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Abstract

In this Thesis, we discuss applications of machine learning to quantum information sci-
ence. The interface between these two fields has been the subject of much research, re-
cently, driven by the many successes of machine learning for diverse pattern recognition
tasks. The work reported in this Thesis addresses precisely the potential of such an in-
terdisciplinary line of research and illustrates how machine learning provides a valuable
add-on to standard techniques used in the context of quantum technologies.

Specifically, we will first study the problem of devising time-independent dynamics imple-
menting target quantum operations. This involves a challenging optimisation task, which
is hard to tackle with standard numerical tools. We demonstrate how the use of supervised
learning algorithms can dramatically speed-up this task.

We then consider the tasks of engineering and characterising quantum states in large
Hilbert spaces. Motivated by strong experimental reasons, we consider explicitly the em-
bodiment of such multi-dimensional quantum systems provided by the orbital angular
momentum and polarisation degrees of freedom of light. We devise a protocol involv-
ing quantum walks to implement arbitrary states by only making use of the possibility to
couple polarisation and orbital angular momentum through relatively recent technologi-
cal advances in the field of linear optics. This protocol relies solely on the properties of
quantum walk dynamics, and is therefore applicable to different types of architectures.

We then present an experimental demonstration of this engineering strategy, and consider
the issue of assessing the quality of the states thus generated. We show how different ma-
chine learning algorithms, including supervised and unsupervised learning ones, are able
to tackle this problem and provide useful information in realistic experimental conditions.
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Chapter 1

Introduction

1.1 Quantum information science

(What is quantum information?) Quantum mechanics has profound implications for our
understanding of how information can be manipulated. This has clear and far-reaching
consequences both from a fundamental perspective, and for its potential to improve exist-
ing information technologies. Quantum information science studies this merger of the fields
of quantum mechanics and information and computational theory (Nielsen, 2006; Wa-
trous, 2018). The subject focuses not only on devising protocols to achieve faster informa-
tion processing, but also promises faster and more secure communication protocols (Gisin,
2002; Krenn, 2016a; Pirandola, 2019). Among the many approaches explored in the course
of the last fifty years, arguably the most notable areas of research fall under the names of
quantum computation (Shor, 1997; Steane, 1998; Ladd, 2010; Wolf, 2019), quantum simula-
tion (Lloyd, 1996; Georgescu, 2014; Koch, 2019), quantum communication (Bennett, 1993;
Gisin, 2007; Krenn, 2016a), and quantum cryptography (Gisin, 2002; Bennett, 2014).

(Quantum computing) Quantum computation, in particular, holds the promise of solving
efficiently classically hard computational problems. Ever since Feynman first proposed to
use quantum mechanics to simulate efficiently quantum systems (Feynman, 1982), more
and more research has been devoted to understanding why and how quantum mechan-
ics provides computational advantages. Still, the dream of practical and useful quantum
computation remains far on the horizon, and arguably still requires a number of theoreti-
cal and technological advances (Dowling, 2003; Preskill, 2018), despite recent years having
seen an substantial number of breakthroughs (Fowler, 2012; Barends, 2014; Córcoles, 2015;
Ofek, 2016; Arute, 2019). Even though scalable and fault-tolerant quantum computation
remains a titanic challenge with present-day technology, there are ways to at least settle the
overarching question of whether it is possible even in principle to solve problems faster than
what classical physics allows (Aaronson, 2011; Bremner, 2016; Aaronson, 2017; Boixo, 2018;
Neill, 2018). This spurred the race to reach the so-called quantum computational supremacy
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regime, that is, to demonstrate experimentally the solution to a problem that is computa-
tionally hard for classical computers, regardless of its practical usefulness (Broome, 2012;
Spring, 2012; Crespi, 2013b; Tillmann, 2013; Bentivegna, 2015; Bouland, 2018; Zhong, 2018;
Arute, 2019; Wang, 2019a; Zhong, 2019). Several architectures have been proposed as
possible physical carriers of quantum information, including schemes relying on photon-
ics (Flamini, 2018; Wang, 2019b), trapped ions and cold atoms (García-Ripoll, 2005; Lek-
itsch, 2017; Bruzewicz, 2019), and superconducting technologies (You, 2011; Krantz, 2019)
Similarly, different paradigms for quantum computation have been developed. One broad
distinction can be made between discrete variables (Walmsley, 2005; Andersen, 2015) and
continuous variables (Lloyd, 1999; Braunstein, 2005) approaches. Another important distinc-
tion is between different computational models, ranging from the circuit model (Nielsen,
2006), to one-way quantum computation (Raussendorf, 2001; Walther, 2005; Browne, 2006),
to adiabatic quantum computing (Aharonov, 2004; Albash, 2018).

(How are we connected to the problems in quantum computing?) In this thesis, we will
discuss questions arising in different areas of quantum information processing. In partic-
ular, we consider in chapter 2 the task of devising dynamics resulting in target operations
between a set of qubits: the so-called quantum gate learning problem. We then discuss how
to generate target quantum states leveraging a specific type of physical models, so-called
quantum walks, in chapters 3 and 4. Finally, in chapter 5 we present a protocol to charac-
terise generated quantum states from experimental data.

1.2 Machine learning and quantum physics

(Machine learning) Parallel to the surge of interest in quantum technologies, another field
of study that grew considerably in the last few decades is Machine Learning (ML) (Fried-
man, 2001; Bishop, 2006; You, 2011; Abu-Mostafa, 2012; Murphy, 2012; Mehta, 2019). ML
refers to a class of algorithms whose goal is to learn from, and make predictions about,
data. The underlying mathematical problem most of these algorithms tackle is to find a
set of parameters 𝜽 such that the corresponding map 𝑓𝜽 ∶ 𝒙 ↦ 𝑓𝜽(𝒙) fits a given dataset,
for some choice of model 𝜽 ↦ 𝑓𝜽. For example, in a classification problem, 𝒙 is a set of real
numbers, and 𝑓𝜽(𝒙) is chosen from a finite set of possible values.

(“Quantum machine learning”?) The intersection of ML and quantum information falls
under the name of Quantum Machine Learning (QML) (Schuld, 2014; Wittek, 2014; Ad-
cock, 2015; Biamonte, 2017). Due to the wide reach of both fields, QML branches out
into several different directions of study. The terminology was first used to refer to quan-
tum algorithms tackling ML tasks (Giovannetti, 2008; Harrow, 2009; Lloyd, 2013; Lloyd,
2014; Rebentrost, 2014; Lloyd, 2016; Rebentrost, 2016; Rebentrost, 2018). This line of study
is now sometimes referred to as quantum-enhanced machine learning (Schuld, 2014; Wittek,
2014; Dunjko, 2017; Ciliberto, 2018; Perdomo-Ortiz, 2018; Schuld, 2018). Another direction
of study, more focused on the theoretical foundations of learning in a quantum mechan-
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ical context, is quantum learning theory (Aaronson, 2007; Aaronson, 2017; Arunachalam,
2017; Aaronson, 2018; Rocchetto, 2019). Classical ML algorithms have also been used
extensively to find solutions to problems arising in the context of quantum information
science (Zdeborová, 2017; Spears, 2018; Carleo, 2019). This latter topic is what a large part
of this thesis will be devoted to.

(Machine learning for quantum information science) Applications of classical ML to quan-
tum information science include generating target quantum gates via supervised learn-
ing (Banchi, 2016), finding physical models describing (simulated) experimental outcomes
(Iten, 2020; Nautrup, 2020), probing characteristics of experimentally generated states (Fu-
jita, 2018; Gray, 2018; Agresti, 2019; Canabarro, 2019; Havlíček, 2019), devising fault-
tolerant and quantum error-correction schemes (Liu, 2019), using variational autoencoders
to learn quantum distributions (Rocchetto, 2018), using reinforcement learning to devise
sequences of operations resulting in target quantum protocols (Melnikov, 2014; Makmal,
2016; Melnikov, 2017; Melnikov, 2018a; Melnikov, 2018b; Flamini, 2019; Wallnöfer, 2019),
and using Neural Networks (NNs)-inspired ansatzes to find the ground state of many-
body systems (Carleo, 2017), as well as a variety of other applications (Carleo, 2019; Cui,
2019; Jia, 2019; Torlai, 2019), including classifying phases in many-body systems (Wang,
2016; Carrasquilla, 2017; Deng, 2017a; Nieuwenburg, 2017; Kaubruegger, 2018).

(Supervised learning for quantum information science) Supervised learning, in particular,
provides powerful tools to extract patterns from labelled data. In the context of quantum
information, supervised learning has been showcased as a flexible tool to solve diverse
complex optimisation tasks (Schoenholz, 2016; Carleo, 2017; Carrasquilla, 2017; Nieuwen-
burg, 2017; Zdeborová, 2017; Fujita, 2018; Melnikov, 2018a; Torlai, 2018; Rocchetto, 2019).
In particular, supervised learning techniques were recently demonstrated to solve gate de-
sign problems (Banchi, 2016; Innocenti, 2018a; Innocenti, 2018b).

(How does all of this concern us?) In this thesis, we will discuss ways to apply ML ideas to
find solutions to problems arising in the context of theoretical and experimental quantum
information. In chapter 2 we show how stochastic gradient descent can be used to find time-
independent dynamics generating target quantum gates. In chapter 5, we use different ML
algorithms to reconstruct the states underlying experimental datasets, making for more
efficient and flexible experimental characterisation pipelines.

1.3 Quantum walks

(Random walks) Classical random walks are a class of stochastic processes used to develop
stochastic algorithms, as well as in multiple other contexts (Berg, 1993; Fama, 1995; Mot-
wani, 1995; Hughes, 1996; Schöning, 1999; Codling, 2008). A random walk is defined as a
sequence of discrete steps taken by a walker in one of a number of allowed directions (Lovász,
1993). A common example are random walks on a regular lattice. Here, the walking space
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is a regular 𝑑-dimensional lattice, which we can represent with ℤ𝑑. The walker starts in a
vertex 𝒏 ∈ ℤ𝑑 and moves along the edges of the lattice. At every step, one of the possible
2𝑑 directions (there are two directions for each axis) is picked at random, and the walker
moves to the closest vertex along the corresponding edge. One can define random walks
more generally on undirected graphs 1 , by having the walker jump at every step from one
vertex to the other with some probability.

(Quantum walks) Quantum Walks (QWs) are models of quantum dynamics which share
many similarities with classical random walks, and are often understood as their quantum
counterparts (Aharonov, 2000; Kempe, 2003; Venegas-Andraca, 2012; Portugal, 2013). We
here discuss exclusively discrete-time QWs (Chandrashekar, 2008a), which bear the most di-
rect analogy with classical random walks, and will always refer to these when mentioning
“QWs”. In its simplest form, a QW involves a high-dimensional system, usually referred
to as walker, endowed with an inner 2-dimensional degree of freedom, referred to as the
coin, in analogy with the classical case. Like classical random walks, QWs are defined
on graphs in the general case (Aharonov, 2000), but here we only discuss QWs on a line.
These are QWs in which the walker can only move in one of two directions, say “left” and
“right” (Ambainis, 2001). A single step of such a discrete-time QW consists of a unitary
evolution applied to the current state of the QW. The time is therefore discrete in the sense
that there is no notion of “time” as a continuous parameter. Rather, the state changes by
discrete amounts at each step, just as its classical counterpart.

(QWs for quantum algorithms?) In contrast with the classical case, QWs evolve coherently,
bringing interference effects into the picture. Both discrete- and continuous-time QWs
have been shown to be universal for quantum computation (Childs, 2009; Childs, 2013),
and allow for efficient implementations of quantum search algorithms (Shenvi, 2003; Am-
bainis, 2005; Tulsi, 2008). This led to several experimental implementations (Manouchehri,
2014), including with atomic systems (Côté, 2006; Schwartz, 2007; Chandrashekar, 2008b;
Perets, 2008; Weitenberg, 2011; Di Giuseppe, 2013; Fukuhara, 2013; Meinert, 2014; Preiss,
2015), trapped ions (Karski, 2009; Schmitz, 2009; Zähringer, 2010), and photonics sys-
tems (Peruzzo, 2010; Owens, 2011; Rohde, 2011; Poulios, 2014; Caruso, 2016; Chapman,
2016). In particular, photonics platforms include linear optical interferometers (Sansoni,
2012; Crespi, 2013a; Harris, 2017; Pitsios, 2017), intrinsically stable multi-mode interfer-
ometers with polarization optics (Broome, 2010; Kitagawa, 2012; Vitelli, 2013), fibre-loop
systems for time-bin encoding (Schreiber, 2010; Schreiber, 2012; Boutari, 2016), and QWs
in the Orbital Angular Momentum (OAM) space (Cardano, 2015a; Cardano, 2016).

(How we use QWs) QW dynamics can be implemented in a variety of platforms, thanks
to the simplicity of the interactions they require (Manouchehri, 2014). It is, however, still
subject of active research the full extent to which QWs can be leveraged to control the
evolution of a quantum state. In particular, in the context of state engineering, a character-

1An directed simple graph is a pair 𝐺 ≡ (𝑉 , 𝐸), where 𝑉 is a set of vertices, and 𝐸 ⊆ 𝑉 × 𝑉 is a subset of
ordered pairs of 𝑉 . When the edges 𝐸 do not carry a notion of directionality, being for example defined as
𝐸 = {{𝑥, 𝑦} ∶ 𝑥, 𝑦 ∈ 𝑉 and 𝑥 ≠ 𝑦}, then ones talks of an undirected graph.
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isation of the set of possible output states of a discrete-time QW is lacking. Owing to the
relative easiness of realising QW dynamics, such a result would significantly widen our
understanding of the possible states that can be generated across different experimental
platforms. We will address this issue in chapter 3, presenting a complete characterisation
of the possible outputs of one-dimensional QWs with time-dependent coin operations.
We then proceed to use this result to experimentally engineer target qudits in the orbital
angular momentum of single photons chapter 4, and showcase ML algorithms to analyse
them in chapter 5. We conclude in chapter 6 summarising the results presented through-
out the thesis and laying down our perspectives for future work.
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Chapter 2

Quantum Gate Learning

(Synthesising quantum operation) Synthesising target quantum operations is pivotal in a
variety of contexts in quantum information science, such as quantum simulation (Feyn-
man, 1982; Lloyd, 1996), and quantum computation (Deutsch, 1985; Gottesman, 1998;
Nielsen, 2002; Ladd, 2010). In particular, unitary gates play a key role in the majority of
schemes and algorithms for quantum computation, and are more generally a fundamental
component of most quantum information protocols.

(What is gate compilation) Implementing a target unitary gate is, however, often a daunt-
ing task. Different techniques are used to do this, depending for instance on the experi-
mental context. For example, in photonics architectures one has usually only access to a
toolbox of “elementary components”, corresponding to beamsplitters and phaseshifters,
which are then used to build up more complex operations. In this context, a complex oper-
ation 𝒰, is obtained by finding a suitable sequence of elementary operations 𝒢𝑖 such that
𝒰 = ∏𝑖 𝒢𝑖. Given a fixed set of such elementary gates {𝒢𝑖}𝑖, finding a suitable combination
of gates is highly nontrivial. This task is often referred to as gate compilation, or gate synthe-
sis (Möttönen, 2004; Nielsen, 2006; Nakajima, 2009; Loke, 2014; Loke, 2016; Maslov, 2017;
Swaddle, 2017; Ashouri, 2018). Solving gate compilation problems is especially impor-
tant in light of the recent significant experimental advances in the construction of experi-
mental quantum devices, especially superconducting (Devoret, 2013; Arute, 2019) and ion
trap (Blatt, 2008; Debnath, 2016) architectures.

(Gate synthesis via continuous parameters in the Hamiltonian) A different type of prob-
lem is the one faced when, instead of a discrete set of gates, one is able to tune continuous
parameters of an underlying dynamics. In this scenario, the experimenter has only access
to some parameters 𝝀 ≡ (𝜆1, ..., 𝜆𝑘) of the system Hamiltonian ℋ𝝀, and wants to find the
values of 𝝀 that achieve a target transformation. One might for example be interested in
driving an input quantum state to a target output one. In this scenario, it is common to
allow for time-dependent dynamics. This simplifies the achievement of different types of
evolutions, but at the same times also makes for a significantly harder optimisation prob-
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lem, as one then has to look for an optimal function 𝑡 ↦ 𝝀(𝑡), rather than just an optimal
value 𝝀 ∈ ℝ𝑛. This types of problems are usually referred to as quantum (optimal) control
problems (d’Alessandro, 2007; Werschnik, 2007; Dong, 2010).

(What problem do we set up to solve?) In this chapter, we focus on gate engineering pro-
tocols that are both single-shot and time-independent. Single-shot refers here to strategies
aiming at achieving a target operation without resorting to a decomposition in terms of a
sequence of simpler gates, as done e.g. in the context of gate compilation. The strategies
we consider thus involve a fixed set of constant-strength interactions, as opposed to ap-
proaches such as gate compilation or quantum control, in which the types and strengths
of the interactions are time-dependent.

(A previous work in this direction: Banchi et al. 2016) A first step in this direction was
presented in (Banchi, 2016), which proposed a strategy to find time-independent few-qubit
Hamiltonians producing a target operation. In particular, they focused on generating tar-
get three-qubit gates such as Toffoli and Fredkin, using an additional one as ancilla to be
traced out at the end of the evolution. To find the values of the interaction parameters,
they used a numerical optimisation technique called Stochastic Gradient Descend (SGD).
This algorithm is the workhorse of most supervised learning algorithms, and the novel
idea to apply it in the context of gate learning is what allowed for much improved results
compared to what can be obtained via standard optimisation algorithms.

(Our contributions) Building upon (Banchi, 2016), we show that the gate learning strategy
presented there can be significantly improved, both from an algorithmic and a fundamen-
tal perspective (Innocenti, 2018b). On one hand, we speed-up dramatically the numerical
optimisation routines by integrating Automatic Differentiation (AD) techniques into the
optimisation routine. This makes searching and testing for solutions to specific problems
significantly easier. On the other hand, by further analysing the underlying mathematical
problem, we devise a solution framework to further speed-up the numerics by exploiting
the symmetries of the target gate, and in some cases even allows to derive exact solutions
without the need of the numerical apparatus.

(Chapter outline) In section 2.1 we explain the mathematical details underlying gate learn-
ing problems, and how physical constraints on the possible Hamiltonian parameters enter
the discussion. In section 2.2 we present a general framework to solve gate learning prob-
lems, applicable to find both analytical and numerical solutions. In section 2.3 we present
the analytical results on the implementability of the Toffoli gate, while in section 2.4 those
concerning the Fredkin gate. In section 2.5 we discuss how the problem can be tackled
using numerical optimisation. Finally, in section 2.6 we present novel ML techniques that
further speed-up the search for solutions. The work described in this chapter can be found
in (Innocenti, 2018a; Innocenti, 2018b).
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2.1 Time-independent dynamics for target gates

(The question) Here, we explore a different approach to devise target unitary evolutions.
More specifically, we ask the question: is there a way to implement a given target gate without
decomposing it as a sequence of simpler gates, and without using a time-dependent dynamics, and
without the aid of additional ancillary resources? In other words, given a target operation 𝒰,
and a set of possible candidate Hamiltonians ℋ[•] ≡ {ℋ𝝀}𝝀 ⊆ Herm1, can we find a
time-independent Hamiltonian ℋ ∈ ℋ[•] such that, at some time 𝑡, we have 𝒰 = 𝑒−𝑖𝑡ℋ? 2

(Restrictions on the Hamiltonians) Note that, if no restriction is imposed on ℋ[•], then
the problem is always trivially solvable. Indeed, if the eigendecomposition of 𝒰 reads

𝒰 = ∑
𝑘

𝑒𝑖𝜑𝑘ℙ𝑘 with ℙ𝑗 ≡ |𝑗⟩⟨𝑗| , 𝜑𝑘 ∈ ℝ, (2.1)

then any ℋ of the form ℋ = − ∑𝑘 𝜑𝑘ℙ𝑘 satisfies 𝑒−𝑖ℋ = 𝒰. The interesting cases, both
from a theoretical and practical perspective, are when ℋ[•] is constrained (for example, we
might require a solution that only uses specific types of interactions between the qubits).
Here, we will consider the case of ℋ[•] being a set of Hamiltonians parametrised by a
number of continuous parameters (in other words, it is taken to be a parametrised surface
in Herm(𝑁)). We will therefore always assume that there is a continuous mapping ℝℓ ∋
𝝀 ↦ ℋ𝝀 ∈ Herm such that ℋ[•] = ℋ(𝐼) for some 𝐼 ⊆ ℝℓ (which will be usually taken
to equal ℝℓ for simplicity).

(A few tricks to simplify the math) We can consider the time 𝑡 as part of the definition of
ℋ, which only amounts to a rescaling of the energy levels. This means that we can focus
on the 𝑡 = 1 case without loss of generality. Once a suitable ℋ is found, we can always
rescale it so that the target is implemented after a desired time 𝑡∗ by writing ℋ = 𝑡∗(ℋ/𝑡∗).
Finally, to ease the calculations, we will consider the equivalent problem of finding ℋ
such that 𝒰 = 𝑒𝑖ℋ (rather than 𝒰 = 𝑒−𝑖ℋ), as the solution to one problem is seamlessly
translated to a solution to the other.

(A few examples) For concreteness, we will analyse what happens when we try to find
Hamiltonian generators for a few common two- and three-qubit gates, such as the CNOT
and the Toffoli gate. The CNOT gate case will be used to showcase our framework and
provide examples in an easily computable case, even though it is not of practical useful-
ness.

1Here, Herm ≡ Herm(𝑁) is the set of Hermitian 𝑁 × 𝑁 matrices with complex entries, for some integer
𝑁 ≥ 2. The dimension 𝑁 will be taken to be understood from the context.

2Throughout this work, we will only consider the cases of operations and Hamiltonians acting on finite-
dimensional systems (generally sets of qubits).
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Example 2.1.1: Eigendecomposition of CNOT

Assume that the target operation is the CNOT: the two-qubit unitary gate which flips the second
qubit conditionally to the value of the first one. In matrix notation, this reads

CNOT ≡ ⎛⎜⎜
⎝

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟
⎠

= ℙ0 ⊗ 𝐼2 + ℙ1 ⊗ 𝑋, (2.2)

where ℙ𝑘 ≡ |𝑘⟩⟨𝑘| and 𝑋 is the Pauli 𝑋 gate. The eigendecomposition of this matrix reads

CNOT = 𝑍+
1 𝑍+

2 + 𝑍+
1 𝑍−

2 + 𝑍−
1 𝑋+

2 − 𝑍−
1 𝑋−

2 = 𝑍+
1 + 𝑍−

1 𝑋+
2 − 𝑍−

1 𝑋−
2 , (2.3)

where 𝑋± ≡ (1 ± 𝑋)/2, and 𝑌 ± and 𝑍± are similarly defined (𝑋, 𝑌 , 𝑍 denote the one-qubit Pauli
matrices). Its eigenvalues are 𝜆1,2,3 = 1 and 𝜆4 = −1.
Consider the question: can this gate be obtained via a two-qubit time-independent Hamiltonian ℋ? A gen-
eral parametrisation of the possible two-qubit Hamiltonians, written using the set of Pauli matrices
on the two qubits as operatorial basis, reads

ℋ𝝀 =
4

∑
𝑗,𝑘=0

𝜆𝑗,𝑘𝜎𝑗
1𝜎𝑘

2 , (2.4)

where 𝜎𝑗
𝑖 is the 𝑗-th Pauli matrix acting on the 𝑖-th qubit. For ease of notation, where appropriate we

will use a different notation for Pauli matrices, writing 𝜎1
𝑖 ≡ 𝑋𝑖, 𝜎2

𝑖 ≡ 𝑋𝑗, 𝜎3
𝑖 ≡ 𝑍𝑖. This will make

some of the expressions more explicit. Given the decomposition in eq. (2.3), it is natural to use as
ansatz for ℋ𝝀 an expression bearing the same eigenstructure as the CNOT. Let us therefore try with

ℋ𝝀 = 𝜆1𝑍+
1 + 𝜆2𝑍−

1 𝑋+
2 + 𝜆3𝑍−

1 𝑋−
2 . (2.5)

Finding 𝝀 ≡ (𝜆1, 𝜆2, 𝜆3) such that 𝑒𝑖ℋ = CNOT is now quite easy: just use 𝜆1 = 𝜆2 = 0 and 𝜆3 = 𝜋.
Indeed, as it is easy to check, 𝑒𝜋𝑖𝑍−

1 𝑋−
2 = CNOT. The natural next question is: is this the only such ℋ?

the answer to this is clearly negative: for example, it is also true that 𝑒𝜋𝑖(2𝑛+1)𝑍−
1 𝑋−

2 = CNOT for any
𝑛 ∈ ℤ. It is less trivial to get a complete characterisation of the solution set. Indeed, as will be shown
in section 2.1.1, these types of matrix equations admit a rich set of solutions in general.

Example 2.1.2: Eigendecomposition of Toffoli

Consider now the Toffoli gate (Shi, 2002; Lanyon, 2008; Monz, 2009; Fedorov, 2011; Shi, 2018). This is a
three-qubit gate which flips the third qubit conditionally to the first two being in the |1⟩ state. More
explicitly, this means

Toff = ℙ0 ⊗ 𝐼4 + ℙ1 ⊗ CNOT ≡ (𝐼4 𝟘4𝟘4 CNOT) . (2.6)

In terms of projectors onto eigenvalues of (products of) Pauli matrices, we have

Toff = 𝑍+
1 + 𝑍−

1 𝑍+
2 + 𝑍−

1 𝑍−
2 𝑋+

3 − 𝑍−
1 𝑍−

2 𝑋−
3 . (2.7)

The eigenvalues of Toff are thus readily seen to be +1 with multiplicity 7, and −1 with multiplicity 1.
A possible ℋ such that 𝑒𝑖ℋ = Toff is then ℋ = 𝜋𝑍−

1 𝑍−
2 𝑋−

3 . Note how expanding this Hamiltonian

11



we get
ℋ = 𝜋

8 [𝐼 − (𝑍1 − 𝑍2 − 𝑋3) + (𝑍1𝑍2 + 𝑍1𝑋3 + 𝑍2𝑋3) − 𝑍1𝑍2𝑋3] , (2.8)

which contains three-qubit interaction terms (more specifically, the 𝑍1𝑍2𝑋3 term). While this is to
be expected, being the Toffoli a non-trivial three-qubit gate, these types of terms make practically
implementing the Hamiltonian significantly harder. Indeed, natural interactions, and in particular
interactions that can be easily implemented in experiments, generally involve only one- and two-
qubit interaction terms. It is then natural to wonder about whether this is a necessary feature of time-
independent generators of the Toffoli. As will be shown in section 2.3, it is indeed possible to find
time-independent Hamiltonians that generate the Toffoli gate using only up to two-qubit interactions.

(Why this is not the end of the story) Examples 2.1.1 and 2.1.2 show that looking for Her-
mitian generators of few-qubit gates appears to be a fairly straightforward task. There are,
however, two notable issues with the analysis conducted so far:

1. It lack generality: while finding specific generators essentially amounts to computing
the eigendecomposition of the target 𝒰, and then the logarithm of the eigenvalues,
this says nothing about whether such procedure provides the most general kind of
Hamiltonian generator for the target gate: can all generators ℋ be obtained this
way?

2. We have no control over the kind of generators that we obtain with this procedure.
For example, in example 2.1.1 we obtained generators containing two-qubit interac-
tions of the form 𝑍1𝑋2. Does this mean that this type of interaction term is necessary
to generate a CNOT? Or is there instead some Hamiltonian that can still generate the
CNOT without needed such interactions? Similar questions arise in example 2.1.2.

(What is the rest of this section about?) To address these issues, we will study the un-
derlying mathematical problem in more detail. We divide the analysis in two parts. Sec-
tion 2.1.1 focuses on how to find general solutions to inverse matrix equations of the form
𝑓(𝐴) = 𝐵. Then, in section 2.1.2, we present a way to bring additional constraints on the
interaction terms into the discussion.

2.1.1 Solving matrix equations: 𝑓(𝐴) = 𝐵

(Goal of the section) Let 𝐴, 𝐵 be normal matrices such that 𝑓(𝐴) = 𝐵 for some function
𝑓 (assumed to be regular on the spectrum of 𝐴), with 𝑓(𝐴) defined as usual on the eigen-
values of 𝐴. In this section we will provide a full characterisation of the set of solutions
𝐴 ∈ 𝑓−1(𝐵) ≡ {𝑋 ∶ 𝑓(𝑋) = 𝐵}.

(Unravel the matrix equation) Explicitly, 𝑓(𝐴) = 𝐵 amounts to

∑
𝑘

𝑓(𝜆𝐴
𝑘 )ℙ𝐴

𝑘 = ∑
𝑗

𝜆𝐵
𝑗 ℙ𝐵

𝑗 , (2.9)
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where ℙ𝐴
𝑘 (ℙ𝐵

𝑘 ) are the projectors onto the corresponding eigenspaces of 𝐴 and 𝐵, so that
𝐴ℙ𝐴

𝑘 = 𝜆𝑘ℙ𝐴
𝑘 , and similarly for 𝐵. Because both sides of eq. (2.9) define the eigende-

composition of some (normal) operator, by the uniqueness of the eigendecompositions it
follows that 𝜆𝐵

𝑗 = 𝑓(𝜆𝐴
𝑗 ) and ℙ𝐵

𝑗 = ℙ𝐴
𝑗 . More precisely, 𝑓(𝐴) = 𝐵 implies that 𝑓(𝐴) and

𝐵, and thus also 𝐴 and 𝐵, are simultaneously diagonalisable, which allows to reduce the
problem to a set of identities on the common eigenspaces of 𝐴 and 𝐵. What is interest-
ing about this is that it means that the relation 𝑓(𝐴) = 𝐵 puts strong constraints on the
eigenstructure of 𝐴: the eigenspaces of 𝐴 must be the same as those of 𝐵.

(Simpler case of injective 𝑓) Consider now the problem of finding a matrix 𝐴 such that
𝑓(𝐴) = 𝐵, for some predetermined mapping 𝑓 . If 𝑓 is injective then, by the above ar-
gument, it follows that 𝐴 is uniquely determined. Indeed, the condition becomes in this
case

∑
𝑗

𝜆𝐵
𝑗 ℙ𝑗 = ∑

𝑗
𝑓(𝜆𝐴

𝑗 )ℙ𝑗, (2.10)

which can only be true for 𝜆𝐴
𝑗 = 𝑓−1(𝜆𝐵

𝑗 ). However, because we are considering here ma-
trices and functions defined over ℂ, most interesting cases will correspond to non-injective
functions 𝑓3. The case 𝑓(𝑧) = 𝑒𝑧, which is the one with which we will be mostly concerned
with for the gate learning problem, is one such case of non-injective function.

(The general case) When 𝑓 is non-injective, there can be multiple 𝐴 such that 𝑓(𝐴) = 𝐵.
There are two main reasons for this, one is straightforward, and the other one less so.
Clearly, if 𝑓 is not injective, for any given eigenvalue 𝜆𝐵

𝑗 there can be multiple 𝜆 such that
𝑓(𝜆) = 𝜆𝐵

𝑗 . This is indeed the only source of non-uniqueness whenever the eigenspaces of
𝐵 are all one-dimensional (equivalently, the projectors ℙ𝐵

𝑘 in eq. (2.9) have all unit trace).
However, whenever there are eigenspaces of dimension greater than one, there are mul-
tiple (infinite) ways to write a corresponding projector ℙ as sum of unit-trace projectors.
Assume for example that Tr ℙ = 𝑑, and let ℙ𝑘 be a set of 𝑑 unit-trace projectors such that
ℙ = ∑𝑑

𝑘=1 ℙ𝑘. Let 𝑈 be an arbitrary operator that is unitary when restricted to the range
of ℙ. We then have

ℙ = 𝑈†ℙ𝑈 =
𝑑

∑
𝑘=1

𝑈†ℙ𝑘𝑈 ≡
𝑑

∑
𝑘=1

ℙ̃𝑘, (2.11)

where we defined the “rotated projectors” ℙ̃𝑘 ≡ 𝑈†ℙ𝑈 . While this rewriting is inconse-
quential in eq. (2.11), such rotations of the degenerate eigenspaces turn out to be important
when looking for solutions of 𝑓(𝐴) = 𝐵. Indeed, consider again eq. (2.9) and focus on a
single eigenspace ℙ𝐵

𝑗 such that Tr ℙ𝐵
𝑗 = 𝑑𝑗 > 1 (assuming 𝐵 has one). Write an arbitrary

decomposition of ℙ𝐵
𝑗 in terms of unit-trace (and therefore one-dimensional) projectors as

ℙ𝐵
𝑗 = ∑𝑑𝑗

ℓ=1 ℙ𝐵
𝑗,ℓ. Let {𝜆𝑗,ℓ}

𝑑𝑗
ℓ=1 ⊆ 𝑓−1(𝜆𝐵

𝑗 ) be a subset of inverses of 𝜆𝐵
𝑗 . Then, any 𝐴

which has 𝜆𝑗,ℓ as eigenvalues within the eigenspace ℙ𝐵
𝑗 is a suitable solution for 𝑓−1(𝐵).

3Indeed, the only entire, injective functions ℂ → ℂ are the linear mappings 𝑧 ↦ 𝑎𝑧 + 𝑏 for some 𝑎, 𝑏 ∈ ℂ.
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In other words, we have

𝐴 ≡ ∑
𝑗

𝑑𝑗

∑
ℓ=1

𝜆𝑗,ℓℙ𝑗,ℓ ∈ 𝑓−1(𝐵), ∀𝜆𝑗,ℓ ∈ ℂ with 𝑓(𝜆𝑗,ℓ) = 𝜆𝐵
𝑗 . (2.12)

Note how this means that 𝑓−1(𝐵) can break the degeneracies in 𝐵, thanks to the non-
injectivity of 𝑓 .

We now give a few examples of the freedom allowed by degeneracies in the target gate.

Example 2.1.3: Decomposition of two-dimensional identity matrix

Consider the two-dimensional identity matrix 𝐼2, and an arbitrary complex function 𝑓 defined on
the complex unit circle. Suppose we are interested in the set of matrices 𝐴 such that 𝑓(𝐴) = 𝐼2.
Note that 𝐼2 = 𝑃 + 𝑄 for any pair of orthogonal projectors 𝑃 , 𝑄, and 𝜆𝑃 + 𝜇𝑄 ∈ 𝑓−1(𝐼2) for any
𝜆, 𝜇 ∈ 𝑓−1(1). This is equivalent to saying that, for any pair of orthonormal states |𝑢⟩ and |𝑣⟩, we have
𝜆 |𝑢⟩⟨𝑢|+𝜇 |𝑣⟩⟨𝑣| ∈ 𝑓−1(𝐼2). Going further, we parametrise the set of all such vectors writing (we can
define the vectors up to an overall phase, as we are only interested in the corresponding projectors):

{|𝑢⟩ = cos 𝛼 |0⟩ + 𝑒𝑖𝜃 sin 𝛼 |1⟩ ,
|𝑣⟩ = −𝑒−𝑖𝜃 sin 𝛼 |0⟩ + cos 𝛼 |1⟩ , (2.13)

where {|0⟩ , |1⟩} are an arbitrary fixed orthonormal basis. This provides a parametrisation for 𝑓−1(𝐵):

𝐴 = (𝜆 cos2(𝛼) + 𝜇 sin2(𝛼) 1
2𝑒−𝑖𝜃 sin(2𝛼)(𝜆 − 𝜇)

1
2𝑒𝑖𝜃 sin(2𝛼)(𝜆 − 𝜇) 𝜆 sin2(𝛼) + 𝜇 cos2(𝛼)) . (2.14)

We conclude that any such 𝐴 is such that 𝑓(𝐴) = 𝐼2, as long as 𝑓(𝜆) = 𝑓(𝜇) = 1, and that this form
covers the set of all possible normal matrices satisfying this equation. Whenever 𝜆 = 𝜇, eq. (2.14)
reduces to 𝐴 = 𝜆𝐼2, which is the trivial solution. When 𝜆 ≠ 𝜇, however, it is less obvious that the
corresponding matrix in eq. (2.14) satisfies 𝑓(𝐴) = 𝐼2. An easily solvable class of examples is given
by 𝑓(𝐴) = 𝐴𝑛 for some 𝑛 ∈ ℕ. Then, 𝑓(𝐴) = 𝐼 amounts to the minimal polynomial of 𝐴 splitting
into linear factors, and thus 𝐴 being characterised as any diagonal matrix with eigenvalues the 𝑛-th
roots of 1.

Example 2.1.4: The 𝑓(𝑧) = 𝑒𝑧 case

Picking up from example 2.1.3, consider the solutions to 𝑓(𝐴) = 𝐼2 when 𝑓(𝑧) = 𝑒𝑧. Then 𝑓−1(1) =
2𝜋𝑖ℤ, and the set of solutions becomes

𝐴𝛼,𝜃;𝑛,𝑚 = 2𝜋𝑖 (𝑛 cos2(𝛼) + 𝑚 sin2(𝛼) 1
2𝑒−𝑖𝜃 sin(2𝛼)(𝑛 − 𝑚)

1
2𝑒𝑖𝜃 sin(2𝛼)(𝑛 − 𝑚) 𝑛 sin2(𝛼) + 𝑚 cos2(𝛼)) , (2.15)

for all 𝑛, 𝑚 ∈ ℤ and 𝛼, 𝜃 ∈ ℝ.
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Example 2.1.5: Hamiltonian generators for the CNOT

We gave in example 2.1.1 a possible Hamiltonian generator for the CNOT gate. Here, strong on the
general characterisation of matrix inverses given in eq. (2.12), we work out a more general expression
for the set of Hamiltonians ℋ such that 𝑒𝑖ℋ = CNOT. Specialising eq. (2.12) to the specific eigen-
structure of CNOT (which we worked out in example 2.1.1), we see that a generic (normal) generator
for CNOT has the form

3
∑
𝑗=1

𝜆𝑗ℙ̃𝑗 + 𝜇ℙ4, (2.16)

where ℙ4 ≡ |4⟩⟨4| ≡ |1, −⟩⟨1, −|, the projectors {ℙ̃𝑗}3
𝑗=1 define an arbitrary splitting of the degenerate

eigenspace ker[(CNOT −𝐼4)] into orthonormal vectors, and 𝜆𝑗, 𝜇 ∈ ℂ are such that 𝑒𝑖𝜆𝑗 = 1 and
𝑒𝑖𝜇 = −1. Such conditions identify 𝜆𝑗 ∈ 2𝜋ℤ and 𝜇 ∈ 𝜋 + 2𝜋ℤ. A generic generator for the CNOT
can thus be written as

ℋ = 2𝜋 [
3

∑
𝑗=1

𝑛𝑗ℙ̃𝑗 + 1
2𝑚ℙ4] . (2.17)

It is worth stressing how the set of viable generators ℋ has both a discrete and a continuous degree
of freedom.

In the rest of the thesis, we will focus on 𝑓(𝐴) ≡ 𝑒𝑖𝐴, which is the case of relevance to find
Hamiltonian generators of target unitaries.

2.1.2 Adding physical practical constraints

(Introducing constraints makes everything harder) In section 2.1.1 we described how to
write the full set of solution of a matrix equation of the form 𝑓(𝐴) = 𝐵. In this section we
show how introducing further constraints on the types of interaction terms allowed in the
final generator makes for a particularly daunting task.

(Restricting the allowed interaction terms) To restrict the type of interaction terms al-
lowed in the final Hamiltonian means to fix some set of orthogonal Hermitian operators
𝒫 ≡ {𝜎𝑖}𝑖, and ask for a generator Hamiltonian ℋ ∈ 𝑓−1(𝒰) such that ℋ is in the (real)
span of 𝒫:

ℋ ∈ 𝑓−1(𝒰) ∩ Spanℝ 𝒫. (2.18)

We will focus here on the case 𝑓(𝐴) ≡ 𝑒𝑖𝐴. A typical choice for the 𝜎𝑖 is the set of one- and
two-qubit interaction terms:

𝒫≤2 ≡ {𝐼, 𝑋𝑖, 𝑌𝑖, 𝑍𝑖, 𝑋𝑖𝑌𝑗, 𝑋𝑖𝑍𝑗, 𝑌𝑖𝑍𝑗 ∶ 𝑖, 𝑗 = 1, ..., 𝑛}. (2.19)

We thus have for example 𝑋𝑖, 𝑌𝑗 ∈ 𝒫≤2 and 𝑋𝑖𝑍𝑗 ∈ 𝒫≤2, but 𝑋𝑖𝑌𝑗𝑍𝑘 ∉ 𝒫≤2 for 𝑖 ≠ 𝑗, 𝑖 ≠
𝑘 and 𝑗 ≠ 𝑘.

Given a candidate generator ℋ ∈ 𝑓−1(𝒰), one would therefore need to decompose ℋ
in a basis containing the elements of 𝒫, and impose that all terms outside of this set are
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vanishing. Given a target gate with eigendecomposition 𝒰 = ∑𝑗 𝑒𝑖𝜑𝑗ℙ𝑗 with Tr ℙ𝑗 = 𝑑𝑗
and ∑𝑗 𝑑𝑗 = 2𝑛 with 𝑛 the number of qubits, this would entail, in practice, to find bases

for each Range(ℙ𝑗) built out of states { |𝑢𝑗𝑘⟩}𝑑𝑗
𝑘=1 ⊂ ℂℙ𝑑𝑗 , and integers 𝑛𝑗𝑘, such that

∑
𝑗

𝑑𝑗

∑
𝑘=1

(𝜑𝑗 + 2𝜋𝑛𝑗𝑘)ℙ[ |𝑢𝑗𝑘⟩] ∈ Spanℝ 𝒫. (2.20)

Example 2.1.6: CNOT with physical constraints

Let 𝒰 = CNOT, and consider a set of allowed interactions containing only single-qubit terms: 𝒫1 ≡
{𝑋𝑖, 𝑌𝑖, 𝑍𝑖}𝑖∈{1,2}. Is there an ℋ containing only interactions in 𝒫1 and such that 𝑒𝑖ℋ = CNOT?
From a physical point of view, the answer should obviously be that no, there cannot be any such
Hamiltonian, as that would mean that an entangling two-qubit gate can be obtained without having
the qubits interact in any way. Still, it is interesting to see if we can recover this result using the
formalism introduced in the previous section, as a testbed to see it in action. Consider then the
decomposition given in example 2.1.5 for the CNOT:

ℋ = 2𝜋 [
3

∑
𝑗=1

𝑛𝑗ℙ̃𝑗 + 1
2𝑚ℙ4] , (2.21)

where ℙ4 ≡ 𝑍−
1 𝑋−

2 and ℙ̃1, ℙ̃2, ℙ̃3 define an arbitrary splitting of the eigenspace generated by
|0, 0⟩ , |0, 1⟩ and |1, +⟩. Let us write down explicitly the decompositions of these projectors in terms
of Pauli matrices:

⎧{{
⎨{{⎩

ℙ̃1 = 𝑍+
1 𝑍+

2 = 1
4(𝐼 + 𝑍1 + 𝑍2 + 𝑍1𝑍2),

ℙ̃2 = 𝑍+
1 𝑍−

2 = 1
4(𝐼 + 𝑍1 − 𝑍2 − 𝑍1𝑍2),

ℙ̃3 = 𝑍−
1 𝑋+

2 = 1
4(𝐼 − 𝑍1 + 𝑋2 − 𝑍1𝑋2),

ℙ4 = 𝑍−
1 𝑋−

2 = 1
4(𝐼 − 𝑍1 − 𝑋2 + 𝑍1𝑋2),

(2.22)

where we made a canonical choice for the ℙ̃𝑖. Without exploiting the freedom given by the degen-
eracies, it is straightforward to see that it is not possible to find values for the 𝑛𝑗 ∈ ℤ that annihilate
all of the two-qubit interaction terms, due to the 1/2 factor in eq. (2.21). Indeed, expanding eq. (2.21)
and focusing on the two-qubit interaction terms, we get

ℋ = (...) + 2𝜋
4 [(𝑛1 − 𝑛2)𝑍1𝑍2 + (1/2 + 𝑛4 − 𝑛3)𝑍1𝑋2] . (2.23)

Remarkably, this shows how the 𝑍1𝑋2 seems to be a necessary part of a generator, as there is no
choice of 𝑛3, 𝑛4 ∈ ℤ such that 𝑛4 − 2𝑛3 = 0. Still, in principle, this does not rule out the possibility
that for some other choice of ℙ̃𝑗 this is possible (although in this case we obviously already know
that this is not the case). In section 2.2 we will provide a way to answer these questions more easily.

Example 2.1.7: Toffoli with physical constraints

Let 𝒰Toff denote the Toffoli gate, and consider the set of allowed interactions 𝒫≤2 comprised of one-
and two-qubit interaction terms (but notably not three-qubit terms). Is there a generator ℋToff ∈
𝑓−1(𝒰Toff) ∩ 𝒫≤2?
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The eigenstructure of the Toffoli gate was given in example 2.1.2. Similarly to the case of the CNOT,
we here have a sevenfold degenerate eigenvalue equal to +1 and the nondegenerate eigenvalue −1.
The eigenvector corresponding to the eigenvalue −1 is |1, 1, −⟩. We can therefore write a general
expression for generators of 𝒰Toff in the form

ℋ = 2𝜋 [
7

∑
𝑗=1

𝑛𝑗ℙ̃𝑗 + 1
2𝑚ℙ8, ] (2.24)

where ℙ8 ≡ |1, 1, −⟩⟨1, 1, −| and ∑7
𝑗=1 ℙ̃𝑗 + ℙ8 = 𝐼8. Note how the choice 𝑛𝑗 = 0 gives a generator

proportional to ℙ8, which contains the three-qubit interaction term 𝑍1𝑍2𝑋3, and is therefore not
contained in 𝒫≤2. A canonical choice for the ℙ̃𝑗 is the following:

⎧{{{{{
⎨{{{{{⎩

ℙ̃1 = 𝑍+
1 𝑍+

2 𝑍+
3 = (...) + 1

8𝑍1𝑍2𝑍3,
ℙ̃2 = 𝑍+

1 𝑍+
2 𝑍−

3 = (...) − 1
8𝑍1𝑍2𝑍3,

ℙ̃3 = 𝑍+
1 𝑍−

2 𝑍+
3 = (...) − 1

8𝑍1𝑍2𝑍3,
ℙ̃4 = 𝑍+

1 𝑍−
2 𝑍−

3 = (...) + 1
8𝑍1𝑍2𝑍3,

ℙ̃5 = 𝑍−
1 𝑍+

2 𝑍+
3 = (...) − 1

8𝑍1𝑍2𝑍3,
ℙ̃6 = 𝑍−

1 𝑍+
2 𝑍−

3 = (...) + 1
8𝑍1𝑍2𝑍3,

ℙ̃7 = 𝑍−
1 𝑍−

2 𝑋+
3 = (...) + 1

8𝑍1𝑍2𝑋3,
ℙ8 = 𝑍−

1 𝑍−
2 𝑋−

3 = (...) − 1
8𝑍1𝑍2𝑋3.

(2.25)

Similarly to what we found in example 2.1.6, we have here a three-qubit interaction term, 𝑍1𝑍2𝑋3,
which is proportional to (𝑛7 − 𝑚/2), and therefore cannot be removed by any choice of the integer
parameters. There is, however, a marked difference between the present case and example 2.1.6:
while for the CNOT we have strong physical reasons to believe that it is impossible to obtain the gate
without two-qubit interaction terms, this is not the case for the Toffoli. Indeed, it is in principle pos-
sible to achieve a three-qubit entangling gate without using three-qubit interaction terms, although
the veracity of this claim might not be obvious. We will show in section 2.2 how, by appropriately
rotating the degenerate eigenspace, it is possible to achieve such a feat.

2.2 A solution framework

(Goal of the section) As showed in section 2.1.2, injecting physical constraints into the
problem makes it significantly harder to solve. In this section, we will present a general
procedure to tackle these kinds of problems.

(Tackling constraints on available interactions) Piggybacking on the results of section 2.1.1,
consider the general problem of looking for generators ℋ such that 𝑒𝑖ℋ = 𝒰 for a given
unitary 𝒰. While, as previously discussed, there are in general many possible such ℋ,
there is one “natural” choice that can be considered as canonical in this context. We will
refer to this as the principal generator, in analogy with the notion of principal logarithm used
in complex analysis. Indeed, while a generic generator ℋ does not in general need to
have the same degenerate eigenspaces as 𝒰, let us denote with ℋ𝒰 a principal generator,
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which is one that preserves the degeneracies of 𝒰. Note that computing such a generator
is generally a straightforward task for small numbers of qubits. Any other generator ℋ
will have to be related to ℋ𝒰 through the equation 𝑒𝑖ℋ = 𝑒𝑖ℋ𝒰 = 𝒰. We will show in this
section that any such ℋ must satisfy the following two conditions:

• Every such ℋ must commute with ℋ𝒰.
• The eigenvalues of ℋ − ℋ𝒰 must all be integer multiples of 2𝜋.

(Prove the conditions are sufficient) Indeed, assume that ℋ and ℋ𝒰 satisfy these two
conditions. While, in general, two Hamiltonians ℋ1, ℋ2 with 𝑒𝑖ℋ1 = 𝑒𝑖ℋ2 = 𝒰 need
not commute with each other, this must be the case when one of the two is a canonical
generator ℋ𝒰. In other words, we must always have [ℋ, ℋ𝒰] = 0. This is for the same
reason why, for any generator ℋ, we must have [ℋ, 𝒰] = 0. Moreover, [ℋ, ℋ𝒰] = 0
implies that 𝐼 = 𝑒𝑖ℋ𝑒−𝑖ℋ𝒰 = 𝑒𝑖(ℋ−ℋ𝒰). But for this to be true, the eigenvalues of ℋ−ℋ𝒰
must necessarily be integer multiples of 2𝜋, which proves the first implication.

(Prove the conditions are necessary) For the other direction, let us assume that, given
some ℋ𝒰 such that 𝑒𝑖ℋ𝒰 = 𝒰, we have [ℋ, ℋ𝒰] = 0 and Spec(ℋ − ℋ𝒰) ⊆ 2𝜋ℤ. Then,

𝑒𝑖ℋ = 𝑒𝑖ℋ𝑒−𝑖ℋ𝒰𝑒𝑖ℋ𝒰 = 𝑒𝑖(ℋ−ℋ𝒰)𝒰 = 𝒰. (2.26)

(The master plan) This suggests the following plan of action to solve the general problem
in the presence of constraints on the Hamiltonian generators: let 𝒰 be a target gate with
canonical generator ℋ𝒰. Then, to find ℋ ∈ 𝑓−1(𝒰) ∩ Spanℝ 𝒫 is equivalent to find ℋ
satisfying the following three conditions:

ℋ ∈ Spanℝ 𝒫, (2.27a)
[ℋ, 𝒰] = 0 (equivalently, [ℋ, ℋ𝒰] = 0), (2.27b)

Spectrum(ℋ − ℋ𝒰) ⊆ 2𝜋ℤ (2.27c)

To approach a given problem, we can therefore proceed as follows: 1) write a general
expression for an element in the (real) span of 𝒫: ℋ = ∑𝑘 𝑐𝑘𝜎𝑘 summed over all 𝜎𝑘 ∈
𝒫. 2) Impose [ℋ, 𝒰] = 0, this immediately cuts many of the coefficients in the general
expression for ℋ. 3) Look into the remaining set of coefficients 𝑐𝑘 for a combination that
satisfies the third condition.

Note how the first two conditions are easy to impose, while the third one remains difficult.
To see this more concretely let us consider a few applications of this framework.

Example 2.2.1: Solution framework applied to CNOT

Taking up where we left off in example 2.1.6, let us see if eq. (2.27) can give us a conclusive way to
prove the impossibility of generating a CNOT with only one-qubit interactions. A canonical generator
for the CNOT is obtained by setting 𝑛𝑖 = 0 and 𝑚 = 1 in eq. (2.21), which results in ℋCNOT =
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𝜋𝑍−
1 𝑋−

2 . A general form for an ℋ containing one-qubit interactions is

ℋ = ℎ0𝐼4 +
3

∑
𝛼=1

(ℎ𝛼
1 𝜎𝛼

1 + ℎ𝛼
2 𝜎𝛼

2 ), (2.28)

where 𝜎1
𝑖 ≡ 𝑋𝑖, 𝜎2

𝑖 ≡ 𝑌𝑖, 𝜎3
𝑖 ≡ 𝑍𝑖. Imposing [ℋ, CNOT] = 0 removes most of the parameters,

leaving us with the simplified expression

ℋ = ℎ0𝐼4 + ℎ3
1𝑍1 + ℎ1

2𝑋2. (2.29)

One easy way to see this is to note that for ℋ to commute with CNOT, the two matrices must respect
each other’s eigenspaces. In particular, this means that ℋ must preserve the nondegenerate eigen-
vector of CNOT, which is |1, −⟩. The only one-qubit gates that do this are 𝐼4, 𝑍1 and 𝑋2, hence we
arrive to eq. (2.29).
The question is now reduced to that of figuring out whether there are coefficients ℎ0, ℎ3

1, ℎ1
2 ∈ ℝ

such that the spectrum of ℋ − ℋCNOT contains nothing but integer multiples of 2𝜋. In matrix
form, eq. (2.29) reads

ℋ = ⎛⎜⎜⎜
⎝

ℎ0 + ℎ3
1 ℎ1

2 0 0
ℎ1

2 ℎ0 + ℎ3
1 0 0

0 0 ℎ0 − ℎ3
1 ℎ1

2
0 0 ℎ1

2 ℎ0 − ℎ3
1

⎞⎟⎟⎟
⎠

, (2.30)

which has the four eigenvalues ℎ0 ± ℎ3
1 ± ℎ1

2. At the same time,

ℋCNOT = 𝜋
2

⎛⎜⎜
⎝

0 0 0 0
0 0 0 0
0 0 1 −1
0 0 −1 1

⎞⎟⎟
⎠

, (2.31)

which has eigenvalues 𝜋, 0. The eigenvalues of ℋ − ℋCNOT are then

⎧{
⎨{⎩

ℎ0 + ℎ3
1 − ℎ1

2 = 2𝜋𝜈1,
ℎ0 − ℎ3

1 + ℎ1
2 = 2𝜋𝜈2,

ℎ0 + ℎ3
1 + ℎ1

2 = 2𝜋𝜈3,
ℎ0 − ℎ3

1 − ℎ1
2 − 𝜋 = 2𝜋𝜈4.

(2.32)

Inverting this system, we get from the first three equations

⎧{
⎨{⎩

ℎ0 = 𝜋(𝜈1 + 𝜈2),
ℎ1

2 = 𝜋(𝜈3 − 𝜈1),
ℎ3

1 = 𝜋(𝜈3 − 𝜈2).
(2.33)

However, using now these with the fourth equation, we arrive to the condition

2(𝜈1 + 𝜈2 − 𝜈3 − 𝜈4) = 1, (2.34)

which is clearly unsatisfiable for integer 𝜈𝑖 ∈ ℤ.
It is worth noting that, of course, this result could have been easily obtained from a more physical
line of reasoning. Indeed, a two-qubit Hamiltonian ℋ containing only one-qubit interactions can
always be written as ℋ = ℎ0𝐼 + ℋ1 + ℋ2 with ℋ𝑖 containing only one-qubit terms on the 𝑖-th
qubit. Then, [ℋ1, ℋ2] = 0, and therefore

𝑒𝑖𝑡ℋ = 𝑒𝑖𝑡ℎ0𝑒𝑖𝑡ℋ1𝑒𝑖𝑡ℋ2 = 𝑒𝑖𝑡ℎ0𝒰1 ⊗ 𝒰2, (2.35)

with 𝒰𝑖 a gate acting only on the 𝑖-th qubit.
Nevertheless, this example is interesting to show how the technique suggested by eq. (2.27) can be
put into action.
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2.3 Toffoli gate

(The question) Consider now the Toffoli gate 𝒰Toff, and let 𝒫≤2 denote the set of one- and
two-qubit Pauli matrices. In this section we ask the question: is there a time-independent
ℋ ∈ Spanℝ(𝒫≤2) such that exp(𝑖ℋ) = 𝒰Toff?

(Find principal generator ℋToff) A principal generator for 𝒰Toff is ℋToff = 𝜋𝑍−
1 𝑍−

2 𝑋−
3 . As

previously discussed in example 2.1.7, 𝒰Toff has the nondegenerate eigenvector |1, 1, −⟩
with eigenvalue −1, which implies that any ℋ such that [ℋ, ℋToff] = 0 must also stabilise
|1, 1, −⟩.

(Find generators ℋ̃Toff commuting with ℋToff) The general parametrisation of a Hamilto-
nian containing one- and two-qubit interactions reads:

ℋ̃Toff = ℎ0𝐼 + ∑ ℎ𝑖,𝛼𝜎𝛼
𝑖 + 𝐽𝛼𝛽

𝑖𝑗 𝜎𝛼
𝑖 𝜎𝛽

𝑗 , (2.36)

where 𝜎1
𝑖 ≡ 𝑋𝑖, 𝜎2

𝑖 ≡ 𝑌𝑖, 𝜎3
𝑖 ≡ 𝑍𝑖. Equation (2.36) contains 37 free parameters: 9 for

the one-qubit interactions, (3
2) × 32 = 27 for the two-qubit interactions, plus one for the

identity. Imposing [ℋ̃Toff, ℋToff] = 0 then translates into a series of conditions over these
parameters which allows to remove 13 of them, leaving us with only 24. If we further-
more remove all terms containing 𝑌𝑘 matrices, we are left with the following simplified
expression with 13 free parameters:

ℋ̃Toff =𝑋1[ℎ𝑥
1(1 + 𝑍2) + 𝐽𝑥𝑥

13 (𝑋3 − 𝑍2)]
+𝑋2[ℎ𝑥

2(1 + 𝑍1) + 𝐽𝑥𝑥
23 (𝑋3 − 𝑍1)]

+ 𝑍3[ℎ𝑧
3(1 + 𝑍1) + 𝐽𝑧𝑧

23 (𝑍2 − 𝑍1)]
+ℎ𝑧

1𝑍1 + ℎ𝑧
2𝑍2 + 𝐽𝑧𝑥

13 𝑍1𝑋3 + 𝐽𝑧𝑥
23 𝑍2𝑋3 + 𝐽𝑧𝑧

12𝑍1𝑍2 + ℎ0𝐼 + ℎ𝑥
3𝑋3.

(2.37)

We now need to find values of these coefficients such that the eigenvalues of ℋ̃Toff −ℋToff
are integer multiples of 2𝜋. Solving this condition directly on eq. (2.37) remains a daunting
task due to the large number of coefficients involved, which results in high-order polyno-
mials when solving the characteristic polynomial of the associated matrix. Nevertheless,
we can derive solutions by making a few guesses on the values of the coefficients.

Sections 2.3.1 and 2.3.2 give three different routes to derive classes of generators for the
Toffoli gate using only one- and two-qubit interaction terms.

2.3.1 A lucky guess

(Goal of the section) In this section we try to tackle directly the eigenvalue problem (2.27c)
for eq. (2.37), using a series of assumptions to reduce the number of free parameters in the
ansatz. The particular choices of coefficients we make here are partly obtained by trial and
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error, and partly inspired by the numerical results obtained using the methods presented
in section 2.6.

(Use assumptions to remove free coefficients) Consider the following assumptions:

ℎ𝑧
1 = ℎ𝑧

2 = −𝜋
8 , ℎ𝑥

1 = ℎ𝑥
2 = 0, 𝐽𝑧𝑥

13 = 𝐽𝑧𝑥
23 = 𝜋

8 ,
𝐽𝑥𝑥

13 = 𝐽𝑥𝑥
23 .

(2.38)

These give the following simplified expression:

ℋ̃Toff = ℎ0𝐼 + ℎ𝑥
3𝑋3 + ℎ𝑧

3(1 + 𝑍1)𝑍3 + 𝐽𝑧𝑧
23 (𝑍2 − 𝑍1)𝑍3 + 𝐽𝑧𝑧

12𝑍1𝑍2
+𝐽𝑥𝑥

13 [𝑋1(𝑋3 − 𝑍2) + 𝑋2(𝑋3 − 𝑍1)] − 𝜋/8(𝑍1 + 𝑍2)(1 − 𝑋3). (2.39)

If moreover 𝐽𝑥𝑥
13 = 0, so that the generator is diagonal on the first two qubits, we get

ℋ̃Toff = ℎ0𝐼 + ℎ𝑥
3𝑋3 + ℎ𝑧

3(1 + 𝑍1)𝑍3 + 𝐽𝑧𝑧
23 (𝑍2 − 𝑍1)𝑍3 + 𝐽𝑧𝑧

12𝑍1𝑍2
− 𝜋/8(𝑍1 + 𝑍2)(1 − 𝑋3). (2.40)

Further assuming ℎ𝑧
3 = 0, we get

ℋ̃Toff = ℎ0𝐼 + ℎ𝑥
3𝑋3 + 𝐽𝑧𝑧

23 (𝑍2 − 𝑍1)𝑍3 + 𝐽𝑧𝑧
12𝑍1𝑍2 − 𝜋/8(𝑍1 + 𝑍2)(1 − 𝑋3), (2.41)

which finally gives the expression:

ℋ′
Toff ≡ ℋ̃Toff − ℋToff = 𝜋/8 𝑍1𝑍2𝑋3 + (ℎ0 − 𝜋/8)𝐼 + (ℎ𝑥

3 + 𝜋/8)𝑋3
+ (𝐽𝑧𝑧

12 − 𝜋/8)𝑍1𝑍2 + 𝐽𝑧𝑧
23 (𝑍2 − 𝑍1)𝑍3. (2.42)

(Tackle the eigenvalue problem) With the above simplified expression it is now possible to
directly solve the eigenvalue problem. Note that with this choice of coefficients we are left
with a block-diagonal matrix (due to the lack of off-diagonal Pauli matrices on first and
second qubits) which depends on only four parameters, the diagonalisation of which is
much easier to carry out. The four different eigenvalues of ℋ′

Toff are

⎧{{
⎨{{⎩

𝜆1 = ℎ0 + ℎ𝑥
3 + 𝐽𝑧𝑧

12 ,
𝜆2 = ℎ0 − ℎ𝑥

3 + 𝐽𝑧𝑧
12 − 𝜋/2,

𝜆3 = ℎ0 − 𝐽𝑧𝑧
12 − √(ℎ𝑥

3)2 + (2𝐽𝑧𝑧
23 )2

𝜆4 = ℎ0 − 𝐽𝑧𝑧
12 + √(ℎ𝑥

3)2 + (2𝐽𝑧𝑧
23 )2.

(2.43)

Imposing 𝜆𝑘 = 2𝜋𝜈𝑘, we obtain the following conditions on the coefficients:

⎧{{
⎨{{⎩

𝜆1 − 𝜆2 = 2ℎ𝑥
3 + 𝜋/2,

𝜆1 + 𝜆2 = 2(ℎ0 + 𝐽𝑧𝑧
12 ) − 𝜋/2,

𝜆4 − 𝜆3 = 2√(ℎ𝑥
3)2 + (2𝐽𝑧𝑧

23 )2,
𝜆4 + 𝜆3 = 2(ℎ0 − 𝐽𝑧𝑧

12 ),

(2.44)
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which has the solution:

⎧{{
⎨{{⎩

ℎ𝑥
3 = 1

2(𝜆1 − 𝜆2) − 𝜋
4 ,

ℎ0 = 1
4(𝜆1 + 𝜆2 + 𝜆3 + 𝜆4) + 𝜋

8 ,
𝐽𝑧𝑧

12 = 1
4(𝜆1 + 𝜆2 − 𝜆3 − 𝜆4) + 𝜋

8 ,
(2𝐽𝑧𝑧

23 )2 = [(𝜆4 − 𝜆3)/2]2 − [(𝜆1 − 𝜆2)/2 − 𝜋/4]2.

(2.45)

Note that we still did not impose 𝜆𝑘 ∈ 2𝜋ℤ. For the corresponding Hamiltonian to be
physical, we need all the coefficients to be real, and thus in particular (𝐽𝑧𝑧

23 )2 ≥ 0, which
gives

− |𝜆4 − 𝜆3| ≤ (𝜆1 − 𝜆2) − 𝜋 ≤ |𝜆4 − 𝜆3|. (2.46)

As long as this condition is satisfied, any combination of values for the 𝜆𝑘 can be obtained,
and thus in particular we can find values for the interaction strengths which give 𝜆𝑘 ∈ 2𝜋ℤ.

This results in the following family of solutions:

8
𝜋ℋ̃Toff = [1 + 4(𝜈1 + 𝜈2 + 𝜈3 + 𝜈4)]𝐼 + 2[4(𝜈1 − 𝜈2) − 1]𝑋3

− (𝑍1 + 𝑍2)(1 − 𝑋3) + [1 + 4(𝜈1 + 𝜈2 − 𝜈3 − 𝜈4)]𝑍1𝑍2

± √𝑐(𝜈1, 𝜈2, 𝜈3, 𝜈4)(𝑍1 − 𝑍2)𝑍3.
(2.47)

where

𝑐(𝜈1, 𝜈2, 𝜈3, 𝜈4) ≡ −[1 − 4(𝜈1 − 𝜈2 + 𝜈3 − 𝜈4)] [1 − 4(𝜈1 − 𝜈2 − 𝜈3 + 𝜈4)]
= −[(1 − 4𝜈12)2 − (4𝜈34)2], (2.48)

for all integer values of 𝜈𝑖 such that 𝑐(𝜈1, 𝜈2, 𝜈3, 𝜈4) ≥ 0 (which is the same condition
written in eq. (2.46) in terms of 𝜆𝑘), with 𝜈𝑖𝑗 ≡ 𝜈𝑖 − 𝜈𝑗. The corresponding spectrum of
ℋ′

Toff is

𝜆1 = 𝜆2 = 2𝜋𝜈1, 𝜆3 = 𝜆4 = 2𝜋𝜈2, 𝜆5 = 𝜆6 = 2𝜋𝜈3, 𝜆7 = 𝜆8 = 2𝜋𝜈4, (2.49)

while the spectrum of ℋ̃Toff changes only in that 𝜆4 = 2𝜋(𝜈2 + 1/2). Consistently with
this, 𝜆2 is also the eigenvalue corresponding to the non-degenerate eigenspace of ℋToff.
More explicitly, we have

|𝜆1⟩ = |0, 0, +⟩ , |𝜆2⟩ = |1, 1, +⟩ , |𝜆3⟩ = |0, 0, −⟩ , |𝜆4⟩ = |1, 1, −⟩ ,
|𝜆5⟩ = |1, 0⟩ ⊗ 𝑁5 [(𝑎 − 𝑏) |0⟩ + |1⟩] , |𝜆6⟩ = |0, 1⟩ ⊗ 𝑁6 [(𝑎 + 𝑏) |0⟩ + |1⟩] ,
|𝜆7⟩ = |1, 0⟩ ⊗ 𝑁6 [(𝑎 + 𝑏) |0⟩ − |1⟩] , |𝜆8⟩ = |0, 1⟩ ⊗ 𝑁5 [(𝑎 − 𝑏) |0⟩ − |1⟩] ,

(2.50)

where

𝑎 = 4𝜈34
4𝜈12 − 1, 𝑏 = √𝑐(𝜈1, 𝜈2, 𝜈3, 𝜈4)

4𝜈12 − 1 , (2.51)
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and 𝑁5, 𝑁6 are normalisation constants. It is worth noting that the orthogonality of these
eigenvectors follows from the easily verified property of the above coefficients: 𝑎2−𝑏2 = 1.
Furthermore, we note that 𝑐(𝜈1, 𝜈2, 𝜈3, 𝜈4) ≥ 0 amounts to |𝜈34| ≥ |1 − 4𝜈12|. This implies
that 𝜈3 ≠ 𝜈4 must be true for any valid generator. This can also be verified by looking
back at eq. (2.44), from which we deduce that 𝜈3 = 𝜈4 is only possible if ℎ𝑥

3 = 𝐽𝑧𝑧
13 = 0,

which when used in eq. (2.42) gives a matrix whose eigenvalues are not multiples of 2𝜋.
The condition 𝜈3 ≠ 𝜈4, in turn, looking at eq. (2.50), reveals that all the solutions involve
a non-trivial lifting of the degeneracy of the subspaces |0, 1⟩⟨0, 1| and |1, 0⟩⟨1, 0|. A simple
example of such a ℋ̃Toff, corresponding to 𝜈1 = 𝜈2 = 𝜈3 = 0 and 𝜈4 = 1, is

8
𝜋ℋ̃Toff = 5𝐼 − 2𝑋3 − (𝑍1 + 𝑍2)(1 − 𝑋3) − 3𝑍1𝑍2 ±

√
15(𝑍1 − 𝑍2)𝑍3. (2.52)

This can be readily verified to satisfy 𝑒𝑖ℋ̃Toff = 𝒰Toff.

(Investigating eigenstructure of ℋ̃Toff) Let us now try to understand how and why this
ℋ′

Toff (and thus ℋ̃Toff) works. Define 𝑃𝑖 ≡ |𝜆𝑖⟩⟨𝜆𝑖|, and consider the projectors onto the
last two eigenvectors. Focusing on the 3-qubit terms, we find

𝑃7 = −𝑁2
6

𝑍1𝑍2
4 [((𝑎 + 𝑏)2 − 1)𝑍3

2 − (𝑎 + 𝑏)𝑋3 + (...)],

𝑃8 = −𝑁2
5

𝑍1𝑍2
4 [((𝑎 − 𝑏)2 − 1)𝑍3

2 − (𝑎 − 𝑏)𝑋3 + (...)],
(2.53)

where (...) is used as a placeholder to indicate additional terms containing a product of two
or more Pauli matrices. These projectors enter into the Hamiltonian through 2𝜋𝜈4(𝑃7+𝑃8).
A little algebra reveals that the 3-qubit terms in 𝑃7 + 𝑃8 are

−𝑍1𝑍2𝑍3
8 [𝑁2

6 ((𝑎 + 𝑏)2 − 1) + 𝑁2
5 ((𝑎 − 𝑏)2 − 1)] + 𝑍1𝑍2𝑋3

4 [𝑁2
6 (𝑎 + 𝑏) + 𝑁2

5 (𝑎 − 𝑏)] . (2.54)

Using the definitions of 𝑎, 𝑏, 𝑁5, 𝑁6, we see that the coefficient of 𝑍1𝑍2𝑍3 vanishes, and
the resulting expression becomes

𝑃7 + 𝑃8 = (...) + 𝑍1𝑍2𝑋3
4𝜈12 − 1

16𝜈34
. (2.55)

Substitution of the appropriate values of 𝜈𝑖 shows that the above term can be used to
generate the term 𝜋/8 𝑍1𝑍2𝑋3, without introducing additional 3-qubit terms. In Box 1 we
give the full expressions for the projectors and the solutions found for the Toffoli gate. It is
also interesting to note that all of the above still holds if the 𝑋𝑖 operators are replaced with
𝑌𝑖 operators. That is, the expressions found solving for the Toffoli, by simple substitution
𝑋𝑖 → 𝑌𝑖, also give a generator with only 2-qubit interactions for the CCY gate (that is,
the gate that applies 𝑌 to the third qubit conditionally to the first 2 qubits being in the |1⟩
state).
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Box 1: Explicit expressions of projectors for Toffoli

Defining 𝑑 ≡ 1/(2𝑎) and 𝑒 ≡ 𝑏/(2𝑎) we can write the projectors as follows:

𝑃1 = 𝑍+
1 𝑍+

2 𝑋−
3 , 𝑃2 = 𝑍−

1 𝑍−
2 𝑋−

3 , 𝑃3 = 𝑍+
1 𝑍+

2 𝑋+
3 , 𝑃4 = 𝑍−

1 𝑍−
2 𝑋+

3 ,

𝑃5 = 𝑍−
1 𝑍+

2 (1/2 + 𝑑𝑋3 − 𝑒𝑍3) , 𝑃6 = 𝑍+
1 𝑍−

2 (1/2 + 𝑑𝑋3 + 𝑒𝑍3) ,
𝑃7 = 𝑍−

1 𝑍+
2 (1/2 − 𝑑𝑋3 + 𝑒𝑍3) , 𝑃8 = 𝑍+

1 𝑍−
2 (1/2 − 𝑑𝑋3 − 𝑒𝑍3) .

𝑃1 + 𝑃2 = 1
4(1 + 𝑍1𝑍2)(1 − 𝑋3), 𝑃3 + 𝑃4 = 1

4(1 + 𝑍1𝑍2)(1 + 𝑋3).

𝑃5 + 𝑃6 = (1 − 𝑍1𝑍2)
2 (1

2 + 𝑑𝑋3) − (𝑍2 − 𝑍1)
2 𝑒𝑍3,

𝑃7 + 𝑃8 = (1 − 𝑍1𝑍2)
2 (1

2 − 𝑑𝑋3) + (𝑍2 − 𝑍1)
2 𝑒𝑍3.

It is easily verified from the above that

𝑃1 + 𝑃2 + 𝑃3 + 𝑃4 = 1
2(1 + 𝑍1𝑍2), 𝑃5 + 𝑃6 + 𝑃7 + 𝑃8 = 1

2(1 − 𝑍1𝑍2),

so that the sum of the projectors gives the identity as it should. On the other hand, multiplying by
the appropriate 𝜈𝑖 factors, we get

2𝜋 [𝜈1(𝑃1 + 𝑃2) + 𝜈2(𝑃3 + 𝑃4)] = (...) + 𝜋
2 (𝜈2 − 𝜈1)𝑍1𝑍2𝑋3,

2𝜋 [𝜈3(𝑃5 + 𝑃6) + 𝜈4(𝑃7 + 𝑃8)] = (...) + 𝜋
2 (𝜈1 − 𝜈2)𝑍1𝑍2𝑋3 + 𝜋

8 𝑍1𝑍2𝑋3,

with the last identity holding for 𝜈3 ≠ 𝜈4.

(Understanding block structure of ℋ̃Toff) A different approach to understand the ℋ̃Toff
in eq. (2.47) is to analyse the four two-dimensional subspaces on the main diagonal, ex-
ploiting the fact that ℋ̃Toff acts diagonally on the first two qubits. We have

⟨00|ℋ̃Toff|00⟩ = 𝜋 [(𝜈1 + 𝜈2) + 𝜈12𝑋] = 2𝜋[𝜈1𝑋+ + 𝜈2𝑋−],
⟨01|ℋ̃Toff|01⟩ = 𝜋(𝜈3 + 𝜈4) + 𝜋

4 [(4𝜈12 − 1)𝑋 + √𝑐𝑍] = 2𝜋 [𝜈3𝑃 +
01 + 𝜈4𝑃 −

01] ,

⟨10|ℋ̃Toff|10⟩ = 𝜋(𝜈3 + 𝜈4) + 𝜋
4 [(4𝜈12 − 1)𝑋 − √𝑐𝑍] = 2𝜋 [𝜈3𝑃 +

10 + 𝜈4𝑃 −
10] ,

⟨11|ℋ̃Toff|11⟩ = 𝜋(1 + 2𝜈2)𝑋− + 2𝜋𝜈1𝑋+.

(2.56)

where

𝑃 ±
01 ≡ (1 ± 𝝈+

2 ) , 𝑃 ±
10 ≡ (1 ± 𝝈−

2 ) , 𝝈± ≡ (4𝜈12 − 1)𝑋 ± √𝑐𝑍
4𝜈34

. (2.57)

From the fact that (𝝈±)2 = 𝐼 we know that 𝑃 ±
01 and 𝑃 ±

10 are projectors, just as 𝑋± are.
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Moreover, [𝑃 +
01, 𝑃 −

01] = [𝑃 +
10, 𝑃 −

10] = [𝑋+, 𝑋−] = 0, from which we can see directly
why eq. (2.56) implies that ℋ̃Toff gives 𝒰Toff.

2.3.2 A posteriori alternative derivation

We present here a more direct line of reasoning to find a generator for the Toffoli gate.
This route is more explicit in the part the different interaction terms play to generate the
target gate, but is at the same time more limited, in that only some generators are easily
obtainable this way. Start with the following expressions for 𝑍1 ± 𝑍2:

𝑍2 + 𝑍1 = diag(2, 2, 0, 0, 0, 0, −2, −2),
𝑍2 − 𝑍1 = diag(0, 0, −2, −2, 2, 2, 0, 0). (2.58)

Remembering that exp [ 𝑖𝜋
2 (1 − 𝑋)] = 𝑋 a reasonable initial guess is

ℋ1 = −𝜋 (𝑍1 + 𝑍2
2 ) (1 − 𝑋3

2 ) . (2.59)

This, however, generates an 𝑋 evolution both in the |00⟩ and in the |11⟩ sectors, whereas
we only want it in the latter: ℋ1 = 𝜋 diag(−𝑋−, 0, 0, 𝑋−). We can remove the term in the
|00⟩ sector by adding an appropriate 1-qubit interaction term:

ℋ2 = 1
2 [ℋ1 + 𝜋𝑋−

3 ] = 𝜋 diag(0, 𝑋−/2, 𝑋−/2, 𝑋−). (2.60)

Equation (2.60) now correctly produces the correct evolution for |00⟩ and |11⟩, but also
gives wrong results for |01⟩ and |10⟩. To remove these additional terms while at the same
time leaving the others unaffected we use the fact that exp(𝑖𝜋(1 ± 𝝈)) = 𝐼 for any nor-
malised vector of Pauli matrices 𝝈 ≡ 𝑛1𝑋 +𝑛2𝑌 +𝑛3𝑍 with 𝑛2

1 +𝑛2
2 +𝑛2

3 = 1. To convert
the central terms in eq. (2.60) into this form we observe that

𝜋/2𝑋−
3 = 𝜋/8(2 − 2𝑋3) = 𝜋/8(5 − 3 − 2𝑋3). (2.61)

Remembering that 𝑍1𝑍2 = diag(1, −1, −1, 1), we then replace the above with 𝜋/8(5 −
3𝑍1𝑍2−2𝑋3). This change affects only the central terms, due to 𝑍1𝑍2 acting as the identity
on the |00⟩ and |11⟩ sectors. We thus get

ℋ3 ≡ ℋ2 + 𝜋
8 (5 − 3𝑍1𝑍2 − 2𝑋3) = 𝜋 diag (0, 1 − 𝑋

4 , 1 − 𝑋
4 , 𝑋−) . (2.62)

𝜋 diag(0, 1 − 𝑋/4, 1 − 𝑋/4, 𝑋−). The reason this form is preferable is that we can now
simply add a factor in the central sectors to convert them into an expression of the form
1 − 𝝈 for some 𝝈. Adding 𝜋𝛼(𝑍2 − 𝑍1)𝑍3 gives

𝜋 diag (0, 1 − 1
4 (𝑋 + 8𝛼𝑍) , 1 − 1

4 (𝑋 − 8𝛼𝑍) , 𝑋−) . (2.63)
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For the central terms to exponentiate to the identity we need them to become of the form
1 − 𝝈 with normalised 𝝈. This is achieved by choosing 𝛼 such that (8𝛼)2 + 1 = 16, that is,
𝛼 = ±

√
15/8. The final expression then becomes:

8/𝜋 ℋ4 = −(𝑍1 + 𝑍2)(1 − 𝑋3) + (5 − 3𝑍1𝑍2 − 2𝑋3) ±
√

15(𝑍2 − 𝑍1)𝑍3. (2.64)

Note that instead of 𝜋𝛼(𝑍2 − 𝑍1)𝑍3 we could have equivalently chosen 𝜋𝛼(𝑍2 − 𝑍1)𝑂3
for any 𝑂3 = 𝑎𝑌3 + 𝑏𝑍3 and 𝑎2 + 𝑏2 = 1.

2.4 Fredkin gate

(What is a Fredkin gate?) We show here how to use the framework given in section 2.2 to
find time-independent Hamiltonians for the Fredkin gate containing only one- and two-
qubit interaction terms. The quantum Fredkin gate 𝒰Fred (Fredkin, 1982) is the three-qubit
gate which swaps second and third qubit conditionally to the first one being in the state
|1⟩. Explicitly,

𝒰Fred = ℙ0 ⊗ 𝐼4 + ℙ1 ⊗ SWAP = (𝐼4 𝟘4
𝟘4 SWAP,) (2.65)

where

SWAP ≡ 1
2(𝐼 + 𝑋1𝑋2 + 𝑌1𝑌2 + 𝑍1𝑍2) =

⎛⎜⎜⎜
⎝

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎞⎟⎟⎟
⎠

. (2.66)

This gate finds widespread use in quantum information (Buhrman, 2001; Patel, 2016; Loft,
2018). A time-independent two-body Hamiltonian simulating 𝒰Fred with four qubits was
found in (Banchi, 2016) using numerical optimization. We show here that it is possible
to implement 𝒰Fred via a time-independent dynamics using only three qubits, and with-
out using non-diagonal interaction terms. With diagonal interactions we mean here inter-
actions of the form 𝑋𝑖𝑋𝑗, 𝑌𝑖𝑌𝑗 or, 𝑍𝑖𝑍𝑗, for some 𝑖 ≠ 𝑗. The SWAP gate has eigenval-
ues ±1 with +1 being three-fold degenerate. It follows that 𝒰Fred has a seven-fold de-
generate eigenvalue +1 and a non-degenerate eigenvalue −1. The eigenstate of SWAP
with eigenvalue 𝜆 = −1 is |01⟩ − |10⟩, and thus the corresponding eigenstate of 𝒰Fred is
|−1⟩ ≡ |1⟩ ⊗ (|01⟩ − |10⟩)/

√
2. The projector onto this eigenstate can be written in the

Pauli basis as

ℙ−1 ≡ |−1⟩⟨−1| = (1 − 𝑍1
2 ) (𝐼 − 𝑋2𝑋3 − 𝑌2𝑌3 − 𝑍2𝑍3

4 ) . (2.67)

A principal generator is then ℋ̃Fred = 𝜋ℙ−1. Note how the projector in eq. (2.67), and
therefore ℋ̃Fred, contains three-qubit interaction terms. Are these terms strictly necessary?
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(Find eigendecomposition of Fredkin gate) To answer this question, we start by finding the
Hermitians that commute with ℋ̃Fred. These are the the operators that generate the range
of 𝐼 − ℙ−1, plus ℙ−1 itself. In terms of Pauli matrices, 𝐼 − ℙ−1 reads

𝐼 − ℙ−1 = 𝑍+
1 + 𝑍−

1 (3 + 𝑋23 + 𝑌23 + 𝑍23)/4, (2.68)

where 𝑍±
1 ≡ (1 ± 𝑍1)/2, 𝑋23 ≡ 𝑋2𝑋3, and similarly for 𝑌23, 𝑍23. To generate the Fredkin,

ℋ̃Fred must necessarily contain a term of the form (1+2𝑛)𝜋ℙ−1 for some 𝑛 ∈ ℤ. This term
contains three-qubit interactions, so we must hope that some other term in 𝐼 − ℙ−1 can be
used to removes these.

(Find ℋ̃Fred and ℋ′
Fred) Writing down the general parametrisation ℋ̃Fred ≡ ℋ̃Fred(𝝀) for a

3-qubit Hamiltonian containing only pairwise diagonal interactions, and imposing eq. (2.27b),
we cut the number of parameters 𝝀 down to 12, reaching the following expression:

ℋ̃Fred = ℎ0𝐼 + ℎ𝑥
2(𝑋2 + 𝑋3) + ℎ𝑦

2(𝑌2 + 𝑌3) + ℎ𝑧
1𝑍1

+ 𝐽𝑧𝑧
13𝑍1(𝑍2 + 𝑍3) + ℎ𝑧

2(1 + 𝑍1)𝑍2 + ℎ𝑧
3(𝑍3 − 𝑍1𝑍2) + 𝐽𝑧𝑧

23𝑍2𝑍3
+ 𝐽𝑥𝑥

13 𝑋1(𝑋2 + 𝑋3) + 𝐽𝑥𝑥
23 𝑋3𝑋2

+ 𝐽𝑦𝑦
13 𝑌1(𝑌2 + 𝑌3) + 𝐽𝑦𝑦

23 𝑌2𝑌3.

(2.69)

Imposing the following further constraints:

ℎ𝑧
3 = ℎ𝑧

2 = ℎ𝑦
2 = 0, ℎ𝑧

1 = 𝜋/2, 𝐽𝑦𝑦
13 = 0, 𝐽𝑦𝑦

23 = 𝐽𝑥𝑥
23 = 𝐽𝑧𝑧

23 , (2.70)

we get the following simplified expression

ℋ̃Fred = ℎ0𝐼 + 𝐽𝑧𝑧
23 (𝑋2𝑋3 + 𝑌2𝑌3 + 𝑍2𝑍3)

+ (ℎ𝑥
2 + 𝐽𝑥𝑥

13 𝑋1)(𝑋2 + 𝑋3) + 𝐽𝑧𝑧
13𝑍1(𝑍2 + 𝑍3) + 𝜋

2 𝑍1. (2.71)

This gives the following expression for ℋ′
Fred ≡ ℋ̃Fred − ℋFred:

ℋ′
Fred = (ℎ𝑥

2 + 𝐽𝑥𝑥
13 𝑋1)(𝑋2 + 𝑋3) + 𝐽𝑧𝑧

23 (𝑋2𝑋3 + 𝑌2𝑌3 + 𝑍1𝑍2)
+ 𝐽𝑧𝑧

13𝑍1(𝑍2 + 𝑍3) + (ℎ0 − 𝜋
8 ) 𝐼

+ 𝜋
8 [(𝑋2𝑋3 + 𝑌2𝑌3 + 𝑍2𝑍3)(1 − 𝑍1) + 5𝑍1].

(2.72)

(Solve the eigenvalue equations) While much simpler, this expression is still too cumber-
some to solve the eigenvalue equation directly. However, we notice that two eigenvalues
of eq. (2.72) have an easy expression:

𝜆1 = 1
2(−3𝜋 + 2ℎ0 − 6𝐽𝑧𝑧

23 ), 𝜆2 = 1
2(𝜋 + 2ℎ0 − 6𝐽𝑧𝑧

23 ), (2.73)
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which implies that 𝜆2 − 𝜆1 = 2𝜋 and thus 𝜈2 − 𝜈1 = 1 (remembering that one must have
𝜆𝑖 = 2𝜋𝜈𝑖 for integers 𝜈𝑖 for the corresponding expression to be a valid generator for the
gate). This gives the following relation between the coefficients and the eigenvalues:

𝜋(2𝜈1 + 3/2) = ℎ0 − 3𝐽𝑧𝑧
23 . (2.74)

The rest of the eigenvalues, however, involve complex expressions containing roots of cu-
bic polynomials, from which we cannot easily extract useful expressions. The eigenvectors
corresponding to the eigenvalues given in eq. (2.73) are

√
2 |𝜆1⟩ = |1, 1, 0⟩ − |1, 0, 1⟩ and√

2 |𝜆2⟩ = |0, 1, 0⟩ − |0, 0, 1⟩. We can then project the matrix onto the space orthogonal
to these (nondegenerate) eigenvectors, thus reducing from eight to six dimensions. The
resulting matrix is the following:

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

2𝐽𝑧𝑧
13 + 𝐽𝑧𝑧

23 + ℎ0 + 𝜋
2

√
2ℎ𝑥

2 0 0
√

2𝐽𝑥𝑥
13 0√

2ℎ𝑥
2 𝐽𝑧𝑧

23 + ℎ0 + 𝜋
2

√
2ℎ𝑥

2
√

2𝐽𝑥𝑥
13 0

√
2𝐽𝑥𝑥

13
0

√
2ℎ𝑥

2 −2𝐽𝑧𝑧
13 + 𝐽𝑧𝑧

23 + ℎ0 + 𝜋
2 0

√
2𝐽𝑥𝑥

13 0
0

√
2𝐽𝑥𝑥

13 0 −2𝐽𝑧𝑧
13 + 𝐽𝑧𝑧

23 + ℎ0 − 𝜋
2

√
2ℎ𝑥

2 0√
2𝐽𝑥𝑥

13 0
√

2𝐽𝑥𝑥
13

√
2ℎ𝑥

2 𝐽𝑧𝑧
23 + ℎ0 − 𝜋

2
√

2ℎ𝑥
2

0
√

2𝐽𝑥𝑥
13 0 0

√
2ℎ𝑥

2 2𝐽𝑧𝑧
13 + 𝐽𝑧𝑧

23 + ℎ0 − 𝜋
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (2.75)

The eigenvalues of this expression are too convoluted to report here, but they can be seen
to satisfy the following relations (upon appropriate reordering):

𝜆3 + 𝜆4 = 𝜆5 + 𝜆6 = 𝜆7 + 𝜆8 = 2(ℎ0 + 𝐽𝑧𝑧
23 ). (2.76)

Using eq. (2.74), we then conclude that ℎ0 and 𝐽𝑧𝑧
23 must be of the following form

{ℎ0 = 𝜋
4 [3(𝜈3 + 𝜈4) + 2𝜈1 + 3

2] ,
𝐽𝑧𝑧

23 = 𝜋
4 [𝜈3 + 𝜈4 − 2𝜈1 − 3

2] . (2.77)

Note how the solution for ℎ0 in eq. (2.77) is consistent with the general requirement that
ℎ0 must be an odd multiple of 𝜋/8, which also follows from det 𝒰Fred = −1 = 𝑒𝑖 Tr ℋFred .
Moreover, we note that 𝜆4 − 𝜆3, 𝜆6 − 𝜆5, and 𝜆8 − 𝜆7 have the form

(𝜆𝑖+1 − 𝜆𝑖)2 = 4(ℎ0 + 𝐽𝑧𝑧
23 )2 + 𝑆𝑖, 𝑖 = 3, 5, 7, (2.78)

where the 𝑆𝑖 are the three solutions to the same cubic polynomial. This is a polynomial
whose coefficients depend on the interaction parameters, and thus also indirectly on the
eigenvalues 𝜆𝑖. If we then assume that ℎ0 + 𝐽𝑧𝑧

23 = 0, we conclude from eq. (2.74) that
ℎ0 = −𝐽𝑧𝑧

23 = 3𝜋/8 + 𝜋𝜈1/2 for 𝜈1 ∈ ℤ, and the differences 𝜆𝑖+1 − 𝜆𝑖 are then given by

𝜆𝑖+1 − 𝜆𝑖 = ±√𝑆𝑖. (2.79)

It is important here to remember that 𝑆1, 𝑆2, 𝑆3 are solutions to the same cubic polynomial,
which is itself a function of all the 𝜆𝑖, and so eq. (2.79) is really a self-consistent condition
on the possible eigenvalues of the matrix. If one of these differences is zero, then 𝑆𝑖 = 0
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for some 𝑖, which can only be verified if the interaction strengths satisfy the following
condition:

𝜋2 − (4ℎ𝑥
2)2 + (4𝐽𝑥𝑥

13 )2 − (4𝐽𝑧𝑧
13 )2 = 0. (2.80)

This relation is obtained by imposing the constant term of the cubic polynomial whose
solutions are 𝑆𝑖 to be vanishing. which allows to remove one further coefficient, expressing
𝐽𝑧𝑧

13 as function of ℎ𝑥
2 and 𝐽𝑥𝑥

13 :

𝐽𝑧𝑧
13 = ±1

4√𝜋2 − (4ℎ𝑥
2)2 + (4𝐽𝑥𝑥

13 )2. (2.81)

Using eq. (2.81) on top of the previously introduced conditions on the parameters we are
left, on top of the two eigenvalues given in eq. (2.73), with two vanishing eigenvalues
(because we imposed 𝜆𝑖 + 𝜆𝑖+1 = 0 for all 𝑖 and 𝜆𝑖 = 𝜆𝑖+1 for one 𝑖), and four remaining
eigenvalues which can be divided in two pairs of opposite values. In conclusion, there are
two free eigenvalues to be determined, equal to

1
2
√

2
√5𝜋2 + (8𝐽𝑥𝑥

13 )2 ± √9𝜋4 + 128[𝜋2 + 32(ℎ𝑥
2)2](𝐽𝑥𝑥

13 )2. (2.82)

Imposing these to be multiple integers of 2𝜋, we finally get the following conditions on
the parameters:

⎧{{
⎨{{⎩

𝐽𝑥𝑥
13 = 𝜖1

𝜋
8 √−5 + 16(𝑛2 + 𝑚2),

ℎ𝑥
2 = 𝜖2

𝜋
8

√256𝑚4 − 32𝑚2(1 + 16𝑛2) + (1 − 16𝑛2)2

√−5 + 16(𝑛2 + 𝑚2)
.

(2.83)

which when used back in eq. (2.81) results in the following solution for 𝐽𝑧𝑧
13 :

𝐽𝑧𝑧
13 = ±𝜋

4 √(−1 + 16𝑛2)(−1 + 16𝑚2)
−5 + 16(𝑚2 + 𝑛2) . (2.84)

Because we also need 𝐽𝑧𝑧
13 ∈ ℝ, the integers must then also satisfy 𝑛, 𝑚 ≠ 0 and 𝑚2 ≠ 𝑛2.

In conclusion, we obtain the following class of generators using only diagonal pairwise
interactions:

8
𝜋ℋ̃Fred = (3 + 4𝜈1)𝐼 + 4𝑍1 − (3 + 4𝜈1)(𝑋2𝑋3 + 𝑌2𝑌3 + 𝑍2𝑍3)

±2√(�̃�2 − 1)(�̃�2 − 1)
−5 + �̃�2 + �̃�2 𝑍1(𝑍2 + 𝑍3)

± [√�̃�4 + (�̃�2 − 1)2 − 2�̃�2(�̃�2 + 1)
−5 + �̃�2 + �̃�2 ± √−5 + �̃�2 + �̃�2𝑋1] (𝑋2 + 𝑋3),

(2.85)
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where we defined �̃� ≡ 4𝑛 and �̃� ≡ 4𝑚, and this expression is valid for all 𝑛, 𝑚 ≠ 0 such
that 𝑚2 ≠ 𝑛2, with the ± signs independently choosable. Note that this is still clearly not
an exhaustive list of generators for the Fredkin gate, and most likely not even an exhaustive
list of generators that use the interactions in the ansatz given in eq. (2.71), as we used a
few simplifying assumptions through the derivation (namely, that ℎ0 + 𝐽𝑧𝑧

23 = 0 and that
𝑆𝑖 = 0 for one of the 𝑖). The eigenvalues of this ℋ̃Fred are 0 (with multiplicity two), ±2𝜋𝑚,
±2𝜋𝑛, 2𝜋(1 + 𝜈) and finally 2𝜋(𝜈 + 1/2). For example, choosing 𝑛 = 1, 𝑚 = 2, and 𝜈 = 0
we get the following expression:

ℋ̃Fred=𝜋
8 (√143

5 𝐼 + 5
√

3𝑋1) (𝑋2 + 𝑋3)−3𝜋
8 ∑

𝛼=𝑥,𝑦,𝑧
𝜎𝛼

2 𝜎𝛼
3

+ 3𝜋
4

√7
5𝑍1(𝑍2 + 𝑍3) + 𝜋

2 𝑍1 + 3𝜋
8 𝐼. (2.86)

Therefore, also a non-trivial gate of crucial relevance such as the Fredkin can be imple-
mented without time-dependent dynamics using only one- and two-qubit diagonal inter-
actions. The physical reason behind this simplification can be understood from the study
of the spectral properties. The gate 𝒰Fred has only two eigenvalues, 𝜆± = ±1, with 𝜆+ hav-
ing a sevenfold degeneracy. Such degeneracy makes the propagator generated by ℋFred
operate in a two-level subspace. On the other hand, the spectrum of ℋ̃Fred − ℋFred is
{−4𝜋, −2𝜋, 0, 0, 0, 2𝜋, 2𝜋, 4𝜋}, showing that the degeneracy in the spectrum of ℋFred is
partially lifted when considering ℋ̃Fred −ℋFred. This means that, in the case of ℋ̃Fred, the
dynamics occurs in an larger effective Hilbert space. Consequently, albeit exp(𝑖𝑡ℋ̃Fred)
does not have the same symmetries of 𝒰Fred during the evolution (that is, for 𝑡 ∈ (0, 1)),
all of the symmetries are restored at 𝑡 = 1. This shows that breaking the symmetries of
𝒰 and exploiting its degenerate spaces can help the gate design when the set of viable
interactions is restricted. An example of such symmetries is the exchange symmetry be-
tween second and third qubit. More generally, the symmetries of ℋFred are described by
the unitaries that preserve its sevenfold degenerate eigenspace.

2.5 A straightforward numerical approach

(Why devise yet another method?) As discussed in sections 2.3 and 2.4, finding con-
strained time-independent Hamiltonians generating target gates is a nontrivial task, and
the fact that each gate presents a challenge on its own right hinders the extendibility of
the results. It is therefore desirable to have a more flexible approach to solve generic gate
learning problems, even if at the cost of forsaking exact results.

(Converting the problem into a numerical optimisation task) A natural way to do this is
to transform the problem into a numerical optimisation task. We can do this by defining a
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suitable cost function whose maximum corresponds to a solution to the original problem.
If 𝒰 is the target gate and ℋ𝝀 a parametrised Hamiltonian containing the allowed interac-
tion terms, then the gate learning problem is equivalent to that of finding parameters 𝝀0
such that exp(𝑖ℋ𝝀0

) = 𝒰. In turn, this can be made into a numerical optimisation task by
introducing some function 𝑓(𝑈, 𝑉 ) that quantifies the similarity between 𝑈 and 𝑉 . We
then look for the solutions to the problem

arg max
𝜆

𝑓(𝒰, exp(𝑖ℋ𝝀)). (2.87)

(Explicit expressions for the average gate fidelity) A natural candidate for the cost function
is 𝑓(𝐴, 𝐵) ≡ 1 − ℱ(𝐴, 𝐵), with ℱ(𝐴, 𝐵) the average gate fidelity (Nielsen, 2002; Magesan,
2011). The average gate fidelity can be defined more generally as a way to quantify the
distance between a quantum channel ℰ (that is, a completely positive trace-preserving lin-
ear map) and a gate 𝒰, by computing the average overlap between ℙ[𝒰 |𝜓⟩] and ℰ(ℙ[|𝜓⟩]),
averaged over all pure states |𝜓⟩. Explicitly, this reads

ℱ(ℰ, 𝒰) = ∫ 𝑑𝜓ℱ(ℰ, 𝒰, 𝜓), (2.88)

where the integral extends over all pure states, and ℱ(ℰ, 𝒰, 𝜓) ≡ ⟨𝜓|𝒰†ℰ(ℙ𝜓)𝒰|𝜓⟩ . The
integration can be carried out explicitly, getting an expression for ℱ in terms of the ma-
trix elements of the natural representation of the channel (Pedersen, 2007; Banchi, 2011;
Magesan, 2011; Banchi, 2016):

(𝐷 + 1)ℱ(ℰ, 𝒰) = 1 + 1
𝐷 ∑

𝑖𝑗𝑘ℓ
𝒰∗

𝑖𝑘𝒰𝑗ℓ𝐾(ℰ)𝑖𝑗,𝑘ℓ = 1 + 1
𝐷 Tr[(𝒰† ⊗ 𝒰𝑇 )𝐾(ℰ)], (2.89)

where 𝐾(ℰ) denotes the natural representation of ℰ (Watrous, 2018), whose matrix ele-
ments read 𝐾(ℰ)𝑖𝑗,𝑘ℓ ≡ ⟨𝑖|ℰ(|𝑘⟩⟨ℓ|)|𝑗⟩, and 𝐷 is the dimension of the underlying space
(𝐷 = 2𝑛 for an 𝑛-qubit system). In the special case of ℰ(𝜌) = 𝒱𝜌𝒱† for some unitary
𝒱, eq. (2.89) becomes

(𝐷 + 1)ℱ(𝒰, 𝒱) = 1 + 1
𝐷∣Tr(𝒰†𝒱)∣2. (2.90)

Equation (2.90) can be used to solve the optimisation problem posed in eq. (2.87). Given a
parametrised Hamiltonian ℋ𝝀 and a target gate 𝒰, we need to solve

arg max
𝝀

∣Tr(𝒰† exp(𝑖ℋ𝝀))∣2. (2.91)

The more general expression eq. (2.89) will be useful when dealing with qubit networks
with ancillary qubits, which makes the overall evolution non-unitary.

(A working example) Using eq. (2.37) as starting ansatz, we can use a standard maximisa-
tion algorithm such as Nelder-Mead to find the maximum 𝝀. This gives the solution:

8
𝜋ℋToff = 3(𝑋3 + 𝑍1) − 2𝑍2 + 𝑍1𝑍2 + (𝑍1 + 𝑍2)𝑋3 +

√
15𝑋2(𝑋3 − 𝑍1). (2.92)

31



While the actual output of the maximisation consists of numerical values for the coeffi-
cients, these can be seen by direct analysis to be very close to the above numbers. We
can then check that these do indeed produce the desired gate. It is worth noting that this
solution falls outside of the class of solutions given in eq. (2.47), although some common
features emerge — for example the 𝜋

8
√

15 factor is similar to the type of radicals found in
the other solutions.

(Limitations of direct optimisation approach) While eq. (2.92) shows that the direct opti-
misation approach does work in some cases, this method has severe limitations, so much
so that we could not find other useful working examples. In particular, we could not get
any generator for the Toffoli gate without using off-diagonal interactions — nor a gener-
ator for the Fredkin gate — without starting the optimisation with coefficients very close
to a known solution. This is indicative of the complexity of the underlying parameter
landscape, which makes identifying global maxima difficult. This complexity is also ex-
emplified in figs. 2.1 and 2.2, which show the behaviour of the average gate fidelity with
respect to different pairs of interaction coefficients, for Toffoli and Fredkin gates. These
figures showcase how the global maximum is often well separated from other local max-
ima, so that optimisers have a hard time realising whether a given peak is a local rather
than global maximum. More specifically, in these figures we show how the average gate
fidelity ℱ changes with the coefficients of the Hamiltonian generator. This sheds light
into the relation between coefficients 𝝀 and corresponding gate fidelity ℱ(𝒰, exp(𝑖ℋ𝝀)).

2.6 Supervised learning optimisation

(Why does ML help?) As discussed in section 2.5, while the problem can be approached
with standard numerical optimisation techniques, this strategy has in general limited suc-
cess. The problem lies in the mapping 𝝀 ↦ ∣Tr(𝒰†𝒰𝝀)∣2 being not convex, which makes
finding the global maximum a generally difficult task. The technique we present here,
by borrowing from ideas used in the field of supervised ML, can be used to tackle gate
design problems more efficiently, thus extending and improving on the ideas presented
in (Banchi, 2016). In particular, the use of AD (Wengert, 1964; Bartholomew-Biggs, 2000;
Bischof, 2008; Baydin, 2018) brings dramatic improvements, efficiency-wise, thus making
it possible to explore a variety of different gate learning scenarios and optimising over
potentially hundreds of Hamiltonian parameters. On top of this, the conditions given
in section 2.2 further speed-up the numerical training, allowing to remove unnecessary
interaction parameters.

(Outline of the section) In sections 2.6.1 and 2.6.2 we provide the necessary background
on supervised learning, SGD, and AD. We then discuss in section 2.6.3 how and why
supervised learning can play a part to solve gate design problems. Then, section 2.6.4
contains the implementation details of the algorithm we used, and sections 2.6.5 and 2.6.6
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𝑐1

𝑐 2

ℱ

Figure 2.1: Average gate fidelity as a function of the first two coefficients in ℋ̃Fred. To generate this figure,
we started with an ansatz for a Fredkin gate containing the interactions used in eq. (2.86). We then maximised
the average gate fidelity over the interaction coefficients, using random starting values. The optimiser fails to
find a solution generating the Fredkin gate with good fidelity. We then used the values of the coefficients at
which the optimiser stopped, fixed all except the first two of them — call them 𝑐1 and 𝑐2 — and plotted the
average gate fidelity changing these two coefficients. The values of 𝑐1, 𝑐2 given by the optimiser correspond
to the local maximum around the centre.

present the results obtained applying this framework to a variety of target gates.

2.6.1 Supervised learning and stochastic gradient descent

(Supervised learning and NNs) Supervised learning is the task of inferring or approximat-
ing a function, given a dataset of pre-labelled data (Bishop, 2006; Mohri, 2012). A super-
vised learning algorithm starts with some model — a functional relation 𝑔𝝀 parametrised
by a set of parameters 𝝀 — and finds a 𝝀0 making 𝑔𝝀0

as close as possible to a target func-
tion 𝑓 . To do this, a set of pre-labelled training data {(𝑥1, 𝑦1), (𝑥2, 𝑦2), ...} is used, where
here 𝑦𝑘 = 𝑓(𝑥𝑘) is the output that we want the algorithm to associate to the input 𝑥𝑘.
An important class of supervised learning models are the so-called NNs (Hecht-Nielsen,
1989; Haykin, 1998). These are parametric non-linear models which play a prominent
role in many machine learning tasks, such as dimensionality reduction, classification, and
feature extraction. Other contexts in which NNs have also recently proven useful include
quantum many-body theory (Wang, 2016; Broecker, 2017; Carleo, 2017; Carrasquilla, 2017;
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𝑐1

𝑐 2

𝑐3
𝑐 4

ℱ

Figure 2.2: Same as fig. 2.1, but using as starting ansatz a generic ℋ̃Toff that commutes with 𝒰Toff and
does not use 𝑌 interaction terms. This time, the Hamiltonian produced by the optimiser generates a Toffoli
with average gate fidelity > 1−10−13. We then fix all except a pair of coefficients, and plot the corresponding
variations of the average gate fidelity. The two figures are obtained using two different pairs of interaction
parameters from the same Hamiltonian. The solution given by the optimiser corresponds to the centre-left
peak in the left figure, and the peak around the middle of the figure on the right.

Deng, 2017b; Hush, 2017; Amin, 2018; Torlai, 2018), quantum compilation (Swaddle, 2017),
quantum stabilizer codes (Krastanov, 2017) and entanglement quantification (Gray, 2018)
and classification (Harney, 2019). We refer to section 1.2 for additional references and
background.

(How does SGD work?) A NN is trained by optimising its parameters using a dataset
of pre-labelled data. A common way to do this is using a variation of a technique called
Stochastic Gradient Descend (SGD) (Wengert, 1964; Ruder, 2016). Gradient-descent-based
algorithms seek to maximise a given cost function 𝑓(𝒙) by iteratively changing 𝒙 in the di-
rection of maximum increase of 𝑓 , via the updating rule 𝒙 ↦ 𝒙−𝜂∇𝑓(𝒙). The parameter
𝜂 is, in this context, commonly referred to as the learning rate. Stochastic gradient descent
is, on the other hand, used when the goal is to optimise over functional relations. In other
words, rather then trying to minimise a cost function with a single variable 𝑓(𝒙), the goal
is now to minimise a function 𝑓(𝒙, 𝒘) with respect to its second input 𝒘, for each value of
𝒙. The prototypical context in which this situation arises is when 𝒘 are parameters repre-
senting a functional relationship 𝑓𝒘, for example the coefficients defining a certain state
of a NN. Such a case can be handled via SGD, which in its simplest form involves starting
with a random 𝒙1, executing a number of gradient descent iterations over 𝒘, then picking
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a new 𝒙2 and iterating the procedure. This corresponds to an updating rule of the form

𝒘 → 𝒘 − 𝜂∇𝒘𝑓(𝒙; 𝒘). (2.93)

While standard gradient descent, being a local optimisation algorithm, is liable to getting
stuck into local minima, SGD is generally more robust. A core observation is that, for ev-
ery input 𝒙, one has a different parameter landscape 𝒘 ↦ 𝑓𝒘(𝒙) over which the gradient
descent is performed. This new parameter landscape does not in general have the same local
minima as the previous ones, whereas the global minimum is bound to be a minimum for all 𝒙. In
the qubit network scenario that we are tackling, this translates into the fidelity being 1 for
all |𝜓⟩ only for 𝝀 such that exp(𝑖ℋ𝝀) = 𝒰. Many variations of SGD are used in different
circumstances. For example, in the so-called mini-batch SGD, instead of updating with a
single input 𝒙, one uses a batch of inputs {𝒙1, ..., 𝒙𝑀}, and updates the parameters using
the averaged gradient: 𝒘 → 𝒘 − 𝜂 ∑𝑀

𝑘=1 ∇𝒘𝑓(𝒙𝑘; 𝒘)/𝑀 . More sophisticated updat-
ing rules are used to increase the training efficiency in different circumstances. Common
techniques involve dynamically updating the learning rate, or using momentum gradient
descent (Ruder, 2016; Goh, 2017).

(How is gate design a supervised learning problem?) To see how this class of optimisation
algorithms is relevant to gate design problems, consider the fidelity function ℱ defined
as

ℱ𝝀(𝜓) ≡ ⟨𝜓|𝒰† exp(𝑖ℋ𝝀)|𝜓⟩ , (2.94)

with 𝒰 the target gate, 𝝀 the set of parameters, and 𝜓 ≡ |𝜓⟩ an input state. The gate design
problem is then equivalent to finding 𝝀 such that ℱ𝝀(𝜓) is maximised (that is, equal to
1) for all 𝜓. One possibility is to consider the average fidelity ℱ(𝝀), as in section 2.5, and
look for its maximum using standard optimisation methods, such as standard gradient
descent or differential evolution (Chakraborty, 2008). This however, as discussed in sec-
tion 2.5, reveals to be often impractical, due to the complexity of the associated parameter
landscapes. On the other hand, SGD allows to apply a simple and efficient local maximi-
sation method, being at the same time less prone to getting stuck into local maxima. This
works particularly well for our problem, because we know that the 𝝀 corresponding to the
target gate are all and only those such that for all inputs 𝜓 the fidelity equals 1. Indeed, one
of the main advantages of this method is its focusing on optimising 𝝀 for many fixed states
𝜓, rather than attempting to optimise directly the operator like we did in section 2.5. In-
deed, we know that for every 𝜓, the function 𝝀 ↦ ℱ𝝀(𝜓) has a maximum for some 𝝀 = 𝝀0.
However, for any other 𝝀, changing 𝜓 changes the value of the fidelity. The consequence
is that local maxima, which are problematic for optimisation algorithms, will be less of
an issue when the state 𝜓 is changed during the optimisation, making it harder for the
optimiser to get stuck into local maxima.

(Computing the gradients efficiently) A critical step in gradient descent algorithms, efficiency-
wise, is the evaluation of the gradient. Numerically approximating the gradient, as done
in previous works (Banchi, 2016), is generally inefficient and scales badly with the number
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of optimised parameters. An alternative to numerical differentiation is symbolic differenti-
ation: computing the expressions for the derivatives analytically and then hard-code the
corresponding expressions into the algorithm. This can give significant improvements
over numerical differentiation, but comes with its own set of problems: deriving these ex-
pressions manually would make the algorithm less flexible and requiring to be changed for
each different cost function; moreover, even if a computer algebra system were used to au-
tomatically compute these expressions, there is no guarantee of getting simple or efficient
expressions in general, as the derivatives can get very convoluted for complex functions.
Here we will instead make use of Automatic Differentiation (AD) (Bartholomew-Biggs,
2000; Bischof, 2008; Baydin, 2018). AD improves significantly the training efficiency, al-
lowing to explore a richer variety of scenarios.

2.6.2 Automatic differentiation and backpropagation

(Efficiency of computing the gradients) The gradient evaluation phase is, efficiency-wise,
crucial in the training of a NN. Computing the partial derivatives of the cost function with
a standard numerical method, like finite differences, has a complexity 𝒪(𝑁3

𝒘), with 𝑁𝒘
the number of parameters to differentiate (Bishop, 2006). This inefficiency can however
be avoided using error backpropagation via Automatic Differentiation (AD) (Wengert, 1964;
Bartholomew-Biggs, 2000; Bischof, 2008; Baydin, 2018). With this technique, the complex-
ity of the gradient evaluation phase can be cut down to 𝒪(𝑁2

𝒘) (Bishop, 2006). This works
by first decomposing the cost function in terms of elementary operations, that is, functions
the gradient of which is known analytically. In this way we build a computational graph:
a directed graph representing the functional relation between input and output as a se-
quence of elementary operations applied iteratively. A computational graph is a directed
acyclic graph, whose nodes represent the operations, and edges the flowing direction of in-
puts into outputs (see fig. 2.3). Once the computational graph is built, the derivatives with
respect to the model parameters can be computed efficiently. This happens in two stages,
as schematically illustrated in fig. 2.3. At first, every node of the computational graph is
progressively evaluated, starting from the inputs (the current values of the model parame-
ters) up to the final value of the cost function. During this process, the intermediate values
of the elementary operations are cached (that is, stored in memory for later use). This is
the so-called feed-forward phase. The second phase, the so-called backpropagation phase,
starts from the output, and consists of progressively evaluating the gradients of the cost
function with respect to the independent variables. The gradient of the cost function can
then be computed easily from these quantities, thanks to the chain rule of differentiation.

(An example to understand better) To better understand AD, let us work out a simple ex-
ample. Suppose the cost function is of the form 𝐹(𝒙) ≡ 𝑓(𝒈(𝒉(𝒙))). Here, 𝒙 is the vector
of input parameters, and 𝑓, 𝒈, 𝒉 are the intermediate “elementary” functions, the gradi-
ents of which are assumed to be known analytically. Using the chain rule, the gradient of
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𝐹 then reads
𝜕𝑖𝐹 = ∑

𝑗,𝑘
(𝜕𝑗𝑓)(𝒚(2)) ⋅ (𝜕𝑘𝑔𝑗)(𝒚(1)) ⋅ (𝜕𝑖ℎ𝑘)(𝒙), (2.95)

where 𝒚(1) ≡ 𝒉(𝒙) and 𝒚(2) ≡ 𝒈(𝒉(𝒙)). Remember that in this expression the partial
derivatives, 𝜕𝑗𝑓, 𝜕𝑘𝑔𝑗, 𝜕𝑖ℎ𝑘, are assumed to be known beforehand. During the feed-forward
phase the values of 𝒚(1) and then 𝒚(2) are progressively computed and cached from the
value of 𝒙. The values of 𝜕𝑖𝐹 can then be computed. This method allows to efficiently
evaluate numerically the gradient of arbitrary functions, without resorting to numerical
approximations.

(Differentiating algorithms?) More generally, arbitrary mappings can be expressed as
sequences of elementary functions (such as addition, multiplication, etc) applied to the
inputs. This procedure can thus be used to “compute the derivative of an algorithm”. By
this, we mean that this procedure can be automatised into an algorithm which, given
another algorithm which takes real numbers as inputs and outputs, produces an algo-
rithm which computes the partial derivatives for each numeric input. This is what is often
used in practice to compute the gradients when SGD is used, for example in the context
of NNs. Open source frameworks of widespread use that implement this functionality
include Theano (The Theano Development Team, 2016), PyTorch (Paszke, 2017), Tensor-
Flow (Martı́n Abadi, 2015).

(How is this used in the context of NNs?) In the context of training NNs, the function to
be derived is the cost function of the network, that is, roughly speaking, the (euclidean) dis-
tance between the result obtained for an input and the corresponding training output. For
the gate design problem, we will use another notion of distance between output obtained
and output expected. For quantum states, the fidelity between these turns out to work
well.

2.6.3 Supervised learning for gate design problems

(Don’t throw the baby out with the bathwater) The main idea is to merge supervised
learning techniques with the analytical results derived in section 2.2. What made finding
generators difficult, in sections 2.3 and 2.4 was imposing the condition on the eigenvalues
given in section 2.2, whereas the commutativity condition, eq. (2.27b), is generally straight-
forward to impose, amounting to a series of linear equations. What we can do is then to
keep the latter condition, and use it as a starting point for the numerical optimisation, thus
avoiding having to deal directly with the hard eigenvalue problem.

(The plan) For the purpose, we consider a slight generalisation of the gate learning prob-
lems discussed previously in the chapter. Each gate learning problem is defined by a target
gate 𝒰, and a set of available interactions 𝒫 ≡ {𝜎𝑖}𝑖, so that the ansatz generator has the
form ℋ𝝀 = ∑𝑖 𝜆𝑖𝜎𝑖. As in section 2.2, we use the commutativity condition [ℋ𝝀, 𝒰] = 0
to cut down the number of free parameters. However, rather than trying to tackle the
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(a) (b) (c)

Figure 2.3: Schematic representation of AD in backpropagation mode. The blue forward arrows represent
the flow of information from the inputs to the outputs. The orange backward arrows represent the flow of
information from the outputs to the inputs, which is needed to evaluate the gradient. (a) Schematic rep-
resentation of AD of a function with one output and two inputs. Starting from numerical values for 𝑥1
and 𝑥2, one computes 𝑔(𝑥1, 𝑥2) and then 𝑓(𝑔(𝑥1, 𝑥2)). Finding 𝜕𝑖𝑓(𝑔(𝑥1, 𝑥2)) then requires to compute
𝑓 ′(𝑔(𝑥1, 𝑥2))𝜕𝑖𝑔(𝑥1, 𝑥2). Note that all the components in this expression are known: 𝑓 ′ and 𝜕𝑖𝑔 are known
by assumption, and the value of 𝑔(𝑥1, 𝑥2) was computed and cached in the forward propagation phase. (b)
Example of application of AD to compute the gradient of sin(𝑥1𝑥2). (c) Using the same example function as
(b), we give an example of the actual number computed at all stages when the inputs are (𝑥1, 𝑥2) = (𝜋/2, 2).

eigenvalue condition, we now instead feed the reduced expression for ℋ𝝀 directly into
the supervised learning optimisation algorithm. The algorithm will then look for values
of 𝝀 which maximise the fidelity ℱ𝝀(𝜓) ≡ ⟨𝜓|𝒰† exp[𝑖ℋ𝝀]|𝜓⟩ for all input states 𝜓 ≡ |𝜓⟩.
AD makes this easier by making the evaluation of the derivatives 𝜕𝜆𝑖

ℱ𝝀(𝜓) efficient.

(We can add ancillary qubits without changing the algorithm) This allows to also easily
consider more general cases than those analysed analytically in the previous sections. In
particular, we can consider scenarios with ancillary qubits without changing much in the
optimisation algorithm. This scenario is similar to what was considered in (Banchi, 2016).
We think of the 𝑛-qubit system as partitioned into 𝑛𝑆 system qubits and 𝑛𝐴 ancillary qubits.
The goal will be to use the ancillary qubits to implement a target evolution on the system
ones. More precisely, fixed an initial state |𝜙⟩ for the ancillae and an initial system state
|𝜓⟩, we evolve the input through the given Hamiltonian and trace out the ancillae at the
end:

𝜌𝑆
out(𝝀) ≡ Tranc[𝑒𝑖ℋ𝝀(𝜌𝑆 ⊗ 𝜌𝐴)𝑒−𝑖ℋ𝝀], (2.96)

where we used the notation 𝜌𝑆 ≡ ℙ[|𝜓⟩] and 𝜌𝐴 ≡ ℙ[|𝜙⟩] to denote the projectors cor-
responding to the states. This output state is then compared with the (pure) target state,
𝜓target ≡ 𝒰 |𝜓⟩. The final fidelity used to evaluate the quality of the network at each itera-
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tion is then
ℱ𝝀(𝜓) = ⟨𝜓target∣𝜌𝑆

out(𝝀)∣𝜓target⟩ . (2.97)

It is worth noting that, in practice, the only thing that needs to be changed in the algorithm
to handle this new scenario with ancillae is this fidelity function (and of course the Hamil-
tonian ansatz). Because the results about commutativity found in section 2.2 assume a
fully unitary evolution (which is here broken by the partial trace operation), they cannot
be used to improve the ansatz in the case with ancillae.

(Interaction terms used for the optimisations) We focus on the scenario in which only one-
and two-qubit interactions are available. The initial Hamiltonian ansatz (before further
commutativity conditions are considered) thus has the form

ℋ𝝀 = ℎ0𝐼 + ∑ ℎ𝛼
𝑖 𝜎𝛼

𝑖 + ∑ 𝐽𝛼𝛽
𝑖𝑗 𝜎𝛼

𝑖 𝜎𝛽
𝑗 . (2.98)

Here, 𝑖, 𝑗 = 1, ..., 𝑁 index the qubits comprising the system, 𝛼, 𝛽 ∈ {1, 2, 3} identify the
considered Pauli matrices, 𝐽𝛼𝛽

𝑖𝑗 are the coupling strengths, and 𝝀 ≡ {ℎ0, ℎ𝛼
𝑖 , 𝐽𝛼𝛽

𝑖𝑗 }. Note
that, for a given choice of 𝒰 and ℋ𝝀, it is not known a priori whether a solution to the
gate learning problem exists, although it is easy to check whether a proposed solution
satisfies the criterion. Indeed, a simple parameter-counting argument shows it does not
in general: not all possible evolutions produced using higher-order interactions can be
generated when only one- and two-qubit couplings are available. A necessary condition
for a set of interactions to achieve a target gate is that the corresponding Lie algebra (that
is, the vector space spanned by the the repeated commutators between the interaction
terms) contains the matrix logarithm of the target unitary. This condition is however not
sufficient, and thus different techniques are required to tackle the problem.

2.6.4 Implementation details

(What tools did we use?) We used Python as the language of choice to implement the
supervised-learning-based optimisation. Being Python language of widespread use in
the machine learning community, many libraries and frameworks are available to build
computational graphs over which AD can be used. In particular, we used Theano (The
Theano Development Team, 2016), together with the QuTiP library to handle some of the
operations involving quantum states (Johansson, 2012; Johansson, 2013).

(What is the goal of the algorithm?) The goal of the algorithm is, given a target gate 𝒢 and
an ansatz 𝝀 ↦ ℋ𝝀 for the Hamiltonian, to find the 𝝀0 such that exp(𝑖ℋ(𝝀0)) = 𝒢. We
employ for the purpose mini-batch momentum SGD. The mini-batch version of SGD involves
computing the gradient, at every iteration, averaging over the gradients computed for a
number of states. In other words, the training dataset is partitioned into a series of mini-
batches, and to evaluate the size and direction of the step on the parameters, the gradient is
computed by averaging over the gradients computed for each element of the mini-batch.
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Varying the size of such batches can be used to tune the variance of the gradients with
respect to the input states. The use of momentum (Ruder, 2016; Goh, 2017) involves using
a modified version of the updating rule given in eq. (2.93), which becomes

𝒗 → 𝛾𝒗 + 𝜂∇𝝀ℱ𝝀(𝜓),
𝝀 → 𝝀 + 𝒗, (2.99)

where 𝛾 is often referred to as the momentum parameter. Using the auxiliary parameter
𝒗 during the training discourages sudden changes of direction in the evolving parameter,
and thus usually makes the training significantly more robust (Goh, 2017).

(Scope of the algorithm) Our implementation allows to train arbitrary target gates parametrised
via a time-independent Hamiltonian ℋ𝝀. Any ℋ𝝀 depending linearly on the parameters,
ℋ𝝀 = ∑𝑖 𝜆𝑖𝜎𝑖 for Hermitians 𝜎𝑖, can be used. This is made possible by the flexibility of
AD, which allows to automatically build an efficiently differentiable computational graph,
without needing to hard-code the structure of the Hamiltonian and its derivatives with re-
spect to 𝜆𝑖.

(Handling complex numbers) While the cost function ℱ is always real, some of the inter-
mediate calculations needed to compute it involve complex numbers. While this poses no
fundamental problems, many of the ML libraries do not support AD over functions with
complex inputs or outputs. We worked around this problem using a similar trick to the
one reported in (Leung, 2017). In particular, to use the existing framework, we mapped
the problem into one involving only real numbers. To do this, we map complex matrices
into real ones via the bijection 𝐴 ↦ ℜ𝔢(𝐴) ≡ 𝐼 ⊗ 𝐴𝑅 − 𝑖𝜎𝑦 ⊗ 𝐴𝐼 , where 𝐴𝑅 and 𝐴𝐼
are the real and imaginary parts of 𝐴, respectively. At the same time, state vectors are
to be mapped to Ψ ↦ ℜ𝔢(Ψ) ≡ (Ψ𝑅, Ψ𝐼)𝑇 . It is easy to verify that with this mapping
𝐴Ψ ↦ ℜ𝔢(𝐴Ψ) = ℜ𝔢(𝐴)ℜ𝔢(Ψ), so that all calculations can be equivalently be carried out
with the real versions of matrices and vectors.

(Step-by-step description of the algorithm) More specifically, the algorithm involves the
following steps:

1. Choose an initial set of parameters 𝝀 (randomly, or specific values if one has an
idea of where a solution might be). A number of other hyperparameters have to
be decided at this step, depending on the exact SGD method used. In particular, for
mini-batch SGD with momentum and decreasing learning rate, one has to decide the
momentum 𝛾, the initial value of 𝜂, the rate at which 𝜂 decreases during the training,
and the size 𝑁𝑏 of the batches of states used for every gradient descent step.

2. Repeat the following loop 𝑁𝑒 times, or until a satisfactory result is obtained. Each
such iteration is conventionally named an epoch. Another hyperparameter to be cho-
sen beforehand is the number of training states 𝑁𝑡𝑟 to be used in each epoch. Once
this is fixed, every epoch will involve a number 𝑁𝑡𝑟/𝑁𝑒 of gradient descent steps,
each one using 𝑁𝑒 states for a single gradient calculation. 𝑁𝑒 random training states
are sampled, to be used during the epoch.
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(a) Pick 𝑁𝑏 of the 𝑁𝑒 training states.

(b) Forward-propagate each state of the sample, and then backpropagate the gra-
dients, thus computing the average gradient over the mini-batch ∇𝝀ℱ(𝝀).

(c) Update the coupling strengths 𝜆 as per eq. (2.99).

(d) Return to point (a).

2.6.5 Results for unitary networks

(Target gates used) We test our algorithm to train generators for Toffoli and Fredkin gates.
Moreover, to probe the performance of our framework for qubit networks with more than
three qubits, we also use as target a double-Fredkin gate. This is a four-qubit gate which,
conditionally on the state of the first qubit, acts either like a Fredkin, or like a Fredkin
with reversed control. Explicitly, this is the gate

𝒰FF ≡ ℙ0 ⊗ 𝒰Fred + ℙ1 ⊗ 𝒰Fred, where 𝒰Fred ≡ ℙ0 ⊗ SWAP +ℙ1 ⊗ 𝐼. (2.100)

(Ansatzes used) In all cases, we used an ansatz containing only one-qubit and diagonal two-
qubit interactions. For the Toffoli gate, imposing the commutativity condition on such an
ansatz gives the following expression:

ℋToff
𝝀 = ℎ𝑧

1𝑍1 + ℎ𝑧
2𝑍2 + ℎ𝑥

3𝑋3 + 𝐽𝑥𝑥
13 𝑋1(1 + 𝑋3) + 𝐽𝑥𝑥

23 𝑋2(1 + 𝑋3)
+ 𝐽𝑧𝑧

12𝑍1𝑍2 + 𝐽𝑧𝑧
13 (1 + 𝑍1)𝑍3 + 𝐽𝑧𝑧

23 (𝑍2 − 𝑍1)𝑍3 + 𝐽𝑥𝑥
12 (𝑋1𝑋2 + 𝑌1𝑌2). (2.101)

Similar reasoning applied to the Fredkin gate gives the expression:

ℋFred
𝝀 = (ℎ𝑥

3 + 𝐽𝑥𝑥
13 𝑋1)(𝑋2 + 𝑋3) + (ℎ𝑦

3 + 𝐽𝑦𝑦
13 𝑌1)(𝑌2 + 𝑌3)

+ 𝐽𝑥𝑥
23 𝑋2𝑋3 + 𝐽𝑦𝑦

23 𝑌2𝑌3 + 𝐽𝑧𝑧
23𝑍2𝑍3 + ℎ𝑧

1𝑍1
+ ℎ𝑧

2(1 + 𝑍1)𝑍2 + 𝐽𝑧𝑧
13𝑍1(𝑍2 + 𝑍3) + ℎ𝑧

3(𝑍3 − 𝑍1𝑍2).
(2.102)

(Summary of the results) A sample of training results for Toffoli, Fredkin, and “double
Fredkin” gates are given in fig. 5.9a. In fig. 2.5 we provide the training histories of the pa-
rameters for eight different solutions for Toffoli, Fredkin and double Fredkin, respectively.
These illustrate how quickly the networks converge for different initial values of the param-
eters. In all of these cases, the target gate is obtained with unit fidelity up to numerical
precision (that is, all fidelities are between 1 − 10−16 and 1). Different sets of optimi-
sation hyperparameters are found to give acceptable solutions. For the trainings shown
in this thesis we used a dynamically updated learning rate given, for the 𝑘th epoch, by
𝜂 = 1/(1 + 𝑘𝛼) with a decay rate of 𝛼 = 0.005. The other hyperparameters were chosen as
𝛾 = 0.5, 𝑁𝑏 = 2, 𝑁𝑡𝑟 = 200. Different initial values for the parameters were tested, but in
most cases we started the training with either vanishing or random (following a normal
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distribution) parameters. For the training of the four-qubit gate we found the network
to converge sooner to a solution when the parameters were initialised to a positive value
(often with all parameters initialised to 4).

(Results for Toffoli, Fredkin, double-Fredkin) In figs. 2.6 to 2.8 we report the behaviour of
the fidelity upon changes of the learnt Hamiltonian parameters, for Toffoli, Fredkin and
double Fredkin gates, respectively. As shown in these plots, the stability of the implemented
gates with respect to variations of time and interactions values greatly varies between
different solutions, as well as between different parameters in the same solutions.

(Results with restrictive interactions) To assess the feasibility of nontrivial gates in more
restrictive experimental scenarios, we performed a systematic analysis of the reachability
of Fredkin and Toffoli gates when allowing only for single-qubit and 𝑋𝑖𝑋𝑗+𝑌𝑖𝑌𝑗 two-qubit
interactions, and in the less restrictive setting of allowing for all 𝑋𝑖𝑋𝑗 and 𝑌𝑖𝑌𝑗 interactions.
The results are shown in figs. 2.9 to 2.12. For the Fredkin gate, in the more restrictive 𝑋𝑋
interactions setting, the biggest fidelity obtained was ℱ ≃ 0.94, while when allowing for
all 𝑋𝑋 and 𝑌 𝑌 interactions the maximum fidelity obtained was ℱ ≃ 0.999. For the Toffoli
gate, the maximum fidelity obtained in the 𝑋𝑋 scenario was ℱ ≃ 0.94 as well, while
when allowing for all 𝑋𝑋 and 𝑌 𝑌 interactions the best training results corresponded to
ℱ ≃ 0.98. To have more consistent results, in all the training instances shown here all
the hyperparameters, except for the interaction parameters’ initial values, were chosen to
have the same value. In particular, each training instance was run for 200 epochs, each one
using 200 random quantum states as inputs, divided in batches of 2 elements. This choice
of hyperparameters is mostly empirical, and it is possible for different values to provide
better results.

(What do these results tell us?) The above provides further evidence for the flexibility of
the supervised learning approach, which can produce solutions with good fidelities even
in more restrictive scenarios, closer to the capabilities of state of the art experimental archi-
tectures. Furthermore, the values of the interaction strengths for many of the presented
solutions are found to be compatible with the capabilities of state of the art circuit-QED
architectures with gate times of the order of tens of nanoseconds (Potočnik, 2018).

(Code availability) Additional solutions and data, as well as the code used to produce
them, is available on GitHub4. This repository contains all the code used to reproduce the
solutions presented in this thesis, as well as to train arbitrary gates on arbitrary numbers
of qubits. Even more generally, arbitrary (linearly) parametrised matrices can be used as
training model, allowing a high degree of flexibility.

4https://github.com/lucainnocenti/quantum-gate-learning-1803.07119
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2.6.6 Results for networks with ancillae

(Training gates with ancillae) We also showcase the capability of the network in scenarios
which include larger numbers of free parameters and up to five ancillary qubits. In partic-
ular, we consider as target gates the three-qubit Quantum Fourier Transform (QFT), the
half-adder gate (Barbosa, 2006), and a custom gate we will refer to as a Toffredkin gate. The
three-qubit QFT amounts, as a matrix, to the 8×8 discrete Fourier transform matrix, which
is the matrix with components QFT𝑗𝑘 = 𝜔(𝑗−1)(𝑘−1)

8 , where 𝜔8 ≡ 𝑒2𝜋𝑖/23 and 𝑖, 𝑗 = 1, ..., 8.
The half-adder gate can be defined as the gate

𝒰ha ≡ CNOT12 Toff, (2.103)

where CNOT12 denotes the CNOT gate between the first two qubits and Toff is the Toffoli
gate. A feature of the half-adder gate is that it acts on a logical three-qubit state |𝑝1, 𝑝2, 𝑝3⟩
by sending it into the state |𝑝1, 𝑝1 ⊕ 𝑝2, 𝑝3 ⊕ carry⟩, where carry equals either 0 or 1 de-
pending on whether the sum 𝑝1 + 𝑝2 gives a remainder (that is, on whether 𝑝1𝑝2 = 1).
Finally, the Toffredkin gate is a gate which acts either as a CNOT or as a SWAP on second
and third qubits, conditionally to the state of the first qubit. Explicitly, this is the gate

𝒰TF ≡ ℙ0 ⊗ CNOT23 +ℙ1 ⊗ SWAP23 . (2.104)

For the cost function ℱ𝝀 we use the expression given in eq. (2.97), with a general Hamilto-
nian model with at-most-pairwise interactions, as given in eq. (2.98). This means that, for
example, to train the four-qubit networks implementing half-adder and Toffredkin, we
start with a general Hamiltonian with 9 parameters ℎ𝛼

𝑖 for the single-qubit terms, plus
3×9 parameters 𝐽𝛼𝛽

𝑖𝑗 for the two-qubit interactions, amounting to a total of 36 parameters
to be trained. The ℎ0 parameter can be left out of the training as it only amounts to an
unobservable global phase. A similar calculation tells us that for the 3 + 5 network used
to train the QFT gate, a total amount of 276 parameters are trained.

(Assessing the quality of the results) To assess the quality of the results we use the aver-
aged gate fidelity ℱ(ℰ, 𝒰) introduced in eq. (2.89). The map ℰ is, in our case, the operation
corresponding to the action of a unitary in the enlarged system+ancillae space, followed
by tracing the ancillary qubits. Explicitly, if 𝒰𝝀 ≡ exp(𝑖ℋ𝝀) is a unitary acting on the full
system plus ancillae space, obtained from the learning procedure, then the corresponding
map is ℰ𝝀(𝜌) = Tr𝐴[𝒰𝝀(𝜌 ⊗ 𝜌𝐴)𝒰†

𝝀], where 𝜌𝐴 is the initial state of the ancillae (here
always fixed to be |0⟩⊗𝑛𝐴). This average fidelity can be written explicitly in terms of the
components of (the natural representation of) the map ℰ𝝀, and the target unitary 𝒰, as
given in eq. (2.89). This is the expression that will be used in the following to estimate the
quality of the results.

(Results for QFT, half-adder, Toffredkin) Figure 2.13 shows the sets of Hamiltonian pa-
rameters that were obtained through the training procedure, for each target gate.
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• (Toffredkin) The Toffredkin gate was found with unit fidelity, up to numerical pre-
cision, using a single ancillary qubit. In fig. 2.14 we show how the fidelity varies
with the Hamiltonian parameters. Figure 2.15 reports the final matrix over the full
four-qubit network.

• (QFT) In the case of the QFT, we performed a series of training runs with different
numbers of ancillae, using from zero to five ancillary qubits. We observed the best
results when using 0, 3, and 5 ancillae, the average fidelities being 0.987, 0.991, and
0.988 respectively. It is important to note that due to the heuristic nature of our opti-
mization method, better results might be achieved using different initial conditions
or optimization parameters. In fig. 2.16 we present the dependence of the fidelities
with respect to the parameters, for the case of 5 ancillary qubits. The fact that five
ancillary qubits result in a lower fidelity than the case with three is likely due to the
significantly larger number of parameters involved in the optimisation, which make
the training harder and more time-consuming.

• (Half-adder) Finally, the half-adder was realised with average fidelity ℱ ≃ 0.999997
with a single ancillary qubit. Again, in fig. 2.17 we report the behaviour of ℱ𝝀 upon
variations of 𝝀, and in fig. 2.18 we give the final unitary gate, over the full four-qubit
network, found via the optimisation.

(Robustness of the results) Figures 2.14, 2.16 and 2.17 show the relative stability of the
gates with respect to changes of the Hamiltonian parameters. In particular, for Toffredkin
and QFT, the fidelity remains above 95% upon a 25% variation of the evolution time. The
half-adder appears to be less stable, but this is only consequence of the larger values of its
interactions, as shown in fig. 2.13(c). More generally, the effort required to tune the Hamil-
tonian parameters with sufficient precision will vary strongly between different gates, as
well as between different implementation of the same gate, and between different parame-
ters in any given implementation. Similarly, general statements about the robustness of im-
plementing target gates are challenging, owing to the variety of possible target gates, and
to different implementations of the same gate corresponding to different robustnesses to
different types of noise and imperfections. These results provide further evidence in sup-
port of the power and flexibility of the supervised learning approach presented in (Banchi,
2016; Innocenti, 2018b), which clearly applies to the cases where ancillary degrees of free-
dom are exploited during the evolution.

2.7 Conclusions

We discussed strategies to synthesise multi-qubit quantum gates with time-independent
Hamiltonians and constrained interactions. After presenting the underlying mathemat-
ical structure, we proposed a way to tackle the problem, and show that it leads to exact
solutions in a few cases of interest, including generators for Toffoli and Fredkin gates using
only single- and two-qubit interactions. We then proceeded to show that our framework
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is useful not only to reach exact conclusions, but also as a starting point to find numerical
solutions. Moreover, we find that a some classes of machine-learning techniques, namely
stochastic gradient descent and automatic differentiation algorithms, are well-suited to
tackle the associated numerical task. We show that these techniques bring about sig-
nificant improvements efficiency-wise, thus allowing to explore a wide variety of gate
learning scenarios. We demonstrated the performance of our scheme by finding novel
time-independent generators for nontrivial three-qubit interactions such as Toffoli, Fred-
kin, and Toffredkin gates, as well as four-qubit gates, and half-adder and Quantum Fourier
Transform.

Our methodology has the potential to improve the design of quantum operations, low-
ering the complexity associated with gate decompositions common in quantum informa-
tion protocols. Several interesting questions are spurred by this work and remain as-of-yet
unanswered. From a mathematical standpoint, general conditions to certify the achievabil-
ity of a gate in a given setting would be highly desirable, and shed further light into the
underlying structure of the problem. Such a result would also further our understanding
of how complex physical interactions emerge from simpler ones. Furthermore, it would
be interesting to study how the problem changes when we allow as target more general
quantum maps. Finally, our use of supervised learning to tackle gate learning problems is
rather problem agnostic, and thus applicable to a variety of different scenarios. Exploring
what classes of problems in quantum information would gain from a similar approach
would constitute a fruitful venue for research. In general, this potentially includes any
problem which can be reduced to tuning continuous parameters in order to optimise over
some type of map. Possibilities include finding convex decompositions of target density
matrices, or convex decompositions of a given separable state in terms of product pure
states.
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Figure 2.4: Eight different sets of interaction parameters generating Toffoli [panel (a)], Fredkin [panel (b)],
and double Fredkin [panel (c)] gates. For each solution shown here the training was started from the ansatz
provided in eq. (2.101), and the analogous equations for Fredkin and double Fredkin gates. Each one of the
solutions corresponds to unit fidelity, up to numerical precision (that is, fidelities greater than 1 − 10−16).

46



0.0 2.5 5.0 7.5 10.0 12.5 15.0
−2.5

0.0

2.5

5.0

7.5

0 10 20 30 40

−4

−2

0

2

0 20 40 60 80 100 120 140

−50

0

50

0 10 20 30 40 50 60

−5.0

−2.5

0.0

2.5

0 50 100 150 200
−50

−25

0

25

50

0 20 40 60 80

−5

0

5

10

0 20 40 60 80
−10

−5

0

5

0 25 50 75 100 125 150 175

−20

0

20

40

𝑡𝑒 𝑡𝑒

𝜆

𝜆

𝜆

𝜆

Figure 2.5: Training histories for the Toffoli gate with only diagonal interactions. In each plot are reported
the values of the 9 network parameters during the training process, for each training epoch 𝑡𝑒. Each training
process was left running until convergence to unit fidelity, therefore, the number of epochs in the horizontal
axes differs for different trainings instances. The histories shown here correspond to training instances in
which the parameters were initialised at various values, as seen from the leftmost values in each plot. The
path followed by the parameters change for different training runs, making a legend identifying the single
parameters of limited use here. Nonetheless, the sample of training histories shown here is indicative of the
general trend, and shows how the training tends to converge quickly in most cases.

47



0.900 0.925 0.950 0.975 1.000 1.025 1.050 1.075 1.100

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00 (a)

𝛼

ℱ𝝀(𝜓)

0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.0

0.2

0.4

0.6

0.8

1.0 (b)

𝛼

ℱ𝝀(𝜓)

−10.0 −7.5 −5.0 −2.5 0.0 2.5 5.0 7.5 10.0

0.0

0.2

0.4

0.6

0.8

1.0 (c)

𝜆1

ℱ𝝀(𝜓)

−10.0 −7.5 −5.0 −2.5 0.0 2.5 5.0 7.5 10.0

0.0

0.2

0.4

0.6

0.8

1.0 (d)

𝜆2

ℱ𝝀(𝜓)

Figure 2.6: Fidelity ℱ𝝀(𝜓) vs variations of 𝝀, for different test states, for the Toffoli gate. The five test
states 𝜓 are sampled randomly. (a) Global relative variations of 𝝀, that is, plotting the fidelity against 𝛼𝝀 for
0.9 ≤ 𝛼 ≤ 1.1. Note that this is equivalent to studying how the fidelity changes with respect to uncertainties
in the evolution time, that is, how much does exp(𝑖ℋ𝑡′) differ from exp(𝑖ℋ𝑡). (b) Same as (a) but with
0 ≤ 𝛼 ≤ 1.2. (c) Plot of ℱ𝝀(𝜓) against absolute variations of a single element of 𝝀, in this case the first
one, i.e. we take 𝜆1 ∈ [−10, 10]. (d) Like (c) but for 𝜆2.
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Figure 2.7: Fidelity ℱ𝝀(𝜓) vs variations of 𝝀, for different test states, for the Fredkin gate. The five test
states 𝜓 are sampled randomly. (a) Global relative variations of 𝝀, that is, plotting the fidelity against 𝛼𝝀 for
0.9 ≤ 𝛼 ≤ 1.1. Note that this is equivalent to studying how the fidelity changes with respect to uncertainties
in the evolution time, that is, how much does exp(𝑖ℋ𝑡′) differ from exp(𝑖ℋ𝑡). (b) Same as (a) but with
0 ≤ 𝛼 ≤ 1.2. (c) Plot of ℱ𝝀(𝜓) against absolute variations of a single element of 𝝀, in this case the first
one, i.e. we take 𝜆1 ∈ [−10, 10]. (d) Like (c) but for 𝜆2.
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Figure 2.8: Fidelity ℱ𝝀(𝜓) vs variations of 𝝀, for different test states, for the double Fredkin gate. The five
test states 𝜓 are sampled randomly. (a) Global relative variations of 𝝀, that is, plotting the fidelity against
𝛼𝝀 for 0.9 ≤ 𝛼 ≤ 1.1. Note that this is equivalent to studying how the fidelity changes with respect to
uncertainties in the evolution time, that is, how much does exp(𝑖ℋ𝑡′) differ from exp(𝑖ℋ𝑡). (b) Same as
(a) but with 0 ≤ 𝛼 ≤ 1.2. (c) Plot of ℱ𝝀(𝜓) against absolute variations of a single element of 𝝀, in this
case the first one, i.e. we take 𝜆1 ∈ [−10, 10]. (d) Like (c) but for 𝜆2.

50



●●

●

●

●

●
●

●
●

●●

●
●

●

●

●

●

●
●
●

■

■

■■

■

■

■

■

■

■

■

■

■

■

■

■

■
■

■

■

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆◆
◆
◆

◆

◆

◆◆

◆

◆

◆

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲
▲

▲

▲

▲

▲

▲

▲

▼

▼

▼

▼
▼
▼

▼

▼▼

▼
▼
▼

▼

▼▼▼

▼

▼
▼

▼

○
○

○

○

○○

○○

○○

○

○○

○

○○

○

○

○

○

□

□□□

□

□□

□

□

□

□

□

□

□

□

□
□

□

□

□◇◇

◇

◇

◇

◇◇

◇

◇◇◇◇

◇

◇

◇
◇◇

◇
◇

◇

△

△

△△△

△

△

△

△

△

△

△△

△

△

△

△

△

△

△

▽

▽

▽

▽

▽

▽

▽

▽▽

▽

▽▽

▽

▽
▽

▽

▽▽

▽

▽

●

●

●

●

●

●●

●

●
●

●

●

●

●

●

●

●

●

●

●
■

■

■

■

■■

■

■

■

■

■

■

■

■

■

■
■

■■

■

20 40 60 80 100 120 140 160 180 200 220 240

0.5

0.6

0.7

0.8

0.9

ℱ

Figure 2.9: Training results for the Fredkin gate with a generator containing one-qubit interactions and
two-qubit interactions of the form 𝐽𝑖𝑗(𝑋𝑖𝑋𝑗 + 𝑌𝑖𝑌𝑗). Every point shows the final fidelity obtained at the
end of a training procedure. The hyperparameters, as well as the total number of training iterations, are kept
the same in all the training instances shown here. The initial parameters’ values are the same within each
horizontal sector, but changed between different sectors. The initial parameters’ values within each sector
have been chosen as all equal to 𝑐 (that is, 𝜆𝑖 = 𝑐 for all 𝑖). The values of 𝑐 are 0, 1, … , 10, with 𝑐 = 0 in the
leftmost sector and 𝑐 = 10 in the last to rightmost one. The rightmost sector contains the results of training
attempts with the initial values chosen at random (that is, with 𝜆𝑖 sampled according to the uniform normal
distribution, independently for each 𝑖). The greatest reached fidelity, obtained with initial parameters’ values
𝜆𝑖 = 3, is ℱ ≃ 0.94.
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Figure 2.10: Training results for the Fredkin gate with a generator containing all one-qubit interactions
and two-qubit interactions of the form 𝐽 (1)

𝑖𝑗 𝑋𝑖𝑋𝑗 +𝐽 (2)
𝑖𝑗 𝑌𝑖𝑌𝑗. The initial conditions are chosen as in fig. 2.9.

The maximum fidelities obtained are ℱ ≃ 0.999, obtained in multiple instances 𝑐 = 3 and 𝑐 = 4 sectors.
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Figure 2.11: Training results for the Toffoli gate with a generator containing all one-qubit interactions and
two-qubit interactions of the form 𝐽𝑖𝑗(𝑋𝑖𝑋𝑗 + 𝑌𝑖𝑌𝑗). The initial conditions are chosen as in fig. 2.9. The
maximum fidelities obtained are ℱ ≃ 0.94, obtained in the 𝑐 = 3 sector.
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Figure 2.12: Training results for the Toffoli gate with a generator containing all one-qubit interactions and
two-qubit interactions of the form 𝐽 (1)

𝑖𝑗 𝑋𝑖𝑋𝑗 + 𝐽 (2)
𝑖𝑗 𝑌𝑖𝑌𝑗. The initial conditions are chosen as in fig. 2.9.

The maximum fidelities obtained are ℱ ≃ 0.98, obtained in the 𝑐 = 4 and 𝑐 = 5 sectors.
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Figure 2.13: Trained parameters for the three-qubit QFT, Toffredkin and half-adder networks. We plot
the values taken by the elements of the full set of parameters entering Eq. (6) and ordered as 𝝀 =
{ℎ0, ℎ1

1, … , ℎ3
𝑁 , 𝐽11

11 , … , 𝐽33
𝑁𝑁} with 𝑁 the number of elements of the qubit network.
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Figure 2.14: Fidelity ℱ𝝀(𝜓) vs variations of 𝝀, for different test states, for the Toffredkin gate. The five test states 𝜓
are sampled randomly. (a) Global relative variations of 𝝀, that is, plotting the fidelity against 𝛼𝝀 for 0.9 ≤ 𝛼 ≤ 1.1.
Note that this is equivalent to studying how the fidelity changes with respect to uncertainties in the evolution time,
that is, how much does exp(𝑖ℋ𝑡′) differ from exp(𝑖ℋ𝑡). (b) Same as (a) but with 0 ≤ 𝛼 ≤ 1.2. (c) Plot of ℱ𝝀(𝜓)
against absolute variations of a single element of 𝝀, in this case the first one, i.e. we take 𝜆1 ∈ [−10, 10]. (d) Like (c)
but for 𝜆2.
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Figure 2.15: Final Toffredkin gate found from the supervised learning training. In this representation, the
ancillary qubit is the first one, so that the top-left 8 × 8 submatrix describes the evolution of states when the
ancillary qubit starts as |0⟩. Notably, it is clear from the matrix that the gate acts diagonally on the ancillary
qubits, which therefore effectively acts as a control qubit. When this control ancillary qubit is |0⟩, the other
three qubits evolve according to the Toffredkin gate.
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Figure 2.16: Fidelity ℱ𝝀(𝜓) vs variations of 𝝀, for different test states, for the three-qubit QFT gate.
The five test states 𝜓 are sampled randomly. (a) Global relative variations of 𝝀, that is, plotting the fidelity
against 𝛼𝝀 for 0.9 ≤ 𝛼 ≤ 1.1. Note that this is equivalent to studying how the fidelity changes with respect
to uncertainties in the evolution time, that is, how much does exp(𝑖ℋ𝑡′) differ from exp(𝑖ℋ𝑡). (b) Same
as (a) but with 0 ≤ 𝛼 ≤ 1.2. (c) Plot of ℱ𝝀(𝜓) against absolute variations of a single element of 𝝀, in this
case the first one, i.e. we take 𝜆1 ∈ [−10, 10].
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Figure 2.17: Fidelity ℱ𝝀(𝜓) vs variations of 𝝀, for different test states, for the half-adder gate. The five
test states 𝜓 are sampled randomly. (a) Global relative variations of 𝝀, that is, plotting the fidelity against
𝛼𝝀 for 0.9 ≤ 𝛼 ≤ 1.1. Note that this is equivalent to studying how the fidelity changes with respect to
uncertainties in the evolution time, that is, how much does exp(𝑖ℋ𝑡′) differ from exp(𝑖ℋ𝑡). (b) Same as
(a) but with 0 ≤ 𝛼 ≤ 1.2. (c) Plot of ℱ𝝀(𝜓) against absolute variations of a single element of 𝝀, in this
case the first one, i.e. we take 𝜆1 ∈ [−10, 10].
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Figure 2.18: Final half-adder gate found from the supervised learning training. In this representation, the
ancillary qubit is the first one, so that the top-left 8 × 8 submatrix describes the evolution of states when the
ancillary qubit starts as |0⟩. Notably, it is clear from the matrix that the gate acts diagonally on the ancillary
qubits, which therefore effectively acts as a control qubit, which when |0⟩ induces the other three qubits to
evolve according to the half-adder gate.
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Chapter 3

Characterising states producible by
quantum walks

(What is this chapter about) In this chapter, we provide a complete characterisation of the
possible outputs of time-dependent discrete-time Quantum Walks (QWs) on a line. We
refer to section 1.3 for a general review of background and literature on QWs. We prove
that, by projecting the state of the coin onto a specific final state after the last step, arbitrary
qudits can be engineered via a suitable choice of coin operators.

(Chapter outline) We start in section 3.1 by contextualising our work into the existing lit-
erature, explaining its interest and timeliness. In section 3.2 we present the notation and
mathematics used in the rest of the chapter. We then characterise in section 3.3 the pos-
sible output states of one-dimensional, time-dependent QWs, in the form of necessary
and sufficient conditions certifying whether a given state can be the output of a QW evo-
lution. These results are then used in section 3.4, where we derive conditions to fulfil
to generate target qudit states through the projection of the coin at the end of a suitably
engineered QW evolution. This result is then used in chapter 4, where we report on an
experimental quantum optical implementation of the protocol using Orbital Angular Mo-
mentum (OAM) and polarisation of single photons. The work described in this chapter
can be found in (Innocenti, 2017).

3.1 Motivation

(High-dimensional quantum states) High-dimensional quantum states are of paramount
importance from both a foundational and applicative perspective. They exhibit a rich en-
tanglement structure (Horodecki, 2009) and allow for stronger violations of local realism
than their qubit counterparts (Vértesi, 2010; Lapkiewicz, 2011; Brunner, 2014). Even at
the single-system level, they can be used to showcase the contextual character of quan-
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tum mechanics beyond entanglement (Klyachko, 2008; Lapkiewicz, 2011). In the context
of quantum communication, high-dimensional systems guarantee higher security and in-
creased transmission rates (Bechmann-Pasquinucci, 2000; Bruß, 2002; Cerf, 2002; Karim-
ipour, 2002; Acin, 2003; Durt, 2004; Mower, 2013; Nunn, 2013; Lee, 2014; Zhong, 2015),
and allow for efficient solutions to problems such as quantum bit commitment (Lang-
ford, 2004) and Byzantine agreement (Fitzi, 2001). Other applications include spatial imag-
ing (Howland, 2013), quantum emulation (Buluta, 2009; Neeley, 2009), quantum computa-
tion (Bartlett, 2002; Ralph, 2007; Lanyon, 2008; Campbell, 2012; Campbell, 2014), quantum
error correction (Chuang, 1997; Duclos-Cianci, 2013; Michael, 2016), and quantum ma-
chine learning (Paparo, 2014).

(Engineering high-dimensional qudits) Engineering high-dimensional quantum states re-
mains, however, a nontrivial task. In quantum optics, proposed engineering strategies in-
clude encodings exploiting degrees of freedom such as time-energy (Thew, 2004; Bessire,
2014), polarisation (Bogdanov, 2004), path (O’Sullivan-Hale, 2005; Hu, 2020), OAM (Mair,
2001; McLaren, 2012; Krenn, 2013; Krenn, 2014b; Zhang, 2016b), and frequency (Bernhard,
2013; Jin, 2016). These strategies generally depend on the specific setting under consider-
ation, and a unified framework is lacking. On the other hand, owing to their ubiquity,
QWs offer a promising venue to devise state engineering protocols that are applicable to
a variety of different physical systems.

(Quantum state engineering with QWs) QWs have been demonstrated experimentally on
multiple platforms (Manouchehri, 2014), including bulk interferometric schemes (Broome,
2010; Kitagawa, 2012; Vitelli, 2013), integrated linear interferometers (Sansoni, 2012; Crespi,
2013a; Harris, 2017; Pitsios, 2017), fibre-loop architectures (Schreiber, 2010; Schreiber,
2012; Boutari, 2016), trapped atoms and ions (Karski, 2009; Schmitz, 2009; Zähringer,
2010), cold atoms in lattices (Weitenberg, 2011; Fukuhara, 2013; Preiss, 2015), and pho-
tonics schemes exploiting OAM and polarisation (Cardano, 2015a; Cardano, 2016). While
QWs were previously shown to allow the engineering of specific walker’s states (Chan-
drashekar, 2008a; Majury, 2018), we propose here a scheme to use discrete-time QWs to
prepare arbitrary qudits with high probability and fidelity. This is achieved by controlling
the evolution of a state throughout the QW via suitably arranging the coin operations,
and projecting its coin state at the end of the evolution. Furthermore, we provide a com-
plete characterisation of the possible states that can be generated by time-dependent QWs,
when no projection is performed. An experimental implementation of this engineering
protocol with a photonics apparatus is presented in chapter 4.

3.2 The setup

(Mathematics of QWs) The state of a QW lives in a Hilbert space ℋ ≡ ℋ𝒲⊗ℋ𝒞, with ℋ𝒞
a two-dimensional coin space, and ℋ𝒲 a high-dimensional walker space, accommodating
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the possible states of the walker. A generic state is thus written as

|Ψ⟩ = ∑
𝑘

∑
𝑠∈{↑,↓}

𝑢𝑘,𝑠 |𝑘, 𝑠⟩ , (3.1)

for some coefficients 𝑢𝑘,𝑠 ∈ ℂ, where {|𝑘⟩}𝑘 spans the possible walker states, and {|↑⟩ , |↓⟩}
the possible coin states. The evolution is a two-step process: first, a unitary operation is
applied locally to the coin, and then a controlled-shift operation is applied to the walker,
changing its state conditionally to that of the coin. Formally, we write a single step operator
as 𝒲 = 𝒮𝒞, where 𝒮, 𝒞 are linear operators on ℋ and 𝒞 ≡ 𝐼𝒲 ⊗ 𝒞 acts locally on the coin.
The shift operator has the form

𝒮 = 𝔼+ ⊗ ℙ↑ + 𝔼− ⊗ ℙ↓, (3.2)

where ℙ𝑘 ≡ |𝑘⟩⟨𝑘|, and 𝔼± are operators moving the walker in one direction or the other:

𝔼+ ≡ ∑
𝑘

|𝑘 + 1⟩⟨𝑘| , 𝔼− ≡ ∑
𝑘

|𝑘⟩⟨𝑘 + 1| . (3.3)

The choice of coin operation 𝒞 is what defines a particular QW. A standard choice is
the Hadamard coin: 𝒞 = 𝐻 with 𝐻 the Hadamard matrix, defined via its action on the
computational basis as 𝐻 |↑⟩ = |+⟩ and 𝐻 |↓⟩ = |−⟩, where |±⟩ ≡ 1√

2(|↑⟩ ± |↓⟩).

Example 3.2.1: Hadamard walk evolution

Consider an initial state |Ψ0⟩ ≡ |0, ↑⟩ evolving through a one-dimensional QW with
a Hadamard coin. The first coin operation sends this to |0, +⟩ ≡ 1√

2 |0⟩ ⊗ (|↑⟩ + |↓⟩).
The shift 𝒮 then gives

|Ψ1⟩ ≡ 𝒮𝒞 |Ψ0⟩ = 𝒮 |0, +⟩ = 1√
2

(|+1, ↑⟩ + |−1, ↓⟩) . (3.4)

After a second step we have

|Ψ2⟩ ≡ 1
2 [|+2, ↑⟩ + |0⟩ ⊗ (|↓⟩ + |↑⟩) − |−2, ↓⟩] , (3.5)

and then at the third step,

|Ψ3⟩ ≡ 1
2
√

2
[|+3, ↑⟩ + |1⟩ ⊗ (|↓⟩ + 2 |↑⟩) − |−1, ↑⟩ + |−3, ↓⟩] . (3.6)

The calculation proceeds similarly for larger numbers of steps. Note how the walker
proceeds asymmetrically, even though the direct classical analogue of a Hadamard
walk would be a random walk with equal probabilities of going left or right at every
step. This is due to the interference effects, and the fact that the Hadamard treats |↑⟩
and |↓⟩ asymmetrically. See fig. 3.1 for a simulation of the Hadamard walk with 20
and 40 steps, which shows clearly the asymmetry present in the output states.
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Figure 3.1: Output amplitudes after 20 steps of Hadamard walk, with initial state |Ψ0⟩ ≡ |↑, 0⟩. Blue
(circles) and orange (squares) points represent the output amplitudes corresponding to initial coin state |↑⟩
and |↓⟩, respectively.

(A more efficient formalism for QWs) One feature emerging from example 3.2.1 is how,
at each step, a subset of the possible walker positions always corresponds to vanishing
amplitudes. More precisely, if the walker starts in a fixed position, say |0⟩, then at odd-
numbered steps only even-numbered positions are occupied. This symmetry can be ex-
ploited to make simulations more efficient, and better expose the underlying structure
of the dynamics. We will thus use a variation of eq. (3.2) in which instead of the walker
moving left or right, it either stays still or moves in one direction (say, right):

𝒮 = 𝐼𝒲 ⊗ ℙ↑ + 𝔼+ ⊗ ℙ↓ = 𝐼𝒲 ⊗ |↑⟩⟨↑| + ∑
𝑘

|𝑘 + 1⟩⟨𝑘| ⊗ |↓⟩⟨↓| . (3.7)

This notation, while somewhat nonstandard, has proven useful before (Hoyer, 2009; Mon-
tero, 2013; Montero, 2015), and will be used throughout this thesis, allowing for a tidier
presentation of the results, as well as more efficient numerical simulations.

(Single steps) Assuming an initial state |Ψ⟩ spanning 𝑛 walker positions, after one step we
have

𝒲𝒞 |Ψ⟩ ≡ 𝒮 𝒞 |Ψ⟩ =
𝑛

∑
𝑘=1

∑
𝑠∈{↑,↓}

𝑢𝑘,𝑠𝒮( |𝑘⟩ ⊗ 𝒞 |𝑠⟩ ). (3.8)

The explicit way 𝒮 and 𝒲𝒞 act on the basis states will prove useful in section 3.3:

{𝒮 |𝑘, ↑⟩ = |𝑘, ↑⟩ ,
𝒮 |𝑘, ↓⟩ = |𝑘 + 1, ↓⟩ , {𝒲𝒞 |𝑘, ↑⟩ = 𝑐00 |𝑘, ↑⟩ + 𝑐10 |𝑘 + 1, ↓⟩ ,

𝒲𝒞 |𝑘, ↓⟩ = 𝑐01 |𝑘, ↑⟩ + 𝑐11 |𝑘 + 1, ↓⟩ , (3.9)

where we denoted the matrix elements of the coin operator as (𝒞)𝑖𝑗 = 𝑐𝑖𝑗. We can write
more concisely the combined action of 𝒞 and 𝒮 by focusing on how 𝒲 acts on the single
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Figure 3.2: Schematic representation of how the amplitudes are distributed among the sites, at the various
steps of the evolution. The red (blue) arrows represent the movement of the walker with coin state |↑⟩ (|↓⟩)
after the coin flip. The coin operators 𝒞𝑖 determine how the amplitude at each site is distributed between
the red and blue arrows, and thus the two sites of the next layer with which it is connected. Here, 𝑢(𝑘)

𝑖,𝑠
denotes the amplitude at the 𝑖-th site, with coin state |𝑠⟩, after the 𝑘-th step. The vectors 𝒗𝑖 are defined as
𝒗1 = (𝑢(2)

1,↑, 𝑢(2)
2,↓)𝑇 and 𝒗2 = (𝑢(2)

2,↑, 𝑢(2)
3,↓)𝑇 . These vectors of amplitudes will prove useful to derive our

results in section 3.3.2.

sites. To see this, suppose that |Φ⟩ = 𝒲𝒞 |Φ′⟩ for some |Φ⟩ , |Φ′⟩ and 𝒞. Then,

( ⟨𝑘, ↑|Φ⟩
⟨𝑘 + 1, ↓|Φ⟩) = 𝒞 (⟨𝑘, ↑|Φ′⟩

⟨𝑘, ↓|Φ′⟩) , ∀𝑘 = 1, ..., 𝑛. (3.10)

We will also make use of an alternative way to represent states in ℋ𝒮 ⊗ ℋ𝒞 spanning
𝑛 sites, via two-column matrices. We write each state as an 𝑛 × 2 matrix in which each
row contains the amplitudes associated with the corresponding site, and each column the
amplitudes associated with a coin state. We thus write |Ψ⟩ as the 𝑛 × 2 matrix

|Ψ⟩ ≐
⎛⎜⎜⎜
⎝

Ψ1,↑ Ψ1,↓
Ψ2,↑ Ψ2,↓

⋮
Ψ𝑛,↑ Ψ𝑛,↓

⎞⎟⎟⎟
⎠

. (3.11)

In this notation, the coin operation only introduces coherence between amplitudes on the
same row, while the shift 𝒮 acts by shifting the second column downwards.

Example 3.2.2: QW evolution

Here, we give explicit expressions for the states produced by a few steps of QW evolution, using the
matrix notation introduced in eq. (3.11). Let the initial state be ∣Ψ(0)⟩ ≡ |1, ↑⟩, and denote with 𝒞𝑖 be
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the coin operation at the 𝑖-th step, with elements (𝒞𝑖)𝑗𝑘 ≡ 𝑐(𝑖)
𝑗𝑘 . After a single step, we have

∣Ψ(1)⟩ = (𝑐(1)
11 0
0 𝑐(1)

21
) . (3.12)

After the second and third steps, we have

∣Ψ(2)⟩ =
⎛⎜⎜⎜⎜
⎝

𝑐(2)
11 𝑐(1)

11 0
𝑐(2)

12 𝑐(1)
21 𝑐(2)

21 𝑐(1)
11

0 𝑐(2)
22 𝑐(1)

21

⎞⎟⎟⎟⎟
⎠

, (3.13)

∣Ψ(3)⟩ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜
⎝

𝑐(3)
11 𝑐(2)

11 𝑐(1)
11 0

𝑐(3)
11 𝑐(2)

12 𝑐(1)
21 + 𝑐(3)

12 𝑐(2)
21 𝑐(1)

11 𝑐(3)
21 𝑐(2)

11 𝑐(1)
11

𝑐(3)
12 𝑐(2)

22 𝑐(1)
21 𝑐(3)

21 𝑐(2)
12 𝑐(1)

21 + 𝑐(3)
22 𝑐(2)

21 𝑐(1)
11

0 𝑐(3)
22 𝑐(2)

22 𝑐(1)
21

⎞⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (3.14)

While we do not give the explicit expressions for larger number of steps, we note how even from such
few expressions a noticeable pattern emerges from the structure of the coefficients. For example, if
we focus on the subscripts of each element of these matrices, and read them from the right to the left,
we get the following expression:

⎛⎜⎜
⎝

(11)(11)(11) 0
(11)(12)(21) + (12)(21)(11) (11)(11)(12)

(12)(22)(21) (11)(12)(22) + (12)(21)(12)
0 (12)(22)(22)

⎞⎟⎟
⎠

, (3.15)

where the “+” symbols is used here as a purely formal character, rather than as an actual sum. From
this expression we can see how the following patterns emerge:

• Each sequence starts with a 1 on the left, and ends with a 1 for the first column, or with a 2
for the second column. The fact that each column starts with a 1 is due to the initial coin state
being |↑⟩, and would have been a 2 if we instead started with |↓⟩.

• Between each pair of integers, the middle numbers are always identical (e.g. we never have
something like (11)(21)). This is because each pair (𝑖𝑗) represents the matrix component of a
corresponding step changing the coin state from 𝑖 to 𝑗.

• In each entry, the number of 2s on the right component of each pair equals the number of steps
forward that the walker. For example, in the third row, we always have exactly two pairs with
a 2 on the right, consistently with the third row corresponding to output states of the form
|3, 𝛼⟩.

These observations tell us that the initial and final number in each sequence, as well as the elements in
between each pair, are redundant. We can then represent the same state more efficiently by replacing
each pair with its second element. We thus get

⎛⎜⎜
⎝

111 0
211 + 121 112

221 212 + 122
0 222

⎞⎟⎟
⎠

. (3.16)

This expression shows how finding the output amplitude corresponding to each one of the output
modes is reduced to a purely combinatorial problem: starting with coin state |↑⟩ and evolving for
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𝑛 steps, the output amplitude corresponding to the mode |𝑘, 𝑠⟩ with 𝑠 ∈ {1, 2} has a number of
contributions equal to the number of bit-strings of length 𝑛 that end with 𝑠 and have a number of 2s
equal to 𝑘 − 1. Once the set of bit-strings associated with a given output amplitude has been found,
recovering the corresponding matrix elements of the coin operations, and thus the overall amplitude,
is straightforward.
As an example, suppose we are interested in knowing the amplitude associated with the walker
evolving from |1, ↑⟩ to |3, ↓⟩ after 𝑛 = 4 steps. Following the above reasoning, we do not need to
evolve the initial state through the associated unitary matrices, but can instead see directly that the
amplitude is the one associated with the following four bit-strings:

1122, 1212, 2112, (3.17)

which are the possible bit-strings of four elements with two 2s and ending with a 2. The amplitude
is therefore equal to

𝑐(4)
22 𝑐(3)

21 𝑐(2)
11 𝑐(1)

11 + 𝑐(4)
21 𝑐(3)

12 𝑐(2)
21 𝑐(1)

11 + 𝑐(4)
21 𝑐(3)

11 𝑐(2)
12 𝑐(1)

21 . (3.18)

3.3 Analytical results

In this section we provide a complete characterisation of the output states of time-dependent
discrete-time QWs on a line. We will find that such a characterisation can be formulated
in terms of a sequence of efficiently verifiable conditions on the amplitudes of the output
state. More precisely, given a candidate output state, these conditions allow to (1) verify
whether there is a sequence of coin operations generating the target states after the pre-
scribed number of steps, and (2) if the answer is positive, obtain a possible such sequence.

3.3.1 One-step reachability condition

Let us start by analysing what happens for small numbers of steps. This will help to get
intuition into the more general result.

Suppose the walker is initially localised at the site 𝑖 = 1 with some unspecified initial coin
state |𝛼⟩. The initial state of the full system is then written as

|Ψ(0)⟩ ≡ |1⟩ ⊗ |𝛼⟩ ≡ |1⟩ ⊗ (𝑢(0)
1,↑ |↑⟩ + 𝑢(0)

1,↓ |↓⟩ ), (3.19)

denoting with 𝑢(0)
1,↑, 𝑢(0)

1,↓ the amplitudes of |𝛼⟩. Let 𝒞1 denote the coin operation performed
at the first step, and let 𝒲𝒞1

be the corresponding step operation. The state after the first
step is then |Ψ(1)⟩ ≡ 𝒲𝒞1 |Ψ(0)⟩. Explicitly, this reads

|Ψ(1)⟩ = 𝒮 |1⟩ ⊗ (𝒞1 |𝛼⟩) = ⟨↑|𝒞1|𝛼⟩ |1, ↑⟩ + ⟨↓|𝒞1|𝛼⟩ |2, ↓⟩ . (3.20)

A notable feature of this state is that there are two vanishing amplitudes:

⟨1, ↓|Ψ(1)⟩ = ⟨2, ↑|Ψ(1)⟩ = 0. (3.21)
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Note how this feature is independent of the initial coin state |𝛼⟩ or the coin operation
𝒞1, but is rather a general property of states produced by this kind of QW dynamic. More
generally, for any initial walker state |Ψ⟩ spanning 𝑛 sites, the application of 𝒲𝒞1

produces
a state spanning 𝑛 + 1 sites and satisfying the equations

⟨1, ↓|𝒲𝒞1|Ψ⟩ = ⟨𝑛 + 1, ↑|𝒲𝒞1|Ψ⟩ = 0. (3.22)

This is a direct consequence of the structure of 𝒮, and can also be understood graphically
from the pictorial representation in fig. 3.2. Indeed, the action of 𝒮 on an arbitrary state
|Ψ⟩ ≡ ∑𝑁

𝑘=1 ∑𝑠 Ψ𝑘,𝑠 |𝑘, 𝑠⟩ reads

𝒮 |Ψ⟩ =
𝑁

∑
𝑘=1

(Ψ𝑘,↑ |𝑘, ↑⟩ + Ψ𝑘,↓ |𝑘 + 1, ↓⟩), (3.23)

which means that ⟨1, ↓|𝒮|Ψ⟩ = ⟨𝑁 + 1, ↑|𝒮|Ψ⟩ = 0. We can restate this result using the
matrix notation introduced in eq. (3.11) by saying that all and only the states that are the
output of a step of QW evolution have the form

⎛⎜⎜⎜⎜⎜⎜
⎝

• 0
• •

⋮
• •
0 •

⎞⎟⎟⎟⎟⎟⎟
⎠

, (3.24)

where the • represent arbitrary amplitudes. The implication goes both ways: any state |Φ⟩
of a system spanning 𝑛 + 1 sites and with an additional spin-like degree of freedom such
that ⟨1, ↓|Φ⟩ = ⟨𝑛 + 1, ↑|Φ⟩ = 0, is the output of one step of a QW evolution with suitable
coin operator and initial coin state. To see this, suppose there are a coin operation 𝒞 and
a state |Φ′⟩ such that 𝒲𝒞 |Φ′⟩ = |Φ⟩. We then see from eq. (3.10) that any 𝒞 can be used,
with a corresponding initial state |Φ′⟩ given by

(Φ′
𝑘,↑

Φ′
𝑘,↓

) = 𝒞−1 ( Φ𝑘,↑
Φ𝑘+1,↓

) (3.25)

We conclude that any state |Φ⟩ satisfying Φ1,↓ = Φ𝑛+1,↑ = 0 can be produced by a single
step of a QW evolution.

3.3.2 Two-step reachability conditions

We now consider the possible states after two QW steps. Suppose |Ψ⟩ spans 𝑛 + 2 modes
and can be written as |Ψ⟩ = 𝒲𝒞2

𝒲𝒞1 |Ψ(−2)⟩ for some unitaries 𝒞1, 𝒞2, and state |Ψ(−2)⟩.
We use the notation |Ψ(−2)⟩ to remark this being a state obtained applying two “inverse
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QW steps” to |Ψ⟩. We will show in this section that all such |Ψ⟩ must satisfy a specific
orthogonality condition on their amplitudes, and that this condition, paired with the one
discussed in section 3.3.1, is sufficient to determine that a state |Ψ⟩ is the output of two
steps of some QW dynamics.

From section 3.3.1 we know that |Ψ⟩ must be such that Ψ1,↓ = Ψ𝑛+2,↑ = 0. However,
there is now an additional constraint to be taken into consideration. Namely, |Ψ(−1)⟩ ≡
𝒲𝒞1 |Ψ(−2)⟩ is also subject to the conditions derived in section 3.3.1: Ψ(−1)

1,↓ = Ψ(−1)
𝑛+1,↑ = 0.

This constraint reflects on eq. (3.10), which on the extremal sites now gives:

(Ψ1,↑
Ψ2,↓

) = 𝒞1 (Ψ(−1)
1,↑

Ψ(−1)
1,↓

) = 𝒞1 (Ψ(−1)
1,↑
0 ) , (3.26)

(Ψ𝑛+1,↑
Ψ𝑛+2,↓

) = 𝒞1 (Ψ(−1)
𝑛+1,↑

Ψ(−1)
𝑛+1,↓

) = 𝒞1 ( 0
Ψ(−1)

𝑛+1,↓
) . (3.27)

The unitarity of 𝒞1 then directly implies that the length-2 vectors (Ψ1,↑
Ψ2,↓

) and (Ψ𝑛+1,↑
Ψ𝑛+2,↓

)
are orthogonal. This follows from the characterisation of unitaries as those matrices whose
rows (equivalently, columns) form an orthonormal system for the underlying vector space.
Let us then define the vectors 𝒗𝑗 as:

𝒗𝑗 ≡ ( Ψ𝑗,↑
Ψ𝑗+1,↓

) , 𝒗(−𝑘)
𝑗 ≡ ( Ψ(−𝑘)

𝑗,↑
Ψ(−𝑘)

𝑗+1,↓
) . (3.28)

The orthogonality condition characterising Ψ becomes 𝒗†
1𝒗𝑛+1 ≡ ⟨𝒗1, 𝒗𝑛+1⟩ = 0, which,

together with section 3.3.1, gives the following two explicit conditions:

Ψ1,↓ = Ψ𝑛+2,↑ = 0, (3.29a)
Ψ∗

1,↑Ψ𝑛+1,↑ + Ψ∗
2,↓Ψ𝑛+2,↓ = 0. (3.29b)

Suppose now that |Φ⟩ is a state spanning 𝑛+2 sites and whose amplitudes satisfy eq. (3.29).
Let |Φ(−1)⟩ be such that 𝒲𝒞2 |Φ(−1)⟩ for some 𝒞2. Then eq. (3.29b) implies that (Φ(−1)

1,↑ , Φ(−1)
1,↓ )𝑇

is orthogonal to (Φ(−1)
𝑛+1,↑, Φ(−1)

𝑛+1,↓)𝑇 . However, we want |Φ⟩ to be the output of two steps,
which means that we need |Φ(−1)⟩ to be a viable output of a single step. As per our con-
clusions from given in section 3.3.1, |Φ(−1)⟩ must therefore have the form eq. (3.24), which
then forces the coin 𝒞2 to be such that

(Ψ1,↑
Ψ2,↓

) = 𝒞2 (𝑎
0) , ( Ψ𝑛,↑

Ψ𝑛+1,↓
) = 𝒞2 (0

𝑏) . (3.30)
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Basic linear algebra then tells us that 𝒞2 should have the form

𝒞2 = (𝑁1Ψ1,↑ 𝑁2𝑒𝑖𝜃Ψ𝑛,↑
𝑁1Ψ2,↓ 𝑁2𝑒𝑖𝜃Ψ𝑛+1,↓

) , (3.31)

where 𝑁1, 𝑁2 are constants needed to make the columns normalised, and 𝜃 ∈ ℝ is an
arbitrary phase. It is worth noting that an additional phase factor could be added to the
first column, but this would not make any difference, as it would amount to a global phase
added to the unitary. In other words, eq. (3.31) determines an element of U(2) only up to
its determinant1. This choice of 𝒞2 makes |Φ(−1)⟩ = 𝒲−1

𝒞2
|Φ⟩ a possible outcome of a

single step of QW evolution. Then, as per section 3.3.1, for any choice of 𝒞1 we have that
𝒲−1

𝒞1
𝒲−1

𝒞2
|Φ⟩ is a state which after two steps produces the target |Φ⟩.

3.3.3 Three-step reachability conditions

Let us now consider an output of three steps: |Ψ⟩ ≡ 𝒲𝒞3
𝒲𝒞2

𝒲𝒞1 |Ψ(−3)⟩, and assume
that this state occupies 𝑛+3 position modes. Then, denoting with |Ψ(−1)⟩ ≡ 𝒲𝒞2

𝒲𝒞1 |Ψ(−3)⟩
the state at the previous step, we have that the amplitudes of |Ψ(−1)⟩ must satisfy eq. (3.29).
Here, these conditions have the form 𝒗†(−1)

1 𝒗(−1)
𝑛+1 = 0, which can be rewritten as

0 = 𝒗†(−1)
1 𝒗(−1)

𝑛+1 = (Ψ(−1)∗
1,↑ Ψ(−1)∗

2,↓ ) (Ψ(−1)
𝑛+1,↑

Ψ(−1)
𝑛+2,↓

)

= (Ψ(−1)∗
1,↑ Ψ(−1)∗

1,↓ ) (Ψ(−1)
𝑛+1,↑

Ψ(−1)
𝑛+1,↓

) + (Ψ(−1)∗
2,↑ Ψ(−1)∗

2,↓ ) (Ψ(−1)
𝑛+2,↑

Ψ(−1)
𝑛+2,↓

) ,
(3.32)

where we used Ψ(−1)
1,↓ = Ψ(−1)

𝑛+2,↑ = 0. Applying eq. (3.10) on the above we get

𝒗†
1𝒞3𝒞†

3𝒗𝑛+1 + 𝒗†
2𝒞3𝒞†

3𝒗𝑛+2 = 𝒗†
1𝒗𝑛+1 + 𝒗†

2𝒗𝑛+2 = 0. (3.33)

Following a reasoning similar to the one used in the previous section, we conclude that
the amplitudes of |Ψ⟩ satisfy three conditions: the vanishing of the extremal amplitudes,
𝒗†

1𝒗𝑛+2 = 0, and eq. (3.33).

3.3.4 Generalised reachability conditions

We analyse here the generalisation of the conditions derived in sections 3.3.1 to 3.3.3, giv-
ing the conditions characterising states that can be the output of 𝑚 steps of some time-
dependent QW.

1A more precise version of this statement is to say that we are determining the coins as elements of the
quotient spaceU(2)/U(1) ≃ SU(2), in which matrices differing only by a multiplicative phase (equivalently,
unitaries with different determinants), are considered as identical.
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Let |Ψ⟩ be a state spanning 𝑛 + 𝑚 sites, which is the output of at least 𝑚 steps of QW
evolution, so that

|Ψ⟩ = 𝒲𝒞𝑚
𝒲𝒞𝑚−1

...𝒲𝒞1 ∣Ψ(−𝑚)⟩ , (3.34)

for some set of coin operators {𝒞𝑖} and initial state ∣Ψ(−𝑚)⟩. Here, ∣Ψ(−𝑚)⟩ is an arbitrary
state spanning 𝑛 positions (and which in particular is not required to satisfy any reach-
ability condition of its own). We want to show that, for any set of coin operators {𝒞𝑖},
eq. (3.34) implies that |Ψ⟩ satisfies the following conditions:

Ψ1,↓ = Ψ𝑛+𝑚,↑ = 0, (3.35)
𝑠

∑
𝑖=1

𝒗†
𝑖 𝒗𝑚+(𝑛−1)−𝑠+𝑖 = 0, for 𝑠 = 1, … , 𝑚 − 1, (3.36)

where 𝒗𝑖 is again defined as 𝒗𝑖 ≡ (Ψ𝑖,↑, Ψ𝑖+1,↓)𝑇 . The cases 𝑚 = 2 and 𝑚 = 3 were
worked out in sections 3.3.2 and 3.3.3, so let us assume the statement to be true for 𝑚 and
show that this implies it for 𝑚 + 1. The main idea is to see how each one of the equations
in eq. (3.36) transforms after one step. Denote the amplitudes after a single step with Ψ′

𝑖,𝛼.
The relation between primed and unprimed amplitudes is then

𝒗′
𝑖 = 𝒞 (Ψ𝑖,↑

Ψ𝑖,↓
) , for each 𝑖 = 1, … , 𝑚, (3.37)

for some unitary 𝒞, where 𝒗′
𝑖 ≡ (Ψ′

𝑖,↑, Ψ′
𝑖+1,↓)𝑇 . In fig. 3.3 we show schematically how the

amplitudes of a state |Ψ⟩ are related with the amplitudes of 𝒲𝒞 |Ψ⟩. This directly implies,
for all 𝑖, 𝑗,

(Ψ∗
𝑖,↑ Ψ∗

𝑖,↓) (Ψ𝑗,↑
Ψ𝑗,↓

) = 𝒗′†
𝑖 ⋅ 𝒗′

𝑗. (3.38)

Explicitly, the 𝑠-th term in eq. (3.36) reads

𝒗†
1𝒗𝑚+𝑛−𝑠 + 𝒗†

2𝒗𝑚+𝑛−𝑠+1 + ... + 𝒗†
𝑠−1𝒗𝑚+𝑛−2 + 𝒗†

𝑠𝒗𝑚+𝑛−1 = 0. (3.39)

Rewriting the LHS in terms of the amplitudes, rearranging the terms, and remembering
that Ψ1,↓ = Ψ𝑚+𝑛,↑ = 0, we get

(Ψ∗
1,↑ Ψ∗

1,↓) (Ψ𝑚+𝑛−𝑠,↑
Ψ𝑚+𝑛−𝑠,↓

) + (Ψ∗
2,↑ Ψ∗

2,↓) (Ψ𝑚+𝑛−𝑠+1,↑
Ψ𝑚+𝑛−𝑠+1,↓

) + …

+ (Ψ∗
𝑠,↑ Ψ∗

𝑠,↓) (Ψ𝑚+𝑛−1,↑
Ψ𝑚+𝑛−1,↓

) + (Ψ∗
𝑠+1,↑ Ψ∗

𝑠+1,↓) (Ψ𝑚+𝑛,↑
Ψ𝑚+𝑛,↓

) = 0.
(3.40)

Using eq. (3.38) we then get

𝒗′†
1 𝒗′

𝑚+𝑛−𝑠 + 𝒗′†
2 𝒗′

𝑚+𝑛−𝑠+1 + ... + 𝒗′†
𝑠 𝒗′

𝑚+𝑛−1 + 𝒗′†
𝑠+1𝒗′

𝑚+𝑛 = 0, (3.41)
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

Ψ1,↑ 0
Ψ2,↑ Ψ2,↓
Ψ3,↑ Ψ3,↓

⋮ ⋮
Ψ𝑚+𝑛−1,↑ Ψ𝑚+𝑛−1,↓

0 Ψ𝑚+𝑛,↓
0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

→

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

Ψ′
1,↑ 0

Ψ′
2,↑ Ψ′

2,↓
⋮ Ψ′

3,↓
⋮ ⋮

Ψ′
𝑚+𝑛−1,↑ ⋮

Ψ′
𝑚+𝑛,↑ Ψ′

𝑚+𝑛,↓
0 Ψ′

𝑚+𝑛+1,↓

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

(3.42)

Figure 3.3: Relation between |Ψ⟩ and |Ψ′⟩ ≡ 𝒲𝒞 |Ψ⟩ as used in section 3.3.4. The different colors corre-
spond to pairs of amplitudes connected via 𝒞, as per eq. (3.10).

or, equivalently,
𝑠+1
∑
𝑖=1

𝒗′†
𝑖 𝒗′

𝑚+𝑛−(𝑠+1)+𝑖 = 0 for 𝑠 = 1, … , 𝑚 − 1.

This proves that, given |Ψ⟩ satisfying eq. (3.36), any state of the form |Ψ′⟩ = 𝒲𝒞 |Ψ⟩ satis-
fies the 𝑚 − 1 constraints:

𝑠
∑
𝑖=1

𝒗′†
𝑖 𝒗′

(𝑚+1)+(𝑛−1)−𝑠+𝑖 = 0 for 𝑠 = 2, ..., 𝑚, (3.43)

which we can recognise as equivalent to eq. (3.36) with 𝑚 → 𝑚 + 1, except for the 𝑠 = 1
condition, which amounts to 𝒗′†

1 𝒗′
(𝑚+1)+𝑛−1 = 0. This last condition follows from Ψ1,↓ =

Ψ𝑛+𝑚,↑ = 0, as shown in section 3.3.2, and thus the induction step is completed.

In the special case of the initial state spanning a single position, eq. (3.36) tells us that if
a state |Ψ⟩ is the output of 𝑛 steps with some initial state |1, 𝛼⟩, then Ψ1,↓ = Ψ𝑛+1,↑ = 0,
and the following 𝑛 − 1 conditions are met:

𝑠
∑
𝑖=1

𝒗†
𝑖 𝒗𝑛−𝑠+𝑖 = 0, for every 𝑠 = 1, .., 𝑛 − 1. (3.44)

Example 3.3.1: Example of application of reachability conditions

To illustrate how the derived conditions work, consider an example with initial state

|Ψ⟩ = 1√
4

(|1, 0⟩ + |2, +⟩ + |3, −⟩ + |4, 1⟩). (3.45)

Let 𝒞1 = 𝐻 , with 𝐻 the Hadamard matrix, which satisfies

𝐻 |0⟩ = |+⟩ , 𝐻 |1⟩ = |−⟩ , 𝐻 |+⟩ = |0⟩ , 𝐻 |−⟩ = |1⟩ . (3.46)
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State Occupied sites Constraints

|Ψ(0)⟩ 1 none
|Ψ(1)⟩ 2 𝑢1,↓ = 𝑢2,↑ = 0

|Ψ(2)⟩ 3 {
𝑢1,↓ = 𝑢3,↑ = 0
𝒗†

1𝒗2 = 0

|Ψ(3)⟩ 4
⎧{
⎨{⎩

𝑢1,↓ = 𝑢4,↑ = 0
𝒗†

1𝒗3 = 0
𝒗†

1𝒗2 + 𝒗†
2𝒗3 = 0

⋮ ⋮ ⋮

|Ψ(𝑛)⟩ 𝑛+1
⎧{
⎨{⎩

𝑢1,↓ = 𝑢𝑛+1,↑ = 0
𝑠

∑
𝑖=1

𝒗†
𝑖 𝒗𝑛−𝑠+𝑖 = 0

Table 3.1: Summary of the conditions characterising the states at the various stages of the evolution. For
better clarity, we have avoided the use of superscripts on the amplitudes. The amplitudes in each row refer to
the corresponding state at that step. The conditions shown in the case |Ψ(𝑛)⟩ hold for all 𝑠 = 1, ..., 𝑛 − 1,
consistently with eq. (3.44).

Following the matrix notation introduced in eq. (3.11), we have

|Ψ⟩ = 1√
4

⎛⎜⎜
⎝

1 0
1/

√
2 1/

√
2

1/
√

2 −1/
√

2
0 1

⎞⎟⎟
⎠

. (3.47)

As this state satisfies the conditions given in section 3.3.1 about the vanishing endpoints, Ψ1,↓ =
Ψ4,↑ = 0, we know that this is a possible output of a single step. On the other hand, it does not
satisfy the conditions in section 3.3.2 to be the output of two steps. Consider now the evolved state
|Ψ(1)⟩ ≡ 𝒲𝒞1 |Ψ⟩ with 𝒞1 ≡ 𝐻 ≡ 1√

2(𝐼 + 𝑍) the Hadamard matrix. In matrix notation, this will be

|Ψ(1)⟩ = 1√
4

⎛⎜⎜⎜⎜⎜
⎝

1/
√

2 0
1 1/

√
2

0 0
1/

√
2 1

0 −1/
√

2

⎞⎟⎟⎟⎟⎟
⎠

. (3.48)

The vectors 𝒗(1) then equal 𝒗(1)
1 = (1/

√
2, 1/

√
2) and 𝒗(1)

4 = (1/
√

2, −1/
√

2), which are orthogonal,
consistently with |Ψ(1)⟩ being output of two steps. Let us consider an additional step with coin
𝒞2 = 1√

2(𝐼 + 𝑖𝑋). Writing the output with |Ψ(2)⟩ = 𝒲𝒞2 |Ψ(1)⟩, we have

|Ψ(2)⟩ = 1
4

⎛⎜⎜⎜⎜⎜⎜⎜
⎝

1 0
𝑖 +

√
2 𝑖

0 1 + 𝑖
√

2
1 + 𝑖

√
2 0

−𝑖 𝑖 +
√

2
0 −1

⎞⎟⎟⎟⎟⎟⎟⎟
⎠

. (3.49)
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The relevant 𝒗(2) vectors are

𝒗(2)
1 = 1

4 (1
𝑖) , 𝒗(2)

2 = 1
4 (

√
2 + 𝑖

1 + 𝑖
√

2) , 𝒗(2)
4 = 1

4 (1 + 𝑖
√

2√
2 + 𝑖 ) , 𝒗(2)

5 = 1
4 (−𝑖

−1) , (3.50)

It is then straightforward to verify that 𝒗(2)†
1 𝒗(2)

5 = 0. Furthermore, 𝒗(2)†
1 𝒗(2)

4 = 1/8 and 𝒗(2)†
2 𝒗(2)

5 =
−1/8, thus 𝒗(2)†

1 𝒗(2)
4 + 𝒗(2)†

2 𝒗(2)
5 = 0, again consistently with the results of section 3.3.3. As a last

remark, let us show how we would go in recovering the coin operators generating |Ψ(2)⟩, assuming
we are only given this state without further knowledge. The idea behind such reconstruction is to
observe that if ̃𝒞1 is such that 𝒲 ̃𝒞1

|Φ′⟩ = |Ψ(2)⟩ for some |Φ′⟩, then, from eq. (3.10), we know that
̃𝒞†
1𝒗(2)

1 ≃ (1, 0)𝑇 and ̃𝒞†
1𝒗(2)

5 ≃ (0, 𝑒𝑖𝜙)𝑇 for some 𝜙1 ∈ ℝ. It follows that

̃𝒞1 = 1√
2

(1 𝑒𝑖𝜙1𝑖
𝑖 𝑒𝑖𝜙1 ) . (3.51)

This is clearly consistent with the coin operation being 1√
2(𝐼+𝑖𝑋), but also shows that multiple initial

states are compatible with the output, thanks to the freedom in choosing 𝜙1. The corresponding |Φ′⟩
are then

|Φ′⟩ = 1
2
√

2

⎛⎜⎜⎜⎜⎜
⎝

1 0√
2 𝑒−𝑖𝜙1

0 0
1

√
2𝑒−𝑖𝜙1

0 −𝑒−𝑖𝜙1

⎞⎟⎟⎟⎟⎟
⎠

, (3.52)

consistently with eq. (3.48). Going further back, we use
√

2𝒗(1)
1 = (1, 𝑒−𝑖𝜙1)𝑇 and

√
2𝒗(1)

4 =
(1, −𝑒−𝑖𝜙1)𝑇 to find the previous possible coins ̃𝒞2 to be of the form

̃𝒞2 = 1√
2

( 1 𝑒𝑖𝜙2

𝑒−𝑖𝜙1 −𝑒𝑖(𝜙2−𝜙1)) , (3.53)

for all 𝜙2 ∈ ℝ. The reconstructed initial state |Φ⟩ is then found to have the form

|Φ⟩ = 1
2
√

2
⎛⎜⎜⎜
⎝

√
2 0

1 𝑒−𝑖𝜙2

1 −𝑒−𝑖𝜙2

0
√

2𝑒−𝑖𝜙2

⎞⎟⎟⎟
⎠

. (3.54)

An interesting feature emerging from this example is that the freedom in the choice of the coin op-
erations does not “cumulate”, in the sense that the possible states producing a target after a number
of steps are still uniquely defined up to only a phase difference between the two coin states.

3.3.5 Find coin operators generating a state

(Goal of the section) In section 3.3 we showed that, if |Ψ⟩ = 𝒲𝒞𝑛
⋯ 𝒲𝒞1 |Ψin⟩, then the

amplitudes of |Ψ⟩ must satisfy the conditions given in eq. (3.44). Here we show that also
the opposite holds: given a state |Ψ⟩ satisfying eq. (3.44), there is always a choice of coin
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operations 𝒞𝑖 and initial state |Ψin⟩ that produce |Ψ⟩.

(Vanishing amplitudes imply state is output of one step) Suppose that a state |Ψ⟩ over
𝑛 sites satisfies Ψ1,↓ = Ψ𝑛,↑ = 0. Then, for any choice of unitary coin operator 𝒞, there
is some |Ψ(−1)⟩ such that |Ψ⟩ = 𝒲𝒞 |Ψ(−1)⟩. This is straightforward, as 𝒲𝒞 |Ψ(−1)⟩ will
always have vanishing extremal amplitudes, regardless of 𝒞. For a given choice of 𝒞, the
initial state |Ψ(−1)⟩ is uniquely determined by |Ψ(−1)⟩ = 𝒲−1

𝒞 |Ψ⟩.

(Reconstructing coin operators after two steps) Suppose now that |Ψ⟩, on top of Ψ1,↓ =
Ψ𝑛,↑ = 0, also satisfies 𝒗†

1𝒗𝑛−1 = 0. By the previous paragraph, we know that there is
|Ψ(−1)⟩ , 𝒞 such that |Ψ⟩ = 𝒲𝒞 |Ψ(−1)⟩. Then,

𝒗1 = 𝒞(Ψ(−1)
1,↑ , Ψ(−1)

1,↓ )𝑇 and 𝒗𝑛−1 = 𝒞(Ψ(−1)
𝑛−1,↑, Ψ(−1)

𝑛−1,↓)𝑇 , (3.55)

and (Ψ(−1)
1,↑ , Ψ(−1)

2,↓ ) orthogonal to (Ψ(−1)
𝑛−1,↑, Ψ(−1)

𝑛,↓ ). We already proved that |Ψ(−1)⟩ = 𝒲𝒞′ |Ψ(−2)⟩
for some 𝒞′, |Ψ(−2)⟩ if and only if the extremal amplitudes vanish, thus, for |Ψ⟩ to be out-
put of two steps of QW, we must have Ψ(−1)

1,↓ = Ψ(−1)
𝑛−1,↑ = 0. This, in turn, imposes a

constraint on 𝒞, which must be a unitary such that

𝒗1 = 𝒞 (Ψ(−1)
1,↑
0 ) , 𝒗𝑛−1 = 𝒞 ( 0

Ψ(−1)
𝑛−1,↓

) . (3.56)

This implies that 𝒞′ must be a unitary whose columns equal, up to normalisation, 𝒗1 and
𝒗𝑛−1. Note that a phase can also be added to each column independently without affecting
these relations. Remembering that unitaries differing only by a global phase are effectively
equivalent, we can write the set of viable coin operators as 𝒞 = (𝒗1/‖𝒗1‖, 𝑒𝑖𝜙𝒗𝑛−1/‖𝒗𝑛−1‖),
for some 𝜙 ∈ ℝ. We thus conclude that, for any such 𝒞, we have |Ψ(−1)⟩ ≡ 𝒲−1

𝒞 |Ψ⟩ such
that Ψ′

1,↓ = Ψ′
𝑛−1,↑ = 0, and thus for any choice of 𝒞′ there is also some |Ψ(−2)⟩ such that

|Ψ⟩ = 𝒲𝒞𝒲𝒞′ |Ψ(−2)⟩.

(General case) The general case of |Ψ⟩ satisfying
𝑠

∑
𝑖=1

𝒗†
𝑖 𝒗𝑚−1−𝑠+𝑖 = 0 for all 𝑠 = 1, ..., ℓ − 1 (3.57)

is fully analogous. We start by using 𝒗†
1𝒗𝑛−1 = 0 to find a coin 𝒞 such that |Ψ(−1)⟩ =

𝒲−1
𝒞 |Ψ⟩ has vanishing extremal amplitudes. This will be satisfied by any matrix whose

columns are 𝒗1𝑒𝑖𝜙1/‖𝒗1‖ and 𝒗𝑛−1𝑒𝑖𝜙2/‖𝒗𝑛−1‖ for arbitrary 𝜙1, 𝜙2 ∈ ℝ. We then observe
that, denoting with 𝒖′

𝑖 ≡ (𝑢𝑖,↑, 𝑢𝑖,↓) the amplitudes of |Ψ(−1)⟩, we have
𝑠

∑
𝑖=1

𝒗†
𝑖 𝒗𝑚−1−𝑠+𝑖 =

𝑠
∑
𝑖=1

𝒖′†
𝑖 𝒖′

𝑚−1−𝑠+𝑖 =
𝑠−1
∑
𝑖=1

𝒗′†
𝑖 𝒗′

𝑚−1−𝑠+𝑖 = 0. (3.58)

This shows that |Ψ′⟩ also satisfies eq. (3.57) with 𝑚 → 𝑚 − 1 and ℓ → ℓ − 1, which then
allows to iterate the same reasoning.
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3.4 Focusing on walker states

(Goal of the section) In section 3.3 we characterised the states that can be generated via
QWs. Here, we consider the scenario in which one is interested in generating a target
qudit state over the walker’s degree of freedom, as opposed to a target in the full walker
and coin space. We thus fix a number of steps 𝑛 and a target superposition over the sites
|𝜙⟩ = ∑𝑛+1

𝑖=1 𝑢𝑖 |𝑖⟩, and ask whether there is a combination of coins {𝒞𝑖}𝑛
𝑖=1, a final coin

state |𝛾⟩, and an initial state |Ψ0⟩ = |1, 𝛼⟩ for some initial coin state |𝛼⟩, such that, up to a
normalisation factor,

⟨𝛾|𝒲𝒞𝑛
⋯ 𝒲𝒞1|Ψ0⟩ = |𝜙⟩ . (3.59)

Such protocols are clearly probabilistic in general, but this is not a big hurdle provided
the projection probabilities are not vanishingly small. In particular, we are interested in
finding whether arbitrary |𝜙⟩ can be generated in this way. The main tools that will be
used to answer this question are the results of section 3.3. We will find the answer to
be positive, albeit with a few degenerate conditions that the |𝜙⟩ need to satisfy. For the
analytical results, we focus on the case of the coin being projected over |+⟩, and provide
numerical results for the more general case.

(Derive reachability conditions) Let |𝜙⟩ be an arbitrary superposition of 𝑛 + 1 sites with
amplitudes 𝑢𝑘 ≡ ⟨𝑘|𝜙⟩. We want to find a reachable state |Φ⟩, in the full walker and coin
space, such that |+⟩ ⟨+|Φ⟩ ∝ |𝜙⟩⊗|+⟩. Denoting with Φ𝑖,𝑠 the amplitudes of |Φ⟩, this
amounts to finding a |Φ⟩ whose amplitudes simultaneously satisfy, on top of the reach-
ability conditions of eq. (3.44), the relations 𝑁(Φ𝑖,↑ + Φ𝑖,↓) = 𝑢𝑖 for all 𝑖. In order to do
this, we parametrize the set of all walker states |Φ⟩ whose amplitudes give the target after
projection as

|Φ⟩ = 𝑁−1/2 (𝑢1 |1, ↑⟩ + 𝑢𝑛+1 |𝑛 + 1, ↓⟩ +
𝑛

∑
𝑖=2

[(𝑢𝑖 − 𝑑𝑖) |𝑖, ↑⟩ + 𝑑𝑖 |𝑖, ↓⟩]) , (3.60)

where (𝑑𝑖)𝑛
𝑖=2 are complex parameters to be determined, and 𝑁 ∈ ℝ ensures the normali-

sation. Projecting eq. (3.60) over the coin state |+⟩ gives the correct result for any choice of
𝑑𝑖. The problem is thus reduced to finding (𝑑𝑖)𝑛

𝑖=2 corresponding to a reachable state. If a
set of coefficients is then found to generate the target state, the associated projection prob-
ability is computed as ‖ ⟨+|Φ⟩ ‖2 = 1/2𝑁 . From section 3.3, we know that |Φ⟩ is reachable
if and only if eq. (3.44) is satisfied. Together with eq. (3.60) these conditions translate into
∑𝑠

𝑖=1 𝒗†
𝑖 𝒗𝑛−𝑠+𝑖 = 0 for all 𝑠 = 1, … , 𝑛 − 1, where

𝒗𝑖 ≡ (𝑢𝑖 − 𝑑𝑖
𝑑𝑖+1

) , with 𝑑1 = 0 and 𝑑𝑛+1 = 𝑢𝑛+1. (3.61)

Explicitly, we then get the following conditions on the parameters 𝑑𝑖:
𝑠

∑
𝑖=1

[(𝑢𝑖 − 𝑑𝑖)∗(𝑢𝑖+(𝑛−𝑠) − 𝑑𝑖+(𝑛−𝑠)) + 𝑑∗
𝑖+1𝑑𝑖+(𝑛−𝑠)+1] = 0, (3.62)
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for every 𝑠 = 1, … , 𝑛 − 1, with 𝑑1 = 0 and 𝑑𝑛+1 = 𝑢𝑛+1. Isolating the unknowns from the
rest of the parameters, we rewrite eq. (3.62) as

2
𝑠

∑
𝑖=2

𝑑∗
𝑖 𝑑𝑖+(𝑛−𝑠) +

𝑠
∑
𝑖=1

𝑢∗
𝑖𝑢𝑖+(𝑛−𝑠) −

𝑛
∑

𝑖=𝑛−𝑠+1
𝑢∗

𝑖−(𝑛−𝑠)𝑑𝑖 −
𝑠

∑
𝑖=2

𝑢𝑖+(𝑛−𝑠)𝑑∗
𝑖 + 𝑢𝑛+1𝑑∗

𝑠+1 = 0. (3.63)

If we then define

𝑄𝑠 ≡ 2
𝑠

∑
𝑖=2

|𝑖⟩⟨𝑖 + (𝑛 − 𝑠)| , 𝐶𝑠 ≡
𝑠

∑
𝑖=1

𝑢∗
𝑖𝑢𝑖+(𝑛−𝑠), ̃𝒅 ≡ (𝒅, 1)𝑇 ,

𝜶𝑠 ≡ −
𝑛

∑
𝑖=1+(𝑛−𝑠)

𝑢𝑖−(𝑛−𝑠) |𝑖⟩ , 𝜷𝑠 ≡ −
𝑠

∑
𝑖=2

𝑢𝑖+(𝑛−𝑠) |𝑖⟩ + 𝑢𝑛+1 |𝑠 + 1⟩ ,
(3.64)

we conclude that the reachability condition is equivalent to the following system of com-
plex quadratic equations:

̃𝒅† (𝑄𝑠 𝜷𝑠
𝜶†

𝑠 𝐶𝑠
) ̃𝒅 = 0. (3.65)

This shows that the conditions in eq. (3.62) are equivalent to a system of quadratic equa-
tions of the form ̃𝒅†𝑀𝑠 ̃𝒅 = 0 for all 𝑠 = 1, … , 𝑛 − 1. Splitting into real and imaginary
components, eq. (3.62) becomes a system of 2(𝑛 − 1) real quadratic equations in 2(𝑛 − 1)
real variables. It follows that eq. (3.62) has solutions for almost all target states, except for
a subset of states of measure zero. More generally, eq. (3.62) can be solved numerically
with ease for small 𝑛, giving multiple solutions for any randomly selected target state. As
remarked above for the general case, it is still possible for a solution of eq. (3.62) to not exist,
provided some specific degenerate conditions are met. Further analysis of the analytical
solution for two steps is provided in section 3.4.1.

(Probabilistic nature of the protocol) A solution of eq. (3.62), once found, can be used to
compute the coin parameters producing a target |Φ⟩, as shown in section 3.3.5. This effec-
tively allows to generate superpositions of 𝑛 + 1 sites using 𝑛 QW steps, via projection of
the coin state over |+⟩ at the end of the walk. However, the projection makes the scheme
probabilistic, so it is important to ensure that the generation probabilities are not vanish-
ingly small. We tested this with up to 5 steps analysing the solutions of eq. (3.62), and with
up to 20 steps finding the coin parameters generating target states using a more general
numerical maximisation algorithm. The results of these analyses are given in sections 3.4.2
and 3.4.3, where we also consider the approximate (namely, with fidelity smaller than 1)
engineering of target states, and the robustness of the method with respect to imperfec-
tions of the coin parameters. We will also find that in the vast majority of instances the
numerical maximisation identifies coin parameters able to generate arbitrary target states
with both high probabilities and fidelities. The code used to produce these results is avail-
able on GitHub2.

2https://github.com/lucainnocenti/QSE-with-QW-code

75

https://github.com/lucainnocenti/QSE-with-QW-code
https://github.com/lucainnocenti/QSE-with-QW-code


3.4.1 Analytical solutions for two steps

(Summary of the section) In this section we study the solutions obtained in the case of
two steps, asking which states are reachable and with what probabilities, as well as the
stability of these solutions with respect to small perturbations of the coin parameters.

(𝑛 = 2 case) In the 𝑛 = 2 case eq. (3.62) reduces to the single condition:

𝑢∗
1𝑑2 − 𝑢3𝑑∗

2 = 𝑢∗
1𝑢2. (3.66)

Splitting into real and imaginary components, we see that this is equivalent to

{(𝑢1𝑅 − 𝑢3𝑅)𝑑2𝑅 + (𝑢1𝐼 − 𝑢3𝐼)𝑑2𝐼 = 𝑢1𝑅𝑢2𝑅 + 𝑢1𝐼𝑢2𝐼
(𝑢1𝑅 + 𝑢3𝑅)𝑑2𝐼 − (𝑢1𝐼 + 𝑢3𝐼)𝑑2𝑅 = 𝑢1𝑅𝑢2𝐼 − 𝑢1𝐼𝑢2𝑅, (3.67)

where 𝑢𝑖𝑅 and 𝑢𝑖𝐼 denote the real and imaginary parts of 𝑢𝑖, respectively. In matrix nota-
tion, this corresponds to the linear system

( 𝑢1𝑅 − 𝑢3𝑅 𝑢1𝐼 − 𝑢3𝐼
−𝑢1𝐼 − 𝑢3𝐼 𝑢1𝑅 + 𝑢3𝑅

) (𝑑2𝑅
𝑑2𝐼

) = (𝑢1𝑅𝑢2𝑅 + 𝑢1𝐼𝑢2𝐼
𝑢1𝑅𝑢2𝐼 − 𝑢1𝐼𝑢2𝑅

) . (3.68)

(Solutions when |𝑢1| ≠ |𝑢3|) The determinant of the matrix on the left hand side is |𝑢1|2 −
|𝑢3|2, and thus, for |𝑢1| ≠ |𝑢3|, the system is invertible, and the solution can be written
again in complex form as

𝑑2 = 𝑢1(𝑢∗
1𝑢2 + 𝑢∗

2𝑢3)
|𝑢1|2 − |𝑢3|2 for |𝑢1| ≠ |𝑢3|. (3.69)

This implies that any state of the form

𝑁−1/2 ⎛⎜⎜
⎝

𝑢1 0
𝑢3(𝑢∗

3𝑢2+𝑢∗
2𝑢1)

|𝑢3|2−|𝑢1|2
𝑢1(𝑢∗

1𝑢2+𝑢∗
2𝑢3)

−|𝑢3|2+|𝑢1|2
0 𝑢3

⎞⎟⎟
⎠

, (3.70)

for a suitable normalisation constant 𝑁 , can be generated with two steps of QW evolution,
and when projected onto the |+⟩ coin state gives the target state 𝑢1 |1⟩+𝑢2 |2⟩+𝑢3 |3⟩. Us-
ing the above expression we can compute the projection probability of reaching a specific
target state, which, as remarked before, equals 1/2𝑁 . In this case 𝑁 is given by

𝑁 = |𝑢1|2 + |𝑢3|2 + |𝑢2 − 𝑑2|2 + |𝑑2|2 = (|𝑢1|2 + |𝑢3|2) [1 + |𝑢∗
3𝑢2 + 𝑢∗

2𝑢1|2
(|𝑢3|2 − |𝑢1|2)2 ] . (3.71)

In the special case of 𝑢1, 𝑢2, 𝑢3 ∈ ℝ, 𝑢3 ≥ 0, this probability becomes

𝑝 = 1
2 [𝑢2

1 + (𝑢2 − 𝑑2)2 + 𝑑2
2 + 𝑢2

3]−1 = (𝑢1 − 𝑢3)2

2(1 − 𝑢2
2)(1 − 2𝑢1𝑢3), (3.72)
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with 𝑢3 = √1 − 𝑢2
1 − 𝑢2

2. Figures 3.4 and 3.5 show how this probability depends on 𝑢1
and 𝑢2. Already in this simple case some interesting features emerge. For example, 𝑝
vanishes for 𝑢1 = 𝑢3. On the other hand, for 𝑢1 = −𝑢3, the probability does not vanish,
which may appear puzzling because in this case eq. (3.69) itself is singular. A more careful
analysis of eq. (3.69) shows however that 𝑢1 = −𝑢3 corresponds to a removable singularity,
consistently with the corresponding non-vanishing projection probability.

(Solutions when |𝑢1| = |𝑢3|) When the |𝑢1| ≠ |𝑢3| condition is not met, the solution
space changes significantly. Consider for example the case 𝑢1 = 𝑢3 ≠ 0. Substituting this
into eq. (3.69) we get the conditions:

{𝑢1𝑅𝑢2𝑅 + 𝑢1𝐼𝑢2𝐼 = 0,
𝑢1𝑅(2𝑑𝐼 − 𝑢2𝐼) + 𝑢1𝐼(−2𝑑𝑅 + 𝑢2𝑅) = 0. (3.73)

For 𝑢1𝑅 = 0, eq. (3.73) implies that either 𝑢1𝐼 = 0, or 𝑢1𝐼 ≠ 0 and 𝑢2𝐼 = 𝑢2𝑅 − 2𝑑𝑅 = 0.
In the former case, where 𝑢1𝑅 = 𝑢1𝐼 = 𝑢3 = 0 and thus also 𝑢2 = 𝑒𝑖𝛼, the state before the
projection is then

1
[1 + 2|𝑑2|2 − 2ℜ(𝑑2𝑒−𝑖𝛼)]1/2

⎛⎜
⎝

0 0
𝑒𝑖𝛼 − 𝑑2 𝑑2

0 0
⎞⎟
⎠

, (3.74)

where ℜ(𝑎) denotes the real part of 𝑎. An interesting feature of this solutions is that it
shows that there can be many possible reachable states giving a target after projection,
as any value of 𝑑2 gives a valid different solution, with different solutions correspond-
ing to different projection probabilities. This was not the case for eq. (3.70), in which the
projection probability was univocally determined by the choice of target state. The coins
generating these states when the initial state is |1, ↑⟩ are

𝒞(2) = ( 0 𝑒𝑖𝜃1

𝑒𝑖𝜃2 0 ) , 𝒞(1) = 1
[1 + 2|𝑑2|2 − 2ℜ(𝑑2𝑒−𝑖𝛼)]1/2 (𝑒−𝑖𝜃2(𝑒𝑖𝛼 − 𝑑2) •

𝑒−𝑖𝜃1𝑑2 •), (3.75)

where the second column of 𝒞(1) is chosen in order to make the overall matrix unitary.
The probabilities of these solutions are then 1/2[1 + 2|𝑑2|2 − 2ℜ(𝑑2𝑒−𝑖𝛼)]. The maximal
probability is then easily seen to be 1, corresponding to 𝑑2 = 𝑒𝑖𝛼/2. When 𝑢1𝐼 ≠ 0, we
must have 𝑢2𝐼 = 𝑢2𝑅 − 2𝑑𝑅 = 0, which correspond to the following full output states:

1
[2𝑢2

1𝐼 + 𝑢2
2𝑅/2 + 2𝑑2

𝐼 ]1/2
⎛⎜
⎝

𝑖𝑢1𝐼 0
𝑢2𝑅

2 − 𝑖𝑑𝐼
𝑢2𝑅

2 + 𝑖𝑑𝐼
0 𝑖𝑢1𝐼

⎞⎟
⎠

. (3.76)

We find again that multiple solutions are possible to generate targets states of the form
(𝑖𝑢1𝐼, 𝑢2𝑅, 𝑖𝑢1𝐼), with different projection probabilities corresponding to different solu-
tions. The probabilities in this case are given by 1/[2 (2𝑢2

1𝐼 + 𝑢2
2𝑅/2 + 2𝑑2

𝐼)], the value of
which ranges from 0, when 𝑑𝐼 → ∞, to a maximum of 1/[2(2𝑢2

1𝐼 + 𝑢2
2𝑅/2)] when 𝑑𝐼 = 0.
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Figure 3.4: Probability given by eq. (3.72) plotted against 𝑢1 and 𝑢2, for the special case of 𝑢1, 𝑢2 ∈ ℝ.

Unlikely the 𝑢1𝐼 = 0 case, we thus find that these types of target states cannot be generated
deterministically with this type of dynamic. These different solutions also present differ-
ent degrees of stability with respect to small changes of the coin parameters. To illustrate
this, in fig. 3.6 shows how the fidelity varies when perturbing one of the coin parameters
generating a state of the form eq. (3.76), for various values of 𝑑𝐼 .

3.4.2 Numerical solution of reachability conditions

(Different numbers of solutions for different numbers of steps) While, as shown in sec-
tion 3.4.1, the 𝑛 = 2 case can be fully explored analytically, this is significantly more
complicated for larger numbers of steps. Nonetheless, eq. (3.62) can still be tackled, albeit
numerically, for 𝑛 = 2, 3, 4, 5. In this section, we present the results of doing so for a num-
ber of random target states sampled uniformly at random. Equation (3.62) gives different
numbers of solutions for different target states and number of steps: there is always a sin-
gle solution for 2 steps, two or four solutions for 3 steps, 3, 5, 7 or 9 solutions for 4 steps,
and 6, 8, 10, 12, 14 or 16 solutions for 5 steps.

(Behaviour of projection probabilities) Different solutions for the same target state corre-
spond to different dynamics before the projection, and therefore different projection prob-
abilities. This can be seen in fig. 3.7, where we report maximum and minimum projection
probabilities for each randomly generated target state. These results highlight the advan-
tages of solving eq. (3.62): having access to the whole set of solutions, we can choose the
most convenient one in terms of projection probability. Moreover, having access to the
various solutions generating a given target state, we can study their stability properties.
As shown in fig. 3.8, a general trend is that sets of coin parameters associated to smaller
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Figure 3.5: Probability given by eq. (3.72) plotted against 𝑢2, for various choices of 𝑢1. Each line corresponds
to a slice taken from fig. 3.4.

projection probabilities are also less stable, in the sense that a small perturbation of a coin
parameter can lead to a state significantly different than the target one.

(Solutions for the special case of fully balanced states) As an example, we can use this
method to generate a balanced superposition over 4 sites (using therefore 3 steps): |𝜙⟩ =
(1, 1, 1, 1)/2. This results in two solutions, 𝒅 = (−𝑖, 1 + 𝑖)/2 and 𝒅 = (𝑖, 1 − 𝑖)/2, corre-
sponding to the full states

1
2( |1, ↑⟩ + (1 ∓ 𝑖) |2, ↑⟩ ± 𝑖 |2, ↓⟩ ± 𝑖 |3, ↑⟩ + (1 ∓ 𝑖) |3, ↓⟩ + |4, ↓⟩ ), (3.77)

which both result in a projection probability over |+⟩ of 1/4. The same procedure applied
to a balanced superposition over 6 sites (5 steps) results in 6 solutions, 2 of which with
real 𝒅 and projection probability ≃ 0.145, and the other 4 with complex 𝒅 and projections
probabilities of 1/6. It is worth noting that while the projection probabilities over balanced
superpositions over 𝑛 sites seem to vanish with 1/2𝑛, a simple phase change of an element
can radically change this probability. As an example, again the case of 6 sites, if the target
state is instead |𝜙⟩ ∝ (1, 1, 1, 1, 1, −1) the maximum projection probability becomes ≃
0.35. The stability of the above solutions for balanced states when a small perturbation is
applied to the coin parameters is shown in fig. 3.9.
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Figure 3.6: Fidelity vs a relative change of the value of a coin parameter, for different values of 𝑑𝐼 . Starting
from eq. (3.76), we use as target state the normalised vector 𝒖 = 𝑁(0.5𝑖, 0.2, 0.5𝑖), and for various values
of 𝑑𝐼 we compute the coin parameters generating the full state shown in eq. (3.76). We then take a single coin
parameter, the parameter 𝜃 in the first step, and substitute it with 𝜖𝜃, plotting the resulting fidelity between
target and generated states as a function of 𝜖. Larger values of 𝑑𝐼 clearly correspond to higher instability.
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Figure 3.7: Distribution of projection probabilities computed 1) solving eq. (3.62) for the parameters 𝑑𝑖,
2) computing the projection probabilities associated to each full state given by one such solution set, and 3)
picking the solution set for the {𝑑𝑖} associated to lowest (orange) and highest (blue) projection probabilities.
The shown data is for the cases of 2, 3, 4 and 5 steps. For 2, 3 and 4 steps the data shows the distribution
of probabilities from a sample set of 20000 target states, drawn according to the uniform Haar measure over
the set of target states. For 5 steps only 6000 states were used (being this case much more computationally
expensive). On the 𝑦-axis we give the fraction of target states in a given bin.
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3.4.3 Numerical fidelity maximisation

(A new method is needed for more than 5 steps) Solving numerically eq. (3.62) for more
than 5 steps is computationally difficult, due to the complexity of the resulting system of
equations. We therefore use a different numerical technique for higher numbers of steps:
we write the fidelity for a given target state as a function of the coin parameters, and find
the set of parameters maximizing such fidelity using a numerical optimisation algorithm.
We manage in this way to find solutions for up to 20 steps much more efficiently than we
could have done by directly solving eq. (3.62).

(How we used the optimisation algorithm) The results of this approach are reported in
fig. 3.10, where we randomly generate a sample of target states, and find through numer-
ical optimisation the set of coin parameters and projections generating them. It is worth
noting that in this procedure we fixed the maximum number of iterations allowed for the
maximisation, not the precision with which the final fidelities are to be found. This is done
for the sake of efficiency, as some solutions are found to be more numerically unstable and
hard to obtain with very high precisions through numerical optimisation.

(Results) As a consequence, as reported in fig. 3.10, some of the solutions are achieved with
relatively low fidelities. Figure 3.10 also hints at a correlation between the more unstable
solutions and low projection probabilities: almost all of the solutions that were reached
with non-optimal fidelities (that is, fidelity less than 0.99) were also found to correspond to
low projection probabilities. This is consistent with the intuition provided by fig. 3.8, that
the lower probability solutions are more unstable with respect to variations of the coin
parameters. Figure 3.10 shows that in ∼90% (85%) of the sampled instances we obtain
strategies to generate, after 15 (20) steps, states with 𝑝 > 0.02 and ℱ > 0.99. It is worth
noting that — given the sharp difference between minimum and maximum probabilities
reported in fig. 3.7, and the above reasoning substantiated by figs. 3.6 and 3.10 — there
are strong reasons to believe that almost all target states can be achieved with both high
fidelities and probabilities, by properly fine-tuning the optimisation algorithm.

3.5 Conclusions

We derived explicit conditions characterising states reachable via time-dependent coined
QWs. Leveraging this result, we proved that almost all walker states can be probabilisti-
cally generated by projecting the coin at the end of the walk. We found explicit conditions
to determine when this is viable, and discussed both analytical and numerical methods
to compute the coins generating a target state. We also analysed the resulting projection
probabilities, providing numerical evidence that, at least up to 20 steps, these are not van-
ishingly small, making the protocol feasible. Given the ubiquity of QWs, our approach
has the potential to facilitate the engineering of high-dimensional quantum states in a
wide range of physical systems. A possible interesting physical implementation of our
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protocol uses polarisation and orbital angular momentum of light as physical embodi-
ments of coin and walker states, leveraging the nonlinear optical device known as q-plate
to implement the controlled-shift operation. One such implementation will be discussed
in chapter 4. More generally, our work contributes to the understanding of QW dynamics
at a fundamental level, and is likely to be useful in any situation involving states produced
by time-dependent QWs.

On top of furthering our understanding of the fundamental structure of QWs, our results
suggest a few interesting research directions. These include exploiting our proposed char-
acterisation of the states producible via QWs to generate states of interest in different ap-
plications, figuring out whether our results can be generalised to more general QW dy-
namics, e.g. ones involving higher-dimensional coins. Moreover, an interesting venue of
future research is figuring out exactly which properties of the QW dynamics make our
characterisation possible — given a dynamics characterised by repeated application of
some “elementary” operation 𝒰𝒄 parametrised by parameters 𝒄, when can the full set of
output states be characterised as we did for one-dimensional QWs? An alternative direc-
tion of research is the exploration of what kinds of entangled states can be generated using
pairs of QWs — do we have sufficient control on the single QWs to generate interesting en-
tangled states, or transfer entanglement between coin and walker degrees of freedom?
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Figure 3.8: Behaviour of projection probability of the solutions found solving eq. (3.62) for the target state
|𝜙⟩ ∝ (0.053, −0.078 + 0.603𝑖, −0.524 + 0.189𝑖, −0.302 + 0.363𝑖, 0.182 + 0.099𝑖, 0.042 − 0.224𝑖).
In each of the plots, the final fidelity is plotted against many coin parameters, each time fixing the value of all
of them except for one, whose value is changed by an absolute value 𝜖 (x-axis). The 6 figures correspond to
the 6 solutions for this target state, having respectively the projection probabilities: 0.0014 (top left), 0.0020
(top right), 0.0036 (middle left), 0.0038 (middle right), 0.14 (bottom left) and 0.398 (bottom right). As
clearly illustrated in this case, solutions with low projection probabilities tend to present a higher degree
of instability with respect to small changes of the coin parameters. A standard parametrisation of 𝑆𝑈(2)
unitaries is used for the coin operations. The 𝜃, 𝜁 notation is in particular the same used in (Chandrashekar,
2008a): 𝒞𝜃,𝜁 = cos(𝜃)𝑍 + sin(𝜃)(cos(𝜁)𝑋 − sin(𝜁)𝑌 ), with 𝑋, 𝑌 , 𝑍 the Pauli matrices. The parameters
𝜃𝑖, 𝜁𝑖 thus characterise the coin operation at the 𝑖-th step.
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to 𝒞𝜃,𝜁 = cos(𝜃)𝑍 + sin(𝜃)(cos(𝜁)𝑋 − sin(𝜁)𝑌 ), with 𝑋, 𝑌 , 𝑍 the Pauli matrices. The parameters
𝜃𝑖, 𝜉𝑖, 𝜁𝑖 thus characterise the coin operation at the 𝑖-th step.
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Figure 3.10: Distribution of projection probabilities for randomly sampled states, computed with the numeri-
cal maximisation described in section 3.4.3. Both plots show the probabilities associated to a set of 3000 target
states sampled from the uniform Haar distribution, for 15 and 20 steps. The light orange (upper) histograms
represent the total number of target states found to correspond to a given range of probability. Starting from
these datasets, we progressively removed the states that were found to reproduce the target states with fidelity
less than 1 − 10−𝑡, for various values of the threshold 𝑡. Light orange, grey, green, dark orange and purple
(from top to bottom) histograms correspond to thresholds of respectively 𝑡 = 0, 2, 5, 10, 12 (higher thresh-
olds correspond to only a handful of states and are therefore omitted). This data further suggests a connection
between the instability of the found solutions with respect to perturbations of the coin parameters, and the
projection probability, as already hinted in fig. 3.8: it is harder to find numerically with very good fidelity
solutions corresponding to low projection probabilities because of their more unstable nature. It is also impor-
tant to note that the solutions shown here are generally not the optimal ones, as the optimisation algorithm
only seeks to optimize the final fidelity, regardless of the corresponding projection probability.
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Chapter 4

Experimental engineering of qudit states

(Summary of the work) In this chapter we present an experimental implementation of
the state engineering scheme discussed in chapter 3, leveraging the coin space of a QW as
an auxiliary degree of freedom to engineer target qudits. We use for the purpose an ex-
perimental apparatus implementing time-dependent QWs in the polarisation and OAM
degrees of freedom (Zhang, 2010; Goyal, 2013; Cardano, 2015a), exploiting the so-called Q-
Plates (QPs) (Marrucci, 2006) to implement the controlled-shift QW operation. To bench-
mark and showcase the potential of the apparatus, we demonstrate the engineering of
several classes of states. The work described in this chapter can be found in (Giordani,
2019). The experimental aspects of this work have been carried out by the team in Rome,
while myself and collaborators in Belfast worked on all theoretical aspects surrounding it,
including data analysis, proposal of interesting states to engineering, and devising of the
coin operations required to do it.

(Chapter outline) Section 4.1 gives a brief overview of OAM and Vector Vortex Beams
(VVBs). In section 4.2 we describe how the protocol put forward in chapter 3 is used to
experimentally engineer six-dimensional qudits. We then present and discuss the experi-
mental results in section 4.3, and give our conclusions and outlook in section 4.4.

4.1 Orbital angular momentum of light

(Orbital angular momentum of light) Electromagnetic fields carry angular momentum
(Jackson, 1999). Classically, the angular momentum density of an electromagnetic field
is given, up to constants, by 𝑴 = 𝒓 × (𝑬 × 𝑩), with 𝒓, 𝑬, 𝑩 the position vector, elec-
tric field, and magnetic field, respectively. The vector field 𝑴 can be decomposed in an
intrinsic component, the so-called spin angular momentum, and an extrinsic one, its OAM:
𝑴 = 𝑺 +𝑳 with 𝑺, 𝑳 spin and orbital angular momentum vectors, albeit this decomposi-
tion is not gauge invariant, and thus not always sensible (Ohanian, 1986; Cameron, 2015).
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The spin angular momentum is often understood to be due to an internal degree of free-
dom of the fields, and is what we usually refer to as the polarisation of the field. The OAM is
instead a property of the spatial structure of the field. A first experimental demonstration
of transfer of spin angular momentum of light to matter was given in (Beth, 1936). A few
decades later, Allen and collaborators showed that specific types of laser modes also carry
an amount of orbital angular momentum, owing to the nontrivial phase structure of their
transverse beam profile (Allen, 1992). Despite the Poynting vector 𝑬 × 𝑩 always pointing
in the propagation direction for transverse beams, and thus 𝒓×(𝑬×𝑩) being vanishing in
such direction, Allen et al. realised that TEM𝑝ℓ𝑞 laser modes are in general not transverse,
having a component in the propagation direction. Because of this, they could show that,
for this fields, 𝑴 has a component in the propagation direction, and thus the beams carry
OAM. Since Allen’s groundbreaking work, the OAM of light found several applications
in quantum information theory (Allen, 1999; Padgett, 2004; Barnett, 2007; Molina-Terriza,
2007; Franke-Arnold, 2008; Yao, 2011; Erhard, 2017; Padgett, 2017; Cozzolino, 2019b). In
particular, OAM of photons has been used for communication protocols (Langford, 2004),
quantum metrology (D’Ambrosio, 2013a), as well as to study quantum correlations (Mair,
2001; Vaziri, 2002; Leach, 2010; Dada, 2011; Pors, 2011; Fickler, 2012; Malik, 2016). The
most common types of helical laser beams carrying OAM are Laguerre-Gauss (LG) modes,
here denoted with 𝐿𝐺ℓ

𝑝. These are solutions of the Helmholtz equation in cylindrical coor-
dinates in the paraxial approximation. LG modes are defined by two quantum numbers, 𝑝
and ℓ, respectively characterising the radial and azimuthal structure of the mode. A char-
acteristic feature of these beams is their azimuthal phase dependence — 𝐿𝐺ℓ

𝑝 ∼ 𝑒𝑖ℓ𝜙 with
𝜙 the azimuthal coordinate in the plane transverse to the propagation direction — as well
as their carrying an integer amount of OAM. More explicitly, LG modes are characterised,
in cylindrical coordinates in the transverse propagation plane, by the amplitude profile
𝑢𝑝,ℓ(𝑟, 𝜃) given by (Doster, 2016):

𝑢𝑝,ℓ(𝑟, 𝜃) = √ 2𝑝!
𝜋(𝑝 + 𝑚)! (𝑟

√
2

𝑤0
)

|ℓ|
𝐿|ℓ|

𝑝 (2𝑟2)𝑒𝑖ℓ𝜃, (4.1)

where 𝐿ℓ
𝑝 are the generalised Laguerre polynomials of 𝑝 and ℓ, and 𝑤0 is the beam waist.

In figs. 4.1 and 4.2 we give two examples of the transverse intensity profile of LG modes
with different azimuthal quantum numbers ℓ.

(Coupling OAM with polarisation) While in vacuum, the spin and orbital components
of the angular momentum are conserved, this ceases to be the case in inhomogeneous,
anisotropic media. This makes it possible to devise devices which couple spin and OAM
of impinging light. One such device is the so-called Q-Plate (QP) (Marrucci, 2006). When
polarisation and OAM are coupled, we talk of a Vector Vortex Beam (VVB) (Cardano,
2012). VVBs find application in multiple fields of classical and quantum optics (Mar-
rucci, 2011; Cardano, 2015b; Rubinsztein-Dunlop, 2016; Cozzolino, 2019b). In the con-
text of quantum information, VVBs have been studied for their peculiar entanglement
structure (D’Ambrosio, 2016), quantum communication and cryptography (Vallone, 2014;
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Figure 4.1: Transverse profile of an OAM state with
ℓ = 0, 𝑝 = 2.

Figure 4.2: Transverse profile of an OAM state with
ℓ = 1, 𝑝 = 2.

Mirhosseini, 2015; Wang, 2015; Willner, 2015; Malik, 2016; Sit, 2017; Cozzolino, 2019a;
Cozzolino, 2019c), quantum walks (Zhang, 2010; Goyal, 2013; Cardano, 2015a), quantum
simulation (Cardano, 2016; Cardano, 2017), and quantum memories (Parigi, 2015).

(Encoding information in VVBs) Despite their potential, decoding information stored into
VVBs remains nontrivial. Efficient OAM-demultiplexing requires interferometry (Leach,
2002; Slussarenko, 2010; Bauer, 2013) or spatial filtering (Berkhout, 2010; Bolduc, 2013;
Malik, 2014), and these introduce detrimental effects of loss and noise (Qassim, 2014).
More generally, the state tomography of such high-dimensional states is always challeng-
ing (Paris, 2004; Banaszek, 2013). The design and demonstration of reliable techniques
to generate and classify VVBs is thus highly desirable. Previous efforts to find novel
platforms to manipulate VVBs (Cardano, 2015b; Liu, 2016; Rubinsztein-Dunlop, 2016;
Ndagano, 2017), include integrated photonics (Cai, 2012; Liu, 2017; Chen, 2018) and plas-
monic metasurfaces (Karimi, 2014; Yue, 2016).

4.2 State engineering protocol

(Our scheme to implement QWs) We implement QWs with 𝑛 = 5 steps, using OAM as the
physical embodiment of the walker, and the polarisation as the coin. This allows the QW
dynamics to take place in a single light beam. The experimental setup, shown schemat-
ically in figs. 4.3 and 4.4, is similar to the ones used in (Cardano, 2015a; Cardano, 2016).
The number of required optical elements scales linearly with the number of QW steps,
thus avoiding the nonlinear growth of optical paths intrinsic to interferometric implemen-
tations (Zhang, 2010; Goyal, 2013). The coin operations are implemented by suitably ar-
ranging polarisation-rotating waveplates (Simon, 1990). The shift operator is implemented
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Figure 4.3: Pictorial representation of the state engineering protocol. Input states are prepared using a SLM.
The coin operations are realised with sequences of QWP and HWP. The shift operations are implemented
with QPs. The coin is projected at the end of the walk onto the state |+⟩ using a HWP and a PBS. Finally, a
SLM and a SMF are uesd to project the output states onto specific OAM states.

using QPs (Marrucci, 2006). These are birefringent liquid-crystal devices that rise or lower
the OAM quantum number of impinging light conditionally to its polarisation (Marrucci,
2006). More specifically, QPs act on OAM states with azimuthal quantum number 𝑚 and
polarisation |𝐿⟩ or |𝑅⟩ as follows:

|𝐿, 𝑚⟩
QP
−→ cos(𝛿/2) |𝐿, 𝑚⟩ + 𝑖𝑒−2𝑖𝛼0 sin(𝛿/2) |𝑅, 𝑚 + 2𝑞⟩ ,

|𝑅, 𝑚⟩
QP
⟶ cos(𝛿/2) |𝑅, 𝑚⟩ + 𝑖𝑒−2𝑖𝛼0 sin(𝛿/2) |𝐿, 𝑚 − 2𝑞⟩ .

(4.2)

The parameter 𝑞 is referred to as the topological charge of the device. The parameters 𝛼0
and 𝛿 are tunable by changing the orientation of the waveplates. For 𝛿 = 𝜋 and 𝛼 = 𝜋/2
the QP acts as

|𝑅, 𝑚⟩
QP
−→ |𝐿, 𝑚 − 2𝑞⟩ and |𝐿, 𝑚⟩

QP
−→ |𝑅, 𝑚 + 2𝑞⟩ . (4.3)

Single-photon states are generated via a type-II, collinear Spontaneous Parametric Down
Conversion (SPDC) source, separated with a Polarising Beamsplitter (PBS), and then cou-
pled to two Single Mode Optical Fibers (SMFs). One photon acts as the trigger signal,
while the other one undergoes the evolution. After the 5 steps, the coin is projected onto
|+⟩, following the state engineering protocol outlines in section 3.4. This is experimentally
implemented with a final PBS. To reconstruct the OAM states thus generated, the light is
coupled into a SMF after passing through a Spatial Light Modulator (SLM). This allows
to measure arbitrary OAM states with high accuracy (Bolduc, 2013; D’Ambrosio, 2013b).
The state fidelity between generated and target states is estimated by projecting the OAM
onto a basis containing the target state.

(Coupling light into the QPs) Experimental limitations in the maximum achievable num-
ber of steps are due to the generation process of OAM eigenstates by the QPs. To prevent
coupling between the radial and azimuthal parts of the beam during the propagation in
free space, all of the evolution has to happen in the near-field regime (Karimi, 2009; Car-
dano, 2015a). This means that the distance ℓ between consecutive QPs has to be such that

89



a

Coin 2 Coin 3 Coin 4Coin 1 Coin 5

Step 1 Step 2 Step 3 Step 4 Step 5

Input Output
-5 -3 -1 1 3 5

b

APD1

SMF

SLMS1 S2 S3

SMF

Coin projection ۦ+|
S4 S5

C1 C2 C3 C4 C5

Projection 
on arbitrary 
walker state 
|𝜓ۦ

QWP

HWP

Q-plate

PBSLens

Iris

Optical elementsLaser

APD2

PPKTP

c

……

0 n-n

Figure 4.4: More detailed representation of the protocol described in fig. 4.3, focusing on our specific im-
plementation. (a) Evolution of the state through to the five different coin operations. (b) A single-photon
source, composed of a PPKTP crystal, generates pairs of photons, which are then coupled in a SMF. One
photon acts as trigger while the other one is prepared in the state |+⟩ ⊗ |0⟩ through polarisation controllers
and a PBS. Five sets of QWPs and HWPs implement the coin operators at each step. Five QPs implement
the controlled-shift operations. The detection stage consists of a PBS followed by a SLM, a SMF and an
APD. (c) Images of OAM states detected after the PBS. From right to left: OAM eigenstate corresponding
to 𝑚 = 5; balanced superposition of 𝑚 = ±5; balanced superposition of all OAM components covered by
5-step QW 𝑚 = {±5, ±3, ±1}.

𝜉 ≡ ℓ/𝑧𝑅 ≪ 1, where 𝑧𝑅 is the Rayleigh range. In our setup, the beam waist 𝑤0 ensures
a 𝑧𝑅 > 30 m at wavelength 𝜆 = 808 nm. Two adjacent QPs are separated by a distance
ℓ ∼ 15 cm (this distance is needed to insert, between the QPs, the waveplates implement-
ing the coin), such that the condition on 𝜉 is satisfied. Furthermore, in this regime the
Gouy phase can be neglected allowing a good control of the coherence between different
OAM components, and, consequently, on the output states. However, in the perspective
of implementing a higher number of steps, the requirement to have a 𝑧𝑅 large at least as
the total length 𝐿 of the platform also implies a large beam waist, thus limiting the max-
imum amount of steps that can be implemented. An alternative strategy could be to use
a loop scheme, where consecutive steps are performed by multiple passes through the
same QP and waveplates (Goyal, 2013). In this alternative setup, a suitable 4𝑓 lens system
is necessary to image the output of the QP to the input of the next step, being such ap-
proach equivalent to work in the near-field regime. In this combined OAM-loop scheme,
experimental challenges arise at the measurement stage, that in spin-OAM setup involves
a SLM. When integrating such encoding in a loop-architecture, issues may arise due to
their slow response time.
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4.3 Results

(Types of generated states) To demonstrate the flexibility of the protocol, we showcase the
generation of a variety of states, including computational basis states, completely balanced
states, random states, Fourier basis states, cat-like states and Spin Coherent States (SCSs),
as discussed in section 4.3.1. Table 4.1 contains a summary of the states engineered with
the corresponding fidelities and generation probabilities, while in table 4.2 we list the ran-
dom target states that were generated. In figs. 4.5 and 4.6 we give the experimental results
for the generation of cat-like states and SCSs, respectively. More detail about these states
is given in section 4.3.1. The fidelity between experimentally synthesised and target states
is computed by projecting each state onto an orthonormal basis containing the target one.

(Scaling of projection probabilities) In fig. 4.7 we give the average projection probability
as a function of the number of steps. These are computed by averaging the projection
probabilities obtained by running the optimisation algorithm given in section 3.4.3 over
many uniformly sampled random target states, for different numbers of steps. We find
numerically that the projection probability does not decrease quickly with the number of
steps, remaining above 10% up to 20 steps (which corresponds to target walker states of
size 21). Note that this likely underestimates the actual probabilities. Indeed, as already
mentioned, this optimisation method finds only one among many solutions for a given
target, and thus generally not the optimal one in terms of projection probability. Moreover,
increasing the number of steps also increases the number of ways in which a state can be
generated, meaning that we can expect the underestimation to be more significant for
larger numbers of step. Further evidence suggesting that this method underestimates the
real average probabilities is obtained by computing the full set of solutions and taking the
optimal one, which can be done for up to five steps. Indeed, as shown in section 3.4.3, with
this method we find the real optimal average probabilities for three, four, and five steps to
be consistently ∼ 0.33, with no detectable decreasing behaviour.

4.3.1 Cat-like and spin-coherent states

(What do we mean by “cat-like states”) Schrödinger’s cat states are quantum superpositions
of macroscopically distinct states (Yurke, 1986; Bužek, 1995). They play an important role
in the foundations of quantum mechanics (Schrodinger, 1935) and their generation is at the
core of various quantum engineering protocols (Brune, 1992; Monroe, 1996; Agarwal, 1997;
Zhang, 2016a). In the context of QWs, we define cat-like states as coherent superpositions of
two extremal sites of the walker, that is, in our case, states of the form 𝛼 |5⟩+𝛽 |−5⟩ (Zhang,
2016a). The isomorphism between OAM with an angular momentum of quantum number
𝑛/2 allows to put in correspondence the position states |±5⟩ of the walker with angular
momentum states with minimum and maximum projections onto the quantisation axis
|±5/2⟩ (for simplicity of notation, we will use position states only here). Such isomor-
phism makes a coherent superposition state such as (|5⟩+𝑒𝑖𝜑 |−5⟩)/

√
2 (with 𝜑 a suitable
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Target State Probability Fidelity Target State Probability Fidelity
|−5⟩ 0.5 0.981 ± 0.007 |QFT1⟩ 0.14 0.969 ± 0.007
|−3⟩ 0.5 0.982 ± 0.007 |QFT2⟩ 0.17 0.923 ± 0.022
|−1⟩ 0.5 0.960 ± 0.007 ∣QFT3⟩ 0.17 0.911 ± 0.011
|1⟩ 0.5 0.995 ± 0.007 |QFT4⟩ 0.17 0.980 ± 0.011
|3⟩ 0.5 0.975 ± 0.007 ∣QFT5⟩ 0.17 0.936 ± 0.011
|5⟩ 0.5 0.994 ± 0.001 ∣QFT6⟩ 0.17 0.945 ± 0.007

1√
2 (|−5⟩ + |5⟩) 0.5 0.995 ± 0.001 |𝑟1⟩ 0.22 0.911 ± 0.011

1√
2 (|−5⟩ − |5⟩) 0.5 0.947 ± 0.002 |𝑟2⟩ 0.16 0.923 ± 0.012

1√
2 (|−5⟩ + 𝑖 |5⟩) 0.5 0.969 ± 0.002 |𝑟3⟩ 0.17 0.941 ± 0.004

1√
2 (|−5⟩ − 𝑖 |5⟩) 0.5 0.936 ± 0.003 |𝑟4⟩ 0.14 0.947 ± 0.015

|𝑆1⟩ = |5/2, 𝜋/2, 0⟩ 0.15 0.970 ± 0.002 |𝑟5⟩ 0.19 0.950 ± 0.005
|𝑆2⟩ = |5/2, −𝜋/2, 0⟩ 0.15 0.961 ± 0.003 |𝑐1⟩ 0.16 0.956 ± 0.004

1√
2 (|𝑆1⟩ + |𝑆2⟩) 0.15 0.932 ± 0.004 |𝑐2⟩ 0.29 0.935 ± 0.006

1√
2 (|𝑆1⟩ − |𝑆2⟩) 0.15 0.942 ± 0.004 |𝑐3⟩ 0.17 0.925 ± 0.008

1√
2 (|𝑆1⟩ − 𝑖 |𝑆2⟩) 0.23 0.974 ± 0.003 |𝑐4⟩ 0.16 0.944 ± 0.008

1√
2 (|𝑆1⟩ + 𝑖 |𝑆2⟩) 0.23 0.964 ± 0.004 |𝑐5⟩ 0.28 0.946 ± 0.004

Table 4.1: Generated states with associated projection probabilities and fidelities. Left column: computa-
tional basis states |𝑘⟩ with 𝑘 ∈ {−5, −3, −1, 1, 3, 5}, cat-like states, and SCSs |𝑆𝑖⟩ and their superposi-
tions. Right column: Fourier basis states ∣QFT𝑘⟩, random real states |𝑟𝑘⟩, and random complex states |𝑐𝑘⟩.
The Fourier basis states are defined as ∣QFT𝑘⟩ = 1√

6 ∑6
𝑗=1 𝑒 𝑖𝜋𝑗𝑘

3 |𝑗⟩.

phase) into a faithful angular momentum SCS (Militello, 2006).

(What are SCSs?) Spin Coherent States (SCSs) are the counterparts of coherent states of
the harmonic oscillator for a particle with spin 𝑠 (Radcliffe, 1971; Arecchi, 1972; Agarwal,
1997; Markham, 2003; Chryssomalakos, 2018). They are the eigenstates, with eigenvalue 𝑠,
of the component of the total spin-momentum operator along the direction identified by
the spherical angles (𝜃, 𝜙), here denoted with 𝑆𝜃,𝜙 (Arecchi, 1972; Agarwal, 1997; Ulyanov,
1999; Lee Loh, 2015). SCSs have numerous applications in condensed matter physics, in
particular for quasi-exactly solvable models, for the Wigner-Kirkwood expansion and in
quantum correction to energy quantisation rules (Ulyanov, 1999). At a more foundational
level, they can be used to generate Schrödinger cat states (Agarwal, 1997). More precisely,
given the spin operators 𝑆𝑥, 𝑆𝑦, 𝑆𝑧 acting on spin-𝑠 system, we introduce the raising and
lowering operators 𝑆± ≡ 𝑆𝑥 ± 𝑖𝑆𝑦, define the “spin ground state” |𝑆⟩ via 𝑆𝑧 |𝑠⟩ = 𝑠 |𝑠⟩, and
define SCSs as

|𝜇⟩ ≡ 𝑁−1/2 exp(𝜇𝑆−) |𝑠⟩ , (4.4)

for 𝜇 ∈ ℂ, with 𝑁 a normalisation constant. More explicitly, assuming 𝑆+ |𝑠⟩ = 0, we have

𝑆𝑝
− |𝑠⟩ = ( 𝑝!(2𝑠)!

(2𝑠 − 𝑝)!)
1/2

|𝑠 − 𝑝⟩ , (4.5)
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State Amplitudes

|𝑟1⟩ (0.51, 0.27, 0.13, 0.10, 0.29, 0.75)
|𝑟2⟩ (0.19, 0.40, 0.04, 0.53, 0.37, 0.62)
|𝑟3⟩ (0.50, 0.74, 0.40, 0.16, 0.10, 0.006)
|𝑟4⟩ (0.50, 0.47, 0.55, 0.31, 0.36, 0.04)
|𝑟5⟩ (0.24, 0.12, 0.72, 0.16, 0.54, 0.30)
|𝑐1⟩ (0.04 + 0.35𝑖, 0.34 + 0.41𝑖, 0.10 + 0.42𝑖, 0.18 − 0.26𝑖, 0.11 − 0.11𝑖, −0.47 + 0.22𝑖)
|𝑐2⟩ (0.19 − 0.33𝑖, −0.43 + 0.30𝑖, −0.18 − 0.02𝑖, −0.37 + 0.42𝑖, −0.12 − 0.10𝑖, 0.23 + 0.38𝑖)
|𝑐3⟩ (−0.19 − 0.30𝑖, −0.02 + 0.39𝑖, 0.30 − 0.15𝑖, 0.25 − 0.22𝑖, −0.13 + 0.42𝑖, 0.24 + 0.48𝑖)
|𝑐4⟩ (0.06 + 0.07𝑖, 0.30 − 0.37𝑖, −0.23 + 0.08𝑖, 0.11 − 0.13𝑖, −0.22 + 0.57𝑖, 0.07 − 0.54𝑖)
|𝑐5⟩ (0.07 + 0.14𝑖, 0.48 − 0.34𝑖, −0.41 − 0.18𝑖, −0.41 − 0.09𝑖, −0.10 + 0.32𝑖, 0.32 + 0.18𝑖)

Table 4.2: Amplitudes of random target states. The real states |𝑟𝑘⟩ have been sampled uniformly in the
range [0, 1] and then normalised. In the case of complex states we have sampled the real and imaginary part
separately in the range [−0.5, 0.5].

and thus

|𝜇⟩ = 1
(1 + |𝜇|2)𝑠

2𝑠
∑
𝑝=0

𝜇𝑝 ( 𝑝!(2𝑠)!
(2𝑠 − 𝑝)!)

1/2
|𝑠 − 𝑝⟩ . (4.6)

Note the analogy with Glauber states in quantum optics, which are defined as |𝛼⟩ =
exp(𝛼𝑎† − 𝛼∗𝑎) |0⟩ = 𝑒−|𝛼|2/2 exp(𝛼𝑎†) |0⟩. Indeed, the two notions become equivalent
in the limit of large spins 𝑠 → ∞, via the identifications 𝑆− →

√
2𝑠 𝑎† and 𝜇 → 𝛼/

√
2𝑠. A

different parametrisation for SCSs is obtained writing 𝜇 = 𝑒𝑖𝜙 tan(𝜃/2) for 𝜃, 𝜙 ∈ ℝ. With
respect to these parameters eq. (4.6) becomes

|𝑠, 𝜃, 𝜙⟩ ≡ ∣𝑒𝑖𝜙 tan(𝜃/2)⟩ = cos(𝜃/2)2𝑠 exp(𝜇𝑆−) |𝑠⟩ , (4.7)

where we introduced the notation |𝑠, 𝜃, 𝜙⟩ to denote SCSs with total spin number 𝑠 and
𝜇 = 𝑒𝑖𝜙 tan(𝜃/2). With this formalism, we can represent SCSs as points on a 2-sphere,
similarly to the Bloch sphere representation of qubits. We find that for example

⟨𝑠, 𝜃, 𝜙|𝑠, 𝜃′, 𝜙′⟩ = (cos(𝜃/2) cos(𝜃′/2) + sin(𝜃/2) sin(𝜃′/2) exp[𝑖(𝜙 − 𝜙′)])2𝑠 ,

|⟨𝑠, 𝜃, 𝜙|𝑠, 𝜃′, 𝜙′⟩| = (1 + 𝒏𝜃,𝜙 ⋅ 𝒏𝜃′,𝜙′

2 )
𝑠

,
(4.8)

where 𝒏𝜃,𝜙 is the unit vector in the (𝜃, 𝜙) direction: 𝒏𝜃,𝜙 ≡ (sin 𝜃 cos 𝜙, sin 𝜃 sin 𝜙, cos 𝜃).
This tells us that the overlap between SCSs can be easily calculated from the overlap of
the corresponding unit vectors on the unit sphere. Defining the spin operator in the 𝒏
direction as 𝑆𝒏 ≡ 𝑺 ⋅ 𝒏 ≡ ∑𝑖 𝑆𝑖𝑛𝑖, we find that 𝑆𝒏𝜃,𝜙 |𝑠, 𝜃, 𝜙⟩ = 𝑠 |𝑠, 𝜃, 𝜙⟩, and we can
thus understand |𝑠, 𝜃, 𝜙⟩ as the maximum spin state in the 𝒏𝜃,𝜙 direction.

(Experimental engineering of SCSs) As previously discussed, SCSs corresponding to op-
posite directions are orthogonal: ⟨𝑠, 𝜃, 𝜙|𝑠, 𝜃′, 𝜙′⟩ = 0 if 𝒏𝜃,𝜙 ⋅𝒏𝜃′,𝜙′ = −1. This implies, in
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Figure 4.5: Experimental results for the angular momentum cat states engineering. (a) Bloch sphere
representation of the four target states, corresponding to the superposition of |±5⟩. These correspond to
OAM states with maximum and minimum projection of the angular momentum. (b) Populations of differ-
ent OAM modes after 5-step, when the initial state is one of those used in (a). Odd-numbered positions
are the only ones involved in the state engineering protocol. The small non-zero populations of even-𝑚
modes are due to imperfections at generation and detection stages. The error bars associated with exper-
imental populations are shown by the transparent areas on top of each histogram. (c)-(d) Probabilities
𝑃𝑖 = ⟨𝐵(𝑗)

𝑖 |𝜌exp|𝐵(𝑗)
𝑖 ⟩ (𝑗 = 1, 2) of finding the experimental state 𝜌exp in one of the elements of the ba-

sis 𝐵(𝑗) = {∣𝜓𝑝⟩ , ∣𝜓𝑝+1⟩ , |±4⟩ , |±3⟩ , |±2⟩ , |±1⟩ , |0⟩} with 𝑝 = 1 for 𝑗 = 1 and 𝑝 = 3 for 𝑗 = 2. All
the error bars are due to Poissonian uncertainties, propagated through Monte Carlo methods.

particular, that {|𝑠, 𝜋/2, 𝜙⟩ , |𝑠, −𝜋/2, 𝜙⟩} form an orthonormal basis for a two-level sys-
tem. We showcase the flexibility of our experimental apparatus engineering the states
|𝑆1⟩ ≡ |5/2, 𝜋/2, 0⟩ and |𝑆2⟩ ≡ |5/2, −𝜋/2, 0⟩, as well as their balanced superpositions.
To assess the quality of the experimental results, we measured the projections of |𝑆1⟩ onto
the the eigenstates of 𝑆𝑧 (cf. fig. 4.6b) and 𝑆𝑥 (cf. fig. 4.6c). Analogous results are found
for |𝑆2⟩. In fig. 4.6(d-e) we give the results of engineering the balanced superposition
1√
2(|𝑆1⟩ − |𝑆2⟩). Such balanced superpositions are akin to the Schrödinger cat states built

on coherent states of a harmonic oscillator, and exhibit signatures of non-classical interfer-
ence (Agarwal, 1997). For instance, only even (odd) components of the logical basis enter
the superpositions |𝑆1⟩±|𝑆2⟩, a parity rule that is fully analogous to the one characterising
even (odd) bosonic cat states.

(Cat states based on SCSs: phase-space picture) We provide here a brief analysis of the
features of SCSs in a phase space representation (Agarwal, 1997). In particular, we shall
be considering the analogous of the Husimi 𝑄 function (Walls, 2007) defined as

𝑄±(𝛼, 𝛽) = |⟨5/2, 𝛼, 𝛽|𝜓±⟩|2, (4.9)

where
√

2 |𝜓±⟩ ≡ |𝑆1⟩ ± |𝑆2⟩. This definition allows us to represent states in the spherical
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Figure 4.6: Experimental results for the engineering of SCSs and their coherent superposition. (a) Bloch-
sphere representation of different superpositions of the SCSs |𝑆1⟩ , |𝑆2⟩. (b) Probability distributions of pro-
jection of |𝑆1⟩ onto the computational basis. (c) Probability distribution corresponding to a basis containing
|𝑆1⟩. The fidelity is ℱ ≃ 0.97. The elements of the chosen orthonormal basis, {𝑆𝑖}𝑖 with 𝑖 = 1...6, are the
eigenstates of ̂𝑆𝑥 for a particle with spin 𝑠 = 5/2. (d) Probability distribution for |𝜓2⟩ = 1√

2 (|𝑆1⟩ − |𝑆2⟩).
Only the components |−5⟩ , |−1⟩ , |3⟩, are expected to have non-zero probabilities. (e) Probability distribu-
tion with respect to a basis containing the target state |𝜓2⟩. The fidelity is ℱ ≃ 0.94. (f) Summary of quan-
tum state fidelities for the 32 states generated in the experiment. The average fidelity, ̄ℱ = 0.954 ± 0.001,
is marked by the magenta line.

polar space, mapping the Cartesian coordinates (𝑥, 𝑦, 𝑧) as follows

𝑥 → 𝑄±(𝛼, 𝛽) sin 𝛼 cos 𝛽,
𝑦 → 𝑄±(𝛼, 𝛽) sin 𝛼 sin 𝛽,
𝑧 → 𝑄±(𝛼, 𝛽) cos 𝛼.

(4.10)

Despite their apparent simplicity, 𝑄±(𝛼, 𝛽) capture important information about the quan-
tum interference between the orthogonal components of |𝜓±⟩, which differentiate such
states from the incoherent mixture of SCSs (|𝑆1⟩⟨𝑆1| ± |𝑆2⟩⟨𝑆2|)/2.

The orthogonality of |𝑆1⟩ and |𝑆2⟩ allows one to cast 𝑄±(𝛼, 𝛽) as

𝑄±(𝛼, 𝛽) = 1
2 (|𝑞+(5/2, 𝛼, 𝛽)|2 + |𝑞−(5/2, 𝛼, 𝛽)|2 ± 2Re[𝑞+(5/2, 𝛼, 𝛽)𝑞∗

−(5/2, 𝛼, 𝛽)]) (4.11)

where 𝑞±(𝑠, 𝛼, 𝛽) = ⟨𝑠, 𝛼, 𝛽| 𝑠, ±𝜃, 0⟩. Such scalar products can be evaluated explicitly for
any value of 𝑠 by using the decomposition in eq. (4.9) to get

𝑞±(𝑠, 𝛼, 𝛽) =(±1)𝑠 Γ(2𝑠 + 1)
Γ(𝑠 + 1)2 𝑆𝑠 (𝛼) 𝐶𝑠 (𝛼) 𝑆𝑠 (𝜃) 𝐶𝑠 (𝜃) [ 2𝐹1 (1, −𝑠; 𝑠 + 1; ∓𝑒−𝑖𝛽𝑇 (𝛼) 𝑇 (𝜃))

+ 2𝐹1 (1, −𝑠; 𝑠 + 1; ∓𝑒𝑖𝛽𝑇 −1 (𝛼) 𝑇 −1 (𝜃)) − 1] ,
(4.12)

where 𝑇 (𝛼) = 𝑆(𝛼)/𝐶(𝛼) = tan(𝛼/2), 2𝐹1(𝑎, 𝑏, 𝑐; 𝑑) is the ordinary Hypergeometric
function, and Γ(𝑑) is the Gamma function with argument 𝑑.

Using these expressions, we can compute 𝑄±(𝛼, 𝛽) and investigate its features. However,
looking at such function directly does not provide sufficient information for the discrimi-
nation of an incoherent mixture and a state such as |𝜓±⟩. On the other hand, we find more
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Figure 4.7: Average projection probability obtained for randomly sampled target states with different num-
bers of steps. Each point corresponds to an average over a sample of 2000 uniformly sampled random target
states of the given dimension. For each target, an optimisation algorithm is used to find a solution producing
it, as discussed in section 3.4.3. The error bars represent the standard deviation associated with each point.
The red dashed line is a linear fit. It should be noted that, as discussed in section 3.4.3, this data provides
only a lower bound to the real average probabilities.

informative to consider that 1
2 (|𝑞+(5/2, 𝛼, 𝛽)|2 + |𝑞−(5/2, 𝛼, 𝛽)|2) is precisely the spher-

ical SCS-based 𝑄 function for the incoherent state (|𝑆1⟩⟨𝑆1| ± |𝑆2⟩⟨𝑆2|)/2. Let us call it
𝑄inc(𝛼, 𝛽), so that

𝑄±(𝛼, 𝛽) = 𝑄inc(𝛼, 𝛽) ± Re[𝑞+(5/2, 𝛼, 𝛽)𝑞∗
−(5/2, 𝛼, 𝛽)], (4.13)

which pinpoints the contribution coming from the fixed-phase relation typical of a coher-
ent superposition. We thus focus on state |𝜓−⟩, which is the one that has been addressed
in our experimental endeavors, and look at the term −Re[𝑞+(5/2, 𝛼, 𝛽)𝑞∗

−(5/2, 𝛼, 𝛽)], and
represent it in the spherical polar plane defined above. Figure 4.8(a) shows the results of
our calculations.

Such interference term exhibits ten equally separated lobes, and clearly displays both ro-
tation and inversion symmetry. In fact, one can show that, for a generic value of 𝑠, the
interference term in the corresponding 𝑄 function exhibits 4𝑠 equally spaced lobes. It is
worth mentioning that in (Agarwal, 1997) another figure of merit for the analysis of the
effects of the interference term was adopted. More specifically, (Agarwal, 1997) studied
the form of

𝑄±(𝛼, 𝛽)
𝑄inc,±(𝛼, 𝛽) = 1 ± 2Re[𝑞+(5/2, 𝛼, 𝛽)𝑞∗

−(5/2, 𝛼, 𝛽)]
𝑄inc,±(𝛼, 𝛽) , (4.14)
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(a) (b)

Figure 4.8: Spherical polar plot of the interference term −Re[𝑞+(5/2, 𝛼, 𝛽)𝑞∗−(5/2, 𝛼, 𝛽)] in the 𝑄−(𝛼, 𝛽)
function. (a) Spherical polar plot for incoherent mixture. (b) Spherical polar plot for the corresponding
coherent superposition.

which thus quantifies the effect of quantum coherence as the deviation of 𝑄±(𝛼, 𝛽) from 1,
whose representation in the chosen spherical polar space is a sphere of unit radius. When
making use of such figure of merit, we find fig. 4.8(b), which shows a lobate behavior
significantly different from the (incoherent) spherical trend.

4.4 Conclusions

In this chapter we presented an experimental implementation of the state engineering
protocol discussed in chapter 3. We realised the QW with a photonics apparatus using
OAM and polarisation as physical embodiments of walker and coin degrees of freedom.
In particular, we implemented a five-step QW with full control the preparation, choice
of coin operations, and detection stages. To showcase the effectiveness of the protocol,
we demonstrated the synthesis of arbitrary walker states. Our results reinforce the idea
that numerical optimisation complementing a complex QW dynamics is effective for high-
dimensional state engineering.

Future outlooks of this work include using our platform to implement quantum infor-
mation protocols involving entanglement between low- and high-dimensional degrees
of freedom, as well as exploring the possibility of achieving entanglement between the
OAM of multiple photons, by leveraging the rich possibilities offered by the QW dynam-
ics. More generally, our results demonstrate the potential of quantum photonics platforms
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to generate a large variety of quantum states with relative ease. Similarly, it highlights the
usefulness and flexibility of the protocol presented in chapter 3 to devise experimental
state engineering protocols.

The impact and timeliness of this work is demonstrated by the number of citations it re-
ceived. For example, in the context of controlling one-dimensional QW dynamics, our
work was referenced in (Panahiyan, 2018; Badhani, 2019; Panahiyan, 2019; Singh, 2019;
Gratsea, 2020; Mendonça, 2020; Panahiyan, 2020).
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Chapter 5

Vector vortex beam recognition

(Summary of the chapter) In this chapter we present a method to classify experimental
states with nontrivial OAM structure using Machine Learning (ML) techniques. The goal
is to classify VVB states generated using the platform presented in chapter 4, from the
sole knowledge of their intensity profile as captured with a CCD camera. We will find
that a range of supervised and unsupervised learning techniques are suitable to tackle
this problem, and provide useful insights on the structure of experimentally produced
states. We first train Convolutional Neural Networks (CNNs) to classify experimental im-
ages. We then discuss how the joint application of Dimensionality Reduction (DR) and
Support Vector Machines (SVMs) can also be used to classify states, and even obtain a full
description of a state from its intensity profile. These algorithms are fully independent
on the specifics of the experimental apparatus, and are thus applicable in a variety of sit-
uations. The work discussed here can be found in (Giordani, 2020). The experimental
aspects of this work have been carried out by the team in Rome, while myself and collabo-
rators in Belfast worked on the theoretical aspects, including proposal of machine learning
techniques and data analysis.

(Previous applications of ML to structured light) As discussed in section 1.2, ML provides
a versatile toolbox to tackle a variety of tasks arising in experimental platforms. It has, in
particular, proven useful to characterise quantum protocols and dynamics (Fischer, 2006;
Wang, 2017; Butler, 2018; Giordani, 2018; Lumino, 2018; Melnikov, 2018a; Agresti, 2019;
Carrasquilla, 2019; Rocchetto, 2019). In the context of structured light, NNs have been
used to classify OAM states of classical light for long distance free-space communication,
even in the presence of environmental turbulence (Krenn, 2014a; Krenn, 2016b; Doster,
2017; Li, 2018; Lohani, 2018; Park, 2018).

(Novelty of the work) In contrast to these previous endeavours, we deal with the classifi-
cation of VVBs. Moreover, owing to the variety of techniques we deploy, we can address
both classification and regression tasks, thus enabling the reconstruction of input states in
several experimental scenarios. Our findings showcase the reliability of a broader class of
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Figure 5.1: (a) High-order Poincaré sphere representation for |𝑚1,2| = 1. Each point on the sphere corre-
sponds to a VVB. (b) The intensity profile of a radially polarised VVB, in which the polarisation direction
always points outwards from the centre. (c) An example of a colour-encoded VVB. The legend reports the
correspondence between colours and the different polarisations. (d) Simple schematic of the experimental ap-
paratus used to generate the VVBs. A continuous-wave laser emits a Gaussian beam TEM00 at 808 nm. The
light undergoes a 5-step QW evolution, realised through a sequence of waveplates and QPs. A CCD camera-
based detection stage acquires the output intensity profiles, after projecting onto different polarisation states,
thus allowing to compute the associated Stokes parameters.

ML techniques, and provide novel recognition methods suitable to VVBs. This approach
requires neither additional interferometry stabilisation nor spatial filtering, thus making
it a robust strategy to decode information stored in VVBs, and a promising pathway to
manage high-dimensional quantum systems.

5.1 Experimental generation of Vector Vortex Beams

(VVBs) Vector Vortex Beams (VVBs) are superpositions of orthogonal polarisations states
coupled with different OAM states (Padgett, 2004). More specifically, the electric field
𝑬𝑚1𝑚2𝑝 of a VVB decomposes as the sum of two LG modes with same 𝑝 and different
azimuthal numbers 𝑚1 > 𝑚2 carried by orthogonal polarisations:

𝑬𝑚1𝑚2𝑝 = 𝒆𝐿 cos(𝜃/2) LG𝑚1𝑝 +𝒆𝑅𝑒𝑖𝜙 sin(𝜃/2) LG𝑚2𝑝, (5.1)

where 𝜃 ∈ [0, 𝜋], 𝜙 ∈ [0, 2𝜋] and the unit vectors 𝒆𝐿,𝑅 represent left and right circular
polarisation, respectively. For the purpose of this work we can ignore the radial number,
fixing 𝑝 = 0. For any given value of the parameters (𝑚1, 𝑚2, 𝜃, 𝜙), the polarisation pat-
tern of a VVB can be represented as a point in a generalised Poincaré sphere, as also shown
in fig. 5.1. Each VVB can be characterised via its Stokes parameters (𝑆1, 𝑆2, 𝑆3). These
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are defined in terms of the output intensities associated to different polarisation mea-
surements. Projecting the polarisation onto the three standard mutually unbiased bases,
𝑏1 = (𝐻, 𝑉 ), 𝑏2 = (𝐷, 𝐴), 𝑏3 = (𝐿, 𝑅), and denoting the two intensities corresponding to
a given basis 𝑏𝑗 with (𝐼𝑏𝑗,1, 𝐼𝑏𝑗,2), the Stokes parameters are defined as

𝑆𝑏𝑗
=

𝐼𝑏𝑗,1 − 𝐼𝑏𝑗,2
𝐼𝑏𝑗,1 + 𝐼𝑏𝑗,2

. (5.2)

It is worth noting that the Stokes parameters are the classical counterparts of the coordi-
nates of density matrices in state space, upon replacement of intensities with probabilities.
In particular, for states living in a two-dimensional space, the Stokes parameters corre-
spond to the coordinates in the Bloch sphere (which is often referred to as a Poincaré sphere
in this context).

(Experimental generation and detection of VVBs) As already discussed in chapter 4, we
generate VVBs via polarisation-controlling waveplates interspersing 5 cascaded QPs. The
OAM azimuthal quantum numbers accessible with this scheme correspond to the walker
states accessible via a 5-step QW, that is, ±1, ±3, and ±5. Generated VVBs are charac-
terised by the values of the three Stokes parameters at each point of their transverse pro-
file. This amounts to collecting six intensities per pixel. The detection is carried out with
a Charge Coupled Device (CCD) camera with resolution 1360 × 1024. We find, however,
that a resolution of 128 × 128 is already sufficient for the tasks we consider, and the train-
ing stages are significantly sped up by reducing the resolution of the images (and thus
the dimensionality of the handled data). We coarse-grain the images by integrating sub-
matrices of the appropriate dimensions.

(Colour-encoding VVBs) To represent visually the polarisation patterns of VVBs, we use a
Red-Green-Blue (RGB) colour encoding, mapping each 𝑆𝑗 into the strength of one of the
primary colours. More precisely, for each pixel of the CCD, the value of the red channel is
set to 255 × (𝑆1 + 1)/2, so that the red channel is saturated when 𝑆1 = 1 and empty when
𝑆1 = −1 (remembering that 𝑆𝑖 ∈ [−1, 1]). Green and blue channels are defined similarly
with 𝑆2 and 𝑆3. An example of such colour encoding is given in fig. 5.1. These images can
also be understood as vectors of length 3×𝑀 with 𝑀 the total number of pixels supported
by the CCD camera. These vectors are what the ML algorithms use.

5.2 Convolutional neural networks

(What do we use CNNs for?) We showcase the potential of CNNs to characterise experi-
mentally generated states. In particular, we test CNNs on two separate classification tasks:
1) finding the OAM numbers (𝑚1, 𝑚2) corresponding to input VVBs and 2) assuming a
dataset of VVBs with fixed (𝑚1, 𝑚2), finding the values of (𝜃, 𝜙) characterising each VVB
image.
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Figure 5.2: Outline of classification scheme via CNNs (a) and PCA+SVM (b). When using the CNN,
the network is fed with complete images. On the other hand, the SVM classifier is fed with the reduced
representation of the images, obtained via PCA.

(What are CNNs?) CNNs are translation-invariant deep NNs designed to handle image
classification tasks (LeCun, 2015). Among their countless applications, CNNs have been
used to recognise off-centre images and segmented handwritten digits (Simard, 2003; Cire-
san, 2011), and for facial recognition tasks (Matsugu, 2003). In its simplest form, a CNN
consists of a convolutional layer, followed by a max-pooling layer, and finally a fully connected
layer, as also shown schematically in fig. 5.2. These build up a mapping from each image to
one of a finite number of output classes defining the problem under consideration. In our
case, the classes would be the (𝑚1, 𝑚2) pairs. More precisely, the different layers operate
as follows:

• (Convolutional layer) The idea of the convolutional layer is to extract local features
from the image. This is done by computing the inner product of every 𝑘 × 𝑘 block
of the image with a fixed 𝑘 × 𝑘 matrix, referred to as a filter in this context. The
filter is applied sequentially to each 𝑘 × 𝑘 block of the image. This is also shown
schematically in fig. 5.3. Each such filter extracts a specific feature from the image.
The output of this process is called a feature map. Multiple filters, and thus multiple
feature maps, can be applied to the same image, to extract different features. If the
input images have dimensions 𝑛𝑐ℎ × 𝑁𝑥 × 𝑁𝑦, with 𝑁𝑥, 𝑁𝑦 width and height and
𝑛𝑐ℎ the number of channels of the image (e.g. 𝑛𝑐ℎ = 3 for RGB images), then a convo-
lutional layer with 𝑁𝑐 filters will produce an output of size 𝑁𝑐 × 𝑁𝑥 × 𝑁𝑦. Convolu-
tional layers are typically followed by a nonlinear function, applied elementwise to
the outputs. A common choice is the so-called Rectified Linear Unit (ReLU), defined
as 𝑥 ↦ max(𝑥, 0). Introducing nonlinearity is crucial, lest the whole process be lin-
ear and thus unable to capture interesting features. Explicitly, we write each input
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image as a three-index tensor ℐ𝛼,𝑖𝑗 ≡ ℐ𝛼
𝑖𝑗, with 𝛼 = 1, 2, 3 the colour channels and

𝑖, 𝑗 = 1, ..., 128 indexing the pixels. Writing the filters as a tensor ℱ𝑘𝛼𝑚𝑛 ≡ ℱ𝑘𝛼
𝑚𝑛,

with 𝑘 = 1, .., 32 indexing the different filters, we can compute the activation maps
ℳ𝑘𝛼𝑝𝑞 as

ℳ𝑘𝛼𝑝𝑞 = (ℱ𝑘𝛼 ⋆ ℐ𝛼)𝑝𝑞 ≡ ∑
𝑚𝑛

ℱ𝑘𝛼
𝑚𝑛ℐ𝛼

𝑅[𝑝,𝑞]𝑚𝑛
, (5.3)

where ⋆ denotes the 2D convolution operation, which consists in computing the in-
ner product of ℱ𝑘𝛼 with the different 3 × 3 blocks of ℐ𝛼. Here, 𝑅[𝑝, 𝑞] denotes
the indices of a 3 × 3 block surrounding the indices 𝑝, 𝑞. Explicitly, 𝑅[𝑝, 𝑞]𝑚𝑛 ≡
(𝑝 + 𝑚 − 2, 𝑞 + 𝑛 − 2) with 𝑚, 𝑛 = 1, 2, 3, so that for example 𝑅[1, 1] covers the 3 × 3
submatrix surrounding the (1, 1) element of the image (which is the upper-left pixel).
Whenever 𝑅[𝑝, 𝑞] covers pixels that fall outside of the boundaries of the image, like is
the case for 𝑅[1, 1], it is standard practice to apply some padding to the image, which
in this case amounts to adding a single row or column of zeros on each side of the
image. This is done to avoid having the bordering pixels being given a lesser weight
than the rest. Once the activation maps are computed, the ReLU activation function
is applied element-wise to ℳ𝑘𝛼𝑝𝑞.

• (Pooling layer) After convolution and nonlinearity follows a max-pooling stage. Here,
the feature maps are down-sampled, by partitioning each feature map into blocks
of size ℓ × ℓ, and mapping each such block into its maximum value (other types
of pooling are possible, for example by mapping each block into its average value).
This is used to retain only the most relevant features from the feature maps, thus
reducing noise and increasing the efficiency of training.

• (Fully connected layer) A fully connected layer is finally applied to the output of the
max-pooling stage. This stage operates like a standard NN layer. This is the layer
in which the networks takes a decision as to which class the input image belongs
to: the chosen class is the one corresponding to the output neuron with the largest
activation. More precisely, such a fully connected NN takes as input an array 𝒙in and
applies an affine transformation, effectively implementing the mapping

𝒙in ↦ 𝒙out ≡ (∑
𝑘

𝑤𝑗𝑘𝑥in
𝑘 + 𝑏𝑗)

𝑗
, (5.4)

where 𝒙out is a vector of length equal to the number of output neurons (in the cases
studied here, the number of output classes), and the parameters 𝑤𝑗𝑘, 𝑏𝑗 are referred
to as the weights and biases of the network. The output of the network is obtained by
applying a nonlinear function, often the sigmoid function 𝜎(𝑥) ≡ 1/(1 + 𝑒−𝑥), to the
outputs. In the context of our CNN, this fully connected layer takes as input the set
of outputs of the previous max-pooling layer (simple flattening is applied to convert
the three-dimensional tensors produced by the pooling layers into a form suitable
for the fully connected layer).
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Note that this is only the most basic structure found in CNNs. Actual CNNs will often
contain different numbers of convolutional, pooling, and fully connected layers in different
arrangements and with different parameters, depending on the specific applications.

(Training the network) The free parameters of the CNN, which comprise the weights and
biases connecting the neurons at different layers, as well as the values of the filters, are
trained using SGD. This is the same algorithm described in section 2.6.1. SGD operates by
first initialising the parameters with random values, then using a batch of training images
{(𝒙𝑘, ℓ𝑘)}𝑘 to compute the Euclidean distance between the outputs produced by the net-
work when fed with the images, and the corresponding labels (which are the outputs the
network should give when ideally trained). Here, 𝒙𝑘 denote the input images, while ℓ𝑘
the class corresponding to the 𝑘-th image, expressed as an integer number. This distance
is used as the cost function that the algorithm seeks to minimise. Denoting with 𝑓𝝀 the
mapping implemented by the network when its parameters have values 𝝀, this distance
reads

𝐿𝝀(𝒙𝑘, ℓ𝑘) = 1
𝑁batch

∑
𝑘

‖𝑓𝝀(𝒙𝑘) − 𝒆ℓ𝑘
‖2, (5.5)

where 𝑁batch is the number of elements in the batch, and 𝒆ℓ𝑘
is the vector with size equal

to the number of classes, and elements (𝒆ℓ𝑘
)𝑗 = 𝛿𝑗,ℓ𝑘

. We then tune the parameters of the
network to make this distance smaller, by updating them in the direction of the gradient
of the distance function:

𝝀 → 𝝀 − 𝜂∇𝝀𝑓𝝀(𝒙𝑘), (5.6)

where the real parameter 𝜂 > 0 is the learning rate, which determines the speed of the
training. In actual implementation, we often use variations of eq. (5.6) that are more ro-
bust and converge quicker in most applications. An updating rule that is often used in
state-of-the-art applications is the so-called Adam optimiser (Ruder, 2016), which uses dif-
ferent learning rates for different parameters, and adapts it conditionally to the recent
training history of that parameter. To build and train the CNNs we use the Python library
Keras (Chollet, 2015).

(Categorisation into discrete classes) We first showcase CNNs to classify experimental
and simulated VVBs into 15 different classes characterised by their OAM numbers as
per fig. 5.4. For each class we consider states with 𝜃 = 𝜋/2 and 𝜙 ∈ [0, 2𝜋]. We tested
different CNN architectures, the details of which can be found in the GitHub repository 1.

• Training and testing CNNs with simulated images leads to 100% accuracy. This
remains true when training and testing datasets comprise simulated images with
added white noise. We achieved this already with a CNN using two convolutional
layers, each using 16 activation maps (that is, there are 16 different filters used per
convolutional layer), each followed by a max-pooling layer, and a final hidden fully
connected layer with 32 neurons, amounting to a total number of ∼ 5k trainable
parameters.

1https://github.com/lucainnocenti/ML-classification-of-VVBs
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Figure 5.3: Simple illustration of how a filter is applied to an input image. The green square represents an
input image, focussing on a single channel. In our notation, assuming the first channel, this would be (ℐ1

𝑖𝑗)𝑖𝑗
with 𝑖, 𝑗 = 1, ..., 5. The gray squares represent the padding applied to the image. The dashed red square is
a 3 × 3 filter, which is here shown applied to the upper-right 3 × 3 block of the image. In our notation, the
filter is ℱ1,1 (assuming 𝑘 = 1 for the first filter). The thick red square is 𝑅[1, 5]. The dashed black rectangle
on the right contains the result of computing the inner product of the filter with the highlighted block of the
image. Being the result 1 > 0, the ReLU nonlinearity leaves it unchanged.

Figure 5.4: Comparison between simulated and experimental polarisation patterns for a sample of VVBs.
Each image is produced by a VVB with OAM numbers (𝑚1, 𝑚2) belonging to one of the classes listed in the
table.

• On the other hand, training on simulated images is not enough to teach the net-
work to categorise experimental ones. We can improve the accuracy by applying
pre-processing to the training images. This consists of applying random transforma-
tion to artificially inflate the number of images available for training. Such trans-
formations include random translation, rescalings, shearings and changes in overall
brightness. A heavy use of pre-processing significantly improves performances, by
tailoring the network to only pick up the features of the images which are relevant
for the classification. A sample of the pre-processed images actually used in train-
ing is given in fig. 5.5. However, pre-processing does not push accuracies above
∼ 60%. A possible reason for this is that experimental images can be quite differ-
ent from simulated ones. Indeed, simulated images assume a perfect superposition
of two different OAM numbers, whereas the states produced by QPs are closer to
Hypergeometric-Gaussian modes (Karimi, 2007). These are an alternative family of so-
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Figure 5.5: Sample of pre-processed training images used to train the CNN. These are obtained taking images
of VVBs and applying random transformations such as translations, shearings, rescalings, changes in overall
brightness. We also add random white noise to the images. This allows to substantially enlarge the size of
the training dataset, while at the same time forcing the CNN to not pick up features — such as the centering
of the image or its overall brightness — which we know should not be used to classify the images.

lutions of the Helmoltz equation in cylindrical coordinates, which also display the
𝑒𝑖𝑚𝜙 phase term, but model more closely the states produced by QPs. In this work
we stick with the simpler OAM beams for simplicity, but it is possible that using a
better model for the simulation would allow to classify experimental images training
solely on simulated ones.

• Finally, we find that a small number of experimental images are enough to allow the
network to generalise and be able to categorise the rest of them. We train a CNN
using 20 experimental images per class, and test it on the remaining ∼ 1700 ones,
and achieve a ∼ 99% accuracy on the test set. We achieve this using a CNN using
three convolutional layers followed by a max-pooling layer each, and a hidden fully
connected layer with 64 neurons, amounting to a total of ∼ 38k parameters. The
history of accuracies per epoch for training and validation sets is reported in fig. 5.6.

(Retrieving the position in the Poincaré sphere) We also test the network on a different
problem: assuming (𝑚1, 𝑚2) is fixed, retrieve the parameters (𝜃, 𝜙) characterising the
VVB (remembering the definition of VVBs as given in eq. (5.1)). In particular, we train a
CNN to retrieve the values (𝜃, 𝜙) characterising VVBs corresponding to the OAM quan-
tum numbers 𝑚1 = −𝑚2 = 1. The network is thus trained to discriminate both rotations
in the polarisation patterns (corresponding to changes of 𝜙), and variations in the colour
tone (corresponding to changes of 𝜃). To frame this as a classification task, we partition
the sphere in 26 disjoint sectors. Working in spherical coordinates, we partition 𝜃 is in
the 3 intervals [𝑘𝜋

8 , (𝑘 + 2)𝜋
8 ] with 𝑘 = 1, 3, 5, and 𝜙 in the 8 intervals [𝑡𝜋

4 , (𝑡 + 1)𝜋
4 ] with

𝑡 ∈ {0, ..., 7}. This leaves two classes surrounding the two poles of the sphere, correspond-
ing to 𝜃 ∈ [0, 𝜋

8 ] and 𝜃 ∈ [7
8𝜋, 𝜋]. Partitioning makes the classification of VVBs closer to

the border of two sectors harder, but nonetheless provides useful information about the
suitability of CNNs for this kind of task. We train the CNN with 500 simulated images per
class in the training set, and 125 per class in the validation one. The maximum accuracy
achieved is ∼ 0.90. The suboptimality of this result can be understood as consequence
of framing the problem as a classification task. Training a CNN for the corresponding
regression task will potentially give much better results. This is however generally a non-
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Figure 5.6: History of training inaccuracy (here, inaccuracy ≡ 1 − accuracy) during training of the ex-
perimental VVBs. We give the inaccuracies computed over training and validation datasets for each training
epoch. Each training epoch is composed of 200 training steps, and in each step the network is trained on 32
images.

trivial task. We will thus here choose a different route to approach this regression task,
leveraging dimensionality reduction paired with SVM classifiers, as discussed in the next
sections.

5.3 Dimensionality reduction

(A different approach to classify images) While CNNs provide good performance for gen-
eral image classification tasks, the specific structure of the datasets we deal with can be
leveraged to make for more efficient algorithms. In particular, we know that the datasets
consist of intensity patterns associated with (mostly pure) quantum states. In this section
we present alternative approaches to extract information the dataset of interest, using DR
to expose the intrinsic structure of the dataset.

(DR and PCA) Dimensionality Reduction (DR) is a class of algorithms whose goal is to
find low-dimensional encodings of high-dimensional datasets (Fodor, 2002; Cunningham,
2008). This has several applications, from data visualisation, to improving the efficiency
of classification and regression algorithms, which can be applied on the reduced represen-
tation of the data. A classical DR algorithm is Principal Component Analysis (PCA). In
its simplest form, PCA is a linear DR algorithm which, given a dataset of vectors in a high-
dimensional space ℝ𝑛, finds the directions which capture the maximum amount of infor-
mation about the dataset (Jolliffe, 2011; Jolliffe, 2016). More specifically, given a dataset
comprised of 𝑁 real vectors of length 𝑀 , we define the data matrix 𝑿 as the 𝑁 ×𝑀 matrix
whose 𝑖-th row is the 𝑖-th dataset vector. PCA then finds the vectors 𝒂 ∈ ℝ𝑀 that maximise
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the variance of 𝑿𝒂. This turns out to be equivalent to diagonalising 𝑺 ≡ �̃�𝑇 �̃�/(𝑁 − 1),
where �̃� is the centered data matrix, which is equal to 𝑿 modulo each of its columns shifted
in order to average to zero. The first 𝑘 principal components found by PCA are then the 𝑘
eigenvectors of 𝑺 corresponding to the largest 𝑘 eigenvalues. Note that these principal
components are themselves vectors of the same “type” as the data vectors. This means
that PCA effectively generates a set of data vectors which “optimally represent” the infor-
mation content of the given dataset.

(PCA and VVBs) The rationale behind using PCA in the context of VVBs is that, although
experimental images live in extremely high-dimensional spaces (whose dimension is of
the order of the number of pixels of the CCD camera), the underlying dimension of the gen-
erated VVBs is typically much lower. This means that, although the experimental dataset
might a priori seem like a complicated bundle of high-dimensional vectors, the underlying
data is actually characterizable by a small number of parameters. This is a form of unsu-
pervised learning, in that we gain useful information about the the images without feeding
the algorithm with any prior knowledge about their structure.

5.3.1 Retrieving states from probabilities

(Measuring in a single measurement basis) Collecting experimental intensity images with
the CCD camera is akin to measuring output probabilities in a fixed measurement basis. In
general, this is not sufficient to fully reconstruct a state. However, specific conditions (such
as sparsity of the state and an appropriate choice of measurement basis) still allow for a full
reconstruction (Banchi, 2018). More specifically, let 𝜌 be the density matrix characterising
a state, and let us assume that this state is low-rank (that is, only a small number 𝑛 of
eigenvalues of 𝜌 are non-vanishing). The output probabilities in the computational basis
following evolution through a unitary 𝒰 are

𝑝𝑘 = (𝒰𝜌𝒰†)𝑘𝑘 = ∑
𝑖𝑗

𝒰𝑘𝑖�̄�𝑘𝑗𝜌𝑖𝑗. (5.7)

The mapping between density matrices and detected probabilities is thus 𝒑 = Ψ(𝜌) where
Ψ is the linear operator Ψ ≡ ∑𝑗 |𝑗⟩⟨𝑗𝑗| (𝒰 ⊗ 𝒰∗). This operator can equivalently be rep-
resented as a matrix with elements Ψ𝑖,𝑗𝑘 = 𝒰𝑖𝑗𝒰∗

𝑖𝑘. Equivalently, we can represent 𝜌 in
a basis of Hermitian operators as 𝜌 = ∑𝑘 𝑐𝑘𝜎𝑘. We then have the induced linear map-
ping 𝑝𝑗 = ∑𝑘 Ψ̃𝑗𝑘𝑐𝑘, with Ψ̃𝑗𝑘 ≡ Ψ(𝜎𝑘)𝑗. This linearity implies that many geometrical
features of the space of states are preserved in the space of probabilities. Moreover, a
suitable choice of Ψ will allow to retrieve 𝜌 from the knowledge of 𝒑. For this to be pos-
sible, Ψ needs to have a number of rows greater than or equal to the number of columns.
Physically, this amounts to the measurement basis containing a sufficient number of ele-
ments. More specifically, Ψ needs to be left-invertible, which is the case when its columns
are linearly independent.
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(Application to experimental VVB images) In our case, 𝜌 is a description of a VVB in the
OAM-polarisation basis, which is the basis in which it is sparse, while 𝒰 is the unitary
mapping this basis into the position basis, which is the one that CCD cameras naturally
operate on. In principle, one might need to take care of the different dimensionality of
these spaces (the OAM space is countable while the position one is not), but this is eas-
ily fixed by discretising the position space, which is what is done naturally by the finite
number of pixels of the CCD camera. The set of detected probabilities is then given by
𝒑 = diag(𝒰𝜌𝒰†) ≡ Ψ(𝜌). Crucially, the linearity of Ψ implies that it preserves the con-
vexity of the space of states. For example, if we consider the set of states of the form
𝑐0 |↑, 𝑚 = 𝑚1⟩ + 𝑐1 |↓, 𝑚 = 𝑚2⟩ with 𝑚1 ≠ 𝑚2, the corresponding density matrices will
be arranged to form a three-dimensional sphere embedded in the full state space (because
these are effectively different states of a single qubit). Thanks to the linearity of Ψ, the
corresponding probabilities 𝒑 will also be contained in a spherical surface, up to possible rescal-
ing of the axes. In other words, the Bloch sphere of the original two-dimensional system
is still present, albeit hidden, in the experimental images, embedded into an extremely
high-dimensional space.

5.3.2 Results

(PCA applied to experimental data) As a notable example, we apply these observations to
VVBs with 𝑚2 = −𝑚1 = 1. These are the states of the form 𝑐0 |𝐿, 𝑚 = 1⟩+𝑐1 |𝑅, 𝑚 = −1⟩
with |𝑐0|2 + |𝑐1|2 = 1. We find that applying PCA to a dataset of images corresponding
to these VVBs naturally produces the underlying Bloch sphere representation: the first
three singular values are sufficient to capture most of the information, and projecting the
images along the corresponding axes, the dataset is in good approximation arranged on
a three-dimensional sphere. Note that this is not straightforwardly deduced from the ex-
perimental images alone, but is easily found via DR. This result highlights the potential
of DR to reveal features of the states generating a given experimental dataset, also in the
presence of experimental noisy conditions. To assess the accuracy of such reconstruction,
we compute the average fidelity ℱavg between the expected state and the one found by
our analysis with PCA. This is found to be ℱavg ∼ 0.96, with standard deviation ∼ 0.01,
thus certifying the quality of the reconstruction. The full histogram of fidelities is given
in fig. 5.7c,

(Toy examples of application of PCA to VVBs) To illustrate the usefulness of these ideas
to gain insight into the type of states generated by a given apparatus, we consider two
additional example applications of PCA to VVBs. Consider a set of simulated images
corresponding to VVBs of the form

𝑐1 |𝐿, 𝑚 = 1⟩ + 𝑐2 |𝑅, 𝑚 = 2⟩ and 𝑐1 |𝐿, 𝑚 = 1⟩ + 𝑐2 |𝑅, 𝑚 = 4⟩ , (5.8)

where the coefficients 𝑐𝑖 are sampled uniformly at random from the set of 𝑐1, 𝑐2 ∈ ℂ such
that |𝑐1|2+|𝑐2|2 = 1. Applying PCA to this dataset, we find six non-vanishing singular val-
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Figure 5.7: (a) High order Poincaré sphere for VVBs with |𝑚1,2| = 1. Magenta-coloured parallels (Blue-
coloured meridians) mark intervals between consecutive values of 𝜃 (𝜙). Along a meridian the colours of
the pattern vary from the hottest to the coldest one. Along a parallel, the patterns rotate. (b) Comparison
between experimental and simulated VVB images for different angles (𝜃, 𝜙). (c) Distribution of fidelities
obtained comparing each experimental VVBs with its reduced 3D representations given by PCA. Projecting
each image onto its first three principal axes and rescaling brings the data (orange points) onto a sphere in 3D,
as shown in the inset. The inner (outer) black (semi-transparent) sphere is added for contrast [radius equal
to that of the point with smaller (larger) radius]. (d) Average prediction accuracy of a linear SVM classifier,
trained and tested after applying linear DR to the data, against the number of reduced dimensions 𝑛𝑐. For
each of the 15 classes (cf. fig. 5.4) in which the experimental dataset was divided, we show in the inset the
true-table.

ues. The corresponding principal components are given in fig. 5.8a, and the associated sin-
gular values in fig. 5.9a. This is consistent with the dimension of the subspace spanned by
the states in 𝒮1 ≡ {𝑐1 |𝐿, 1⟩+𝑐2 |𝑅, 2⟩ , 𝑐3 |𝐿, 1⟩+𝑐4 |𝑅, 4⟩}, as the set of corresponding den-
sity matrices is spanned by the six orthogonal matrices 𝑋(1,2), 𝑋(1,4), 𝑌 (1,2), 𝑌 (1,4), 𝑍(1,2)±
𝑍(1,4), where 𝑋(𝑖,𝑗) = |𝑖⟩⟨𝑗| + |𝑗⟩⟨𝑖| is the Pauli 𝑋 matrix acting on the (𝑖, 𝑗) subspace, and
𝑌 (𝑖,𝑗) and 𝑍(𝑖,𝑗) are similarly defined. On the other hand, if the dataset under considera-
tion consists of states in the space 𝒮2 = {𝑐1 |𝐿, 1⟩ + 𝑐2 |𝑅, 2⟩ , 𝑐3 |𝐿, 3⟩ + 𝑐4 |𝑅, 4⟩}, then
PCA finds seven principal components associated with non-vanishing singular values, as
again shown in fig. 5.8a. The corresponding singular values are given in fig. 5.9b. This is
consistent with the underlying state space being spanned by the seven orthogonal Hermi-
tians:

𝑋(1,2), 𝑋(3,4), 𝑌 (1,2), 𝑌 (3,4), 𝑍(1,2), −𝑍(1,2) + 2𝑍(1,3), −𝑍(1,2) − 𝑍(1,3) + 3𝑍(1,4). (5.9)
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Figure 5.8: (a) Principal components obtained using PCA on simulated datasets of noisy VVB. The first
(second) row shows the first seven principal components obtained on the dataset 𝒮1 (𝒮2). The first 6 (all 7)
components correspond to non-vanishing singular values. (b) First 40 principal components individuated
in the experimental dataset corresponding to the 15 classes labelled by (𝑚1, 𝑚2), discussed in the main text.

These matrices can be derived via direct analysis by finding a set of orthogonal Hermi-
tians generating span(𝒮2). This method is thus a quick and easy way to obtain useful
information about the dimensionality of generated states, as well as other properties such
as specific geometric features, like the sphere emerging from the experimental dataset dis-
cussed in the previous paragraph.

5.4 Support vector machines

(What are SVMs?) Support Vector Machines (SVMs) are a class of supervised learning al-
gorithms whose goal is to classify data into discrete classes. SVMs work by finding a
partition of the feature space such that all the vectors in the same class lie on the same
classification sector. In particular, linear SVMs look for an optimal linear separation. As
other supervised learning algorithms, SVMs take as input a training set of labelled data of
the form {(𝒙1, ℓ1), ..., (𝒙𝑛, ℓ𝑛)}, where 𝒙𝑖 ∈ ℝ𝑁 and ℓ𝑖 ∈ {−1, 1}. A linear separation is
characterised by two parameters 𝒘 and 𝑏, which identify a hyperplane as the set of 𝒙 ∈ ℝ𝑁

such that 𝒘 ⋅ 𝒙 = 𝑏. We want this hyperplane to be such that, for all training vectors 𝒙𝑖,
the constraint

ℓ𝑖(𝒘 ⋅ 𝒙𝑖 − 𝑏) ≥ 1 (5.10)

is satisfied. This would imply that all (and only) the 𝒙𝑖 corresponding to ℓ𝑖 = 1 lie on the
same side of the hyperplane. New data is then categorised using the classifier 𝑔𝒘,𝑏(𝒙) =
2Θ(𝒘 ⋅ 𝒙 − 𝑏) − 1, which equals ±1 depending on whether the point 𝒙 is on one side of
the separation or the other. The constraint in eq. (5.10) identifies the so-called hard-margin
SVM, because this is only possible if every single training point is strictly on one or the
other side of the separating hyperplane. An often more practical alternative are the so-
called soft-margin SVMs, in which this strictness is lifted. Instead, the goal becomes to
minimise the average value of max(0, 1 − ℓ𝑖(𝒘 ⋅ 𝒙𝑖 − 𝑏)), trying at the same time to keep
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‖𝒘‖ as low as possible. This variation makes the algorithm more robust and able to classify
data even in the presence of some noise.

(SVMs after PCA) The reduced representations provided by PCA can function as starting
point to train a classifier with an accuracy comparable with that of the CNNs used in sec-
tion 5.2, while requiring a drastically reduced amount of computational resources. We
use as classifiers linear multiclass SVMs (Hearst, 1998; Shawe-Taylor, 2000), performing
training and classification on the reduced representation found via PCA. This makes for
improved computational times, as well as making the algorithm more robust to experi-
mental noise and imperfections. As done for the CNN, we consider the task of classifying
experimentally generated VVBs, categorising images according to their OAM quantum
numbers (𝑚1, 𝑚2).

(Results) We use half of the dataset for training, and the other half for testing the resulting
accuracy. We find a linear SVM, instead of a more commonly employed SVM with RBF
kernel, to give better accuracies: ∼ 98% vs the ∼ 94% using the RBF kernel. In fig. 5.7d,
we highlight how the average overall accuracy depends on the dimension of the reduced
representation: ∼ 25 dimensions are already sufficient for good accuracies. A breakdown
of the classification performance is reported in fig. 5.10. In fig. 5.8b we report the images
corresponding to the first forty principal components derived from this dataset, while
in fig. 5.9c we give the corresponding singular values. The average classification accuracy
is ∼ 98%. This result confirms that the description provided by PCA is sufficient to capture
the important features of the generated states, thus allowing for significantly more efficient
classification schemes.

5.5 Conclusions

We presented a novel approach to classify VVBs using a combination of supervised and
unsupervised learning algorithms. More precisely, we demonstrated how to use standard
inference strategies based on CNNs, PCA, and SVMs to probe efficiently high-dimensional
photonics VVB systems. In particular, we used dimensionality reduction to probe the
underlying geometrical properties of experimentally generated VVBs, without requiring
prior knowledge about the physics of the generation apparatus. The flexibility of these
techniques makes the applicability of our approach extend to a variety of different exper-
imental scenarios. Moreover, these techniques present a promising add-on to tasks rang-
ing from the design of automatised pipelines to characterise experimental platforms, to
the provision of solutions to OAM demultiplexing in the context of classical and quantum
communication and, more generally, for the use of structured light in quantum technolo-
gies.
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Figure 5.9: First ten singular values corresponding to the datasets in fig. 5.8. (a) Singular values computed
from the dataset 𝒮1. Consistently with the results shown in the upper figures in fig. 5.8a and the dimen-
sional of the underlying space spanned by 𝒮1, only the first six singular values are nonzero. (b) Singular
values computed from the dataset 𝒮2. There are exactly seven nonzero singular values, consistently with
the dimension of the space spanned by 𝒮2. (c) Singular values corresponding to the principal components
in fig. 5.8b computed from the experimental dataset.
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Figure 5.10: Breakdown of the results obtained using the SVM classifier. Each row contains the fraction of
states belonging to that class that were classified as belonging to each one of the other classes. The diagonal
elements thus give the accuracy of the classifier on each class.
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Figure 5.11: Breakdown of the results obtained using the CNN classifier. Each row contains the fraction of
states belonging to that class that were classified as belonging to each one of the other classes. The diagonal
elements thus give the accuracy of the classifier on each class.
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Chapter 6

Conclusions

We discussed the use of machine learning techniques to tackle different quantum informa-
tion tasks. On one hand, we showed that borrowing techniques from the machine learn-
ing toolbox, such as stochastic gradient descent and automatic differentiation, offers sig-
nificant advantages for tasks such as gate learning with time-independent Hamiltonians.
Moreover, we found that pairing supervised learning strategies with analytical reasoning
we can further speed-up finding solutions, and gain more insight into the structure of the
problem. On the other hand, after devising and showcasing experimentally a scheme to
generate arbitrary states via quantum walk dynamics, we showed how machine learning
algorithms such as convolutional neural networks, principal component analysis, and sup-
port vector machines, can provide significant insight into generated states from the sole
knowledge of their transverse intensity profiles. These results add to the growing amount
of evidence that the flexibility provided by machine learning finds fruitful application
both for fundamental and applied research in quantum information science.

The work presented in this thesis lends itself to be extended in several directions. In the
context of gate learning, there are three major venues of research branching from the
results presented in chapter 2. From a more applicative point of view, there is much
to be learnt about what quantum gates are directly implementable with experimentally
available interactions. A thorough understanding of this would have far-reaching conse-
quences for example in the context of quantum computation and quantum algorithms de-
velopment, providing more expressive quantum gates to be included into the “elementary
gate set” used to express quantum algorithms and decompose complex operations. The
underlying mathematical questions are also compelling and ripe for exploration. There
are interesting relations between our methods and mathematical results in the fields of
inverse eigenvalues problems (Friedland, 1977) and Lie theory that could potentially provide
elegant answers to the question of reachability of quantum gates in constrained interac-
tions scenarios. Another future venue of research is the extension of our analytical results
for quantum gates to the more general context of quantum maps. In particular, how the
analytical conditions discussed in chapter 2 would extend to the case of non-unitary evo-
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lutions. Finally, the machine learning techniques we used in this work are intrinsically
black-box-like algorithms. Even though they are well-suited to gate learning problems,
they are not intrinsically tied to them, and can be seamlessly applied to other contexts.
Indeed, any problem requiring to optimise a functional relationship over a number of con-
tinuous parameters is likely to be a good candidate for the combination of the supervised
learning techniques we employed. A promising candidate would for example be finding
convex decompositions for given classical states, for which a similar technique based on
stochastic gradient descent would be potentially fruitful.

The results presented in chapters 3 and 4 are also of wide applicability. The generality
of our characterisation of the possible quantum states emerging from one-dimensional
discrete-time quantum walks makes it potentially useful in any task involving a finite num-
ber of steps of such dynamics. From an applicative perspective, the protocol allows the
generation of arbitrary qudit states using only a simple physical interaction, as demon-
strated in the experimental realisation presented in chapter 4. Extending the result would
contribute to a more thorough understanding of quantum walk dynamics, which are of
widespread use in quantum information science and have found countless applications.
In particular, a natural open question is the extensibility of our characterisation to quan-
tum walks on higher dimensional lattices, as well as quantum walks on general graphs.
More generally, a deeper understanding of the exact properties of quantum walk dynam-
ics that make this characterisation possible in the first place would lead to generalise our
results for a wide range of quantum dynamics even beyond the quantum walk model.

Finally, our application of machine learning to analyse experimentally generated states
further showcases the usefulness and flexibility of these techniques in a multitude of sce-
narios. These include, but are not limited to, any situation involving measuring high-
dimensional quantum states in a fixed basis. Possible extensions of this work include a
more thorough analysis of vector vortex beams, and the use of more sophisticated models
to describe the experimental outputs of q-plates. On the machine learning side, a question
left open by our investigation is the possibility of classifying accurately experimental vec-
tor vortex beams using convolutional neural networks trained exclusively on simulated
ones. Extending the techniques used in chapter 5 to achieve this would provide an even
stronger statement on the possibility of leveraging machine learning algorithms to devise
automatic pipelines to characterise and validate the quality of experimental architectures.
A first possible step in this direction would be to leveraging the recent developments in
neural network interpretability (Olah, 2018) to extract the features picked up by the trained
neural networks. This would, in turn, allow to devise techniques making the generalisa-
tion from simulated to experimental images possible.
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