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Polarons are physical objects of material science that are hard to capture from first-principles calculations.
WO3 is a paradigmatic system to study polarons and here we present calculations of a single self-trapped single
polaron in WO3 from density functional theory calculations. Our calculations show that the single polaron is at a
higher energy than the fully delocalized solution, in agreement with the experiments where a single polaron is an
excited state of WO3. The symmetry-adapted mode decomposition of the polaron distortions shows that, among
numerous modes, a polar zone center mode has the largest contribution and can be at the origin of the observed
weak ferroelectricity of WO3.

DOI: 10.1103/PhysRevResearch.2.012052

Tungsten trioxide, WO3, is a wide band-gap semiconductor
with a reference perovskitelike ABO3 structure, where the
A site is empty. Between 900 and −180 ◦C, it undergoes a
sequence of several structural phase transitions [1,2] involving
the antipolar motion of W against O and different oxygen
octahedra rotations [3,4]. Its ground state was reported to be
ferroelectric but it was recently clarified that it should better
a be nonpolar antiferroelectric insulator with the P21/c space
group if perfectly stoichiometric [4].

WO3 is, however, disposed to be substoichiometric with
oxygen vacancies (WO3−x) or to host interstitial monovalent
cations on its vacant A site, driving numerous functional
properties such as electrochromism [5–11]. The structural and
electronic properties of WO3 are very sensitive to its dopant
concentration [12,13], which is directly connected with its
propensity to form electronic polarons [13–18]. WO3 appears
then to be a prototypical simple system to study electronic
polarons and bipolarons, which are responsible for its rich
optical properties [19].

Despite the numerous studies devoted to WO3−x, a full
microscopic understanding of the underlying mechanisms re-
sponsible for its exceptional chromic responses is still lacking
[20]. Previous studies based on density functional theory
(DFT) or on simpler models have focused on the effect of
oxygen vacancies [13,20–22] or of intercalated atoms such
as Li or Na [22,23] but without a clear conclusion whether
the extra electrons form localized small polarons around the
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defects or if they can move as free carriers or form bipolaronic
states [17]. While the former case of oxygen vacancies has
been intensively studied from microscopic simulations, the
case of free-carrier charge trapping has seldom been explored
[20,24] where it appeared that self-trapped electron polarons
in WO3 could not be observed from DFT calculations.

In this Rapid Communication, we report a first-principles
study of a self-trapped electron polaron in a bulk matrix of
WO3 disconnected from its defect origin. Our results are in
good agreement with the free-polaron electron density map
of W5+ reported by Schirmer and Salje [14,15,17] from their
optical and electron spin resonance (ESR) measurements,
where a single polaron has a two-dimensional (2D) disk shape
extended on a few neighbors. The possibility to stabilize
this W5+ state allows us to characterize its electronic and
structural properties through real-space spin density, a density
of states analysis, and a symmetry-adapted mode analysis of
the atomic distortion of the crystal.

Our calculations have been carried out with the massively
parallel version [25] of the CRYSTAL17 code [26] and the B1
Wu-Cohen (B1WC) hybrid exchange-correlation functional
[27]. We have used the same Gaussian basis sets as in Ref. [4].
We have simulated the electron polaron by adding an addi-
tional electron into the system with charge neutrality being
ensured by a compensating positively charged background.

These calculations have been performed on different su-
percell sizes where we found that a supercell made of 6 ×
6 × 2 reference cubic cells (one cubic unit cell containing
four atoms, one W and three O) is necessary to avoid too
large interactions between periodic images and spurious long-
range interaction effects [28]. We performed the structural
relaxations with a supercell size and shape fixed to be the
one of the P21/c ground-state phase of WO3 [4]. We stopped
the relaxation when the root mean square on the force
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FIG. 1. 3D visualization of the calculated spin density (B1WC functional) of the polaron in (a) the xy plane and (b) in the xz plane of a
WO3 supercell (W and O atoms are in yellow and green, respectively, and the charge density is in purple); (c) and (d) are associated 2D cut
planes of the polaron density in the xy and xz planes passing through the central W atom where the charge localizes. (e) shows the Mulliken
charge of W atoms along an x line that goes through the central W in the xy plane before and after atomic relaxation, respectively. (f) shows
the density of states (DOS) around the Fermi level (dashed vertical line).

gradient and on the estimated displacements are smaller than
5 × 10−5 hartree/bohrs and 1 × 10−3 bohrs, respectively. The
electronic self-consistent calculations were converged until
the difference of the total energy is smaller than 10−8 hartree.
The integration in the Brillouin zone has been performed on a
2 × 2 × 4 grid of k points in the 6 × 6 × 2 supercell.

All the calculations were spin polarized and the overall
magnetic moment has been constrained to be 1μB during
the first relaxation steps to stabilize the ferromagnetic (FM)
solution and the polaron localization. Once the full relax-
ation was done with this constraint, we released it without
losing the polaron state, proving that this state is a stable
local minimum. Another set of calculations have been done
without constraining the magnetization of the cell, resulting
in a nonmagnetic solution where the electron is fully delo-
calized. This shows that two key ingredients can be used to
find the polaron state in WO3: having realistic enough pola-
ronic distortions as an initial guess and/or imposing the FM
solution.

Let us present first the electronic structure characterizing
the polaron, and discuss then its related atomic distortion.
In Figs. 1(a)–1(d) we present the calculated real-space spin-
polarization (or magnetization) density of the relaxed 6 × 6 ×
2 supercell containing 288 atoms resulting from the addition
of an electron into the P21/c phase of WO3. In Fig. 1(a)
we show a top view of the xy plane where we clearly see
the localization of the extra electron density on a central
W atom. Within our supercell size, this spin density also
spreads mainly over the first, second, and third W neighbors as
highlighted in the 2D plane going through the central W atom
[Fig. 1(c)]. The shape of the density distribution corresponds

to that of the W-dxy orbitals with four lobes pointing in the
directions between the oxygen bonds and in agreement with
the conduction-band bottom of WO3. The fact that the dxy

orbitals are extended in two directions (xy) could also explain
the 2D shape of the polaron that is formed by the electron
sitting in this dxy orbital. In Figs. 1(b) and 1(d) we report a
side view of the spin density in the xz plane where we can
observe that the polaron charge localizes in one atomic plane
of WO3 and does not spread in other atomic planes along the z
direction. We have also done a 4 × 4 × 4 supercell, two times
longer along the z direction, and we did not find significant
changes of the spread of the electron in the z direction with
respect to our 6 × 6 × 2 supercell. This means that the density
of the extra electron is anisotropic and forms a disk shape
in the xy plane. This disk shape of the electron density
distribution is in good agreement with the one proposed by
Schirmer and Salje [14,17] from their ESR measurements of
single excited polarons in WO3.

To complement the above qualitative picture, we report
in Fig. 1(e) the value of the Mulliken charge of a selected
chain of W atoms being on a line along x passing through
the central W. This Mulliken population analysis shows that
21% of the polaron electron density is localized on the central
W with a strong decay when going away from it, resulting
in a nearly zero value beyond the fourth neighbor. The lo-
calization obtained by our DFT calculations is smaller than
the one reported experimentally, where 50% of the electron
was reported to be present on the central atom [14,17]. This
could be related to the exchange-correlation functional used
where the amount of exact exchange can strongly influence
the localization of the charge.

012052-2



FIRST-PRINCIPLES CHARACTERIZATION OF … PHYSICAL REVIEW RESEARCH 2, 012052(R) (2020)

FIG. 2. (a) Symmetry-adapted mode analysis of the atomic distortions (in a 6 × 6 × 2 supercell) between the reference cubic cell and the
relaxed pristine P21/c ground state (yellow), the relaxed magnetic P21/c phase including a polaron (purple), and a relaxed nonmagnetic P21/c
including a delocalized electron (green). In (b) we report the difference of mode amplitudes between the pristine P21/c phase and either the
phase with a polaron (purple) or a delocalized electron (green). Only the modes with contributions larger than 0.009 Å have been reported for
clarity; the full decomposition can be found in the Supplemental Material [36] (Table S1 and Fig. S1). The k vector of each mode is given in
the Supplemental Material [36] (Table S1).

Hence, we obtain that the polaron is a medium polaron
in the sense that its size is smaller than the large polarons
observed in, e.g., SrTiO3 [29] or CsPbBr3 [30], but it does
not correspond to what is defined as a small polaron, where
the electron density is localized on the central atom and on
the ligands around the defect [31]. This small extension of
the electron polaron is compatible with the large anomalous
Born effective charges and dielectric constant in WO3 [4],
which, through a simple electrostatic interaction description,
can explain screening of the charge of the polaron over short
distances [21].

The self-trapping of a polaron is also known to be more
important in strongly distorted crystals than in highly symmet-
ric crystals. This effect is particularly striking in amorphous
crystals where the trapping energies are larger than their
crystalline counterpart [32] (up to 1.5 eV for a hole polaron
in, e.g., amorphous Al2O3 versus 0.13 eV in its crystalline
form [33]). It is also known that the crystal structure drives
the shape of the polaron (2D polarons are favored in layered
structures of HfO2 or ZrO2, for example [34]). The P21/c
phase of WO3 has a low symmetry with dominant antipolar
distortions [4]. This can account for the 2D shape of the
polaron by lowering the dxy states with respect to the others.
The calculations done on electron polarons in SrTiO3 [29]
and halide perovskites [30] show them to be much bigger and
delocalized (large polarons) than in WO3. Then, the stronger
localization of the polaron in WO3 can be related to both large
screening due to a large dielectric constant, and Born charges
and to the stronger distortions present in the P21/c phase with
respect to the other perovskites where polarons have been
studied.

To further understand the electronic structure of our cal-
culated polaron in WO3, we report in Fig. 1(f) the total
density of states (DOS) of the supercell with the self-trapped
polaron. We find that a localized state appears in the gap
of WO3 in the up-spin channel [which is in agreement with
the initial constraint of 1μB imposed at the beginning of the
self-consistent-field (SCF) results of our calculations]. This
state in the gap corresponds to the dxy state of W that slightly
splits from the conduction bands (by about 0.4 eV), and it
spreads over 0.1 eV in the gap. Hence, it is not fully localized,

i.e., in agreement with what we observe from the real-space
density where the electron density of the polaron is spread
over a few W atoms.

We conclude that our calculations allow us to simulate a
self-trapped single polaron in the P21/c ground-state phase of
WO3.

Now that we have characterized the electronic structure of
the polaron in WO3, we proceed and analyze the impact of
the self-trapping of the electron on the crystal structure. To
clarify which type of displacements are involved in the crystal
relaxation, we report in Fig. 2 the symmetry-adapted mode
analysis (as obtained from the ISODISTORD software of the
ISOTROPY software suite [35]) of the atomic distortions with
respect to the reference cubic structures, (i) in the pristine
P21/c phase (yellow bars, Fig. 2), (ii) in the P21/c phase with
a polaron (purple bars in Fig. 2), and (iii) in a nonmagnetic
P21/c phase with a fully delocalized extra electron (green bars
in Fig. 2).

The first observation is that adding an extra electron
distorts the P21/c bulk structure only slightly, either with
the formation of the polaron or without it. As we can see
in Fig. 2(b), where the differences in mode amplitudes be-
tween the pristine P21/c and the polaron and the delocal-
ized solutions are plotted, the main effect of the polaron is
to reduce all the bulk P21/c distortions, i.e., the octahedra
rotations (R+

4 ) and the antipolar motions (M−
3 ) as well as

the associated induced X −
5 and M−

5 modes from improper
couplings with the R+

4 and M−
3 modes [4]. This is in line

with what has been observed in lead halide perovskites where
the hole polarons are observed to bring the structure closer
to the cubic phase [30], thought this is quite a small effect
in WO3.

We observe a similar reduction of the bulk P21/c distor-
tions in both the polaron and the delocalized cases. This means
that n doping in WO3 has the general tendency to reduce
the bulk distortions. This is in line with the experimental
observation where, at high electron doping, WO3 changes
completely its structure and adopts a tetragonal phase with
distortions dominated by the Jahn-Teller effect of the d1

orbital occupation [37] and becomes quite different from the
P21/c phase.
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The self-trapping of the polaron induces numerous new
additional modes, showing that the distortion is quite complex
and can hardly be decomposed onto the basis of the phonon
modes as observed also by Sio et al. [38,39] from perturbative
approaches of electron polarons in other crystals. Over all
of these extra modes, the first largest mode contribution is
the polar mode �−

4 . This agrees with the proposition that a
polaron in bulk WO3 can activate polar distortions due to
its charge and may induce the weak ferroelectricity observed
experimentally [4].

Our calculated self-trapped formation energy of the po-
laron (energy difference between the delocalized and polaron
states) is about +123 meV. Hence, we found that the forma-
tion energy is positive, meaning that the polaron state is higher
in energy than the delocalized case and thus that the polaron
forms a local metastable state of the crystal. This is somehow
in agreement with the experimental reports where the single-
electron polaron state is obtained as an excited state of the
system, the ground state being the bipolaronic state [17].
While we do not have access to the energy of the bipolaron
due to supercell size limit, the fact that we found the single
polaron being higher in energy than the fully delocalized
state but nevertheless forming a local minimum in the energy
landscape (if it would not form a local energy minimum, the
calculations will always end up into the lowest-energy fully
delocalized state once the FM constraint is removed) shows
that a single polaron can be stabilized as an excited state of
the crystal.

The fact that no self-trapping of the electron polaron
in WO3 has been reported in previous DFT studies could
come from several origins: the exchange-correlation func-
tional used, the use of a more or less good initial guess, and
also because the single polaron is not the ground state of bulk
WO3.

The effect of the exchange correlation used has been re-
ported in previous studies of WO3 where strong discrepancies
between the Heyd-Scuseria-Ernzerhof hybrid (HSE06) (no
possibility to stabilize a polaron away from defects) and the
Becke three-parameter Lee-Yang-Parr functional (B3LYP) or
HF15LYP (overlocalization of the polaron around defects)
were observed [20,40]. Here, we used the B1WC hybrid
functional, which includes the Wu-Cohen generalized gradi-
ent approximation (WC-GGA) correlation and mixes 16% of
exact exchange with the WC-GGA exchange. It is surprising
that our B1WC and previous HSE calculations give very
similar results when comparing the bulk properties (band
gap, crystal structure, etc.) while it seems not possible to
obtain a single polaron with HSE as in B1WC. This might
be related to the difference between hybrid functionals where
only a fraction of exact exchange is added to the usual
DFT functional (e.g., B1WC) and the range-separated hybrid
functionals (e.g., HSE), which have an extra parameter to
treat the long-range part. This could first mean that the DFT
simulations of polarons in WO3 require specific attention with
a fine tuning of the exchange-correlation functional param-
eters to reproduce correctly their formation (such as testing
the piecewise linearity of the energy as fractional occupations
[41–43]). This can, however, also be attributed to our extra
FM constraint imposed in the first steps of the relaxation
in the presence of the extra electron. This is supported by

the fact that in the study of Wang et al. they tried to drive
the trapping of the electron by setting some guessed initial
distortions. Nevertheless, we observed in our case that doing
so could not lead to the polaron formation if the starting
distortions are not good enough. However, if one uses the
FM solution constraint, then one can stabilize the polaron
successfully, even if the initial guessed distortions are not so
good. The FM constraint forces the calculation to go into the
local energy well of the single localized electron. Then, once
the polaron distortion is present, removing the FM constraint
also leaves the polaron as a metastable state (local minimum),
again proving that using an initial guess for the polaron
distortion can be dramatic on the output simulation results for
polarons.

In this Rapid Communication, we have showed the possi-
bility to simulate from DFT calculations a self-trapped single-
electron polaron in the bulk P21/c phase of WO3, which forms
a local minima of the energy surface and which is higher
in energy than the fully delocalized state. This success is
associated with the combination of an appropriate exchange-
correlation functional, a good initial guess of the polaronic
distortions, and the imposition of a FM solution that can be
released after the polaron is stabilized.

The self-trapped single-electron polaron that we obtained
at higher energy is in good agreement with the excited single
polaron reported experimentally where the polaron has a
2D shape with an extension over a few neighbors in one
atomic plane. The quantitative results from the simulation
(how spread/localized is the electron) are in reasonable agree-
ment knowing that they are directly related to the exchange-
correlation functional used and, in the case of hybrid func-
tionals, to the amount of exact exchange included. A detailed
analysis should be done to determine the best exchange cor-
relation to use in the case of WO3 to improve the quantitative
agreement (e.g., piecewise linearity test [41–43]).

It would be interesting to use the recent reciprocal space
perturbative formalism treatment of polarons of Sio et al.
[38,39] in the case of WO3 and to compare with our real-
space analysis, if such an analysis could be applied to a
local minimum that is not the ground state. Another point
is that our calculations are done in the static limit, while the
shape and lifetime of the polaron will be strongly influenced
by the thermal and/or quantum fluctuations. Probing these
effects from second-principles simulations [44,45] would be
interesting to further improve the qualitative picture of the
simulated polarons.
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