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ABSTRACT
An Exechon robot with offsets between the axes of the joints

that connect the legs to the fixed platform is analyzed for the first
time. Ideally these axes intersect constituting two universal and
one spherical joint. The introduction of imperfections in these
universal and spherical joints leads to more complex forward
and inverse kinematics which are solved in this paper. It is proved
that the equations used for the kinematics of the ideal Exechon
robot are no longer applicable when these offsets are added. The
constraint system is also obtained and it is found to be different
to the one of the ideal case. Finally, the combination of offsets
that lead to the largest deviation in the position of the parallel
platform is determined.

NOMENCLATURE
ai, j, αi, j DH parameters of link length and twist angle, respec-

tively, between axes i and j.
di, θi DH parameters of axial displacement and joint angle, re-

spectively, for joint i.
d(P,Q) Euclidean distance between points P and Q.
Si Instantaneous screw axis associated to kinematic pair i.
Tn n-dimensional torus.
Rot(û,θ) Rotation matrix representing a rotation of θ ∈ T ra-

dians about an axis that contains the origin and is
parallel to û ∈ R3.

∗Address all correspondence to this author.

exp(aS) Exponential mapping that generates a finite displace-
ment of magnitude a, about/along axis S.

im Image of a map.
Adj(ψ) Adjoint representation of ψ ∈ SE(3).
ArP Position vector of point P with respect to the origin of the

coordinate system A.
A
BR Rotation matrix that gives the orientation of frame B with

respect to frame A.
πû(v) Projection of vector v onto a plane that is perpendicular

to û and contains the origin.

INTRODUCTION
Since the Stewart platform was developed in the sixties

[1,2], applications for parallel kinematic machines (PKM) of par-
allel robots [3,4] have been expanding in industry. Nevertheless,
the use of PKMs in manufacturing is relatively recent. It was un-
til 1996 that Boing incorporated the Tricept technology [5, 6] in
their production lines. Since then, the use of PKMs in manufac-
turing became a topic of interest of many researchers.

The big advantage of the Tricept robot is its topology, which
is hybrid, this means that the robot consists of a parallel module
with a serial module attached to the moving platform of the par-
allel one. This combination of characteristics allows to get the
benefits from both worlds: a hybrid robot has the high stiffness
which can be obtained from any parallel robot, but at the same
time, the hybrid robot overcomes the important drawback of a
parallel robot which is workspace limitations.
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However, the topology of the Tricept robot has an important
problem: it has many passive joints, leading to control problems
and costly manufacturing. The Tricept has a completely unactu-
ated leg which is in addition prone to high torsion and tension
stresses. To overcome this, the same team which developed the
Tricept and which is led by Neumann, designed in 2004 a new
hybrid robot with a reduced number of passive joints but with all
the advantages brought by the Tricept. The result is the Exechon
robot [7, 8] which again a 5-DOF robot with a serial module at-
tached to the moving platform of a fully parallel mechanism. The
Exechon has been already used in several applications, particu-
larly, the Exechon is been used in aircraft manufacturing [9].

In addition to the applications of the Exechon robot, its
striking topology has called the attention of many researchers
who have worked in studying its kinematics [10, 11, 12], stiff-
ness [13, 14, 15, 16], constraint space and singularities [17, 18],
dimensional synthesis [11], equivalent PKMs [19].

In the material provided by the developer of the Exechon,
the diagram introducing the dimensions of the Exechon robot
presents a more general topology [7]. The diagram is shown
in figure 1, it can be seen that the revolute joints that connect
the legs to the fixed platform are not intersecting as in the ideal
model, where the nominal lengths of the common perpendiculars
between these axes is zero.
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FIGURE 1. Diagram of a more general Exechon robot, taken from
[7].

The error propagation in the structure of the Exechon robot
is currently being studied in a research carried out in conjunction
between King’s College London and Queen’s University Belfast.
As part of this research this paper aims to kinematically analyze
for the first time the Exechon robot considering the geometric im-
perfection [20] of the joint axes connecting the legs to the fixed

platform. The equations applied to solve both the inverse and
the forward kinematics of the ideal Exechon robot will no longer
hold when accounting these offsets. The study only considers
the five offsets of the ideally intersecting axes in the base of the
robot. The analysis presented in this paper is valid for Exechon
models in which the serial module is a spherical wrist. We con-
sider the joint axes in this spherical wrist as perfect, i.e., they
intersect. Models with offset wrists are also available and their
coupled kinematics will be analyzed in future research. In ad-
dition, the study presented in this paper only considers offsets
between axes that nominally should be equal to zero, however it
considers all revolute joints as perfect, the clearance in them is
not a topic addressed in this paper.

The study will reveal the forward and inverse kinematics
of the robot, its system of constraints which will also turn out
to be different to that of the ideal Exechon robot and finally it
will shortly study the effects of these offsets in the position of
the moving platform, revealing also which combination of errors
produces the largest deviation in position.

This paper is organized as follows: Section 1 describes the
geometry of the ideal Exechon robot, this one is then compared
in section 2 to the geometry of the Exechon robot with offsets
to be studied in the paper, in section 3 the inverse kinematics of
the Exechon robot with offsets is solved, followed by its forward
kinematics in section 4 and the computation of its constraint sys-
tem 5. The results of the forward kinematics problem are used in
section 6 in order to determine the deviation of the position of the
parallel platform of the robot due to the introduction of offsets.
Finally, some conclusions are drawn in section 7.

1 GEOMETRY OF THE IDEAL EXECHON ROBOT
Figure 2 shows a representation of the ideal Exechon hybrid

robot. The hybrid robot is conformed by a 3-DOF parallel mod-
ule and a 3-DOF serial module. The parallel module consists of
a moving platform and a fixed platform connected by three legs.
Legs 1 and 3 are UPR serial chains, while leg 2 is an SPR kine-
matic chain. In the ideal model joint axes Sl1 and Sl2 intersect in
point Al , l = 1,3 and S21, S22 and S23 intersect in A2. In addition,
Sl3⊥Sl2, l = 1,3, S24⊥S22 and S24||S23.

Refer to figure 3, points A1, A2 and A3 constitute the vertices
of an isosceles triangle with base 2dA1 := d(A1,A3) and height
dA2 := d(A2,S11). Points B1, B2 and B3 also form an isosceles tri-
angle with base 2dB1 := d(B1,B3) and height dB2 := d(B2,B1B2).
Points A1, A3, B1 and B3 are coplanar, we call the plane that these
point lie on Π , while plane Λ is the one containing B1, B2 and
B3. The joint variables of the actuated joints of each leg are mea-
sured as follows: ql3 := d(Al ,Bl), l = 1,3, and q24 := d(A2,B2).

The serial module is mounted on the moving platform. This
module is a serial 3R chain with its three axes SS1, SS2 and SS3
intersecting at point S. Revolute joint with axis SS3 represents
the rotation of the tool, the tip of the tool is the point T . Point S
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FIGURE 2. The ideal Exechon hybrid robot

is located a distance hz := d(S,Λ) from plane Λ and a distance
hx := d(S,Π) from plane Π . Axis SS1 is perpendicular to Λ and
the three axes constituting the serial module are perpendicular to
each other. The distance between T and S is dT := d(T,S).

2 THE EXECHON ROBOT WITH OFFSET ERROR IN
THE BASE REVOLUTE JOINTS

2.1 Geometry of the inserted offsets
Figure 4 shows an Exechon hybrid robot in which offsets

were introduced between the axes of the revolute joints connect-
ing the fixed platform. The condition of having axes intersecting
at points Ai, i = 1,2,3, no longer holds. In the model shown in
figure 4, former points Ai, i = 1,2,3, have been renamed as Aia,
i = 1,2,3. Error E4 is the length of the common perpendicular
between now skew axes S11 and S12, this common perpendicu-
lar intersects S11 at A1a and S12 at A1b. Similarly, the common
perpendicular between S31 and S32 intersects these axes at A3a
and A3b, respectively, and has a length of E5. The joint vari-
able of the actuated prismatic joint in legs i = 1,3 is defined as
qi3 := d(Aia,Bi). In summery, if El1 := E4 and El3 := E5, the DH
parameters for legs i = 1,3 are given by:

FIGURE 3. Structural dimensions of the ideal Exechon hybrid robot
and planes Π and Λ

ai1,i2 = Eli, αi1,i2 =
π

2 , di1 = 0, θi1 = qi1,
ai2,i3 = 0, αi2,i3 =

π

2 , di2 = 0, θi2 = qi2,
ai3,i4 = 0, αi3,i4 =−π

2 , d23 = qi3, θi3 = 0,
d25 = 0, θ25 = qi4.

E4 and E5 are considered in the kinematic analysis carried
out in [12], however the rest of joints are considered ideal. It is
seen in [12], that the introduction of E4 and E5 does not really
affect the analysis which is basically the same as that for the
wholly ideal Exechon.

E1 and E3 are the lengths of the common perpendiculars be-
tween adjacent axes S21 and S22, and S22 and S23, respectively,
and the distance between these two common perpendiculars is
E2. The common perpendicular between S21 and S22 intersects
S21 at A2a.

For leg 2, the common perpendicular between adjacent axes
S21 and S22 has a length of E1 and intersects S21 at A2a. Simi-
larly, the common perpendicular between adjacent axes S22 and
S23 has a length of E3 and intersects S23 at A2b. The distance
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FIGURE 4. Exechon robot with offset errors in the base R joints

between these two common perpendiculars is E2. Joint variable
of the actuated prismatic joint is defined as q24 := d(A2b,B2). In
summary, the DH parameters of leg 2 in the distal convention
are:

a21,22 = E1, α21,22 =−π

2 , d21 = 0, θ21 = q21,
a22,23 = E3, α22,23 =

π

2 , d22 = E2, θ22 = q22,
a23,24 = 0, α23,24 = 0, d23 = 0, θ23 = q23,
a24,25 = 0, α24,25 =

π

2 , d24 = q24, θ24 =−π

2 ,
d25 = 0, θ25 = q25.

Plane Λ is defined the same as for the ideal Exechon robot,
whilst plane Π is now defined as the plane containing points
A1b, A3b, B1 and B3. Three coordinate systems that will be use-
ful throughout the analysis are defined as shown in figure 4:
Coordinate system O, is fixed to the fixed platform with ori-
gin at point O, the middle point of segment A1aA3a, so that
d(O,A3a) = d(O,A1a) = dA1 and d(O,A2a) = dA2, axes xO and
yO are parallel to A1aA3a and OA2a, respectively. Frame E is
fixed to the moving platform, its origin, point E, is the middle
point of segment B1B3 so that d(E,B3) = d(E,B1) = dB1 and
d(E,B2) = dB2, axes xE and yE are parallel to B1A3 and EB2,
respectively. Finally, a frame S is fixed to the end-effector tool,
with origin at S, the center of the spherical wrist of the serial
module, axis zS is coincident with SS3, so that SrT/S = (0,0,dT ).

2.2 Mobility of the parallel module of the Exechon
robot with offsets

The mobility of the modified Exechon robot is the same as
that of the ideal Exechon robot. A very simple way to prove this
mobility is described. Considering legs i= 1,3 and locking joints
i1, the result is a planar mechanism, since Si2, Si3 and Si4 con-
stitute a generator of the group of general planar displacements
G(ûΠ ), where ûΠ is the normal vector to Π , the moving platform
undergoes general planar motions in this situation. Therefore,
both legs can be replaced by any kinematic chain that can gen-
erate G(ûΠ ) connected to the fixed platform by means of an R
joint with axis S11. In figure 5a, legs 1 and 3 have been replaced
by a single 4R leg, with axes S11, SG1, SG2 and SG3, where SG j,
j = 1 . . .3 are a generator of G(ûΠ ). Since the only conditions
for these three axes is them being non-coincident to each other
and being parallel to ûΠ , we can choose SG3 to intersect B2.

FIGURE 5. Equivalent mechanisms obtained by reducing the parallel
module of the Exechon robot with offsets inserted.

It can be seen that in leg 2 S23||S24 and since these two joints
are adjacent, they represent a generator of the group of cylindri-
cal displacements C(rB2/A2b

/|rB2/A2b
|,B2), and as such, permuta-

tion of these joints is allowed. In figure 5a joints 23 and 24 have
been permuted.

The moving platform of the equivalent mechanism shown
in figure 5a undergoes exactly the same motion pattern than the
moving platform of the Exechon robot with offsets in figure 4.
It can be seen that in such a mechanism axes SG3, S23 and S25
intersect at B2, and since they are the axes of three adjacent R
joints, they generate the group of spherical motions S(B2), as
such, they can be replaced an S joint with center at B2. Figure
5b shows the equivalent mechanism with the S joint included.

For the equivalent mechanism shown in figure 5b, note that
if joints 21, 22 and 24 are disconnected, point B2 can move to
any point in the three dimensional space as it can reach any point
in Π , by means of joints G1 and G2, but then Π can be rotated
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about S11, allowing B2 to visit any point in space. In a similar
manner, now disconnect joints 11, G1 and G2, point B2 can reach
any point in the plane perpendicular to S22 by means of joints 22
and 24, however, this plane can also rotate about S21, allowing
B2 to visit any point in space. It can be seen that when all joints
are connected point B2 still can reach any point in space, having
3 DOFs and since there are no passive degrees of freedom when
positioning B2 in space, the whole mechanism, has 3 DOFs. This
mechanism is in fact non-overconstrained [21]. Since this is an
equivalent mechanism, the Exechon robot has the same mobil-
ity. In addition, observe that this analysis is not compromised
by removing of the errors, therefore, these steps also prove the
mobility of the ideal Exechon mechanism.

3 INVERSE KINEMATICS OF THE EXECHON ROBOT
WITH OFFSETS IN THE BASE REVOLUTE JOINTS
The following information is known in the inverse kinematic

problem (IKP): OrT , the position of the tip of the tool, point T ,
with respect to the fixed coordinate system, and O

S R, the orienta-
tion of coordinate system S attached to the tool with respect to
the fixed coordinate system. The purpose of the IKP is to de-
termine the screw coordinates of all joint axes in the robot with
respect to the fixed coordinate system: OS1i, OS3i, OS2 j and OSSk,
i = 1, . . . ,4, j = 1, . . . ,5, k = 1,2,3.

In the Exechon robot the parallel module is used to control
position, while the serial module allows control of the orienta-
tion of the tool. Clearly, the motion of the moving platform of
the 3-DOF parallel module is not pure translation, the parasitic
rotation obtained after positioning the tool is compensated by the
serial module, which allows to obtain the desired orientation of
the tool. The IKP can, thus, be split in determining the joint axes
of the parallel module for a desired position and then using these
results to calculate the screw coordinates of the joint axes of the
serial module for the desired orientation.

In the case of the analysis of the parallel module it is conve-
nient to have as input the position of a point that is fixed to the
moving platform. Note that known point T has relative motion
with respect to the moving platform. However, from the input
information of the IKP it is possible to determine the position
of point S, which is fixed with respect to the moving platform:
OrS =

OrT +O
S R(0,0,−dT ). Hence, we have the following input

and output information for the analysis of each module:

Parallel module. Input: OrS := (Sx,Sy,Sz). Output: OS1i,
OS3i, OS2 j, O

E R.
Serial module. Input: O

E R, O
T R. Output: OSSk

3.1 Analysis of the parallel module for the IKP
To start this analysis we first attempt to follow the steps pre-

sented in [10, 12] for the IKP of the parallel module of the ideal
Exechon robot and it will be seen that there is an equation that no

longer is fulfilled in the Exechon robot with offsets in the joint
variables.

The idea is to fully determine frame E with respect to O,
i.e. computing O îE, O ĵE, Ok̂E and OrE. If this frame is known
then points B1, B2 and B3 are known and computing the screw
coordinates of the joint axes becomes straightforward (at least
for the ideal parallel module).

k

k

FIGURE 6. Definition of coordinate system C and variables a) α and
b) θ .

Refer to figure 6a, O ĵE can be find by computation of α :=
ûΠ · ĵO, the angle between planes Π and xOzO. The angle is still
computable from the input information and the geometry in fig-
ure 6a. It is easy to obtain:

α = arctan

−Sy

√
S2

y +S2
z −h2

y±Szhy

Sz

√
S2

y +S2
z −h2

y±Syhy

 (1)

then O ĵE = Rot(α,O îO)(0,1,0).
We now introduce a new point, C (see figure 6a), which is

given by OrC := OrS + (dB2− hy)
O ĵE. It can be seen that C is

fully defined with the information known so far. A new coordi-
nate system, C, is defined with origin at C and orientation given
by O

CR := Rot(α,O îO), so that ĵC||ĵE and îC||îO. Frame C is also
known. In Eq. (1), the positive sign refers to the typical assembly
shown in figure 6, while the negative sign can only be achieved
by disassembling the mechanism. This different assembly re-
quires the following transformation between the C and O frames:
O
CR := Rot(α,O îO)Rot(π,Ok̂O).
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In order to find O îE, the way to proceed in the case of the
ideal Exechon robot is to use the following condition, see figure
2: O îE⊥OrS/A2 . Since point A2 is fixed to the ground OrS/A2 is
known and adding the condition îE⊥ĵE, O îE can be obtained.

Unfortunately, the first condition does not hold for the Ex-
echon with offsets in the base joints. It can be seen in figure
6 that O îE 6⊥ OrS/A2a . Instead, our version of the condition is
O îE ⊥ OrS/A2b

. However, unlike A2a = A2, A2b is unknown as it is
not fixed to the ground. As a result of this, the analysis becomes
much more complicated.

Point A2b which in the ideal Exechon robot is fixed and coin-
cident with A2a is now moving in a toroid S [22,23,24] as shown
in figure 7. The common perpendicular between axes S21 and S22
intersects the later at point A2c. This point draws a circle C1 ly-
ing on plane yOzO with radius E1. The common perpendicular
between axes S22 and S23 intersects S22 at A2d . Point A2b draws
a circle C2 of radius E3, with center at A2d and normal parallel to
S22. when actuating joint 21 C2(q21) is swept along C1 generat-
ing a toroid. The axial displacement E2 gives a banana shape to
the cross section of the toroid, see [22].

FIGURE 7. Point A2b lying on a toroid.

Point A2b can be located by means of any parametrization of
S , here the following is used:

O
σ(q21,q22) := OrA2a +Rot

(
π

2
,O ĵO

)
Rot
(
q21,

Ok̂O
)(

E1
O îO

−E2
O ĵO +E3Rot

(
q22,−O ĵO

)O îO
)

= (E3 sinq22, dA2 +(E1 +E3 cosq22)sinq21

−E2 cosq21,−(E1 +E3 cosq22)cosq21

−E2 sinq21) (2)

so that Or̂A2b = Oσ(q21,q22) and S = im(σ(T2)). This

parametrization uses the joint variables (q21,q22) as parameters,
q21 being measured from zO axis to the common perpendicular
of length E1, about S21 and q22 measured from the common per-
pendicular of length E1 to the common perpendicular of length
E3 about −S22.

Since A2dA2b ⊥ S23, it follows that S23(q22,q23) is tangent
to C2(q22), therefore, the following condition holds:

S23(q21,q22)||
∂σ

∂q22

∣∣∣∣
(q21,q22)

(3)

With the information in hand so far we also know that B2 lies
somewhere in a circle C of radius hz, center at C and contained
in the xCzC plane (see figure 6b). We define the angle θ as the
angle from zC to zE measured about yC (or yE). With this angle,
C is drawn by:

OrB2/C(θ) = hzRot(α,O îO)Rot(θ ,O ĵO)(−Ok̂O) (4)

and the position of B2 is given by: OrB2(θ) =
OrC +OrB2/C(θ).

A first condition to consider is that rB2/C, ĵC and ∂σ/∂q22
must be coplanar. Therefore:

det
(
aug
(OrB2/C, σq22 ,

O îO
))

= 0
sinqq22 sinθ(cosα cosq21 + sinα sinq21)− cosq22 cosθ = 0

(5)

where σq22 := ∂σ/∂q22. Eq. (5) is in terms of unknowns θ ,
q21 and q22. The computation of these unknowns fully solves
the IKP of the parallel module, hence it is required to find more
conditions that involve these variables.

Note in figure 6 that S23 must intersect axis yC, which are the
lines given by L (σq22 ,A2b) and L (ĵC,S), respectively. There-
fore, if these two lines intersect the following condition holds:

(O
σq22 ×

O ĵC
)
·
(OrA2b −

OrS
)
= 0((

−E2 cosq21 +E1 sinq21 +dA2−Sy
)

sinα +
(
E1 cosq21

+E2 sinq21 +Sz
)

cosα
)

cosq22

−E3
(
Sx sinq22−E3

)(
cosα cosq21 + sinα sinq21

)
= 0

(6)

A third equation to complete the system can be obtained
from condition in Eq. (3) by considering rB2/A2b

||S23 then

6



rB2/A2b
||σq22 . Since OrB2 and OrA2b are known in terms of the

three unknowns, the condition can be used as follows:

OrB2/A2b
· (0,1,0)O

σq22 · (0,0,1)
−OrB2/A2b

· (0,0,1)O
σq22 · (0,1,0) = 0

⇔
((dB2−hy)cosα +hz sinα cosθ −dA2 +Sy)cosq21+

(Sz−hz cosα cosθ +(dB2−hy)sinα)sinq21 +E2 = 0
(7)

Eqs. (5-7) represent a system of 3 non-linear equations in
3 unknowns. However, note that Eq. (6) is only in terms of
unknowns q21 and q22, and Eq. (7) is only in terms θ and q21. It
is possible to solve these two equations so that two variables are
eliminated.

Eq. (6) has the form K1 cosq22 +K2 sinq22 +K3 = 0, which
be solved for q22 with two solutions:

q22(q21) := atan2
(

K2(K1(K1K3∓K4)−K3(k2
1 +K2

2 ))

−K1K3±K4

)
(8)

where

K1 := (−E2 cosq21 +E1 sinq21 +dA2−Sy)sinα +(E1 cosq21

+E2 sinq21 +Sz)cosα,

K2 := Sx(cosα cosq21 + sinα sinq21),

K3 := E3(cosα cosq21 + sinα sinq21),

K4 :=
√

K2
1 K2

2 +K4
2 −K2

2 K2
3 .

Eq. (7) can be easily solved for θ to obtain:

θ(q21) := π± arccos
(
(dB2 sinα sinq21−hy sinα sinq21 +

+dB2 cosα cosq21−hy cosα cosq21 +Sz sinq21 +(Sy

−dA2)cosq21 +E2)(hz(sinα cosq21

−cosα sinq21)
−1)
)

(9)

Replacing the expressions for q22 and θ from Eqs. (8) and
(9) in Eq. (5) the system is reduced to a single equation in a single
variable, q21. However, this equation is too complex to obtain a
closed form solution and a numerical method has to be applied.
There are two solutions in each expression in Eq. (8) and (9),
therefore, at least four solutions can be obtained for the system

of equations, however, it is not possible to determine how many
solutions can be obtained from Eq. (5) once each expression for
q22 and θ are replaced in it and it is solved numerically.

When the values of q21, q22 and θ are defined frame E is
determined by O

E R = O
CRRot(θ ,C ĵC) = Rot(α,O îO)Rot(θ ,O ĵC)

and OrE = OrS +Rot(θ ,O ĵC)(0,−hy,−hz). OrBi , i = 1,2,3, are
also easily obtained now that frame E is known. OrA2b is also
known by evaluating parametrization in Eq. (2).

The screw coordinates of all joint axes in the parallel module
are given by:

Leg i = 1,3:

OSi1 =
(O îO;0

)
,

OSi2 =
(O ĵE; O ĵE× (OrAia +El

Ok̂C)
)
,

OSi3 =

(
0;

OrBi −OrAia −E4
Ok̂C

|OrBi −OrAia −El
Ok̂C|

)
OSi4 =

(O ĵE; O ĵE× rBi

)
Leg 2:

OS21 =
(O îO;dA2a

O îO×O ĵO
)
,

OS22 = Adj
(
exp(q21,

OS21)
)(
−O ĵO; O ĵO× (−E1

Ok̂O)
)
,

OS23 =

( Oσq22

|Oσq22 |
;

Oσq22

|Oσq22 |
×O

σ

)
,

OS24 =

(
0;

Oσq22

|Oσq22 |

)
OS25 =

(O îE; O îE× rB2

)
Joint variables of the actuated joints are given by: qi3 =

|OrBi − OrAia ∓ EO
l k̂C| and q24 := sign(Oŝ23 · OrB2/A2b

)|OrB2 −
Oσ |, {i, l}= {1,4},{3,5}. The negative signs of E4 and E5 in q13
and q33, respectively, refer to the typical configuration shown in
figure 8a, while changing these signs other three configurations
shown in figure 8 are obtained. The same situation happens in
the ideal case [12]. Observe that these four possibilities only af-
fect the values of q13 and q33, therefore, for every solution found
another three can be obtained by changing the signs of E4 and E5
and without altering any of the other results.

Using the two possible values of α , q22 and θ shown in Eqs.
(1), (8) and (9), respectively, a total of eight uni-variable equa-
tions are obtained. These equations cannot be converted into
polynomial expressions due to the presence of multiple square
roots which cannot be eliminated. This prevents the straightfor-
ward determination of the number of solutions in the complex
field. Nevertheless, all possible real solutions were computed
for a given position of the end-effector using numerical meth-
ods. The results show that each of these 8 equations has two real

7



FIGURE 8. Four possible configurations of legs 1 and 3 for the same
pose of the end-effector and leg 2.

roots, which give a total of 16 solutions. In addition, considering
the four possible configurations of legs 1 and 3 shown in figure 8,
there are four cases for each of the 16 solutions. Then, a total of
64 solutions to the IKP can be obtained. These results are shown
in Appendix B. This number of solutions contrasts with the 16
solutions of the ideal case (see [12]) which can be obtained from
closed-form solution.

3.2 Analysis of the serial module for the IKP

After the analysis of the parallel module the orientation of
frame E, O

E R, is known. From the input information of the IKP
O
S R is also known.

It can be seen that E
SR = (O

E Rt)O
S R. The same transformation

must be achieved by actuating the motors of the serial module
from an initial configuration q0 in which frames E and S coin-
cide. Such a configuration is shown in figure 9.

After actuation of the three motors of the serial module,
the orientation of frame S with respect to E is given by E

SR =

Rot(qS1,
Ek̂E)Rot(qS2,

E îE)Rot(qS3,
Ek̂E). Matching this rotation

matrix with E
SR = (O

E R)tO
S R, the values of qSi, i = 1,2,3, are ob-

FIGURE 9. Initial configuration of the serial module.

tained as:

qS2 = atan2(±R2,3,±R1,3),

qS2 = atan2
(
±
√

1−R3,3,R3,3
)
,

qS3 = atan2(±R3,2,∓R3,1)

where Ri, j is the (i, j) entry of known matrix E
SR. Note that two

possible solutions are obtained for a desired orientation of the
tool.

The screw coordinates of the joint axes in the serial module
are given by OSSi = (ŝSi; ŝSi×OrS), where:

ŝS1 =
Ok̂E, ŝS2 = Rot(qS1,

Ok̂E)
O îE, ŝS3 =

Ok̂S.

4 FORWARD KINEMATICS OF THE EXECHON
ROBOT WITH OFFSETS IN THE BASE R JOINTS
In the forward kinematics problem (FKP) of the Exechon

robot with offsets the input information are the values of joint
variables q13, q24, q33, qS1, qS2 and qS3 and the outputs are O

S R
and OrT .

In a similar way to the IKP, it is possible to analyze the par-
allel and the serial modules separately.

8



4.1 Analysis of the parallel module for the FKP
The FKP of the parallel module consists of finding the po-

sition and orientation of the moving platform, i.e. O
E R and OrE ,

respectively, when q13, q24 and q33 are given. Again, as done
with the IKP, the procedure in [10, 12] is first attempted to fol-
low.

Refer to figure 6, a new variable k is introduced and it is
defined as k := OrE · Ok̂C = sign

(
OrE ·Ok̂C

)√
e2

y + e2
z , where

OrE := (ex,ey,ez). If the limits of the actual robot are consid-
ered k will always be positive. The following two conditions
hold analyzing the projection on plane Π shown in figure 6b:

(
ex +dB1 cosθ −dA1

)2
+
(
k−dB1 sinθ ∓E4

)2−q2
13 = 0(10)(

ex−dB3 cosθ +dA3
)2

+
(
k+dB3 sinθ ∓E5

)2−q2
33 = 0(11)

where, as explained in Section 3, the signs of E4 and E5 deter-
mine the four configurations of legs 1 and 3 shown in figure 8,
with negative signs for both E4 and E5 referring to the typical
case in figure 8a. Eqs. (10) and (11) are in terms of unknowns k,
ex and θ . Two sets of closed-form solutions for k and ex in terms
of θ can be obtained, however the expressions are two long to be
presented in this paper. Considering the 4 possible versions of
the system of equations (10) and (11), a total of 8 sets of closed-
form solutions for k and ex are obtained.

Note that OrE = (ex,−k sinα,k cosα), therefore, finding ex,
k and α solves the FKP since α also defines O ĵE and using Eqs.
(10) and (11), θ would be obtained which allows the computation
of O îE and Ok̂E.

To obtain equations involving ex, k and α two expressions
for point B2 are written. The first one describes the vectors from
point O to E to B2:

OrB2 = OrE +dB2Rot(α,O îO)O ĵO

= (ex(θ),−k(θ)sinα,k(θ)cosα)+dB2Rot(α,O îO)O ĵO

(12)

and the second equation takes the vectors from point O to A2a to
B2:

OrB2 =
OrA2a +

O
σ(q21,q22)+q24

Oσq22(q21,q22)

|Oσq22(q21,q22)|
(13)

Plugging Eqs. (12) and (13), three scalar equations in terms
of 4 unknowns, θ , α , q21 and q22, are obtained. In order to get
rid of one of the variables, the condition of axis xE being always

perpendicular to joint axes S23 and S24 is considered:

σq22(q21,q22) · îE = 0
⇔

O
σq22(q21,q22) ·Rot(α,O îO)Rot(θ ,O ĵO)

O îO = 0
⇔

−cosq21 sinq22 cosα sinθ − sinq21 sinq22 sinα sinθ+

cosq22 cosθ = 0
(14)

Eq. (14) can be solved for q22 to obtain two solutions:

q22(θ ,α,q21) ∈

{
arctan

(
ctgθ

cos(α−q21)

)
,

arctan
(

ctgθ

cos(α−q21)

)
−π

}
(15)

Replacing this solution in Eqs. (12) and (13) a system of three
equations in unknowns three unknowns, θ , α and q21, is ob-
tained. The expressions are large and have to be solved numeri-
cally.

When θ , α and q21 are known the FKP is
solved as: O

E R = Rot(α,O
E îO)Rot(θ ,O ĵO) and Or̂E =

Rot(α,O îO)(ex(θ),0,k(θ)). In addition, the center of
the spherical wrist, S, can be easily located by means of:
OrS =

OrE +Rot(α,O îO)Rot(θ ,O ĵO)(0,hy,hz).
Using the eight sets of solutions for k and ex obtained from

Eqs. (10) and (11), along with the two solutions from q22 in
Eq. (15), a total of 16 systems of 3 nonlinear equations in 3 un-
knowns are obtained. Since these systems cannot be reduced to
polynomial expressions it is not possible to obtain the number
of solutions in the field of complex numbers in a straightforward
way. However, using numerical methods, all possible real solu-
tions of the FKP were obtained for a particular set of actuation
values. The results are shown in Appendix C. A total of 57 real
solutions were obtained. 16 of these solutions belong to the case
of typical configuration of legs 1 and 3 shown in figure 8. To the
knowledge of the authors, the number of solutions of the FKP
of the ideal case is not available in the literature, the reason be-
ing that no closed-form solution is available. However, using the
same equations presented in this paper, fixing Ei = 0, i = 1 . . .5,
all possible solutions of the FKP for the ideal case were obtained
numerically for the typical configuration of legs 1 and 3 shown
in figure 8. The results show 8 solutions and a duplicate of each
one with q21 replaced by q21 +π , this simply means that the di-
rection of the axis of revolute joint 22 has been reflected. This
change is imperceptible as such joint is part of an arrangement
of a spherical joint. For the same configuration of legs 1 and 3.
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It is important to mention that the solutions k(θ) and ex(θ),
from Eqs. (10) and (11) do not exist should both θ = 0 and
E4 = E5 happen. In such a situation, Eqs. (10) and (11) are
reduced to two equations in k(θ) and ex(θ) with the following
solutions:

ex = −
q2

13−q2
33

4(dA1 −dB1)
,

k =
1

4(dA1 −dB1)

(
±

((
8d2

A1
−16dA1dB1 +8d2

B1 +2q2
13
)
q2

33

−q4
33−16

(
dA1 −dB1−

q13

2

)2(
dA1 −dB1 +

q13

2

)2) 1
2

+

4E4(dA1 −dB1)

)
(16)

Eq. (14) now leads to q22 ∈ {π/2,3π/2}, replacing the
known values of ex, k and q22 in Eqs. (12) and (13) three
equations in unknowns q21 and α is obtained. The extra equa-
tions gives a necessary condition for θ = 0 to happen: q33 =√

4E3(dA1 −dB1)+q2
13. It can be seen that in the ideal Exechon

robot, i.e. E3 = 0, the parallel module adopts a symmetric con-
figuration with respect to the yOzO plane.

4.2 Analysis of the serial module for the FKP
After solving the FKP of the parallel module, the values of

OrE and O
E R are known. Since ErS = (0,hy,hz) is constant, the

position of the center of the spherical wrist, S, w.r.t. frame O
is fully determined after solving the FKP of the parallel mod-
ule as OrS = O

E RErS. The orientation of the tool frame, S,
(see Fig. 9) with respect to the platform frame E is given by
E
SR = Rot(qS1,

Ek̂E)Rot(qS2,
E îE)Rot(qS3,

Ek̂E). Therefore, if the
input variables of actuation qS1, qS2 and qS3 are known the orien-
tation of the tool is computed by O

S R = O
E RE

SR.

5 CONSTRAINT SYSTEM
It is desired to know the system of constraints for a given

position and orientation of the end-effector. After solving the
IKP for such a pose of the tool, it is possible to compute the
wrench system of constraints. In this section, the computation
of the wrench system of the parallel module is addressed. Note
that a basis for the wrench system of the serial module, which
is a spherical wrist, simply consists of three linearly independent
wrenches of pitch 0 intersecting S, the center of the wrist.

The constraint system of each leg of the parallel module of
the Exechon robot with offsets is different from that of the ideal
Exechon robot. However, for legs 1 and 3 the wrench system is

the same and still can be found by means of geometry as shown in
figure 10 for leg 1: Similarly to legs i = 1,3 of the ideal Exechon
robot, the wrench system of constraints consists of two wrenches,
the first one, Wci1 being a pure moment that is perpendicular to
axes Si1 and Si2 and, in consequence, also perpendicular to Si4.
Since it is Wci1 is a pure moment, then Kl(Wci1,Si3) = 0 is also
ensured. The second wrench, Wci2, is a pure force intersecting
Si1 and parallel to Si2 and Si4. Since Wci2 ⊥ S13 their reciprocity
is ensured.

FIGURE 10. Constraint system of leg 1.

Since the IKP is considered to be known, the two wrenches
for legs i = 1,3 can be computed by means of:

OWci1 =
(
0;Rot(α,O îO)Ok̂O

)
,

OWci2 =
(
Rot(α,O îO)O ĵO; 0

)
.

Unfortunately, for leg 2, unlike in the ideal Exechon robot,
the sole wrench the spans the system of constraints of the leg
is neither 0- nor infinite-pitched, and therefore it cannot be lo-
cated by means of geometry, at least not easily. Wc21, the only
wrench in this system, can be found by computation of a basis of
Null((J2(q))t), where J2 := aug(OS21, . . . ,

OS25).
Although IKP is solved numerically, it is possible to obtain

a closed form solution for OWc21 if J2 is expressed in terms of
α , θ , q21 and q22. When these values are obtained in the IKP
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Parameter Value (mm)

hy 83

hz 408.1

dA1 250

dA2 400

dB1 133

dB2 166

q13, q24 and q33, actuator fully contracted 563

Stroke of actuators 300

TABLE 1. Dimensions and joint limits of the example.

it is easier to evaluate the closed form solution of OWc21 than
computing Null((J2(q))t) for the given configuration q.

Let λ OW̃c21 be the only element of the basis of the com-
puted null space [25] (it is multiplied by λ since it is not neces-
sary a unit screw), then span(OW̃c21) = Null((Jt

2(q))
t), where, if

Wc21 := (ŝ;v), then W̃c21 := (v;s). Clearly, Kl(OS2 j,
OWc21) =

0, j = 1, . . . ,5, if and only if (OS2 j)
tW̃c21 = 0.

Using symbolic algebra software Maple Null((J2(q))t) is
computed and a closed-form solution is found in terms of the pre-
viously mentioned intermediate variables. The solution is long
and is presented in Appendix A.

6 EFFECTS OF OFFSETS IN THE POSITION OF THE
MOVING PLATFORM
It is possible that not all five offsets are present in the robot,

therefore a total of 25 = 32 situations are possible, depending on
which links present error and which are ideal. For example, the
link between joints 11 and 12 can be ideal and E4 = 0, while the
other offsets are still present. It is possible to check which of
these 32 cases produces the biggest error in the position of the
moving platform. The 32 cases will be tested in different points
of the reachable workspace of the robot, and in each case the
deviation of point E in the platform will be compared to its ideal
position that would be obtained in the ideal Exechon robot using
the same values of the actuated joint variables.

The comparison is made using the dimensions shown in ta-
ble 1. The stroke of each actuator is split in 11 positions, gener-
ating a total of 113 = 1331 configurations to be tested. Since in
each configuration 32 different cases of combinations of offsets
are to be analyzed, a total of 1331× 32 = 42592 iterations are
required.

Figure 11 shows the contour graph approximated using the
position of point E in each of the 1331 analyzed configurations
in the ideal case. The plot shows a typical shape of workspace in

FIGURE 11. Contour plot of the workspace of the ideal Exechon
robot approximated using the tested configurations. Level 1, z0 = 794.1;
level 2, z0 = 749.2; level 3, z0 = 704.3; level 4, z0 = 659.4; level 5,
z0 = 614.5; level 6, z0 = 569.6; level 7, z0 = 524.7; level 8, z0 = 479.8;
and level 9, z0 = 434.9

parallel mechanisms.
In each of the 1331 configurations the case of offsets com-

binations that produces the biggest deviation of point E is saved.
When all the configurations have been analyzed, the number of
times that every case of offsets combinations gave the biggest
deviation is counted. According to these results, the case that af-
fected the position of E the worst is when all offsets are present
except E5, the length of the common perpendicular between joint
axes S31 and S33, which was the worst case in 428 configurations.
Note that this non-symmetrical result is a consequence of the loss
of symmetry of the parallel module, whose offsets between axes
in leg 3 break the symmetry borne by the ideal mechanism.

Figure 12 shows the points reached by the ideal Exechon
robot in the 1331 configurations analyzed. In such plots, the
clearer the dots are, the larger the deviation of point E in the
parallel platform will be when all offsets, except the one in leg
3 are introduced. It can be seen that the safest area is when
xO−coordinate of E is negative, while its yO−coordinate is pos-
itive. These results were obtained using an offset of 1 mm, for
which the largest deviation of the position of E with respect to
the ideal case was 2.8428193 mm, while the mean was a devia-
tion of 2.216036073 mm.

In order to observe the effects of the same arrangement of
offsets on the position and orientation of the end-effector, con-
sider a configuration with actuation values q13 = 800mm, q24 =
600mm, q33 = 670mm, qS1 = 65◦, qS2 = 32◦ and qS3 = 210◦. Ta-
ble 2 compares the ideal case against the case with 1-mm offsets
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FIGURE 12. Workspace of Exechon robot with projections on the
yOzO and xOyO planes (top right and bottom right, respectively). The
clearer the dots, the larger the deviation of the moving platform if all
offsets are introduced except that of leg 3.

Ideal case Offsets inserted

OrE


165.352704

293.201618

643.859589




163.50554

292.513261

645.185159


OrS


284.4966477

530.5001643

964.6846679




282.0682724

529.3520278

966.5648205


O
S R


−0.05985 0.70474 0.70693

−0.98463 −0.15807 0.07422

0.16405 −0.69162 0.70337



−0.05947 0.70577 0.70593

−0.98494 −0.15649 0.07349

0.16234 −0.69093 0.70445



OWc21



0.956434219

−0.12099293

−0.265695869

−106.278348

0

−382.573688





0.956843709

−0.12021105

−0.264574035

−105.829614

0.887651387

−383.707314


TABLE 2. Comparison of the position, OrS, and orientation, O

S R, of
the end effector and constraint of leg 2, OWc21, between the ideal case
and the case with 1mm offset inserted in all base joints except that of
leg 3.

inserted in all base axes except the one in leg 3, which is, ac-
cording to the previously-discussed results, the worst case. Ac-
cording to the values in table 2, the deviation of point E of the
moving platform is 2.37549666 mm, while the deviation of point
S in the end-effector is 3.278749429 mm.

In regard to the constraint system, in the ideal
case, it is spanned by the single element OWc21 =
(Oŝc21,

Ovc21), which is a pure force parallel to
Oŝ25 = (0.956434219,−0.120992931,−0.265695869) and

intersecting point A2. When the error offsets are consid-
ered, the single element in the wrench system is obtained
by means of the null space as. This wrench is slightly
non-parallel to the axis of joint 25, which is computed as
Oŝ25 = (0.956867789,−0.119963676,−0.264599229). This
wrench has also a small pitch, hc21 = Oŝc21 · Ovc21 = 0.149887,
which makes it a non-pure force. Finally, its axis does not
intersect point A2, but it is located a distance 1.30615095 mm
away from it.

7 CONCLUSION
In this paper the Exechon robot was analyzed considering

imperfect joint axes in the joints connecting the legs to the fixed
platform. The forward and inverse kinematics of the robot were
solved and its constraint system was obtained. It can be con-
cluded that the introduction of these offsets makes the analysis
of the robot a much more complex problem which had to be
solved numerically, although the systems of equations were re-
duced from their original form. The constraint system is the same
as in the ideal case for legs 1 and 3, however for leg 2 the single
wrench that spans the system of constraints of such leg cannot
be obtained by geometrical means. The use of the FKP showed
that the combination of all offsets except that of leg 1 leads to
the largest deviation in the position of the parallel platform. In
addition, eight solutions to the IKP of the parallel module were
obtained for a given position of the end-effector. Meanwhile, six-
teen solutions to the FKP of the parallel module were obtained. It
can be seen that the number of solutions for the IKP was reduced
from the original 16 solutions of the ideal case.

The results obtained in this paper allow a more precise pre-
diction of the position and orientation of the tool once the dimen-
sions of each offset are known. These results are also the first
step to the determination of a stiffness model of this robot with
imperfections for a more detailed analysis of the errors produced
during machining operations.
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Appendix A: Wrench of constraints of leg 2
The following wrench of constraints of leg 2 is computed:

λ
OWc21 = (K5,K6,K7;dA2 ,K8,K9)
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where:

K5 := ((−Sx(cosα cosq21 + sinα sinq21)sinθ +(−cosθ(bB2

−hy)sinα + cosαhz− cosθSz)cosq21− sinq21(((hy

−dB2)cosα +dA2 −Sy)cosθ − sinαhz))sinq22 +

sinθ(−sinα cosq22(dA1 −dA2)cos2 q21 +(cosq22(dA1

−dA2)sinq21 + cosq22E1 +E3)cosα cosq21 +

((cosq22E1 +E3)sinq21 + cosq22(dA1 −dA2))sinα))sinq22

K6 := (−cosα(cosq22−1)(cosq22 +1)(dA1 −dA2)cos3 q21 +

(−sinα sinq21(dA1 −dA2)cos2 q22− sinαE3 cosq22 +

((dA1 −dA2)sinq21−E1)sinα−E2 cosα)cos2 q21 +

((sinαSz +(dA1 −2dA2 +Sy)cosα−hy +dB2)cos2 q22 +

cosα sinq21E3 cosq22 +(−sinq21E2−Sz)sinα +(E1 sinq21 +

dA2 −Sy)cosα−dB2 +hy)cosq21 +(((dA1−dA2)sinq21 +

E1)cosq22− sinq22Sx +E3)sinα cosq22)sinθ +

sin(q22)(sinαhz− ((hy−dB2)cosα +dA2−Sy)cosθ)cosq22

K7 := ((sinα(dA1 −dA2)cos3 q21− cosα sinq21(dA1−dA2)cos2 q21

−sinα(dA1 −dA2)cosq21 +(sz sinα +(−dA2 + sy)cosα

−hy +dB2)sinq21− cosαE1)cos2 q22 +(−cosα cos2 q21E3

−sinα sinq21E3 cosq21 + sx cosα sinq22)cosq22− sinα(dA1

−dA2)cos3 q21 +(cosα sinq21(dA1 −dA2)− cosαE1 +

sinαE2)cos2 q21 +((−E2 cosα− sinαE1)sinq21 + sinα(dA1

−dA2))cosq21 +(−sz sinα +(dA2 − sy)cosα +hy

−dB2)sinq21 + cosαE1− sinαE2)sinθ − sinq22 cosq22((hy

−dB2)cosθ sinα + cosαhz− sz cosθ)

K8 := ((cosα(dB2 −hy)−dA2 + sy)cosθ + sinα(−sinθsx +

hz))(dA1 −dA2)(cosq22 +1)(cosq22−1)cos3 q21 +(−(dA1

−dA2)sinq21(((hy−dB2)sinα− sz)cosθ + cosα(−sinθsx +

hz))cos2 q22 +(E3(sinα(dB2 −hy)+ sz)cosθ +(((dA2

−sy)(dA1 −dA2)sinq22 +E3sx)sinθ −hzE3)cosα

−sinθ sinq22(sinαsz−hy +dB2)(dA1 −dA2))cosq22 +

(E2(dB2 −hy)cosα− (dA1 −dA2)(sinα(dB2−hy)+

sz)sinq21 +E1(dB2 −hy)sinα−E2dA2 + szE1 +E2sy)cosθ +

(((dA1 −dA2)sinq21−E1)cosα + sinαE2)(−sinθsx+

hz))cos3 q21 +(−((cosα(dB2 −hy)−dA2 + sy)cosθ +

sinα(−sinθsx +hz))(dA1 −dA2)cos2 q22− ((cosα(dB2 −hy)

−dA2 + sy)cosθ + sinα(−sinθsx +hz))sinq21E3 cosq22 +

((dB2 −hy)(−E1 sinq21 +dA1 −dA2)cosα +(E2(dB2

−hy)sinα +E1dA2 − syE1 + szE2)sinq21− (dA2 − sy)(dA1

−dA2))cosθ +(−sinq21E2 cosα + sinα(−E1 sinq21 +dA1

−dA2))(−sinθsx +hz))cosq21 +((dA1 −dA2)sinq21 +

E1)(((hy−dB2)sin(α)− sz)cosθ + cos(α)(−sinθsx +

hz))cos2 q22 +(−E3(sinα(dB2 −hy)+ sz)cosθ +

(−sinθ sinq22E1(dA1 − sy)sinq21 +((dA2
2 +(−dA1

−sy)dA2 +dA1sy−E1
2)sinq22−E3sx)sinθ +hzE3)cosα +

sinθ sinq22(sinαsz−hy +dB2)(E1 sinq21 +dA1

−dA2))cosq22 +E2((hy−dB2)cosα +dA2− sy)cosθ

−sinq22 sinθ((dA2 − sy)sinq21 +E1)E3 cosα +

sinθ sinq22E3(sinαsz−hy +dB2)sinq21− sinαE2(hz

−sx sinθ)

and

K9 := (dA1 −dA2)(cos2 q22−1)(((hy−dB2)sinα− sz)cosθ +

cosα(−sinθsx +hz))cos3 q21 +((−(dA1 −dA2)((hy

−dB2)cos(α)+dA2 − sy)sinq21 cos2 q22− ((hy

−dB2)cosα +dA2 − sy)E3 cosq22 +(dA1 −dA2)((hy

−dB2)cosα +dA2 − sy)sinq21−E2(dB2 −hy)sinα +

E1(dB2 −hy)cosα−E1dA2 + syE1− szE2)cosθ +

sinα sinq21(dA1 −dA2)(−sinθsx +hz)cos2 q22 +

sinα((dA2(dA1 −dA2)sinq22−E3sx)sinθ +hzE3)cosq22

−(sinα sinq21(dA1 −dA2)−E2 cosα− sinαE1)(−sx sinθ +

hz))cos2 q21 +(((sinα(dB2 −hy)+ sz)(dA1

−2dA2)cos2 q22 +(sinα(dB2 −hy)+ sz)sinq21E3 cosq22 +

(E1(dB2 −hy)sinα +E2(dB2 −hy)cosα−E2dA2 + szE1 +

E2sy)sinq21 +dA2(sinα(dB2 −hy)+ sz))cosθ − cosα(dA1

−2dA2)(−sinθsx +hz)cos2 q22 +((−sinθ sinq22sz(dA1

−dA2)sinα +((−sy(dA1 −dA2)sinq22 +E3sx)sinθ

−hzE3)cosα− sinθ sinq22(dB2 −hy)(dA1 −dA2))sinq21

−sinθ sinq22E1(dB2 −hy + sinαsz + cosαsy))cosq22

−(E1 cosα−E2 sinα)(−sinθsx +hz)sinq21

−E3 sinα sinθ sinq22sz +((−E3 sinq22sy +dA2sx)sinθ

−hzdA2)cosα− sinθ sinq22E3(dB2 −hy))cosq21−
(dA2 sinq21 +E1)(cosq22 +1)((hy−dB2)cosα +dA2
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−sy)(cosq22−1)cosθ + sinα((dA2 sinq21 +

E1)(−sx sinθ +hz)cos2 q22− sinθ sinq22(dA1E1 sinq21 +

dA2dA1 −dA2
2 +E1

2)cosq22− (dA2 sinq21 +E1)((sinq22E3

−sx)sinθ +hz))

Appendix B: Solutions of the IKP of the parallel module
Given the eight uni-variable equations obtained from the

two solutions for each α , q22 and θ , all possible real solu-
tions for the IKP are numerically obtained for the tool position
OrS = (300,500,900) mm. The dimensions of the mechanism
are shown in Table 1. In order to better appreciate the difference
between solutions, an exaggerated offset of 60 mm was used.
Figures 13 and 14 show the 16 solutions obtained, including a
picture of the parallel module and the corresponding values of the
actuated joint variables q13, q24 and q33. These 16 solutions refer
to the configuration of legs 1 and 3 shown in figure 8a. Other
three solutions can be obtained for each of the 16 presented here
by changing the configuration of legs 1 and 3 as shown in cases
b, c and d in figure 8, only affecting the values of q13 and q33
but keeping all other values unaffected. In total, 64 solutions are
obtained.

Appendix C: Solutions of the FKP of the parallel mod-
ule

Given the sixteen systems of equations obtained from the
eight sets of solutions for ex and k and the two solutions for q22,
all possible real solutions for the FKP are numerically obtained
for the values of actuated joint variables q13 = 670mm, q24 =
570mm and q33 = 800mm. The dimensions of the mechanism
are shown in Table 1. In order to better appreciate the difference
between solutions, an exaggerated offset of 60 mm was used. A
total of 57 solutions were obtained. Figures 15 and 16 show the
16 solutions obtained for the configuration of legs 1 and 3 shown
in figure 8, including a picture of the parallel module and the
corresponding position of the end-effector OrS.

REFERENCES
[1] Stewart, D., 1965. “A platform with six degrees of free-

dom”. Proceedings of the Institution of Mechanical Engi-
neers, 180(1), pp. 371–386.

[2] Dasgupta, B., and Mruthyunjaya, T., 2000. “The Stewart
platform manipulator: a review”. Mechanism and Machine
Theory, 35(1), pp. 15 – 40.

[3] Merlet, J., 2006. Parallel Robots. Springer Netherlands,
Heidelberg, Germany.

[4] Kong, X., and Gosselin, C., 2007. Type Synthesis of Paral-
lel Mechanisms. Springer-Verlag Berlin Heidelberg.

[5] Neumann, K.-E., 1985. Robot, Mar. 22. US Patent
US4732525A.

[6] Siciliano, B., 1999. “The Tricept robot: Inverse kinematics,
manipulability analysis and closed-loop direct kinematics
algorithm”. Robotica, 17(4), p. 437445.

[7] Neumann, K.-E., 2006. “The key to aerospace automation”.
In SAE Technical Paper, SAE International.

[8] Neumann, K.-E., 2014. Parallel-kinematical machine,
July 22. US Patent US20090205457A1.

[9] Shang, M., and Butterfield, J., 2011. “The experimental test
and fea of a PKM (Exechon) in a flexible fixture application
for aircraft wing assembly”. In 2011 IEEE International
Conference on Mechatronics and Automation, pp. 1225–
1230.

[10] Bi, Z., and Jin, Y., 2011. “Kinematic modeling of Exe-
chon parallel kinematic machine”. Robotics and Computer-
Integrated Manufacturing, 27(1), pp. 186 – 193.

[11] Jin, Y., Bi, Z., Liu, H., Higgings, C., Price, M., Chen, W.,
and Huang, T., 2015. “Kinematic analysis and dimensional
synthesis of Exechon parallel kinematic machine for large
volume machining”. Journal of Mechanisms and Robotics,
7(4), p. 8 pages.

[12] Zoppi, M., Zlatanov, D., and Molfino, R., 2010. “Kinemat-
ics analysis of the Exechon tripod”. In International Design
Engineering Technical Conferences and Computers and In-
formation in Engineering Conference, Montreal, Quebec,
Canada, pp. 1381–1388.

[13] Zhang, J., Zhao, Y., and Jin, Y., 2016. “Kinetostatic-model-
based stiffness analysis of Exechon PKM”. Robotics and
Computer-Integrated Manufacturing, 37, pp. 208 – 220.

[14] Zhang, J., Zhao, Y., and Jin, Y., 2015. “Elastodynamic
modeling and analysis for an Exechon parallel kinematic
machine”. Journal of Manufacturing Science and Engi-
neering, 138, pp. 138 – 141.

[15] Li, X., Zlatanov, D., Zoppi, M., and Molfino, R., 2012.
“Stiffness estimation and experiments for the Exechon
parallel self-reconfiguring fixture mechanism”. In Inter-
national Design Engineering Technical Conferences and
Computers and Information in Engineering Conference,
Chicago, IL, Canada, pp. 637 – 645.

[16] Wang, M., Liu, H., Huang, T., and Chetwynd, D. G., 2015.
“Compliance analysis of a 3-SPR parallel mechanism with
consideration of gravity”. Mechanism and Machine Theory,
84, pp. 99 – 112.

[17] Zlatanov, D., Zoppi, M., and Molfino, R., 2012. “Con-
straint and singularity analysis of the Exechon tripod”. In
International Design Engineering Technical Conferences
and Computers and Information in Engineering Confer-
ence, Chicago, IL, Canada, pp. 679 – 688.

[18] Amine, S., Caro, S., and Wenger, P., 2012. “Constraint
and singularity analysis of the Exechon”. In Mechanisms,
Mechanical Transmissions and Robotics, Vol. 162 of Ap-

14



FIGURE 13. 16 solutions for the inverse kinematics problem of the parallel module with OrS = (300,500,900) mm. With every solution, the obtained
vector [q13,q24,q33] is presented. (continues in figure 14)

plied Mechanics and Materials, Trans Tech Publications,
pp. 141–150.

[19] Hu, B., 2016. “Kinematically identical manipulators for the
Exechon parallel manipulator and their comparison study”.
Mechanism and Machine Theory, 103, pp. 117 – 137.

[20] Jin, Y., and Chen, I.-M., 2006. “Effects of constraint errors
on parallel manipulators with decoupled motion”. Mecha-
nism and Machine Theory, 41(8), pp. 912 – 928. Special
issue on CK 2005, International Workshop on Computa-
tional Kinematics.

[21] Dai, J., Huang, Z., and Lipkin, H., 2006. “Mobility of over-
constrained parallel mechanisms”. Journal of Mechanical
Design, 128(1), 1, pp. 220 – 229.

[22] Fichter, E. F., and Hunt, K. H., 1975. “The fecund torus,
its bitangent-circles and derived linkages”. Mechanism and

Machine Theory, 10(2-3), pp. 167–176.
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FIGURE 14. (continuation of figure 13) 16 solutions for the inverse kinematics problem of the parallel module with OrS = (300,500,900) mm. With
every solution, the obtained vector [q13,q24,q33] is presented.
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FIGURE 15. 16 solutions for the FKP of the parallel module with q13 = 670mm, q24 = 570mm and q33 = 800mm. With every solution, the obtained
vector OrS is presented. (continues in Fig. 16)

FIGURE 16. (Continuation of Fig. 15) 16 solutions for the FKP of the parallel module with q13 = 670mm, q24 = 570mm and q33 = 800mm. With
every solution, the obtained vector OrS is presented.
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