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ABSTRACT
The Coxian phase-type distribution is a special case of phase-type distribution which
represents the time to absorption of a finite Markov chain in continuous time. The
distribution is able to capture subjects’ flow through a system but is unable to high-
light if there are different pathways caused by an underlying latent factor. Identifying
these different pathways will give healthcare providers a deeper insight and under-
standing of patient flow and allow them to identify and change any potential issues.
This paper combines the Coxian phase-type distribution with the continuous-time
hidden Markov model to highlight these paths. The theory of combining the Cox-
ian phase-type distribution with the continuous-time hidden Markov model shall be
presented along with a simulation study and an application using Italian healthcare
data.

KEYWORDS
Continuous-time hidden Markov model, Coxian phase-type distribution, Healthcare

1. Introduction

Phase-type distributions are a popular model having been applied to a variety of dif-
ferent stochastic modelling applications (Aalen (1995); Asmussen et al. (1996); Chris-
tensen et al. (2004); Faddy (1994)). Introduced in 1975, they are an extension of the
exponential and Erlang distributions used to describe the time to absorption of a finite
Markov chain in continuous time. This type of distribution allows movement between
all of the transient states and the absorbing state, where the sojourn times in the states
are allowed to be more general than exponentially distributed random variables.

Phase-type distributions have many attractive properties such as being able to de-
scribe the behaviour of stochastic models while allowing for the Markov property,
which makes the models more computationally tractable. They can also provide a
useful insight into the physical behaviour of the system being modelled, however they
have limitations. One such limitation is the increased computational complexity for
the addition of new phases to the model, for example, the general form of the phase-
type distribution requires N2 parameters to be estimated where N is the order of the
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phase-type distribution. The Coxian phase-type distribution was introduced to help
overcome this issue.

The Coxian phase-type distribution is a type of phase-type distribution which struc-
turally consists of transient states where the stochastic process begins in the first
transient state and ends in a single absorbing state. The difference between general
phase-type distributions and the Coxian phase-type distribution is that the transient
phases are ordered with the process starting in the first phase which either progresses
through the other transient phases sequentially or enters into the absorbing state at
any stage.

The Coxian phase-type distribution has previously been extended to extract more
information about subject flow through a system, (Faddy et al. (2009); Faddy & Mc-
Clean (2005); Marshall et al. (2002); McClean et al. (2005)). Faddy et al. (2009);
Faddy & McClean (2005); McClean et al. (2005) added covariates directly into the
probability distribution of the Coxian phase-type distribution to highlight how certain
characteristics can have an affect on the subjects flow through the system. Marshall et
al. (2002) introduced a conditional phase-type distribution, where this approach con-
sists of identifying causal information from inter-relationships between explanatory
variables through a Bayesian network, using this information a Coxian phase-type dis-
tribution is then fitted to each of the child nodes. However neither approach takes into
account the dynamic nature within the latent factors which can have an effect on the
flow through a system.

In general the Coxian phase-type distribution has been widely used in the study
of hospital care and length of stay (LOS) of patients. It provides a theoretical distri-
bution which fits to empirical data (LOS in hospital) better than other distributions
(such as the Lognormal and Weibull distributions), but also provides the treatment
dynamics of the pathways that patients experience in hospital (Zheng et al. (2018)).
A good estimation for LOS of the patients provides good basis for planning and man-
aging hospital resources and capacities (Azcarate et al. (2019)). In recent years, many
contributions with regards to the Coxian phase type distribution have been made
to operational research in health care in hospital for geriatric wards (Mitchell et al.
(2015)), neonatal units (Demir et al. (2014); Harper et al. (2012)) and stroke patients
(McClean et al. (2015)). Gillespie et al. (2016) provide a framework for simulating the
entire patient journey across different phases (such as diagnosis, treatment, rehabilita-
tion and long-term care) estimated using the Coxian Phase type distribution with the
aim to facilitate the evaluation of alternative clinical and care strategies. In Gu et al.,
(2019) the authors model patient flow information collected in a hospital for patients
of distinct diseases: thanks to the application of the Coxian phase-type distributions
to the LOS data, the patients were more appropriately divided into different groups
to evaluate the readmission rate.

The purpose of this paper is therefore to extend the Coxian phase-type distribu-
tion to incorporate the dynamic nature of the underlying latent factors of the system.
This shall be achieved by combining the Coxian phase-type distribution with the
continuous-time hidden Markov model (CTHMM). Within the current theory of the
conditional phase-type distribution family, a two stage approach is used to model the
data where the conditional component is applied initially to highlight how the charac-
teristics of the data interact which is then followed by the Coxian phase-type distribu-
tion being applied to these newly found relationships. Within the approach presented
in this paper, a joint likelihood function will be derived to simultaneously maximise
the parameters of both the Coxian phase-type distribution and the continuous-time
hidden Markov model jointly accounting for the realistic situation where both mod-
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els affect each other rather than the restrictive separate two step approach used in
existing theory.

The outline of the paper is as follows. A new joint likelihood of the Coxian phase-
type distribution with CTHMM shall be derived in Section 2. A simulation study of
the newly developed model shall be presented in Section 3 followed by an illustration of
the benefits of the approach through an application of the model to geriatric healthcare
data.

2. Methodology

The model presented in this paper aims to capture more information about the flow of
subjects through a system by incorporating within it a dynamic latent factor. The mod-
els utilised to achieve this are the Coxian phase-type distribution and the CTHMM.

The Coxian phase type distribution is a popular modelling technique in representing
survival distributions and as such is used regularly in the field of healthcare modelling
but not limited to this area Faddy (1994); Faddy & McClean (1999); Marshall et al.
(2013); McClean et al. (2008); Shaw & Marshall (2007).

The hidden Markov model is a probabilistic model consisting of a hidden process
and an observed stochastic process. This model can be used to infer the hidden state
from what is observed. It was initially developed for use in speech recognition, Rabiner
(1989), but its applications have spread to a range of different fields Beyreuther et al.
(2008); Bhar & Hamori (2006); Bureau et al. (2003); Cooper & Lipsitch (2004); Gupta
& Dhingra (2012); Rafiul Hassan & Nath (2005); Wall & Li (2009). These applications
have used the hidden Markov model to infer a component of a system which is having
an effect but cannot be measured.

Combining the Coxian phase-type distribution with the CTHMM to incorporate the
dynamic nature of the underlying latent factor of the system will highlight the hidden
factors which have an effect on the system. Such effects and their influence on flow
cannot be measured directly. In doing so, this will increase the accuracy of modelling
the system and provide healthcare providers more knowledge and understanding of
how the system is running.

2.1. Coxian phase-type distribution

Formally, the Coxian phase-type distribution is defined as a continuous time Markov
chain with states (1, 2, ..., n, n+1), X(0)=1 where the process starts in the first state
and the probability of transition from one transient state to another in time interval
δt is defined as Neuts (1981),

prob{X(t+ δt) = i+ 1|X(t) = i} = λiδt+ o(δt) (1)

for i = 1, 2, ..., n− 1 and with λi representing the transition rates from state i to state
i+ 1. State n+ 1 is the absorbing state. The probability of transition from a transient
state to the absorbing state during the time interval δt is given by

prob{X(t+ δt) = n+ 1|X(t) = i} = µiδt+ o(δt) (2)

for i = 1, 2, ..., n, where states i = 1, 2, ..., n are latent (transient) states of the process
with µi representing the transition from state i to the absorbing state.
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The Coxian phase-type distribution is made up of an infinitesimal generator Q given
by:

Q =

[
T −Te
0 0

]
(3)

where 0 is a row vector of zeros of size n, e is a unitary column vector of size n and
T is the sub-generator defined as,

T =


−(λ1 + µ1) λ1 0 ... 0 0

0 −(λ2 + µ2) λ2 ... 0 ...
... ... ... ... ... ...
0 0 0 ... −(λn−1 + µn−1) λn−1

0 0 0 ... 0 −µn

 . (4)

This sub-generator T details the allowed transitions within the Coxian phase-type
distribution, where the diagonals illustrate how subjects can leave each of the phases
and the off diagonals represent the movements to the other transient states. Struc-
turally, the Coxian phase-type distribution has one absorbing state and movement is
allowed between all of the transient states and the absorbing state. However, they are
regimentally structured as subjects must start in the first state and sequentially move
through each of the transient states in order or from the transient state to the absorb-
ing state, see figure 1. This structure has an appealing property as it eases the fitting
process compared to the general phase-type distribution, (Latouche & Ramaswami
(1999); Neuts (1981)).

The probability density function for the distribution is given as:

f(t) = pexp(T t)q (5)

where p = (1 0 ... 0), which restricts the system to begin in the first phase and q =
−Te = (µ1 µ2 ... µn)T . The probability density function requires that the exponential
of a matrix be calculated.

2.2. Continuous-time Hidden Markov models

Formally the CTHMM is defined by three parameters,

λ = (P ,B ,π), (6)

where P is the probability matrix, (size k × k, where k is the number of hidden
states), which stores the probability of transitioning to state sj following hidden state
si, (Rabiner (1989)). This probability matrix is defined by a transition rate matrix A
and the time difference t between observations as shown in equation 7:

P(t) = exp(At) (7)

P(t) is a matrix representing the probabilities of movement between each of the states.
The initial distribution is given by π = {πi} where
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πi = P (q1 = si)

for 1 ≤ i ≤ k. This is the probability that the first hidden state q1 is hidden state si.
The observation matrix, B, stores the probability of the R̂th observation being

produced from hidden state si, independent of point t, given by

B = {bi(R̂)}

where each element in B refers to

bi(R̂) = P (xt = vR̂|qt = si)

bi(R̂) is the probability of the observation xt at time t being equal to vR̂ given the

hidden state qt = si, where vR̂ is the R̂th observation which is produced.
Figure 2 illustrates the CTHMM where the hidden states are represented by s and

the observations by O. It can be seen that at each instantaneous time an observation
occurs, the hidden state may change, governed by the transition matrix P . The ob-
servation at time t was generated by some process whose state st is hidden from the
observer.

Traditionally observations from a discrete distribution were used within the
CTHMM, however the model has been developed enabling continuous distributions to
be utilised, (Beddington (2007); Rabiner (1989)). This paper will extend the model fur-
ther to allow the use of the Coxian phase-type distribution. The use of the continuous-
time hidden Markov model with the Coxian phase-type distribution will allow repre-
sentation of the subjects flow through the system, which is an advantage of the Coxian
phase-type distribution, while also taking into account the hidden factor.

2.3. The Coxian phase-type distribution with the continuous-time hidden
Markov model

Let O = (o1, ..., oT ) and q = (q1, ..., qT ) be the observed data and the hidden underly-
ing state sequence respectively for each of the different time points up to time T . The
likelihood function for the incomplete data is defined by P (O|λ) while the likelihood
function for the complete-data is given by P (O, q|λ). The incomplete data is seen as
the hidden aspect. The expected log-likelihood Q(λ, λ′) is therefore defined as,

Q(λ, λ′) =
∑
qεQ

logP (O, q|λ)P (O, q|λ′) (8)

where λ′ are the previous estimates of the parameters, with the complete data
likelihood given by:

P (O, q|λ) = πq1

T∏
t=2

P qt−1,qtbqt(ot) (9)

where πq1 is the initial probability of being in each hidden state, P qt−1,qt is the hidden
probability matrix which contains the probability of moving between each of the hidden
states and bqt is the probability of the observations belonging to each of the hidden
states as given by the probability density function used to model the observations.
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Incorporating equation 9 into the expected log-likelihood in equation 8 therefore gives:

Q(λ, λ′) =
∑
qεQ

log πq0P (O, q|λ′) +
∑
qεQ

(
T∑
t=2

logP qt−1,qt

)
P (O, q|λ′)

+
∑
qεQ

(
T∑
t=1

log bqt(ot)

)
P (O, q|λ′)

(10)

The parameters within the expected log-likelihood, equation 10, are in three indepen-
dent parts and so can be optimised individually.

To optimise the log-likelihood, several probabilities used within hidden Markov
model theory are required to be estimated and are defined as follows. The Forward-
Backward procedure, (Rabiner (1989)), is used to estimate αi(t) (forward variable)
and βi(t) (backward variable). The forward procedure estimates αi(t), the probabil-
ity of obtaining the partial sequence o1, ..., ot and ending in state si at time t. The
backward part of the procedure estimates βi(t) the probability of the ending partial
sequence ot+1, ..., oT given that the system started in state si at time t.

Other probabilities used are the probability of being in state si at time t for the
state sequence O which is calculated using αi(t) and βi(t);

γi(t) =
αi(t)βi(t)
k∑
j=1

αj(t)βj(t)

. (11)

The probability of being in state si at time t and being in state sj at time t + 1,
represented by ξij(t), can also be calculated as

ξij(t) =
αi(t)Pij(t)bj(ot+1)βj(t+ 1)

k∑
i=1

k∑
j=1

αi(t)Pij(t)bj(ot+1)βj(t+ 1)

. (12)

The Coxian hidden Markov model is optimised using the Baum-Welch algorithm
and the Expectation-Maximisation algorithm (EM-algorithm) Baum & Petrie (1966);
Baum et al. (1970); Dempster (1977).

The maximum likelihood estimate for π, the initial hidden state probability, is given
as,

π̂i = γi(1), (13)

The update of the transition matrix is achieved by maximising the second term of
equation 10.

=

k∑
i=1

k∑
j=1

T∑
t=2

logP ijP (O, qt−1 = i, qt = j|λ′).

=

k∑
i=1

k∑
j=1

T∑
t=2

ξi,j(t) log(P i,j(t))

(14)
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Equation 14 is then optimised to obtain the maximum likelihood estimates of the
rate parameters within matrix P which governs the flow between the different hidden
states.

The third term to be optimised in equation 10 contains the probability density
function of the Coxian phase-type distribution. The EM-algorithm is utilised which re-
quires changing the formulation of the Coxian phase-type distribution. This is achieved
following Asmussen et al. (1996) who treat the phase-type distribution as a Markov
process in order to form the complete density. Consider the Markov process Ju which is
defined by the time until absorption, the Markov chain or states visited I0, I1, ...IM−1,
and the duration of time spent in each of the states S0, S1, ..., SM−1 where M is the
number of steps until Ju hits the absorption state. Asmussen et al. (1996), showed that
the probability density function of the complete sample w of the Coxian phase-type
distribution is given by,

f(w, π, T ) =

P∏
x=1

πBi

i

P∏
x=1

exp(tiiZi)

P∏
x=1

P∏
j=0,j 6=x

t
Nij

ij , (15)

where the number of Markov processes starting in state i, for i = 1, ..., P , (P is the
number of phases), is given by,

Bi =

P∑
v=1

1(I
[v]
o =i) (16)

The total time spent in state i, i = 1, ..., P is,

Zi =

n∑
v=1

m[v]−1∏
k=0

1[I
[v]
k =x]S

[v]
k , (17)

where n is the number of independent replications of the Markov process.
The total number of jumps from state i to state j, for i 6= j, i = 1, ..., P and j =
0, 1, ..., P .

Nij =

n∑
v=1

m[v]−1∑
k=0

1I [v]
k =i,I

[v]
k+1=j (18)

π is a (P × 1) vector which denotes the probability of starting in each of the phases
of the Coxian phase-type distribution, where πi is the ith element within this vector. T
is a (P × P ) matrix which contains the rates of movement between the phases, where
tij denotes the element within position (i, j) within this matrix and t is a (P×1) vector
consisting of the rates from the phases into the absorbing state of the Coxian phase-
type distribution. ti is the ith element within this vector and y are the observations,
where yv is the vth observation. The sub-generator matrix containing the transition
rates is denoted as T , the exit vector is denoted as t and the probability of starting in

each of the phases πi, I
[v]
k is the Markov chain of the states visited and the duration

times of the states for the vth process is S
[v]
k .
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This format of the Coxian phase-type distribution is changed slightly to be used in
conjunction with the hidden Markov model forming the Coxian phase-type distribution
with continuous-time hidden Markov model (Coxian-CTHMM).

The Coxian-CTHMM is illustrated in figure 3, where each of the hidden states are
linked to a Coxian phase-type distribution. This example shows two hidden states
with a n1 and n2 phase Coxian phase-type distribution, the model however is gener-
alisable. Combining the CTHMM with the Coxian phase-type distribution allows the
two models to interact with each other and will allow for a more in-depth analysis
of the flow of subjects through a system as it will show how latent variables which
cannot be observed can affect the system.

3. Simulation Study

A simulation study was performed to validate the Coxian-CTHMM through the use
of synthetic datasets. Each of the studies consisted of 100 datasets of the same size,
containing 500, 1,000 and 5,000 observations each. Using datasets which are small
(< 100) have been shown to cause issues with regards to the fitting of the Coxian phase-
type distribution, (Marshall & Zenga (2009)). Different numbers of phases for the
Coxian phase-type distribution were used for each study starting with a one and two-
phase Coxian phase-type distribution in each hidden state to a two phase and a three
phase Coxian phase-type distribution in each hidden state. The average value for each
of the parameter estimates obtained across the 100 datasets for each study are then
used to compare to the true values. Different time intervals were taken into account
during the study whereby both regular and irregular time intervals were evaluated.
To simulate the data for the hidden Markov model code was developed based on the
following steps shown in Table 1.

Tables 2 and 3 provide the results of the simulation study for the Coxian-CTHMM
with two phases in each of the hidden states (case study 2). These tables provide the
average parameter estimates, the standard deviation of the results along with the bias
of the parameter estimates.

The results of the simulation studies for the Coxian-CTHMM with one phase and
two phase coxian in each hidden state (case study 1) and a two phase and three
phase Coxian in each state (case study 3) can be seen in figures 4 and 5 respectively.
These show the results for different numbers of observations used as well as the results
obtained when using random and constant time intervals. The true Coxian phase-type
distribution fits to the data are shown by the black line.

The results show that the model performs well. It performs slightly better when the
time intervals are kept constant than when they are taken to be random, particularly
when the number of phases in both hidden states increase. Figure 5 illustrates the
results of the two and three phase simulation study. Where the fits obtained are similar
to or match that of the true fit however it can be seen for the irregular time intervals
when a smaller amount of data is used the fit obtained does not quite reach the peak
of the true fit. This is rectified when the number of observations are increased and
does not appear when either a smaller number of phases or regular time intervals are
used.

The simulation results for the Coxian-CTHMM show that the model performs well
with the amount of bias between the known parameter values and the obtained aver-
age parameter estimates being small. The Coxian phase-type distribution, lognormal
distribution and Weibull distribution were also applied to the simulated datasets as
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these are commonly applied to LOS data. Figure 6 shows the results of the Coxian
phase-type, Weibull and lognormal distributions fitted to the data simulated in case
study 2 and 3. These results show that the current distributions are able to model
the data well, in particular the Coxian phase-type distribution is able to capture the
tails of the data better than the other two distributions however the distributions
can not uncover different patient pathways which is shown within the results of the
Coxian-CTHMM.

The simulation study highlights that the Coxian phase-type distribution can be
fitted to the data to give an overall fit but information hidden within the data is lost
if the Coxian-CTHMM is not utilised as well.

4. Application of the Coxian-CTHMM to the Lombardy dataset

This section applies the Coxian-CTHMM to data from the Lombardy healthcare region
highlighting how it can be used in practise. Within Italy the percentage of the popu-
lation who are over 65 years old in 2011 was 20% and this is expected to increase 1.7
fold by 2050. The 80 year old age cohort are expected to increase the fastest from 6%
of the Italian population in 2013 to 14% over the next four decades, (OECD (2014)).
This could have an impact on healthcare systems1 across the country as the elderly
tend to not only spend longer in hospital but generally require more complex care.
Given this, healthcare providers need to have an in-depth knowledge of the system
that they are delivering and from where potential issues could arise. 1

The data used in this investigation consists of LOS information for 8,527 patients
aged 65 years or older who received treatment in a Lombardy geriatric wards in 2009.
There are no day cases with all patients classified as having ordinary admission and
the patients are predominately female (61%) with an overall average age of 82.5 years.
The LOS of patients was found to have a mean and median of 12.3 days and 10 days
respectively, with 95.31% of patients discharged within 30 days. Within the Lombardy
region there are 10 public hospitals which accounted for 67% of geriatric admissions.
The descriptive statistics for each of the hospitals can be seen in Table 4.

Initially the Coxian phase-type distribution was sequentially fitted to each of the
different hospital wards patients LOS, starting with the one phase Coxian phase-type
distribution and continuing the process by fitting the two phase Coxian phase-type
distribution until the best fit is reached. The Akaike Information Criterion (AIC),
(Schwarz (1978)), was utilised to obtain the optimal number of phases required. The
four phase Coxian phase-type distribution was deemed as optimal for the patients LOS
in Hospital 4, the results of which can be seen in figures 7 and 8.

Figure 7 gives a representation of the Coxian phase-type distribution whereby each
phase could represent a stage of care within the healthcare system. It is possible
that the first phase could represent admission and diagnosis, which all patients must
go through before they receive treatment allowing them all to move through to the
second phase. At this phase, the patients leave phase 2 through the absorbing state at
a rate of µ̂2=0.0681, with the majority of patients transitioning into the final stage of
care at a rate of λ̂3=0.3591. This final stage could represent rehabilitation.

The Coxian phase-type distribution is able to give an overview of the hospital path-
way but there may be different paths in which the patients pass through the system.
To uncover these the Coxian-CTHMM is applied to each of the hospital wards patients

1A detailed analysis on the Italian healthcare system is contained in France et al. (2005); Nuti et al. (2012).
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LOS. The model is applied in a sequential nature beginning with a one phase Coxian
phase-type distribution in each hidden state and building upon this, for example, the
one phase Coxian in one hidden state and a two phase Coxian phase-type distribution
in the other hidden state etc. This sequential building of the model is continued until
the AIC shows that the optimal model has been obtained. The AIC results for Hospital
4 can be seen in Table 5.

According to the AIC the optimal model for Hospital 4 is the model with one and
three phase Coxian phase-type distributions in each hidden state. Table 6 outlines the
Coxian phase-type distribution parameters obtained from each of the hidden states.
From this, it is evident that the incorporation of the Coxian-CTHMM highlights the
presence of different patient pathways. State one represents patients who generally
tend to have longer lengths of stay.

As shown in Table 6, the distribution obtained from the first hidden state shows that
individuals enter the hospital and then leave at a slow rate of µ̂1=0.0364. In contrast
to the first hidden state, the second hidden state shows that individuals will transition
through the healthcare system at a much faster rate suggesting less resources are used
within this group of patients. From the Coxian phase-type distribution, it can be seen
that patients transition directly through to the third phase where they all leave the
hospital system. Figure 9 shows the fit of the Coxian phase-type distribution produced
for patients in hidden state two.

The Viterbi algorithm, (Baum & Petrie (1966); Baum et al. (1970)), can be used
to separate the data into two groups according to the hidden states and from there
the characteristics within each of the hidden states can be seen. This can be useful
for healthcare providers as if there are large proportions of patients waiting to be
discharged into a nursing home for example, this could flag up an inefficiency within
the system which needs to be rectified. The proportion of patients who die within
each of the hidden states should also be assessed as this variable has been seen as
an important proxy for quality of care Benbassat & Taragin (2000); Campbell et al.
(2000); Donabedian (1980, 1988).

As the longer stay group will be using more resources, this could indicate a possible
inefficiency within the healthcare system, highlighting that the care delivered may
not be to as high a standard as the other shorter stay group. A further investigation
into this potential inefficiency can be undertaken through use of the Viterbi algorithm.
Table 7 shows the breakdown by destination of hidden states one and two observations
respectively as partitioned by the Viterbi algorithm.

Of those patients who are hospitalised at home or voluntarily leave with home care,
between approximately 4-8% are within hidden state one, indicating a slower flow of
patients through the healthcare system. Of those within hidden state one, 6.25% are
being discharged to their homes with hospitalised care. These numbers may be a small
proportion of people but they are staying in hospital for over 8 weeks. One plausible
explanation for this is that these patients are bed blockers potentially having to wait
in the healthcare system due to their destination not being ready for their arrival. If
this is true, then it is a potential area of concern as these individuals are not only
using up more resources but they are also of increased risk of an iatrogenic injury
(injury unintentionally caused by healthcare professionals), (Cornwell et al. (2012);
Hoogerduijn et al. (2007); Lafont et al. (2011)). This is a potential area of further
investigation as to why such patients are spending longer in hospital with the aim to
improve quality of care of these patients.

Table 7 shows that of those within hidden state one, 37.50% pass away accounting
for 9.10% of the overall patient group. Previous research has shown death to be more
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common at the start of an individual’s stay in hospital as highlighted from this model’s
results, as most patients who die are in hidden state two, (90.1%). This finding was
also reported by McClean & Millard (1993) who found that the peak number of deaths
occurred in the first week with it steadily declining over time.

4.1. Lombardy Hospitals

It was noticed that some of the 13 hospital wards have similar patterns of flow through
the hospital system. In particular two main clusters are observed accounting for seven
and four of the hospital wards with hospitals 5 and 9 showing different systems.

Cluster 1 shows that patients will progress through to the final phase in hidden state
two showing that they will all be admitted and receive treatment before they leave the
system. Hidden state two accounts for the majority of patients within these wards and
they tend to spend a shorter time within the hospital than those patients who are in
hidden state one. Hidden state one is represented by a one phase Coxian phase-type
distribution, this could suggest that these patients are not moving through the system
efficiently but are using hospital resources instead of being transferred e.g to a nursing
home. For healthcare managers those patients who will be using more resources should
be taken into account in terms of budgeting and bed numbers. An investigation into
the social care resources should be conducted so patients are transferred to a place
that is better equipped and suited for their needs quickly.

Cluster 2 (accounts for 7 hospital wards) shows that within hidden state two some
patients leave the system from the second phase with the majority of patients tran-
sitioning to the final phase. This potentially shows that after patients receive initial
treatment some are discharged from or leave the ward whereas the rest receive further
treatment before they leave. Similarly to cluster 1 the Coxian phase-type distribution
representing hidden state one is a one phase.

This model is able to highlight to healthcare managers that there could be potential
inefficiencies with patients being transferred home with hospitalised care, have a ward
transfer, rehabilitation and transferring to a nursing home. These potential issues
should all be investigated further to uncover the level of inefficiency, if any, as patients
who are ready to leave the hospital ward but are not able to due to their destination
not being ready has repercussions. These repercussions are not just for the hospital
ward and resources but also the deterioration of the patient themselves in terms of
their quality of life.

5. Conclusion

This paper has introduced the Coxian-CTHMM. The model extends the Coxian phase-
type distribution by taking into account hidden variables in a dynamic way which can
effect the flow of subjects being modelled. A joint likelihood was derived whereby
the continuous-time hidden Markov model and the Coxian phase-type distribution
parameters are simultaneously optimized and interact with each other, allowing the
effect of both processes on each other to be considered.

The model was validated through a simulation study and consequently applied to
geriatric healthcare data, to highlight how more information can be deduced from
using the Coxian-CTHMM in comparison to using the Coxian phase-type distribution
alone. The model was able to highlight different patient flows through the healthcare
system highlighting potential issues, for example, some patients are having to wait
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over 8 weeks before they are discharged home with hospitalised care. This has shown
a potential area of further investigation as to why these patients are spending longer
in hospital, potentially showing a poor use of resources and inefficiency within the
healthcare system and something which could actually be causing harm to the patient.

The Coxian-CTHMM was applied to each of the 13 geriatric wards within the
Lombardy region with the results implying that some hospitals within the region
are run in a similar fashion. Two main clusters were identified which accounted for 11
different wards. These clusters showed that the patients who had longer lengths of stays
were represented by a one phase Coxian phase-type distribution whereas those with
shorter lengths of stays were either leaving through the second phase or transitioning
through to the final state. Hospitals 5 and 9 appear to have different systems in
place. These systems should be analysed further to uncover if the healthcare managers
recognise that different management strategies are in place within these hospitals and
if so which strategies are best to cope with an ageing population.

This paper introduces the two hidden state version of the model but it is general-
isable to any number of hidden states. It also has the potential to be used in many
different applications where the length of time in a process needs to be taken into ac-
count along with a dynamic latent factor affecting the system, such as in the prognosis
and diagnoses of machine health.

To further improve this model covariates which are known to affect the hidden factor
and also length of time for the subject to move through the system could be taken
into account. This would highlight the effect of certain characteristics on a patients
flow through the healthcare system and give a deeper understanding of the system.
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7. Tables

Table 1. Code to simulate data
Step

1 Generate N random numbers X uniform [0,1]
2 Define A and t, calculate P(t) = exp(At)
3 Define hidden state one parameters for the Coxian phase-type

distribution and simulate data from this.
4 Define hidden state two parameters for the Coxian phase-type

distribution and simulate data from this.
5 Define initial probabilities π for the hidden Markov model.
6 If X1 < π then hidden state =1 else 2.
7 for i = 2, ...N , If hidden state= 1 and Xi ≤ P11 then hidden state =1 else 2.

else if hidden state= 2 and Xi ≤ P22 then hidden state =2 else 1.
8 If hidden state =1 then simulated observation is from step 3 else it is from step 4.

15



Table 2. Coxian- CTHMM Simulation Results- Regular times
Parameter Actual Average Estimate Standard Error Bias

Regular Time intervals

500 observations
Hidden State 1

µ1 0.3900 0.3804 0.0269 −0.0096
µ2 0.0150 0.0144 0.0086 −0.0006
λ1 0.0100 0.0234 0.0150 +0.0134

Hidden State 2
µ1 0.0130 0.0122 0.0033 −0.0008
µ2 0.0150 0.0146 0.0027 −0.0004
λ1 0.0100 0.0264 0.0295 +0.0164

1,000 observations
Hidden State 1

µ1 0.3900 0.3959 0.0143 +0.0059
µ2 0.0150 0.0152 0.0088 +0.0002
λ1 0.0100 0.0106 0.0071 +0.0006

Hidden State 2
µ1 0.0130 0.0128 0.0010 −0.0002
µ2 0.0150 0.0137 0.0017 −0.0013
λ1 0.0100 0.0213 0.0243 +0.0113

5,000 observations
Hidden State 1

µ1 0.3900 0.3983 0.0107 +0.0083
µ2 0.0150 0.0135 0.0074 −0.0015
λ1 0.0100 0.0064 0.0068 −0.0036

Hidden State 2
µ1 0.0130 0.0125 0.0030 −0.0005
µ2 0.0150 0.0134 0.0014 −0.0016
λ1 0.0100 0.0123 0.0188 +0.0023
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Table 3. Coxian- CTHMM Simulation Results- Irregular times
Parameter Actual Average Estimate Standard Error Bias

Irregular Time intervals

500 observations
Hidden State 1

µ1 0.3900 0.3691 0.0500 −0.0209
µ2 0.0150 0.0163 0.0140 +0.0013
λ1 0.0100 0.0433 0.0274 +0.0333

Hidden State 2
µ1 0.0130 0.0186 0.0294 +0.0056
µ2 0.0150 0.0148 0.0068 −0.0002
λ1 0.0100 0.0307 0.0469 +0.0207

1,000 observations
Hidden State 1

µ1 0.3900 0.3674 0.0412 −0.0226
µ2 0.0150 0.0172 0.0227 +0.0022
λ1 0.0100 0.0461 0.0315 +0.0361

Hidden State 2
µ1 0.0130 0.0127 0.0023 −0.0003
µ2 0.0150 0.0143 0.0026 −0.0007
λ1 0.0100 0.0173 0.0146 +0.0073

5,000 observations
Hidden State 1

µ1 0.3900 0.3751 0.0400 −0.0149
µ2 0.0150 0.0138 0.0081 −0.0012
λ1 0.0100 0.0315 0.0346 +0.0215

Hidden State 2
µ1 0.0130 0.0191 0.0010 +0.0061
µ2 0.0150 0.0131 0.0015 −0.0019
λ1 0.0100 0.0140 0.0239 +0.0040

17



Table 4. Descriptive statistics for the Lombardy Geriatric wards
Hospital Type Number of Number of Number of Number of Length of

beds (Average) Hospitalizations Deaths Transfers Stay (Average)
1 Public 26.500 497 82 4 9.41
2 Public 27.830 778 111 17 7.69
3 Public 12.250 349 30 25 13.19
4 Public 24.000 496 66 24 21.43
5 Non-Profit 31.000 69 972 27 7.95
6 Non-Profit 21.830 80 1037 112 5.22
7 Private 30.000 495 33 45 12.89
8 Public 41.580 359 14 31 10.20
9 Public 32.000 1096 135 14 7.99
10 Public 20.000 619 26 1 8.40
11 Public 15.000 284 25 18 7.93
12 Public 35.500 833 118 17 8.44
13 Public 13.000 394 28 18 7.78
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Table 5. Log-likelihood and AIC values for the Coxian-CTHMM of Hos-

pital 4’s geriatric ward
Hidden State Hidden State -log-likelihood Akaike Information

1 phases 2 phases Criterion
1 1 −1919.6 3849.2
1 2 −1834.4 3682.8
2 2 −1833.7 3685.4
1 3 −1823.5 3665
2 3 −1822.5 3667
1 4 −1822.1 3666.2
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Table 6. Coxian phase-type distributions for the two hidden states
Hidden State Parameter Estimates

1 µ̂1 = 0.0364
2 µ̂1 = 6.7319e−33, µ̂2 = 2.7424e−5, µ̂3 = 0.1867

λ̂1 = 0.1793, λ̂2 = 0.1794, λ̂3 = 0.1867
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Table 7. Destinations of the patients as separated by the Viterbi algorithm
Hidden Destination Patients within Patients within Median LOS
State destination group (%) hidden state (%) (Days)

1 Home 1.90 43.75 59
Voluntary 25.00 6.25 69
Dead 9.10 37.50 32
Nursing Home − − −
Hospital Transfer − − −
Hospitalisation at Home 4.34 6.25 82
Rehabilitation Transfer − − −
Voluntary Hospital home care 8.30 6.25 58

2 Home 98.10 74.40 15
Voluntary 75.00 0.60 7
Dead 90.10 12.50 14
Nursing Home 100 0.63 14
Hospital Transfer 100 4.40 11
Hospitalisation at Home 95.66 4.58 18.5
Rehabilitation Transfer 100 0.63 29
Voluntary Hospital home care 91.70 2.29 20
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8. Figures

Figure 1.

Figure 2.

Figure 3.
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Figure 4.

Figure 5.
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Figure 6.

Figure 7.

Figure 8.
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Figure 9.
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9. Figure Captions

(1) Diagrammatic illustration of an n phase Coxian phase-type distribution.
(2) Diagrammatic illustration of the hidden Markov model.
(3) Diagrammatic illustration of the hidden Markov model with Coxian phase-type

distribution, this example has two hidden states.
(4) Results for the Coxian-CTHMM (1,2 phases) with regular and irregular time

intervals.
(5) Results for the Coxian-CTHMM (2,3 phases) with regular and irregular time

intervals.
(6) Results for the Coxian phase-type, Weibull and lognormal distributions fitted to

the data simulated in case study 2 and 3.
(7) Coxian presentation for the geriatric ward within Hospital 4.
(8) Coxian phase-type distributional fit to the geriatric ward within Hospital 4.
(9) Hidden state 2 distribution fit.
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