)|

+ ρ̃21|φr,2(XN−1)〉〈φr,1(X′N−1)|+ ρ̃22|φr,2(XN−1)〉〈φr,2(X′N−1)|,

where its matrix elements ρ̃ij are given by

ρ̃11 =

∫
dε′ |C1(ε′)|2

= 2πτ2|〈φr,1(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉|2
∫
dε′ e−(ε′−ε(1))2τ2

= 2π
√
πτ |〈φr,1(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉|2, (C.10)
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ρ̃12 = e−i(E1−E2)t

∫
dε′C1(ε′)C∗2 (ε′)

= 2πτ2〈φr,1(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉〈φr,2(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉∗

× e−i(E1−E2)t

∫
dε′ e−(ε′−ε(1))2τ2/2e−(ε′−ε(2))2τ2/2

= 2π
√
πτ〈φr,1(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉〈φr,2(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉∗

× e−(E1−E2)2τ2/4e−i(E1−E2)t, (C.11)

ρ̃21 = ei(E1−E2)t

∫
dε′C∗1 (ε′)C2(ε′)

= 2πτ2〈φr,1(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉∗〈φr,2(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉

× ei(E1−E2)t

∫
dε′ e−(ε′−ε(1))2τ2/2e−(ε′−ε(2))2τ2/2

= 2π
√
πτ〈φr,1(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉∗〈φr,2(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉

× e−(E1−E2)2τ2/4ei(E1−E2)t (C.12)

and

ρ̃22 =

∫
dε′ |C2(ε′)|2

= 2πτ2|〈φr,2(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉|2
∫
dε′ e−(ε′−ε(2))2τ2

= 2π
√
πτ |〈φr,2(XN−1)φ(ε′,x)|Ṽ |ψ0(XN )〉|2, (C.13)

with ε(j) = E0 + ω − Ej . In writing equations (C.10) to (C.13), we have assumed that

ε′ ≈ ε(1), ε(2) in the dipole matrix elements, and that the latter do not depend too

strongly on energy.

The diagonal elements ρ̃11 and ρ̃22 of the reduced density matrix represent the prob-

abilities of forming residual states j = 1 and j = 2, respectively, in the bound-free

transition. The off-diagonal elements ρ̃12 and ρ̃21, in contrast, quantify the coherence
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among the j = 1, 2 states. Their real and imaginary parts exhibit an oscillatory tem-

poral behaviour, with a characteristic timescale determined by the separation of the

j = 1, 2 energy levels. Such behaviour is indeed observed in Chapter 8, where numerical

calculations for the density matrix of laser-produced, np2 atoms are presented, and the

formation of coherences among their ground-state spin-orbit components is evidenced.

Moreover, ρ̃12 and ρ̃21 display a rather strong dependence on the effective pulse dura-

tion τ . As in Chapter 8, we can form a normalised measure for the degree of coherence,

g21, as

g21 =
|ρ̃21|√
ρ̃11ρ̃22

= e−(E1−E2)2τ2/4, (C.14)

which shows that this quantity has a Gaussian dependence on τ . In the short-pulse

limit, (E2 −E1)τ � 1 or τ � T21, where T21 = 2π/(E2 −E1) is the beat period. Then

g21 ≈ 1, and a coherent superposition of the j = 1, 2 residual states is realised. However,

in the long-pulse regime, τ � T21, the coherence is suppressed, and a classical ensemble

of states j = 1, 2 is formed with probabilities ρ̃11 and ρ̃22. Note that we have made no

assumptions as to the nature of the states which participate in the admixture (whether

arising from spin-orbit interaction or otherwise), so that the exponential dependence

(C.14) on τ results solely from the Gaussian temporal profile f(t) in equation (C.8).

The present model therefore suggests that this τ -dependence is a universal feature of

coherences generated by Gaussian (or Gaussian-like) pulses.
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New York, 1993).

[120] M. Lewenstein, P. Balcou, M. Y. Ivanov, A. L’Huillier and P. B. Corkum, Phys.

Rev. A 49, 2117 (1994).

[121] P. Agostini, F. Fabre, G. Mainfray, G. Petite and N. K. Rahman, Phys. Rev. Lett.

42, 1127 (1979).

[122] G. G. Paulus, W. Nicklich, H. Xu, P. Lambropoulos and H. Walther, Phys. Rev.

Lett. 72, 2851 (1994).

[123] C. F. de Morisson Faria and X. Liu, J. Mod. Optics 58, 1076 (2011).

[124] Z. Chang, Fundamentals of Attosecond Optics (CRC Press, Boca Raton, 2011).

[125] A. L’Huillier, M. Lewenstein, P. Salières, P. Balcou, M. Y. Ivanov, J. Larsson and

C. G. Wahlström, Phys. Rev. A 48, R3433(R) (1993).

[126] W. Becker, S. Long and J. K. McIver, Phys. Rev. A 50, 1540 (1994).



References 369

[127] P. Salières, A. L’Huillier, P. Antoine and M. Lewenstein, Adv. At. Mol. Opt. Phys.

41, 83 (1999).

[128] N. Milosevic, A. Scrinzi and T. Brabec, Phys. Rev. Lett. 88, 093905 (2002).

[129] J. Zhou, J. Peatross, M. M. Murnane, H. C. Kapteyn and I. P. Christov, Phys.

Rev. Lett. 76, 752 (1996).

[130] Z. Chang, A. Rundquist, H. Wang, M. M. Murnane and H. C. Kapteyn, Phys.

Rev. Lett. 79, 2967 (1997).

[131] C. Spielmann et al., Science 278, 661 (1997).

[132] A. Rundquist, C. G. Durfee, Z. Chang, C. Herne, S. Backus, M. M. Murnane, H.

C. Kapteyn, Science 280, 1412 (1998).

[133] T. Brabec and F. Krausz, Rev. Mod. Phys. 72, 545 (2000).

[134] M.-C. Chen et al., Phys. Rev. Lett. 105, 173901 (2010).

[135] J. Larsson, E. Mevel, R. Zerne, A. L’Huillier, C.-G. Wahlström and S. Svanberg,

J. Phys. B: At. Mol. Opt. Phys. 28, L53 (1995).

[136] D. Xenakis, O. Faucher, D. Charalambidis and C. Fotakis, J. Phys. B: At. Mol.

Opt. Phys. 29, L457 (1996).

[137] M. Gisselbrecht, D. Descamps, C. Lyng̊a, A. L’Huillier, C.-G. Wahlström and M.

Meyer, Phys. Rev. Lett. 82, 4607 (1999).

[138] A. S. Sandhu et al., Science 322, 1081 (2008).

[139] R. Haight and P. F. Seidler, Appl. Phys. Lett. 65, 517 (1994).
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F. Gel’mukhanov and C. Miron, Phys. Rev. Lett. 105, 233001 (2010).
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