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A hardening response is often observed for shear-dominated large deformation of Carbon Fibre Rein-
forced Plastics (CFRP). This non-linear response is often modelled by fitting a strain hardening law
against experimental stress-strain curves. Inspired by a crystal plasticity framework, a phenomenological
model is developed to capture matrix shearing and fibre rotation of CFRP under finite strain. This
phenomenological model is first verified by simple shear and transverse compression tests, followed by
comprehensive validations against measured stress-strain responses of unidirectional (UD) and cross-ply
composite laminates subjected to quasi-static loading. The analytical and finite element predictions of
CFRP lamina under simple shear loading confirm that the initial yielding is governed by the shear yield
strength of the matrix, while the hardening behaviour is dependent on the modulus and rotation of the
carbon fibres. This model accurately predicts the non-linear behaviour of CFRP under off-axis loading
without the need of an empirical curve-fitted strain hardening law.
© 2020 The Authors. Production and hosting by Elsevier B.V. on behalf of KeAi Communications Co., Ltd.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nc-nd/4.0/).
1. Introduction

Carbon Fibre Reinforced Plastic (CFRP) composites are finding
increasing utilisation in ‘lightweighting’ applications due to their
high specific stiffness and strength. The failure modes of these
composites has been shown to be greatly affected by the material's
shear characteristics [1]. Under transverse or shear loading, the
main response of a unidirectional (UD) CFRP is controlled by the
matrix, exhibiting large non-linear deformation and subsequent
matrix cracking [2], see Fig. 1. This non-linear hardening may be
exploited in the design of fail-safe engineering structures. It is
therefore essential to understand and be able to characterise the
non-linear stress-strain responses of CFRP to determine design al-
lowables for engineering composite structures. Non-linear behav-
iour may be observed in off-axis compression tests of
unidirectional laminates [3], tensile or compressive loading on
±45� laminates [4e6] or V-notched rail shear test on cross-ply
laminates [2,7]. A significant amount of fibre rotation can be
rd of International Journal of
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observed in these samples [2,5]. It is therefore logical to consider
the fibre rotation and matrix yielding in a constitutive model in
order to accurately predict the material response under large
deformations.

Material models of composite laminates typically comprise a
stress-strain constitutive model, a failure initiation criterion, and a
damage evolution law that degrades the material modulus and sets
the final failure state [8e10]. These models either assume a purely-
elastic constitutive model or capture the non-linear behaviour by
fitting mathematic curves to the experimental stress-strain hard-
ening law [2,6,9,11e15]. In order to account for fibre rotation, 2D
models based on infinitesimal strain assumption [4,5,16,17] use a
geometrical relation between fibre rotation angle, 4 , and local
strains, εxx and εyy, by 4 ¼ tan�1½ð1 þ εxxÞ =ð1 þ εyyÞ�, which is only
valid for symmetric ½±q�ns composite laminates. Mandel et al. [18]
and Laux [19] proposed non-associative plasticity models to
describe yielding due to transverse and longitudinal shear loading,
based on finite deformation theory. The fibre rotation was
accounted for via a geometric equation. An elasticeviscoplastic
constitutive model using invariant terms was proposed by Vogler
and Koerber et al. [20,21] for capturing the non-linear behaviour. A
yield functionwas defined, based on stress invariants, that remains
unchanged for arbitrary coordinate system transformations with
respect to the fibre direction. Therefore, the determination of
Ai Communications Co., Ltd. This is an open access article under the CC BY-NC-ND
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Fig. 1. The failure modes and stress-strain curves of V-notched shear tests of AS4/PEKK carbon fibre thermoplastic composites [2]. (a) Shear loading is applied parallel and
perpendicular to fibre direction on the unidirectional laminates (b) shear loading is applied on cross-ply laminates.
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yielding is independent of fibre rotation. developed based on the
invariants of transverse isotropy for the non-linear behaviour of UD
composite materials.

Dafalias [22] who introduced the concept of a ‘plastic spin’ effect
within Hill's plasticity model [23] developed a more general
description of anisotropic non-linear plastic deformation. Dafalias
modelled fibre rotation via a ‘plastic spin’ to describe the rotation of
the material substructure (fibres) with respect to the overall ma-
terial rotation. This involves the specification of additional tensorial
constitutive rules for plastic spin based on the assumption that the
material symmetries are invariant to plastic deformation. A similar
strategy has recently been adopted by other researchers [24,25] to
update the fibre rotation in the deformed configuration.

Rather than following the routes mentioned, a crystal plas-
ticity model, originally developed for metals, is shown to also be
capable of capturing the material anisotropy and the micro-
structure evolution [26e29] by analogy. It assumes that plastic
flow through the crystal is due to shearing of the matrix and
plastic slip does not alter the initial crystal orientation. There-
fore, the ‘plastic spin’ effect is automatically taken into account
within the crystal plasticity framework. This crystal plasticity
model is ideal to capture fibre rotation, especially when the
material is under finite deformation.

The purpose of the present study is to develop a phenomeno-
logical model for composite laminates under finite deformation,
and to predict the mechanical behaviour under large matrix
shearing and associated fibre rotation. A computational framework
based on crystal plasticity is presented for composite laminates.
The mechanisms of non-linear hardening are revealed through
analytical and finite element models. The fidelity of the phenom-
enological model is validated by comparing numerical results with
measured stress-strain responses of UD and cross-ply composite
laminates subjected to pure shear loading.

2. Phenomenological model

To develop a phenomenological constitutive model for CFRP
composites, which can accurately model the fibre rotation and
matrix shearing deformation, we shall proceed with a brief dis-
cussion of the deformation mechanisms of CFRP composite sub-
jected to shear loading.
2.1. Experimental observations

The pure shear tests of unidirectional composite laminates
conducted by Tan and Falzon [2] have shown that shear deforma-
tion is primarily the result of the shearing of the matrix along the
fibre direction, without fibre rotation, when shear loading is
applied parallel to the fibre direction. Based on these experimental
observations, it is reasonable to postulate that plastic shear defor-
mation of CFRP composites is mainly achieved by shearing of the
matrix along certain ‘slip’ directions dictated by the fibres, as
illustrated in Fig. 1a. A direct consequence of this assumption is that
under simple shear loading along the fibre direction, as shown in
Fig. 4a, there is no fibre rotation. It should be noted that this is in
contrast to the assumption used by other classical constitutive
models (e.g., Hill's plasticity model [23]), where a non-zero fibre
rotation, equal to half the engineering shear strain, g=2, would be
predicted.

Significant fibre rotation is observed when shear loading is
applied perpendicular to the fibre orientation, Fig. 1a. This effect is
more evident when shear loading is applied to a cross-ply com-
posite laminates as shown in Fig. 1b [2,7]. The reorientation of fi-
bres is confirmed by X-ray computer tomography, Fig. 2. Therefore,
our model needs to capture both matrix shearing deformation
along the fibre direction, and fibre rotation.

2.2. Model assumptions

Experimental observations suggest that slip directions tend to
follow the matrix-resin region or fibre-matrix interface [2,7,30,31].
The slip orientations can be categorised into two groups, longitu-
dinal and transverse slip deformation, Fig. 3. In the development of
the phenomenological model, we adopt the classical framework of
crystal plasticity [32,33], where the plastic deformation of a UD
CFRP lamina is assumed, by analogy, to be due to fibre slip along
certain slip systems within the matrix. We have defined six
representative slip systems, as shown in Fig. 4a and Table 1. For
each slip system, a, we denote the slip direction vector, sðaÞ, and the
slip plane normal vector, mðaÞ. For the local coordinate system (x1,
x2, x3), x1 aligns along the fibre direction and the (x2, x3) plane is
perpendicular to the fibre direction. Note that slip along system
aL ¼ 1;2;3 represents the longitudinal slip of the lamina along the



Fig. 2. X-ray Computer Tomography (CT) scans reveal the fibre rotation and matrix deformation or cracking at the strain of 18% and 35% after unloading.

Fig. 3. (a) Longitudinal slip observed in the short beam three-point bending test of CFRP [31] (b) Transverse slip when uniaxial compression loading is applied on the CFRP [49].
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x1 fibre direction, whilst aT ¼ 4;5;6 represents the transverse slip
of the lamina perpendicular to the x1 fibre direction. Let b denote
the minimum angle between the x2 axis and the transverse slip
system, aT .

The typical longitudinal and transverse shears, along with their
corresponding slip systems are illustrated in Fig. 4b and c. The
notation of the slip systems is explained by the two following ex-
amples. For slip system a ¼ 1, the slip direction (1, 0, 0) is aligned
with the x1 axis, while the slip plane normal (0, 0, 1) is along the x3
axis. Likewise, in the slip system a ¼ 5, the slip direction (0, cos b,
sin b) is in line with an inclined angle, b , with respect to the x2 axis,
while the slip plane normal (0,�sin b, cos b) is the vector perpen-
dicular to the slip direction. It is also noted that the longitudinal slip
systems aL ¼ 2;3 are also dependent on b.

The choice of transverse slip systems for CFRP lamina requires
careful justification. The hexagonal closed packed (HCP) structure
[34] within the (x2, x3) plane would result in aT with b ¼ ± 60�.
When carbon fibres are not hexagonal closed packed, there are
other potential slip directions depending on the yield criteria.
Tresca's yield criterion [35] predicts transverse slip directions with
angles b ¼ ±45�, where the material reaches its maximum shear
stress. Puck's failure criterion [36], resembling the MohreCoulomb
fracture hypothesis [37], suggests the transverse slip direction is
around b ¼ ±37�. Note that in the Puck's model, the fracture plane
angle, qfp , is defined as the angle between the fracture plane and x3
axis, typically with qfp ¼ ±53�. Puck's model introduces an addi-
tional fracture-resistance term due to internal friction. At the
micro-mechanical level, the internal friction results from the
normal stress acting on the micro-cracks in the matrix before
failure [36]. Experimental results [30] as well as computational
predictions [31,36,38,39] on the transverse compression failure of
UD CFRP lamina also prove that the matrix is prone to fail along a
certain plane of angle b in the range of b ¼ 37�±3�. Based on these
physical considerations, we investigate the effect of transverse slip
systems by selecting three groups of slip systems, aT , as follows:

(1) b ¼ 60� : Hexagonal closed packed structure.
(2) b ¼ 45�: Tresca's yield criterion
(3) b ¼ 37� : Puck's failure criterion and measured slip planes.

The effect of slip orientations on the mechanical response of UD
CFRP subject to uniaxial transverse compression is discussed later
in Section 4.2. It is emphasised that the precise orientation of slip
systems depends on the microstructure (fibre distribution, fibre
volume fraction, void contents, fibre/matrix interfacial properties
[40] etc.) of composite lamina. For a general 3D load state, the
orientation is not known a priori and is determined by the angle
which maximises the failure criteria functions. Brent's algorithm,
which combines a golden section search with parabolic interpola-
tion, can be used for this purpose [11], considering that fibre slips
will occur along either the matrix-rich area or the fibre-matrix
interface.



Fig. 4. Sketches of (a) six typical slip systems with slip direction sðaÞ and slip plane normal mðaÞ . (b) The slip system (sð1Þ;mð1Þ) in the longitudinal direction and (c) the slip system
(sð5Þ ;mð5Þ) in the transverse direction.:
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2.3. Kinematics

Consider a UD CFRP lamina as shown in Fig. 5 with fibre direc-
tion aligned along the x1 coordinate. The total deformation gradient
Fij which maps the original configuration U0 to U is multiplicatively

decomposed into a plastic part Fpij which maps U0 to an interme-

diate, stress free configurationUi, and an elastic part Feij whichmaps

Ui to U, such that

Fij ¼ FeikF
p
kj (1)

The plastic deformation of the lamina Fpkj is characterized by the

internal state variable, ga, representing the fibre slipping along an

individual slip system, a. Let sðaÞi and mðaÞ
i denote the slip direction

and slip normal vector respectively, Fpij may then be defined in rate

form,

_F
p
ij ¼

XN
a¼1

_gðaÞsðaÞi mðaÞ
k FPkj (2)

The orthogonal vectors sðaÞi and mðaÞ
i are assumed to rotate with

the lamina, so in the deformed configuration, U, they become
Table 1
Slip direction vectors and slip plane normal vectors.

Slip systems a Slip direction sðaÞ Slip plane normal mðaÞ

Longitudinal slip systems (1) (1, 0, 0) (0, 1, 0)
(2) (1, 0, 0) (0, �sin b, cos b)
(3) (1, 0, 0) (0, sin b, cos b)

Transverse slip systems (4) (0, 1, 0) (0, 0, �1)
(5) (0, cos b, sin b) (0, sin b,�cos b)
(6) (0,�cos b, sin b) (0, sin b, cos b)
s*ðaÞi ¼ Feijs
ðaÞ
j (3)

m*ðaÞ
i ¼mðaÞ

j

�
Feji
��1

(4)

One of the goals of this paper is to understand the effect of fibre
rotation on the stress-strain response, hence here we propose a
way to evaluate the fibre rotation 4 from the kinematic relation.
Recall plastic spin does not change the fibre direction, therefore, 4
Fig. 5. Multiplicative decomposition of the total deformation gradient into elastic and
plastic component.
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can be evaluated from the elastic rotation Reij of the lamina which is

given by,

Reij ¼ Feik
�
Ue
jk

��1
(5)

where Reij is the rotation matrix, and Ue
jk is the right stretch tensor.

Experimental observations [2] suggest that the fibre rotates about
the x3 axis, within the (x1, x2) plane. Therefore, the rotation matrix
has the form below,

Reij ¼
2
4 cos 4 �sin 4 0
sin 4 cos 4 0
0 0 1

3
5 (6)

The fibre rotation 4 is then calculated as,

4¼ tan�1�Re21 �Re11� (7)

The elastic Green strain Eeij is given by

Eeij ¼
1
2

�
FekiF

e
kj � dij

�
(8)

where dij is the Kronecker delta.

2.4. Constitutive law

The UD lamina is assumed to be elastic and transversely isotropic.
We define a material stress measurement, Sij, in the intermediate
configuration such that it is work conjugate to the elastic Green
strain, Eeij. A linear elastic relationship is assumed between Sij and Eeij
with the elastic constitutive relationship given by,
0
BBBBBBBBBBBB@

Ee11
Ee22
Ee33
Ee23
Ee13
Ee12

1
CCCCCCCCCCCCA

¼

0
BBBBBB@

1
.
Ef �y21=Em2 �y31=Em3 0 0 0

�y12

.
Ef 1=Em2 �y32=Em3 0 0 0

�y13

.
Ef �y23=Em2 1=Em3 0 0 0

0 0 0 1=ð2G23Þ 0 0
0 0 0 0 1=ð2G13Þ 0
0 0 0 0 0 1=ð2G12Þ

1
CCCCCCA

¼

0
BBBBBB@

S11
S22
S33
S23
S13
S12

1
CCCCCCA

(9)
where Ef is the longitudinal modulus of a UD lamina, Em2 and Em3 are
the transverse moduli of the UD lamina in the x2 and x3 direction
respectively. Gij and yij are the shear moduli and Poisson ratios
respectively. Note that G23 ¼ 0:5Em=ð1þy23Þ as a transversely
isotropic material. The relationship between Cauchy stress, sij, and
material stress, Sij, is given by:

Sij ¼det
�
Feij
��

Feik
��1

skl

�
Fejl
��1

(10)

It now remains to define the plastic constitutive relationship.
Following Asaro and Needleman [32], the evolution of the shear
strain, gðaÞ, is given by a rate-dependent power law relationship,

_gðaÞ ¼ _g0

 
tðaÞ

tðaÞy

!n

sgn½tðaÞ� (11)

where tðaÞ denotes the thermodynamic driving force for the shear

strain rate _gðaÞ, while ty and _g0 denotes the shear yield strength and
the reference shear strain rate of the lamina respectively. n is a rate
sensitivity exponent and sgn½� returns the sign of the resolved
critical shear stress for determining the matrix yielding. In classical
crystal plasticity [33], the resolved shear stress tðaÞ is evaluated
from Schmid's law [41],

tðaÞ ¼ s*ðaÞi sijm
*ðaÞ
j (12)

However, it has been shown that the yield strength of matrix
material is pressure sensitive [42,43]. The pressure dependency is
characterised by the friction coefficient, m, and the transverse
normal pressure, P , is introduced on the slip systems, similar to
Mohr-Coulomb theory, such that the shear strength of a slip system,

tðaÞy , is given by,

tðaÞy ¼
�
ty þ mP P � 0
ty P <0 (13)

where ty is the shear yield strength in the absence of a pressure
loading. As we assume the lamina is elastic along the fibre (x1)
direction, the pressure P is defined in the x2 � x3 plane and is given
by:

P¼ � 1
2
ðS22 þS33Þ (14)

3. Model implementation

3.1. Numerical implementation

The material model is implemented in ABAQUS Explicit (version
6.14) via the user subroutine VUMAT. The full algorithm is detailed
in Appendix A of [44]. In brief, the subroutine collects the defor-
mation gradient tensors and right stretch tensors, followed by the
initialisation of slip systems for each integration point. Then in-
termediate stresses, Cauchy stresses, local shear strain rates and
deformation gradient components are calculated for each slip
system. During the calculation process, the analysis calculates the
resolved shear stresses of each slip system. Once any shear stress in
the slip system reaches its critical resolved shear stress, the slip is
activated and plastic flow is initiated. As the load is increased, the
resolved shear stress on each system increases until the pressure-

dependent shear yield strength, tðaÞy , is reached on one system.
The fibre composite begins to plastically deform by slip on this
system, termed the ‘primary slip system’. As the load is increased

further, tðaÞy may be reached on other slip systems; these systems
then begin to operate. Multiple slips may occur simultaneously
during the loading process. Once the calculation loop finishes in
each time increment, the subroutine will update the local plastic
shear strain rate, deformation gradient and slip systems. The fibre
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rotation angle is stored as a state variable. The whole process is
repeated for each element at every time increment.

3.2. Materials properties

IM7-8552 and AS4-PEKK carbon fibre unidirectional lamina are
both modelled as an anisotropic, homogenised continuum with
their slip systems defined in Section 2.2. The shear yielding of a
lamina which is controlled by the matrix is defined by isotropic
elastic, perfectly-plastic behaviour that satisfies the VonMises yield
criterion (J2 flow theory). The longitudinal modulus, Ef , transverse
modulus Em, shear modulus G12 and shear yield strength ty of the
lamina are measured from experiments. Material constants used
for the finite element simulation are given in Table 2. The friction
coefficient, m, is chosen to be 0.28 according to Ref. [2]. The strain
rate sensitivity;n , is calibrated against the measured yield strength
at various strain rates [3,45]. Here, the strain rate sensitivity for
IM7-8552 is n ¼ 22:4. Although AS4-PEKK thermoplastic com-
posites may have a higher strain rate sensitivity, we use the same
parameter, n , in the absence of available experimental data. It
should be emphasised that in this study, all the virtual tests are
within the quasi-static regime _ε ¼ 0.0004 s�1. Therefore, the effect
of the strain rate parameter;n , is negligible.

4. Finite element model

This section presents the predictive capabilities of the crystal
plasticity model regarding the non-linear response of composite
laminates. The geometrical hardening effect is explained by the
analytical model of a simple shear test with a single element in
Section 4.1. The effect of slip orientation, on the transverse
compressive response of a single element, is shown in Section 4.2.
Numerical results of off-axis compression tests of UD lamina, under
various strain rates, is then compared against experimental results
in Section 4.3. Finally, the capability of thismicromechanical model,
to capture the non-linear response of cross-ply composite lami-
nates, is demonstrated in Section 4.4.

4.1. Simple shear tests of UD lamina

Simple shear loading parallel and perpendicular to the fibre
orientation, see Fig. 6a, were applied to a UD lamina (single
element) under quasi-static deformation ( _g ¼ 10�4= s). The cor-
responding stress-strain curves are plotted in Fig. 6b. Recall that the
epoxy matrix is assumed to be perfectly plastic. For simple shear,
parallel to the fibre direction, the curves predicted by the ‘crystal
model’ capture the behaviour accurately. The matrix plastic defor-
mation led to the localization of a shear band parallel to the fibres.
The prediction from Hill's anisotropic yield criterion [23] under
quasi-static loading rate is also shown in Fig. 6b. Hill's model
Table 2
Material parameters for finite element simulation of IM7-8552 and AS4-PEKK car-
bon fibre composites measured under quasi-static loading condition [2,3,50].

Material properties IM7-8552 AS4-PEKK

Ef 171.42 GPa 138 GPa
n12 0.32 0.3
n23 0.34 0.3
Em 8.93 GPa 10.3 GPa
G12 5.10 GPa 5.2 GPa
m 0.28 0.28
ty 62.3 MPa 80.81 MPa
smy 104 MPa 254 MPa
n 22.4 22.4
predicts an identical response for shear, parallel and perpendicular
to the fibre directions, under quasi-static loading. It captures the
initial yielding behaviour and matches the results predicted by the
crystal plasticity model for small strain. However, for large shear
strain g>8%, the stress-strain curve shows a downward trend,
which is not physical compared to experiment. The two key as-
sumptions of Hill's plasticity model [23] that lead to poor pre-
dictions of UD composite under simple shear loading are: (i) the
material symmetries remain unchanged upon plastic deformation
(ii) the kinematics of fibres are identical to the lamina. Hence the
rotation of the local fibre coordinate system with respect to the
global coordinate system is equal to the spin component of the total
deformation gradient. In this simple shear case, Hill's model will
rotate the local coordinates by g12=2 even though the fibre rotation
is zero, hence leading to errors under finite deformation.

For simple shear, perpendicular to the fibre orientation, signif-
icant hardening behaviour is observed, which is consistent with
shear experiments on UD lamina [2] and computational micro-
mechanics prediction [31]. Assuming a perfect-bond between fibre
and matrix, we derive the shear stress, t12, as a function of total
shear strain g, based on the crystal plasticity framework (see the
detailed derivation in Appendix B of [44]),

t12 ¼
�G12g gp ¼ 0
ty þ 0:5Efg

3 gp >0
(15)

where g ¼ tan u is the total shear strain, gp the plastic strain and Ef
the longitudinal modulus of composite lamina. The hardening
behaviour is controlled by the term 0:5Ef g3, which is the product of
the longitudinal modulus of composite lamina Ef (dominated by
the fibre modulus) and the cube of shear strain g (indicating fibre
rotation 4, for simple shear perpendicular to fibre direction, \u¼\4).
The finite element prediction and analytical prediction are in a
good agreement, confirming the accuracy of our crystal-plasticity
based model. Physically, since matrix deformation could not
progress independently of the fibres, significant fibre rotation is
generated to accommodate the shear strain in the matrix and
inherently increases the Cauchy stress and corresponding resolved
shear stress, Eq. (15). Consequently, a significant geometrical
hardening response of the composite lamina under finite defor-
mation is observed. However, due to fibre-matrix debonding, the
measured stress-strain curves for shearing perpendicular to fibre
direction [2] fail prematurely with a limited strain hardening
behaviour observed. A significant strain hardening behaviour is
evident in the cross-ply composite laminates due to the con-
straining effect of the adjacent plies.
4.2. Transverse compression tests of UD lamina

As discussed earlier, Puck's model based on the MohreCoulomb
hypothesis suggests that deformation of a composite lamina, under
transverse compression, forms a fracture plane at an angle b to a
plane parallel to the loading axis [30]. Similarly, in our crystal
plasticity model, we define slip directions b. Applying uniaxial
transverse compression to a composite lamina, the transverse
compressive yield strength of the lamina, sy, is related to the critical

resolved shear stress tðaÞy , see Appendix C of [44], note that in this
paper, b is defined as the angle between slip plane and loading axis.
The compressive yield strength of the lamina, sy, is given by,

sy ¼ � 2tðaÞy

sin 2 b
(16)

To investigate the effect of slip orientation, b, upon the uniaxial



Fig. 6. (a) Sketches of boundary conditions: simple shear 0� , simple shear 90� , transverse compressive tests of a unidirectional lamina. (b) Predicted stress-strain curves of simple
shear on a unidirectional lamina using the crystal plasticity model and Hill's model. (c) Predicted stress-strain curves of a unidirectional lamina under transverse compression of slip
system oriented at b ¼ 37

�
; 45

�
; 60

�
respectively.
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compressive response of the composite lamina, virtual uniaxial
compressive tests were conducted on a composite lamina with
various slip systems, b ¼ 37

�
, 45

�
, and 60

�
. Their stress-strain re-

sponses are shown in Fig. 6c. Note that for the case of a zero friction

coefficient, m ¼ 0, tðaÞy equals the shear strength of the matrix ty ¼
62.3 MPa. The compressive yield strength increases with increasing
slip orientation from 45

�
to 60

�
. The predicted yield strength, with

slip triggered at 45
�
; is close to the measured yield strength, smy ¼

104 MPa [3]. In order to obtain accurate slip plane angles, Brent's
algorithm that combines a golden section search with parabolic
interpolation may be used [11], including the constraint that frac-
ture planes mainly initiate and propagate along the fibre-matrix
interface. For simplicity, the slip orientation in the transverse y�
z plane is set to be 45

�
for the following simulations. Fig. 6c shows

that compressive yield strengths, predicted by FE, are in a good
agreement with the analytical solutions from Eq. (16), which con-
firms that matrix shearing deformation governs the transverse
compression behaviour of a UD composite lamina.
4.3. Off-axis compression tests of UD composite lamina

In order to verify our model, we compare the finite element
predictions with the measured stress-strain responses of a unidi-
rectional (UD) composite subject to quasi-static off-axis compres-
sive loading, as shown in Fig. 7a.

Virtual off-axis compressive tests on composite laminates with
fibre orientation angles q ¼ 15�, 45� and 90� (transverse
compression) were conducted. Quasi-static (QS) loading _εQS ¼ 4�
10�4=s was applied to these samples. All specimens have di-
mensions of 20 � 10 � 4 mm3, Fig. 7a.

The measured true stress-strain responses under off-axis
compressive loading are compared with those predicted by the
finite element model in Fig. 8. In broad terms, the predictions
capture the modulus, yield strength and hardening behaviour in
the experiment for all the off-axis tests.

Two localised shear bands were observed in the 15� off-axis
compression tests. Composite fibres in the UD composite typically
undergo kinking in a narrow band under axial compression. Fibre
kinking is plastic micro-buckling [46], which is facilitated by the
rotation and buckling of misaligned fibres. The predicted shear
band compares to the measured contours under quasi-static
loading in Fig. 8a shows the accurate prediction of the fibre kink-
ing effect. The numerical model is shown to be able to capture the
plastic micro-buckling with a correct representation of plastic
shear deformation and fibre rotation. We have also investigated the
mesh size effect in capturing those localised deformation [44]. The
maximum shear bandwidth predicted from FE decreases with the
decreasing mesh size, which is dependent on the geometric length
scale such as fibre diameter [46]. Observations show typical values
of bandwidth in the neighbourhood of 10 fibre diameters. There-
fore, a suitable choice of mesh size that is close to the geometric
length scale will enable an accurate prediction of the localised
deformation.

FE simulation accurately predicts the development of a shear
band in the 45� off-axis experimental tests, as shown in Fig. 8b. This
is a failure mode essentially identical to that which would occur in
the bulk matrix material, where fibres offer little resistance to
applied loading. For a transverse compression test in the 90� off-
axis, the two localised strain bands in the FE prediction, indicative
of transverse slips, are similar to the observed strain contour, Fig. 8c.

4.4. Shear tests of [±90�]4s composite laminates

Now we proceed to validate our model via comparison with the
measured [2] stress-strain responses of [±90�]4s composite lami-
nates made from AS4/PEKK carbon fibre thermoplastic composites.
The material properties for AS4/PEKK can be found in Table 2 [2].
Virtual shear tests on [±90�]4s laminates were conducted under
quasi-static ( _εQS ¼ 5� 10�4=s) conditions. The dimensions of the



Fig. 7. Specimen geometries for (a) IM7-8552 unidirectional composite laminates of different off-axis angle subject to uniaxial compressive loading [3] and (b) AS4-PEKK cross-ply
composite laminates subject to shear loading. Note that thickness is denoted by t. All units are in mm.

Fig. 8. Measured [3] and predicted fibre rotation, axial compressive strain and stress-strain curves for off-axis (a) q ¼ 15� (b) q ¼ 45� and (c) q ¼ 90� compression tests subjected to
quasi-static loading.
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Fig. 9. (a) Measured [2] and predicted shear stress-strain responses. (b) Measured and predicted shear strain contour. (c) The measured and predicted (d) fibre rotation. Note that
the negative fibre rotation angle is in the clockwise direction.
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samples are specified in Fig. 7b. Eight-node brick elements (C3D8R
in the ABAQUS notation) with element size of 0.5 mmwere used in
the finite element model.

The proposed model is a lamina-level constitutive model, which
is a general model for different layups. To model cross-ply com-
posite laminates, we defined perfect-bonding between the neigh-
bouring plies. This ensures strain compatibility under which a
continuous and unique displacement field can be obtained. The
deformation of an individual ply will be affected by the neigh-
bouring plies due to the constraint of strain compatibility. Therefore,
the cross-ply coupling effect is taken into account automatically.

Fig. 9a shows the comparison between the experimental and
numerical true shear stress-strain responses of [±90�]4s laminates
under shear loading. Significant fibre rotation was present in the
experimental tensile tests of [±90�]4s laminates and contributed to
the non-linear hardening behaviour. The predictions are in very
good agreement with the measured responses. In particular, the
model is able to account for the fibre rotation and reproduces initial
yield and linear hardening region for the shear test accurately. The
mismatch of the stress-stress curves in the final regime of Fig. 9a,
results from the absence of a composite damage model in the
crystal model. In the experiment, this is the regime where fibre
breakage, matrix cracking and delamination are triggered [4].
Continuum damage models such as the combined plastic and
smeared crack model [12] or the continuum shear damage model
[2] have successfully captured the damage initiation and evolution
in composite laminates. Since the focus of this study is the non-
linear shear behaviour, incorporating continuum damage model
with the crystal plasticity model is beyond the scope of the present
study and will be addressed in forthcoming studies.

The predicted shear strain contours and fibre rotation of
[±90�]4s composite laminates are compared to the measurements
in Fig. 9b. A good correlation between measured and numerically
predicted shear strain contours were achieved. The measured fibre
rotation and predicted rotation are shown in Fig. 9c and d. The
prediction provides accurate evaluation of the fibre rotation around
4 ¼ 12

�
±2

�
, which is very close to the measured rotation angle.

The model is also capable to capture various loading conditions
either under uniaxial loading or combined loading. We have
demonstrated the model capability subjected to compressive
loading in Fig. 6c. We have also shown this model can predict
mechanical behaviour under tensile loading and combined loading
in another paper [44].

5. Concluding remarks

A phenomenological model was developed to predict the non-
linear hardening behaviour of composite laminates under finite
deformation. The large plastic matrix shearing and associated fibre
rotations were captured through a framework based on a crystal
plasticity model. Analytical models suggest the geometrical hard-
ening behaviour of composite lamina is dependent on the longi-
tudinal modulus and shear strain, whilst the transverse
compressive response of composite lamina is governed by the
matrix shear yield strength and slip directions. Finite element
simulations of uniaxial compression on UD composite and shear
tests of [±90�]4s composite laminates were conducted to validate
this phenomenological model. Good qualitative and quantitative
correlation was achieved between the numerical models and
experimental results. The fidelity of the computational models was
also able to provide detailed information on the plastic shear strain
and fibre rotation.

Future work will focus on incorporating continuum damage
mechanics to capture the evolution of matrix cracking and fibre
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breakage in the development of pseudo-ductile [47], crashworthy
[1,48] carbon fibre composites including a large amount non-linear
shear failure. This crystal plasticity model can be also extended to
model the non-linear deformation of carbon nanotube mats and
related composites [44].
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