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The temperature renormalization of the bulk band structure of a topological crystalline insulator,
SnTe, is calculated using first principles methods. We explicitly include the effect of thermal-
expansion-induced modification of electronic states and their band inversion on electron-phonon
interaction. We show that the direct gap decreases with temperature, as both thermal expansion and
electron-phonon interaction drive SnTe towards the phase transition to a topologically trivial phase
as temperature increases. The band gap renormalization due to electron-phonon interaction exhibits
a non-linear dependence on temperature as the material approaches the phase transition, while the
lifetimes of the conduction band states near the band edge show a non-monotonic behavior with
temperature. These effects should have important implications on bulk electronic and thermoelectric
transport in SnTe and other topological insulators.

I. INTRODUCTION

SnTe1 and its substitutional alloys (Pb1−xSnxTe2 and
Pb1−xSnxSe3) belong to a particular class of topologi-
cal materials known as topological crystalline insulators
(TCI)4. Unlike the related trivial semiconductors PbTe
and GeTe, SnTe has inverted valence and conduction
bands at four equivalent L points in the first Brillouin
zone. This leads to an even number of Dirac-like con-
ducting states on (001), (110) or (111) surfaces that are
protected by mirror symmetry4. In contrast, Z2 topolog-
ical insulators have an odd number of Dirac surface states
protected by time-reversal symmetry5–7. SnTe-based al-
loys can undergo a phase transition between the TCI and
normal insulator (NI) phases by varying pressure8,9, tem-
perature3,10,11, or alloy composition2,11–13. The topolog-
ical phase transition occurs when the band gap closes
and the band inversion between valence and conduction
bands disappears. The gap vanishes only at the transi-
tion temperature and the material is semiconducting on
either side of the transition. Temperature-driven topo-
logical phase transitions may be especially important for
devices based on these materials. Recent angle-resolved
photoemission spectroscopy and magneto-optical Landau
level spectroscopy measurements have shown that such a
transition between TCI and NI phases can indeed be re-
alized in Pb1−xSnxSe3,10,11.

A potential thermally induced topological phase tran-
sition in SnTe14 may significantly affect its thermoelectric
transport properties. SnTe is an emerging thermoelectric
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material that reaches a maximal thermoelectric figure of
merit between 0.6 and 1.4 at intermediate temperatures
(600-1000 K) at relatively high intrinsic hole concentra-
tions (∼ 1020 cm−3)15–22. The values of the band gap
and effective masses and the strength of electron-phonon
coupling could change considerably near the topological
phase transition, thus modifying the transport proper-
ties, as demonstrated recently for PbSe under external
pressure23. A recent first principles study of thermo-
electric transport in p-type SnTe argued that its almost
linear bulk band dispersion could lead to a large en-
hancement of the Seebeck coefficient in nanostructures
via energy filtering24. However, the temperature induced
changes of the electronic states in SnTe and their effect
on the electronic lifetimes and transport have not been
investigated, even though they could be more dramatic
than in related NIs PbTe25 and SnSe26.

Temperature-induced topological phase transitions in
other material systems have been predicted from first
principles27–30 and model Hamiltonians31,32. First prin-
ciples approaches commonly use the standard Allen-
Heine-Cardona (AHC) formalism33–35, in which the lat-
tice thermal expansion and electron-phonon contribu-
tions to the band renormalization are treated indepen-
dently. The AHC approach describes correctly the band
gap changes with temperature in many materials with
trivial topology36–39. However, this theory does not cap-
ture the influence of variations of electronic states with
temperature on electron-phonon interaction, which may
be important in materials with band inversion. Indeed, it
has been shown recently that the renormalized electron
energies computed using the AHC method in topologi-
cal materials exhibit unphysical features e.g. the valence
and conduction bands remain parabolic even when the
gap closes30. Taking into account the thermal changes of
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electronic states is therefore necessary for an accurate de-
scription of electron-phonon interaction and the resulting
band renormalization in topological insulators.

In this paper, we explicitly account for changes of the
electronic states due to thermal expansion in calculating
the temperature dependence of the band structure and
electron-phonon interaction in SnTe. We show that tem-
perature drives SnTe towards the phase transition from
the TCI to NI phase, due to both thermal expansion
and electron-phonon interaction. However, the topolog-
ical phase transition does not occur before the melting
temperature of SnTe (∼ 1000 K1) is reached. We find
that the band gap saturates with temperature, which
cannot be captured using the AHC formalism. Moreover,
we predict a remarkable non-monotonic temperature de-
pendence of the lifetimes of the conduction states near
the band edge as the gap decreases. Our findings open
new avenues for accurate predictions and manipulation
of bulk transport properties of topological materials.

II. METHODOLOGY

We compute the ground state bulk electronic band
structure of SnTe using density functional theory
(DFT)40, and then calculate the quasiparticle band
structure renormalized by electron-electron and electron-
phonon interaction, henceforth EEI and EPI, respec-
tively. We consider the high-temperature rocksalt struc-
ture of SnTe, which gives rise to the topological crys-
talline phase4. We note that SnTe can undergo a ferro-
electric structural phase transition below 100 K, depend-
ing on the doping concentration41–45. Spin-orbit interac-
tion is included in all our calculations.

A. Ground state and GW electronic bands

DFT ground state simulations are carried out with
the Quantum ESPRESSO suite46,47, using the Perdew-
Burke-Ernzerhof (PBE) parametrization of the general-
ized gradient approximation (GGA)48 for the exchange
and correlation functional. We use fully relativistic and
fully nonlocal two-projector norm-conserving pseudopo-
tentials from the PseudoDojo data base49, generated
with the the Optimized Norm-Conserving Vanderbilt
Pseudopotential (ONCVPSP) code50. All pseudopoten-
tials include a full semicore shell. Wave functions are ex-
panded in a basis of plane waves with a cutoff energy of
100 Ry. Brillouin zone sampling is carried out using a
Monkhorst-Pack mesh51 of 12× 12× 12 reciprocal space
kkk-points.

Electron-electron renormalization of the bulk band
structure of SnTe is calculated using the G0W0 approx-
imation52. The G0W0 corrections are computed using
the Yambo code53, on a 16 × 16 × 16 kkk-point grid in
the Brillouin zone. A cutoff energy of 30 Ry for the
reciprocal lattice G-vectors is used for the calculation

of the exchange self-energy. The correlation part of the
self-energy is obtained summing over 100 bands (out of
which 46 bands are occupied), and screening is calculated
within the plasmon-pole approximation using 120 bands.

B. Temperature renormalization of electronic

states

To compute the effect of thermal expansion on the
electronic structure of SnTe, we perform DFT electronic
band calculations for the lattice parameters at different
temperatures. We obtain the linear thermal expansion
coefficient of SnTe by calculating its bulk modulus, the
heat capacity and Grüneisen parameters for the phonon
modes in the entire Brillouin zone39,54,55. Our computed
thermal expansion coefficient agrees very well with the
reported measurements between 0 K and 300 K56 (see
Supplemental Material57). Using the experimental lat-
tice constant at 300 K (6.327 Å56,58) and the calculated
thermal expansion coefficient, we can obtain the lattice
constant at any temperature39,54 (see Supplemental Ma-
terial57), as well as the corresponding electronic band
structure.

We obtain the electronic band shifts due to electron-
phonon interaction at a certain temperature using the
DFT band structure that corresponds to the thermally
expanded lattice at that temperature. As a result, the
influence of thermal-expansion-induced band structure
changes on electron-phonon interaction is included in our
approach. We calculate the Fan-Migdal electron-phonon
self-energy given as59–61:

ΣFM
nkkk (εnkkk, T ) =

∑

n′qqqλ

|gq
qqλ

nn′kkk
|2

Nqqq

×

[

nqqqλ(T ) + 1− fn′kkk+qqq(T )

εnkkk − εn′kkk+qqq − ωqqqλ + iδ

+
nqqqλ(T ) + fn′kkk+qqq(T )

εnkkk − εn′kkk+qqq + ωqqqλ + iδ

]

, (1)

where εnkkk denotes the energy of the electronic state with
the band index n and crystal momentum kkk, and ωqqqλ

stands for the phonon frequency with the branch index λ
and wavevector qqq. fn′kkk+qqq(T ) and nqqqλ(T ) are the Fermi-
Dirac and Bose-Einstein distribution functions at tem-
perature T , respectively. Nqqq is the total number of qqq
vectors used for the integration, and δ is a broadening
parameter. g

qqqλ

nn′kkk
is the first-order electron-phonon ma-

trix element quantifying the probability amplitude for an
electron in an initial state nkkk to be scattered to a final
state nkkk + qqq by emitting or absorbing a phonon qqqλ59,61:

g
qqqλ

nn′kkk
= 〈un′kkk+qqq|∂v

KS
qqqλ |unkkk〉uc. (2)

|unkkk〉 denotes the lattice-periodic part of the wavefunc-
tion for the state |nkkk〉, and the integral above is evaluated
over the unit cell. ∂vKS

qqqλ represents the variation of the
Kohn-Sham potential due to the atomic displacements
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corresponding to the phonon mode qqqλ61:

∂vKS
qqqλ =

√

~

2ωqqqλ

∑

κα

√

1

Mκ

eλκα(qqq)∂κα,qqqv
KS , (3)

where ~ is the reduced Planck constant, and eλκα is the α-
th Cartesian component of the phonon eigenvector for an
atom κ with mass Mκ. ∂κα,qqqv

KS is the lattice-periodic
part of the perturbed Kohn-Sham potential expanded to
first order in the atomic displacement61.

The electron-phonon matrix elements g
qqqλ

nn′kkk
are cal-

culated using density functional perturbation theory
(DFPT) as implemented in Quantum ESPRESSO46,47,
using the GGA-PBE functional, 8×8×8 kkk and qqq grids
and a cutoff energy of 100 Ry. We then use the real-space
Wannier functions approach61,62 and the EPW code63 to
interpolate these matrix elements on finer 100×100×100
qqq grids for the electronic states along the W-L-Γ path,
employing 18 Wannier orbitals for interpolation. The
electron-phonon self-energy in Eq. (1) is calculated non-
self-consistently. Gaussian broadening is used to com-
pute the imaginary part of electron-phonon self-energy
(linewidth). The broadening parameter δ of 25 meV
gives converged values of real and imaginary parts of
self-energy, and is used in all our calculations. To ap-
proximately account for the Debye-Waller shift of the
real part of self-energy, the EPW code enforces a sum
rule to conserve the number of electrons: Σ′

nkkk(ω, T ) =
Σnkkk(ω, T ) − ℜΣnkkk(ω = ǫF , T ). ℜΣnkkk(ω, T ) is the real
part of the Fan-Migdal self-energy and ǫF is the Fermi
level. The sum rule thus requires that the total real part
of the self-energy vanishes at the Fermi level, here taken
to be in the middle of the gap.

We note that our computed transverse optical (TO)
phonon frequencies decrease with increasing lattice vol-
ume due to thermal expansion, and become imaginary for
the lattice constants above 550 K. Other phonon modes
are not very sensitive to volume. Soft TO phonons are in-
dicative of the ferroelectric phase transition in SnTe, and
a similar volume dependence of its TO frequencies to that
reported here has already been obtained in DFT calcula-
tions64. However, it has been experimentally observed
that the TO mode frequency increases with tempera-
ture in the high-temperature phase41,45, due to strong
anharmonicity that is not taken into account in our cal-
culations64. To partially overcome this issue, we use
the phonon energies and eigenvectors calculated for the
experimental volume at 300 K to obtain the electron-
phonon self-energy at all temperatures above 300 K. Such
phonon dispersion is in very good agreement with inelas-
tic neutron scattering41,65 and inelastic X-ray scattering
experiments45 between 100 K and 300 K (see Supplemen-
tal Material57).
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FIG. 1. Electronic band structure of SnTe obtained using
density functional theory (DFT) within the generalized gra-
dient approximation (solid black lines) and the many-body
G0W0 approximation (dash-dotted red lines) for the lattice
constant at 0 K (6.295 Å). The energy of the valence band
maximum at L is set to 0 eV.

III. RESULTS

A. Ground state and G0W0 electronic band

structure

We first evaluate whether our DFT calculations give a
reasonably accurate representation of the electronic band
structure of SnTe. Fig. 1 shows the comparison between
the band structure obtained with DFT and the G0W0 ap-
proximation using the computed lattice constant at 0 K
(6.295 Å). The overall agreement between the DFT and
G0W0 band structures is good. Most importantly, the
band ordering at L does not change when EEI is taken
into account. The inclusion of electron-electron interac-
tion in the G0W0 approximation leads to an increase of
the fundamental gap from 0.20 to 0.216 eV, while the
direct gap at L varies from 0.275 to 0.353 eV. These re-
sults show that EEI favors the TCI phase. EEI does
not change the band curvature much near the valence
band maximum at L and the conduction band minimum
near L. Both DFT and G0W0 calculations give band gaps
and effective masses in reasonable agreement with exper-
iments (see Supplemental Material57). Since the impor-
tant features of the electronic band structure of SnTe
are well captured using DFT, we will use it to calculate
the temperature renormalization of the electronic band
structure.

To confirm that the electronic band structure of SnTe
indeed exhibits band inversion, we show the projections
of the DFT band states for the 0 K lattice constant
onto the Sn and Te p-orbitals in Figs. 2(a) and (b), re-
spectively. Far enough from the L points, the conduc-
tion band states mostly have the character of the Sn
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FIG. 2. Electronic band structure of SnTe calculated using
density functional theory. The energies in (a) and (b) are
for the lattice constant at T = 0 K and those in (c) and (d)
are for T = 900 K. The color scale in (a) and (c) represents
the projection onto the Sn p-orbitals and in (b) and (d) the
projection onto the Te p-orbitals. The fractions of the L-W
and L-Γ lines shown are 1/4 and 1/4, respectively. The energy
of the valence band maximum at L is set to 0 eV.

p-orbitals, while their character changes to that of the
Te p-orbitals near L. The valence band states show the
opposite trend. As a result, the conduction band states
close to L and the valence band states away from L have
the character of the Te p-orbitals, while the valence band
states near L and the conduction band states away from
L have the character of the Sn p-orbitals. Consequently,
the ordering of the conduction and valence band states
in the vicinity of the four L points is inverted, which is
characteristic of the TCI phase. In SnTe, the states near
L with the dominant character of the Te-p orbitals are
strongly repelled upward by the low-lying states with the
character of the Sn-s orbitals66. This effect pushes the
Te-p states above the Sn-p states near L and causes the
band inversion9. At the L points, the valence and conduc-
tion band states correspond to the representations L6−

and L6+, respectively67.

B. Effect of thermal expansion on the electronic

band structure

The temperature dependence of the electronic states
in SnTe arising from thermal expansion alone, without
electron-phonon contributions, is illustrated in Fig. 3.
We show the DFT electronic band structure computed
for the lattice constants at 0 K, 300 K and 900 K. Ther-
mal expansion decreases the direct gap in SnTe, and
makes the valence band dispersion more linear and Dirac-
like with increasing temperature. The conduction band
dispersion is very non-parabolic at 0 K, with three ex-
trema around L and the minimum located away from L
(“Mexican-hat”-like). With thermal expansion, the con-

duction band dispersion becomes more parabolic i.e. it
evolves towards the dispersion with a single minimum at
L. Eventually, the conduction band becomes more linear
for the lattice constants corresponding to temperatures
larger than 900 K. These band structure features suggest
that thermal expansion in SnTe tends to promote the nor-
mal insulating phase, without band inversion. This be-
havior is consistent with our previous results for the tem-
perature dependence of the direct gap in PbTe39. PbTe
does not have band inversion and thermal expansion in-
creases its direct band gap at L. Since the order of the
valence and conduction bands in SnTe is inverted with
respect to PbTe, the band gap of SnTe decreases with
increasing thermal expansion.
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FIG. 3. Electronic band structure of SnTe calculated using
density functional theory for the lattice constants at 0 K,
300 K and 900 K. The energy of the valence band maximum
at L is fixed at 0 eV.

Next we analyze in more detail how the band inver-
sion near the L points of SnTe is affected by thermal ex-
pansion. Fig. 2 shows the projections of the DFT band
states onto the Sn and Te p-orbitals for the lattice con-
stants at 0 K (top panels) and 900 K (bottom panels).
All the plots are given in the same scales. The size of
the region in kkk-space in which the band inversion occurs
decreases with thermal expansion. The reduction of the
band inversion region is more prominent for the lattice
constants above 900 K. These results confirm that ther-
mal expansion drives SnTe closer to the topological phase
transition. This effect is the consequence of the weaker
repulsion between the Te-p and Sn-s states near L with
the increasing bond length due to thermal expansion66,
resulting in smaller direct band gaps close to L and larger
direct band gaps away from L.

We also compute the renormalization of the direct gap
at L due to electron-electron interaction, while account-
ing for thermal expansion. We focus on the high temper-
ature range (300 - 900 K) where SnTe is a TCI. The cal-
culated DFT and G0W0 direct gap values for the lattice
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FIG. 4. The direct band gap of SnTe at L as a function
of temperature. Black and blue circles correspond to den-
sity functional theory (DFT) and G0W0 values, respectively.
Open circles/squares illustrate DFT/G0W0 results including
thermal expansion (TE) only, while full circles/squares rep-
resent DFT/G0W0 band gaps renormalized by both thermal
expansion and electron-phonon interaction (EPI). The error
bars are determined by the sum of the linewidths of the con-
duction and valence band states at L due to electron-phonon
interaction.

constants at different temperatures are given by open cir-
cles and squares, respectively, in Fig. 4. Both DFT and
G0W0 predict the band gap reduction with increasing
lattice expansion (or temperature). The G0W0 quasi-
particle gap roughly corresponds to a rigid shift of the
DFT gap by ∼ 0.1 eV for any lattice constant value, thus
increasing the size of the gap and preserving the TCI
phase compared to DFT.

C. Variation of the electronic band structure with

temperature

Now we investigate how electron-phonon interaction
renormalizes the direct band gap. Electron-phonon self-
energy is calculated using the DFT band structure ac-
counting for thermal expansion. Full circles and squares
in Fig. 4 show how the DFT and G0W0 band gaps vary
with temperature due to both thermal expansion and
electron-phonon interaction. The error bars in Fig. 4 rep-
resent the uncertainty in the band gap values caused by
EPI (which we will refer to as broadening), calculated as
the sum of the linewidths (i.e. the imaginary parts of the
electron-phonon self-energy) of the conduction and va-
lence band states at L at each temperature. We can see
that electron-phonon interaction reduces the band gap
and brings SnTe closer to the phase transition to a NI
phase with increasing temperature. This trend is oppo-
site in topologically trivial PbTe, where electron-phonon

interaction increases the gap as temperature rises39.
The decrease of the direct band gap at L with tem-

perature due to electron-phonon interaction is a direct
consequence of the band inversion in SnTe. An electronic
state is shifted downward (upward) due to coupling with
another state of higher (lower) energy via phonons, see
Eq. (1). Since the band gap of SnTe is located near the
four L points, the electron-phonon interaction is deter-
mined by the phonons whose wave vectors are close to the
Γ and X points. Due to the inversion center symmetry in
SnTe, these phonons possess odd symmetry and couple
electronic states with different parity68. Away from the
L points, the conduction and valence band states mostly
have the character of the Sn and Te p-orbitals, respec-
tively, while their character is inverted near L. Therefore,
the conduction band states near L are repelled downward
due to the coupling with the conduction band states away
from L, and upward due to the coupling with the valence
band states close to L. The former effect is stronger as
a result of the larger density of states and the smaller
energy difference in the denominator of Eq. (1), leading
to a downward repulsion of the conduction band states
near L. Similarly, the valence band states close to L are
repelled upward, thus decreasing the direct band gap val-
ues near L with temperature due to EPI.

Our results show that both thermal expansion and
electron-phonon interaction favor the temperature driven
phase transition from the TCI to NI phase, in contrast to
electron-electron interaction. All three effects give com-
parable contributions to the direct gap renormalization,
see Fig. 4, which result in the the negative temperature
coefficient of the direct gap in SnTe. However, we predict
that the band gap does not close up to 900 K. Since the
melting temperature of SnTe is ∼ 1063 K1, our calcula-
tions indicate that SnTe does not undergo the topological
phase transition below the melting temperature.

To understand better the contribution of electron-
phonon interaction to the direct gap changes with tem-
perature, we plot the temperature dependence of the
lineshifts (the real part of electron-phonon self-energy)
and linewidths of the valence and conduction band states
at L (VBL and CBL, respectively), see Fig. 5. Fig. 5(c)
shows the direct gap variation and broadening as a func-
tion of temperature. The temperature dependence of the
CBL and VBL lineshifts and the band gap renormal-
ization departs from linear, with the gap saturation at
high temperatures. The variations of the CBL linewidth
are more remarkable, increasing at low temperatures and
decreasing at higher temperatures. The VBL linewidth
rises at low temperatures and saturates at higher temper-
atures. The linewidth of VBL is much smaller than that
of CBL due to the much smaller density of the valence
states near L compared to the conduction states. This
results in the similar trends and values for the gap broad-
ening as those for the CBL linewidth. All these non-linear
temperature trends predicted for the TCI phase of SnTe
are not very typical for normal insulators without any
changes in band topology36–39.
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FIG. 5. Lineshift (black circles) and linewidth (red squares) due to electron-phonon interaction of (a) the conduction band and
(b) the valence band states at L in SnTe as a function of temperature. (c) Temperature variation (black circles) and broadening
(red squares) of the direct gap at L. In all panels, black circles and red squares correspond to the vertical axis on the left and
right, respectively.

To elucidate the origin of the non-linear variations of
the linewidths and lineshifts with temperature, we com-
pute the electron-phonon self-energy along the W-L-Γ
path. The effect of thermal lattice expansion on the
self-energy for the conduction and valence band states in
SnTe at 900 K is illustrated in Figs. 6 and 7, respectively.
In both figures, we show the linewidths and lineshifts cal-
culated for the lattice constants at 0 K and 900 K, while
the temperature of phonon and electronic populations is
set to 900 K for both lattice constant values. This is done
to separate the band structure effects on the electron-
phonon self-energy from the effect of phonon occupation
changes with temperature (the effect of electron occupa-
tions is relatively small compared to that of phonons, see
Eq. (1)). The linewidths of the inverted states are de-
creased when thermal expansion is included in the self-
energy calculation (see solid black lines in top panels of
Figs. 6 and 7). This reduction is much more pronounced
for the conduction band states.

Our analysis reveals that the electron-phonon
linewidth decrease with thermal expansion shown in
Figs. 6 and 7 stems from the reduced density of states
near L and thus the reduced phase space for electron-
phonon scattering. With thermal expansion, the valence
band states become more linear and the effective masses
defined in the energy range near the band edge at L de-
crease (see Supplemental Material57). The conduction
band states near L become less “Mexican-hat”-like due
to thermal expansion, exhibiting much larger decrease of
the overall density of states in the energy range relevant
for scattering compared to the valence bands. There-
fore, the reduction of the linewidths close to L induced
by thermal expansion is much more remarkable for the
conduction band states compared to the valence band
states. In contrast, the electron-phonon matrix elements
of the conduction and valence states near L change very
little with thermal expansion up to 900 K.

On the other hand, the linewidths of the conduction
and valence band states change linearly with temperature
if thermal expansion effects on electron-phonon interac-
tion are neglected in our calculations. This is a conse-

quence of the linear dependence of phonon occupations
on temperature above the Debye temperature (∼200 K
for SnTe). As a result, the competition between the
phonon populations and the thermal expansion effects
on the electronic states determines the temperature de-
pendence of the linewidths and lineshifts illustrated in
Fig. 5. At sufficiently high temperatures, the effect of the
decrease in the density of states caused by thermal ex-
pansion on the self-energy of the conduction states near L
becomes stronger than the effect of phonon occupations,
leading to the non-monotonic temperature dependence of
the linewidths and lineshifts (Fig. 5(a)). The influence of
the less dramatic thermal-expansion-induced reductions
in the density of the valence states close to L on their
self-energy becomes only comparable to the phonon pop-
ulation effects at certain temperatures, resulting in the
non-linear variations of the self-energy with temperature
(Fig. 5(b)).

The lineshifts of the conduction and valence bands
(bottom panels in Figs. 6 and 7) show two regions with
different temperature behavior. The conduction band
states have a negative lineshift in the vicinity of the
L points where the band inversion occurs, while the
lineshift becomes positive away from L. The opposite ef-
fect is found for the valence band states. Such momen-
tum dependence of the lineshifts means that the direct
gap values near L decrease, while further away from L
the direct band increases. The latter effect occurs be-
cause the conduction band states away from L are re-
pelled upward due to the coupling with the conduction
band states near L and the valence band states away
from L. Similarly, the valence band states away from L
are repelled downward, resulting in the increase of the
direct band gap away from L with temperature due to
electron-phonon interaction. The change of the lineshift
sign in the vicinity of L shows that electron-phonon in-
teraction also makes the electronic bands more linear at
higher temperatures (in addition to thermal expansion
shown in Fig. 3). The absolute lineshift values close to
L are decreased if the effect of thermal expansion on the
electronic states is included in the calculation, similarly
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FIG. 6. Effect of thermal expansion on the electron-phonon
self-energy of the conduction band states in SnTe at 900 K.
Top panels: linewidth resolved by phonon mode without (left
panel) and with (right panel) thermal expansion included in
the self-energy calculation. The contribution to the linewidth
stemming from acoustic phonons is given by dash-dotted or-
ange line, the transverse and longitudinal optical phonon con-
tributions are represented by dashed red and dotted blue lines,
respectively, while the total linewidth is given by solid black
line. Bottom panels: total lineshift without (left panel) and
with (right panel) thermal expansion.

to the linewidths. However, the linewidth reductions are
more striking due to the energy conservation condition.

We also show the contributions to the conduction and
valence band linewidths resolved by phonon modes in top
panels in Figs. 6 and 7, respectively. The relative contri-
bution of different modes to the valence band linewidth
is almost unaffected by thermal expansion. However,
this is not the case for the conduction band, whose total
linewidth also changes dramatically with thermal expan-
sion. When the effect of thermal expansion on electron-
phonon interaction is accounted for, longitudinal optical
(LO) phonon scattering is the strongest scattering mech-
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FIG. 7. Effect of thermal expansion on the electron-phonon
self-energy of the valence band states in SnTe at 900 K. All
details are the same as in Fig. 6.

anism for both valence and conduction band states near
L. This result is similar to our previous findings in n-type
PbTe25,68, where LO phonon scattering dominates elec-
tronic transport even at high doping concentrations and
temperatures.

D. Spectral function

To get a complete picture of the electronic spectrum
changes due thermal expansion and electron-phonon cou-
pling, we also compute the single particle spectral func-
tion A(kkk, ω) as:

Ankkk(ω, T ) =
1

π

|ℑΣnkkk(ω, T )|

|ω − εnkkk −ℜΣnkkk(ω, T )|2 + |ℑΣnkkk(ω, T )|2

(4)
where ~ω is the binding energy, and ℑΣnkkk(ω, T ) is the
imaginary part of the electron-phonon self-energy. The
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thermal expansion (i.e. using the lattice constant at 900 K) is
shown in the bottom panel.

real and imaginary parts of the self-energy used to calcu-
late the spectral function are obtained using Eq. (1) with
the broadening parameter δ of 25 meV.

Figure 8 shows the spectral function calculated with
the lattice constants at 0 K and 900 K, and the tem-
perature of phonon populations of 900 K for both lattice
constants. As already seen in Fig. 3, the band dispersion
evolves towards more linear dispersion with thermal ex-
pansion. Electron-phonon interaction further contributes
to this trend, see bottom panels in Figs. 6 and 7. More-
over, thermal expansion reduces the linewidth of the con-
duction and valence band states around the L points, as
observed in top panels in Figs. 6 and 7. All these fea-
tures are reflected in the spectral functions given in Fig. 8
and should lead to unusual temperature dependence of
the electronic and thermoelectric transport properties of
SnTe and other TCIs.

IV. DISCUSSION

Throughout this paper, we emphasize that it is es-
sential to take into account the influence of thermal
expansion on electronic states to obtain a more realis-
tic prediction of the temperature behavior of electronic
lineshifts and linewidths in topological materials. How-
ever, we neglect the effect of electron-electron induced
band renormalization when calculating electron-phonon
self-energy. We also ignore the fact that the electron-
electron and electron-phonon self-energy should ideally
be computed self-consistently. The self-consistent calcu-
lation of electron-electron effects would have been im-
portant if the mixing of the valence and conduction
band states near the gap was substantially different in
the G0W0 and DFT simulations, which is not the case
here69. Furthermore, the effect of electron-electron band
renormalization on electron-phonon self-energy should be
mostly cancelled by the self-consistent procedure to cal-
culate electron-phonon self-energy, because EEI and EPI
induced shifts of the band gap are of the opposite sign
and roughly cancel each other (see Fig. 4). Nevertheless,
it would be interesting to evaluate these effects in future
work. In any case, our results indicate the importance of
accounting for the temperature dependence of electronic
structure when calculating electron-phonon self-energy in
topological insulators.

V. SUMMARY AND CONCLUSIONS

The temperature renormalization of the bulk electronic
structure of SnTe in the topological crystalline phase has
been investigated from first principles, including the ef-
fect of thermal expansion on the electron-phonon self-
energy. Thermal expansion and electron-phonon interac-
tion tend to decrease the band gap and bring SnTe closer
to the phase transition to a normal insulating phase, in
contrast to electron-electron interaction. The band gap
shows a marked non-linear dependence on temperature as
SnTe approaches the topological phase transition, which
is accompanied by non-monotonic variations with tem-
perature of the linewidths of the conduction band states
near the band edge. These effects should have interesting
consequences on the transport properties of SnTe. Our
results show that electron-phonon interaction in topo-
logical materials is substantially affected by the thermal
changes of their bulk electronic states. Our predictions
could be tested using angle-resolved photoemission spec-
troscopy experiments in SnTe samples with small Sn va-
cancy concentrations1 and other topological insulators.

VI. ACKNOWLEDGEMENTS

We thank G. Jeffrey Snyder and Felipe Murphy-
Armando for insightful discussions. T.N.T., P.C. and



9

M.G. thank Andrew Horsfield for a long-standing discus-
sion on the perturbation of electronic states by phonons.
This work is supported by Science Foundation Ire-
land and the Department for the Economy Northern
Ireland Investigators Programme under grant number

15/IA/3160. I.S. also acknowledges support from Sci-
ence Foundation Ireland and the European Regional De-
velopment Fund under grant number 13/RC/2077. We
are grateful for the use of computational facilities at the
Irish Centre for High-End Computing (ICHEC) and the
UK national high performance computing service.

1 Y. Tanaka, Z. Ren, T. Sato, K. Nakayama,
S. Souma, T. Takahashi, K. Segawa, and Y. Ando,
Nat. Phys. 8, 800 (2012).

2 S.-Y. Xu, C. Liu, N. Alidoust, M. Neupane, D. Qian,
I. Belopolski, J. Denlinger, Y. Wang, H. Lin, L. Wray,
G. Landolt, B. Slomski, J. Dil, Marcinkova, E. A. Mo-
rosan, Q. Gibson, R. Sankar, F. Chou, R. Cava, A. Bansil,
and M. Hasan, Nat. Commun. 3, 1192 (2012).

3 P. Dziawa, B. J. Kowalski, K. Dybko, R. Buczko, A. Szczer-
bakow, M. Szot, E. ÅĄusakowska, T. Balasubramanian,
B. M. Wojek, M. H. Berntsen, O. Tjernberg, and T. Story,
Nat. Mater. 11, 1023 (2012).

4 T. H. Hsieh, H. Lin, J. Liu, W. Duan, A. Bansil, and
L. Fu, Nat. Commun. 3, 982 (2012).

5 L. Fu, C. L. Kane, and E. J. Mele,
Phys. Rev. Lett. 98, 106803 (2007).

6 M. Z. Hasan and C. L. Kane,
Rev. Mod. Phys. 82, 3045 (2010).

7 X.-L. Qi and S.-C. Zhang,
Rev. Mod. Phys. 83, 1057 (2011).

8 T. Liang, S. Kushwaha, J. Kim, Q. Gibson,
J. Lin, N. Kioussis, R. J. Cava, and N. P. Ong,
Sci. Adv. 3, e1602510 (2017).

9 P. Barone, T. Rauch, D. Di Sante, J. Henk, I. Mertig, and
S. Picozzi, Phys. Rev. B 88, 045207 (2013).

10 B. M. Wojek, P. Dziawa, B. J. Kowalski, A. Szczer-
bakow, A. M. Black-Schaffer, M. H. Berntsen,
T. Balasubramanian, T. Story, and O. Tjernberg,
Phys. Rev. B 90, 161202 (2014).

11 G. Krizman, B. A. Assaf, T. Phuphachong, G. Bauer,
G. Springholz, L. A. de Vaulchier, and Y. Guldner,
Phys. Rev. B 98, 245202 (2018).

12 Y. Tanaka, T. Sato, K. Nakayama, S. Souma, T. Taka-
hashi, Z. Ren, M. Novak, K. Segawa, and Y. Ando,
Phys. Rev. B 87, 155105 (2013).

13 A. Łusakowski, P. Bogusławski, and T. Story,
Phys. Rev. B 98, 125203 (2018).

14 J. Kim and S.-H. Jhi, Phys. Rev. B 92, 125142 (2015).
15 Q. Zhang, B. Liao, Y. Lan, K. Lukas, W. Liu, K. Es-

farjani, C. Opeil, D. Broido, G. Chen, and Z. Ren,
Proc. Natl. Acad. Sci. USA 110, 13261 (2013).

16 M. Zhou, Z. M. Gibbs, H. Wang, Y. Han,
C. Xin, L. Li, and G. J. Snyder,
Phys. Chem. Chem. Phys. 16, 20741 (2014).

17 G. Tan, L.-D. Zhao, F. Shi, J. W. Doak, S.-H. Lo,
H. Sun, C. Wolverton, V. P. Dravid, C. Uher, and M. G.
Kanatzidis, J. Am. Chem. Soc. 136, 7006 (2014).

18 G. Tan, F. Shi, S. Hao, H. Chi, L.-D. Zhao, C. Uher,
C. Wolverton, V. P. Dravid, and M. G. Kanatzidis,
J. Am. Chem. Soc. 137, 5100 (2015).

19 A. Banik, U. S. Shenoy, S. Anand, U. V. Waghmare, and
K. Biswas, Chem. Mater. 27, 581 (2015).

20 L.-D. Zhao, X. Zhang, H. Wu, G. Tan, Y. Pei,
Y. Xiao, C. Chang, D. Wu, H. Chi, L. Zheng,
S. Gong, C. Uher, J. He, and M. G. Kanatzidis,
J. Am. Chem. Soc. 138, 2366 (2016).

21 R. Al Rahal Al Orabi, N. A. Mecholsky, J. Hwang,
W. Kim, J.-S. Rhyee, D. Wee, and M. Fornari,
Chem. Mater. 28, 376 (2016).

22 R. Moshwan, L. Yang, J. Zou, and Z.-G. Chen,
Adv. Funct. Mater. 27, 1703278 (2017).

23 L.-C. Chen, P.-Q. Chen, W.-J. Li, Q. Zhang, V. V.
Struzhkin, A. F. Goncharov, Z. Ren, and X.-J. Chen,
Nat. Mater. 18, 1321 (2019).

24 T.-H. Liu, J. Zhou, M. Li, Z. Ding, Q. Song, B. Liao, L. Fu,
and G. Chen, Proc. Natl. Acad. Sci. 115, 879 (2018).

25 J. Cao, J. Querales-Flores, S. Fahy, and I. Savić,
Mater. Today Phys. 12, 100172 (2020).

26 F. Caruso, M. Troppenz, S. Rigamonti, and C. Draxl,
Phys. Rev. B 99, 081104 (2019).

27 G. Antonius and S. G. Louie,
Phys. Rev. Lett. 117, 246401 (2016).

28 B. Monserrat and D. Vanderbilt,
Phys. Rev. Lett. 117, 226801 (2016).

29 B. Peng, I. Bravić, J. L. MacManus-Driscoll, and B. Mon-
serrat, Phys. Rev. B 100, 161101 (2019).

30 J.-M. Lihm and C.-H. Park,
Phys. Rev. B 101, 121102 (2020).

31 I. Garate, Phys. Rev. Lett. 110, 046402 (2013).
32 K. Saha and I. Garate, Phys. Rev. B 89, 205103 (2014).
33 P. B. Allen and V. Heine,

J. Phys. C Solid State 9, 2305 (1976).
34 P. B. Allen and M. Cardona,

Phys. Rev. B 23, 1495 (1981).
35 P. B. Allen and M. Cardona,

Phys. Rev. B 27, 4760 (1983).
36 F. Giustino, S. G. Louie, and M. L. Cohen,

Phys. Rev. Lett. 105, 265501 (2010).
37 G. Antonius, S. Poncé, P. Boulanger, M. Côté, and

X. Gonze, Phys. Rev. Lett. 112, 215501 (2014).
38 S. Poncé, Y. Gillet, J. L. Janssen, A. Marini, M. Verstraete,

and X. Gonze, J. Chem. Phys. 143, 102813 (2015).
39 J. D. Querales-Flores, J. Cao, S. Fahy, and I. Savić,

Phys. Rev. Mater. 3, 055405 (2019).
40 M. C. Payne, M. P. Teter, D. C. Allan, T. A. Arias, and

J. D. Joannopoulos, Rev. Mod. Phys. 64, 1045 (1992).
41 G. S. Pawley, W. Cochran, R. A. Cowley, and G. Dolling,

Phys. Rev. Lett. 17, 753 (1966).
42 L. J. Brillson, E. Burstein, and L. Muldawer,

Phys. Rev. B 9, 1547 (1974).
43 M. Iizumi, Y. Hamaguchi, K. F. Komatsubara, and

Y. Kato, J. Phys. Soc. Jpn. 38, 443 (1975).
44 K. L. I. Kobayashi, Y. Kato, Y. Katayama, and K. F.

Komatsubara, Phys. Rev. Lett. 37, 772 (1976).

http://dx.doi.org/10.1038/nphys2442
http://dx.doi.org/https://doi.org/10.1038/ncomms2191
http://dx.doi.org/https://doi.org/10.1038/nmat3449
http://dx.doi.org/ https://doi.org/10.1038/ncomms1969
http://dx.doi.org/10.1103/PhysRevLett.98.106803
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.83.1057
https://advances.sciencemag.org/content/3/5/e1602510
http://dx.doi.org/ 10.1103/PhysRevB.88.045207
http://dx.doi.org/ 10.1103/PhysRevB.90.161202
http://dx.doi.org/ 10.1103/PhysRevB.98.245202
http://dx.doi.org/10.1103/PhysRevB.87.155105
http://dx.doi.org/10.1103/PhysRevB.98.125203
http://dx.doi.org/10.1103/PhysRevB.92.125142
http://dx.doi.org/ 10.1073/pnas.1305735110
http://dx.doi.org/10.1039/C4CP02091J
http://dx.doi.org/10.1021/ja500860m
http://dx.doi.org/10.1021/jacs.5b00837
http://dx.doi.org/ 10.1021/cm504112m
http://dx.doi.org/10.1021/jacs.5b13276
http://dx.doi.org/ 10.1021/acs.chemmater.5b04365
http://dx.doi.org/ 10.1002/adfm.201703278
http://dx.doi.org/ 10.1038/s41563-019-0499-9
http://dx.doi.org/ 10.1073/pnas.1715477115
http://dx.doi.org/https://doi.org/10.1016/j.mtphys.2019.100172
http://dx.doi.org/10.1103/PhysRevB.99.081104
http://dx.doi.org/10.1103/PhysRevLett.117.246401
http://dx.doi.org/10.1103/PhysRevLett.117.226801
http://dx.doi.org/ 10.1103/PhysRevB.100.161101
http://dx.doi.org/10.1103/PhysRevB.101.121102
http://dx.doi.org/10.1103/PhysRevLett.110.046402
http://dx.doi.org/10.1103/PhysRevB.89.205103
http://stacks.iop.org/0022-3719/9/i=12/a=013
http://dx.doi.org/10.1103/PhysRevB.23.1495
http://dx.doi.org/10.1103/PhysRevB.27.4760
http://dx.doi.org/10.1103/PhysRevLett.105.265501
http://dx.doi.org/ 10.1103/PhysRevLett.112.215501
http://dx.doi.org/ 10.1103/PhysRevB.55.10355
http://dx.doi.org/ 10.1103/PhysRevMaterials.3.055405
http://dx.doi.org/10.1103/PhysRevLett.17.753
http://dx.doi.org/10.1103/PhysRevB.9.1547
http://dx.doi.org/ 10.1143/JPSJ.38.443
http://dx.doi.org/10.1103/PhysRevLett.37.772


10

45 C. D. O’Neill, D. A. Sokolov, A. Hermann,
A. Bossak, C. Stock, and A. D. Huxley,
Phys. Rev. B 95, 144101 (2017).

46 P. Giannozzi, O. Andreussi, T. Brumme, O. Bunau, M. B.
Nardelli, M. Calandra, R. Car, C. Cavazzoni, D. Ceresoli,
M. Cococcioni, N. Colonna, I. Carnimeo, A. D. Corso,
S. de Gironcoli, P. Delugas, R. A. D. Jr, A. Ferretti,
A. Floris, G. Fratesi, G. Fugallo, R. Gebauer, U. Gerst-
mann, F. Giustino, T. Gorni, J. Jia, M. Kawamura, H.-
Y. Ko, A. Kokalj, E. Küçükbenli, M. Lazzeri, M. Mar-
sili, N. Marzari, F. Mauri, N. L. Nguyen, H.-V. Nguyen,
A. O. de-la Roza, L. Paulatto, S. Poncé, D. Rocca, R. Saba-
tini, B. Santra, M. Schlipf, A. P. Seitsonen, A. Smogunov,
I. Timrov, T. Thonhauser, P. Umari, N. Vast, X. Wu, and
S. Baroni, J. Phys. Condens. Matter 29, 465901 (2017).

47 P. Giannozzi, S. Baroni, N. Bonini, M. Calandra, R. Car,
C. Cavazzoni, D. Ceresoli, G. L. Chiarotti, M. Cococ-
cioni, I. Dabo, A. Dal Corso, S. de Gironcoli, S. Fab-
ris, G. Fratesi, R. Gebauer, U. Gerstmann, C. Gougous-
sis, A. Kokalj, M. Lazzeri, L. Martin-Samos, N. Marzari,
F. Mauri, R. Mazzarello, S. Paolini, A. Pasquarello,
L. Paulatto, C. Sbraccia, S. Scandolo, G. Sclauzero, A. P.
Seitsonen, A. Smogunov, P. Umari, and R. M. Wentzcov-
itch, J. Phys. Condens. Matter 21, 395502 (19pp) (2009).

48 J. P. Perdew, K. Burke, and M. Ernzerhof,
Phys. Rev. Lett. 77, 3865 (1996).

49 M. van Setten, M. Giantomassi, E. Bousquet, M. Ver-
straete, D. Hamann, X. Gonze, and G.-M. Rignanese,
Comput. Phys. Commun. 226, 39 (2018).

50 D. R. Hamann, Phys. Rev. B 88, 085117 (2013).
51 H. J. Monkhorst and J. D. Pack,

Phys. Rev. B 13, 5188 (1976).
52 F. Aryasetiawan and O. Gunnarsson,

Rep. Prog. Phys. 61, 237 (1998), and references therein.
53 D. Sangalli, A. Ferretti, H. Miranda, C. Attac-

calite, I. Marri, E. Cannuccia, P. Melo, M. Marsili,
F. Paleari, A. Marrazzo, G. Prandini, P. Bonfà, M. O.
Atambo, F. Affinito, M. Palummo, A. Molina-Sánchez,

C. Hogan, M. Grüning, D. Varsano, and A. Marini,
J. Phys. Condens. Matter 31, 325902 (2019).

54 P. Pavone and S. Baroni,
Solid State Commun. 90, 295 (1994).

55 R. M. Murphy, É. D. Murray, S. Fahy, and I. Savić,
Phys. Rev. B 95, 144302 (2017).

56 T. F. Smith, J. A. Birch, and J. G. Collins,
J. Phys. C Solid State 9, 4375 (1976).

57 See Supplemental Material at [url] for a more detailed dis-
cussion and the figures of some of the effects discussed in
the paper, which includes Refs. 70–73.

58 R. F. Bis and J. R. Dixon, J. Appl. Phys. 40, 1918 (1969).
59 E. Cannuccia and A. Marini,

arXiv:1304.0072v1 (2013).
60 G. Antonius, S. Poncé, E. Lantagne-Hurtubise, G. Auclair,

X. Gonze, and M. Côté, Phys. Rev. B 92, 085137 (2015).
61 F. Giustino, Rev. Mod. Phys. 89, 015003 (2017).
62 F. Giustino, M. L. Cohen, and S. G. Louie,

Phys. Rev. B 76, 165108 (2007).
63 S. Poncé, E. Margine, C. Verdi, and F. Giustino,

Comput. Phys. Commun. 209, 116 (2016).
64 G. A. S. Ribeiro, L. Paulatto, R. Bianco,

I. Errea, F. Mauri, and M. Calandra,
Phys. Rev. B 97, 014306 (2018).

65 E. R. Cowley, J. K. Darby, and G. S. Pawley,
J. Phys. C Solid State 2, 1916 (1969).

66 S.-H. Wei and A. Zunger, Phys. Rev. B 55, 13605 (1997).
67 S. Rabii, Phys. Rev. 182, 821 (1969).
68 J. Cao, J. D. Querales-Flores, A. R. Murphy, S. Fahy, and

I. Savić, Phys. Rev. B 98, 205202 (2018).
69 P. Aguado-Puente, S. Fahy, and M. Grüning,

arXiv:2003.06837 (2020).
70 L. Esaki and P. J. Stiles, Phys. Rev. Lett. 16, 1108 (1966).
71 J. O. Dimmock, I. Melngailis, and A. J. Strauss,

Phys. Rev. Lett. 16, 1193 (1966).
72 J. R. Burke and H. R. Riedl, Phys. Rev. 184, 830 (1969).
73 H. Riedl, J. Dixon, and R. Schoolar,

Solid State Commun. 3, 323 (1965).

http://dx.doi.org/ 10.1103/PhysRevB.95.144101
http://stacks.iop.org/0953-8984/29/i=46/a=465901
http://www.quantum-espresso.org
http://dx.doi.org/10.1103/PhysRevLett.77.3865
http://dx.doi.org/ https://doi.org/10.1016/j.cpc.2018.01.012
http://dx.doi.org/10.1103/PhysRevB.88.085117
http://dx.doi.org/10.1103/PhysRevB.13.5188
http://dx.doi.org/10.1088/0034-4885/61/3/002
http://dx.doi.org/10.1088/1361-648x/ab15d0
http://dx.doi.org/https://doi.org/10.1016/0038-1098(94)90154-6
http://dx.doi.org/ 10.1103/PhysRevB.95.144302
http://dx.doi.org/10.1088/0022-3719/9/24/008
http://dx.doi.org/10.1063/1.1657866
https://arxiv.org/abs/1304.0072
http://dx.doi.org/ 10.1103/PhysRevB.92.085137
http://dx.doi.org/10.1103/RevModPhys.89.015003
http://dx.doi.org/10.1103/PhysRevB.76.165108
http://dx.doi.org/ https://doi.org/10.1016/j.cpc.2016.07.028
http://dx.doi.org/ 10.1103/PhysRevB.97.014306
http://dx.doi.org/10.1088/0022-3719/2/11/304
http://dx.doi.org/10.1103/PhysRevB.55.13605
http://dx.doi.org/10.1103/PhysRev.182.821
http://dx.doi.org/ 10.1103/PhysRevB.98.205202
https://arxiv.org/abs/2003.06837
http://dx.doi.org/10.1103/PhysRevLett.16.1108
http://dx.doi.org/10.1103/PhysRevLett.16.1193
http://dx.doi.org/10.1103/PhysRev.184.830
http://dx.doi.org/https://doi.org/10.1016/0038-1098(65)90087-6

