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Abstract 
 

A new technique, designed to quantitatively determine the local Hall potential of surfaces using 

Kelvin Probe Force Microscopy (KPFM), has been developed and implemented in examining the 

carrier characteristics of conducting ferroelectric domain walls in the improper ferroelectric 

system ErMnO3. Preliminary measurements reveal that p-type carriers aggregate at tail-to-tail 

domain walls. QuickField modelling allowed for estimates of the effective cross-sectional area of 

the conducting channels, whilst direct measurement of the surface potential provided insight into 

the local electric fields that are responsible for driving an electrical current. Thus, estimates of 

carrier density and carrier mobility were formulated. Measurements would suggest effective 

carrier densities of 1013 cm-3, far beneath the requirements to electrostatically screen electric 

stray fields that arise due to the development of a polarization (≈ 1020 cm-3). Extracted carrier 

mobilities of hundreds of cm2Vs-1 (up to and above 670 cm2Vs-1) are somewhat surprising and 

provide further evidence that charged domain walls possess drastically different physical 

properties from the bulk material. Dimensional confinement effects might have a part to play in 

this phenomenon, as they do in LaO-STO interfaces (1,2). However, this possibility is only alluded 

to in this thesis and will not be explored thoroughly.  

 

Subsequent measurements on an improved atomic force microscope platform, the Asylum 

Research MFP-3D, equipped with a variable field module for application of in-situ magnetic fields, 

provided scans with significantly enhanced stability and reduced drift that were free from 

significant image astigmatism. This has allowed for further development of the technique, to the 

degree where local Hall potential may now be fully spatially resolved and mapped. An increase in 

the effective signal-to-noise ratio reveals a Hall potential signal at head-to-head domain walls that 

is inverted with respect to the signal measured at tail-to-tail domain walls, indicating an 

aggregation of electrical carriers that are oppositely charged. Added interest arises when turning 

attention to the six-fold domain wall vertex structures that constitute a meeting point between 

oppositely charged domain walls. Preliminary electrical measurements, focused on directly 

measuring the electrical properties across the vertex, sought to verify the existence of diode-like 

behaviour and the possibility of naturally forming, one-dimensional PN-diodes. This work is still 

ongoing.  

 

Finally, a new improper ferroelectric system, the hexagonal tungsten bronze CsNbW2O9, has been 

characterised through piezoresponse force microscopy (PFM), whereupon six-fold domain wall 
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vertex structures, similar to those in ErMnO3, are observed. Interestingly, a second phase whose 

domain structure varies significantly from the clover-leaf domain patterns observed in the 

majority of grains, is also characterised. Unfortunately, direct electrical measurements of what 

appear to be charged domain walls is yet to be undertaken, due to limitations inherent in the 

sample structure. These are measurements that are fully intended and will thus stretch beyond 

the scope of this thesis. Complementary vector PFM and transmission electron micsroscopy 

studies reveal that the long axis of needle domains that form within these grains aligns with the 

polar axis. This means that domain walls appear to meander in the a-b plane but lie parallel to the 

c-axis. As a result, a-c and b-c domains take on needle-like patterns, which might be correlated to 

c-axis oriented hexagonal and trigonal channels that form during the ferroelectric phase 

transition. Polarization reversal experiments were also attempted and have been partially 

successful. Although it appears that relaxation takes place after the application of a direct 

switching bias, the system does not necessary return to its original state upon relaxation. This 

would suggest a domain structure in CsNbW2O9 that is malleable and perhaps adjustable, a 

property that adds fuel to the fire in terms of their implementation within reconfigurable 

nanoelectronics.  
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1 Introduction 

 

1.1 A Short History of Ferroelectrics, Domain Walls, and Domain Wall 

Nanoelectronics 
 

Ferroelectricity, in the general sense, is defined as the property of a material to possess a 

reorientable electric moment (3). The concept was verified in 1920 by American physicist Joseph 

Valasek, who discovered similarities between magnetic properties of ferromagnetic materials, 

and the dielectric properties of Rochelle salt. Phenomena such as pyroelectricity, the 

temperature-dependent development of an electric dipole moment (4), and piezoelectricity, the 

establishment of an electric polarization through application of stress (5), had already been 

established with supporting theoretical framework. Thus, the existence of polarizable media was 

well known. It was the energetic requirement of a ferroelectric material to form regions of 

differently oriented polarization, known as domains, and the associated zero net polarization that 

was responsible for the phenomena remaining undiscovered for so long. 

 

Perhaps the seminal discovery in the field was that of ferroelectricity in barium titanate, which 

was shown to possess profound dielectric properties over a wide frequency and temperature 

interval. These phenomena were attributed to a lattice transition from pseudocubic to cubic 

crystal structure (6). In addition to this, a maximum in the dielectric spectrum appeared 

indicative of a second order phase transition. Barium titanate has since amassed immense 

interest and is considered to be one of the archetypal proper ferroelectric materials, along with 

LiNbO3, PbTiO3 and the multiferroic material BiFeO3 (7), whose ferroelectric properties were 

discovered in 1949, 1950 and 1990 respectively. In the 1970s, interest in improper ferroelectrics, 

materials that possess ferroelectric behaviour as a result of coupling to a separate primary order 

parameter, was sparked by the discovery of the phenomenon in materials such as the boracites. 

Primarily, this work was conducted by Hans Schmid on the nickel boracites in 1969 (8), and 

followed up by work on copper chlorine boracite by Schmid and Petermann in 1977 (9). In recent 

years, the rare-earth hexagonal manganites have also become a focal point for study on improper 

ferroelectric materials, due in part to the formation of topologically protected six-fold domain 

wall vertex structures, and input to the discovery of enhanced conduction at domain walls (10).  
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Domain wall conduction was actually postulated in 1977 by Schmid in copper chlorine boracite 

(9), before being verified experimentally in BiFeO3 by Seidel et al (2009) (11). Subsequent 

verification of the same phenomenon in proper ferroelectric materials PbTiO3 (12), BaTiO3 (13) 

and LiNbO3 (14,15), as well as in improper ferroelectric systems such as the rare-earth 

manganites, (10) and Copper chlorine boracite (16) and the Ruddleson-Popper titanates (17), has 

served to energise the field of “domain wall nanoelectronics” (18). As mentioned previously, an 

early indication that ferroelectric domain walls might possess interesting electrical 

characteristics was provided by Hans Schmid when studying the copper chlorine boracites (9). 

He states, in relation to observed disparities in electrical resisitance between poled and unpoled 

samples, that “…lower dc resistivity of unpoled samples may be due to symmetry allowed anisotropy 

of resistivity of the mm2 phase or a higher conduction along the walls.” The idea that domain walls 

separating two ferroelectric domains with opposing polar vectors, now perceived as charged 

domain walls, should be metallic, was postulated at around the same time by Vul et al. (19) and 

was subsequently corroborated, to some extent, by Grekov et al. (20). In 1998, Aird and Salje (21), 

when working with reduced tungsten trioxide, found experimental evidence suggesting domain 

wall superconductivity, whilst Mizuuchi et al (22) attributed the parasitic effects observed when 

poling MgO:LiNbO3 to enhanced domain wall conductivity. In 2009 (11), direct conductive atomic 

force microscopy (CAFM) measurements on thin film bismuth ferrite revealed conduction at both 

109o and 180o domain walls, bringing with it the prospect of a new form of agile circuitry in 

ferroelectric materials. Transmission electron microscopy (TEM) and density functional theory 

(DFT) was used to shed light upon the nature of the conduction, revealing a reduction in bandgap 

for the walls exhibiting conduction. Further attempts have been made to characterize the 

electrical properties of conducting domain walls. Gureev et al (2011) (23) used Landau theory to 

derive equations for the polarization profile across charged domain walls, whereupon half-width 

can be approximated to the nonlinear Thomas-Fermi screening length. Eliseev et al (2011) (24) 

used Landau-Ginzberg-Devonshire theory to calculate static conductivity of charged walls, and in 

doing so, developed a theory for its dependence on inclination angle - bound charge density at 

the wall, hypothesized to be responsible for conduction, is shown to be proportional to the cosine 

of the angle between the polarization axis and the wall plane. 

 

One of the primary challenges associated with domain wall conduction is its successful 

implementation within electronic devices. ten years on from its original discovery (11), the role 

of conducting domain walls within ferroelectrics, and more broadly nanoelectronics, remains 

unclear. In recent years, certain breakthroughs have energised the field, demonstrating the 

versatility of conducting domain walls and the breadth of their application. Efforts to characterise 
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charge carriers, via Hall potential spectroscopy (25) within the wall itself, in terms of type, density 

and mobility, enhance the feasibility of domain wall tuning to develop electronic circuit elements 

that are fit for purpose. Deterministic enhancement and control of the domain wall conduction in 

lithium niobate has been demonstrated, for example, by manipulation of domain wall inclination 

angle (26), and more recent studies on similar lithium niobate systems have shown to yield 

memristor-like behaviour and domain wall currents large enough to be implemented in industry-

standard electronic devices (27). Successful attempts at engineering memory devices, where the 

presence and absence of conducting domain walls represent the ON and OFF states of the system 

(28,29), look to be leading the way in terms of fully integrated domain wall electronic devices. 

However, considerable work is required to propel this novel design towards a marketable device. 

Current progress is limited to single ON-OFF elements (28,29), yet the blueprint for more 

complex devices seems to have been written. Recent suggestions of an ephemeral form of 

electronics (30) rely on two demonstrable functions – the stable formation of conducting domain 

walls, and their controlled injection, movement and destruction. Whyte et al (2014,2015) (31,32) 

show that the latter is possible in KTiOPO4, creating a domain wall diode for precise and 

deterministic injection of ferroelectric domain walls. However, conducting domain walls were not 

the focus of this study. Subsequent work by McQuaid et al (2017) (16) demonstrates similar 

control, this time over domain walls exhibiting enhanced conduction in copper chlorine boracite. 

Recent work on the hexagonal rare-earth manganites sought to make use of the formation of 

energetically unfavourable conducting domain walls, mediated by an improper ferroelectric 

phase transition driven by trimerization (33). Schaab et al (2018) (34) showed that the metal-

semiconductor junction formed between a conducting atomic force microscopy probe and a 

domain wall exhibiting enhanced conduction, demonstrates rectifying behaviour which could be 

useful for future applications within devices. Further interest arises from the intrinsic formation 

of six-fold domain wall vertex points, where each of the six composite walls have been observed 

to conduct (35). However, full electrical characterisation at the vertex is necessary and current 

understanding would suggest that a meeting point of this nature might yield PN diode-like 

behaviour (24,25,36). The realisation of this would lay the groundwork for PNP, transistor-like 

geometries, domain wall logic and the possibility of a new paradigm within domain wall 

nanoelectronics.   
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1.2 Ferroelectricity – A General Description 
 

The term “ferroic” was coined in 1969 by Aizu (37) when considering the case of newly 

discovered ferroelastic systems, and their categorization as a set of materials in analogy to 

ferroelectric materials. Aizu characterized the 773 species of phase transition by magnetization, 

polarization and strain, and this has since been extended to include, more recently, toroidal 

moments (38). The term itself was lifted from the ferromagnetic case, the phrase “ferro” 

originating from the Latin word “ferrum” translating as iron. Ferroics are understood as a group 

of materials which acquire spontaneous ordering of a measured macroscopic property, when 

subjected to some physical, symmetry-breaking phase transition. The section that follows will 

explore the crystallographic and thermodynamic operations that define one specific subset of 

ferroic materials - ferroelectrics, as well as the various mechanisms that differentiate proper and 

improper ferroelectric materials. In the case of ferroelectricity, spontaneous polarization is the 

order parameter and is characterized by the coherent and reversible alignment of permanent 

electric dipoles (3). The analogous case in ferromagnets, where a net magnetisation may be 

hysteretically induced through application of an appropriate magnetic field, shown in Fig (1-1a). 

In the ferroelastic case, a similar hysteretic behaviour is observed, where a net strain is induced 

upon application of stress, illustrated by Fig (1-1b). It follows that polarization may also be 

induced, saturated, and indeed reversed through the application of electric fields, appropriate 

both in magnitude and direction, demonstrated by Fig (1-1c). Realistically, polarization reversal 

is often subject to experimental limitations such as crystallographic quality and environmental 

factors (3), and thus the ability to demonstrate reversible polarization is not enough to 

substantiate ferroelectricity in a material. Cycling this operation will successively “switch” 

between at least two compatible and energetically degenerate, non-volatile states. Consider the 

case of a uniformly polarized material. As shown in Fig (1-1c), a ferroelectric material may 

become polarized in the opposite direction in response to an electric field antiparallel to the 

original polar state (denoted αβ). Once the polarization is fully reversed, the material behaves as 

a linear dielectric (39), where polarization, P = εε0E (denoted βγ). The spontaneous polarization, 

Ps is defined as the projection of linear polarizability, back to E = 0. Upon removal of the external 

electric field, a remnant state is observed, Pr. Finally, the value of external field corresponding to 

a zero net polarization, in a perfectly symmetric polarisation-electric field hysteresis loop, is 

referred to as the coercive field, Ec. The onset of ferroelectricity may be understood both by 

considering the symmetry operations that bring about a spontaneous dipole moment, and the 

energetic considerations that arise from a thermodynamic approach. 
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Figure 1-1 are graphical illustrations of various forms of hysteresis. (a) Demonstrates ferromagnetic hysteresis, where 
magnetisation (M) varies as a function of magnetic field strength (H). (b) Demonstrates ferroelastic hysteresis, where 
strain varies as a function of stress. (c) Demonstrates ferroelectric hysteresis with spontaneous polarization (Ps), remnant 
polarization (Pr) and coercive field (Ec) labelled. 

 

1.3 Point and Space Groups 
 

Generally, upon moving from one physical phase to another, a material undergoes either an 

increase or a reduction in symmetry. Conventionally speaking, crystallographic point symmetry 

operations, examples of such are rotation or spatial inversion, are characterised by any such 

operation that leaves at least one point of the original motif fixed in space (40). Point symmetry 

can be categorized by membership of a symmetry group, of which there are 32. These groups are 

known as point groups and may be described in Hermann-Manguin notation (H-M) (41). In this 

notation, a number (n) represents the order of rotational symmetry and m is the existence of a 

mirror plane. Representation as a fraction (n/m) denotes an axis of rotation that is perpendicular 

to the mirror plane, and the presence of a macron, 𝐧𝐧�, indicates rotoinversion. For example, the 

notation 𝟒𝟒� 𝐦𝐦⁄  describes a point group with four-fold rotoinversion and a mirror plane 

perpendicular to the rotation axis. The hierarchy of point group membership is outlined in Fig 

(1-2).  
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Figure 1-2 illustrates the 32 point groups encompassing all crystalline materials, along with the subgroups and their 
phenomenological classification. Beneath the 32 centrosymmetrical point groups are the 20 non-centrosymmetrical point 
groups that display piezoelectricity, the 10 point groups that demonstrate pyroelectricity, and finally, the ferroelectric 
classes. 

 

Depicted here is the group and subgroup arrangement that defines crystals of different class, 

matched to the physical property that manifests. Of the 32 point groups previously mentioned, 

20 are defined as non-centrosymmetric and piezoelectric. Ten of these point groups are polar and 

constitute the pyroelectric classes.  

 

To finish the description of a crystallographic structure in H-M notation, letters are added 

pertaining to the crystal space group (41). Lattice types are indicated by a capitalised letter which 

prefixes the space group description. Screw axes (a rotation combined with a translation) are 

denoted by a number and a subscript. For example, 21 indicates a two-fold rotation combined 

with a translation of a 1/2 lattice vector. Finally, glide planes (a mirror reflection combined with 

a translation) are denoted by either a, b or c, referring to the axis along which the glide takes 

place. More complex glides may also be denoted by n, d & e. However, these are not discussed. 

Consolidating all of this, the crystal described by P63cm, for example, represents a system with a 
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primitive lattice, possessing a six-fold screw axis combined with a translation of a 1/2 lattice 

vector, a c-axis oriented glide plane and one-fold mirror symmetry. This particular structure will 

be discussed in greater detail in later sections, as it corresponds to the low temperature phase of 

the rare-earth hexagonal manganites. This group of materials will become pertinent to later 

discussion. 

 

1.4 The Order Parameter: Polarization 
 

Consider this example taken from a simple thermodynamic operation. Boyle’s law states that for 

ideal gases, PV = nRT, where the product of pressure (P) and volume (V) is proportional to the 

temperature (T). For an isobaric reaction, where ΔP = 0, the transition from higher to lower 

symmetry states, in accordance with the increase in entropy when V is changed, can be described 

entirely by the change in the order parameter T, which must account for any common 

asymmetries, and by extension symmetries, that exist between them. Neumann’s principle looks 

to establish a relationship between the symmetry of the crystal and the symmetry of its 

properties (42). Here, Neumann states (43): 

 

“…the symmetry elements of any physical property of a crystal must include all the symmetry 

elements of the point group of the crystal.” 

 

Phrased differently, this would imply that symmetry operations associated with a given crystal 

class should leave the tensor that expresses any physical property of that crystal unchanged. In 

ferroelectrics, the order parameter (spontaneous polarization) expresses the group of symmetry 

elements that relates parent (non-polar) and daughter (ferroelectric) phases. Indeed, improper 

ferroelectric phase transitions differ from this general case, due to the fact that spontaneous 

polarization is expressed as a secondary order parameter. This is discussed in later sections. 

Electric polarization can be understood by various approaches. Early definitions, championed 

both by Mazur (1953)(44) and de Groot (1965)(45), consider polarization as a chain of point 

charges, qi, each of position ri, and may be defined as: 

 

 𝒅𝒅 =  �𝒒𝒒𝒊𝒊𝒓𝒓𝒊𝒊 (1.1) 
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This is defined in the case of a continuous charge distribution as: 

 

 𝒅𝒅 =  �𝒒𝒒 ∙ 𝒏𝒏(𝒓𝒓) 𝒓𝒓 𝒅𝒅𝒓𝒓 (1.2) 

 

The electric polarization is therefore defined as the dipole moment per unit volume. In this 

picture, we can imagine an effective chain of dipoles. However, as Spaldin (2012) identifies (46), 

at unit cell level our interpretation of polarization depends entirely upon how we choose to define 

a single unit. This can be seen in Fig (1-3), where a simple readjustment of the picture gives an 

entirely inverted sense of polarization. To remove this ambiguity, Smith & Vanderbilt (1993) (47) 

developed a theory that, instead of polarization, considered the change in polarization induced 

by some adiabatic change, parameterised by the introduction of an order parameter term in the 

electronic Hamiltonian (48). The order parameter term is able to take on values between 0 and 1 

and its introduction effectively solved the definition problem discussed above and illustrated in 

Fig (1-3). Polarization is therefore measured through reversal experiments, demonstrated in Fig 

(1-1c), where the integrated current acquired during a switching cycle represents polarization.  

 

 

Figure 1-3 is a schematic representation of the electric polarization in a dielectric medium. Here, the + and – coloured 
circles form chains of positive and negative charges, located on lattice points in a theoretical, polarized crystal. The arrows 
at either end of the chains indicate that the chains continue in both directions. The dashed boxes represent the chosen unit 
cell of the crystal. Notice that a shift of one charge in either direction along the chain, in terms of definition of the unit cell, 
results in a flipping of the polarization. 
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1.5 Thermodynamics and Phase Transitions 
 

Having examined the symmetry considerations for a ferroelectric material as it undergoes a 

structural phase transition from high-temperature parent phase to low-temperature daughter 

phase, it is also useful to consider the thermodynamics at play during this transition. Helmholtz 

free energy, F, of a uniformly polarized, proper ferroelectric system may be understood using 

Landau-Ginzburg-Devonshire (LGD) theory as follows: 

 

 𝑭𝑭(𝑷𝑷,𝑻𝑻) =  
𝒂𝒂
𝟐𝟐

(𝑻𝑻 − 𝑻𝑻𝒄𝒄)𝑷𝑷𝟐𝟐 +  
𝒃𝒃
𝟒𝟒
𝑷𝑷𝟒𝟒 +  

𝒄𝒄
𝟔𝟔
𝑷𝑷𝟔𝟔 (1.3) 

 

Where P is the polarization. Scalar coefficients b and c are assumed to be temperature-

independent, whilst the temperature-dependence is fully accounted for with the scalar 

term  𝒂𝒂
𝟐𝟐

(𝑻𝑻 − 𝑻𝑻𝒄𝒄), which changes sign upon traversing Tc. It is worth highlighting the inclusion of 

only even terms in the expansion of the polynomial here, since we assume the free energy to be 

symmetric in P. The next section focuses on the solutions to LGD theory, and the various forms of 

phase transition that are generated as a result. 

 

1.5.1 First & Second-order Phase Transitions 

 

Stable solutions for the system may be found by finding the minimum in F as follows: 

 

 
𝒅𝒅𝑭𝑭
𝒅𝒅𝑷𝑷

(𝑷𝑷,𝑻𝑻) =  𝟎𝟎 =  𝒂𝒂(𝑻𝑻 −  𝑻𝑻𝒄𝒄)𝑷𝑷 + 𝒃𝒃𝑷𝑷𝟑𝟑 + 𝒄𝒄𝑷𝑷𝟓𝟓 (1.4) 

 

 

In the general case where b > 0, a simplified expansion of equation (1.4) leads to the following 

expression for P: 
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 𝑷𝑷 =  ± �𝒂𝒂(𝑻𝑻𝒄𝒄 − 𝑻𝑻)
𝒃𝒃� �

𝟏𝟏
𝟐𝟐�

 ∝ (𝑻𝑻𝒄𝒄 − 𝑻𝑻)
𝟏𝟏
𝟐𝟐 (1.5) 

 

Notice that P disappears when T > Tc, corresponding to the high-temperature paraelectric phase, 

illustrated in Fig (1-4a). Otherwise, expression (1.5) represents the solutions for a second-order 

phase transition, where the two stable solutions become evident at T = Tc, shown in Fig (1-4b), 

and are fully stabilised when T < Tc, as represented by Fig (1-4c).  

 

 

Figure 1-4 illustrates the evolution of the free energy of a ferroelectric system as it traverses its ferroelectric phase 
transition (second-order). The free energy goes from a single well potential (a), describing the single phase state 
significantly above the transition temperature (Tc), to a slightly wider single potential as Tc is approached from above. At 
the transition temperature (b), the free energy picture begins to acquire a two degenerate minima. Below Tc (c), the free 
energy can be described as a double well, where the two minima describe two polar domain variants.  

 

In the case where b = 0, it is now necessary to consider the coefficient c in order to generate the 

low temperature double-well potential. Rearranging expression (1.4) gives: 

 

 𝑷𝑷 =  ± �𝒂𝒂(𝑻𝑻𝒄𝒄 − 𝑻𝑻)
𝒄𝒄� �
𝟏𝟏
𝟒𝟒�

 ∝ (𝑻𝑻𝒄𝒄 − 𝑻𝑻)
𝟏𝟏
𝟒𝟒  (1.6) 

 

This is the solution that corresponds to the tri-critical phase transition. However, as these types 

of transition are rarely reported, this form of phase transition will not be examined beyond this 

point. Finally, in the case where b < 0, the solution to the free energy equation is more complex 

and is simplified by making the definition M = P2. Rearranging equation (1.4) gives: 
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 𝑴𝑴𝟐𝟐 +  
𝒃𝒃
𝒄𝒄
𝑴𝑴 +

 𝒂𝒂
𝒄𝒄

(𝑻𝑻 −  𝑻𝑻𝒄𝒄) = 𝟎𝟎 (1.7) 

 

From which stable solutions are obtained using the quadratic formula as follows: 

 

 𝑴𝑴 = 𝑷𝑷𝟐𝟐 =  
−𝒃𝒃𝒄𝒄±�𝒃𝒃

𝟐𝟐

𝒄𝒄𝟐𝟐
− 𝟒𝟒𝒂𝒂𝒄𝒄 (𝑻𝑻−𝑻𝑻𝒄𝒄) 

𝟐𝟐
    (1.8) 

 

Plugging values for T into expression (1.8) informs us of the temperature-dependent evolution 

of the free energy in this scenario. When T > Tc, one stable solution exists at P = 0. At T = Tc, the 

free energy acquires two additional local minima at P ≠ 0, before the local minimum at P = 0 is 

lost below Tc, and two degenerate, non-zero states of P are stabilised. The phase transition 

described here is referred to as first-order, and all stable and metastable states, moving from the 

high-temperature to the low-temperature phase, are illustrated on Fig (1-5a-c).  

 

Figure 1-5 displays the free energy (F) as a function of temperature (T) for a first-order phase transition in a ferroelectric 
material. As the transition temperature (Tc) is reached, the transitory triple well structure, a signature of first-order 
transitions, appears before being replaced by the double well in the ferroelectric, low temperature state. 

 

It is particularly insightful to compare each type of phase transition in terms of the development 

of P(T). In Fig (1-6), the temperature-dependent trajectories of P and F are shown for first and 

second-order phase transitions. Immediately apparent is the discontinuous nature in which P 

develops in the first-order transition, compared to the continuous trajectory exhibited for 

second-order transitions. This is mirrored in the respective F (T) plots, where the high and low 

temperature branches are indicated by red and blue lines. For the first order transition, F 

develops asymptotically with T, whilst the relationship is continuous in the second-order case. 
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This has implications on the dielectric properties of materials undergoing a phase transition, 

evidenced by the inset graphs in Fig (1-6c) & (1-6d). Here, dielectric permittivity (χ) is shown to 

spike in both the first and second-order cases. However, the spike is once again shown to be 

asymptotic (discontinuous) in the first-order case upon traversing Tc. This is contrary to the case 

of second-order transitions. 

 

 

Figure 1-6 are graphs of the temperature-dependent development of polarization (P(T)) for first-order (a) and second-
order (b) phase transitions. Free energy, F(t), for first-order (c) and second-order (d) transitions is also shown. Inset graphs 
display dielectric permittivity (χ) as a function of T.  

 

1.5.2 Applied Electric Fields and an Examination of the Electric Susceptibility  

 

LGD theory may also be used to consider the effect of introducing an electric field (E), by 

modifying equation (1.4) as follows: 

 



Introduction 

21 
 

 𝑭𝑭(𝑷𝑷,𝑻𝑻) =  
𝒂𝒂
𝟐𝟐

(𝑻𝑻 − 𝑻𝑻𝒄𝒄)𝑷𝑷𝟐𝟐 +  
𝒃𝒃
𝟒𝟒
𝑷𝑷𝟒𝟒 +  

𝒄𝒄
𝟔𝟔
𝑷𝑷𝟔𝟔 − 𝑬𝑬𝑷𝑷 (1.9) 

 

Notice that, as work is done on the system by the introduction of E, this has the effect of reducing 

the total free energy. Differentiating equation (1.9) with respect to P gives us an expression for 

E(P).  

 

 𝑬𝑬(𝑷𝑷,𝑻𝑻) =  𝒂𝒂(𝑻𝑻 − 𝑻𝑻𝒄𝒄)𝑷𝑷 + 𝒃𝒃𝑷𝑷𝟑𝟑 + 𝒄𝒄𝑷𝑷𝟓𝟓 − 𝑬𝑬 (1.10) 

 

Differentiating again, we obtain: 

 

 
𝒅𝒅𝑬𝑬
𝒅𝒅𝑷𝑷

=  𝒂𝒂𝟎𝟎(𝑻𝑻 − 𝑻𝑻𝒄𝒄) + 𝟑𝟑𝒃𝒃𝑷𝑷𝟐𝟐 + 𝟓𝟓𝒄𝒄𝑷𝑷𝟒𝟒 (1.11) 

 

Taking the inverse, we arrive at: 

 

 
𝟏𝟏

𝒂𝒂(𝑻𝑻 − 𝑻𝑻𝒄𝒄) + 𝟑𝟑𝒃𝒃𝑷𝑷𝟐𝟐 + 𝟓𝟓𝒄𝒄𝑷𝑷𝟒𝟒
=  𝝌𝝌𝑬𝑬 (1.12) 

 

Where χE is the electric susceptibility. By inspection, it is clear that χE scales linearly as a function 

of T in the high-temperature phase (when P = 0). This is the Curie-Weiss law and is demonstrated 

by linearity in the reciprocal capacitance (∝  𝟏𝟏 𝝌𝝌𝑬𝑬⁄ ) of barium titanate lamellae in Fig (1-7a). 

Expression (1.12) also informs us that χE is theoretically infinite when T = Tc. Here, polarization 

is still yet to develop and the a(T – Tc) factor in the denominator is equal to zero. In practice, 

infinite electric susceptibility could only be obtained if the phase transition was traversed 

infinitely slowly. Instead, a spike in χE is observed, as experimentally demonstrated by a spike in 

capacitance in Fig (1-7b). 
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Figure 1-7 demonstrates the reciprocal capacitance (a) and the capacitance and loss tangent (b) measured on barium 
titanate lamellae samples. Sampled from Ref (50). 

 

Differentiating the free energy equation with respect to temperature and taking the negative, 

informs us of changes in entropy during the phase transition. The entropy can then be used to 

evaluate the specific heat capacity of the system, and how it varies with the changes in crystal 

structure that are implicit to the phase transition. LGD is thus widely applicable and hugely 

insightful to determine thermodynamic quantities.  

 

1.5.3 Improper Ferroelectric Transitions 

 

Now we look towards more complex cases, where polarization is a secondary order parameter, 

coupled to a more energetically dominant primary order parameter. Such materials are known 

as improper ferroelectrics. Here, the primary order parameter is multidimensional and in general 

more complex in nature than the order parameters considered up until this point. This particular 

point will be revisited. However, we consider the simplest representation of LGD theory in 

relation to improper ferroelectric materials in this section. Levanyuk and Sannikov (1974) (50) 

define a primary order parameter, to be represented here as Q, as one whose appearance during 

a phase transition accounts for the reduction in symmetry in its entirety. A secondary order 

parameter on the other hand may only account partially for such a reduction in symmetry. A free 

energy expression typical of improper systems is as follows: 
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 𝐅𝐅 =  
𝜶𝜶
𝟐𝟐

(𝑻𝑻 −  𝑻𝑻𝒄𝒄)𝑸𝑸𝟐𝟐 + 
𝜷𝜷
𝟒𝟒
𝑸𝑸𝟒𝟒 +  

𝜸𝜸
𝟐𝟐
𝑷𝑷𝟐𝟐 + 𝝀𝝀𝑷𝑷𝑸𝑸𝟐𝟐 (1.13) 

 

Where β, γ and λ are the temperature-independent constants and  𝜶𝜶
𝟐𝟐

(𝑻𝑻 − 𝑻𝑻𝒄𝒄) once again 

expresses the temperature-dependence of the system. Due to the intrinsic dependence of the 

ferroelectric phase on order parameters that are expressed as added terms in the free energy 

description, improper ferroelectrics can be understood on the basis of coupling, and the 

interaction terms inherent within this. Computing the derivative of (1.13) with respect to Q and 

minimising, yields: 

 

 
𝒅𝒅𝑭𝑭
𝒅𝒅𝑸𝑸

= 𝜶𝜶(𝑻𝑻 −  𝑻𝑻𝒄𝒄)𝑸𝑸 + 𝜷𝜷𝑸𝑸𝟑𝟑 + 𝟐𝟐𝝀𝝀𝑷𝑷𝑸𝑸 = 𝟎𝟎 (1.14) 

 

 

Computing a similar derivative but this time with respect to P, yields the following: 

 

 𝒅𝒅𝑭𝑭
𝒅𝒅𝑷𝑷

= 𝜸𝜸𝑷𝑷 + 𝝀𝝀𝑸𝑸𝟐𝟐 = 𝟎𝟎 (1.15) 

 

Rearranging expressions (1.14) & (1.15) allows us to obtain solutions for the temperature 

dependence of both Q & P.   

 

 𝑸𝑸𝟐𝟐 =  
𝜶𝜶(𝑻𝑻𝒄𝒄 − 𝑻𝑻) − 𝟐𝟐𝝀𝝀𝑷𝑷

𝜷𝜷
 (1.16) 

 

 𝑷𝑷 =  −
𝝀𝝀𝑸𝑸𝟐𝟐

𝜸𝜸
=  

𝝀𝝀𝒂𝒂
𝜸𝜸𝒃𝒃

(𝑻𝑻 −  𝑻𝑻𝒄𝒄) +  
𝟐𝟐𝝀𝝀𝟐𝟐

𝜸𝜸𝒃𝒃
𝑷𝑷 (1.17) 

 

Rearranging expressions (1.16) & (1.17), allows for the acquisition of solutions for Q(T) & P(T). 
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 𝐐𝐐 =  ±�
[𝜶𝜶(𝑻𝑻− 𝑻𝑻𝒄𝒄) + 𝟐𝟐𝝀𝝀𝑷𝑷]

𝜷𝜷
 ∝ (𝑻𝑻 − 𝑻𝑻𝒄𝒄)𝟏𝟏 𝟐𝟐�  (1.18) 

 

 𝐏𝐏 =  �
𝟏𝟏

𝟐𝟐𝝀𝝀𝟐𝟐
𝜸𝜸𝒃𝒃 − 𝟏𝟏

�
𝝀𝝀𝒂𝒂
𝜸𝜸𝒃𝒃

(𝑻𝑻 −  𝑻𝑻𝒄𝒄) =  
𝝀𝝀𝒂𝒂

𝟐𝟐𝝀𝝀𝟐𝟐 −  𝜸𝜸𝒃𝒃
( 𝑻𝑻𝒄𝒄 − 𝑻𝑻) (1.19) 

 

It is evident therefore that the primary order parameter, Q, in this case is proportional to the 

square root of T, consistent with the case for second order transitions that is demonstrated by 

expression (1.5). Expression (1.19) shows that, on this occasion, P instead develops linearly with 

temperature. This is verified experimentally in improper ferroelectric lawsonite 

(CaAl2Si2O7(OH)2H2O)(52), as shown in Fig (1-8). Here, polarisation exhibits a temperature 

dependence that is different to the square-root or fourth-root behaviour observed in first and 

second order transitions and instead is shown to scale linearly with temperature. The 𝑷𝑷 ∝  𝑸𝑸𝟐𝟐 

relationship in expression (1.19), demonstrates the dominance of Q over P in the free energy 

picture. 

 

 

Figure 1-8 demonstrates the linear scaling of spontaneous polarization with temperature in improper ferroelectric 
lawsonite (CaAl2Si2O7(OH)2H2O). Fig sampled from Ref (52) 
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It should be mentioned that primary order parameters in improper ferroelectric systems are 

often somewhat complex. A pertinent example of this is discussed in Chapter 3. There are also 

reported cases where the appearance of polarization may be due to both primary and secondary 

ordering. Dvorak (1974) (53) highlights the specific case of iron-iodine-boracite, which develops 

competing instabilities that drive two components of polarization: one of which is perpendicular 

to the orthorhombic z-axis, the other parallel to it, each with its own separate temperature 

dependence.  

 

1.6 Ferroelectric Domains 
 

In the cases outlined up until now, we have assumed a perfect, homogeneous crystal, free from 

defects and discontinuities that extends infinitely in all directions. In real crystals, defects and 

imperfections tend to contribute significantly to the free energy of the system and the associated 

dynamics whilst cooling through Tc, and of course, are finite in dimension. What is required is a 

modification to our free energy equation, where the stable states account for such inhomogeneity. 

The focus of this chapter is to develop a framework with which we can understand the change of 

spontaneous polarization at polar discontinuities. It is useful firstly to consider the relationship 

between the polarization, P, the electric field, E, and the electric displacement, D, that results. For 

this we will consider a capacitor geometry as shown in Fig (1-9 ), imagining the ferroelectric to 

be the medium spanning the upper and lower capacitor plates, which represent our 

surfaces/polar discontinuities. Thus, we define D as: 

 

 𝑫𝑫 =  𝜺𝜺𝟎𝟎𝑬𝑬 + 𝑷𝑷 (1.20) 

 

Rearranging gives: 

 

 𝑬𝑬 =
𝟏𝟏
𝜺𝜺𝟎𝟎

(𝑫𝑫− 𝑷𝑷) (1.21) 

 

For ferroelectric materials, P can be re-labelled Ps, and represents the polarization in the absence 

of an external electric field (E = 0).  
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Figure 1-9 is a schematic of a ferroelectric capacitor geometry, where the upper and lower metallic capacitor plates (grey), 
sandwich a ferroelectric layer (beige) with a polarization vector pointing upwards, indicated by the chains of charges that 
span the material. 

 

In the case where electrical conductivity is low enough to allow a spatially inhomogeneous charge 

density, Poisson’s equation holds and may be expressed as follows: 

 

 𝜵𝜵 ∙ 𝑫𝑫 =  𝝆𝝆𝑭𝑭 (1.22) 

 

Here, ρF represents the free charge density. The total charge density is calculated as a sum of ρF 

and the bound charge density, ρB, which accumulates at polar surfaces and is associated with the 

existence of a spontaneous polarization, as shown below: 

 

 𝝆𝝆 =  𝝆𝝆𝑩𝑩 +  𝝆𝝆𝑭𝑭 (1.23) 

 

From equation (1.21), we can find the divergence of E to be: 

 

 𝜵𝜵 ∙  𝑬𝑬 =  
𝟏𝟏
𝜺𝜺𝟎𝟎𝜺𝜺

(𝝆𝝆𝑭𝑭 −  𝜵𝜵 ∙  𝑷𝑷𝒔𝒔) (1.24) 

 

In an ordinary dielectric material, Ps = 0 and therefore the divergence of E depends only upon the 

free charge in the bulk. Thus, for highly conducting systems, where free charge is abundant, 

equation (1.24) tends towards zero. If instead we are to consider more electrically resistive 

systems, where charge density is non-uniform, the picture is very different. Consider a volume, V, 
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enclosed within which is a charge Q. Gauss’ law states that the movement of this volume, ΔQ, 

enclosed by a Gaussian surface S, behaves as: 

 

 ∆𝑸𝑸 =  �𝑷𝑷𝒔𝒔 ∙ 𝑵𝑵
𝑺𝑺

 𝒅𝒅𝒂𝒂 (1.25) 

 

Where da represents a finite change in the surface area of S. Equating this to a volume charge 

density, which amounts to the total bound charge density, ρB, within V, we find the following 

relation. 

 

 �𝑷𝑷𝒔𝒔 ∙ 𝑵𝑵
𝑺𝑺

 𝒅𝒅𝒂𝒂 =  �𝝆𝝆𝑩𝑩 𝒅𝒅𝒅𝒅
𝒅𝒅

 (1.26) 

 

In differential form, equation (1.26) can be rewritten as: 

 

 −𝛁𝛁 ∙  𝑷𝑷𝒔𝒔 =  𝝆𝝆𝑩𝑩 (1.27) 

 

Substituting equation (1.27) into equation (1.24), gives us a final expression for the divergence 

of E, in terms of both bound and free charge densities. 

 

 𝜵𝜵 ∙ 𝑬𝑬 =  
𝟏𝟏
𝜺𝜺𝟎𝟎𝜺𝜺

(𝝆𝝆𝑭𝑭 + 𝝆𝝆𝑩𝑩) (1.28) 

 

What is immediately clear is that diverging electric fields, which will be referred to from this point 

onwards as stray fields, from a ferroelectric or generally any dielectric, can be minimized if there 

exists enough free charge to balance the bound charge and eliminate the expression on the right-

hand side of equation (1.28). This is physically observed as electrostatic screening and will be 

discussed in depth later. What results, as can be observed in Fig (1-10a), is a crystal where 

polarization is fixed in a single, homogeneous state along a single direction. A region such as this 

is referred to as a ferroelectric domain, and the specific case outlined here describes a 
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monodomain crystal. Here, the migration of free charge perfectly screens the stray fields 

established by bound charge at the polar surfaces. This electric field is oriented to oppose the 

polarization vector and its associated energy can be expressed as follows: 

 

 𝑼𝑼𝑬𝑬 =  
𝟏𝟏
𝟐𝟐
�𝝆𝝆𝑩𝑩𝜱𝜱 𝒅𝒅𝒅𝒅
𝒅𝒅

 (1.29) 

 

Where Φ is the electrostatic potential. What this tells us, is that the increase of ρB and Φ is 

accompanied by an increase in the energy of associated stray fields. At a certain point, namely 

when there is a deficit of free charges to sufficiently screen the increase in bound charge, the 

depolarizing energy becomes large and destabilizes the monodomain state. To minimize the stray 

field energy, a second oppositely polarized domain nucleates, as shown in Fig (1-10b). We can 

see by inspection of the left-hand side of equation (1.26) and equation (1.29), that the reduction 

in domain surface area will give rise to a reduction in its energy, thereby stabilizing the new 

configuration. This theory can be extended to the multi-domain case visualized in Fig (1-10c), 

where domains will nucleate in densities sufficient for the minimization of stray field energy, 

which begs the obvious question - why do we not observe ferroelectric crystals with infinite 

domain density?  

 

 

Figure 1-10 are schematic representations for three ferroelectric domain configurations and corresponding stray field 
diagrams. The single domain state (a) is shown, where spontaneous polarization (Ps) and the depolarizing field (Ed) are 
indicated. Both the two domain (b) and multi-domain states (c) are also shown. The extent of the stray field strength is 
noticeably reduced for each domain that is added, thus reducing the stray field energy of the system. 

 

Prescient in this discussion is the case of LaAlO3 (LaO)/SrTiO3 (STO) interfaces, known for 

exhibiting low temperature metallicity (2). The classical view of polarization which, from 
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Maxwell’s equations, relates the polarization to the divergence of the electric displacement field, 

D, is as follows: 

 

 𝑫𝑫 = 𝜺𝜺𝟎𝟎𝑬𝑬 + 𝑷𝑷 =  (𝑫𝑫𝑳𝑳𝒂𝒂𝑳𝑳 −  𝑫𝑫𝑺𝑺𝑻𝑻𝑳𝑳) ∙ 𝒏𝒏 (1.30) 

 

Where DLaO and DSTO are the displacement fields associated with the LaO and STO layers 

respectively. In reality, expression 1.30 is an oversimplification for the situation arising in 

semiconductors or “imperfect” insulators, possessing freely accessible charge within the bulk 

material. The internal field term E, which represents the Maxwell field, implicitly includes all 

terms associated with electrostatic screening (54), and thus reduces in magnitude when more 

free charge is available to actively screen. In the case of LaO-STO interfaces, low mobility two 

dimensional electron gas-like behaviour (2DEG) is attributed to a divergence of D, implied by 

equation (1.22), at the polar discontinuity - the so called “Polar Catastrophe” (55). This leads to 

charge transfer across the interface and band bending, giving rise to modification to the local 

carrier mobility (56). It is evident that in cases where certain novel geometries are present, for 

example two-dimensional systems such as interfaces and thin films, the polarization cannot be 

defined by classical means and instead requires extra terms accounting for free charges naturally 

aggregating at polar discontinuities (57). This mechanism becomes hugely influential when 

considering the quasi-two-dimensional sheets that delineate oppositely polarized domains, 

named domain walls. Due to the associated electrostatics at play and implied by the discussions 

above, domain walls also have an energy density associated with their formation. This will be the 

discussed in the next section, in conjunction with the Landau-Lifschitz-Kittel scaling law. 

 

1.7 Domain Walls 
 

After seemingly having done away with energetically costly stray fields through formation of 

domain walls, now we must turn our attention back to those arising from the domain wall surface. 

Focusing on the monodomain state illustrated in Fig (1-10a), it is evident that, unless bound 

charge is screened, the depolarizing field (Ed) increases in magnitude when the polar faces are 

brought closer together. The introduction of anti-parallel domains in Figs (1-10b) and (1-10c) 

alleviates stray fields by altering the charge states at polar surfaces. However, the introduction of 

a domain wall incurs its own energy cost. In 1946, Kittel (58), who along with Landau and Lifschitz 



Introduction 

30 
 

has become synonymous with the Landau-Lifschitz-Kittel (LLK) scaling law, hypothesised a free 

energy equation for the domain-domain wall system of the form: 

 

 𝑭𝑭 =  𝝈𝝈𝝈𝝈 +  
𝒕𝒕𝜸𝜸
𝝈𝝈

 (1.31) 

 

Where σ is the surface charge density, w is the domain width, γ is the domain wall energy per 

unit area and t is the material thickness. Minimizing F with respect to w and rearranging, gives 

the equilibrium domain state, and the famous LLK expression as follows. 

 

 𝐰𝐰𝒎𝒎𝒊𝒊𝒏𝒏 =  �
𝒕𝒕𝜸𝜸
𝝈𝝈

 (1.32) 

 

We see here that domain size is therefore proportional to the square root of the material 

thickness. Clearly, in the case of ferromagnetics, various factors present in the ferromagnetic free 

energy equation are not present in the ferroelectric analogue, namely anisotropy and exchange 

interactions. Examples where the LLK law has been appropriated towards other ferroic systems, 

however, are numerous (59,60). In ferromagnetic systems, domain walls are governed by long-

range exchange interactions which favour co-alignment of neighbouring spins and thus a 

magnetization that tends to span relatively large length scales. Domain wall widths can often be 

as large as 100-200nm (61), spanning hundreds of unit cells. By comparison, ferroelectric 

domain walls, where exchange energy plays a less substantial role and constrained polar axes 

yield significant anisotropy, tend to have far shorter range (< 10nm) (62), and thus yield domain 

walls with a significantly reduced width. We can hereby model the majority of ferroic domain 

walls by one of the following structural classifications: Bloch, Néel or Ising-like. These 

classifications are demonstrated in Fig (1-11). Here, we can see the Bloch type wall in Fig (1-11a), 

and the Néel type wall in (1-11b). Both are characterized by a continuous rotation of the 

magnetization. However, the Bloch type exhibits a corkscrewing effect whereas for the Néel type, 

the magnetization vector flops forward such that at its midpoint, the magnetization vectors aligns 

perpendicular to the wall plane. In both cases, the interplay between exchange and anisotropy 

energy dictates the domain wall width (63).  
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Figure 1-11 displays the three types of known domain wall. (a) Is a Bloch wall, characterised by a twisting of the order 
parameter, such that its vector at the midpoint of the wall aligns with the length of the domain wall. Schematic (b) Is a 
Néel wall, whose order parameter vector aligns with the thickness dimension at the midpoint. The Ising-type wall (c) is 
characterised by a diminishing amplitude as the domain wall is traversed along the thickness dimension. Image adapted 
from Ref (63). 

 

In general, ferroelectric domain walls can be modelled to a good approximation by the geometry 

outlined in Fig (1-11c) - the Ising-like structure. Here, the polarization vector, represented by 

orange and blue arrows, is defined by an amplitude that decreases gradually and vanishes 

entirely at the midpoint of the wall. This is noticeable as a dip in the amplitude signal measured 

in piezoresponse force microscopy, displayed in Fig (1-12a). This was measured on in-plane 

polarized lithium niobate, where 180o domains appear as opposite contrast in the LPFM phase 

contrast Fig (1-12b). It should be noted at this point, that the Ising model doesn’t necessarily 

account for all types of domain walls in ferroelectric materials. Demonstrations of Néel-like 

domain wall structures reported in ferroelectric Pb(Zr,Ti)O3 (65), mixed Bloch-Néel-Ising 

character observed in PbTiO3 (62) as well as suggestions of Bloch lines within ferroelectric 

domain walls (66), where the polar vector completes a 180o rotation within the plane of the 
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wall, all suggest that ferroelectric domain walls do not restrict themselves to a particular 

structure.  

 

 

Figure 1-12 are lateral piezoresponse force microscope (LPFM) amplitude (a) and phase images (b), depicting in-plane 
oriented ferroelectric domains in lithium niobate. The domain wall separating the two domains is represented as a dip in 
the measured piezoresponse signal.  

 

1.7.1 Charged Domain Walls 

 

Building on electrostatic arguments above, domain walls may be grouped based on their 

orientation with respect to the polar axis. Domain walls whose surface is parallel to the 

polarization vector, depicted in Fig (1-13a), incur relatively small energy costs compared to those 

whose surface is oriented perpendicular. The aggregation of bound charge in this case should be 

zero, prompting no requirement for electrostatic screening. These are to be known as neutral 

domain walls. By extension of this argument, maximal bound charge occurs when the plane of the 

wall is perpendicular to the polarization axis, which gives rise to significant screening 

requirements. These walls will be referred to as maximally charged domain walls and are 

illustrated in Figs (1-13b) & (1-13c). Within the context of this thesis, domain walls with a degree 

of bound charge sufficient to bring about observable alterations in their electrical properties, will 

be attributed the general label of charged domain walls [Fig (1-13d)]. Charged domain walls are 

rarely observed naturally, due predominantly to a failure of the material to match the screening 

requirements. In the situation where the stray field produced by bound charges at the wall 
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exceeds the coercive field, Ec, of the material, back-switching will occur and the polarization will 

return to its native state. There are, nonetheless, a growing list of proper and improper 

ferroelectric systems that appear to exhibit and support them (13,17,67–70).  

 

 

Figure 1-13 demonstrates the various charge states of ferroelectric domain walls. The polarization vector is indicated by 
the black arrows. Uncharged walls, where the polarization aligns with the domain wall plane, is illustrated in (a), and fully 
charged head-to-head and tail-to-tail domain walls in (b) & (c) respectively. The case of moderately charged domain head-
to-head domain walls is shown in (d). The red Θ represents the angle between the polarization vector and the normal to 
the wall plane. 

 

 

Taking equation (1.20), assuming the absence of an external electric field, we find the following 

simple relation: 

 

 𝑫𝑫 = 𝑷𝑷 (1.33) 

 

Assuming Poisson’s equation holds, the following is true: 

 

 𝛁𝛁 ∙ 𝑫𝑫 =  𝛁𝛁 ∙ 𝑷𝑷 =  𝝆𝝆𝑩𝑩 (1.34) 
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Now, assuming a domain wall oriented as shown in Fig (1-13b) & (1-13c), where the domain wall 

charge is maximal, we may assume that the divergence of P acts along a single axis (in this case 

the x-axis). We find that: 

 

 
𝒅𝒅𝑷𝑷
𝒅𝒅𝒅𝒅

=  𝝆𝝆𝑩𝑩 (1.35) 

 

Rearranged and integrated, this becomes: 

 

 �𝐝𝐝𝐏𝐏 = �𝝆𝝆𝑩𝑩 𝒅𝒅𝒅𝒅 (1.36) 

 

 𝑷𝑷 =  𝝆𝝆𝑩𝑩𝒅𝒅 (1.37) 

 

Here, x represents the spatial displacement of the charge density ρB due to the presence of a 

polarization. For the case of a domain terminating at a surface, the value for polarization is just 

Ps. On this occasion, we have a diverging polarization from domains on either side of the domain 

wall, thus an extra factor of Ps is included, yielding the following expression for surface density of 

charge at the domain wall when considering the spatial dimension, x: 

 

 𝝈𝝈𝑩𝑩 =  𝟐𝟐𝑷𝑷𝒔𝒔 (1.38) 

 

For most ferroelectric materials, being semiconducting in nature, free charge is too sparse in the 

bulk material to facilitate screening of the bound charge density in maximally charged domain 

walls. For the most part, these walls are incredibly energetically costly and may only be stabilised 

by the introduction of injected carriers, due to charge injection through acceptor or donor doping. 

In the general case, where the domain wall in question is not necessarily maximally charged, 

expression (1.38) becomes: 

 

 𝝈𝝈𝑩𝑩 =  𝟐𝟐𝑷𝑷𝒔𝒔 𝒔𝒔𝒊𝒊𝒏𝒏𝜣𝜣 (1.39) 
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Where Θ is the angle between the polarization vector and the domain wall plane. Both of these 

equations represent the surface charge densities required to fully screen the polarization and 

stabilize the domain wall. Charged walls may also be stabilized through manipulation of defect 

chemistry (71), introduction of space charge regions (72), strain engineering (73) and by 

interface charge injection (74). These mechanisms become hugely influential when considering 

the origin of free carriers at charged domain walls. 

 

1.7.2 Domain Wall Conductance 

 

This final section focuses on the phenomena of domain wall conductance that arises at charged 

domain walls in select systems. As established, domain wall conduction was discovered by means 

of conducting atomic force microscopy in thin film bismuth ferrite by Seidel et al (2009) (11). 

Since then, the same phenomena have been confirmed in many other systems (10,12–14,16). 

Despite the various mechanisms for enhancing electrical conduction at domain walls, in essence, 

what is consistent amongst them is an increase in the aggregation of free charge to facilitate 

conduction. The electrical conductivity of charged domain walls in lithium niobate for example, 

switched whilst under super-bandgap illumination, can be tuned through engineering the domain 

wall tilt angle (75). In a different study, the presence of charged defects was identified as the 

dominant mechanism for the enhancement of conductance at charged domain walls in BiFeO3 

(76). Here, bound charge, along with Fe4+ ions and bismuth vacancies alter the local band 

structure through the introduction of acceptor and donor states. This can be visualised by 

consulting with Fig (1-14). Here, conduction band (Ec), valence band (Ev) and Fermi energy (EF) 

levels are shown as a function of perpendicular distance away from the centre of the domain wall. 

Band bending, caused by strong electric fields in the vicinity of the wall and then diminish 

gradually moving away from it, cause the valence and conduction bands to bend downwards, 

forcing the latter to bend beneath EF. This is referred to as an inversion layer (35), and has been 

postulated as the driving mechanism for, not only enhanced conduction, but also electron gas-like 

behaviour observed in some ferroelectric systems (13).  
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Figure 1-14 is a schematic showing the electronic band structure of a charged domain wall. Band bending at the vicinity 
of the domain wall leads to a shaded region of the conduction band (Ec) that dips below the Fermi level (EF), leading to 
enhanced conduction properties.  

 

Eliseev et al (2011) (24) uses Landau-Ginzburg-Devonshire theory to calculate the static 

conductivity in uniaxial ferroelectrics at charged domain walls at various angular orientations 

with respect to the polar axis. To estimate the respective concentration of ionized donors, free 

holes and electrons, Fermi-Dirac (F-D) statistics are employed throughout their treatment. 

Carrier density (𝒏𝒏) may be estimated for n-type carriers using the F-D model as follows: 

 

 𝒏𝒏(𝚽𝚽) =  � 𝒈𝒈𝒏𝒏(𝜺𝜺)𝒇𝒇(𝜺𝜺)
∞

𝟎𝟎
𝒅𝒅𝜺𝜺 (1.40) 

 

Where gn is the density of states and dε is the energy interval considered. The F-D integral may 

be defined as follows: 

 

 𝒇𝒇(𝜺𝜺) =  
𝟏𝟏

𝒆𝒆
(𝜺𝜺−𝝁𝝁)

𝒌𝒌𝑩𝑩𝑻𝑻
� + 𝟏𝟏

 (1.41) 

 

Here, μ is the chemical potential and kB Boltzmann’s constant. The case for using F-D statistics 

works in the low-temperature limit. However, in room-temperature semiconductors with low 
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carrier densities, compared with the metallic case, expression (1.40) may be replaced with an 

expression taking the following form: 

 

 𝒏𝒏(𝜺𝜺) =  � 𝒈𝒈𝒏𝒏(𝜺𝜺)𝒇𝒇𝑴𝑴𝑩𝑩(𝜺𝜺)
∞

𝟎𝟎
𝒅𝒅𝜺𝜺 =  𝒈𝒈𝒏𝒏(𝜺𝜺) 𝒏𝒏𝟎𝟎𝒆𝒆

𝜺𝜺
𝒌𝒌𝑩𝑩𝑻𝑻�  𝒅𝒅𝜺𝜺 (1.42) 

 

This expression may be recognised as the Maxwell-Boltzmann function (fMB), which is generally 

used to model idealised gaseous systems, where most of the energy exchanges are predominantly 

thermalized exchanges. The above treatment is one of the models used to describe the origin of 

electrical conduction at domain walls, nonetheless the specific mechanism under which 

conduction is facilitated is still subject to speculation. Schroder et al (2012)(75) found that 

illumination-induced changes in the local bandgap could control the conduction at charged 

domain walls in lithium niobate, a hypothesis supported by Liu et al (2015)(77), where charge 

aggregation at domain walls in organometallic Halide perovskites appears to reduce the local 

bandgap. Subsequent studies (15), where AC charge transport was examined once again in 

lithium niobate, identified the hopping of excited charge carriers as the dominant transport 

mechanism. Mundy et al (2017)(35) cite changes in the electronic band structure due to changes 

in the valence state of manganese ions as the principle factor in enhancing conduction. Here, 

conduction in head-to-head walls is suggested to be polaron-mediated, where lattice coupling 

leads to an enlarged effective mass. A similar effect was observed in strained bismuth ferrite thin 

films by Edwards & Browne (2018)(78), where applied stress induces the injection of conducting 

rhombohedral-tetragonal phase boundaries. In reality, empirical evidence would suggest that 

electrical transport and the emergence of anomalous transport behaviour can vary from system 

to system, and thus it is often useful to take a case-by-case approach.  
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2 Atomic Force Microscopy (AFM) 

 

Atomic force microscopy (AFM) is a surface-based measurement technique which exploits the 

mechanical interactions arising between the surface of the sample under test and a microscopic 

cantilever, upon which is mounted a nanoscale tip. The general geometry of the AFM probe is 

illustrated schematically in Fig (2-1), and the main components, namely the tip, cantilever, chip 

and piezotube, are annotated. All the key components will be outlined and explained individually 

later in this chapter.  

 

 

Figure 2-1 is a schematic representation of the standard AFM probe used for experimental work throughout this thesis. 
Identified are the key components that allow for spatial mapping of surface features. Local forces acting upon the AFM tip 
cause a deflection of the cantilever and subsequent movement of the laser spot incident upon the photodiode. The piezotube 
voltage may be adjusted to regulate height, oscillation frequency, amplitude and various other key variables.  

 

Deflections of the cantilever result from local attractive and repulsive interactions whilst 

operating in one of three modes: contact, intermittent contact and non-contact. Contact mode 

relies upon a repulsive tip-sample interaction and a subsequent deflection of the cantilever, which 

is interpreted as a deflection of a laser signal incident upon its backside reflective coating, shown 

in Fig (2-1). For intermittent contact and non-contact forms of AFM, the cantilever is mechanically 

oscillated in the vicinity of its free resonance. The total force upon the cantilever tip can be 

estimated as the sum of the short-range (less than a few angstroms) repulsive forces arising from 

Pauli repulsion and an overlap of electron orbitals, which dominate when in direct contact, and 
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the longer-range (up to hundreds of angstroms) attractive forces exploited in intermittent and 

non-contact modes, which arise from Van der Waals interactions (1). The shape of the force-

distance curve for the tip-sample separation is shown in Fig (2-2) and follows a Lennard-Jones 

potential model (2), which describes interactions between adjacent atoms.  

 

 𝒅𝒅(𝒅𝒅) =  𝟒𝟒𝑼𝑼𝟎𝟎 ��
𝑹𝑹
𝒅𝒅
�
𝟏𝟏𝟐𝟐
−  �

𝑹𝑹
𝒅𝒅
�
𝟔𝟔
� (2.43) 

 

Here, U0 is the depth of the potential well, which itself is dependent upon the interaction strength 

and thus, the inter-particle separation, d. The value R is the distance at which the inter-particle 

potential falls to zero and is indicated on the graph in Fig (2-2), along with the associated force 

and force gradient. 

 

 

Figure 2-2 is a graph displaying the Lennard-Jones potential (blue) associated force (red) and force gradient (black) curves 
as a function of tip-sample separation (d), for an AFM tip-sample system. Indicated also are the regions where the force 
acting between tip and sample is repulsive (F>0) and attractive (F<0).  

 

As depicted in Fig (2-1), the AFM probe is attached to a piezo actuator, and example of which is 

schematised in (2-3a) and is commonly referred to as the piezotube. The piezotube regulates the 
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tip-sample separation and is responsible, through periodic elongations and compressions, 

demonstrated in Figs (2-3b) & (2-3c) respectively, for shaking the tip during intermittent contact 

and non-contact forms of AFM. The piezoelectric ceramics manufactured for piezotubes used in 

AFM, undergo axial deformations when subjected to an applied voltage bias (3), as demonstrated 

in Fig (2-3).  

 

 

Figure 2-3 is a schematic displaying a laterally polarized (P) piezotube, similar to those used in conventional AFM systems, 
displaying axial displacement when subject to voltages applied between the inner and outer shell (a). In this specific case, 
the application of a positive voltage (b) results in an axial elongation and a radial contraction. Conversely, upon 
application of negative voltages (c), the piezotube compresses axially and widens radially.  

 

Here, the piezoelectric is radially polarised and sandwiched between electrodes. A voltage is 

applied to the outer electrode whilst the inner electrode is maintained as a ground. The actual 

axial deformation observed, 𝚫𝚫𝑳𝑳𝒂𝒂𝒅𝒅𝒊𝒊𝒂𝒂𝒂𝒂, can be evaluated as follows: 

 

 𝚫𝚫𝑳𝑳𝒂𝒂𝒅𝒅𝒊𝒊𝒂𝒂𝒂𝒂 =  𝒅𝒅𝟑𝟑𝟏𝟏
𝒂𝒂
𝒕𝒕
𝒅𝒅 (2.44) 

 

Where d31 is the transverse piezoelectric deformation coefficient, 𝒂𝒂 𝒕𝒕�  is the ratio of the tube length 

to the tube thickness and V is the operating voltage. During operation, V is tuned such that a 

constant tip-sample separation is maintained. By virtue of its mounting directly upon the radial 
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face of the piezotube, the tip may be lowered or raised upon transit over topographic features, 

simply by increasing or decreasing the operating voltage applied to the outer electrode. The 

piezotube is therefore fundamental to the operation of the AFM. 

 

2.1 Contact Mode AFM 
 

When it was invented in 1986 (4), the original AFM operated in contact mode. Fig (2-4a) 

demonstrates the probe geometry, as well as a simple schematic representing the feedback 

electronics that allows the AFM to spatially map the topography of a surface. Firstly, contact mode 

relies on a physical distortion of the cantilever as it passes over topographical features during a 

scan. Attractive or repulsive forces arising due to Van der Waals interactions with topographical 

structures on the sample surface, bend the cantilever either upwards or downwards in response. 

This is detected by the laser spot incident upon the reflective cantilever backside. The laser spot 

is then directed into a photodiode which is divided into quadrants, as shown in Fig (2-4b). The 

photodiode “sees” the deflected laser spot and converts its position in the respective quadrant to 

a voltage - if the photodiode edges are at 10 V, the photodiode centre is at 0 V. For a laser spot 

deflected both in the vertical and lateral sense, the voltage becomes a sum of the two components. 

This voltage value is then fed into the feedback electronics. The purpose of the piezotube attached 

to the cantilever body is to extend or retract the cantilever, in order to maintain a fixed, user 

defined deflection setpoint. Generally, in contact mode, the deflection setpoint will be defined as 

a small, positive value. Before the scan starts, the user moves the photodiode such that the laser 

spot is incident at 0 V (the centre of the photodiode). When engaging the tip to scan, a voltage is 

applied to the piezotube to bring about a longitudinal distortion, and thus push the tip towards 

the sample. The AFM will continue to increase the voltage applied to the piezotube until the 

setpoint value is met. If, for example, a setpoint voltage of 1 V is programmed, the photodiode will 

see a small deflection of the laser spot as the tip makes contact with the sample that is sufficient 

to drive the required bending of the cantilever.  
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Figure 2-4 demonstrates a simple contact AFM setup, where the circuit in (a) is comprised of a laser-cantilever-photodiode 
system, designed to provide the deflection signal to the AFM controller and feedback electronics. Feedback electronics 
provide the piezotube with information pertaining to the cantilever height, thus allowing for adjustments to be made to 
ensure that the deflection setpoint is maintained. Despite being referred to as contact mode, the AFM tip resides in the van 
der Waals regime. The laser spot position upon the photodiode, similar to that displayed in (b), is converted to a voltage 
between 0-10V, which is interpreted as a sum of lateral and vertical components. 

 

Once the laser spot is incident at the required setpoint, interactions with the sample will cause 

the laser spot to deflect, however feedback electronics look to regulate the voltage applied to the 

piezotube to ensure the setpoint is maintained. The relationship between applied voltage and 

observed distortion is predetermined through calibration. As a result, this voltage maybe be 

mapped spatially, and has a measureable correlation with the height of the sample at a specific 

point. The final result are topography maps like those shown in Fig (2-5). Here, AFM height maps 

display the tip-sample separation (Z) as the tip scans in the x-direction over ridge-like structures 

in copper chlorine boracite. By consulting with the spatial derivative map (dZ/dx), the user may 

determine the direction the tip was moving as it passed over the feature - if the derivative is 

positive, the tip is moving upwards in Z as it travels positively in x and vice versa.  
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Figure 2-5 are AFM height (left) and dZ/dx, spatial derivative (right) images obtained from copper chlorine boracite. 
Ridge-like features can be seen on both maps. Using height in conjunction with the spatial derivative reveals information 
about the scan direction. 

 

When the scan axis (the direction in which the tip moves) is orthogonal to the long axis of the 

cantilever, a new effect is observed associated with cantilever twisting, arising from frictional 

forces. Care is taken to disentangle flexural bending from torsional twisting by tuning the scan 

angle, nonetheless orthogonal scanning can be useful, where twisting of the cantilever will result 

from lateral motion. Thus, a lateral deflection of the laser spot in the photodiode yields 

information pertaining to the frictional profile of the material. It should be noted at this point, 

that contact mode AFM has considerable drawbacks associated with it. Large deflection setpoints 

produce large loads and contact pressures, and thus changes in the effective contact area, a. 

Assuming an approximately spherical tip, the contact area, a can be calculated by the relation (5): 

 

 𝒂𝒂𝟑𝟑 =  
𝟑𝟑𝑷𝑷𝑹𝑹
𝟒𝟒𝑬𝑬∗

 (2.45) 

 

Where P is the applied load, R is the radius of the tip and E* is the effective Young’s modulus, 

consolidated for the tip-sample system as follows: 

 

 
𝟏𝟏
𝑬𝑬∗

=  
(𝟏𝟏 − 𝒗𝒗𝒕𝒕𝟐𝟐)

𝑬𝑬𝒕𝒕
+

(𝟏𝟏 − 𝒗𝒗𝒔𝒔𝟐𝟐)
𝑬𝑬𝒔𝒔

 (2.46) 
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Here, 𝒗𝒗𝒕𝒕 and 𝑬𝑬𝒕𝒕 are the Poisson ratio and Young’s modulus for the tip, 𝒗𝒗𝒔𝒔 and 𝑬𝑬𝒔𝒔 corresponding 

properties for the sample surface. What is demonstrated by equation (2.45) is an effective contact 

area that is proportional to the third root of the applied load. Thus, at higher setpoints, 

corresponding to larger loads, contact mode loses applicability with regards to true atomic scale 

imaging. Fig (2-6) demonstrates this point, where increased pressures lead to larger 𝜹𝜹 values. 

The contact area, related to 𝜹𝜹 through the relation 𝜹𝜹 =  𝒂𝒂
𝟐𝟐
𝑹𝑹� , thus increases with increasing load. 

In addition to this, at tip-sample separations of just a few angstroms, pressures of 200-500GPa 

have been measured (1). Assuming the studied material to be tungsten, and a tip radius of 10nm, 

this can lead to contact forces of 100-300 nN/atom, considerably in excess of relevant elastic 

constants, and thus both tip and sample damage are highly likely. As a result, it is useful to explore 

non-destructive AFM techniques when examining soft samples, or when optimal spatial 

resolution is required.  

 

 

Figure 2-6 is a diagram representing the contact area of an AFM tip, which may be approximated as a sphere of radius R. 
As downward pressure increases, the value δ increases and thus contact area increases.  

 

2.2 Intermittent Contact and Non-contact AFM 
 

In intermittent contact AFM modes, sometimes referred to as “Tapping mode”, the data 

acquisition mechanism is completely different to the one used whilst in contact. Firstly, the tip is 

brought close to the sample surface, but not close enough for Van der Waals forces to have an 
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appreciable influence on the cantilever whilst at rest. Here, the natural oscillation resonance that 

exists between tip and sample is exploited. Before scans are undertaken, the user tunes the tip, in 

order to identify the frequency at which the resonant frequency is located. To do this, a broad 

sweep width is specified, across which the tip-sample system will be excited through application 

of an AC drive bias to the piezotube, predefined by the user. A peak in the frequency spectra 

indicates the tip-sample resonance (Fig (2-7)), where the oscillating amplitude for a certain fixed 

drive bias is at its maximum. Displayed alongside this is the oscillation phase (Fig (2-7)), defined 

as a shift in relation to the original drive phase, which displays graphically whether the tip sits in 

the attractive or repulsive regime. Here, the deflection setpoint used in contact mode is replaced 

in intermittent contact mode by an amplitude setpoint which is maintained during scanning.  This 

corresponds to the amplitude of the laser spot oscillation, as seen by the photodiode. When above 

the surface (out of the Van der Waals range completely) the excited cantilever oscillates at a 

frequency corresponding to its free resonance. As it is lowered towards the surface, the cantilever 

experiences repulsive forces from topography it couples to, which reduces the amplitude of the 

oscillation until the amplitude setpoint is met. At this point, the AFM begins scanning. In this 

technique, a tip scanning over a surface makes contact with the surface only at the bottom of its 

oscillation. Changes in height are interpreted as a change in either oscillation amplitude and 

phase, or frequency, whilst selectively keeping the other variable fixed. These two scenarios are 

known as amplitude modulated (AM) and frequency modulated (FM) AFM, and will be discussed 

in the next sections. 
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Figure 2-7 displays an AFM tip-sample resonance curve of oscillation amplitude (red) and phase (blue) as a function of 
frequency. Dashed lines indicate the shift of the resonance peaks for attractive and repulsive interactions. Arrows indicate 
the corresponding shift in phase. The oscillation amplitude and phase may serve as a demonstration of the regime in which 
the tip-sample force resides. As the oscillation amplitude increases, and the tip approaches the sample, the force is repulsive 
and vice-versa.  

 

2.2.1 Amplitude Modulation (AM) 

 

Intermittent contact modes of AFM are underpinned by considering the cantilever as a driven 

damped harmonic oscillator (6), under influence of a time-independent external force, 𝑭𝑭𝒕𝒕𝒔𝒔. We 

also assume a small amplitude limit, where  𝑭𝑭𝒕𝒕𝒔𝒔 varies slowly in the limit of the oscillation 

amplitude, A. A result of this is that  𝑭𝑭𝒕𝒕𝒔𝒔 varies linearly in this regime, which is true in the case of 

intermittent contact but not necessarily true for non-contact modes (7). We define a coordinate 

system that describes the time-dependent height, z, of the tip, and thus the tip-sample distance, 

as shown in Fig (2-8), is seen to be d + z, where d is the time-averaged tip-sample separation 

during oscillation. It follows that the tip-sample force is therefore a function of d + z. Due to the 

assumed linearity of  𝑭𝑭𝒕𝒕𝒔𝒔, we are free to model the tip-sample system as a series of springs, 

demonstrated in Fig (2-8), where the top spring (grey) represents the freely oscillating tip, the 

bottom spring (red) represents the tip-sample interaction, with k and k’ the respective spring 

constants. As the spring system is constructed in series, an effective spring constant keff can be 

defined as follows: 
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 𝒌𝒌𝒆𝒆𝒇𝒇𝒇𝒇 =  𝒌𝒌 + 𝒌𝒌′ (2.47) 

 

Here, we assume the condition k’ << k. Another limitation of this model is that k’ is restricted to 

positive values, where the definition of a negative spring constant makes no physical sense as it 

would suggest negative potential energy. As a result, it would be physically incorrect to use this 

model for a tip-sample interaction arising from direct contact, where attractive forces dominate. 

Again, for the case of intermittent contact, the spring model will suffice. We can now define 𝑭𝑭𝒕𝒕𝒔𝒔 

for a tip at rest (z = 0) as: 

 

  𝑭𝑭𝒕𝒕𝒔𝒔 =  − 𝒌𝒌𝒆𝒆𝒇𝒇𝒇𝒇𝚫𝚫𝑳𝑳 (2.48) 

 

Here, 𝚫𝚫𝑳𝑳 is the static deflection of the cantilever.  

 

 

Figure 2-8 is a schematic representation of a cantilever-tip-sample system, where the forces acting upon the tip, arising 
from both the intrinsic force constant of the cantilever body, as well as the tip sample interactions, may be modelled by 
grey and red springs respectively. 

 

Upon application of a sinusoidal excitation at fixed drive frequency (𝝎𝝎𝑫𝑫) and amplitude (𝑨𝑨𝑫𝑫), we 

can formulate an expression for the equation of motion for the cantilever, spring system. 
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 𝝏𝝏𝟐𝟐𝒛𝒛
𝝏𝝏𝒕𝒕𝟐𝟐

+  �
𝒌𝒌𝒆𝒆𝒇𝒇𝒇𝒇
𝒎𝒎

𝟏𝟏
𝑸𝑸𝒄𝒄𝒂𝒂𝒏𝒏𝒕𝒕

𝝏𝝏𝒛𝒛
𝝏𝝏𝒕𝒕

+  
𝒌𝒌𝒆𝒆𝒇𝒇𝒇𝒇
𝒎𝒎

(𝒛𝒛 −  𝒛𝒛𝑫𝑫) = 𝟎𝟎 (2.49) 

 

𝑸𝑸𝒄𝒄𝒂𝒂𝒏𝒏𝒕𝒕 is the quality factor (or Q-factor) of the cantilever and is a numerical value that describes 

either the intrinsic or extrinsic damping of the cantilever (8). Here, z and zD are the tip position 

at rest and whilst under excitation. These can be expressed as follows: 

 

 𝒛𝒛 = 𝑨𝑨𝐜𝐜𝐜𝐜𝐜𝐜(𝝎𝝎𝑫𝑫𝒕𝒕) (2.50) 

 

  𝒛𝒛𝑫𝑫 = 𝑨𝑨𝑫𝑫 𝐜𝐜𝐜𝐜𝐜𝐜(𝝎𝝎𝑫𝑫𝒕𝒕) (2.51) 

 

We can define the resonant frequency of the cantilever as 𝝎𝝎𝟎𝟎 =  �𝒌𝒌 𝒎𝒎� , thus with the addition of 

the tip-sample interaction, this becomes  𝝎𝝎𝟎𝟎
′ =  �

𝒌𝒌𝒆𝒆𝒇𝒇𝒇𝒇
𝒎𝒎� . As such, and relating back to 

expression (2.47), we can state the following: 

 

 𝝎𝝎𝟎𝟎
′ =  �

𝒌𝒌𝒆𝒆𝒇𝒇𝒇𝒇
𝒎𝒎

=  �
𝒌𝒌 + 𝒌𝒌′
𝒎𝒎

=  �
𝒌𝒌
𝒎𝒎�𝟏𝟏 + 

𝒌𝒌′
𝒌𝒌�

=  𝝎𝝎𝟎𝟎�𝟏𝟏+  
𝒌𝒌′
𝒌𝒌

 (2.52) 

 

Again, under the assumption that k’ << k, for small k’, the approximation √𝟏𝟏 + 𝒌𝒌′ = 𝟏𝟏 +  𝒌𝒌′ 𝟐𝟐�  

holds (7). We are therefore able to formulate an expression for the effective tip-sample resonance. 

 

 𝝎𝝎𝟎𝟎
′ ≈  𝝎𝝎𝟎𝟎 �𝟏𝟏 + 

𝒌𝒌′
𝒌𝒌�

 (2.53) 

 

We can therefore describe shifts in the effective resonant frequency by the expression: 

 

 𝚫𝚫𝝎𝝎 =  𝝎𝝎𝟎𝟎
′ −  𝝎𝝎𝟎𝟎 =  𝝎𝝎𝟎𝟎

𝒌𝒌′

𝟐𝟐𝒌𝒌
=  −

𝝎𝝎𝟎𝟎

𝟐𝟐𝒌𝒌
𝝏𝝏𝑭𝑭𝒕𝒕𝒔𝒔
𝝏𝝏𝒛𝒛 �

 𝒛𝒛=𝟎𝟎 (2.54) 
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Which can be related to shifts in the observed oscillation frequency by the expression: 

 

 𝚫𝚫𝒇𝒇 =  
𝝎𝝎𝟎𝟎
′ −  𝝎𝝎𝟎𝟎

𝟐𝟐𝟐𝟐
=  𝒇𝒇𝟎𝟎

𝒌𝒌′

𝟐𝟐𝒌𝒌
=  −

𝒇𝒇𝟎𝟎
𝟐𝟐𝒌𝒌

𝝏𝝏𝑭𝑭𝒕𝒕𝒔𝒔
𝝏𝝏𝒛𝒛 � 𝒛𝒛=𝟎𝟎 (2.55) 

 

The implications of expression (2.55) are clear if we refer back to a Lennard-Jones model. 

Illustrated in Fig (2-2) are the potential, force and force gradient of the tip-sample system plotted 

against tip-sample separation, d. As established, the observed shift in frequency, 𝚫𝚫𝒇𝒇, is directly 

proportional to the negative of the force gradient ∂𝑭𝑭𝒕𝒕𝒔𝒔
∂z

. As a result, positive shifts in the oscillation 

frequency are observed due to negative force gradients. Conversely, negative shifts in the 

oscillation frequency are observed due to positive force gradients. What this means physically, is 

that attractive forces, those arising due to encounters with topographical features raised above 

the surface of the sample, result in positive frequency shifts and vice versa. It should be noted 

here that all of the measurements presented in this thesis related to intermittent contact mode 

use the AM-AFM technique. The FM technique therefore will not be discussed in this thesis.  

 

2.3 Piezoresponse Force Microscopy (PFM) 
 

Piezoresponse force microscopy (PFM) is employed throughout the course of this thesis as the 

primary method for ferroelectric characterisation. It was introduced by Gruverman et al (1998) 

(9) as a non-destructive means of imaging ferroelectric domains down to the nanoscale (≈

𝟏𝟏𝟎𝟎 𝒏𝒏𝒎𝒎), nonetheless it was first experimentally demonstrated by Güthner et al (1992) (10). 

Nowadays, variations on the original technique allow high sensitivity measurements, known as 

high frequency PFM, where the tip-sample system is excited close to free resonance, allowing high 

resolution measurements to be undertaken on weakly responsive samples. Modern PFM systems 

allow for a fully angle-resolved vector map to be constructed, where the local vertical and lateral 

piezoresponse are spatially recorded at a range of angular sample orientations, yielding 

information pertaining to the crystallographic orientation. This is referred to as vector PFM.  
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2.3.1 An Overview of PFM 

 

PFM is a contact mode-based AFM technique. The PFM setup described herein, unless otherwise 

specified, is assumed for all PFM studies within this thesis. As is the case for regular contact mode 

AFM, a laser spot is incident upon the reflective cantilever backside, and a positive deflection 

setpoint is used to force the tip into contact. An AC bias, 𝑼𝑼𝑨𝑨𝑨𝑨, is used to drive an oscillating 

piezoelectric deformation of the crystal, and may be applied to the bottom electrode, hence 

necessitating an electrically grounded tip. Alternatively, 𝑼𝑼𝑨𝑨𝑨𝑨 may be applied to the tip, thus 

necessitating an electrically grounded base.  

 

 

 

Figure 2-9 is a schematic representation of the standard PFM setup, used for ferroelectric characterisation within the 
context this thesis, for measurements whereupon an AC drive bias is applied directly to the PFM probe. Here, the lock-in 
amplifier administers the AC signal and separates the incoming signal to retrieve its component that is coherent with the 
original signal. Lock-in amplifier and sample are referenced to the same ground.  

 

In practice, the piezoelectric distortion exhibited by a ferroelectric material is likely to be small, 

and the associated cantilever deflection similarly small. This necessitates the use of a lock-in 

technique in detecting small signals, making it ideal for PFM. The application of an AC bias 

facilitates an oscillating sample surface due to the converse piezoelectric effect, whilst a lock-in 

amplifier monitors the signal as it is detected at the grounded electrode. As is the case with the 

applied signal, the returning signal comprises two components: amplitude (𝑹𝑹) and phase (𝜣𝜣). 

The value R relates to the magnitude of the incoming piezoresponse signal and manifests as a 

deflection of the laser spot in the photodiode, as described in section (2.1). However, in this case, 

the deflection is a periodic deflection, with a frequency equal to the frequency of the AC drive bias 
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applied. This AC bias, however, also acts as a reference signal for the incoming phase signal. R is 

directly proportional to the magnitude of piezoresponse through the relation: 

 

 𝑹𝑹 ∝  ∆𝒕𝒕𝒋𝒋 =  𝒅𝒅𝒊𝒊𝒋𝒋𝑼𝑼𝒊𝒊 (2.56) 

 

Where ∆𝒕𝒕𝒋𝒋 is the mechanical deformation, 𝒅𝒅𝒊𝒊𝒋𝒋 is the piezoelectric coefficient and 𝑼𝑼𝒊𝒊 the applied 

voltage. The phase signal, 𝜣𝜣, carries information relating the phase of the original signal, 𝑼𝑼𝑨𝑨𝑨𝑨, to 

the new incoming signal. Firstly, similar to the delay we would expect to see in an RC circuit due 

to charging and discharging, we observe a delay on 𝜣𝜣, manifesting as a phase shift, ∆𝜣𝜣, with 

respect to the original signal. Let us consider the example of uniaxial ferroelectrics, where 

polarization lies along a single axis. Fig (2-10a) depicts the case of neighbouring ferroelectric 

domains with a polarization vector oriented in and out of the plane of the sample (↑↓). At rest, no 

piezoelectric deformation is observed, and thus respective signals from the R and 𝜣𝜣 lock-in 

amplifier output channels represent the noise floor of the measurement apparatus. With a 

positive bias applied to the sample, we notice a mechanical deformation of the ↑↓ domains that is 

opposite in sense to one another, shown in Fig (2-10a). When the sense of the bias is inverted, 

the respective sense of the mechanical deformation upon the ↑↓ domains can be seen to invert. 

This is behaviour that is consistent with equation (2.56). Upon application of  𝑼𝑼𝑨𝑨𝑨𝑨, what is 

observed is a mechanical deformation of ↑ and ↓ domains with approximately equal magnitude, 

R, and a phase separation, 𝜣𝜣, of 180o. The example outlined in Fig (2-10) is a simple case where 

polarization is assumed to be perfectly in and out of the plane of the sample. In reality, even with 

a small incline angle of the polar vector, 𝝓𝝓, the lock-in amplifier output channel, 𝜣𝜣, is essentially 

a binary output and will only read out values with a separation of 180o (14), as shown in Fig 

(2-10b). The R value actually represents �𝒅𝒅𝒊𝒊𝒋𝒋 𝐜𝐜𝐜𝐜𝐜𝐜𝝓𝝓�, however a third channel, known as the 

amplitude channel and denoted as X, provides an output signal that represents 𝒅𝒅𝒊𝒊𝒋𝒋 𝐜𝐜𝐜𝐜𝐜𝐜𝝓𝝓, 

whereupon the angle 𝝓𝝓 is now accessible and may be de-convoluted from the incoming signal. 

Notice the Ising-like character, revealed in the amplitude channel (Fig (2-10c)), which 

demonstrates weakly piezoelectric domain walls separating the two ferroelectric domains. The 

phase and amplitude signals comprise all of the necessary information with which to fully 

characterise the polarization vector and its piezoelectric response. In order to fully understand 

how this signal is obtained, a rigorous analysis of the operation of lock-in amplifiers is necessary. 

 



Atomic Force Microscopy (AFM) 

59 
 

 

Figure 2-10 displays the deformation of adjacent out-of-plane polarized domains (a) when subject to an AC bias, applied 
to an AFM probe. The schematic demonstrates an alternating compression and extension of the neighbouring domains, 
90o out of phase with one another. Vertical PFM phase (b) conducted upon lithium niobate possessing out-of-plane 
polarization, demonstrate a binary phase signal and a phase separation of 90o. Vertical PFM amplitude (c) demonstrates 
a signal that is maximised on ferroelectric domains and minimised at the domain wall, derived from the Ising-like 
character.  

 

2.3.2 Lock-in Amplifiers 

 

The real strength of lock-in amplifiers (LIA) that is exploited in the context of PFM is the ability 

to separate small input signals from noise, if indeed the frequency and phase of the input signal 

is well-defined. In a nutshell, the process performed by the LIA to achieve this can be represented 

by Fig (2-11) below.  

 

  

Figure 2-11 is a circuit diagram that demonstrates the operation of a lock-in amplifier. The two input branches comprise 
the original signal and a reference signal, whose phase is shifted until it matches the original signal. The lock-in amplifier 
is useful in separating small input signals from unwanted noise, which will be low in frequency compared with that of the 
demodulated signal. Low pass filters allow the demodulated signal to pass, whilst removing noise.  

 

Firstly, the applied AC signal - in the case of PFM the AC bias applied to the ferroelectric to excite 

a piezoresponse - is routed from the AFM detection hardware into the LIA input, along with a 

reference signal expected to have identical frequency (ω) and phase, demonstrated by Fig 
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(2-12a). The phase shifter alters the phase of the reference signal to correct for any phase shift 

in the original signal that may have been introduced during the experiment. The signals are now 

mixed (or demodulated) by multiplying them together. The coherent components of the signal 

with identical frequency and phase will constructively interfere, thus yielding a signal with twice 

the frequency (2ω) of the original signal. After being passed through a low pass filter, the 2ω 

component is removed and a DC signal with a mean level that is positive is extracted, as shown in 

Fig (2-12b). For comparison, where the original and reference signals are incoherent (Fig 

(2-12c)), the demodulated signal is subject to destructive interference, and thus the final DC 

output signal, after being processed by the low pass filter, has a mean value that is equal to zero. 

This is the scenario represented by Fig (2-12d).  

 

 

Figure 2-12 displays input and reference signals for coherent (a) and incoherent (c) cases. Alongside, the corresponding 
demodulator (signal after mixing) and low-pass filter outputs are shown, once again for the coherent (c) and incoherent 
(d) cases.  For coherent signals, constructive interference gives rise to a demodulator output with a mean value that is 
positive in value. For incoherent signals, the mean demodulator value is zero. Figs (a-d) taken from Ref (12) 
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This process is called a single-phase process. The process used by lock-in amplifiers for PFM, on 

the other hand, is predominantly a dual phase process. Here, a second reference signal, phase-

shifted by 90o, is passed through a second detector and demodulated, again with the original 

signal. As a result, the LIA output comprises two signals, commonly labelled as X and Y. In a way, 

the beauty of the dual phase technique is that, when the output signal from one of the detectors 

diminishes as the original signal goes out of phase with the reference, the output signal from the 

second detector, by virtue of it possessing a 90o phase shift, will increase. As a result, the vector 

representing the signal magnitude (R) remains constant and may be defined as 𝑹𝑹 =  �𝑿𝑿𝟐𝟐 + 𝒀𝒀𝟐𝟐. 

The phase-sensitive detector (PSD), therefore, whose main role is to rectify the input and 

reference signals (13) through demodulation and low pass filtering, is the key component of a 

LIA. Generally, in the case of PFM, the phase shift between incoming signals is known, and 

therefore input and reference signals should always be coherent. In more modern systems, this 

phase shift can be optimised by iterative tuning to maximise the output signal from the LIA (14). 

The real power of the LIA, driven by phase-sensitive detection, is the ability to remove all sources 

of noise, both through multiplication and filtration (15). It is a feature of the PSD that if no 

consistent phase (and thus frequency) relationship exists between signal and noise, the process 

of mixing through multiplication yields unsteady noise signals, thus removing them (13).  

 

2.3.3 Vertical PFM (VPFM) and Lateral PFM (LPFM) 

 

For PFM, coupling between the metallic tip and grounded sample (or grounded tip and biased 

sample) yields a periodic deflection at a frequency equal to the applied AC bias, the amplitude (X) 

and phase (𝜣𝜣) of which provides information on the piezoresponse of the sample under test. The 

two senses of cantilever feedback, illustrated in Fig (2-13) from side profile and axial viewpoints, 

both come into play for the purpose of PFM; flexural bending of the cantilever detects vertical 

components of the piezoresponse, whilst torsional twisting detects lateral components of the 

piezoresponse. Here, the effective position of the laser spot incident in the photodiode, are 

displayed, corresponding to the two modes of deflection. 
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Figure 2-13 demonstrates cantilever deflection and its role in providing feedback for AFM. Side profile and axial views are 
provided for cantilever flexure, sensitive to vertical forces, and torsion, sensitive to lateral forces. The laser spot positions 
that correspond to both cantilever deflection modes are also illustrated.  

 

Returning to the photodiode picture, where the four photodiode quadrants can be nominally 

labelled A, B, C, and D, shown in Fig (2-13), vertical and lateral deflections of the cantilever may 

be quantified by relative displacements of the laser spot incident on the photodiode as follows: 

 

 𝒅𝒅𝒆𝒆𝒓𝒓𝒕𝒕𝒊𝒊𝒄𝒄𝒂𝒂𝒂𝒂 =  
(𝑨𝑨 +𝑩𝑩 ) −  (𝑨𝑨 + 𝑫𝑫)
𝑨𝑨 + 𝑩𝑩 + 𝑨𝑨 + 𝑫𝑫

 (2.57) 

   

 𝑳𝑳𝒂𝒂𝒕𝒕𝒆𝒆𝒓𝒓𝒂𝒂𝒂𝒂 =  
(𝑩𝑩 + 𝑫𝑫 ) −  (𝑨𝑨 + 𝑨𝑨)
𝑨𝑨 + 𝑩𝑩 + 𝑨𝑨 +𝑫𝑫

 (2.58) 

 

Although detection of cantilever deflection might appear to be trivial, especially in modern AFM 

systems, problems arise when attempting to de-convolute the various contributions to the 
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cantilever response. PFM necessitates a metallic (or metal coated) probe, which gives rise to 

capacitive forces between tip and sample (16) that must be separated from the electromechanical 

response arising due to the converse piezoelectric effect. Non-local electrostatic effects may also 

contribute to the observed cantilever dynamics, along with Coulombic interactions (17). The net 

force upon the tip can therefore be approximated as a summation of the individual contributions 

as follows: 

 

 𝑭𝑭𝒏𝒏𝒆𝒆𝒕𝒕 = 𝑭𝑭𝒄𝒄𝒂𝒂𝒄𝒄 + 𝑭𝑭𝒄𝒄𝒄𝒄𝒄𝒄 +  𝑭𝑭𝒏𝒏𝒂𝒂 +  𝑭𝑭𝒄𝒄𝒊𝒊𝒆𝒆𝒛𝒛𝒄𝒄 (2.59) 

 

Here, the capacitive, Coulombic, non-localised electrostatic and electromechanical forces are 

represented by 𝑭𝑭𝒄𝒄𝒂𝒂𝒄𝒄, 𝑭𝑭𝒄𝒄𝒄𝒄𝒄𝒄, 𝑭𝑭𝒏𝒏𝒂𝒂 and  𝑭𝑭𝒄𝒄𝒊𝒊𝒆𝒆𝒛𝒛𝒄𝒄. Firstly, capacitive forces between tip and sample can 

be determined as the derivative of the capacitive energy, Wcap = V2C/2, with respect to the tip-

sample separation, z. 

 

 𝑭𝑭𝒄𝒄𝒂𝒂𝒄𝒄 =  
𝒅𝒅𝑾𝑾𝒄𝒄𝒂𝒂𝒄𝒄

𝒅𝒅𝒛𝒛
=  
𝟏𝟏
𝟐𝟐

 𝒅𝒅𝟐𝟐
𝒅𝒅𝑨𝑨
𝒅𝒅𝒛𝒛

 (2.60) 

 

Non-localised forces may also contribute a capacitive term towards equation (2.59). However, 

these effects come into play more prominently when ferroelectric domain size is small compared 

with the length of the cantilever body (18). The origin for this added term was considered by 

Prume et al (2002) (19), where an expression for Fnl was derived, accounting for cantilever 

geometry. 

 

 𝑭𝑭𝒏𝒏𝒂𝒂 =  
𝟏𝟏
𝟐𝟐

 𝒅𝒅𝟐𝟐
𝒅𝒅𝑨𝑨𝒄𝒄𝒂𝒂𝒏𝒏𝒕𝒕
𝒅𝒅𝒛𝒛

=  
𝟏𝟏
𝟐𝟐

 𝒅𝒅𝟐𝟐
𝝐𝝐𝟎𝟎𝒅𝒅𝒄𝒄
𝐭𝐭𝐭𝐭𝐧𝐧𝜶𝜶

 �
𝟏𝟏
𝒛𝒛
−

𝟏𝟏
𝑳𝑳𝒄𝒄 𝐭𝐭𝐭𝐭𝐧𝐧𝜶𝜶 + 𝒛𝒛

� (2.61) 

 

Where dc and Lc are the width and length of the cantilever and α is the angle the cantilever makes 

with the sample surface. Capacitive forces introduce a DC offset, Vdc, that is felt by the cantilever. 

The effective voltage bias now applied to the tip, V, takes the form: 

 

 𝒅𝒅 =  𝒅𝒅𝒅𝒅𝒄𝒄 + 𝒅𝒅𝝎𝝎 𝐜𝐜𝐜𝐜𝐜𝐜𝝎𝝎𝒕𝒕 (2.62) 
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As Hong et al (2002) (16) demonstrated, this parasitic bias term can manifest as an added DC 

component in the piezoresponse. In practice, the forces calculated using equation (2.61) for 

cantilevers with standard geometries (those used throughout this thesis) are very small and thus 

generally neglected, otherwise the constant offset can be subtracted in post-analysis. The 

Coulombic term in equation (2.59) is simple by comparison and accounts for the force arising 

between the metallic tip and charged sample surface. In most cases, Fcou constitutes a very small 

contribution to expression (2.59), due to screening effects of ambient charge neutralising stray 

fields. Also, in the context of this work, most samples considered are in-plane polarised, thus 

yielding minimal surface charge to begin with. For these reasons, Fcou can be neglected for the 

most part.  

 

Finally, we consider electromechanical forces associated with the converse piezoelectric 

distortion. For an out-of-plane polarized sample, illustrated in Fig (2-14), the ferroelectric sample 

will experience a z-axis oriented distortion, 𝚫𝚫𝐝𝐝, yielding a flexural deflection of the cantilever. 

This can be expressed as: 

 

  𝚫𝚫𝐝𝐝 =  𝒅𝒅𝟑𝟑𝟑𝟑𝒅𝒅 + 𝑴𝑴𝟑𝟑𝟑𝟑𝟑𝟑
𝒕𝒕
𝒅𝒅𝒅𝒅𝒄𝒄𝒅𝒅𝝎𝝎 (2.63) 

  

Here, t is the sample thickness and M333 is the electrostrictive constant. A distortion of the 𝒅𝒅𝟑𝟑𝟑𝟑 

component of the piezoelectric coefficient results in a corresponding distortion of the 𝒅𝒅𝟑𝟑𝟏𝟏 

component to compensate. The physical manifestation of this is either an extension or contraction 

of the primitive unit cell along the z-axis, and the contrary operation along the x and y-axes. 

Equation (2.63) can be used to formulate the effective force acting upon the tip from this 

piezoelectric distortion. 

 

 𝑭𝑭𝒄𝒄𝒊𝒊𝒆𝒆𝒛𝒛𝒄𝒄 =  (𝒌𝒌𝚫𝚫𝒅𝒅)𝒔𝒔𝒊𝒊𝒏𝒏𝝎𝝎𝒕𝒕 (2.64) 

 

Where k is the spring constant of the cantilever and the sinusoidal term describes the transition 

between attractive and repulsive regimes, as the distortion of the 𝒅𝒅𝟑𝟑𝟑𝟑 component of the 

piezoelectric coefficient describes an extension or a contraction. In the context of ferroelectric 

samples where the polarization vector lies out of the plane of the sample, the extension and 

contraction observed from a domain polarized in an upwards (+z) direction, will be 180o out of 
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phase with that observed from a domain polarized in a downwards (-z) direction, as depicted in 

Figs (2-14a) & (2-14b). This technique, where the PFM is sensitive to z-axis oriented 

piezoelectric distortions, is known as vertical PFM (VPFM). Conversely, for in-plane polarized 

samples, the application of a similar voltage bias causes a tilting of the unit cell, as demonstrated 

by Figs (2-14c) & (2-14d), driven via the d15 component of the piezoelectric coefficient. Adhesive 

forces between tip and sample, along with a shifting of the sample surface either in the +x (-x) 

direction, causes an anti-clockwise (clockwise) twisting of the cantilever, and a deflection of the 

laser spot in the photodiode with corresponding direction. Once again, domains polarized in the 

+x or –x directions will exhibit distortions with a sense of shearing that is 180o out of phase with 

one another. This technique, where the PFM is now sensitive to shearing distortions in the plane 

of the sample, is known as lateral PFM (LPFM). Fig (2-14e) demonstrates the case where 

polarization is neither fully in-plane nor out-of-plane, and rather combines components of each. 

What is observed here are distortions of the unit cell that combine both cases outlined above. The 

deflection of the laser spot that is observed in the photodiode therefore arises as a result of flexure 

and torsion of the cantilever. In these cases, a combination of VPFM and LPFM is required to fully 

resolve the polarization vector into its vertical and lateral components. This process is called 

vector PFM.  
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Figure 2-14 displays the piezoelectric distortion in ferroelectric materials with out-of-plane (a & b), in-plane (c & d) and 
mixed (e) polarization directions. In all instances the bottom electrode is grounded and the AC driving bias is applied 
directly to the PFM tip. The schematic representation of the tip demonstrates the deflection of the cantilever, and the 
corresponding deflection of the laser spot in the photodiode. Image adapted from Ref (17). 

 

2.4 Conductive AFM (CAFM) 
 

Conductive AFM (CAFM) is a contact mode-based technique, used as a means of measuring the 

current flowing from a sample to the tip as a function of spatial position. Here, a conductive probe, 
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or at least a probe with a conductive coating, makes contact with the sample, where either a 

difference in work function, ψ, or an electrostatic potential between tip and sample, drives the 

measured response. To a good approximation, CAFM (as with any contact-based mode) is 

constant force technique, where topographic signal is based on tip-sample interaction forces and 

sample conductivity should be a negligible factor. In reality, the force exerted by the tip on the 

surface is unlikely to be strictly constant, as it is for intermittent mode. A fixed deflection setpoint 

means that the tip experiences a constant bend, however as the tip becomes mechanically 

fatigued through successive scans, the force constant of the tip is likely to decrease. For soft 

samples, a deflection setpoint that is too high might cause damage to alter the topography of the 

sample under test. For hard samples, the opposite is true, and the sample can inflict damage on 

the tip. Both of these scenarios may effectively alter the contact area between the tip and sample, 

thus changing the electrical contact. It should be mentioned that, for experiments undertaken 

within the context of this thesis, two different CAFM systems were used. The first is a system 

manufactured by Bruker (20) for use on highly electrically resistive samples, called Tunneling 

AFM (abbreviated as TUNA). The simplified circuit involved in measurement of current using the 

TUNA module is demonstrated by Fig (2-15). Here, the CAFM tip is electrically grounded, whilst 

a voltage bias may be applied to a conducting electrode, either on the base of the sample, or 

applied laterally. The second system used for CAFM measurements was the ORCA system, 

supplied by Asylum Research (21). For the most part, setup requirements for ORCA and TUNA, 

both of which are transimpedance amplifiers that convert the detected current into a voltage (22), 

are identical. Once again, the CAFM tip is electrically grounded and a voltage bias is applied to the 

base.  
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Figure 2-15 is a simple schematic of the circuitry involved in conductive AFM (CAFM) measurements, both for the TUNA 
and ORCA platforms, illustrated above. Inclusion of the TUNA and ORCA attachments is interchangeable in the circuit 
diagram, as both systems require an electrically grounded tip which reads current, whilst a bottom electrode is voltage-
biased to provide the potential gradient required to drive charge between source and drain. 

 

It is necessary, when considering currents that are detected in CAFM mode, to deduce the possible 

origins for resistance in the system. When the conducting tip is brought into physical contact 

during scanning, the final current density may be modelled by a system of resistors in series, 

illustrated in Fig (2-16). This can be described as follows: 

 

 𝑹𝑹 =  𝑹𝑹𝒕𝒕𝒊𝒊𝒄𝒄−𝒔𝒔𝒂𝒂𝒎𝒎𝒄𝒄𝒂𝒂𝒆𝒆 +  𝑹𝑹𝒊𝒊𝒏𝒏𝒔𝒔𝒕𝒕 +  𝑹𝑹𝒕𝒕𝒊𝒊𝒄𝒄 +  𝑹𝑹𝒔𝒔𝒄𝒄𝒓𝒓𝒇𝒇 +  𝑹𝑹𝒔𝒔𝒂𝒂𝒎𝒎𝒄𝒄𝒂𝒂𝒆𝒆 (2.65) 

 

Where 𝑹𝑹𝒊𝒊𝒏𝒏𝒔𝒔𝒕𝒕  represents the resistance of the measurement device,  𝑹𝑹𝒕𝒕𝒊𝒊𝒄𝒄 is the resistance of the 

individual probe, 𝑹𝑹𝒔𝒔𝒄𝒄𝒓𝒓𝒇𝒇 is the surface resistance and 𝑹𝑹𝒔𝒔𝒂𝒂𝒎𝒎𝒄𝒄𝒂𝒂𝒆𝒆 is the resistance of the material 

under study. To simplify the situation, both 𝑹𝑹𝒊𝒊𝒏𝒏𝒔𝒔𝒕𝒕  and 𝑹𝑹𝒕𝒕𝒊𝒊𝒄𝒄 should be constant (or at least 

approximately) values, thus supplying a constant current offset. In reality, the documentation of 

the measurement device should provide a tolerance for the uncertainty of the instrument 

resistance, and the relative resistances of CAFM tips will vary from probe to probe. Probe 

suppliers also provide a tolerance for the uncertainty in the resistance within the supplied batch.  
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Figure 2-16 is a schematic depicting the network of series resistors that may be used to describe a CAFM circuit. 
Contributions from the tip (Rtip), instrumentation (Rinst), surface (Rsurface), sample (Rsample) and tip-sample interactions 
(Rtip-sample) must all be considered. 

 

In practice, it is difficult to disentangle resistances associated with the sample surface and the 

bulk material, nonetheless perhaps the most difficult component to isolate is 𝑹𝑹𝒕𝒕𝒊𝒊𝒄𝒄−𝒔𝒔𝒂𝒂𝒎𝒎𝒄𝒄𝒂𝒂𝒆𝒆. Here, 

we consider the contribution to the total resistance originating from the tip-sample contact. In 

the context of this thesis, metal-metal contacts are rarely encountered, and only metal-

semiconductor junctions will be regarded. Due to the nature of the contact formed, associated 

currents will generally be Schottky-limited, characterised by a current that scales exponentially 

with the applied voltage bias. The band diagrams for the formation of Schottky diodes in the case 

of n-type and p-type semiconductor-metal junctions are displayed in Figs (2-17a) & (2-17b). 

Here, respective upwards and downwards bending of valence and conduction band occurs when 

Fermi levels (EF) of the metal and semiconductor equilibrate upon formation of a junction.  This 

gives rise to potential barriers (Φb(n/p)0) that impede the transport of charge across the junction.  
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Figure 2-17 illustrates the band structures of metals and semiconductors, both n-type (a) and p-type (c), and the junctions 
that form when they are brought together (b & d). Once the junction is formed, charge transfer between metal and 
semiconductor occurs until Fermi levels (EF) equilibrate. For the metal-n-type junction (b), valence and conduction bands 
bend upwards, resulting in a potential barrier (Фbn0) that prevents electrons from moving across. For the metal-p-type 
case (d), valence and conduction bands instead bend downwards, giving rise to a potential barrier (Фpn0) that prevents 
holes from moving across. 

 

The Schockley diode equation, which describes the current driven through the Schottky diode 

formed at such a junction, can be written in the general form: 

 

 𝑰𝑰(𝒅𝒅𝑫𝑫) =  𝑰𝑰𝟎𝟎 �𝒆𝒆
𝒅𝒅𝑫𝑫
𝒏𝒏𝒅𝒅𝑻𝑻 − 𝟏𝟏� (2.66) 

    

Where I0 is the current arriving at the junction, VD is the voltage across the diode, VT is the 

thermionic voltage and n is the emission coefficient. Calculated as a resistance, equation (2.66) 

becomes: 

 

 
𝑹𝑹𝒕𝒕𝒊𝒊𝒄𝒄−𝒔𝒔𝒂𝒂𝒎𝒎𝒄𝒄𝒂𝒂𝒆𝒆(𝒅𝒅𝑫𝑫) =  

𝒅𝒅𝑫𝑫

𝑰𝑰𝟎𝟎 �𝒆𝒆
𝒅𝒅𝑫𝑫
𝒏𝒏𝒅𝒅𝑻𝑻 − 𝟏𝟏�

 
(2.67) 

 

This expression enters into equation (2.65), forcing the total measured current to adopt non-

Ohmic character. This, combined with natural tip degradation caused by successive scanning, 

limits the use of CAFM as a purely quantitative technique. This being said, the application of CAFM 

for the observation of conducting domain walls in ferroelectrics has contributed significantly to 

the fertility of the field. This, in part, is due to the ability to make comparative statements about 
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the resistance of different regions within the CAFM scan window. An example of this is displayed 

in Fig (2-18). Here, conducting signal, shown in the CAFM map in Fig (2-18a), is detected at some 

domain walls. Whilst at other domain walls, the measured signal is significantly less than the 

signal that is measured in the bulk material. The ferroelectric domain map in Fig (2-18b) 

indicates the position of domain walls and the orientation of polar axes. Alternative techniques 

for measuring domain wall currents rely on large electrodes contacting multiple walls – a method 

that carries with it the conundrum of Schottky barrier formation also. A method that allows direct 

measurement of conducting structures has allowed the field to flourish, where CAFM allows 

comparative studies on different types of conducting domain walls across ferroelectric systems. 

It is a technique that is quick and easy to set up and is used as the main technique for electrical 

characterisation throughout this thesis.  

 

 

Figure 2-18 shows a CAFM map (a) and an accompanying domain map (b) in YbMnO3. Conduction is observed at some 
domain walls (tail-to-tail) whilst resistive signal is observed at others (head-to-head). Fig sampled from Ref (21). 

 

2.5 Electrostatic Force Microscopy (EFM) and Kelvin Probe Force 

Microscopy (KPFM) 
 

Electrostatic force microscopy (EFM) is the one of two techniques to be presented in this thesis 

designed to exploit the electrostatic potential that arises between a sample surface and metallic 

probe. The technique allows for information pertaining to the electric field profile of the sample 

under test to be acquired. It should be noted that for the most part, Kelvin probe force microscopy 

(KPFM) is the favoured technique, nonetheless, to understand its selection, it is important to 

introduce and discuss EFM also.  
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The Kelvin Probe was conceived over a century ago by Sir William Thomson (1898) (24), later to 

become Lord Kelvin, who discovered that an electric potential is generated when two electrical 

conductors are brought into contact. EFM & KPFM generally operate as two pass techniques. In 

the first pass, the cantilever is mechanically oscillated in intermittent contact mode. In this pass, 

a topographical trace is acquired, and the data is saved to be referenced in the second pass. Before 

the second pass is undertaken, the cantilever is lifted to a height above the sample surface that is 

pre-programmed by the user in order to optimise signal strength, whilst maintaining a constant 

tip-sample separation that is high enough to avoid cross talk with topographical features and 

debris that could potentially inflict tip damage. During the second pass the cantilever is 

electrostatically oscillated at its free resonance frequency, and contact potential difference (CPD) 

is measured. It should be mentioned here that the definition of CPD is an industry standard and 

also a misnomer. In fact, the KPFM probe is not actually in contact and therefore we will redefine 

this, for the sake of clarity, as tip-sample potential difference (TPD). The mechanism for the 

electrostatic force between cantilever and sample arises due to differences in Fermi levels, 

making the two techniques sensitive also to differences in work function. It is for this reason that 

they must be undertaken out of contact, thus restricting the flow of current that would align the 

respective Fermi levels and eradicate the electrostatic interaction that drives the technique. 

 

EFM & KPFM rely on the same fundamental physics and allow for an examination of the spatially 

resolved TPD, where a scanning probe tip is electrostatically oscillated through the application of 

simultaneous AC and DC biases. The resulting electrostatic potential between the scanning probe 

tip and sample is therefore oscillatory and can be expressed as the following: 

 

 𝑼𝑼(𝑻𝑻) =  𝒅𝒅𝑨𝑨𝑷𝑷𝑫𝑫 + 𝒅𝒅𝑨𝑨𝑨𝑨 𝐜𝐜𝐬𝐬𝐧𝐧𝝎𝝎𝒕𝒕 − 𝒅𝒅𝑫𝑫𝑨𝑨 (2.68) 

 

The electric force, F(z), for the tip-sample system is simply the integral of the electrostatic 

potential, multiplied by the capacitance gradient, 𝝏𝝏𝑨𝑨
𝝏𝝏𝒛𝒛

. 

  

  𝑭𝑭(𝒛𝒛) =  
𝟏𝟏
𝟐𝟐
𝝏𝝏𝑨𝑨
𝝏𝝏𝒛𝒛

𝑼𝑼(𝑻𝑻)𝟐𝟐 =  −
𝟏𝟏
𝟐𝟐
𝝏𝝏𝑨𝑨
𝝏𝝏𝒛𝒛

(𝒅𝒅𝑨𝑨𝑷𝑷𝑫𝑫 + 𝒅𝒅𝑨𝑨𝑨𝑨 𝐜𝐜𝐬𝐬𝐧𝐧𝝎𝝎𝒕𝒕 − 𝒅𝒅𝑫𝑫𝑨𝑨)𝟐𝟐 (2.69) 

 



Atomic Force Microscopy (AFM) 

73 
 

 

Where C is the tip-sample capacitance, z is the height above the sample surface and ω is the AC 

angular oscillation frequency. Considering the square of the net voltage on the right-hand side of 

equation (2.69), we resolve the expression into its spectral components, one of which is static, 

the others are periodic and oscillate at 1ω and 2ω respectively. The three components are defined 

as follows. 

 

 𝑭𝑭(𝒛𝒛)|𝟎𝟎𝝎𝝎 = −
𝟏𝟏
𝟐𝟐
𝝏𝝏𝑨𝑨
𝝏𝝏𝒛𝒛 �

(𝒅𝒅𝑨𝑨𝑷𝑷𝑫𝑫 − 𝒅𝒅𝑫𝑫𝑨𝑨)𝟐𝟐 + 𝒅𝒅𝑨𝑨𝑨𝑨𝟐𝟐 𝟒𝟒⁄ � (2.70) 

 

 𝑭𝑭(𝒛𝒛)|𝟏𝟏𝝎𝝎 = −
𝝏𝝏𝑨𝑨
𝝏𝝏𝒛𝒛

(𝒅𝒅𝑨𝑨𝑷𝑷𝑫𝑫 − 𝒅𝒅𝑫𝑫𝑨𝑨) ∙ 𝒅𝒅𝑨𝑨𝑨𝑨 𝐜𝐜𝐬𝐬𝐧𝐧𝝎𝝎𝒕𝒕 (2.71) 

 

 𝑭𝑭(𝒛𝒛)|𝟐𝟐𝝎𝝎 =
𝟏𝟏
𝟒𝟒
𝝏𝝏𝑨𝑨
𝝏𝝏𝒛𝒛

(𝒅𝒅𝑨𝑨𝑨𝑨𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐𝝎𝝎𝒕𝒕) (2.72) 

 

It is at this point that EFM and KPFM deviate from one another. For the case of EFM, the value 

measured in equation (2.71) is mapped point-by-point, yielding an image that displays the 1ω 

component of the force gradient. It is therefore evident that EFM constitutes a qualitative 

description of the surface potential, where any attempt to solve equation (2.71) for VCPD through 

integration would yield an unknown constant. It is clear however, that when the equality 𝒅𝒅𝑨𝑨𝑷𝑷𝑫𝑫  =

 𝒅𝒅𝑫𝑫𝑨𝑨  is satisfied, the oscillation at the frequency 1ω will effectively be nullified. The VDC value 

required to nullify the 1ω component of the force is thus continuously monitored using a 

feedback loop, and spatially recorded at each scan point to produce a map of the true surface 

potential of the region under test. This method is referred to as KPFM and constitutes a 

quantitative measure of the absolute surface potential beneath the AFM tip. It is true that the 

dependence of EFM upon force gradients, as opposed to directly upon forces as in the case for 

KPFM, gives rise to slightly higher measurement sensitivities. This may be rationalised by the fact 

that the value dF/dz is greatest at the tip. Thus, it is the force gradient at the tip that dominates. 

Conversely, in KPFM the whole cantilever contributes to the measured signal and thus a degree 

of spatial resolution is lost (25). The application of VDC whilst in KPFM mode also contributes 

added uncertainty to results. However, it is the quantitative nature of the KPFM technique that 

has dictated its selection in the context of this thesis. 
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Analogous to its AFM counterpart, KPFM may be undertaken with either amplitude or frequency 

modulation. Once again, the AM case is sensitive to forces, and the FM case to force gradients. AM 

KPFM therefore provides the preferable option with regards to its quantitative scope. It should 

be noted that FM KPFM provides greater spatial resolution. This can be understood by 

considering the case of an identical cantilever scanned in both AM and FM KPFM modes at a lift 

height of 15nm. Taking the 𝑭𝑭(𝒛𝒛)|𝟏𝟏𝝎𝝎 term and assuming a capacitance of the form 𝑨𝑨 =  𝑨𝑨𝜺𝜺𝟎𝟎 𝒛𝒛� , 

where A is a surface area term and 𝜺𝜺𝟎𝟎 is the permittivity of free space, we may estimate the tip 

and cantilever contributions to the total force. Incorporating the dimensions of the PPP-EFM 

Nanosensor probes used throughout the course of this study, we find that 40% of the signal 

contribution may be attributed to the tip in AM mode, compared with 99% of the signal in FM 

mode. The remaining proportions may be attributed to cantilever-sample interactions, meaning 

a spatial resolution that is considerably reduced in the AM case. This becomes problematic when 

the scale of the features being measured drops below the width of the cantilever body. Thus, a 

reduced lift height must be used to increase the tip-sample contribution to the electrostatic 

interaction. 

 

2.5.1 Kelvin Probe Force Microscopy in Semiconductors & Ferroelectrics 

The original Kelvin probe technique developed by Lord Kelvin, considered an experimental setup 

where metallic capacitor plates were the elements sensitive to electric potential. For KPFM work 

undertaken on semiconducting samples, the cantilever and tip are either metallic or metal coated, 

and the presence of space charge regions within the semiconductor (26), as well as tip-sample 

interactions (27) and surface defect states (28,29), may cause surface band bending which can 

affect the local measured work function. Changes in work function associated with super-

bandgap illumination have also been observed for various semiconducting photovoltaics (30). 

Since KPFM is sensitive to material work function, it is important to explore the theoretical basis 

of the technique and thus validate the use of KPFM on semiconducting samples.  

 

As discussed in relation to the enhancement of electrical conductivity at charged domain walls, 

the formation of space charge regions which can occur at interfaces, grain boundaries and regions 

with large defect densities, can also result in the enhancement of local electrical conductivity. In 

ferroelectric materials, polar discontinuities give rise to charge accumulation/depletion in 

accordance with Gauss’ law, and discontinuities in the local free energy breaks charge neutrality 

due to the movement of free charge to facilitate screening (31). The charge clouds that result have 
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a characteristic radius on the order of the Debye screening length (32), which is expressed as 

follows, in relation to temperature (T), dielectric constant (ε) and the net density of dopants (ND): 

 

 𝑳𝑳𝑫𝑫 =  �
𝜺𝜺𝒌𝒌𝑩𝑩𝑻𝑻
𝒒𝒒𝟐𝟐𝑵𝑵𝑫𝑫

 (2.73) 

 

In undoped or highly electrically resistive samples, LD can be large enough to allow direct 

visualisation of single vacancy defect states using atomic resolution KPFM, as shown in Fig (2-19). 

Here, Figs (2-19a) & (2-19b) display respective topography and KPFM potential for a Si(111) 

sample, where the defect state can clearly be seen as a bright patch in the electric potential. In 

practice, atomic resolution is generally only achievable in high vacuum (27), where background 

noise is minimised. As we already know, charged domain walls arise where a component normal 

to the domain wall aligns with the polar axis. Here, accumulation of space charge leads to local 

enhancements in the charge density manifesting as domain wall conductivity (33,34). Similar to 

this, crystal surfaces with an out-of-plane polar component can be subject to charge 

accumulation/depletion and subsequent screening that can lead to the formation of space charge 

regions. In this case, screening can occur across the entire polar surface, thus leading to global 

accumulation/depletion regions (35,36), band bending and deviations in work function away 

from the bulk state, thus calling the validity of any measurements of the electrostatic potential 

conducted on the polar surface into question. Fortunately, crystal samples used in KPFM 

experiments throughout the duration of this thesis possess an in-plane polar axis, thus the 

formation of space charge regions should be limited to the existence of defect clusters.  

 

 

 



Atomic Force Microscopy (AFM) 

76 
 

 

Figure 2-19 are topography (a) and KPFM potential (b) maps of Si(111), displaying atomic spatial resolution. Here, defects 
can be seen as bright patches in the potential that are absent in the topography maps. Images adapted from Ref (34). 

 

Various ferroelectric materials have also shown to be fairly strong photovoltaics. Bismuth ferrite 

has been studied perhaps most prominently for the generation of photovoltages in response to 

super-bandgap illumination (38–40), along with the rare-earth manganites (41) and the 

organometallic halide perovskite methylammonium lead triiodide (42), which has also been 

shown to demonstrate domain wall conduction (43). In general, KPFM data presented herein that 

is associated with direct Hall potential measurements, eliminates the effect of super-bandgap 

illumination through experimental design. This will be considered in later chapters. A significant 

study by Alexe et al (38) focused on bismuth ferrite, highlighting the role of the AFM tip in terms 

of enabling the collection of photo-generated charge. Thus, it is worth spending some time to 

discuss this point. In the mentioned study, the AFM is used to map photocurrents generated by 

application of laser light with a photon energy higher than the bismuth ferrite bandgap. The 

author attributes the developed photocurrents to band-to-band transitions, as opposed to trap-

to-band transitions, thus suggesting surface band bending to be the cause for enhanced local 

conductivity. Similar to this, work undertaken by Huijser et al (44) (1977) considers band 

bending that occurs at gallium phosphate (GaP) surfaces, cleaved under ultra-high vacuum. On 

this occasion, photoemission experiments, along with direct characterisation of the contact 

potential difference, reveal GaP(110) surfaces that possess interband energy levels, attributed to 

surface defects that causes band bending and a subsequent stabilisation of the Fermi level at 0.55 

eV below the conduction band edge. Once again, the author issues caution with regards to the role 

of the cantilever body in terms of electrostatic interactions that might distort the local band 

structure. In KPFM, the long-range nature of the electrostatic force is integral to its functioning as 

a probe for measuring surface potential. Selection of an appropriate lift height, that optimises the 

tip-sample interaction and minimises the contribution of the cantilever, is therefore key. With 
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regards to its role in collecting photocurrents, the non-contact nature of KPFM means that the 

AFM tip breaks the electrical circuit it would establish when scanning in contact. Charge transfer 

should therefore be eliminated.  
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3 Quantitative Hall Effect Measurements on ErMnO3 Conducting 

Domain Walls  

 

3.1 Introduction 
 

Since the emergence of conducting ferroelectric domain walls as feasible components within 

nanoelectronic devices (1–3), direct electrical characterization of charge carriers that aggregate 

at the walls themselves has become necessary. The hexagonal rare-earth manganites (h-RMnO3), 

due in part to the intrinsic formation and stability of charged domain walls, are among the crop 

of exciting candidate systems for implementation in devices. This chapter is directed towards 

electrical characterisation of conducting domain walls in ErMnO3. Using a Kelvin Probe Force 

Microscopy technique, we show that the Hall potential may be detected. From these 

measurements, carrier types, densities and mobilities are formulated.   

 

3.2 The Hall Effect  
 

The Hall effect, discovered by Edwin Hall in 1879 (4), is conceptually straightforward, 

nonetheless its impact upon solid state physics in the 140 years since its inception has been 

nothing short of profound. The ideal Hall bar is demonstrated in Fig (3-1a), where an electrical 

current is driven parallel to the long axis of the sample. Charge carriers follow an approximately 

straight trajectory, aligned to the direction of the applied voltage, until a perpendicular magnetic 

field, and the Lorentz force associated with it, imparts upon the charge carriers a deflected 

trajectory, which results in the aggregation of charge at the top or bottom faces of the Hall bar. 

This is depicted in Fig (3-1b). The voltage generated by the accumulation of deflected carriers on 

the top and bottom faces can be interpreted to provide information on carrier types, densities 

and mobilities, allowing a full characterization of the electrical properties of the device under test. 

By the latter part of the 19th century, the magnetoelectric coupling of a current-carrying wire in a 

magnetic field was well known (5), nonetheless the origin of the observed mechanical force was 

still unclear. The Hall Effect demonstrated that the magnetic field acts directly on the driven 

current, and the force associated with the field interacts directly with the individual charge 

carriers. More surprisingly than this perhaps, was the demonstration of non-transience. Magnetic 

induction, the time-dependent variation of a magnetic field in an applied electric potential (6), 

was established by Emily Lenz in 1836 and by the time of Hall’s discovery, constituted a theory 
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that was well understood. The steady state conditions of the Hall potential, which persists 

indefinitely under the application of simultaneous orthogonal electrical current and magnetic 

field, presented a genuinely new phenomenon (7). The next section provides a theoretical 

background to understand the Hall Effect using a general approach. 

 

 

Figure 3-1 demonstrates the sample geometry for an ideal Hall bar sample. Illustrated is the scenario where only a current 
is applied along the long axis of the sample (a), followed by the scenario whereupon an orthogonal magnetic field is applied 
(b), indicated by pink arrows. The current pathway is indicated by solid black arrows, where a significant deflection is 
observed due to the Lorentz force, represented by dashed black arrows.  

 

3.2.1 Ideal Hall Effect  
 

The Hall Effect is summarized as the generation of a transverse voltage in response to the 

application of simultaneous and orthogonal electrical current and magnetic field, mediated by the 

Lorentz force. Let us consider the Lorentz force acting upon a charged particle in a free electron 

gas, which may be defined as follows: 

 

 𝑭𝑭(𝑬𝑬,𝒗𝒗,𝑩𝑩) =  𝒒𝒒𝟎𝟎𝑬𝑬��⃑ +  (𝒒𝒒𝟎𝟎𝒗𝒗��⃑  × 𝑩𝑩��⃑ )  (3.74) 
 

Here, F is the resultant force, E the electric field, v the velocity of charge carriers, B the magnetic 

field and qo the magnitude of charge. The two parts on the right-hand-side of the Lorentz force 
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equation describe two separate phenomena in terms of the vector quantities E, v and B: the 

movement of charge in response to an electric field, and the response of charge carriers to the 

application of a magnetic field. The fundamental formation of a Hall potential can be understood 

at a simplistic level by considering equation (3.74). What we find is that the charge carrier will 

experience a force that is aligned with the direction of the electric field. This is quite simply the 

force responsible for its drift velocity and the subsequent generation of electrical currents. What 

equation (3.74) also tells us is that the charge carriers experience zero force from the application 

of a magnetic field unless they are mobile. We therefore surmise that although the two terms are 

separate - without the first electric field-dependent terms, the term associated with B is zero, and 

thus the force upon the charged particle disappears. If we consider the bracketed term alone, the 

cross product can be expanded to give the x, y and z components of the generated force. 

 

 

𝑭𝑭𝒅𝒅 =  𝒒𝒒�𝒗𝒗𝒚𝒚𝑩𝑩𝒛𝒛 − 𝒗𝒗𝒛𝒛𝑩𝑩𝒚𝒚� 

𝑭𝑭𝒚𝒚 =  𝒒𝒒(𝒗𝒗𝒛𝒛𝑩𝑩𝒅𝒅 − 𝒗𝒗𝒅𝒅𝑩𝑩𝒛𝒛) 

𝑭𝑭𝒛𝒛 =  𝒒𝒒�𝒗𝒗𝒅𝒅𝑩𝑩𝒚𝒚 − 𝒗𝒗𝒚𝒚𝑩𝑩𝒅𝒅� 

(3.75) 

 

The nature of these forces results in a trajectory of the charge carriers that can be curved, or even 

helical depending on the nature of the magnetic field and velocity vectors. By constraining the 

current, as in Fig (3-1a), such that the velocity of carriers is directed along the x-axis, while 

placing the sensing electrodes on the side faces perpendicular to this, equation (3.75) can be 

reduced to the following: 

 

 𝑭𝑭𝒛𝒛 =  𝒒𝒒𝒗𝒗𝒅𝒅𝑩𝑩𝒚𝒚 (3.76) 

 

Classical Hall bar geometries are therefore only sensitive to the component of the magnetic field 

aligned with the y-axis. What we can deduct from equation (3.76) then, is that regardless of the 

sign of charge carrier, the direction of the Lorentz force will be the same. The direction of the 

velocity vector, vx, will depend on the sign of its charge. Thus, for oppositely charged carriers, we 

observe an opposite sense for their velocity. Following through with this calculation, maintaining 

the same value for B whilst changing the sign associated with v, yields an Fz value that is equal in 

magnitude and sign for both cases. What this means physically, is that regardless of the sign of 

charge carrier, the direction of its deflected trajectory will be the same. What results is the 

accumulation of charge on the top and bottom faces, which gives rise to a transverse electric field, 
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known as the Hall field (EH). For n and p-type carriers therefore, the sense of EH will be opposite. 

It follows that Hall Effect experiments can be used to identify carrier types within a material, 

assuming the ideal geometry similar to that depicted in Fig (3-1) is maintained. It should also be 

mentioned that for intrinsic semiconductors (where n = p), charge accumulation for p-type and 

n-type carriers will be equal, and therefore the effective charge deflection will be zero. As a result, 

no EH will develop, and thus no Hall voltage. EH arises only in extrinsic semiconductors then, and 

may be expressed in terms of the longitudinal electric field (Ex), responsible for driving the 

electrical current, as follows: 

 

 𝑬𝑬𝑯𝑯 = −
𝒒𝒒𝑩𝑩𝒛𝒛𝝉𝝉
𝒎𝒎

𝑬𝑬𝒅𝒅 (3.77) 

 

Where τ is the collision time for the moving charge carrier and m is its mass. This expression may 

be derived by considering collision arguments, whereupon equations of motion for the individual 

charge carriers in a magnetic field may be obtained.  

 

3.2.2 Equations of Motion 

 

Let us first use collision arguments to establish an expression that describes the motion of moving 

electrons in a magnetic field. By relating the free electron momentum to its wavevector by 𝒎𝒎𝒗𝒗 =

𝒉𝒉�𝒌𝒌, we can re-express the Lorentz force as: 

 

 𝑭𝑭 =  𝒎𝒎
𝒅𝒅𝒗𝒗
𝒅𝒅𝒕𝒕

=  𝒉𝒉�
𝒅𝒅𝒌𝒌
𝒅𝒅𝒕𝒕

=  𝒒𝒒𝟎𝟎𝑬𝑬��⃑ +  (𝒒𝒒𝟎𝟎𝒗𝒗��⃑  × 𝑩𝑩��⃑ )  (3.78) 

 

Let us consider the Fermi Sphere, illustrated in Fig (3-2), which represents the occupied electron 

states in k-space. In the absence of electron collisions, we may consider the Fermi Sphere moving 

in k-space at a uniform rate. Fig (3-2) represents the Fermi Sphere in its ground state, centered 

at k = 0. By arguments of spherical symmetry, we can see that its net momentum in this state is 

zero, as for every occupied orbital k, there exists a corresponding occupied orbital at –k. 

Integrating equation (3.78) with B set to zero, yields the following expression. 
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 𝒌𝒌(𝒕𝒕) − 𝒌𝒌(𝟎𝟎) =  
−𝒒𝒒𝑬𝑬𝒕𝒕
𝒉𝒉�

= 𝒅𝒅𝒌𝒌 (3.79) 

 

Where k(t) and k(0) are the electron wavevectors at time t and in its ground state respectively, 

and q is the charge of the carrier. When a force is applied directly to the charge carriers, electrons 

in this case, the Fermi Sphere will become displaced, dk, acquiring a new center point as shown 

in Fig (3-2). The value dk is equivalent to the expression represented in equation (3.79). In real 

semiconductor crystals, defects, impurities and phonons gives rise to collisions (8-10). 

 

 

Figure 3-2 is a schematic representing the Fermi sphere, describing electrical conduction in a Fermi gas. The dark blue 
circle represents the occupation of electron energy levels at rest. Upon application of a uniform electric field (E), the Fermi 
sphere shifts in k-space by a distance dk. This results in the electrons in the system acquiring momentum in the x-direction.  

 

If the collision time is τ, equation (3.79), which expresses the displacement of the Fermi Sphere, 

changes by replacing t with τ. The drift velocity may be defined as 𝒗𝒗 = 𝒅𝒅𝒌𝒌
𝒎𝒎

=  −𝒒𝒒𝑬𝑬𝝉𝝉/𝒎𝒎 and thus, 

under the assumption of a steady applied electric field, the associated current density, J, becomes: 
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 𝑱𝑱 =  𝒏𝒏𝒒𝒒𝒗𝒗 =  
𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉𝑬𝑬
𝒎𝒎

 (3.80) 

 

Where n is the density of charge carriers. From here, electrical conductivity may be calculated as 

the ratio of the current density to the applied field (J/E), and correspondingly, the electrical 

resistivity as its inverse. For a Fermi Sphere displacement dk, the equation of motion can be 

written as: 

 

 𝒉𝒉� �
𝒅𝒅
𝒅𝒅𝒕𝒕

+
𝟏𝟏
𝝉𝝉
�𝒅𝒅𝒌𝒌 = 𝑭𝑭 (3.81) 

 

Upon introduction of a perpendicular static magnetic field, the right-hand side of the equation 

(3.81) is just the Lorentz force. Assuming that 𝒎𝒎𝒗𝒗 =  𝒉𝒉�𝒌𝒌, this becomes: 

 

  𝒎𝒎�
𝒅𝒅
𝒅𝒅𝒕𝒕

+
𝟏𝟏
𝝉𝝉
�𝒗𝒗 =  𝒒𝒒𝑬𝑬��⃑ + (𝒒𝒒𝒗𝒗��⃑  ×  𝑩𝑩��⃑ ) (3.82) 

 

The above expression can once again be separated into its component parts as follows: 

 

 

𝒎𝒎�
𝒅𝒅
𝒅𝒅𝒕𝒕

+
𝟏𝟏
𝝉𝝉
� 𝒗𝒗𝒅𝒅 =  𝒒𝒒(𝑬𝑬𝒅𝒅 + 𝑩𝑩𝒗𝒗𝒚𝒚)  

 

𝒎𝒎�
𝒅𝒅
𝒅𝒅𝒕𝒕

+
𝟏𝟏
𝝉𝝉
�𝒗𝒗𝒚𝒚 =  𝒒𝒒(𝑬𝑬𝒚𝒚 + 𝑩𝑩𝒗𝒗𝒅𝒅)  

 

𝒎𝒎�
𝒅𝒅
𝒅𝒅𝒕𝒕

+
𝟏𝟏
𝝉𝝉
� 𝒗𝒗𝒛𝒛 =  𝒒𝒒𝑬𝑬𝒛𝒛   

 

 

(3.83) 

Assuming a steady state where the electric field is constant in time, we can assert that the time 

derivatives are zero. From this, drift velocities may be obtained by rearranging the component 

equations (3.83) for vi. Where we are interested in the transverse deflection of charge carriers 

(aligned with the y-axis) for the measurement of a Hall voltage, the x and y-components of the 

drift velocity (vy) are of particular interest. 
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𝒗𝒗𝒅𝒅 =  
𝒒𝒒𝝉𝝉
𝒎𝒎

 𝑬𝑬𝒅𝒅 +  
𝒒𝒒𝝉𝝉
𝒎𝒎
𝑩𝑩𝒛𝒛𝒗𝒗𝒚𝒚 

 

𝒗𝒗𝒚𝒚 =
𝒒𝒒𝝉𝝉
𝒎𝒎

 𝑬𝑬𝒚𝒚 −  
𝒒𝒒𝝉𝝉
𝒎𝒎
𝑩𝑩𝒛𝒛𝒗𝒗𝒅𝒅 

(3.84) 

 

Rearranging the equation for vy in terms of vx and combining, we arrive at the following 

expression for Ey, expressed as a function of Bz and Ex: 

 

 𝑬𝑬𝒚𝒚 =  �𝒒𝒒𝝉𝝉
𝒎𝒎

 𝑬𝑬𝒅𝒅 +  𝒒𝒒𝝉𝝉
𝒎𝒎
𝑩𝑩𝒛𝒛𝒗𝒗𝒚𝒚�𝑩𝑩𝒛𝒛 =  𝒗𝒗𝒅𝒅𝑩𝑩𝒛𝒛 =  −𝑬𝑬𝑯𝑯    (3.85) 

 

In the steady state, the transverse electric field is cancelled out by the electric field arising from 

the accumulation of charge on the faces. This field is known as the Hall field, EH. An equilibrium is 

found, whereby the force upon charge carriers generated by the Hall field, which attempts to push 

charges back towards the center of the Hall bar, is counteracted by the magnetic field which acts 

to deflect carriers towards the transverse faces (7). What results is an even distribution of charge. 

Now, if we are to assume that, due to the boundary conditions imposed upon our sample 

geometry, current cannot flow out of the material in the y-direction, equation (3.85) simplifies to 

the following: 

 

 𝑬𝑬𝑯𝑯 = −
𝒒𝒒𝑩𝑩𝒛𝒛𝝉𝝉
𝒎𝒎

𝑬𝑬𝒅𝒅 (3.86) 

 

From here, we can relate the Hall field to the current density, J. Assuming a current density 

expressed as a function of drift velocity such that 𝑱𝑱 = 𝒏𝒏𝒒𝒒𝒗𝒗𝒅𝒅, where n is the carrier density, the 

Hall field may be re-expressed as: 

 

 𝑬𝑬𝑯𝑯 = − 
𝟏𝟏
𝒏𝒏𝒒𝒒

(𝑱𝑱 × 𝑩𝑩) (3.87) 

 

Taking equation (3.87) and multiplying by the separation between the transverse faces, indicated 

on Fig (3-1) by the value w, describes the electric potential that is developed across the sample, 
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associated with the existence of the Hall field. This is known as the Hall voltage, VH, and is derived 

by completing the cross-product and retaining only the non-zero components as follows: 

 

 𝒅𝒅𝑯𝑯 =  
𝑰𝑰𝒅𝒅𝑩𝑩𝒛𝒛

𝒏𝒏𝒒𝒒𝒕𝒕
 (3.88) 

 

Here, the current density has been replaced simply by current, I, defined as I = Jtw, where t is the 

thickness of the Hall bar, once again indicated in Fig (3-1a). Clearly, in the p-type case, p is 

substituted for n in expression (3.88). The Hall voltage is generally the measured quantity in Hall 

Effect measurements, and this is demonstrated in InAs nanowires (11) in Fig (3-3). The scanning 

electron micrograph in Fig (3-3a) illustrates the experimental geometry, where deposited 

electrodes are responsible for the driven current and voltage sensing. Fig (3-3b) demonstrates 

the linear relationship, described in equation (3.88), between VH, Ix and Bz. This relationship 

allows for calculations of carrier density if the thickness dimension (t) is previously known. 

Carrier type is thus inferred by inspecting equation (3.88), specifically the sign imposed upon the 

expression by the factor 1/nq, known as the Hall coefficient (12).  

 

 

Figure 3-3 illustrates Hall potential measurements undertaken on InAs nanowires. The experimental geometry is displayed 
in the scanning electron micrograph in (a), whilst the linear relationship between Hall voltage, longitudinal electrical 
current and magnetic field is demonstrated in (b). Figs sampled from (26) 

 

3.2.3 Hall Angle 
 

One final relevant quantity, relating both to the Hall field and Hall coefficients, is the Hall angle, 

ΘH. ΘH describes the geometrical relationship between the direction of the applied longitudinal 
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electric field (Ex), and the resulting Hall field (13), introduced by the magnetic element of the 

Lorentz force (14). The tangent of this angle is simply defined using the following relation, 

supported by Fig (3-4), where both the p and n-type scenarios are represented: 

 

 𝒕𝒕𝒂𝒂𝒏𝒏 𝚯𝚯𝑯𝑯 =  
|𝑬𝑬𝑯𝑯|
|𝑬𝑬𝒅𝒅| =  𝝁𝝁𝑩𝑩𝒛𝒛  (3.89) 

 

Here, we can see that the carrier mobility (μ), defined as 𝝁𝝁 =  𝒗𝒗𝒅𝒅 𝑬𝑬𝒅𝒅⁄ , along with magnetic field, 

are sufficient to describe the inclination of the current density with respect to the total electric 

field (ET), defined as the vector sum of Ex and EH. Phenomenologically, this makes a good deal of 

sense – the more mobile the charge carrier, the larger the deflection from its original trajectory. 

The Hall angle will become an important factor in selecting an appropriate sample geometry in 

order to optimise the detected Hall potential signal. 

 

 

Figure 3-4 demonstrates geometrically the concept of Hall angle (θH) for the cases of p-type and n-type charge carriers. 
The Hall field (EH) is generated in response to aggregated carriers, which are deflected from the their original trajectory, 
defined by the applied electric field (Ex) and associated carrier velocity (vx) when subject to a Lorentz force. The total 
electric field (ET) is defined as the vector sum of Ex and EH, and the ratio of these is equal to the tangent of θH . 

 

 

3.3 Material under Investigation: h-RMnO3 
 

3.3.1 Improper Ferroelectric Phase Transition in h-RMnO3 
 

The ferroelectric microstructures in hexagonal rare-earth manganite (h-RMnO3, where R denotes 

the rare-earth ion [Dy, Ho, Er, Tm, Yb, Lu, Y, Sc]) systems are characterised by meandering, clover-
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leaf domain walls which converge at six-fold junctions, depicted by the lateral piezoresponse 

force microscopy (LPFM) images taken from the ErMnO3 crystal, where amplitude and phase 

maps are displayed in Fig (3-5a) & (3-5b) respectively. In this case, the polarization vector is 

oriented almost entirely in the plane of the sample, where the out-of-plane component, examined 

through vertical PFM (VPFM) amplitude (not shown), was negligible. Whilst existing evidence 

suggests that all domain walls in h-RMnO3 exhibit enhanced conduction at high driving voltages 

(>6V) (15), conducting atomic force microscopy (CAFM) confirms T-T charged walls to be the 

most prominently conducting walls at modest driving voltages (<6V). This is evidenced by PFM 

phase in Fig (3-5c) and conductive AFM (CAFM) in (3-5d). To understand some of the 

mechanisms that lead to the formation of conducting domain walls, let us first consider in greater 

detail the nature of the ferroelectric phase transition. 

 

 

Figure 3-5 displays PFM amplitude (a) and phase (b) images from and in-plane polarized ErMnO3 sample, where 
polarization directions of the respective domains are demonstrated by the arrows inset within the phase image. 
Highlighted in (c) is a section of the domain structure with a charged, conducting domain wall, where a corresponding 
conduction map (d), acquired in CAFM mode, accompanies. 

 

The group of improper ferroelectric materials, represented by h-RmNO3, undergo a direct 

symmetry breaking transition, from a high temperature, paraelectric P63/mmc phase, to a low 

temperature P63cm phase (16,17,18). The structural changes associated with this symmetry 

reduction involve tilting of Mn-centred oxygen polyhedra and c-axis oriented displacements of 

the rare-earth ions (19,20). A spontaneous polarization of 𝑷𝑷𝒔𝒔 ≈ 𝟔𝟔.𝟓𝟓𝝁𝝁𝑨𝑨/𝒄𝒄𝒎𝒎𝟐𝟐 arises as a result of 

the condensation of a zone boundary instability, which couples to a soft, zone-centre optical 

phonon (19). This transition gives rise to zone tripling, where the unit cell becomes three times 

larger (18). In terms of path taken as the transition is traversed, Fig (3-6) outlines the three 
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possible operations, each of which is allowed by symmetry, that take the crystal from its high 

temperature paralectric P63/mmc structure, to its low temperature ferroelectric P63cm structure.  

 

 

Figure 3-6 is a schematic representing the three pathways, permissible by symmetry, between the prototype, P63/mmc 
phase, to the low temperature, ferroelectric, P63cm phase that characterises the low temperature state of RMnO3. Indicated 
for each pathway are the phonon modes that drive the transition, as well as any intermediate phases that characterise the 
full transition. 

 

Notice that only one of the pathways constitutes a direct transition. Fennie and Rabe (2005) (19) 

considered the amplitude of atomic displacements of constituent atoms from a density functional 

theory approach, along with the amplitude of phonon modes, both from experiment and theory, 

to hypothesise the most likely pathway taken by h-RMnO3 through its transition. It was concluded 

that that the direct transition is most likely. This was due mainly to the dominance of the zone 

boundary phonon mode that condenses at the phase transition, as well as the amplitude of the 

atomic displacement of the rare-earth ion and equatorial oxygen atoms, the positions of which 

are illustrated in Fig (3-7a).  

 

Unlike proper ferroelectrics, polarization in h-RMnO3 arises as a secondary order parameter, 

with the primary order parameter being trimerization. Trimerization in chemistry terms literally 

refers to the process whereby a molecule forms by a combination of three identical molecules or 

ions (21). In the context of h-RMnO3, the trimer is formed between three adjacent MnO5 

bipyramids, depicted as pale blue triangles in Fig (3-7a), where neighboring bipyramids tilt 

towards (or away from) the equatorial oxygen atom (the oxygen atom sitting above the orange 

Er ions). As illustrated, bipyramids that are directly adjacent to one another tilt with opposite 

sense, known as antiphase tilting. The trimerization is a two-component phenomenon, 

parameterized by an amplitude (Q) and phase (Ф) (20). This can be described by the 
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displacement of the apical oxygen atoms (indicated as the red solid circles sitting on top of the 

Mn ions), which can shift towards any of the six outer faces of the large outer shell, demarked by 

pink hexagon in Fig (3-7a). Here, the unit cell may be identified by the smaller black dashed 

hexagon. The trimerization phase describes the angle that the tilt vector makes with a defined 

axis, indicated on Fig (3-7a) as a black dashed line. The three depicted cases therefore represent 

structurally distinct states, each of which has a structurally identical analogue defined with a 

phase angle of Ф + π. Inherent in this structural distortion is the necessity for a shift in the c-axis 

position of the rare-earth ion, the direction of which is determined by the phase angle of the 

closest trimer (22). Due to the antiphase nature of this, atomic displacements of the rare-earth 

ion can acquire either up-up-down (U-U-D), down-down-up (D-D-U) or any of a further four, 

equivalent configurations, clear from the positions of the orange (up) and yellow (down) spheres 

representing Er ions in Fig (3-7b). All the possible configurations are illustrated in Fig (3-7c). In 

reality, the central ion does not shift at all, however the label of up-up-down, attributed upon each 

ion, is the relative displacement. Thus, of the six possible configurations, two energetically 

distinct formations exist, describing the two polar states of the system. Combining this, the 

hexagonal crystal structure of h-RMnO3 yields the six distinct domain states that comprise the 

domain wall vertex structures that have become synonymous with the hexagonal rare-earth 

manganites. Here, each of the three structural variants has two polar variants, often labelled 

as 𝛼𝛼±,𝛽𝛽± 𝑎𝑎𝑎𝑎𝑎𝑎 𝛾𝛾±, where the Greek letter denotes the structural variant and the + or – denotes 

the polar variant.  
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Figure 3-7 considers the crystallographic structure of ErMnO3, firstly from a c-axis oriented viewpoint (a). Here, O atoms 
are represented as red circles, Mn as blue circles, Er as orange circles, and MnO5 bipyramids as blue triangles. Examples 
between i-iii demonstrate three different scenarios representing possible configurations of trimerisation phase (Φ), which 
can be understood through shifting of O atoms, referenced by the black and gold arrows. In the side-profile 3-D 
representation (b), successive bipyramid layers are blue and green, where positions of the Er ions are represented as 
orange (up) and yellow (down) spheres. All three structural (α, β, γ) and both polar (+, -) domain variants are presented 
in table form (c), as combinations of orange and yellow circles. Fig (b) is taken from Ref (23). 

 

Consolidating all of this, we may construct a flow diagram (Fig (3-8)), describing the order of 

events that occur during the phase transition. Firstly, the condensation of a zone-boundary 

instability leads to coupling with a zone-centre phonon. This coupling leads to an antiphase tilting 

of the MnO5 bipyramids which, in turn, drives the c-axis oriented displacement of the rare-earth 

ion. It is the lengthening or shortening of Er-O bonds, which is the product of this displacement, 

that subsequently generates a polarization. The result of this is a ferroelectric domain structure 
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that, due to the higher order expression of the polarization in the Landau free energy expression, 

is practically immobile. 

 

 

Figure 3-8 is a flow chart that describes the timeline for the improper ferroelectric phase transition in h-RMnO3, in terms 
of coupling between phonon modes, changes in crystallographic structure, and the resulting rare-earth ionic displacement 
that yield a net polar moment. 

 

3.3.2 Domain Wall Conductivity in h-RMnO3 
 

In 2012, Meier et al (22) studied improper ferroelectric ErMnO3, suggesting that two 

characteristic length scales exist within conducting domain walls (Fig (3-9a)). The first 

corresponds to the structural walls, characterized by the region polarization reversal is confined 

to. This is largely attributed to the displacement of ions at charged walls. It was found that domain 

wall widths in this regime were no larger than 30nm. Structural analysis on TmMnO3 and LuMnO3, 
presented by Zhang et al (2012)(24) and carried out using aberration-corrected scanning 

transmission electron microscopy (AC-STEM) and high angle annular dark field (HAADF) 

imaging, consider atomic displacements at the domain wall itself. These are shown in Fig (3-9b). 

In this case, the atomic displacement appears to be confined to a region on the order of a single 

lattice parameter along the c-axis (≈ 1.14nm in h-RMnO3). The second of these regimes 

corresponds to ‘electrically dressed walls’, defined in the article as the length scale within which 

local conductance at the domain wall is elevated with respect to the bulk material. Current-

voltage measurements were also performed on differently oriented tail-to-tail (T-T) and head-to-

head (H-H) domain walls, demonstrating an orientation-dependent conductance similar to that 

postulated by Eliseev et al (25), and shown experimentally by Vasudevan et al (26) in bismuth 

ferrite. The argument presented here proposes values for domain wall width to be ≈ 100nm. 

Indeed, this length scale appears to be a reasonable match with what we measure in conductive 

AFM (CAFM). However, accurate characterisation is limited by the inherent restrictions 

associated with the spatial resolution of this technique. The sensitivity of AFM to surface effects, 

background noise and scan direction, as well its inability to probe beneath the sample surface, 

call this value into question. 
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Figure 3-9 (a) is a PFM map, with conductive AFM map (inset) demonstrating enhanced conduction localised at domain 
walls. AC-STEM (b, left) and HAADF (b, right) images display the atomic displacement at charged domain walls (pink 
dashed line) in TmMnO3. Upwards (yellow) and downwards (orange) displacements of the rare earth ion are also 
indicated. Figs (a) & (b) sourced from Refs (22) & (24). 

 

Follow-up publications served to provide further examples of interesting and surprising 

conduction behaviour in h-RMnO3. The discovery of conducting domain walls in similar systems, 

namely HoMnO3 (27), TbMnO3 (28) and finally YbMnO3 (29), have served to enhance interest in 

the h-RMnO3 group of materials. Contrary to discoveries of conduction at RMnO3 domain walls, 

Choi et al (2010) (30) found that antiphase domain walls in YMnO3 exhibit more insulating 

behaviour than the bulk material. Subsequent to this, Mundy et al (2017) (15) demonstrated 

conduction at both tail-to-tail and head-to-head walls, as well as at neutral walls upon application 

of large sample biases, shown by way of CAFM in Fig (3-10). This has led to speculation over the 

nature of charge carriers facilitating conduction at both types of uncharacterized wall. Upon 

examination of the chemistry at H-H domain walls, anomalous conduction was explained by 

variations in manganese valence states in the vicinity of the wall.  
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Figure 3-10 shows CAFM maps acquired from ErMnO3 upon application of sample biases of 2.5V (left) and 6.0V (right). 
Evident at high sample biases is the observation of enhanced conduction at all the walls around a vertex. Fig sourced from 
Ref (15). 

 

More recently, Holtz et al (2017)(16) used transmission electron microscopy along with Landau 

theory models to derive length scales associated with domain wall structure (Fig (3-11a)), in 

terms of trimerisation phase and amplitude, with a hope of illuminating the electrostatic 

conditions at the wall. It was found that the vast majority of bound charge at charged domain 

walls should be contained within a 3nm region at rest. However, if we are to assume a domain 

wall whose width effectively swells upon application of applied bias (22), this value will increase. 

Beyond this, electrostatic force microscopy (EFM) studies of doped (31) (Fig (3-11b)) and 

undoped (32) (Fig (3-11c)) ErMnO3 sought to characterise the charge transport at conducting 

domain walls, where the emergence of electric fields indicate the existence of unscreened charge 

distributions, revealed at low temperatures. Here, opposing contrast at H-H and T-T domain walls 

hint at deviations in the local work function and, by extension, in the electronic band structure. 

Finally, in 2018, Schaab et al (3) examined the frequency dependence of the rectifying response 

in ErMnO3 domain walls when contacted by a metallic AFM probe. This type of behaviour hints at 

the potential nanoelectronic applications of conducting domain walls in h-RMnO3 systems.  
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Figure 3-11. Trimerisation phase (Φ) and amplitude (Q) are displayed (a) as a function of position across the domain wall 
in ErMnO3. EFM studies are shown that illuminate the emergent electrostatics across a sample surface, at low temperature 
(b) and room temperature (c) respectively, in doped ErMnO3. Figs (a), (b) & (c) sourced from Refs (16), (31) & (32). 

 

3.3.3 Qualitative Hall Potential Measurements in h-RMnO3 

 

Campbell et al. (29) looked to study the Hall potential at T-T conducting domain walls in YbMnO3 

using an intermittent contact atomic force microscopy (AFM) technique in conjunction with an 

appropriate electrode geometry, depicted from various orientations in Figs (3-12a) (b) & (c). 

Here, the Hall voltage was interpreted through topographical crosstalk, manifesting as a shifting 

of the tip-sample resonance. Although technically qualitative in scope, examination of the 

component of the transverse voltage sensitive to changes in the orthogonal magnetic field, 

allowed for confirmation of aggregated p-type carriers. Through calibration, the force 

experienced by the AFM probe when scanning over the conducting walls during Hall 

measurements was deduced and estimates for carrier density and mobility were formulated. 

Uncertainties associated with this technique arise due to the inability to directly measure the 

surface potential. The subsequent necessity to calibrate the system to acquire an estimate for the 

magnitude of the Hall potential contributes further uncertainty, thus limiting the measurement 
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accuracy. The technique also provides no indication of the degree to which local electric fields (E) 

act upon individual surface charges - information necessary for calculating carrier mobility. 

 

 

Figure 3-12 is a schematic representation of the intermittent contact mode technique used in Ref (24) from three-
dimensional (a), side-profile (b) and axial (c) perspectives.  

 

Each of the studies mentioned up until this point builds upon the current framework surrounding 

the nature of conducting domain walls in the rare-earth hexagonal manganites (h-RMnO3). 

Nonetheless, definite quantitative analysis of the charge carriers present at these walls is still 

lacking. Hall potential measurements presented herein provide a necessary development of the 

technique presented in (29), using Kelvin Probe Force Microscopy (KPFM) to spatially map the 

surface potential during the application of currents directed between the gold electrodes. A 

strategic geometry that makes use of Edwin Hall’s original theory (4) of a Lorentz-mediated 

deflection of carriers under orthogonally oriented magnetic fields, should transform the Kelvin 

Probe into a Hall Probe. This will allow for a direct, and fully quantitative, analysis of carrier 

density and carrier mobility. That is the focus of the current chapter. 
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3.4 KPFM Hall Potential Technique 
 

3.4.1 Geometrical Considerations 
 

In order that we may verify the validity of our Hall potential measurements in the case of novel 

sample geometries, we must first establish and validate the prerequisite boundary conditions.  

Extracted Hall voltage values may then be used for quantitative characterization of carrier 

densities and mobilities. In general, Hall potential measurement samples are plate-like, contacted 

by four ideal ohmic electrical terminals. This differs from the setup one might expect for 

magnetoresistance, where only two terminals are generally required (13). In reality, Hall devices 

can comprise two (33) or three (34) terminal configurations, and enhancements to the “ideal” 

aspect ratio for a measurement sample can be corrected for by using a geometrical correction 

factor (35).  

 

3.4.1.1 Sample Dimensions 
 

Generally, an ideal Hall device is fairly consistent with the Hall bars represented in Fig (3-1), 

where l >> w. To understand why this condition is appropriate in the context of Hall potential 

detection, let us first consider the case where this condition is reversed, and w ≈ ∞. Since the 

generation of a Hall potential relies on the development of a Hall field through the migration and 

subsequent aggregation of charges upon the transverse faces, this cannot occur if the two faces 

are infinitely separated. Considering the example of a square Hall plate (l = w) subject to a 

perpendicular magnetic field, depicted in Fig (3-13a), the current trajectories are those joining 

the top (voltage-biased) and bottom (grounded) electrodes. In this picture, equipotential lines 

are indicated as lines running perpendicular to the equipotential lines. Near the insulating 

boundaries, the current trajectory runs approximately parallel to the boundary. Here, the 

equipotential lines are strongly inclined (dashed red box), giving rise to a Hall electric field and 

thus a Hall potential. An extension of this picture means, that if we are to increase l such that l   

∞, whilst keeping w fixed, the current lines (if it were possible to apply a voltage in this scenario) 

would align perfectly with the insulating boundaries, equipotential lines would be maximally 

inclined, and the transverse electric field would take on the greatest possible value. If we instead 

focus on the top-right and bottom-left corners, near the ohmic contacts, short-circuiting 

eradicates the Hall field, and no Hall voltage is established. This time, the current is strongly 

inclined, and the equipotential lines orientate themselves to align with the insulating faces. 
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Finally, focusing on the centre of the Hall plate, we see a moderate inclination of the current and 

equipotential lines. What we would expect, therefore, is a combination of effects, associated both 

with Lorentz-mediated deflection of carriers and geometrical magnetoresistance. Evidently then, 

shape is integral to designing a Hall device, which ideally comprises a sample whose geometric 

aspect ratio maximizes the l/w relationship. Luckily, however, the Hall voltage for a sample with 

arbitrary shape may be expressed as follows: 

 

 𝒅𝒅𝑯𝑯 =  𝑮𝑮𝑯𝑯𝒅𝒅𝑯𝑯∞ (3.90) 

 

Here, 𝒅𝒅𝑯𝑯∞ denotes the Hall voltage in an infinitely long strip for example, and GH is the 

geometrical correction factor associated with the Hall voltage. This factor is a function of the ratio 

l/w and takes on values between 0 and 1. Conceptually, GH can be interpreted as a measure of the 

reduction in VH due to the component of the current flowing through the sensing electrodes (35). 

Equation (3.90) is thus minimised in the case of strongly inclined current lines. Fig (3-13b) 

demonstrates graphically the relationship between GH and l/w.  

 

 

Figure 3-13 displays the electric field distribution (a) within a square Hall plate geometry. Here, the current density is 
represented as lines which join the biased and grounded electrodes, whilst transverse electric field is indicated by lines 
parallel to them. From this it is evident to see the spatially-resolved effect of sample geometry on the electrical properties 
of the sample, and this is supported by the graph in (b), which relates Hall field, GH, to aspect ratio, where l and w are the 
length and width of the sample respectively. Figures adapted from Ref (14) 
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Fortunately, for measurements on conducting domain walls, the geometry is fairly consistent 

with the geometrical boundary conditions discussed above. Lin et al (2014) (36) demonstrate, 

through mechanical polishing, a good degree of local spatial homogeneity in LuMnO3 in the 

ferroelectric microstructure, where domain (and thus domain wall) size appears to be fairly 

consistent through depth on a local scale. It would therefore make sense that the trace of a domain 

wall as it appears on the surface, is of similar length to its extension perpendicularly through it. 

This would mean that the domain wall itself would approximate to a thin square sheet, thus the 

square Hall plate represented in Fig (3-13) appears to represent a reasonably accurate model 

geometry for the domain wall Hall sample. As a result of the considerations implicit in square 

sheet model, Hall potential measurements were taken at distances away from electrodes – where 

current inclination is expected to be greatest - to avoid short-circuiting and thus elimination of 

the Hall field.   

 

3.4.1.2 Electrode Layout  
 

As mentioned, conventional Hall Effect geometries possess two orthogonal mirror planes and use 

a four terminal electrode setup: two current-supplying electrodes and two voltage sensing 

electrodes. For KPFM-based Hall potential measurements, the two current-supplying electrodes 

are retained, yet one of the voltage sensing electrodes is lost – the KPFM tip behaves as the 

component sensitive to changes in voltage and is referenced to the same ground as the AFM. A 

similar, three terminal system has been employed before by U. Ausserlechner et al (2016) (34), 

whereby the Hall potential was measured in a sample with a geometry demonstrated in Fig 

(3-14a). The operation of this Hall device relies upon the symmetries of the electrode geometry. 

The sample geometry demonstrates three-fold rotational symmetry and relies upon a current 

that is driven, for example from C1 and C2, and a voltage measurement at C3. Upon application of 

a perpendicular magnetic field, whose direction is indicated by the arrow, charge carriers deflect 

towards/away from C3, resulting in an aggregation/depletion of charge, and thus a deviation of 

the measured voltage, where the sense is related to the sign of charge carriers. A general circuit 

diagram for this sample configuration is shown in Fig (3-14b). At rest (when no current is 

applied), assuming identical electrical contacts, the equality R1 = R2 = R3 should hold true. Upon 

application of a voltage between C1 and C2, the three-fold rotational symmetry, observed through 

the parity in the electrical resistances of the three electrical contacts, is broken, replaced instead 

with two-fold mirror symmetry (dashed line in Fig (3-14c)), where the resistances of the new 

system can be described by the expression 𝑹𝑹𝟐𝟐 ≠  𝑹𝑹𝟏𝟏 =  𝑹𝑹𝟑𝟑. This symmetry is reduced further by 

the introduction of a perpendicular magnetic field. Now, charge carriers subject to the Lorentz 
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force will experience a deflection that will carry them toward either C2 or C3, which may be 

detected as a deviation in the potential difference between them and will again be sensitive to the 

sign of the charge carrier.  

 

 

Figure 3-14 depicts the specific sample geometry used for three terminal Hall potential measurements (a), alongside the 
corresponding circuit diagram (b). Threefold rotational symmetry that is present when the sample is at rest, is broken 
upon application of a current, in this case between electrodes C1 and C2, replaced by a twofold mirror symmetry that is 
identified by the dashed black line. Figs (a) & (b) sampled from Ref (34). 

 

This picture may be adapted quite simply for use in KPFM. Despite an oscillating potential being 

applied to the KPFM tip, its time-averaged electrical potential is zero (unless an offset in 

deliberately introduced). With the application of a planer magnetic field orthogonal to an applied, 

planar current, charge carriers will deflect upwards towards, or downwards away from, the 

sample surface and may be interpreted as a change in the potential measured by the KPFM tip. As 

both the KPFM tip and the electrode, regulated at zero volts, are referenced to the same electrical 

ground, deviations in potential between them may be interpreted as a Hall voltage. This will be 

covered in more detail in subsequent sections. 

 

3.4.1.3 Offset Cancellation  
 

One parasitic effect of sample or electrode geometry is the emergence of offset voltages. In the 

context of Hall potential measurements, offset voltages refer to non-zero voltage readings 

measured at the sensing terminals in the absence of a magnetic field. Although research has 

shown that processes associated with the fabrication of the Hall sample, as well as packaging and 

ageing (37) can play a role in the development of these offset voltages, geometrical misalignment 

specific to electrode placement appears to be the more prominent cause (35). In traditional 

sample geometries, sensing electrodes that are not placed directly opposite to one another can 



Quantitative Hall Effect Measurements on ErMnO3 Conducting Domain Walls 

103 
 

reside in different regions of equipotential, as shown in Fig (3-15a). As a result, when a voltage is 

applied to the current-supplying electrodes, a non-zero potential difference exists between the 

two sensing electrodes. The potential measured when 𝑩𝑩 ≠ 𝟎𝟎 is thus calculated as the algebraic 

sum of the Hall voltage and the misalignment voltage (38). Fortunately, this offset can be removed 

or cancelled easily, due to it being independent with respect to the applied magnetic field (39). A 

simple process, whereby the transverse voltage is measured in the presence of a magnetic field, 

before the sense of the magnetic field is alternated and measurements are repeated, allows for a 

subtraction of the offset voltage. This can be seen in Fig (3-15b), where the pure Hall voltage is 

merely half of the difference between the blue and black lines, shown graphically.  

 

 

Figure 3-15 demonstrate the emergence of parasitic offset voltages inherent within Hall potential experiments. Potential 
lines in the Hall geometry demonstrated by (a), force the voltage sensing electrodes on the top and bottom of the sample 
to sit in varying regions of equipotential, even in the absence of magnetic field. This results in the situation represented 
graphically by (b), where a magnetic field-independent voltage offset can be seen in the +B and –B scenarios. This can be 
eliminated using the aforementioned field reversal technique. Fig (a) is sampled from Ref (40). 

 

The situation we would expect for the proposed KPFM Hall potential measurement setup is 

slightly different from that mentioned above. Where current is still supplied by two, planar 

electrodes, the Hall potential itself is measured at a single electrode (the KPFM tip), similar to the 

Ausserlechner et al case mentioned above (34). As a result, the parasitic offset does not occur due 

to electrode misalignment, however the effect is much the same. The offset arises due to the fact 

that the KPFM tip, acting as the voltage-sensing element, moves perpendicularly to the 

equipotential lines established by the current-supplying electrodes, demonstrated by Fig (3-16). 

The application of a driving voltage distorts the electric potential landscape between the 

electrodes, generating a potential gradient, shown in Fig (3-16). As the tip moves, it senses a time-

dependent variation in the electric potential at the surface, where the magnitude of the measured 

offset potential is greatest at the biased electrode (where the potential is applied), and disappears 

at the zero volt terminal, which sits at the same potential as the KPFM tip at rest. Once again, this 
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potential gradient is independent of the magnetic field, allowing for its cancellation if the field-

reversal technique mentioned above is employed. This is the nominative technique for all KPFM 

Hall spectroscopy data presented herein.  

 

 

Figure 3-16 is a theoretical representation of the potential profile as a function of AFM tip position, as it scans parallel to 
the background potential gradient and across the domain, whilst subject to opposing magnetic fields. As demonstrated, 
the background potential, including the voltage offset, is independent of the magnetic field. When the two potential profiles 
are subtracted from one another, the pure Hall potential is the result. 

 

3.4.2 Experimental Configuration 

 

In undertaking Hall Effect measurements, a thin ErMnO3 crystal underwent chemical mechanical 

polishing in a colloidal silica solution, before a bespoke electrode geometry was constructed, 

consisting of sputtered gold bars and painted silver electrodag to ensure sound electrical 

connection. The orientation of the sputtered contacts meant that conducting domain walls 

spanned the interelectrode gap, contacting the gold bars on either side as demonstrated by Fig 

(3-17a). An external DC current supply, in our case a Keithley 6221 unit, was used to drive 

current along the conducting walls, while a magnetic field was applied parallel to the sample 
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surface and perpendicular to the electric field (and also approximately parallel/antiparallel to the 

polarisation directions in the system, depicted as white arrows in Fig (3-17a)). The 

electromagnet used in this instance supplied a static magnetic field of ± 300 ± 5mT, where 

magnet poles were separated by a 2cm gap, between which the sample was placed. Electrical 

carriers moving parallel to the long axis of conducting domain walls, under the influence of 

simultaneous orthogonal DC bias and magnetic field, experience a Lorentz force in agreement 

with equation (3.74) and aggregate at, or are depleted from, the line of intersection between the 

domain wall and the sample surface (the surface trace of the domain wall). This results in a local 

change in the surface electrostatic potential, which is sensitive, in principle, to a metallic AFM 

probe operating in KPFM mode (Fig (3-17)). It should be reiterated at this point that the 

electrostatic potential measured here should not be misinterpreted as the Hall voltage. The raw 

KPFM signal tends to be dominated by local surface potentials and, in our case, offset voltages 

mentioned before. Local surface-induced band-bending and screening adsorbates, such as 

molecular H2O (41), can also complicate surface potential values. As mentioned, literature (42) 

shows that the Hall voltage may be extracted by monitoring the component of the measured 

potential that changes upon switching the direction of the magnetic field. When a constant 

current is applied, the Hall potential is merely the subtraction of the potential measured under a 

magnetic field applied in a nominally positive direction (+B) and that taken under the same 

magnitude of magnetic field applied in a nominally negative direction (-B), divided by two (see 

Fig (3-21)). 
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Figure 3-17 displays the experimental geometry for KPFM Hall spectroscopy measurements. A three-dimensional 
representation (a) demonstrates the orthogonal arrangement of the current, driven by the gold electrodes shown, and the 
magnetic field emanating from the magnet poles. The side-profile schematic (b) illustrates the circuit diagram for the 
system, whilst the end-on schematic (c) shows the interleave technique for KPFM, where topography is obtained before 
lifting to measure potential. Here, aggregation of charges at the surface is speculated upon.  

 

3.4.3 Practical and Experimental Considerations 

 

Throughout the course of the study, various factors, whether scientific or merely logistical, 

needed to be considered to ensure that the results of experimental work and the subsequent 

analysis that followed, could not only be repeatable but also rigorous from the theoretical 

perspective. In this section, such considerations will be discussed and scrutinised.  

 

3.4.4 Optimising Scan Parameters 

 

3.4.4.1 Lift Height 

 

Due to the nature of KPFM as a non-contact experimental technique, it was found that background 

noise, amongst the various other contributing variables, appeared to play a considerable role with 

respect its expression in extracted data. As mentioned, KPFM allows for interleave scans to be 

undertaken at a fixed lift height which is to be decided upon by the user. It has also been stated 
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that by tuning this lift height, one may be able to tune the relative cantilever-tip contributions to 

the measured surface potential. In the same sense, lift height may also play a considerable role in 

limiting the measurement resolution. As mentioned, the net force felt by the scanning probe tip 

is merely a superposition of all the active forces incident upon it, according to equation (2.59). 

KPFM operates through the nullification of these forces and the kilohertz-regime frequency 

feedback that drives this nullification. In theory, the lift height should be chosen in such a way 

that when the surface potential scan is underway, it is high enough to be out of the regime where 

topographical cross talk from Van der Waals forces at the surface might play a role in distorting 

the measured potential, demonstrated in Fig (3-18). One may draw comparison with magnetic 

force microscopy (MFM), which is another interleave scanning probe technique designed to 

measure the magnetisation of a surface. Where MFM is concerned, lift heights should be selected 

such that short range electrostatic and Van der Waals interactions may be neglected completely, 

and where long-range magnetic interactions are the dominant source of feedback (43). Operating 

at high lift heights in KPFM demonstrably strengthens the cantilever-tip contribution ratio 

(explained in section 2.5), but the reduction in adhesive forces may also result in a reduction of 

the tip signal-noise ratio. This is implied by equation (2.69) and illustrated in Fig (3-18). Both 

factors may become detrimental when obtaining good quality KPFM data, especially when the 

relative magnitude of the measured signal is small, as is the case here. Large lift heights in the 

case for MFM may not necessarily lead to high noise, primarily due to the singular, mechanical 

mode of excitation under which the cantilever-tip system is subjected. Contrary to this, KPFM 

requires electrostatic and mechanical modes of excitation to drive the phenomena that is to be 

measured, which provides additional degrees of freedom and thus, further instabilities to the 

onset of noise. Combining this with the requirement for interleave scans to avoid low-lying debris 

that might contaminate the sample surface, we have been careful to optimise lift heights for the 

course of this study. 
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Figure 3-18 provides visual demonstration of the KPFM lift mode technique. The scanning probe scans over the surface in 
intermittent contact mode to acquire a topography trace, before lifting to a user-defined lift height, and measuring the 
surface potential. The solid green lines represent the Van der Waals interactions that dominate at small tip-sample 
separation, that become negligible the further the tip is lifted from the sample.  

 

3.4.4.2 Scan Speed/Frequency 

 

Where the onset of noise as a function of lift height has been treated, we now turn our attention 

to the selection of scan speeds and scan frequencies (SSF), and their relationship to the same 

parasitic variable in the context of KPFM measurements. The image in Fig (3-19a) is a KPFM 

potential map of a region under test containing a domain wall (DW), as captured with a scan 

frequency of 0.6Hz using the Asylum MFP-3D system. The blue dashed lines represent surface 

potential profiles bisecting the DW at five points, from which an average is then taken. The scan 

is then repeated upon the same region at decreasing scan frequencies down to 0.1Hz in 0.1Hz 

increments and the same averaged bisection is then taken. Not only, as evident from Fig (3-19b), 

do we see a significant increase in the domain wall potential signal with respect to the bulk signal 

when scan frequency is incrementally decreased, but we also observe significantly enhanced 

spatial resolution as well, depicted as a reduction in the measured Full-width-half-maximum 

(FWHM) of the DW trace, indicative of a sharper peak position corresponding to the DW itself. 

When considering that DW width in the rare earth manganites is likely to be on the order of ≈ 1-

10nm (25,44), which itself is below the measurement resolution of the PPP-EFM Nanosensors 

probes used in these experiments, we begin to understand the importance of selecting the optimal 

scan frequency such that final KPFM data has the minimal spatial convolution. 
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Figure 3-19 displays a KPFM potential map (a) on a ferroelectric domain wall. The ratio of domain wall to bulk signal, 
averaged across the green dashed profiles, is plotted as a function of scan frequency (b), demonstrating an enhancement 
of the measured potential signal as scan frequency decreases. Plotted alongside is the spatial full-width-half-maximum 
(FWHM) of the domain wall trace as scan frequency is increased, which is observed to increase with scan frequency. This 
reflects an enhancement of the spatial resolution that is achievable when scans are conducted at slower scan speeds.  

 

3.4.5 Photovoltaic Effects 

 

Due to the influence of current in Hall effect measurements, described by equation (3.88), 

extraneous variables that might artificially modify the current suppled will similarly modify the 

Lorentz force-mediated aggregation of charge upon either of the transverse faces. In recent years, 

ferroelectric materials have been studied intensely for their photovoltaic properties, owing to the 

generation of anomalous photovoltages, primarily observed in bismuth ferrite (45). However, 

recently the hexagonal rare-earth manganites have demonstrated similar properties, including 

strong light absorption in the visible light regime of the solar spectrum and reported band gaps 

as low as 1.3 eV (46). We therefore realise that the photovoltaic effect (PE) in ErMnO3 must be 

taken seriously and accounted for. 

 

As is common with atomic force microscopes, the optical feed which allows the user to focus up 

the cantilever and surface, such that correct focus and engage heights can be programmed, is 

illuminated by a light source which deposits light upon the crystal surface. The lightbulb used for 

the duration of this study has a tungsten filament which illuminates the sample at a peak 

wavelength of ≈ 850nm (47) – in the vicinity of the band gap for h-RMnO3 (≈ 950nm)(46) . To test 

the effect of illumination upon the current driven between lateral electrodes in the Hall geometry 

specified earlier in this section, a constant 5 V bias was applied between the electrodes and 

current was measured for a time interval that allowed a steady current to develop. The light, 

incident at a fixed height above the sample, was turned on and the intensity incident upon the 

sample linearly ramped up in a stepwise fashion. The lightbox was then switched off, and the 



Quantitative Hall Effect Measurements on ErMnO3 Conducting Domain Walls 

110 
 

current was measured once again. Fig (3-20a) demonstrates that, not only does the measured 

current follow a stepwise dependency upon the applied light intensity, but the effect in general 

becomes more pronounced at higher light intensity values, with the size of the measured current 

step becoming larger towards the highest intensity settings.  

 

To see how the applied voltage feeds into this developing picture, current-voltage (IV) 

measurements were undertaken between the electrodes whilst the same tungsten light source 

provided light from above, once again at a fixed distance. IV data shown in Fig (3-20b) depicts a 

consistent picture with regards to the effect of light intensity upon measured current, only this 

time, we see that at higher applied voltages the enhancement is considerable and the effect has 

become compounded. Considering our desire to maximise the Hall potential signal by using 

higher driven voltages and therefore driving larger currents, a trade-off becomes apparent. Due 

to the fact that the PV effect should be independent of the applied magnetic field, any generated 

photocurrents should be accounted for and subtracted using the field reversal method described 

above. It should be noted that all Hall potential scans were undertaken in identical lighting 

conditions. This way we could ensure to eliminate any component of our final Hall potential signal 

generated due to the presence of photocurrents. 

 

 

Figure 3-20 displays current measurements obtained by CAFM (a) on a bulk ErMnO3 crystal under varying illumination. 
For obtaining these measurements, a CAFM tip was scanned over the same scan line approximately 10 times, before the 
light intensity was incrementally increased, before being switched off and another 10 scans completed. At stepwise 
increase in the measured current was observed. Current-voltage (IV) sweeps were then undertaken under varying light 
intensity (b), where the colour scheme of the plotted data matches the colour scheme in (a). An enhancement of the IV 
spectra can be seen upon incrementally increasing the light intensity. 
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3.4.6 Hall Potential Measurements 

 

Referring to Fig (3-21a), we see a T-T domain wall within the interelectrode gap, depicted as the 

amalgamation of PFM phase and amplitude, with an inclination angle of ~60o to the applied 

magnetic field and, accordingly, to the polarisation axis. KPFM images acquired during the 

application of an electrical current, whilst exposed to orthogonal magnetic fields of +330mT (Fig 

(3-21b)) and -330mT (Fig (3-21c)), reveal contrast at the charged domain wall after field-

reversal subtraction. To ensure the specific segment of domain wall studied is consistent across 

the acquired datasets, KPFM potential profiles were taken at 9 sequential line scans within the 

regions delineated by the two blue dashed boxes in the Fig (3-21b) and (3-21c), and for each 

scan line, Savitsky-Golay filtering was used to removed unwanted background noise whilst 

retaining peak amplitude. Examples of filtered line profiles are indicated in Fig (3-21d). 

Realignment of the datasets meant that local minima in the potential representing the middle of 

the domain wall were made to be spatially coincident, and an average was taken across the 9 

potential profiles to yield the final value of potential for that wall (Fig (3-21e)). Repeating this 

process for both datasets yielded a potential value for the same wall under both senses of 

magnetic field. These were then plotted against each other (Fig (3-21f)). An appreciable change 

in surface potential localized at the domain wall is evident upon field reversal. Dividing the 

difference in the measured surface potentials by two, yields the final value for Hall potential. Fig 

(3-21g) demonstrates the degree to which the Hall potential signal at the domain wall deviates 

from the signal measured within the domain (on the order of tens of millivolts). However, the 

bulk signal, which is seen to vary to the order of ~5 mV, alludes to the degree of uncertainty 

inherent in the measurement. This is illustrated in Fig (3-21g). What is observed in the bulk is a 

Hall potential that is largely positive in sense, whilst dipping below zero at certain points. 

Intuitively, the Hall potential within a single domain cannot assume both positive and negative 

Hall signals, thus such an observation is attributed to the background noise or perhaps the 

presence of charged defects. Experimental considerations that look to enhance signal-to-noise 

are explored in subsequent sections. Vector analysis that considers the directions of the applied 

current and magnetic field vector, and the positive values in Hall potential that results, are indeed 

consistent with charge transport within T-T domain walls facilitated by p-type carriers, as 

demonstrated experimentally in YbMnO3 (10). 
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Figure 3-21 demonstrates the field reversal technique used in sampling Hall potential data at domain walls. The 
amalgamated lateral PFM amplitude and phase map (a) illustrates the domain structure, where KPFM maps undertaken 
upon application of electrical current, whilst subject to positive (b) and negative (c) magnetic fields reveal strong electric 
potential contrast at the domain wall. Electric potential profiles are sample (blue dashed box) at nine points across the 
wall, displayed in (d), where potential troughs are aligned and averaged (e). This is repeated for data taken under positive 
and negative field, and the two datasets are aligned (f), before being subtracted from one another, yielding the pure Hall 
potential (g).  

 

Fig (3-22) displays similar Hall potential profiles, measured at other T-T domain walls, which 

yield Hall potential values consistent, both in sense and in magnitude, to those presented in Fig 

(3-21g). Theory would suggest a charge density, and thus Hall potential, that should vary with 

respect to domain wall inclination angle (25,48). However, factors such as experimental noise, 

unknown subsurface domain wall geometries which constitute additional current contributions, 

and measurement error have, as of yet, prevented the confirmation of this hypothesis – consistent 

trends with inclination angle are not obvious.  
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Figure 3-22 displays three further Hall potential profiles, sampled from other tail-to-tail domain walls on the same ErMnO3 

sample. The sense of Hall potential is consistent across all tail-to-tail domain walls studied, suggesting p-type behaviour. 

 

3.5 Results 
 

3.5.1 Main Assumptions 
 

Before quantitative analysis can be undertaken, a few assumptions are necessary to be 

established. This will enable accurate formulation of values for carrier mobility and carrier 

density within T-T conducting domain walls. We consider subsurface domains and domain walls, 

and the electrical activity implied therein. Firstly, it was necessary to estimate the depth of the 

conducting channel, D. In previous work (29), the value for D is estimated to be consistent with 

the average length of the local microstructure and the average separation between adjacent six-
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fold vertex points – the assumption that the domain structure is homogeneous in all orientations 

(36) is integral here and this point will be revisited next. Finite element (QuickField) modelling 

displayed in Fig (3-23) serves to establish upper and lower bound estimates for D. For analysis 

here, domain wall sections that are approximately straight, and thus form a constant angle against 

the polar axis, are selected such that the assumption of homogeneous scaling of the current 

density as a function of local electric field (in agreement with (25)) may be considered valid. The 

measured sample thickness (~200μm) and interelectrode separation (~50µm) provided physical 

boundary conditions for the model. One of the surface electrodes was defined at a positive electric 

potential, whilst the other electrode was grounded to the AFM. Sidewall electric potentials were 

left unfixed. The dielectric permittivity of the domain wall was assumed to be the same as that of 

bulk ErMnO3 (~300), informed by literature (49), and the carrier density of 1013cm-3 was inferred 

from our Hall voltage measurements (see below). 

 

 

Figure 3-23 displays side-profile maps of the electric potential (a) and lateral electric field, Ex (b), obtained using 
QuickField finite element modelling. Depth profiles of Ex were taken at five points across the interelectrode gap and 
displayed graphically in (c), enabling an estimate for the depth of the effective conducting channel to be formulated.  

 

Fig (3-23a) considers a portion beneath the crystal surface, extending downwards to the bottom 

surface of the sample. The electric field component parallel to the direction of the driven current, 

termed as the lateral electric field (Ex), is mapped in Fig (3-23b), and the variation of Ex as a 

function of depth is plotted in Fig (3-23c) at a number of points across the interelectrode gap, 

indicated by the black dashed lines. The field is seen to decay monotonically, dying to a negligible 

value by the point at which the sample thickness is traversed. Taking the depth at which the mean 

value for Ex occurs as representative of the cross section to which ≈ 75% of the current density is 

confined, a value of D ~ 75µm is estimated. 

 

The next of these assumptions concerns the homogeneity of the domain microstructure, and thus 

we consider work undertaken by Lin et al (2014) (36), mentioned above and displayed in Fig 
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(3-24a). What is clear from the study is that, down to depths of at least tens of microns, 

ferroelectric domain density remains spatially homogeneous. We observe no significant spatial 

variation in the planar domain density for the crystals used in these experiments, therefore we 

assume a homogenous distribution of domain walls throughout the sample. If we are to assume 

a system that roughly mimics the electrical behavior outlined by the circuit diagram in Fig 

(3-24b), we may treat the network of conducting domain walls under test as a collection of 

resistors set up in parallel. We may therefore estimate the number of conducting domain walls 

within the region where most of the current is confined to.  

 

 

Figure 3-24 are visual representations of some of the key assumptions inherent within carrier density and mobility 
calculations for conducting domain walls in ErMnO3. PFM images (a) taken at slices through the crystal depth demonstrate 
spatial homogeneity in terms or domain and domain wall density throughout the crystal. The lateral PFM image (b) 
undertaken upon the crystal in question is displayed alongside the modelled circuit diagram. Here, the assumption of each 
domain and domain wall behaving as a circuit element connected in parallel is integral to carrier mobility calculations. 
Fig (a) sourced from Ref (36). 

 

Finally, we consider the thickness of the conducting channel (domain wall width). Based on 

arguments put forward in an earlier section, the value we choose for the effective cross section of 

a conducting domain wall is ≈ 10 nm. This was based partially on TEM and Landau theory work 

presented by Holtz et al (16), in conjunction with studies by Meier et al (22), who states that 

swelling of the domain wall upon application of current effectively widens it.  
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3.5.2 Carrier Mobility and Carrier Density Calculations 
 

The Hall voltage (VH), measured at the domain walls, as detailed in previous work (29), can be 

approximately related to both the carrier mobility (µ) and density (𝒄𝒄, carrier type is assumed to 

be p-type for now) as follows: 

 

 

 𝝁𝝁 ~ 
𝒅𝒅𝑯𝑯

|𝑬𝑬|𝑫𝑫|𝑩𝑩| (3.91) 

 

 𝒄𝒄 =  
𝑰𝑰𝑫𝑫𝑾𝑾|𝑩𝑩|
𝒅𝒅𝑯𝑯𝒒𝒒𝜹𝜹𝒆𝒆𝒇𝒇𝒇𝒇

 (3.92) 

 

 

Here, |B| is the magnetic field, q is the carrier charge and IDW is the current driven through a single 

domain wall. The effective domain wall width (discussed above) is represented as δeff, |E| is the 

magnitude of the effective electric field local to the domain wall and is measured explicitly from 

the spatial derivative of the KPFM potential. Choosing to tackle the carrier mobility first, a value 

of ~ 30 x 10-3 V (typical from data shown in Fig 3-22) was taken for Hall voltage (VH). A value of 

2 x 104 Vm1 is taken for |E|, as measured directly by KPFM, whilst the applied magnetic field was 

~ 0.3T (Vsm-2). Thus, using equation (3.91), a value of (5 x 10-6/D) m2V-1s-1 is estimated for carrier 

mobility. Substituting our value for D into equation (3.91). The carrier mobility implied is 

therefore ~670cm2V-1s-1, comparable to the highest values for room temperature bulk or sheet 

carrier mobilities ever reported (52-55).  

 

Moving on to the carrier density within the conducting domain walls, an estimate for the current 

confined to a single wall (IDW) is required. For our analysis to work, it is the assumption that both 

the bulk material and the domain wall channels that connect source and drain comprise a parallel 

electrical circuit, similar to the one constructed schematically in Fig (3-24b). The resistance ratio 

between the two microstructural components (Rbulk/Rwall), extracted from CAFM maps taken at 

applied voltage biases between 1.5-4.5V, displayed in Fig (3-25a), have been plotted in Fig 

(3-25b) and extrapolated to a voltage bias of 10V, approximately equal the voltage necessary to 

drive the aforementioned current. Taking the inverse of Rbulk/Rwall gives a measure of the ratio of 

the current driven through wall to that driven through the bulk. 
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𝑹𝑹𝒃𝒃𝒄𝒄𝒂𝒂𝒌𝒌
𝑹𝑹𝝈𝝈𝒂𝒂𝒂𝒂𝒂𝒂

 ~ 
𝝆𝝆𝒃𝒃𝒄𝒄𝒂𝒂𝒌𝒌𝑳𝑳
𝑨𝑨𝒃𝒃𝒄𝒄𝒂𝒂𝒌𝒌

∙
𝑨𝑨𝝈𝝈𝒂𝒂𝒂𝒂𝒂𝒂
𝝆𝝆𝝈𝝈𝒂𝒂𝒂𝒂𝒂𝒂𝑳𝑳

 ~
𝝆𝝆𝒃𝒃𝒄𝒄𝒂𝒂𝒌𝒌
𝝆𝝆𝝈𝝈𝒂𝒂𝒂𝒂𝒂𝒂

∙
𝜹𝜹𝒆𝒆𝒇𝒇𝒇𝒇

𝝈𝝈𝒆𝒆𝒂𝒂𝒆𝒆𝒄𝒄𝒕𝒕𝒓𝒓𝒄𝒄𝒅𝒅𝒆𝒆
 (3.93) 

 

Here, ρbulk and ρwall describe the electrical resistivity of the bulk and wall respectively. Cross-

sectional areas of the conducting bulk and wall channels are represented by Abulk and Awall 

respectively, whilst L is the width of the interelectrode gap (the length of the conducting region) 

and welectrode the width the gold surface electrodes. CAFM data in Fig (3-25b) demonstrates that 

the current measured at the walls exceeds that measured in the bulk by approximately two orders 

of magnitude, representing the respective resistivities. The black dashed line serves merely as a 

guide to the eye to demonstrate the relationship between DW-to-Bulk ratio and the applied 

voltage bias. The linear extrapolation constitutes a conservative estimate for the current-voltage 

response. Literature on the subject (50) present an Iwall/Ibulk ratio of ≈ 4. However, this ratio was 

experimentally verified at a voltage bias considerably smaller than the one used in these 

experiments. The value for welectrode is stated as 100µm and this was verified experimentally using 

AFM topography measurements. Equation (3.93) therefore yields a ratio of Rbulk ≈ 1 x 10-2 Rwall, 

necessitating a current of ≈ 1nA (of the total driven current of ≈ 100nA) flowing through an 

individual conducting wall.  

 

 

Figure 3-25 displays conductive AFM (a) images at increasing voltage bias (1.5-4.5V) and the extracted domain wall (DW) 
to bulk current ratio, which is extrapolated using a linear fit. The black dashed line serves as a guide to the eye only.  

 

Building on the assumptions stated, carrier densities of ~1 x 1013 cm3 for each wall were 

calculated using equation (3.92). Upon comparison with the theoretically deduced values 

pertaining to the charge density required at T-T walls for electrostatic screening of the 

polarization during domain formation in ErMnO3 (~ 1x1020 cm-3), it is implied that either the 
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walls cannot be fully screened, or perhaps that not all screening charge actively participates in 

conduction (24,51). It is possible to compute a theoretical calculation for carrier density in bulk 

ErMnO3. Here, the carrier density for extrinsic semiconductors is assumed to take the form: 

 

 𝒄𝒄𝟎𝟎 =  𝑵𝑵𝒗𝒗𝒆𝒆
𝑬𝑬𝒗𝒗 − 𝑬𝑬𝑭𝑭

𝒌𝒌𝑻𝑻�  

 
(3.94) 

 

Where Ev and EF are the valence band and Fermi energies respectively. The density of states in 

the valence band, Nv, may be estimated as follows: 

 

 𝑵𝑵𝒗𝒗 =  𝟐𝟐�
𝟐𝟐𝟐𝟐𝒎𝒎𝒉𝒉

∗𝒌𝒌𝑩𝑩𝑻𝑻
𝒉𝒉𝟐𝟐

�
𝟑𝟑
𝟐𝟐�

 (3.95) 

 

The value mh*, represents the effective mass of holes, which is assumed to be equal to the rest 

mass of an electron for the sake of this calculation. The value (Ev - EF) must be less than the band 

gap, Eg, for h-RMnO3. As informed by literature (46), a reasonable estimate for Eg is 1.45eV. From 

this we may acquire an estimate for carrier density to be p0 ≈ 5.32 x 1014 cm-3. Clearly, assuming 

the value (Ev - EF) to be equal to the band gap is likely to be a significant overestimate and thus 

the formulated carrier density serves as an upper bound estimate. As illustrated in Fig (1-14), we 

would also expect a degree of band bending, localized at the domain wall, that might also distort 

the value of Ev - EF. However, at first glance, this value looks to be reasonably consistent with the 

carrier density measured using the KPFM technique described above. Using our value for p0, along 

with simple relation σ = 1/ρ = p0eµ for electrical conductivity/resistivity, we may formulate an 

expression to estimate carrier mobility as follows: 

 

 𝝁𝝁 =  
𝟏𝟏

𝒄𝒄𝟎𝟎𝒆𝒆𝝆𝝆
=  

𝒂𝒂
𝒄𝒄𝟎𝟎𝒆𝒆𝑹𝑹𝑨𝑨

 (3.96) 

 

Where l and A are the respective length and cross-sectional area (𝜹𝜹𝒆𝒆𝒇𝒇𝒇𝒇 × 𝑫𝑫) of conducting 

channel. The value R may be estimated as ≈ 5GΩ, using equation (3.93). Evaluating equation 

(3.96) results in a value for µ of ≈ 0.02 cm2Vs-1, several orders of magnitude lower than those 

calculated from experiments. The discrepancy here could easily be attributed, either to the 
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assumed values for the effective mass of holes or (Ev - EF), overestimating the dimensions of the 

conducting domain wall cross-sectional area, or likewise overestimating the free carrier density 

at the wall itself. Estimates for p0 were formulated considering bulk properties and, as illustrated 

in Fig (1-14), electronic band properties of the material deviate considerable at polar 

discontinuities. These results will be discussed in more detail later. 

 

3.5.3 Calibration Experiments on Asylum MFP-3D AFM  
 

To check the validity of data obtained, a separate set of experiments was performed in a similar 

fashion, on another AFM platform with an in-situ variable field magnet system. Figs (3-26a) and 

(3-26b) show PFM phase maps of a region within the interelectrode gap measured using this new 

system. On this occasion, a 9 V potential difference was applied to source and drain electrodes to 

drive a current of approximately 100 nA. A magnetic field reversal technique was once again 

implemented, using ±400 mT. This second AFM platform allowed KPFM maps with a better 

signal-to-noise ratio, less drift and reduced image astigmatism. As a result, it was possible to align 

the individual KPFM images taken at positive and negative B-fields and directly determine a Hall 

potential map (by subtracting the two images and dividing resulting potentials at every point by 

two). This map is presented in Fig (3-26c). It is worth noting that the domain wall trace appears 

somewhat swollen in the Hall potential image. This is most likely attributed to a reduced spatial 

resolution due to scans being performed at a lift height away from the sample surface. 

Importantly, the order of magnitude of the Hall voltages measured, as evidenced in Fig (3-26d), 

are similar to those discussed above, under similar measurement regimes. Indeed, extracted 

mobilities and carrier densities from these data confirm the order of magnitude estimates 

associated with the measurements presented in Figs (3-22a) - (3-22d) (≈ 100cm2V-1s-1 under 

the same geometric assumptions).  
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Figure 3-26 displays lateral PFM (LPFM) (a) of an area within the interelectrode gap, where the polar axis is indicated by 
arrows. A magnified section of LPFM (b) demonstrates the presence of a charged tail-to-tail domain wall segment, along 
with corresponding KPFM Hall potential map of the same region (c). Profiles averaged at 5 points (blue dashed lines) 
across the domain wall reveal identical, p-type behaviour, measured previously and displayed in Fig (3-22). 

 

3.6 Discussion 
 

The experiments described above demonstrated multiple hypotheses. In moving from an 

intermittent contact mode technique to a KPFM technique, not only were some of the qualitative 

findings of Campbell et al (29) echoed, but a quantitative element was added to analysis of charge 

carriers at T-T domain walls. It should be noted at this point that there is significant disparity 

between the values for carrier density and carrier mobility at T-T conducting domain walls 

measured in this study, and those measured in a separate study on T-T domain walls in YbMnO3 

by Campbell et al (29). Clearly, this disparity could be due to the difference in the crystal systems 

studied. However, the KPFM technique used throughout this study has allowed for more accurate 

measurement of the effective electric field (Ex) responsible for driving the electrical current. This 

could quite feasibly account for the mentioned disparity. The Campbell et al study (29) 

overestimated Ex by assuming the potential difference across the gold electrodes to be simply 

equal to the spatial derivate of the applied voltage, not taking into the account the influence of 

Schottky barriers that invariably form at the metal-semiconductor interface. Monitoring the local 

surface potential has allowed accurate estimates of Ex, yielding measured values more than an 

order of magnitude smaller – a factor that accounts for the profoundly large carrier mobilities 

measured. This process, and a schematic of the extracted raw data, is outlined in Fig (3-27). In 

addition to this, bulk contribution to the current is now considered where it was not before. This 
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technique, and its quantitative scope, thus constitutes an improvement in terms of characterizing 

the carriers involved in conduction. 

 

 

Figure 3-27 are schematic representations of both the raw data trace (red line) and the line-fitted trace (red dashed line) 
from KPFM measurements between grounded and voltage-biased (Vapp) electrodes. The dip in both the line traces 
represents the position of the domain wall. Local effective electric fields (Ex) are extracted directly from the data.  

 

Measured carrier density values were significantly beneath those required for full electrostatic 

screening of the polarization (nscreen ≈ 1020 cm-3), and two orders of magnitude smaller than those 

measured in (29). It is also feasible that the discrepancy between measurements in the two 

studies may be attributed to inaccuracies associated with calibrating the intermittent contact 

mode technique. A value for equilibrium carrier density in the bulk was estimated using equation 

(3.94). Here, a value of ≈ 5.32 x 1014 cm-3 was computed. Again, this estimate is an order of 

magnitude different to what was measured using the KPFM Hall potential setup. Nonetheless, the 

discrepancy is most likely attributed to an overestimate of Ev -EF, which is approximated, for the 

sake of this calculation, to be equal to the electronic bandgap extracted from literature for h-

RMnO3 (46). 

 

Finally, measurement of the carrier mobility has revealed interesting, and somewhat surprising, 

insights into the nature of the carriers themselves. Measured values for carrier mobility, upwards 

of hundreds of cm2/Vs-1, are as large as any recorded literature value in oxide materials. This 

brings with it the potential for implementation within electronic devices. Measurements on oxide 
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materials used for thin film transistors, for example, yielded similarly large values for carrier 

mobility (52–54). Beyond these examples, considerable interest is now invested into 

dimensionally confined (two dimensional) materials, where dimensional confinement plays a 

role in altering conduction properties. Semiconducting layered structures in GaSe systems for 

example yield room temperature hole mobilities of up to 100 cm2Vs-1 (56). In monolayer InSe 

systems, room temperature measurements have revealed electron mobilities in excess of 1000 

cm2Vs-1, whilst low temperature measurements on LaO-STO interfaces continue to reveal gigantic 

carrier mobility values (57,58). Although it is difficult to draw direct comparison with some of 

these studies, as they focus on non-oxide systems or experiments undertaken at low temperature, 

recent work would suggest that changes to local chemistry and electronic band structure at 

conducting domain walls give rise to changes in their physical properties that deviate 

dramatically from the bulk. The formation of a free electron gas at charged domain walls in 

barium titanate (59), variation of the domain and domain wall density of states in ErMnO3 (3) and 

alterations to manganese valence states (15) or to the population of oxygen interstitials in h-

RMnO3 (60), are just a few examples where the hypothesis that conducting domain walls must be 

considered as entities entirely separate from the bulk material, are substantiated. Profoundly 

mobile carriers such as those presented here are atypical in oxide systems exhibiting conduction 

behaviour mediated by small (61) or large polarons (62). Conduction at T-T domain walls is thus 

likely to be mediated by carriers free from lattice coupling.  
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4 The One-dimensional Domain Wall PN-diode 

 

4.1 Introduction 
 

Having spent the previous chapter discussing the carrier types that aggregate at tail-to-tail (T-T) 

domain walls in ErMnO3, the focus of this next chapter is firstly to confirm the carrier types that 

facilitate conduction at head-to-head (H-H) domain walls and subsequently examine the electrical 

behaviour exhibited when an electrical current is driven from a T-T section, through the six-fold 

vertex point that joins them, to the H-H section. Although existing theory (1–3) might lead one to 

predict the aggregation of n-type carriers at H-H walls in this system, it is necessary to definitively 

confirm this hypothesis through direct measurement, before shifting focus towards the vertex, 

and the possibility of a one-dimension PN-diode that accompanies such speculation. 

 

The fundamental physics associated with the PN-diode are similar to those associated with the 

Schottky-diode that forms at the interface between metal and semiconductor. This also extends 

to the current-voltage (I-V) behaviour, and thus due to the fact that Schottky diode behaviour 

come into play whenever a metal electrode, used for sampling such behaviour, makes contact 

with a semiconducting surface (ErMnO3 is an example of a wide-bandgap semiconductor), 

decoupling the Schottky behaviour from the genuine PN-diode behaviour becomes 

understandably problematic. This, combined with the meandering domain network that is 

observed in all h-RMnO3 systems, makes the task all the more complex in nature. The physics that 

underpins the formation of PN-diodes is addressed in  

Appendix: The One-dimensional PN-diode. The next section focuses specifically on the electrical 

properties of diodes. 

 

4.2 Current-voltage (I-V) Across a PN-diode 
 

One key feature of the PN-diode that determines its current-voltage characteristics is referred to 

as rectification. A current rectifier is simply defined as a device that receives an alternating 

current (AC) input and converts it to a direct current (DC) output (4). The PN-diode achieves this 

by only allowing current to flow in one direction. In the case of forward bias, where a positive 

voltage raises the potential of the p-type region with respect to the n-type region, as depicted in 
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Fig (4-1a), current flow may be rationalised by recombination of carriers in the depletion region 

(5). Carriers in the bulk on either side will experience a repulsive force from the biased electrical 

contacts at the edges of the respective semiconductor, which drives them towards the junction 

where they are free to recombine with acceptor and donor states at the edge of the depletion 

region. The process of recombination thus reduces the width of the depletion region, as 

demonstrated by Fig (4-1b). The combination of increased potential difference, dropped across 

a narrower depletion region, leads to a stronger effective electric field and thus an increased 

current. In the reverse bias case represented in Fig (4-1c), charge transport across the junction 

relies upon carrier generation. Here, charge carriers instead move outwards towards the 

electrical contacts and in order for an electrical current, as detected by the outer electrodes, to be 

maintained, a supply of charge carriers is generated by thermal excitation (6). On the n-type side, 

a hole can be emitted from an acceptor state in the depletion region, where it then migrates to the 

negatively biased electrode. Alternatively, an electron may drop into the conduction band from a 

donor state on the p-type side, before subsequently moving to the positively biased electrode. 

Each of these processes leaves behind impurity states, and thus the depletion regions (the charge 

density within which is dominated by these impurity states) on both sides swell, as shown in Fig 

(4-1d). With a wider depletion region, the effective electric field is reduced. Thus, currents 

associated with free carrier drift are opposed. At large, negative voltages, breakdown is observed 

and the current spikes in what is referred to as the avalanche regime.  
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Figure 4-1 depicts schematically, the cases for forward bias (a) across a PN-diode and associated charge density (ρ) and 
electric potential (Φ) as a function of position (b). The case for reverse bias is also shown (c), with corresponding charge 
density and electric potential (d).   

 

In quantifying the expected I-V characteristics of the PN-diode, we must consider currents arising 

from both drift and diffusion. We start by considering diffusion current densities for holes and 

electrons, which are sensitive to the gradient in the local carrier density and described by Fick’s 

law: 

 

 𝑱𝑱𝒉𝒉,𝒆𝒆�𝒅𝒅𝒊𝒊𝒇𝒇𝒇𝒇 =  −𝑫𝑫𝒄𝒄,𝒏𝒏
𝒅𝒅𝒄𝒄,𝒏𝒏
𝒅𝒅𝒅𝒅

 (4.97) 

 

Where Dp,n are the respective diffusion constants for holes and electrons. These may be related to 

the carrier mobilities by the Einstein relations: 

 

 𝝁𝝁𝒄𝒄 =  
𝒒𝒒𝑫𝑫𝒄𝒄

𝒌𝒌𝑻𝑻
,     𝝁𝝁𝒏𝒏 =  

𝒒𝒒𝑫𝑫𝒏𝒏

𝒌𝒌𝑻𝑻
 (4.98) 
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The current density due to drift holes/electrons can be expressed as follows: 

 

 𝑱𝑱𝒉𝒉,𝒆𝒆�𝒅𝒅𝒓𝒓𝒊𝒊𝒇𝒇𝒕𝒕 =  𝝁𝝁𝒄𝒄,𝒏𝒏(𝒄𝒄,𝒏𝒏)𝑬𝑬 (4.99) 

 

In the non-equilibrium case (V ≠ 0), carrier densities at the edge of the depletion region may be 

modelled by Fermi-Dirac statistics (7), defined as: 

 

𝒄𝒄 =  𝒄𝒄𝟎𝟎𝒆𝒆𝒅𝒅𝒂𝒂/𝒅𝒅𝑻𝑻 (4.100) 

𝒏𝒏 =  𝒏𝒏𝟎𝟎𝒆𝒆𝒆𝒆
𝒅𝒅𝒂𝒂/𝒅𝒅𝑻𝑻  (4.101) 

 

Where p0 and n0 are the equilibrium carrier densities, Va is the applied voltage whilst VT is the 

thermal voltage and is equal to kT/q. The total current may then be expressed as the sum of the 

drift and diffusion components: 

 

 𝑱𝑱𝒉𝒉,𝒆𝒆 =  𝝁𝝁𝒄𝒄𝒆𝒆−𝒅𝒅𝒂𝒂 𝒅𝒅𝑻𝑻⁄ (𝑬𝑬𝒄𝒄𝟎𝟎 − 𝒅𝒅𝑻𝑻) (4.102) 

 

If we are to assume homogeneous carrier densities however, the contribution of the diffusion 

current disappears and thus equation (4.102) simply becomes: 

 

 𝑱𝑱𝒉𝒉,𝒆𝒆 =  𝝁𝝁𝒄𝒄𝑬𝑬𝒄𝒄𝟎𝟎𝒆𝒆−𝒅𝒅𝒂𝒂 𝒅𝒅𝑻𝑻⁄  (4.103) 

 

This representation is a common form describing the current through a PN-diode, and governs 

the familiar asymmetric I-V behaviour, depicted in Fig (4-2). What is evident from the presence 

of the exponential in -Va in equation (4.102), is that separating PN-diode behaviour from 

Schottky-diode behaviour, which also contains an exponential in -Va in its respective current 

density formula, has obvious pitfalls. Removing sources of Schottky behaviour is therefore vital 

in designing I-V experiments that probe only the electrical properties of the PN-diode.  
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Figure 4-2 is a graph illustrating the expected I-V behaviour of the PN-diode. Evident is the asymmetrical relationship with 
regards to applied bias. At large, negative voltages, avalanche is observed, and the observed current is seen to spike. 

 

4.3 KPFM Hall Potential Spectroscopy on Head-to-Head (H-H) Domain 

Walls 
 

Various studies have sought to compare the electrical properties at T-T and H-H domain walls in 

ErMnO3. Work by Mundy et al (3) attribute anomalous conduction at H-H domain walls to the 

presence of inversion layers, where bending of the electronic band structure, local to the wall, 

effectively alters ϕw. Schaab et al (8) use photoemission electron microscopy (PEEM) to study 

similar phenomena in out-of-plane polarized ErMnO3 samples. In this work, PEEM contrast at 

adjacent ferroelectric domains is attributed to bound charge. Electrostatic screening due to 

adsorbates and other surface effects that may also alter the local band structure, and thus ϕw. In 

the next section, we seek to confirm whether differences in ϕw manifest due the aggregation of 

oppositely charged carriers at the two wall types. 

 

For experiments designed to probe the carrier properties of conducting domain walls 

approaching a six-fold vertex, a similar geometry to the one illustrated in Fig (3-17) was used, 

with one significant alteration. As supported by Fig (3-11), the ErMnO3 samples that are the focus 

of this (and the previous) chapter, are characterised by domain wall conduction that is observed, 

through conductive AFM (CAFM) at T-T domain walls at low voltages (> 500mV) and at both T-T 
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and H-H domain walls at higher voltages (> 5V). Theory in literature would suggest that the 

threshold voltage required to drive conduction at H-H walls is due to electronic polaron states 

(3). Assuming this to be true, two factors become clear. Firstly, we would expect a Hall potential 

signal contrast that is opposite to that observed at T-T domain walls, due to the proposed 

electronic nature of the H-H domain walls. Secondly, due to the greater effective mass of the 

polaronic states (9,10), reduced mobility (μ) would require a greater effective electric field (Ex) 

to generate a Hall voltage (VH), in agreement with the equation J = VHnedV/B (where V is the 

volume and current density, J = μExqn). To explore this second point, a new experimental 

geometry is designed with a narrower interelectrode gap, as illustrated in Fig (4-3). The by-

product of this new electrode design is that the domain walls that are to be probed are in direct 

electrical contact with the electrodes that will drive the current. This is not the case in the original 

setup, evident from Fig (4-3). Here, the same potential difference is to be used. However, it is now 

dropped across a narrower expanse, generating the enhanced Ex with which we hope to activate 

charge carriers at H-H domain walls. Another point that is worth making, is that all Hall potential 

experiments presented herein were conducted on the Asylum Research MFP-3D system. 

 

Figure 4-3 is a schematic representation of the old and new electrode geometries. The old geometry was used in previous 
experiments, presented in chapter 3, whereas the new geometry, with a narrower interelectrode gap, was introduced to 
increase the effective electric field experienced by charge carriers, with the hope that those whose effective mass might be 
greater (polarons at H-H domain walls) become active. Total sample size is ≈ (3mm x 2mm), with a sample thickness of ≈ 
200μm. 

 

Aside from the electrode geometry and AFM system used, the experimental setup and method for 

experiments undertaken in the context of this chapter was identical to that used in previously. 

The current was driven using the bipolar voltage source integrated within the AFM system, where 

a 9V bias was applied to the right hand electrode, whilst the left hand electrode and the KPFM tip 

itself were connected to the same ground, as depicted in Fig (3-17). A magnetic field, whose field 

lines once again cross interelectrode surface perpendicularly to the applied current, was applied 

simultaneously with the applied current to drive a Lorentz force-mediated deflection of carriers 

to the top or bottom surfaces, and the resulting voltage measurement, after implementation of 
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the field reversal technique outlined in the previous chapter, was then interpreted as the Hall 

potential. The amalgamated lateral piezoresponse force microscopy (LPFM) amplitude and phase 

map, displayed in the large central panel of Fig (4-4), shows the local domain microstructure. The 

polarization directions are indicated by the yellow and blue arrows, along with the cantilever 

orientation. Small sections (black dashed boxes) of the LPFM are displayed alongside 

corresponding Hall potential maps, acquired using the KPFM technique outlined above, where 

the scale bar on the bottom right hand side applies to all frames. Fig (4-4) demonstrates quite 

clearly, not only that both walls are electrically active in the new electrode geometry, but also that 

they manifest in the Hall potential as opposing contrast. As the Hall potential setup is sensitive to 

differences in surface charge, this may be interpreted as an aggregation of opposite charge at T-

T and H-H domain walls. Here, T-T domain walls, as before, have a positive Hall potential, as 

sensed by the KPFM probe. Maintaining the same boundary conditions as before, identical vector 

analysis supports the findings outlined in the previous chapter, where p-type carriers were 

revealed to mediate conduction. At the H-H domain walls however, an inverted Hall potential 

contrast would suggest that instead, n-type carriers perform this role.  

 

 

 

Figure 4-4 is an amalgamated lateral PFM amplitude and phase map (large central panel), displaying the local domain 
microstructure in the interelectrode gap. Polarization directions are indicated by the blue and yellow arrows, while the 
green dashed boxes correspond to regions where Hall potential maps (black dashed boxes) have been acquired. By 
referring to the LPFM, it is evident that T-T and H-H domain walls give opposing Hall potential contrast. The scale bar on 
the bottom-right applies to all three of the Hall potential maps.  
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An interesting point to be made here, is that the strength of the signal at the two types of domain 

wall are of similar magnitude. Looking back to the work by Mundy et al (3), this is consistent with 

their reports, where the magnitude of CAFM signal at T-T and H-H domain walls, once a threshold 

voltage bias (≈ 5V) is surmounted, is of a similar order. Carrying forward the same kind of 

quantitative analysis as before (Chapter 3), where values for carrier density and mobility were 

acquired, once again yields unprecedentedly large values for carrier mobility (> 500 cm2Vs-1) and 

extremely small carrier densities (≈ 1013 cm-3). This is potentially puzzling, as the existence of a 

threshold voltage might suggest conduction that is polaronic in nature, where charge transport is 

stunted at low voltages due to large effective masses. Once again, startlingly high mobilities 

unquestionably paint a picture of free carriers (11,12). This will be discussed towards the end of 

the current chapter.  

 

4.4 Electrical Characterisation of the PN-diode 
 

Having characterised the carrier type at both types of charged domain wall approaching a six-fold 

vertex, it is necessary to conduct direct electrical measurements in order to verify I-V behaviour 

that is consistent with the PN-diode model, as schematised in Fig (4-2). To do this, we elected to 

adopt a technique whereby an electrical current is driven from microscopic gold electrodes, 

similar to those shown in Fig (4-3), to a grounded AFM tip. This technique is similar to standard 

CAFM measurements, where the associated circuit diagram is demonstrated by Fig (2-15). Here, 

platinum electrodes are deposited directly onto conducting domain walls using electron beam-

induced deposition (EBID). This process is made simpler by the fact that the ErMnO3 ferroelectric 

domain structure is visible, demonstrated by Fig (4-5), when imaging with low energy 

backscattered electrons (LE-BSE), integrated within the Lyra TESCAN focused ion beam (FIB) 

that is to be used also for EBID.  
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Figure 4-5 is a LE-BSE micrograph depicting clear contrast at the ferroelectric domains in ErMnO3 that comprise a six-
fold vertex. Image acquired courtesy of Dr Kristina Holsgrove. 

 

4.4.1 Direct I-V Measurements 

 

In this chapter, we attempt to measure the electrical properties of conducting domain walls by 

way of direct I-V measurements. Fig (4-6a) is a topography image where the existence of 

ferroelectric domains manifests as a variation in height, as measured by AFM. The inset cartoon 

illustrates the shape of the domain walls and is provided as a guide to the eye. Electrodes can be 

seen to sit atop each of the domain wall variants around the vertex and horizontal pink bars 

indicate the positions of platinum electrodes that provide electrical contact to distant gold 

electrodes, located on either side of the region under test and shown schematically in Fig (4-6b). 

Upon application of a voltage bias to the left hand electrode, a CAFM map of the region, displayed 

in Fig (4-6c), demonstrates an enhanced signal from the electrodes sitting on the T-T domain wall 

section (blue dashed box) compared to that on the H-H section, which is consistent with what is 

observed generally on this sample at modest driving voltages. On the opposite side of the vertex 

(further from the source of current) the picture is the same (red dashed box), however the 

magnitude of the current signal appears to have dropped significantly. This is to be expected if 

we assume that the current pathway is constricted to flow across the vertex which, if we are to 
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expect diode-like behaviour, constitutes a higher resistance pathway than that which supplies 

current to the electrodes before the vertex. The enhanced current contrast measured at the 

electrodes in the yellow dashed box is puzzling. However, this can be explained if invisible 

subsurface domain walls are assumed to be supplying significant current. Fig (4-6d) is a 

topography map corresponding to the section indicated by the green dashed box in Fig (4-6a). 

Here, the positions of p-type and n-type domain walls are indicated by the red and blue lines 

respectively.  

 

 

Figure 4-6 is a topography map (a) demonstrating the position of a domain wall vertex and electrode layout. Square 
(white) platinum electrodes directly contact domain walls, whilst long (pink) electrodes contact microscopic gold pads, 
illustrated in the schematic (b), along with the basic circuit diagram. The CAFM map (c) was captured with a voltage bias 
of 5V applied. The dashed boxes highlight the discrepancy in the current signal measured at electrodes sitting on various 
domain walls. The topography section taken from the green dashed region (d) outlines the experimental setup for I-V 
acquisition. 

 

For I-V measurements, a stationary, grounded CAFM tip was placed successively on the electrodes 

indicated by black crosses, before a periodic triangular voltage pulse with an amplitude of -5V < 

V > 5V and a frequency of 0.1Hz, shown inset in Fig (4-7), was applied to the bottom pink 

electrode. The uppermost pink electrode was left at an unfixed/undefined voltage. The sweep 

was cycled 10 times and the current was averaged across all 10 cycles. What can be seen from the 

acquired I-V spectra in Fig (4-7) is that, with a similar distance between the current-supplying 

electrode and the measurement electrode, the p-type domain wall exhibits significantly larger 

current than that detected at the n-type domain wall. This enhanced current is once again 

consistent with what is expected at p-type walls at modest driving voltages (< 5V) and 

demonstrates the validity of our experimental setup.  
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Figure 4-7 displays IV spectra and the triangular voltage pulse (inset) that was used during its acquisition. A CAFM probe 
was placed on the electrodes marked by black crosses on Fig (4-6), allowing for direct electrical characterisation of p-type 
and n-type domain walls. 

 

4.4.2 KPFM Four-probe I-V Measurements 

 

This section focuses on a KPFM approach to acquiring the I-V behaviour of conducting domain 

walls and ultimately probe the electrical behaviour of the six-fold domain wall vertex. The 

technique relies on the four-probe sensing method which removes the influence of Schottky 

barrier formation when performing resistivity measurements by using two pairs of electrodes, as 

shown in Fig (4-8). Here, an electrical current is supplied by the two outer electrodes marked A 

and D. While the current source maintains a constant current, the potential difference is 

measured between electrodes B and C. As high-quality voltmeters should draw negligible current 

(13), the contact resistance is effectively zero, and thus resistivity measurements reflect only the 

electrical properties of the device under test (DUT). In the case of the KPFM setup, precisely zero 

current should be drawn by the voltmeter apparatus, as the measurement probe is out of contact 

and high enough to avoid charge transmission through tunnelling (14). Clearly however, the 

technique still necessitates that both of the voltage-sensing electrodes (B & C) provide good 

ohmic contact with the surface beneath (15), to ensure that the true potential of DUT is sensed, 
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where a non-ohmic contact would lead to a percentage of the true surface potential to be dropped 

across the electrode itself. It should also be mentioned that in transferring the four-probe 

technique to KPFM, point-by-point spatial mapping of the local surface potential allows for 

measurements at more than two points between the current-supplying electrodes. If the current 

is known, local variations in the electrical resistivity may be detected and mapped, making the 

KPFM technique potentially very powerful for electrical characterisation of surfaces.  

 

 

Figure 4-8 is a schematic representing a simple four-probe resistivity measurement setup. A current is driven between 
electrodes A and D, whilst the corresponding potential drop that results is measured between electrodes B and C. Knowing 
the exact current driven, along with the specific geometry of the conducting region between electrodes B and C, allows 
resolution of the true resistivity.  

 

The measurement itself was undertaken driving a fixed current, using a Keithley 6221 current 

source, between electrodes A and B, identified on the AFM topography map in Fig (4-9). The 

absolute surface potential, displayed in the KPFM potential map, on each of the square platinum 

electrodes was monitored using KPFM, and the applied current increased incrementally. Firstly, 

it should be noted that, with regards to examining the junction behaviour, the technique is 

currently unable to demonstrate coherent behaviour for an electrical current traversing the 

vertex. The reasons for this are best demonstrated by considering the electric potential across 

the entire region when a current of 0.75nA is driven between A and B. What is evident is that, 

between electrode A and the vertex itself, an approximately linear potential difference is 

observed. This is demonstrated by the potential profile in the bottom-left of Fig (4-9), and 

corroborated qualitatively by the KPFM potential map. Between the vertex and electrode B, the 

linear potential gradient is dramatically reduced, as might be expected by the presence of diode-

like behaviour. Unfortunately, however, in this region the noise floor of the KPFM itself becomes 

appreciable with respect to the local surface potential, and measurements within this region are 

too turbulent to resolve the electric potential of the underlying domain wall. As a result, we are 
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initially forced to focus attention on behaviour of the domain walls between electrode A, and the 

vertex. 

 

 

Figure 4-9 displays AFM topography (top-right) and a corresponding KPFM potential map (middle-left). A fixed current of 
0.75nA is driven between pink electrodes A and B, whilst the potential gradient is shown for a region approximately 11.5μm 
in length in the graph (bottom-left). A linear potential is observed starting at the bottom of the KPFM panel. Working 
upwards to the upper electrode, this linear gradient disappears.  
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Examining the surface potential more thoroughly, what is evident immediately is the presence of 

a dominant potential gradient that is directed along the vector that separates electrodes A and B, 

thus we are satisfied that most of the current should be confined to this region. It should be 

mentioned that care was taken when depositing electrodes A and B to avoid contacting additional 

walls such that the current would flow from electrode A, along the p-type wall, across the junction 

and into the n-type wall, which eventually drains at electrode B. This would allow direct 

measurement of the PN-diode. Fig (4-10) displays sections of the acquired AFM topography (top 

row) and KPFM maps (bottom row), focused on the area represented by a blue dashed box in Fig 

(4-6c). Here, platinum electrodes appear as dark boxes in the absolute potential. For each 

electrode, the average measured potential is across an approximately square region (dashed blue 

box). The bright (dark) speck on electrode Bn, evident in AFM topography (KPFM potential) 

maps, is from a surface adsorbate that might have aggregated on the platinum surface during 

measurements. To avoid unwanted skew in the extracted value for the electrode potential, this 

area is ignored.  

 

 

Figure 4-10 are AFM topography (top) and KPFM potential (bottom) maps at varying applied current. Dashed blue boxes 
in the KPFM potential indicate the regions where electrode potential is sampled. Care is taken to avoid areas where surface 
adsorbates might distort the local surface potential. 

 

The potential difference along the p-type wall is therefore the subtraction of the measured 

electrode potentials on electrodes Bp and Cp. As a control measure, the potential difference 

between electrodes Bn and Cn (electrodes sitting on the n-type wall) was also considered and I-V 

plots for both measurements are displayed in Fig (4-11), along with linear fits. What is evident 

when comparing the two data sets is that I-V behaviour looks to be extremely similar on both the 

p-type and n-type domain walls. In attempting to isolate the p-type wall by the strategic electrode 
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placement demonstrated in Fig (4-6d), the length of electrode A was left short to avoid directly 

contacting the n-type section indicated by the blue line. What appears to have happened is that a 

parallel circuit has inadvertently formed between the two current-supplying electrodes, and thus 

a portion of current is driven along the n-type wall as well as the p-type wall. As a result, the I-V 

characteristics that are measured by the KPFM four-probe technique is probably that associated 

with the parallel circuit, where the p-type wall is not fully isolated.  

 

 

Figure 4-11 Current-voltage characteristics (b) for the p-type and n-type domain wall regions under test. Both spectra 
appear to exhibit Ohmic behaviour.  

 

Considering what we already know, T-T and H-H domain walls appear to have p-type and n-type 

conducting character respectively. If it is to be assumed, by consulting with direct I-V 

measurements shown in Fig (4-7), that the majority of current is confined to the p-type wall, and 

that the n-type wall contribution to the parallel circuit is negligible, it could be argued by the I-V 

spectra in Fig (4-11) that the p-type wall behaves ohmically, although this needs to be supported 

with further study. The presence of nonlinear, asymmetric I-V behaviour at the vertex, therefore, 

would provide extremely strong evidence for the existence of a PN-diode. Experiments and 

strategies for revealing this kind of behaviour are still embryonic and will be discussed in the next 

section. 
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4.5 Conclusions and Further Work 
 

Motivated by KPFM Hall potential spectroscopy presented in the previous chapter, and in 

conjunction with studies that demonstrate conduction at both T-T and H-H domain walls 

approaching a junction (3), the studies presented in this chapter sought to use similar 

experimental techniques to obtain a complete picture of the electrical properties of carriers at 

charged domain walls in ErMnO3. This means turning attention to the H-H domain walls, which 

were yet to be characterised.  

 

As H-H domain walls in ErMnO3 have been shown to require larger driving voltages before 

conduction is observed (3), and in light of previous failed attempts to probe the Hall potential at 

H-H domain walls in this material, adjustments were made to the experimental setup in order for 

a significant signal to be acquired. Reducing the width of the interelectrode region (the region 

displayed in Fig (4-4)), as shown in Fig (4-3), allowed for a steeper potential gradient and thus 

an enlarged effective electric field. This, in combination with the new, Asylum Research MFP-3D 

AFM system, offered greater signal-to-noise and thus an appropriate platform for new 

measurements to be undertaken. As a result, it has been demonstrated that, to supplement the 

discovery from the previous chapter that p-type carriers aggregate and facilitate the conduction 

at T-T domain walls, n-type carriers perform the same role at H-H domain walls. This is perhaps 

most clearly evidenced by the zoomed region (bottom right-hand side) in Fig (4-4), where 

opposite charge is observed at T-T and H-H domain walls approaching a vertex. Direct electrical 

measurements, discussed below, sought to probe the current-voltage (I-V) behaviour traversing 

a vertex from a p-type to an n-type domain wall. In addition to this, due to similar values for the 

measured Hall potential, extracted from spatially-resolved KPFM Hall potential maps in Fig (4-4), 

not only does it appear that carrier densities are similar in comparison with the T-T equivalent, 

but similar values for carrier mobilities are also implied.  

 

Electrical measurements on T-T and H-H domain walls, as well as across the vertex separating 

them, were attempted using two techniques. Firstly, direct measurements were undertaken in 

CAFM mode, whereupon a stationary, electrically grounded probe made electrical contact with 

the conducting domain wall under test by way of electron-beam deposited platinum electrodes. 

A voltage bias was then applied to distant gold electrodes, shown in Fig (4-3), and sensed at the 

grounded probe. A pre-programmed I-V sweep was cycled ten times and then averaged. As 

expected, asymmetric I-V spectra, reminiscent of Schottky-limited conduction, was observed at 
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both T-T and H-H domain walls. In addition to this, T-T domain walls demonstrated significantly 

higher currents than those observed at H-H domain walls. Although this is typically observed in 

CAFM measurements on these systems, demonstrated by Fig (3-11), and thus do not necessarily 

constitute a remarkable result, this measurement and the CAFM measurements displayed in Fig 

(4-6c) did serve to confirm the reliability of the experimental geometry. A second method, 

whereupon KPFM was utilised as a “four-probe” measurement, allowed for I-V measurements 

that eradicated contact resistance, thus removing Schottky barriers. The same electrode 

geometry was used as before and despite the fact that measurements were limited to a single 

section of domain wall (the experimental geometry was inappropriate for probing the vertex), 

preliminary measurements somewhat demonstrate the viability of the technique. Sampling of 

electrode potential during the application of fixed electrical currents allowed for measurement of 

the potential difference along single sections of charged domain wall. Unfortunately, the 

similarities between I-V spectra acquired from T-T and H-H domain walls running adjacent to one 

another, shown in Fig (4-11b), would suggest that single domain walls have not been electrically 

isolated. Instead, a parallel circuit appears to have formed, comprising the two domain walls 

displayed in Fig (4-6d). If we are to assume that the current distribution is dominated by the T-T 

(p-type) domain wall, as supported by I-V displayed in Fig (4-7), it could be argued that the 

approximately ohmic I-V behaviour observed through KPFM “four-probe” might be attributed to 

the T-T domain wall. The data is far from conclusive and requires follow-up experiments. 

 

In terms of future work, the KPFM “four-probe” technique requires further development in order 

to yield conclusive I-V spectra. Improving the platinum electrode deposition technique, through 

optimisation of deposition currents and voltages that might lead to surface damage, could provide 

improved electrical contact, thus allowing for enhanced measurement sensitivity. Due to the 

complex domain microstructure in h-RMnO3 (8,16,17), perfect isolation of a single current path 

is fraught with difficulty and might require a significant deviation in approach. This will be 

discussed in detail in the future vision section of chapter 6 (Summary). The KPFM “four-probe” 

technique was initially attempted by sampling of the surface potential from electrodes sitting 

atop charged domain walls. Masters project students C. McCluskey and J. Maguire helped to 

develop a similar technique that sampled the surface potential directly from the domain wall 

itself. Attempts at direct measurement are displayed by the LPFM and KPFM maps in Figs (4-12a) 

& (4-12b) respectively. Once again, limitations with regards to isolating individual conducting 

pathways impeded progress. Nonetheless, some success was achieved and KPFM contrast was 

observed at charged domain walls. KPFM maps were acquired at various applied currents, and 

the potential drop along a straight section of T-T domain wall, indicated in the KPFM map, was 
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monitored and plotted in Fig (4-12c). The acquired I-V spectra supports the outcomes of the 

KPFM “four-probe” measurements presented in Fig (4-11b), where a single T-T domain wall 

strand is proposed to exhibit ohmic conduction behaviour. It should be noted that the red data 

points in Fig (4-12c) should be ignored, as they represent points where it is believed that the 

applied current has been misread through user error during experimentation. Regardless, the 

black data points display a strongly linear trend. Building upon this work, linear I-V behaviour at 

the H-H domain wall and non-linear, asymmetric I-V behaviour across the junction would provide 

compelling evidence for the existence of a PN-diode. This will be the drive for future work. 

 

 

Figure 4-12 displays LPFM (a) and an example KPFM (b) map of a region probed during four-probe measurements. An 
accompanying graph of I-V spectra (c), extracted from a single straight T-T domain wall obtained from KPFM maps 
performed during varying applied current. The line segment (white) indicates the points along the conducting domain 
wall at which the electric potential has been sampled. For each current value, an accompanying potential drop has been 
extracted, demonstrating an approximately Ohmic (linear) behaviour.  
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5 Hexagonal Tungsten Bronzes: A Candidate Material for Domain 

Wall PN-diodes 

 

5.1 Introduction 
 

Tungsten bronzes are a wide-ranging group of materials that have been studied and characterised 

for many years now, whether for their electrical (1–3), optical (4) or magnetic properties (5). 

Various cases have been reported where tetragonal tungsten bronze (TTB) samples have 

demonstrated ferroic ordering, both ferroelectric (6) and ferroelastic (7), yet the evidence of 

similar phenomena in hexagonal tungsten bronze (HTB) systems is limited. Tilting of oxygen 

octahedra, and unit cell doubling and tripling, similar to that observed in the trimerizing 

improper ferroelectric phase transition in the hexagonal rare-earth manganites (8), were 

evidenced in RbNbW2O9 and KNbW2O9 respectively (9), and subsequent dielectric measurements 

and ferroelectric hysteresis by Chang et al (2008)(10) verified ferroelectricity in both of these 

materials, as well as in hexagonal KTaW2O9. Transmission electron microscopy studies on 

ferroelectric KNbW2O9, carried out by Tao et al (1988) (11), sought to investigate the phase 

transition by means of characterising its crystallographic structure. They noticed similarities 

between the perovskite structure (Fig (5-1a)), and the non-polar (5-1b) and polar HTB (5-1c) 

structures. Formations of corner-shared oxygen octahedra running in chains through the HTBs 

led to them being regarded as “highly distorted perovskites”. 

 

 

Figure 5-1 are schematics representing c-axis oriented projections of perovskite (a), HTB (b) and polar HTB (c) crystal 
structures. Corner-shared oxygen octahedral are consistent across each of the structures. Figs sourced from Ref (11) 
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The term ‘bronze’ describes a ternary metal oxide with the general formula M’xM’’yOz where M’’ is 

a transition metal and M’ some other metal (12). Tungsten oxides have the composition WO3-y 

and possess the ability to lose or gain electrons during growth, upon tuning the atmospheric 

conditions, temperature or oxygen partial pressure for example (13). Their affinity towards ion 

absorption of electronegative metals often results in the formation of oxide bronzes (OBs), of the 

general form AxWO3. In the case of the system studied in this thesis, the specific chemical form is 

CsNbW2O9 (AyBxW3−xO9), where the Ay cation is varied and compensated with Nb5+ on the B-site. 

Nb5+ also serves as a replacement for W6+, which helps to suppress electrical conductivity (14). It 

should be noted that the exact stoichiometry may deviate somewhat, and segregated phases are 

often present. However, the precise chemical composition of the sample under study will be 

stated as and when it is necessary.  

 

In general, the parent oxide of WO3 in its stable form consists of WO6 octahedra that are corner 

linked (15), similar to each of the examples illustrated in Fig (5-1). Reduction reactions of AxWO3, 

where the metal cation is of “medium size”, may produce edge-sharing octahedral structures and 

further reduction can lead to WO7 polyhedral bipyramids with pentagonal symmetry, which is 

where the TTB structure is derived (16). Sintering at low temperatures can also lead to the 

formation of WO3 in two subsequent forms (15): the HTB structure that is the subject of this 

section, and the secondary phases, with a chemical composition of CsNbWO6, that are also 

prevalent in most of the samples considered. Up until now, the HTBs are yet to be characterised 

by piezoresponse force microscopy (PFM), and thus the ferroelectric microstructure is unknown. 

However, symmetries that arise during the phase transition (discussed herein) would suggest 

that similarities might exist between the HTBs and the clover-leaf domain structure exhibited in 

the rare-earth manganites (h-RMnO3) (17). Crystallographic similarities between CsNbW2O9 and 

h-RMnO3 are shown in Figs (5-2a) & (5-2b), where layers of corner-shared oxygen octahedra are 

consistent between the two. Antiphase tilting that is present in h-RMnO3 but not in CsNbW2O9 

discriminates the two structures, and this gives rise to fundamental differences in their 

ferroelectric properties that will be the main focus of this chapter. 
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Figure 5-2 is a/b axis oriented schematic representation of the crystal structure of CsNbW2O9 (a) and h-RMnO3 (b). In both 
structures, blue dashed lines delineate layers of oxygen polyhedra that form the crystallographic unit cell. Correlation 
between layers in CsNbW2O9 are believed to result in the formation of hexagonal and trigonal channels that span the full 
spatial extent of the crystal. Antiphase tilting of oxygen polyhedral layers (blue and green polyhedral) in h-RMnO3 drives 
polarization and gives rise to layers that are not correlated. Fig (a) courtesy of J. McNulty. Fig (b) sampled from Ref (18). 

 

5.1.1 Sample Fabrication and Preparation 

 

It is at this point worth mentioning, that polycrystalline (ceramic) samples were fabricated by 

solid-state reaction at the University of St Andrews, whereby constituent powders were ground 

in acetone before being sintered by a two-step process. Firstly, samples were calcined at 873 K 

for an hour, before being further sintered at 1323K for three hours. Fabricated samples were 

either quench cooled or allowed to cool naturally, referred to as “slow cooling”, at a rate of 

1OC/min. Also, stoichiometry was varied amongst fabricated samples. Only fully stoichiometric, 

slow cooled samples were considered in the context of this thesis. Sintered pellets were broken 

up, before being mechanically polished, firstly in distilled water down to a surface roughness of ≈ 

1μm, and then in colloidal silica to produce a pristine surface for scanning probe experiments, 

with a surface roughness of < 50nm, where most topographical features correspond to 

intergranular pores. Through initial inspection, grain sizes in this material appear to be on the 

order of 5μm in diameter. However, this is a rough estimate.   
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5.1.2 Ferroelectric Phase Transition and Phonon Phenomena in CsNbW2O9 

 

Up until this point, we have speculated over the possible similarities in ferroelectric 

microstructure between HTBs and h-RMnO3 and we may also draw similarities between phonon 

phenomena that drive the phase transition. By considering phonon modes, Fennie et al (19) 

discuss the distortion that relates prototypic and low-temperature ferroelectric phases in YMnO3. 

One of the suggested pathways describes a direct transition between the high-symmetry 

P63/mmc phase to a low-symmetry P63cm phase accompanied by the freezing of a zone boundary 

(K3) mode. In theory, we may expect the same behaviour to be the dominant driving force in 

CsNbW2O9, and this is supported when consulting with Fig (5-3) (14) and the apparent 

development of K-modes that accompanies cooling through Tc. Interesting beyond this is the 

further transition that occurs whilst already occupying this low-symmetry phase at ≈ 355 K, and 

which manifests in the appearance of new phonon modes (A3+ & A6+). Not only is this a 

distinguishing point between the hexagonal tungsten bronzes and rare-earth manganites, but this 

provides the potential for interesting domain and domain wall dynamics and will be discussed in 

subsequent sections in this chapter.  

 

 

Figure 5-3 displays the phonon spectra, comprising the temperature dependence of phonon modes in for the HTB samples 
being considered. Interestingly, there appears to be an additional transition, beyond the phase transition at Tc, occurring 
at 300-350K and manifesting in the freezing of K3 modes, similar to those appearing in RMnO3. Figure taken from McNulty 
et al (14). 
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Similar to the hexagonal rare-earth manganites discussed earlier, CsNbW2O9 appears to 

transition from high temperature P6/mmm structure at a temperature of Tc ≈ 1100K, to a low 

temperature, reduced symmetry P63cm phase that accompanies the formation of WO6 octahedral 

trimers. Interestingly, further cooling gives rise to orthorhombic distortions that are attributed 

to a zone centre (A6+) mode, which is responsible for the acquisition of a crystal structure 

described by the Cmc21 space group at T ≈ 355K, and octahedral tilting that occurs significantly 

below Tc, where CsNbWO6 becomes ferroelectric. This is indicative of one of the major disparities 

between the HTB and h-RMnO3 phase transitions, in that it is not driven geometrically by 

trimerisation. In fact, tilting of the WO6 octahedra does not accompany the transition at Tc 

whatsoever, and instead occurs at a lower temperature once ferroelectricity has already been 

acquired, (driven by a zone centre, A3+ mode). The graph in Fig (5-3) displays the temperature-

dependent spectra of all the phonon modes that comprise the phase transition. The appearance 

of the aforementioned K3 mode at Tc results in cation displacements, in this case of W6+ and Nb5+, 

oriented along the c-axis and away from their equilibrium positions occupied in the high 

temperature phase. These d0 transition metal elements have empty d orbitals and can mix with 

the filled p orbitals of the oxide ligands and in doing so, remove their degeneracy. Through second 

order Jann-Teller effects, the d0 metal shifts from centre of the polyhedral along the c-axis, 

towards the upper or lower vertices (10), similar to the situation demonstrated by the black 

arrows in Fig (5-4b). This is the driving force for the development of the characteristic dipole 

moment that gives rise to improper ferroelectricity (14).  
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Figure 5-4 schematises the crystal structure (a) looking directly down the c-axis. Trigonal (orange) and hexagonal (blue) 
channels, comprised of oxygen octahedra, are illustrated. Second order Jann-Teller distortions of d0 cation-oxygen 
octahedra are demonstrated in (b). Figs (a) and (b) are adapted from Refs (14) & (10). 

 

Historically, the HTB family have been shown to be too electrically conductive to have 

ferroelectric properties (20), nonetheless a reduction in conductivity is observed upon 

substituting the W6+ ions with, for example, Ti4+ or Nb5+ (10), both of which are in lower valency 

states. In general, the metal cation can undergo displacement in one of three directions: toward 

an edge, face or vertex of the oxygen octahedral it is most closely correlated with (21). Because 

the metal cation displacement in the specific case of CsNbW2O9 is confined to a single axis, the 

acquired polarization is also confined to the same axis. Unit cell tripling occurs, consistent once 

again with the hexagonal rare-earth manganite model, along with the formation of hexagonal and 

trigonal channels aligned with the crystal c-axis, as shown in Fig (5-4a). This is another 

distinction between the apparently similar crystal structures of h-RMnO3 and CsNbW2O9. Where 

CsNbW2O9 forms such channels as a result of a correlation between adjacent unit cells, h-RMnO3 

are not constrained in the same way. This can be evidenced by Lin et al (22), who modelled the 

trajectories of domain wall vertices as a function of depth in LuMnO3. What is shown is that the 

vertex position meanders through the crystal, not constrained to a particular plane. The 

temperature trajectory of the improper ferroelectric phase transition of CsNbW2O9 can be seen, 

along with the transition temperatures and associated space groups, illustrated in Fig (5-5).  
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Figure 5-5 is a flow chart that demonstrates the structural transitions from the high temperature P6/mmm phase, through 
the intermediate P6mm and P63cm phases, to the Cmc21 phase, along with associated temperatures and phonon modes. 

 

5.2 Piezoresponse Force Microscopy (PFM) Studies 
 

The primary focus of studies with CsNbW2O9, has been to investigate the ferroelectric domain 

structure, primarily with regards to domain density, topology and stability, using piezoresponse 

force microscopy (PFM), conducting atomic force microscopy (CAFM) and switching 

spectroscopy.  It should be mentioned that all PFM amplitude and phase maps presented herein 

were acquired using a Veeco Dimension 3100 AFM system with a Nanoscope IIIa controller. An 

EG&G 7256 lock-in amplifier was used to apply an AC bias of 4V with a frequency of 20 kHz 

directly to the PFM probe. The majority of data presented herein was acquired with the assistance 

of Felicia Y. J. Lim, who was working as a research intern throughout much of this study. Some of 

the analysis should also be attributed to her. The samples that were studied were mechanically 

polished in distilled water before being buffed in a chemical mechanical colloidal silica solution 

to yield two polished faces. The polished bottom face was electrically contacted using a silver 

paste electrode, whilst the top face was probed during PFM measurements.  

 

Observed through PFM characterisation was the existence of, what appears at least to be, two 

separate phases, each with its own ferroelectric response and domain structure. Fig (5-6a) and 

(5-6b) displays PFM amplitude and phase respectively, for an approximately 5μm region, focused 

on a single grain. Height images (not shown) verify that the observed domain structure has no 

analogue with respect to topography, thus topographical cross talk may be eliminated as a source 

for the signal contrast observed. The ferroelectric domain structure displayed in Fig (5-6) 

constitutes the most prevalent phase, accounting for approximately 90% of the grains the studied. 

The meandering flame-like domain structure bears a striking resemblance to that observed in the 

hexagonal rare-earth manganites (17,23), examples of the domain structure of which is depicted 

in LPFM amplitude and phase maps that are inset. These measurements constitute the first 

attempt at mapping the ferroelectric microstructure in CsNbW2O9 and thus represent not only a 
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major success, but also a significant step forward in terms of the ferroelectric characterisation of 

these materials.  

 

 

Figure 5-6 displays lateral PFM amplitude (a) and phase (b) images for a single predominantly in-plane polarized HTB 
grain. The data demonstrates manganite-like domain structure. Comparable LPFM amplitude and phase maps of 
manganite domain structure are displayed inset. The amalgamated PFM phase-amplitude map (c), where the 
corresponding cartoon (d) outlines the six-fold domain wall vertex point, again evidences structures that are similar to 
those observed in the manganites. Fig adapted from Ref (14). 

 

Fig (5-6c) is an amalgamated PFM phase and amplitude map, demonstrating the existence of 

clover leaf, six-fold domain wall junctions, again similar to those observed in the manganites. The 

cartoon in Fig (5-6d) labels the corresponding structural and polar variants. Further PFM studies 

also reveal secondary phases which also demonstrate strong piezoresponse and a ferroelectric 

domain structure distinct from that demonstrated in Fig (5-6). The AFM topography map (Fig 

(5-6a)), correlated with PFM amplitude and phase in Figs (5-7b) & (5-7c) respectively, appears 

to depict needle-like domain structures that are pinned at a horizontal topographic feature. 

Interestingly, the parabolic discontinuity in the domain structure than runs across the grain has 

physical manifestation in the topography in what appears to be a fault line (sandwiched between 

the pink dashed lines), shown in Fig (5-7a), suggesting that the pinning could potentially be 

mechanically driven.  
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Figure 5-7 displays AFM topography (a) lateral PFM (LPFM) amplitude (b) and phase (c) images, obtained from a grain 
demonstrating needle-like, linear domains. What is evident from (a), is the presence of the fault line (pink dashed lines) at 
the top side of the grain, running from left to right. This appears to correlate to a line of intersection in the domain structure 
above and below it. Here, the appearance of checkerboard-like domains, highlighted by the zoomed section (d) within the 
blue dashed box, provides opportunity for the domain wall PN-junction if the walls are charged, The cartoon (e) indicates 
the polar axis of the individual domains (black arrows) and the zoomed green region depicts back-to-back one-
dimensional pn junctions. 

 

The zoomed region of Fig (5-7d) shows the junction region, where head-to-head and tail-to-tail 

domain walls meet in a checkerboard-like formation within a single grain. This formation has 

been observed across multiple grains and is interesting in terms of its potential for possessing PN 

diode-like behaviour. As shown in previous chapters through Hall potential spectroscopy, the 

sign of charge that aggregates at a charged domain wall depends on the meeting of the polar 

vectors at the domain wall. Head-to-head and tail-to-tail formations, as emphasised by the 

cartoon in Fig (5-7e), should in theory give rise to the aggregation of successive p-type and n-

type regions. The a/b axis-oriented crystal representation of CsNbW2O9 shown in Fig (5-2a) 

provides possible interpretation for the nature of needle-like domains. A strong correlation 

between oxygen polyhedral layers, delineated by a dashed blue line, is observed. This correlation, 

where identical layers repeat throughout the entire crystal, is postulated as the origin of trigonal 

and hexagonal channels that form during the phase transition, as illustrated in Fig (5-4b). In 
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comparison, a similar schematic representing h-RMnO3 is shown in Fig (5-2b). Here, adjacent 

layers exhibit different tilting schemes, driven by trimerisation. As polarisation arises as a 

secondary effect of this trimerising tilt, a unit cell may exhibit a tilting scheme that is entirely 

independent of its nearest neighbours. As a result, trigonal and hexagonal channels do not form, 

and domain walls are free to meander through the crystal. This was modelled by Lin et al (22), 

who demonstrated the meandering trajectory of six-fold vertex structures as a function of depth. 

What this would mean in the context of CsNbW2O9, is that vertex structures are confined to reside 

on a plane that is normal to the c-axis. Beyond this, charged domain walls which form in h-RMnO3 

as a result of trajectories that are free to deviate from c-axis alignment, must be extinct. The 

needle domains displayed in Fig (5-7) are therefore of significant interest.  

 

Consider vector PFM data shown in Fig (5-8). The topography image (top left) indicates the 

region being probed, whilst the vertical PFM amplitude and phase images (bottom left) 

demonstrates a weak out-of-plane piezoresponse. It is therefore safe to assume a small 

component of the polarization is oriented out-of-plane. Lateral PFM images (right-hand side) 

acquired at various sample orientations are displayed, where the orientation of the cantilever 

body and the inferred polar axis is indicated for each scan. The angle shown alongside each image 

describes the orientation of the sample, referenced to the initial scan undertaken at 0o. It is clear 

that at 0o, a strong signal is measured both in the amplitude and phase channels. Upon rotation 

by 45o, the signal diminishes almost entirely, before returning partially at 90o. The original signal 

is fully retrieved upon rotation by 135o. In fact, the LPFM amplitude signal appears to be 

marginally stronger at 135o than it was at 0o, whilst the phase signal has clearly inverted. Making 

the assertion that a rotation of 135o leaves the cantilever aligned with the same axis as a rotation 

of 45o, it is evident that the polarization lies along an axis located between 0-45o. Considering the 

axis of the needle domains lies at ≈ 10o (as indicated in Fig (5-7)), it is plausible that the needles 

do in fact arise due to the existence of hexagonal and trigonal channels that share an axis with the 

polarization.  
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Figure 5-8 displays vector-resolved PFM data. AFM topography (top left) shows the region of interest. Vertical PFM 
(bottom left) demonstrates weak contrast, indicative of a small out-of-plane component of the polarization. Lateral PFM 
(right-hand side) at a variety of angles demonstrates a predominantly in-plane polarization. Due to the similar contrast 
observed at 0o and 135o, we can infer that the polar axis most likely aligns close to the long axis of the strip domains. 
Indicated alongside are the cantilever orientations and the approximate inferred polar axes. 

 

Dark field transmission electron microscopy (TEM) images were conducted on lamella samples 

of varying orientation and acquired by S. McCartan using a FEI Tecnai T20 TEM. The TEM was 

operated at 200kV, both in tilted dark field and selected area diffraction modes, whilst 

micrographs were captured using an Olympus SIS Megaview III CCD camera. Not only do they 

demonstrate the existence of six-fold domain wall vertex structures Fig (5-9a), but also shed light 

upon the orientation of needle-like domains Figs (5-9c) & (5-9e). Figs (5-9b, d & e) are the 

corresponding diffraction patterns. The schematic in Fig (5-9g) displays how the orientation of 

the lamella is referenced against the hexagonal unit cell of the CsNbW2O9 crystal. Here, lamellae 

measure <100nm in thickness, whilst the angle Θ represents the angle between the vector normal 

to the lamella surface and the [001] axis. Three lamellae samples, cut at varying Θ, are considered 

for this investigation. Vertex structures are clearly visible at an angles as great as θ ≈ 50o [Fig 
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(5-9a)] and gradually disappear as θ approaches 80o [Fig (5-9c)]. When θ ≈ 90o [Fig (5-9e)], and 

the normal vector is oriented along either the [100] or [010] axis, needle-like domains become 

prominent. To summarise, vertex structures are common when viewed on planes aligned parallel 

to either the a-axis or b-axis. Upon acquiring a lamella whose sample surface is aligned with the 

c-axis, vertex structures are no longer observed and instead replaced with needle-like domains, 

as predicted by the vector PFM shown in Fig (5-8) and the crystal schematics shown in Fig (5-2). 

It therefore seems likely that needle-like domains may be attributed to the formation of trigonal 

and hexagonal channels. This would dictate that the fault line observed in Fig (5-7a) and 

subsequent checkerboard intersection should be oriented perpendicular to the polarization, and 

thus maximally charged. This would mean that the junction between these regions should yield 

diode-like electrical behaviour, assuming both T-T and H-H domain walls exhibit enhanced 

electrical conductance, as they do in ErMnO3 for example (18). 
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Figure 5-9 are transmission electron micrographs (a, c & d) obtained in dark field mode, with corresponding diffraction 
patterns (b, d & f). Schematic (g) shows how lamella samples are cut with respect to the hexagonal unit cell of the 
CsNbW2O9 crystal. The value θ describes the approximate angle that the normal of the lamellae plane makes with the 
[001] vector, The azimuthal angle Φ is shown as a reference. However, due to six-fold rotational symmetry of the basal 
plane, is deemed to be unimportant in terms of the expected ferroelectric domain structure. Domain structure is shown 
on lamella with orientation corresponding to θ equal to 50o (a), 80o (c) and 90o (e). Data from Fig courtesy of S. 
McCartan. 

 

5.3 PFM Switching Spectroscopy 
 

5.3.1 Trailing Field Switching 

 

Various experiments were designed to test the malleability of the domain microstructure, both of 

which involved AFM probe-based switching, where the AC bias used to probe the sample surface 

for its ferroelectric properties is replaced by a DC switching bias, shown in Fig (5-10a), large 



Hexagonal Tungsten Bronzes: A Candidate Material for Domain Wall PN-diodes 

162 
 

enough to exceed the coercive field of the material. Due to the fact that, to our knowledge, coercive 

field values do not exist in literature, we were required to ascertain this for ourselves. For the 

first set of the experiments, a technique similar to that demonstrated by Morelli et al (2016)(26) 

was used, where the in-plane trailing field of a voltage biased scanning probe tip is utilised to 

manipulate ferroelectric domain structure. In this case, it was shown that the population of 

ferroelectric domain variants was deterministically selected by altering the orientation of the 

slow scan axis. This is illustrated in Fig (5-10b). Theoretically, this switching mechanism works 

due to the “zig-zag” nature of the tip travel path. The symmetry of the transverse field, which has 

full radial symmetry when stationary, is broken when the tip moves along its fast scan axis. In the 

same sense, the diagonal movement of the tip as it moves to the next scan line breaks radial 

symmetry, this time in a direction anti-aligned with the slow scan axis. The trailing field results 

from the elongation of the field profile in this direction (Fig (5-10b)), and polarization switching 

will be dependent upon the last electric field experienced by the sample. This technique has been 

verified since on bismuth ferrite (27), where once again, trailing fields were exploited for 

deterministic switching of 71O and 180O domain walls.  

 

 

Figure 5-10 shows the fast and slow scan axes, indicating the direction of movement for the AFM tip during the described 
switching experiment. Here, the zig-zag travel path, indicated by the dashed red line, of the voltage-biased AFM tip, 
represented in the side-profile schematic, yields a trailing electric field indicated by the blue arrow, responsible for 
switching the polarization. The base electrode is electrically grounded. 

 

For similar experiments on HTB samples, a scan region was selected where the polarization was 

detected to be predominantly oriented in plane. A single grain of approximately 5μm was also 

selected, thus avoiding contact issues associated with traversing grain boundaries. A +30V bias 
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was applied to the scanning probe tip before being scanned over the square surface region from 

top to bottom, where the original domain structure is demonstrated by the PFM images Figs 

(5-11a) & (5-11b). Here, the fast scan axis is indicated by white double-sided arrows whilst the 

slow scan axis by a single blue arrow. Subsequent PFM scans where, once again an AC bias was 

applied to the tip to drive a piezoelectric excitation, help to characterise initial domain 

restructuring, as well as the subsequent domain evolution and relaxation once the switching bias 

was removed. What is clearly evident from PFM scans undertaken 10 minutes after the initial 

switching event, shown in Figs (5-11c) & (5-11d), is the inability to write or re-write domains 

from scratch. This is consistent with theory focusing on the hexagonal rare-earth manganites, 

where domain walls are hypothesised to be “topologically protected” through symmetry 

arguments (24). What we do see, however, is a manipulation of the domain, and thus domain wall, 

shape and size, followed by a relaxation that occurs as a function of time, shown in Figs (5-11e) 

& (5-11f). Here, the domain structure relaxes to an approximation of its original, un-switched 

configuration. It should be noted that the scan time for switching and for PFM scans was 10 

minutes and were undertaken successively without time delay. This can be seen most 

prominently for structures within the dashed boxes. Before the switching attempt, PFM shows a 

ferroelectric trunk-like domain spanning from the bottom left to the top right corner of the box 

and several branch-like domains sprouting away from this. After switching, the domain has 

changed shape and is now curved upright, however upon subsequent PFM scans, this structure 

appears to return somewhat to its original formation. Although we cannot conclusively rule out 

charge injection and scanning-related artefacts for the apparent change in domain structure, 

which is shown to have demonstrable effects on measured PFM signal (28,29), these are certainly 

encouraging signs that the domain wall positions might be unfixed and potentially malleable. This 

could be useful for applications in reconfigurable circuitry.  
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Figure 5-11 are respective lateral PFM (LPFM) amplitude and phase scans from post switching (a) & (b), 10 minutes post 
switching (c) & (d) and 20 minutes post switching (e) & (f). White arrows represent the fast scan axis and the blue arrows 
represent the slow scan axis. Dashed boxes highlight a specific region where the alteration in domain structure appears 
most prominent.  

 

To quantify the apparent domain movement more explicitly, a difference map was constructed 

and is displayed in Fig (5-12). PFM amplitude maps from both pre and post-switching were 

aligned using topographical features (not shown) and subtracted from one another. Bright areas 

correspond to regions where very little difference is observed between the pre and post-switched 

states, dark red/brown areas correspond to regions where significant changes have occurred. 

What is immediately evident, is that the majority of domain restructuring appears to have 

occurred in the top half of the scan. Since PFM scans commenced at the top of the frame, ran for 

ten minutes, and terminated at the bottom, perhaps the most likely deduction here is that by the 

time the PFM probe reaches the regions in the lower half, domains have already started to relax 

to their original formation. Although domain walls appear to be reasonably mobile, evidenced by 

localised growing/shrinking of domains, largely, the domain and domain wall structure does 

return to its original state fairly quickly.  
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Figure 5-12 is a difference map, constructed by aligning PFM maps acquired before and after switching, before subtracting 
them from one another to identify differences in the observed domain structure that might have arisen due to polarization 
reversal. The scale bar indicates the degree to which the observed microstructure has changed. Figure courtesy of F. Lim. 

 

5.3.2 Point Switching 

 

The second polarization switching experiment attempted was undertaken with the same 

experimental setup as depicted in Fig (5-10a). However, on this occasion the tip was not 

rastered. Polarization reversal in this setup does not rely on trailing fields. Instead, the biased 

AFM tip is left stationary whilst the switching voltage is applied. Subsequent LPFM scans then 

examine the switched region. The native region is depicted in the LPFM amplitude and phase 

images in Figs (5-13a) & (5-13b). Here, the blue crosses denote the point at which the 

stationary AFM tip resides whilst the switching bias is applied. The zoomed section of LPFM 

phase, displayed in Fig (5-13c), is then binarised (Fig (5-13d)), allowing for black and white 

pixels to be counted. The ratio of black-white pixels is then assumed to be indicative of the ratio 

of differently polarized domains.  
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Figure 5-13 depicts the ferroelectric microstructure via LPFM amplitude (a) and phase (b) images. Indicated by the blue 
crosses is the point at which the stationary AFM tip applied the switching bias. The zoomed section of LPFM phase (c) is 
then binarised (d), allowing for a quantitative analysis of the domain distribution.  

 

To begin with, a +45V bias was applied to the stationary AFM tip for 30 seconds, and an LPFM 

image acquired. Immediately after, a +30V bias was applied, once again for 30 seconds, and 

another LPFM image acquired immediately upon removing the bias. After 13 minutes, another 

LPFM image was acquired to investigate the degree to which the switched region has relaxed to 

its native state, before a -30V switching bias was applied for a further 30 seconds. LPFM images 

were then acquired immediately after the removal of this bias, and another 3 days later. The 

succession of switching biases, and the corresponding binarised LPFM phase maps, are 

displayed in Fig (5-14a). The bar charts in Fig (5-14b) express the distribution of the black-to-

white domains present after each switching bias. Time intervals between LPFM scans are also 

indicated (where no time interval is specified, it is assumed the corresponding LPFM scan was 

captured immediately). Cross-referencing between Figs (5-14a) & (5-14b), it is evident that 

upon application of positive switching biases, the size of white domains increases. Some 

relaxation occurs once the +30V bias is removed and 13 minutes elapses. Upon application of a -

30V switching bias, the population of black domains increases significantly. Upon consulting 

with Fig (5-14b), the population of black and white domains is back to its original ratio. 

However, the domain structure is clearly different to the native state, evident from Fig (5-14a). 

After leaving the sample for 3 days, the domain structure relaxes further, to the point where the 

final ratio of black-to-white domains now exceeds that of the native state. This is most likely 

explained by a reorganisation of the domain structure outside of the field of view. Nonetheless, a 
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few interesting points are demonstrated here. Firstly, although domain walls appear to be 

mobile, relaxation appears to be prevalent in the sample. Secondly, despite the degree of 

domain relaxation, its structure does not necessarily return to the original formation, as it might 

if one were to assume a microstructure that is pinned or fully immobile in the voltage range 

used. It is unclear whether it is possible to completely annihilate domains (and thus domain 

walls). Considering the case for the topologically protected microstructures of h-RMnO3, domain 

structures, in theory, cannot be created or destroyed due to the intrinsic symmetries of its 

crystal structure, and the domain walls themselves appear to be completely immobile in the 

voltage range used for these experiments.  

 

 

Figure 5-14 demonstrates the succession of voltage biases applied and the corresponding binarised LPFM phase maps (a). 
Indicated, where appropriate, are the time intervals between LPFM scans. Where no time interval is indicated, it is assumed 
the corresponding LPFM scan was undertaken immediately upon removal of the switching bias. The bar charts (b) 
quantify, at each voltage bias and time interval, the distribution of white to black domains, acquired by considering the 
respective pixel counts.  

 

5.4 Conclusions & Further work 
 

Firstly, the PFM studies presented in this chapter were the first of this kind conducted on 

CsNbW2O9 and helped to characterise the ferroelectric properties of the material. The domain 

microstructure shows a striking resemblance to that of the h-RMnO3 group of improper 

ferroelectrics, in terms of the complex clover-like domain patterns, as well as the formation of 

six-fold domain wall vertex structures, both of which are displayed in Fig (5-6). Needle-like 

domain structures were shown to exist and were initially assumed to be the secondary CsNbWO6 
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phases mentioned in an earlier section. An alternative hypothesis was explored using vector PFM, 

shown in Fig (5-8). This hypothesis assumes that the observed needle-like domains may be 

attributed to hexagonal and trigonal WO6 octahedral channels. Vector PFM verified that the 

measured LPFM contrast was observed to be maximised in the case where the long axis of the 

needles (and thus the polarization) was aligned approximately perpendicular to the cantilever 

body. In short, not only do needle-like domains demonstrate weak in-plane signal, but the 

polarization appears to align, to a decent approximation, with the needle axis itself. Although this 

constitutes reasonable evidence, corroboratory TEM analysis, performed by S. McCartan and 

displayed in Fig (5-9), served to strengthen this hypothesis. It was shown that vertex structures 

were only observed when the lamellae plane was oriented orthogonally, or close to orthogonally, 

to the c-axis. Conversely, upon deviating considerably from this orientation, vertex structures 

disappear and are instead replaced by needle-like domains. These are observed most 

prominently when the lamellae plane is oriented orthogonally to either the a-axis or the b-axis. 

This appears to agree with vector PFM and also substantiates the hypothesis relating needle-like 

domains to trigonal and hexagonal channels. 

 

Two interesting points should be recognised here. Charged domain walls collectively meeting at 

a vertex should be rarely observed and are in fact most likely extinct in CsNbW2O9. A positive 

caveat, however, is that the checkerboard domain walls displayed in Fig (5-7), observed on a 

single grain, must be maximally charged. Thus, they are likely exhibit enhanced conduction. If that 

is the case, these structures might comprise one-dimensional PN-diodes after all. It should be 

mentioned here, that if Fig (5-9) is to be believed, such domain structures should only be 

observed on grains approximately oriented on the (001) plane.  

 

It should also be mentioned that six-fold domain wall vertex structures are explicitly observed in 

CsNbW2O9 far less frequently in PFM scans than in h-RMnO3, evidenced by the PFM data in Figs 

(5-6a) & (5-6b), where no obvious vertex can be seen. This is most likely attributed to the fact 

that they are confined to reside upon the plane that is normal to the c-axis. The further the angular 

orientation of the polished surface (the surface probed in PFM studies) deviates from the vertex 

plane, the smaller the probability of explicitly resolving a vertex. As similar structures in h-RMnO3 

are not confined to any particular crystallographic plane, and are in fact shown to trace 

meandering trajectories through the depth of the crystal (22), they are observed extremely 

frequently in PFM scans regardless of the orientation of the scanned surface. 
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Due to limitations with regards to sample geometry, there are various experiments still in 

planning, to probe the electrical, ferroelectric and phonon phenomena in CsNbW2O9. Firstly, small 

grain sizes (average diameter ≈ 5μm), as well as a large grain densities that impede the flow of 

current, have prevented us from obtaining electrical measurements by means of CAFM, where 

traditionally with single crystal and thin film samples the bottom electrode provides electrical 

contact with which to drive a current that is detected at the grounded CAFM probe tip. In the 

ceramic samples provided, small grains and large grain densities give rise to discontinuities and 

potential barriers to charge transport, where Schottky (30,31) and Poole-Frenkel (32,33) limited 

conduction become relevant. In h-RMnO3 single crystal systems, a single bottom electrode (silver 

electrodag) generally suffices in order to measure current contrast in conductive AFM studies. 

The case is similar with copper chlorine boracite. In both of these systems, domain walls generally 

span the entire crystal depth. In the boracite case, this tends to be a single domain wall whereas 

in the h-RMnO3, a network of percolating domain walls tends to span between the top and bottom 

surfaces. Obtaining reliable CAFM measurements, with the objective of verifying the conductive 

behaviour of charged domain walls in CsNbW2O9 is integral if this material is to be considered a 

candidate material for use in domain wall nanoelectronics. Single crystal CsNbW2O9 would 

provide a solution to the limitations we have up until this point faced. 

 

As we have seen, difficulties in performing polarization switching experiments also leads to 

difficulties in obtaining conclusive hysteresis loops. This could be, in part at least, due to the 

improper ferroelectric nature of the phase transition in HTB samples, and a similar situation is 

historically prevalent in other improper ferroelectric systems, namely h-RMnO3. Switching 

experiments that are presented provide indication that the ferroelectric microstructure may be 

manipulated at modest switching voltages. However, relaxation appears to occur within a short 

period of time following. Polarization switching experiments conducted upon a single point, 

outlined in Figs (5-13) & (5-14), tell a similar story. In addition, upon relaxation the domain 

structure does not necessarily return to its original state but appears to become stable in a 

modified formation. This re-configurability could once again prove to be useful within the scope 

of nanocircuitry. 

 

 

 



Hexagonal Tungsten Bronzes: A Candidate Material for Domain Wall PN-diodes 

170 
 

5.5  References 
 

1. Stanley, R. K., Morris, R. C. & Moulton, W. G. Conduction properties of the hexagonal tungsten 

bronze, Rb x W O 3. Phys. Rev. B 20, 1903–1914 (1979). 

2. Huibregtse, E. J., Barker, D. B. & Danielson, G. C. Electrical Properties of Sodium Tungsten 

Bronze. Phys. Rev. 84, 142–144 (1951). 

3. Ma, H. et al. Structure and electrical properties of tetragonal tungsten bronze Ba 2 CeFeNb 4 O 

15. RSC Adv. 5, 76957–76962 (2015). 

4. Lee, Y., Lee, T., Jang, W. & Soon, A. Unraveling the Intercalation Chemistry of Hexagonal 

Tungsten Bronze and Its Optical Responses. Chemistry of Materials 28, 4528–4535 (2016). 

5. Ivanov, S. A., Sahu, J. R., Voronkova, V. I., Mathieu, R. & Nordblad, P. Structure and magnetism 

in hexagonal tungsten bronze metal oxides AM1/3W8/3O9 (A–K, Rb, Cs; M–Cr, Fe). Solid 

State Sciences 40, 44–49 (2015). 

6. Olsen, G. H., Aschauer, U., Spaldin, N. A., Selbach, S. M. & Grande, T. Origin of ferroelectric 

polarization in tetragonal tungsten-bronze-type oxides. Physical Review B 93, 180101 (2016). 

7. Neurgaonkar, R. R., Nelson, G. & Oliver, R. FERROELECTRIC AND STRUCTUR~ PROPERTIES 

OF THE TUNGSTEN BRONZE. 25, 12. 

8. Artyukhin, S., Delaney, K. T., Spaldin, N. A. & Mostovoy, M. Landau theory of topological defects 

in multiferroic hexagonal manganites. Nature Materials 13, 42–49 (2014). 

9. Isupov, V. A. Some crystal chemical aspects of ferroelectrics with structure of the hexagonal 

tungsten bronze type. Ferroelectrics 211, 209–232 (1998). 

10. Chang, H. Y., Sivakumar, T., Ok, K. M. & Halasyamani, P. S. Polar Hexagonal Tungsten Bronze-

Type Oxides: KNbW 2 O 9 , RbNbW 2 O 9 , and KTaW 2 O 9. Inorganic Chemistry 47, 8511–8517 

(2008). 

11. Tao, Y., Hu, M.-S. & Feng, D. Direct observation of α–β phase transition in KNbW2O9 by 

transmission electron microscopy. Phys. Stat. Sol. (a) 109, 435–444 (1988). 



Hexagonal Tungsten Bronzes: A Candidate Material for Domain Wall PN-diodes 

171 
 

12. Dickens, P. G. & Whittingham, M. S. The tungsten bronzes and related compounds. Quarterly 

Reviews, Chemical Society 22, 30 (1968). 

13. Bartha, L., Kiss, A. B. & Szalay, T. Chemistry of Tungsten Oxide Bronzes. 15. 

14. McNulty, J. A. et al. An Electronically Driven Improper Ferroelectric: Tungsten Bronzes as 

Microstructural Analogs for the Hexagonal Manganites. Adv. Mater. 1903620 (2019) 

doi:10.1002/adma.201903620. 

15. R. J. D. Tilley. The Crystal Chemistry of the Higher Tungsten Oxides. International Journal of 

Refractory Metals & Hard Metals 13, 93–109 (1995). 

16. Krumeich, F., Wörle, M. & Hussain, A. Superstructure and Twinning in the Tetragonal 

Tungsten Bronze-Type Phase Nb7W10O47. Journal of Solid State Chemistry 149, 428–433 

(2000). 

17. Lilienblum, M. et al. Ferroelectricity in the multiferroic hexagonal manganites. Nature Physics 

11, 1070–1073 (2015). 

18. Kumagai, Y. & Spaldin, N. A. Structural domain walls in polar hexagonal manganites. Nature 

Communications 4, 1540 (2013). 

19. Fennie, C. J. & Rabe, K. M. Ferroelectric transition in Y Mn O 3 from first principles. Physical 

Review B 72, (2005). 

20. A. Magneli. Studies on the Hexagonal Tungsten Bronzes of Potassium. Acta Chemica 

Scandinavica 7, 315–324 (1953). 

21. Ok, K. M. et al. Distortions in Octahedrally Coordinated d 0 Transition Metal Oxides: A 

Continuous Symmetry Measures Approach. Chemistry of Materials 18, 3176–3183 (2006). 

22. Lin, S.-Z. et al. Topological defects as relics of emergent continuous symmetry and Higgs 

condensation of disorder in ferroelectrics. Nature Physics 10, 970–977 (2014). 

23. Holtz, M. E. et al. Topological Defects in Hexagonal Manganites: Inner Structure and Emergent 

Electrostatics. Nano Letters 17, 5883–5890 (2017). 

24. Mundy, J. A. et al. Functional electronic inversion layers at ferroelectric domain walls. Nature 

Materials 16, 622–627 (2017). 



Hexagonal Tungsten Bronzes: A Candidate Material for Domain Wall PN-diodes 

172 
 

25. Morelli, A., Johann, F., Burns, S. R., Douglas, A. & Gregg, J. M. Deterministic Switching in 

Bismuth Ferrite Nanoislands. Nano Letters 16, 5228–5234 (2016). 

26. Park, S. M. et al. Selective control of multiple ferroelectric switching pathways using a trailing 

flexoelectric field. Nature Nanotechnology 13, 366–370 (2018). 

27. Kim, S., Seol, D., Lu, X., Alexe, M. & Kim, Y. Electrostatic-free piezoresponse force microscopy. 

Sci Rep 7, 41657 (2017). 

28. Balke, N. et al. Exploring Local Electrostatic Effects with Scanning Probe Microscopy: 

Implications for Piezoresponse Force Microscopy and Triboelectricity. ACS Nano 8, 10229–

10236 (2014). 

29. Rhoderick, E. H. The physics of Schottky barriers? 16. 

30. Tung, R. T. The physics and chemistry of the Schottky barrier height. 55 (2014). 

31. Hall, R. B. The Poole-Frenkel effect. Thin Solid Films 8, 263–271 (1971). 

32. Simmons, J. G. Poole-Frenkel Effect and Schottky Effect in Metal-Insulator-Metal Systems. 

Physical Review 155, 657–660 (1967). 

 

 

 

 

 

 

 

 

 

 

 



Summary 

173 
 

6 Summary 

 

6.1 Conclusions 
 

Throughout this thesis, improper ferroelectric systems have been studied due to the formation 

stability of energetically costly, charged domain walls. In the rare-earth manganites (h-RMnO3), 

conduction has been demonstrated at all types of charged domain wall: tail-to-tail (T-T), head-to-

head (H-H) and neutral (1,2). This fact, combined with the complex, meandering domain 

microstructure where the six domain variants are bordered by walls that meet at six-fold 

junctions, makes them incredibly interesting in terms of their potential in nanoelectronic devices. 

The one-dimensional domain wall PN-diode, where a domain wall demonstrating p-type 

conduction meets and wall demonstrating n-type conduction, is not only novel but also functional. 

The aim of this thesis is to provide a proof-of-concept demonstration of such a device, such that 

it might be transferred potentially towards materials such as lithium niobate, lead zirconate 

titanate (PZT), barium titanate and bismuth ferrite. These proper ferroelectric systems not only 

possess conducting domain walls but are characterised by a ferroelectric microstructure that is 

demonstrably malleable under application of electric fields and stress. This is the basis for 

reconfigurable circuitry within domain walls. 

 

Whilst electrostatic considerations, studied theoretically by Gureev et al (3) and Eliseev et al (4), 

would strongly indicate that T-T and H-H charged domain walls should aggregate p-type and n-

type carriers respectively, the mechanism for the charge accumulation and subsequent electrical 

conduction observed at these walls was still unclear and without rigid framework, thus direct 

electrical characterisation of the individual walls was necessary before the domain wall PN-diode 

idea could be explored. A Kelvin Probe Force Microscopy (KPFM) technique was devised, 

whereby direct sampling of the surface potential during the application of simultaneous and 

orthogonal electrical current and magnetic field, demonstrated schematically in Fig (3-17a), 

allowed for probing of the local Hall potential. Vector analysis, shown in Fig (3-17b), allowed for 

the sign of the charge carriers, associated with conduction at T-T domain walls, to be deduced. 

This was later verified by follow-up work on a new, Asylum Research MFP-3D Atomic Force 

Microscope, which allowed for scans to be undertaken with greater reliability, stability and 

measurement resolution. With an enhanced electrode geometry, depicted in Fig (4-3), 

characterised by a narrower interelectrode gap and thus a greater potential gradient and electric 
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field, H-H domain walls, whose conduction is known to become active at an elevated driving 

voltages (2), were also visible in KPFM Hall potential measurements. Fig (4-4) reveals that Hall 

Potential signals at T-T and H-H domain walls possessing opposite sense, attributed to the 

aggregation of opposing charge at respective domain walls. It should be noted, this is in 

agreement with theoretical work conducted by Mundy et al (2), whose work also focused on 

ErMnO3. 

 

Quantitative analysis was carried out, and values for carrier density and carrier mobility were 

deduced. Here, values for the width of the carrier channel were informed by literature. The 

effective width of a ferroelectric domain wall is extremely difficult to measure and remains a very 

highly debated topic. Efforts to measure the structural width of domain walls in PZT (5) and later 

in h-RMnO3 (6), through direct observation of atomic displacement by transmission electron 

microscopy, would suggest that domain wall widths are confined to a length scale on the order of 

the unit cell size. Meier et al (1) argue that, whilst atomic displacements might characterise the 

domain wall from a structural perspective, conductive AFM (CAFM) measurement would suggest 

that conduction is confined to a much larger volume, whose perpendicular width extends ≈100nm 

away from the centre of the wall. Holtz et al however opted for an approach that instead considers 

the extent of the space charge region that forms at charged domain walls in ErMnO3. The width 

that is proposed here is on the order of 10nm and is the length scale adopted for quantitative 

analysis in this thesis. Assumptions for the depth of the conducting channels were formulated 

through QuickField models, where the penetration of the electric field driving conduction was 

examined as a function of depth. The current driven through a single domain wall was estimated 

by considering the spatial distribution of domains/domain walls across the sample surface. By 

treating the device under test as a circuit comprising parallel resistors, the current through a 

single wall was deduced. Through a combination of the above assumptions, a value for carrier 

densities of ≈1013 cm-3 was calculated. Carrier mobilities > 100cm2Vs-1, and plausibly as high as 

670cm2Vs-1, are some of the largest carrier mobilities ever observed in oxide materials, where 

other comparable examples have accrued great attention recently for their potential in thin film 

transistors (7–9). Domain walls, therefore, continue to be regarded for their potential in 

nanoelectronic devices. 

 

Finally, the hexagonal tungsten bronze CsNbW2O9 was characterised by piezoresponse force 

microscopy (PFM) for its ferroelectric properties. Lateral PFM studies, shown in Fig (5-6), 

demonstrate a ferroelectric microstructure closely resembling that of h-RMnO3. Domain walls 
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visibly meander, and form flame-like domain patterns and six-fold vertex structures were also 

observed. This is corroborated by TEM data in Fig (5-9), courtesy of Shane McCartan. The 

infrequency in which these structures are seen, especially compared to the prevalence with which 

they are encountered in h-RMnO3, is certainly intriguing and may be explained if they are 

assumed to be confined to the plane normal to the c-axis. The observation of grains that possess 

needle-like domains was firstly attributed to the existence of secondary phases (CsNbWO6). 

However, it seems more likely that these two points might in fact be related. The formation of c-

axis oriented hexagonal and trigonal channels that form during the high temperature ferroelectric 

transition are quite possibly coordinated to the formation of needle-like domains, and vector PFM 

displayed in Fig (5-8) appears to support this hypothesis. Here, the long axis of the needles 

appears also to align approximately with the polar axis (c-axis). 

 

Switching spectroscopy was used to probe the mobility of domains and domain walls. Two 

experiments were devised, where a switching field was administered by either stationary or 

moving voltage-biased AFM probe. For the moving tip approach, a trailing electric field that 

breaks symmetry was used, similar to the approach adopted by Morelli et al (10) for deterministic 

switching upon bismuth ferrite nanoislands. The biased AFM tip traced a square region and 

successive PFM scans allowed for immediate monitoring of changes in the ferroelectric 

microstructure. For the experiment with a stationary switching bias, the AFM tip was placed on a 

region near the centre of a grain and left for 30 seconds. Follow-up PFM scans monitored the 

change in ferroelectric domain patterns as before. Both experiments revealed a microstructure 

that appears to be somewhat malleable. Although relaxation occurred within a matter of days, a 

return to the original domain formation was not observed upon retrieving a stable domain state. 

This is particularly compelling, especially if CsNbW2O9 domain walls are shown to exhibit 

enhanced conduction. If, however, domain walls and vertex structures are confined to exist on 

the plane normal to the c-axis, this likely means that charged domain walls are prohibited to exist. 

A maximally charged wall is one in which the normal to the wall plane is parallel to the polar axis. 

In the hypothesised case for CsNbW2O9, this would make the existence of charged domain walls 

impossible. There is hope, however. Fig (5-7d) depicts a region of needle domains and what might 

be a dislocation running horizontally across the sample. The dislocation looks to have shifted the 

domain structures above and below, forming a checkboard arrangement. Firstly, the domain 

walls located along the line of the dislocation should be maximally charged. Secondly, if the 

successive T-T and H-H domain walls aggregate p-type and n-type carriers, as they have shown 

in ErMnO3, there is a chance that the structure should demonstrate PN-diode-like electrical 
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behaviour. This, combined with the malleable domain structure, could hold great potential for 

reconfigurable nanostructured devices.  

 

6.2 Future Vision for the Project 
 

Priorities for future work should be directed towards the continuation of projects presented in 

Chapters 4 & 5. The hexagonal tungsten bronze CsNbW2O9, through PFM and TEM studies, have 

demonstrated the complex, clover-leaf ferroelectric domain structure observed in h-RMnO3. 

However, in order for these materials to be utilised in domain wall nanoelectronics, direct 

electrical characterisation of domain walls must follow. Unfortunately, due to restrictions 

inherent in ceramics, primarily the electrical resistivity resulting from large grain boundary 

densities, we were unable to obtain meaningful conductive AFM measurements (CAFM). As such, 

the main priority for work relating to CsNbW2O9 will be to obtain single crystal samples that 

would remove this obstacle. Collaborators in St Andrews have recently been devoting resources 

to fabricating ceramic samples with large grain diameters (< 50μm). Accompanying the large 

grain size, is a drastically reduced grain boundary density. Thus, direct electrical measurements, 

by way of CAFM, might be on the horizon.        

 

 The main priority for future work will be the continuation of direct current-voltage (I-V) 

measurements, presented in Chapter 4, with the objective to confirm PN diode behaviour across 

an ErMnO3 vertex. Difficulties involved in isolating the behaviour of a single domain wall 

strand/vertex has thus far prevented direct measurement. A new approach has been formulated 

that uses cross-sectional lamella samples, processed using the focused ion beam (FIB). This 

processing technique is outlined in Fig (6-1a). As reported in literature, one of the main issues 

involving FIB processing is concerned with the recovery of damage induced by the bombardment 

and subsequent implantation of heavy ions. Recovery techniques, involving polishing, annealing 

and acid washing are used to retrieve a pristine crystal surface. Lateral piezoresponse force 

microscopy amplitude and phase images (LPFM), acquired by PhD student James McCartan and 

displayed in Fig (6-1b), demonstrate significant recovery of the crystal surface. Fig (6-1c) 

demonstrates the process whereby a “chip” of the bulk crystal might be removed whose 

microstructure supports the formation of back-to-back vertex structures, indicated by the 

successive red-blue-red domain wall configuration in the cartoon. In light of results presented in 

this thesis, this would constitute a P-N-P geometry, otherwise known as a transistor.  
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Figure 6-1 outlines the steps of lamella processing (a) using a focused ion beam (FIB) microscope. LPFM amplitude and 
phase maps (b) show retrieval of ferroelectric domain contrast after significant repairing. The lamella sample, and the 
native domain structure therein, may then be used as a component for nanoelectronic devices, such as transistors. 

 

One of the main drawbacks of this approach is concerned with the ability to retrieve conduction 

on these samples. However, recent progress is certainly encouraging. Experiments performed by 

Mosberg et al (11) and presented in Fig (6-2a) displays a trench that has been milled using FIB 

processing, where the central ridge indicates the top edge of the lamella sample. Fig (6-2b) 

depicts a lamella that has been lifted out from the bulk crystal, where the ferroelectric domain 

structure is illustrated. Sample orientation is also identified. Fig (6-2c) identifies a region (dashed 

red box) where different types of imaging have been performed. Scanning electron microscopy 

(6-2d) and PFM (6-2e) demonstrate significant recovery of the lamella surface. CAFM imaging in 

Fig (6-2f) show that the recovery has been extensive enough to yield conducting contrast at 

charged domain walls, something that is yet to be shown elsewhere in literature. This signifies a 

step forward in terms of FIB processing. The reduced sample thickness allows for subsurface 

microstructure to be neglected, and in terms of electrical measurements, makes the task of 

isolating single domain wall strands far more realistic.  
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Figure 6-2 shows scanning electron micrographs (SEM) of an ErMnO3 lamella inside a milled trench (a) before being 
undercut and lifted out (b). Lamella orientation is also identified. Side-view SEM of the lamella is shown (c), where the 
dashed red box indicates the region under test. The small SEM image in (d) demonstrates contrast localised at domain 
walls, which are mapped by PFM (e). Electrical contrast at domain walls is demonstrated by CAFM (f). Images samples 
from Ref (11). 

 

With the advances of FIB processing in mind, the future vision of the project is far clearer. The 

ability to separate a small, cross-sectional sample from the bulk material, recover the damage 

induced and characterise it electrically, gives rise to possibilities in terms of implementation 

within nanoelectronic devices. Depositing source, gate and drain electrodes onto the lamella 

surface turns the sample into an operational transistor, as shown in Fig (6-3). The circuit that 

might be constructed, where red box-like structures represent resistors, would be capable of 

performing logic operations. The example given is a simple two input transistor OR gate circuit 

(corresponding to the circuit diagram in the top right-hand side). However, more complex logic 

circuits are envisaged. With the added functionality of mobile domain walls, where electric fields 

can manipulate the wall position and potentially make-or-break the circuit, there appears to be 

profound and marketable applications for this type of device. This is the vision for the project in 

the upcoming years. 
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Figure 6-3 is a schematic showing how a FIB-processed lamella may be implemented in logic devices. Source, gate and 
drain electrodes make the lamella sample into an operating transistor-like device. Red box-like features are resistors. The 
accompanying circuit diagram corresponds the 3-D circuit representation.  
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7 Appendix: The One-dimensional PN-diode 

 

7.1 The PN-diode 
 

The PN-diode is the interface created upon joining a p-type semiconductor and an n-type 

semiconductor, illustrated in Fig (7-1a) (1). Generally, due to charge neutrality in intrinsic 

semiconductors (p = n), doping provides the carriers necessary in both of the junction materials 

to create donor and acceptor states in the semiconductor bandgap that drives the diode 

behaviour that is to be described herein. Let us begin by considering p-type and n-type 

semiconducting materials, with respective carrier densities of p and n, and respective acceptor 

and donor densities of Np and Nn. The total charge density (ρ) of a semiconductor may therefore 

be defined as follows: 

 

 𝝆𝝆 = 𝒒𝒒 (𝒄𝒄 − 𝒏𝒏 +  𝑵𝑵𝒅𝒅 −  𝑵𝑵𝒂𝒂) (1.104) 

 

Where q is the charge upon a single carrier. Upon formation of the junction, free carriers, holes in 

the p-type case, and electrons in the n-type case, migrate towards the interface between the two 

materials to screen carriers of the opposite sense. As a result, some holes may diffuse into the n-

type semiconductor (or vice versa), where they recombine with electrons (holes in the opposite 

case) already residing there, giving rise to a region in the vicinity of the junction where no free 

carriers exist – this is known as the depletion region and is indicated by the mixed region 

delineating the p-type and n-type regions in Fig (7-1a). The system comes to rest and charges 

cease to diffuse across into the adjacent semiconductor when the respective Fermi levels (EF) in 

the vicinity of the junction equilibrate (EFp = EFn). To model the electrostatics associated with the 

depletion region, we can use Poisson’s equation in combination with equation (1.104). 

 

 𝒅𝒅𝟐𝟐𝝓𝝓
𝒅𝒅𝒅𝒅𝟐𝟐

=
𝒅𝒅𝑬𝑬(𝒅𝒅)
𝒅𝒅𝒅𝒅

= −
𝝆𝝆
𝜺𝜺

=  −
𝒒𝒒
𝜺𝜺

(𝒄𝒄 − 𝒏𝒏 + 𝑵𝑵+
𝒅𝒅 −  𝑵𝑵−

𝒂𝒂) (1.105) 

 

Where ϕ is the electrostatic potential, E is the electric field and ε is the electric permittivity. 

Taking the full depletion approximation, which simplifies the problem by assuming firstly that 

the depletion region has boundaries that are well-defined and also that the transition between 
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the depleted region and p/n-type regions, in terms of carrier density, are abrupt. These 

approximations are illustrated by the graph in Fig (7-1b). Here, charge densities are modelled in 

the transition region to have square edges. This is an over simplification and in reality, the charge 

density is closer to the form of a Fermi-Dirac distribution, as shown by the dashed line in Fig 

(7-1b), where respective carrier densities take on the form: 

 

 𝒄𝒄 =  𝑵𝑵𝒅𝒅𝒆𝒆𝒒𝒒(𝑬𝑬𝒇𝒇−𝝓𝝓)/𝒌𝒌𝑻𝑻 (1.106) 

 𝒏𝒏 =  𝑵𝑵𝒂𝒂𝒆𝒆𝒒𝒒(𝝓𝝓−𝑬𝑬𝒇𝒇)/𝒌𝒌𝑻𝑻 (1.107) 

 

Here, Ef is the Fermi level and k is the Boltzmann constant. Taking this into account, and assuming 

a depletion region width that is equal to the sum of the widths of depletion regions in the p-type 

material and the n-type material (𝒅𝒅𝒅𝒅 = 𝒅𝒅𝒏𝒏 +  𝒅𝒅𝒄𝒄), the electric field is found be the integral of 

equation (1.104), within the limits of the depletion region, as follows: 

 

 

𝑬𝑬(𝒅𝒅) =  �
𝝆𝝆(𝒅𝒅)
𝜺𝜺

 𝒅𝒅𝒅𝒅 ≅  �
𝒒𝒒
𝜺𝜺

 [𝑵𝑵+
𝒅𝒅(𝒅𝒅)−𝑵𝑵−

𝒂𝒂(𝒅𝒅)]  𝒅𝒅𝒅𝒅

=  
𝒒𝒒𝒅𝒅
𝜺𝜺

 [𝑵𝑵+
𝒅𝒅(𝒅𝒅)−𝑵𝑵−

𝒂𝒂(𝒅𝒅)]    

 

𝒇𝒇𝒄𝒄𝒓𝒓 − 𝒅𝒅𝒄𝒄 ≤ 𝒅𝒅 ≤ 𝒅𝒅𝒏𝒏       

 

(1.108) 

Here, we assume that there is no free charge whatsoever within the depletion region, and thus 

the charge density is provided entirely by acceptor states (for 0 > x > -xp) and donor states (for xn 

> x > 0). We know also that the electric field should disappear outside of the depletion region, as 

free charge in the bulk material is able to redistribute to screen it. The electric field profile as a 

function of position can be seen in Fig (1.104c).  
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Figure 7-1 is a cartoon displaying the pn-diode, indicating the p-type and n-type regions, the depletion region between, 
which has a width of xd, comprised of the depletion regions of the p-type (xp) and of the n-type (xp) materials. Charge 
density (ρ) is plotted (b) as a function of position, as is the electric field (c) and the electric potential (ϕ). The built-in 
voltage (ΔV) across the depletion region is also indicated. 

 

Assuming continuity in E(x), solutions to expression (1.108) at x = 0, yield the condition: 

 

 𝑵𝑵+
𝒅𝒅𝒅𝒅𝒏𝒏 =  𝑵𝑵−

𝒂𝒂𝒅𝒅𝒄𝒄 (1.109) 
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Physically, this tells us that the amount of excess charge on the n-side of the depletion region is 

equal to amount of excess charge on the p-side of the depletion region, which is evident from Fig 

(7-1b). Integrating expression (1.108) with respect to x, yields: 

 

 𝝓𝝓(𝒅𝒅) =  �
𝒒𝒒𝒅𝒅
𝜺𝜺

 [𝑵𝑵+
𝒅𝒅(𝒅𝒅)−𝑵𝑵−

𝒂𝒂(𝒅𝒅)] 𝒅𝒅𝒅𝒅 =   
𝒒𝒒𝒅𝒅𝟐𝟐

𝜺𝜺
 [𝑵𝑵+

𝒅𝒅(𝒅𝒅) −𝑵𝑵−
𝒂𝒂(𝒅𝒅)] (1.110) 

 

Here, the solutions to expression (1.110) will be as follows: 

 

𝝓𝝓(∞)                                       𝒇𝒇𝒄𝒄𝒓𝒓 𝒅𝒅 >  𝒅𝒅𝒏𝒏 

𝝓𝝓(∞) −  
𝒒𝒒𝑵𝑵+

𝒅𝒅

𝜺𝜺
(𝒅𝒅 − 𝒅𝒅𝒏𝒏)𝟐𝟐          𝒇𝒇𝒄𝒄𝒓𝒓 𝒅𝒅𝒏𝒏 > 𝒅𝒅 > 𝟎𝟎 

𝝓𝝓(−∞) + 
𝒒𝒒𝑵𝑵−

𝒂𝒂

𝜺𝜺 �𝒅𝒅 + 𝒅𝒅𝒄𝒄�
𝟐𝟐          𝒇𝒇𝒄𝒄𝒓𝒓 𝟎𝟎 > 𝒅𝒅 > −𝒅𝒅𝒄𝒄 

𝝓𝝓(−∞)                                        𝒇𝒇𝒄𝒄𝒓𝒓 𝒅𝒅 <  −𝒅𝒅𝒄𝒄 

 

 Once again, assuming continuity of ϕ at x = 0, we obtain the expression: 

 

 
𝒒𝒒
𝜺𝜺 �
𝑵𝑵−

𝒂𝒂𝒅𝒅𝒄𝒄𝟐𝟐 + 𝑵𝑵+
𝒅𝒅𝒅𝒅𝒏𝒏𝟐𝟐� =  𝝓𝝓(∞) −𝝓𝝓(−∞) =  𝚫𝚫𝒅𝒅 (1.111) 

 

Where ΔV is the built-in voltage for the diode at rest, and represents the potential dropped across 

the diode when a bias (forwards or backwards) is applied. Combining equations (1.109) and 

(1.111), expressions for xp and xn may be formulated as follows: 

 

 𝒅𝒅𝒄𝒄,𝒏𝒏 =  �
(𝑵𝑵−

𝒂𝒂 𝑵𝑵+
𝒅𝒅⁄ )±𝟏𝟏

𝑵𝑵−
𝒂𝒂 +  𝑵𝑵+

𝒅𝒅

∆𝒅𝒅𝜺𝜺
𝒒𝒒 �

𝟏𝟏/𝟐𝟐

 (1.112) 
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It is evident therefore, that the spatial extent of the depletion region relies heavily upon the 

voltage dropped across it. This effect, and the subsequent implications on the current-voltage 

characteristics of a PN-diode, will be approached in the next section. 
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