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Abstract

Lead telluride is a reference high-performance thermoelectric which possesses

a remarkable efficiency at intermediate temperatures in its pristine form, largely

due to its low lattice thermal conductivity. Several studies have been proposed to

analyse this thermal conductivity, but their range of application is usually limited:

first-principles simulations do not allow for the study of intrinsic defects in large

structures and the available classical potentials tend to overestimate the lattice

thermal conductivity of the bulk material. Here, we present an optimised Coulomb-

Buckingham potential that provides an improved description of the material when

compared to other force fields in the literature, especially for the bulk lattice thermal

conductivity, and that allows for the study of intrinsic defects. Using this potential,

we studied how intrinsic defects influence the thermal conductivity, paying special

attention to vacancies, interstitials, voids and grain boundaries. Our results show

that the presence of both vacancies and grain boundaries can separately reduce the

value of the thermal conductivity to ∼ 0.5 W/mK, regardless of the temperature,

i.e. a factor of 4 at room temperature. A similar decrease is observed in the

presence of interstitials and voids, but in this case concentrations are more limited.

However, small grains are not stable at high and intermediate temperatures, so in the

second part of the thesis we study if grain boundaries survive or not against thermal

coarsening under operational conditions. We attacked this problem by means of a

multiscale dynamical modelling approach applied to porous, polycrystalline PbTe

through a phase-field model informed by molecular dynamics simulations. The

main hypothesis considered was that voids act as Zener pinning particles to stop

grain growth and stabilise grain boundaries. We analyzed the stability of voids and

determined metastable void sizes at different temperatures and observed that the

presence of voids can stabilise grains with radii of the order of hundreds of nm. A

simple serial model allowed us to calculate the thermal conductivity of these porous

polycrystalline materials and showed that it can be reduced by a 35 %, with lower

reductions at higher temperatures.
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CHAPTER 1

Introduction

The growing concern with the exhaustion of energy resources and the high energy

demands feed the development of new technologies based on the use of alternative

natural resources and materials, and one of the most relevant alternatives to produce

electricity is the use of the waste heat resulting from industrial processes or processes

occurring in nature. The utilisation of a temperature gradient to create an electrical

current has long been seen as a potentially revolutionary way of producing energy.

Those materials characterised by their ability to convert thermal energy into

electrical energy and vice versa are known as thermoelectric materials, and these con-

versions are known as thermoelectric effects. When these materials produce electricity

by exploiting the flow of heat current from a warmer area to a cooler area, they ex-

perience the Seebeck effect. On the other hand, the Peltier effect is the phenomenon

in which a temperature difference is created between two electrical junctions with con-

sumption of electrical energy. Typical thermoelectric devices fabricated from n- and

p-type semiconductors are shown in Fig. 1.1. The Seebeck effect is observed in a de-

vice consisting of two semiconductors, n-type and p-type, connected to a common heat
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source to produce a thermal gradient and an electrical power output between the cold

ends (Fig. 1.1(a)). Conversely, it is possible to create a heat source if an electrical

generator is placed between both semiconductors (Fig. 1.1(b)). In most actual appli-

cations, and as we can see in these figures, these thermoelectric devices are formed by

different semiconductor elements (p- and n- type) to produce a difference in Seebeck

coefficient between the two semiconductors and therefore enhance the efficiency. The

p-type element is doped such that the charge carriers are positive (holes) and the See-

beck coefficient is positive, whereas electrons are the charge carriers in the n-type leg,

in which the Seebeck coefficient is negative. The flux of electrons from the hot side to

the cold side is smaller than that in the opposite direction in the n-type element and

therefore there is a negative potential at the cold end, whereas holes build up on the

cold side in the p-type element, producing a positive potential. As a consequence, there

is a resulting power output between both cold ends in Fig. 1.1(a). In thermoelectric

coolers (Fig. 1.1(b)), the heat is transported by free carriers from the region to be

cooled to the heat sink.

Heat input Power output

RL

TH TC
n-type

p-type

(a)

+Heat
absorbed Power input

TC TH
n-type

p-type

(b)

Figure 1.1.: Typical thermoelectric effects experienced by thermoelectric materials: (a)

Seebeck effect and (b) Peltier effect. RL is the resistance at the external

load resistor and V stands for the voltage.

An appropriate industrial application of these thermoelectric effects can revolu-

tionise the energy sector. According to studies, more than the 60% of energy produced

by humankind worldwide is lost in the form of waste heat, i.e. unused heat returned

to the environment [1]. High-performance thermoelectric materials can directly and

reversibly convert this heat into electrical energy in an environmentally-friendly way

and in a wide temperature range, with the advantages of small size, high reliability

and no pollutants. These properties result in significant applications, as they would

allow to meet energy demands and reduce environmental pollution. But there are fur-

ther applications: these thermoelectric devices can also convert electrical energy into
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a temperature gradient, so it is possible to use them as refrigerators. Nowadays, these

devices are used for industrial temperature control, scientific equipment, drink cool-

ers, home refrigerators, thermal energy sensors or military use. Moreover, the use of

thermoelectric modules as solar cells requires special attention [2]. Traditional pho-

tovoltaic solar cells are made out of n-type and p-type semiconductor materials that

use the visible light spectrum to generate electricity. Solar radiation with wavelengths

from 380 nm to 750 nm (violet to red) hits the material with enough energy to knock

electrons out and create an electric current, but the remaining wavelengths do not have

enough energy to excite electrons and can be absorbed as heat. This heat can create

a temperature difference between the two faces of a thermoelectric material and then

be used for the production of electricity. Therefore, a combination of photovoltaic cells

and thermoelectric technologies can broaden the use of the solar spectrum and increase

the total power output. The use of solar cells based on thermoelectric modules can

improve the efficiency of these systems considerably, and this is expected to change the

solar industry as we know it today.

There is a wide range of materials susceptible to experience thermoelectric effects,

and they are usually classified in different ways: by production costs, the temperature

of interest, efficiency, reliability, mechanical properties... Depending on the properties

of interest, diverse groups of materials stand out. For example, silicides are primarily

considered for their relatively low cost; skutterudites are considered due to the large

number of members of the family; and chalcogenides are often considered for their

high efficiency. In the present work, we focus on materials with high efficiency, and

we propose different strategies to maximise their performance and compete with other

forms of power generation. The efficiency is the magnitude that indicates how good

a thermoelectric material is and, for power generators, it is given by the ratio of the

power supplied to the load and the heat absorbed at the hot junction [3, 4]:

η ≡ I2RL

SITH +K(TH − TC)− 1
2I

2R
, (1.1)

where I is the electrical current flowing through a load resistor (RL) inserted between

the two cold regions, I2RL is the useful power supplied to the load, S is the Seebeck

coefficient, TH is the temperature at the hot junction, TC is the temperature at the

surface being cooled, K is the thermal conductance of the two branches in parallel and

R is the sum of the branch resistances. Heat and radiation losses are not considered in

this expression. However, the efficiency in Eq. 1.1 is usually too low to compete with
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other forms of power generation, and strategies to maximise this value are crucial. If

we differentiate this expression with respect to RL/R and set the derivative equal to

zero, the maximum efficiency can be written as [4]:

ηmax =
TH − TC
TH

√
1 + ZT − 1√

1 + ZT + TC/TH
, (1.2)

where T = (TH + TC)/2. ZT is the dimensionless figure of merit, which takes into

consideration the thermoelectric capacity of both thermoelectric materials being used

in the device. The maximum thermoelectric efficiency of a power generator given by

Eq. 1.2 is the product of the Carnot efficiency, (TH − TC)/TH , and a reduction factor

that depends on the properties of the material through the quantity ZT [3], where

the Carnot efficiency is the maximum efficiency for any engine working between the

hot and cold temperatures. We can see from Fig. 1.2 that the maximum efficiency

depends strongly on ZT and high figures of merit are desired. Typical thermoelectric

devices have a maximum efficiency of ≈ 5–8%, although the study of the Thomson heat

would result in a reduction of the efficiency which depends on the material [5]. The

dependence of the maximum efficiency of the geometry of the legs is small (1 − 2%),

according to Moo-Yeon Lee et al., who compared different leg geometries: cylindrical,

square, trapezoidal [6]. However, the efficiency of the thermoelectric power generator

might increase if different strategies to increase ZT are found [7], and for this reason

the attention of research is moving in this direction.

In thermoelectric coolers, the efficiency is given by the coefficient of performance,

COP , which is the ratio of the heat absorbed and the electrical power input. The

maximum coefficient of performance of a thermoelectric refrigerator is given by [3]:

COP =
TC

TH − TC

√
1 + ZT − TH/TC√

1 + ZT + 1
, (1.3)

where T is the mean absolute temperature. The first term, TC/(TH −TC), corresponds

to maximum efficiency for a refrigerator: the Carnot efficiency [3]. According to this

term, the efficiency can be increased by reducing the temperature at the hot side, TH ,

but this requires very efficient heat transfer.

In this work, we will focus on the efficiency of PbTe as a power generator. The

maximum efficiency, described by Eq. 1.2, can be increased if the figure of merit,

ZT , increases, and in the present work we study different strategies to maximise this

9



quantity. The figure of merit is given by:

ZT =
S2σT

κT
. (1.4)

Here, the Seebeck coefficient S is defined as the ratio of the voltage generated to the

temperature difference resulting from the thermoelectric effect. This magnitude de-

pends on the electronic structure near the Fermi-level and is sensitive to changes in

the effective mass, carrier concentration or band shape. σ is the electrical conductivity,

which measures the ability to conduct electric current, and κT is the thermal conduc-

tivity, measuring the ability of the material to conduct heat. As we can see in Fig. 1.2,

the efficiency increases with the figure of merit, so the performance of a thermoelectric

material can be improved if the dimensionless figure of merit is maximised. Values for

different materials and temperatures are shown in Fig. 1.3. A material is considered

efficient if its figure of merit is higher than 1. Bismuth telluride is one of the leading

thermoelectric materials at low temperatures, and lead telluride (PbTe) at intermedi-

ate temperatures. Therefore, in this work, we focus on PbTe due to its outstanding

performance at intermediate temperatures.

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
ZT

0

1

2

3

4

Π m
ax
 [%

]

Figure 1.2.: Dependence of the maximum efficiency of a thermoelectric generator on

the figure of merit as described by Eq. 1.2. The temperatures of the hot

and cold regions are set to TH = 325 and TC = 275 K respectively.

The major challenge for the industry is to improve the efficiency of the thermo-

electric effects, and hence the figure of merit, to compete with other forms of power

generation. This goal can be achieved by maximising ZT . Note that the different

magnitudes in Eq. 1.4 can be expressed as [9, 1]:

10
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0.0

0.5
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Figure 1.3.: Figure of merit for different materials. Data collected from Ref. [8].

S =
π2k2

BT

3e

d(log σ(E)

dE

∣∣∣
E=EF

, (1.5)

σ =
ne2τ

m∗
, (1.6)

κT = κ+ κe = κ+ LσT, (1.7)

where kB is the Boltzmann constant, σ(E) is the electrical conductivity as a function of

the energy, e is the elementary charge, E is the energy, EF is the Fermi energy, n is the

carrier concentration, τ is the relaxation time, k is the lattice thermal conductivity, ke

is the electronic thermal conductivity, and L is the Lorenz number, a proportionality

constant. The relaxation time is the average time between consecutive scattering pro-

cesses. Equation 1.5 is known as Mott’s formula [9] and can be simplified in metals or

degenerate semiconductors, where bands are parabolic [10]. In this case, the Seebeck

coefficient becomes:

S =
8π2k2

B

3eh2
m∗T

( π
3n

)2/3
, (1.8)

where m∗ is the effective mass and h is the Planck constant. If we combine Eqs. 1.4-1.8,

the figure of merit becomes:

ZT =

(
8π2k2

B

3eh2
m∗
)2

ne2τT 3

κm∗ + Lσne2τT

( π
3n

)4/3
. (1.9)

The dependence of the figure of merit on the carrier concentration can be observed in

Fig. 1.4. The Seebeck coefficient depends on the effective mass and the carrier con-

centration, and the electrical conductivity is also related to the relaxation time. The

thermal conductivity is due to electrons and phonons, and the electronic contribution
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Figure 1.4.: Dependence of the figure of merit on the carrier concentration. Adapted from Ref.

[10] with permission from Springer Nature.

is associated with the electrical conductivity through the Wiedemann–Franz law (Eq.

1.7). Therefore, one may think that the figure of merit can be maximised applying the

appropriate change on any of these variables, but in fact, most of these magnitudes are

closely linked. For example, if we dope this material, there is a conflict between the

electrical and thermal conductivity and the Seebeck coefficient for the carrier concen-

tration, as a significant carrier concentration means a low Seebeck coefficient but high

conductivities (Fig. 1.4). As a consequence, the figure of merit is limited because of this

conflict, and the carrier concentration cannot enhance ZT by itself. Over the past few

decades, considerable progress has been made in the field of thermoelectric materials

to improve the Seebeck coefficient and reduce the thermal conductivity, such as nanos-

tructuring or band-gap engineering, but this is not enough. Note that phonons also

decrease the temperature gradient in the thermal conduction process, and can interact

with the charge carriers. Hence, there is also a phonon contribution to the Seebeck

coefficient, although this contribution is negligible at high temperatures due to intense

phonon-phonon interactions and is not crucial in thermoelectric power consideration

[4]. The lattice thermal conductivity becomes a promising alternative to enhance the

figure of merit as it is independent on the other magnitudes.

The lattice thermal conductivity of a dilute gas can be derived from the kinetic

theory of gases [11], in which intermolecular forces and the volume of the molecules

are negligible. These assumptions are not valid in the limit of the mean free-path

approaching the interatomic distance. In this case, relativistic and quantum-mechanical

effects have to be considered. According to the kinetic theory of gases, the thermal

12



conductivity is given by:

καβ =
1

V

∑
λ

cλvαλvβλτβλ, (1.10)

where κ is a tensor derived from the sum over all phonon modes λ, α and β are

directions, V is the volume and v is the magnitude of the phonon group velocity.

The group velocity is the velocity of propagation of the envelope shape of the wave’s

amplitudes. By using non-equilibrium statistical mechanics, Onsager showed that the

thermal conductivity tensor is symmetric [12, 13]. The mode-specific heat, cλ, is given

by the following expression:

cλ = ~ωλ
∂nλ
∂T

, (1.11)

where ~ is the reduced Planck constant, ωλ is the phonon frequency and nλ is the

equilibrium (Bose) distribution at the selected temperature. Note from Eq. 1.10 that

the lattice thermal conductivity is obtained as a summation over all phonon modes,

and it is directly related to the group velocities in different directions vαλ, vβλ and the

phonon relaxation times, τβλ. The existence of a certain finite value of τβλ results

from scattering processes with electrons and intrinsic defects of the crystal lattice, such

as grain boundaries. For some materials such as PbTe, a large number of scattering

processes occurs at high temperatures, including inelastic phonon-phonon interactions

and electron-phonon scattering [14]. Then, the temperature dependence of this thermal

conductivity arises from the temperature dependence of the relaxation times and group

velocities. This expression for the lattice thermal conductivity allows us to understand

the dependence of the thermal conductivity on different magnitudes. The thermal

conductivity falls as the temperature increases due to the presence of more inelastic

phonon-phonon interactions at high temperatures, as this coupling limits the relaxation

times. Moreover, the kinetic theory of gases can be easily extended to heat conduction

in solids [15], so the thermal conductivity of solids also depends on the relaxation times

[16] and decreases in the presence of lattice defects, as we will study in the following

chapters.

The main objective of this work is to understand the origin of the low thermal

conductivity of PbTe and search for different strategies to enhance its efficiency as a

power generator at intermediate temperatures. The lattice thermal conductivity of

PbTe is studied in the pure material and in the presence of lattice defects using models

at different scales.

This Thesis is organised as follows. In Chapter 2, we introduce and justify the
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choice of our material, PbTe, and explain the properties that make it an excellent

thermoelectric material. Then, we show the different classical potentials that have

been proposed for this material so far and various methods to calculate the lattice

thermal conductivity using computer simulations. In this chapter, the lattice thermal

conductivity of pristine PbTe is calculated using molecular dynamics (MD) simulations

as a function of temperature using a new classical force field that has been designed on

the basis of ab initio and experimental data.

In Chapter 3, we study different strategies to reduce the thermal conductivity

of PbTe at room temperature. These include point defects such as vacancies and in-

terstitials as well as planar defects such as grain boundaries or volume defects such as

voids. Results from MD simulations are shown and compared with phenomenological

models proposed in the literature. We show that the thermoelectric efficiency of PbTe

is enhanced by creating polycrystals with small mean grain sizes to reduce the lattice

thermal conductivity. Several studies analysed the dependence of the thermal conduc-

tivity on this mean grain size [17, 18] but, to the best of our knowledge, none of them

considered the stability of small, nanoscale-sized grains.

We attack this problem by means of a multiscale dynamical modelling approach

applied to porous, polycrystalline PbTe in Chapters 4 and 5. To this end, we devised

a phase-field model informed by MD simulations that used the force field proposed in

Chapter 2. In Chapter 4, the phase-field model is described and applied to the study of

normal grain growth in PbTe at the mesoscale. In Chapter 5, the phase-field model is

used to study in-depth the effect of voids on the grain growth of polycrystalline PbTe.

By means of an extensive set of simulations, we will also analyse the stability of voids

and determine metastable void sizes at different operating temperatures.

Finally, all results are gathered and discussed in Chapter 6, where data obtained

using methods at different scales get together to conclude how much the lattice thermal

conductivity of PbTe can be reduced. Future research avenues are also discussed.
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CHAPTER 2

Lattice thermal conductivity of PbTe

from MD simulations

2.1 Introduction

As seen in Fig. 1.3, PbTe is one of the best thermoelectric materials at inter-

mediate temperatures, which is the most important temperature interval for industrial

applications as a power generator. Therefore, PbTe is widely used as an infrared detec-

tor and power generator, and the industry requires progress in this field. In the present

chapter, we will analyse the thermal properties of this material.

PbTe is a narrow gap semiconductor with a direct bandgap of 0.31 eV at 300

K increasing with temperature which crystallises in a rocksalt structure: face-centred

cubic (fcc) lattice with a two-atom basis, formed by one atom of Pb and one atom of

Te (see Fig. 2.1).

PbTe is distinguished by its phonon properties. It has two atoms in the unit cell,

17



Figure 2.1.: Lattice structure of PbTe generated with the ATK-ForceField toolkit [1].

and hence exhibits acoustic and optical branches: two transversal and one longitudi-

nal. In the acoustic mode, adjacent atoms vibrate in phase out of their equilibrium

positions, whereas they vibrate out of phase in the optical modes. Vibrations can be

perpendicular or parallel to the direction of propagation, known as transversal and lon-

gitudinal respectively. Phonons contribute to thermal properties, and the low thermal

conductivity of PbTe is due to the scattering of longitudinal acoustic phonons by trans-

verse optical phonons with large anharmonicity, and the small group velocity of the soft

transverse acoustic phonons. Therefore, phonon properties play an essential role in the

thermal properties of this material. Phonon dispersions were obtained using ab initio

calculations and then compared with experimental results. These phonon dispersions

were later used as a reference in the following chapters, so an accurate determination

is required.

The Quantum ESPRESSO package was used for the calculations of phonons

in PbTe. Quantum ESPRESSO [2, 3] is an integrated suite for electronic-structure

calculations and materials modelling which is based on Density-Functional Theory,

plane waves and pseudopotentials. Density-Functional Theory (DFT) is a modern

approach to solve Schrödinger’s equation for a many-eletron system.
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Calculation of Phonon Related Properties with DFT

Quantum ESPRESSO calculates phonon dispersions using DFT, so a gen-

eral description to understand how it works is necessary. A derivation of this

theory can be explained by starting from the Hamiltonian, Ĥ, of a many-body

system [4]:

Ĥ = −~2
P∑
I

∇2
I

2MI
− ~2

N∑
i

∇2
i

2me
+
e2

2

N∑
i 6=j

1

|~ri − ~rj |
+
e2

2

P∑
I 6=J

ZIZJ∣∣∣~RI − ~RJ

∣∣∣
− e2

N∑
i

P∑
J

ZJ∣∣∣~ri − ~RJ

∣∣∣ , (2.1)

where me is the mass of the electron, MI is the mass of the nucleus I, ZI is

charge of the nucleus I, N is the number of electrons, P is the number of nuclei,

~ri is the position of the electron i and ~RI is the position of the nucleus I. The

structure of matter can be studied solving Schrödinger’s equation:

ĤΦ(~r, ~R) = εΦ(~r, ~R), (2.2)

where Φ(~r, ~R) is the many-body wave function and ε are the eigenvalues. How-

ever, this equation can only be solved for very simple systems and approximations

have to be made. Since nuclei are much heavier than electrons, they move slowly

compared to electrons, so that the latter manage to keep up with the nuclei in

a given electronic eigenstate (e.g. the ground state) as a parametric function of

the nuclear positions. In the Born-Oppenheimer approximation [5], nuclei and

electrons can be decoupled and their motion can be studied separately: classical

treatment for the nuclei motion and Schrödinger’s equation for the electrons:− ~2

2me

N∑
i

∇2
i +

e2

2

N∑
i 6=j

1

|~ri − ~rj |
− e2

N∑
i

P∑
J

ZJ∣∣∣~ri − ~RJ

∣∣∣
Φe(~r, ~R)

= εe(~RJ)Φe(~r, ~R), (2.3)

where the positions of the nuclei enter as parameters. This Hamiltonian can be

redefined as:

Ĥe = − ~2

2me

N∑
i

∇2
i +

e2

2

N∑
i 6=j

1

|~ri − ~rj |
− e2

N∑
i

P∑
J

ZJ∣∣∣~ri − ~RJ

∣∣∣ ≡ T̂ + Û + V̂ , (2.4)
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where T̂ is the kinetic energy, Û is the electron–electron interaction energy and

V̂ is the external potential energy from the positively charged nuclei. However,

Eq. 2.3 cannot still be solved for large systems, and here is where the DFT

formalism enters to simplify the problem. In DFT, the electron charge density

is used to describe the electron distribution and is determined from the single

electron wave functions:

n(~r) =
N∑
i

|Φi
e(~r)|2. (2.5)

Conversely, the wave function can be determined from the density [6], so it can

also be written as a functional of n(~r): Φe ≡ Φe [n].

The external potential applied to a system of interacting particles is de-

termined uniquely by the ground state density of the system, n0(~r), and this

ground state density is the one that minimises the the energy. For the density

n(~r), we define the functional of the energy as [6]:

E [n] = min
Φe→n

〈Φe|T̂ + Û + V̂ |Φe〉, (2.6)

where we used the bra-ket notation:

〈Φ|A|Φ〉 =

∫
Φ∗(~R,~r)AΦ(~R,~r)d~r. (2.7)

where A is an arbitrary operator. However, the minimisation of this energy is

still complicated, so further approximations are required.

In the DFT formalism, the energy is redefined as:

E [n] = T + U + V = Ts + UH + V [n] + Exc, (2.8)

where T̂s [n] is the kinetic energy of non-interacting electrons imposing that the

non-interacting and the interacting densities are the same:

Ts = − ~2

2me

∑
i

〈Φe|∇2
i |Φe〉, (2.9)

and Exc [n] is the exchange-correlation energy, which contains the differences

T−Ts and U−UH. The Hartree energy, UH, is the classical electrostatic repulsion

energy of non-interacting electrons:

UH[n] =
e2

2

∫
d3rd3r′

n(~r)n(~r′)

|~r − ~r′|
. (2.10)
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In DFT, Schrödinger’s equation is reduced to a set of N one-electron equa-

tions that are solved self-consistently in the density [7], which depends on the

single-electron orbitals, Φi
e, through Eq. 2.5:[

− ~2

2me
∇2 + e2

∫
d3r′

n(~r′)

|~r − ~r′|
− e2

P∑
J

ZJ
|~r − ~rJ |

+
δExc[n(~r)]

δn(~r)

]
Φi
e(~r)

= εieΦ
i
e(~r). (2.11)

This equation for the one-electron orbitals is known as Kohn-Sham equa-

tion and can be solved if the exchange-correlation term is known. Several ap-

proximations have been proposed in the literature for the kinetic energy and

correlation-exchange terms, such as the Local Density Approximation (LDA)

and the Generalized Gradient Approximation (GGA) (see Ref. [4] for more de-

tails).

In the DFT formalism, the forces experienced by the ions can be computed.

The position of atom I located in unit cell l and in position s inside the unit cell

is defined as:

~RI = ~Rl + ~Rs + ~uI , (2.12)

where ~Rl is the position of the unit cell, ~Rs is the position of the atom in the

unit cell, and uI is the deviation from the equilibrium position. The internal

energy can be expanded to second order as:

E(~uI) = E0(~uI) +
1

2

∑
α,I,β,J

uαI
∂2E

∂uαI ∂u
β
J

uβJ ≡ E0(~uI) +
1

2

∑
α,I,β,J

uαIC
αβ
I,Ju

β
J , (2.13)

where α, β stand for Cartesian indices and CαβI,J is the matrix of Interatomic

Force Constants (IFC’s). If MI is the mass of the atom I, its equation of motion

can be written as:

MI ü
α
I = − ∂E

∂uαI
= −

∑
β,J

CαβI,Ju
β
J . (2.14)

The IFC’s can be redefined in the reciprocal space as the sum over the displace-

ment of the atoms in each cell:

Cαβ
I,J(~q) =

∑
~R

e−i~q
~RCαβI,J(~R). (2.15)
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Figure 2.2.: Phonon dispersion of PbTe (blue lines) compared with experimental results (dots)

[10].

The phonon frequencies are thus obtained by diagonalising the dynamical matrix,

defined as:

Dαβ
I,J(~q) =

1√
MIMJ

CαβI,J(~q), (2.16)

for each point ~q in the Billouin zone.

DFT simulations were performed using the PBEsol parametrization of the exchange-

correlation functional and a 12× 12× 12 Monkhorst-Pack sampling [8]. We used fully

non-local, two-projector, norm-conserving pseudopotentials generated with the ON-

CVPSP code [9]. The use of norm conservation results in an exact agreement between

the all-electron and pseudopotential eigenvalues, which allows a faster convergence.

Cutoffs radii of 3.1, 3.0, 2.5 and 3.0 were used for the lead s, p, d and f orbitals; and

3.0, 3.1, 2.5 and 2.5 for the tellurium s, p, d, and f orbitals. These quantities and pseu-

dopotential were chosen to maximise the accuracy with the minimum computational

cost. The phonon frequencies were calculated from the dynamical matrix on 4× 4× 4

grid in reciprocal space after optimising the structure. These results can be observed

in Fig. 2.2, where we also report experimental data [10].

According to inelastic neutron scattering experiments, the acoustic branches,

particularly the transversal acoustic branches (TA), are very anharmonic, and the group

velocity of the long wave TA modes is very small. The lattice thermal conductivity

depends directly on this group velocity [11, 12], so such slow propagation speed of active
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modes can limit the contribution of TA phonons to the overall thermal conductivity

[13].

On the other hand, the calculations of the mode Grüneisen parameter indicate

that the dynamics of the transverse optical (TO) phonons near the Γ point is also ex-

tremely anharmonic, and this can enhance the scattering rates for the acoustic phonons

[13]. The frequency of this soft Γ mode increases with increasing temperature [14]. The

Grüneisen parameter is the property which measures the volume dependence of the

phonon frequencies. These calculations show that the energy of these TO phonons near

the Γ point is highly sensitive to changes in volume and pressure [13]: the frequencies of

the longitudinal optical (LO) and TO phonons at the Γ point decrease with increasing

lattice parameters [15]. The long-wavelength acoustic modes are essentially pressure

waves, so this dependence of the TO modes on pressure led researchers to conjecture

a strong coupling between TO and acoustic phonons, and inelastic neutron scattering

experiments show that this coupling is with longitudinal acoustic (LA) phonons. Note

that the interaction with LA rather than TA modes is unique to PbTe [14], but the

origin of this coupling is not fully understood at this moment. Furthermore, there is

also a coupling between electrons and anharmonic phonons [16].

The temperature dependence of this TO mode satisfies the Curie-law tempera-

ture dependence for paraelectrics [17], but PbTe is considered an incipient ferroelectric

which presents the characteristic soft TO phonon at the Γ point. This TO mode never

becomes unstable, and the ferroelectric distortion is avoided. Whereas this material is

paraelectric when undoped, it becomes ferroelectric on substitution of a few per cent

of Pb atoms by Sn or Ge [14]. The proximity to the ferroelectric phase is due to the

Pb 6p – Te 5p bonding and the local symmetry breaking due to the off-centring of lead

atoms [14].

2.2 Thermal conductivity

A deep knowledge of the thermal properties of PbTe is crucial for its use as a

thermoelectric material. In a power generator, low thermal conductivities and high

electrical conductivities are desired. The lattice thermal conductivity of pristine PbTe

is around 2 Wm−1K−1 at room temperature, and the objective of this project is to

determine different strategies to reduce this value as much as possible.
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The quality of the measurements of the lattice thermal conductivity have been

recently improved since the perfection of the experiments, especially the flash diffusivity

technique in the 1960’s [18]. With this technique, the thermal diffusivity is calculated

from the temperature rise due to an incident heat pulse. Several experiments have been

performed to study the lattice thermal conductivity of PbTe at different temperatures

and carrier concentrations.

A. A. El-Sharkawy et al. used the plane temperature waves method to calculate

the thermal conductivity between 300−700 K in 1983 [19]. In this method, a weak wave

propagating along the sample is analysed and the thermal conductivity is obtained from

the decay of the amplitude while the thermal diffusivity is obtained from the phase shift

[20]. However, this method gives large errors if the sample is not a thin film.

S. Yoneda et al. measured the lattice thermal conductivity of polycrystalline

PbTe at low temperatures and studied the convergence with the grain size. They used

the static comparative method with quartz as the reference material in 2001 [21]. In

2009, J. R. Sootsman et al. measured the lattice thermal conductivity of PbTe alloyed

with Si and Ge using the precise flash diffusivity technique [22], where the thermal

conductivity is calculated from the thermal diffusivity, αth, once the density, ρ, and the

specific heat capacity, cp, are known:

κ = αthρcp. (2.17)

The same method was used in 2010 by Y. Pei et al. to measure the lattice thermal

conductivity in the temperature range 300− 750 K with high hole concentrations and

using Na as dopant [23]. In 2012, K. Biswas et al. measured the thermal conductivity in

doped p-type PbTe using the laser flash diffusivity method [24]. All these measurements

are compared in Fig. 2.3. In the present work, thermal conductivities measured by J.

R. Sootsman and Y. Pei will be used as a reference due to the temperature range that

they studied and the accurate experimental technique used.

Ab initio calculations have also been performed to calculate the lattice thermal

conductivity of PbTe. T. Shiga et al. used harmonic and anharmonic IFC’s obtained

from first principles and the thermal conductivity was calculated using the Boltzmann

Transport Equation (BTE) [13, 25, 26]. T. Shiga was able to reproduce the experimental

thermal conductivity and attributed the low values to the LA-TO scattering and the

low group velocity of the TA phonons.
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Figure 2.3.: Lattice thermal conductivity of PbTe from experiments and ab initio calculations

[21, 22, 23, 24].

R. M. Murphy et al. also used first-principles calculations up to third-order

anharmonic IFC’s to study the thermal conductivity of PbTe under external stress and

when the sample is driven near a ferroelectric phase transition [27, 28]. They obtained

a better agreement with experimental results at low temperatures and showed that the

thermal conductivity of PbTe could be effectively reduced in alloyed and compressed

PbTe. A. Romero et al. used a more sophisticated method based on the sampling of

temperature-dependent IFC’s through fully ab initio MD simulations [29]. All these

results can be compared in Fig. 2.3.

2.3 Calculation of the lattice thermal conductiv-

ity from molecular dynamics simulations

First-principles calculations are precise simulation methods to study thermal

properties, but they are limited to small sizes and short simulation times. Therefore,

they are not very suitable for the study of large systems or the application of statistical

methods during long runs. Adrian P. Sutton proposed an elliptic form for the total

density of states in 1989 to study thermodynamic properties at finite temperatures [30].

This assumption allowed him to observe a temperature dependence of the interatomic

forces. However, these potentials have only been tested for metals. More recently,

Olle Hellman developed an accurate method of determining anharmonic free energies:
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the temperature-dependent effective potential technique (TDEP) [31, 32, 33, 29]. It is

based on ab initio molecular dynamics followed by mapping onto a model Hamiltonian

that describes the lattice dynamics. This method allows for the calculation of the lat-

tice thermal conductivity by solving the phonon Boltzmann equation. However, this

method requires a complicated mathematical procedure and is time consuming.

Classical MD simulations are an excellent alternative to calculate macroscopic

quantities at high temperatures, and they will be used in the present work. In this

chapter, a new classical potential developed in the context of the present Thesis is

compared with potentials available in the literature, and its accuracy is tested compar-

ing with experimental results. In the next chapter, this potential will be used to study

different strategies to reduce the thermal conductivity of PbTe and hence optimise its

performance.

2.3.1 Molecular dynamics (MD) simulations

MD simulations generate information at the atomic level, including atomic posi-

tions and velocities. These simulations consist of integrating numerically the equation

of motion (Newton’s second law [34]), ~F = m~a, where ~F is the force exerted on the

particle, m is the mass and ~a is the acceleration. The integration of the equations of

motion yields a trajectory that describes positions, velocities and accelerations of all

particles as they evolve over time, and average values of macroscopic properties can

be determined from this trajectory, such as pressure, energy, heat capacity or lattice

thermal conductivity [34].

Newton’s equation requires the use of a force field that has to be known in

advance:

~F ≡ −∇V = m
d~v

dt
≡ m~a, (2.18)

where V is the potential energy, ~v is the atom velocity and ~a is the atom acceleration.

This potential energy determines the dynamics and the properties of the material, and

its functional form is not trivial. We will focus on the determination of this potential

in the next section.

The dynamics of a given group of atoms is obtained by solving Newton’s equation

at fixed conditions (total number of atoms, temperature or total energy, total volume or

pressure). The positions and velocities of all atoms in the simulation box are updated
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using the velocity Verlet algorithm. This algorithm is the most commonly used and is

derived by approximating derivatives with finite differences to second order:

~r(t+ ∆t) = ~r(t) + ~v(t)∆t+
1

2
~a(t)∆t2, (2.19)

~v(t+ ∆t) = ~v(t) +
~a(t) + ~a(t+ ∆t)

2
∆t, (2.20)

where t is the time and ∆t is the integration time step.

Depending on which variables are kept fixed, different statistical ensembles are

considered in the present work: microcanonical (MD simulations at constant energy,

E, volume, V , and number of atoms, N : NVE), canonical (MD simulations at con-

stant temperature, T , volume and number of atoms: NVT) and isothermal–isobaric

ensemble (MD simulations at constant pressure, P , temperature and number of atoms:

NPT). MD simulations are performed to reproduce experiments, and the choice of

the appropriate ensemble depends on the experimental conditions. Thermostats can

suppress temperature fluctuations to produce trajectories consistent with the canoni-

cal ensemble. Different thermostats with different complexity have been proposed in

the literature, including velocity rescaling, the Nosé–Hoover thermostat, Nosé–Hoover

chains, the Berendsen thermostat, the Andersen thermostat and Langevin dynamics.

More details on these methods can be found in Refs. [35, 36]. In the present work, the

canonical ensemble is reproduced using Langevin dynamics or the Nosé-Hoover ther-

mostat. In Langevin dynamics, Newton’s equation (Eq. 2.18) is modified as follows:

m
d~v

dt
= ~F (~r, t)− γ~v + β(t), (2.21)

〈β(t)〉 = 0 ; 〈β(t)β(t′)〉 = 2γkBTδ(t− t′), (2.22)

where γ is the viscosity and β is Gaussian noise. The second term on the right hand

side corresponds to a friction force proportional to the velocity and the last term is a

random force due to density fluctuations. Equations 2.21-2.22 reproduce the movement

of a particle in a fluid medium with viscosity γ, but it can also be used to control the

temperature. In these simulations, the viscosity term acts as a damping factor which

determines how fast the temperature is relaxed. The isothermal–isobaric ensemble is

reproduced by rescaling on the atom velocities and the box size in a modified time

integration scheme (see Refs. [37, 38] for more details).
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2.3.2 Classical interatomic potentials

The use of classical MD simulations requires the knowledge of an interatomic

potential describing the interactions among all atoms in the simulation cell. The re-

duction from a fully quantum description to a classical potential like that proposed

in Eq. 2.18 is not trivial, and the resulting interatomic potential does not include

electronic effects. However, the computational effort for these classical simulations is

considerably reduced, and the calculation of macroscopic magnitudes is significantly

simplified. Thus, macroscopic properties can be calculated directly from the ensemble

average.

Interatomic potentials are mathematical functions that describe interactions be-

tween atoms as a function of angles and distances with neighbours. Their parameters

are fitted to reproduce some magnitude of interest, such as elastic constants, phonon

frequencies or bulk modulus. Thus, these potentials give a high accuracy on those mag-

nitudes used in the fitting process, but not necessarily on those excluded. For solids, a

well-constructed interatomic potential should describe the equilibrium lattice constant

and properties of interest. The objective of this chapter is to reproduce the thermal

conductivity of PbTe at intermediate temperatures using MD simulations. Therefore,

in the present work, an interatomic potential is considered good if it can reproduce the

experimental thermal conductivity and phonon properties.

As we can see from Fig. 2.4, the thermal conductivity of pristine PbTe calculated

by using the available interatomic potentials proposed in the literature is much higher

than the experimental value, especially at low temperatures. Therefore, a new classical

potential is necessary to study the dependence of the lattice thermal conductivity on

temperature.

Review of Available Potentials

a) Effective Coulomb ionic potential function between ions

T. Chonan and S. Katayama [39] studied the lattice thermal conductivity

of Pb1−xSnxTe and Pb1−xGexTe using ionic model potentials for mutual ion-ion

interactions at the average temperatures of 300 − 500 K under non-equilibrium

conditions.

They proposed a Coulomb ionic potential function between pairs of ions,
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Figure 2.4.: Lattice thermal conductivity corresponding to the potentials proposed in the lit-

erature [39, 40, 41] compared with a selection of experimental results [23, 22].

Results for Bo Qiu et al. [40] are not converged in size, and the converged ther-

mal conductivity is higher than the values reported in the original paper when a

sufficiently large simulation box is used (see Appendix A).

i and j, supplemented with a repulsive pair potential as follows:

Vij(r) =
qiqj
r

+ f0 (bi + bj) exp

[
ai + aj − r
bi + bj

]
, (2.23)

where r is the distance between ions, qi is the ionic charge, and ai and bi are the

effective radius and softness parameter of the i-th ion with the standard force f0,

respectively. The following parameters are used: qPb,Sn,Ge = 2, qTe = −2, f0 = 1

kcal mol−1Å
−1
, aPb = 1.450 Å, aGe = 0.966 Å, aSn = 1.300 Å, aTe = 2.352 Å,

and bi = 0.08 Å for all species of ions.

b) Morse and three-cosine interatomic potentials with effective ionic

charges

H. Kim and M. Kaviany [42] proposed a Morse potential together with

three-cosine interatomic potentials with effective ionic charges, parametrised for
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two-body (Pb-Te and Te-Te) and three-body (Te-Pb-Te) interactions:

ψ1(rij) = ϕo

[(
1− e−a(rij−r0)

)
− 1
]
, (2.24)

ψ2(θijk) = (1/2)ϕθ(cos θijk − cos θ0)2, (2.25)

where rij and θijk are the interatomic separation distance and bond angle re-

spectively, and ϕo, a, r0, ϕθ and θ0 are fitting parameters determined by fitting

to both the ab initio calculated total energy and experimental elastic constants.

These values are tabulated in Table 2.1.

Table 2.1.: Parameters for the Morse and three cosine interatomic potential obtained

by fitting the data from ab initio calculations and the experimental elastic

constants. The effective atomic charges of Pb and Te are 0.72 and -0.72,

respectively. [42]

ϕo (eV) a (1/Å) r0(Å) ϕθ (eV) θ0 (deg)

Pb-Te 0.465 0.863 3.68 - -

Te-Te 0.394 1.51 4.22 - -

Te-Pb-Te - - - 0.68 90.0

c) Buckingham potential

Bo Qiu et al. [40] proposed the use of a Buckingham potential with an

ionic contribution to determine the lattice thermal conductivity:

V (rij) =
qiqj
rij

+Aije
rij/ρij − Cij

r6
ij

, (2.26)

where Aij , ρij and Cij are potential parameters fitted to elastic properties:

Table 2.2.: Parameters of Buckingham potential for PbTe [40]. Partial charges used to

account for electrostatics are Pb=+0.666 and Te=-0.666. Cut-off radius of

16 Å.

A (eV) ρ (Å) C (eV·Å6)

Pb-Pb 84203.2 0.0754 61.01

Pb-Te 92131.5 0.2552 585.7

Te-Te 1773611.7 0.2565 0.61
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Bo Qiu et al. performed MD simulations to study the lattice thermal

conductivity of bulk PbTe at elevated temperatures and under various vacancy

concentrations. The reproduction of their simulations showed that their results

are not converged. We calculated the thermal conductivity using this inter-

atomic potential and we observed that the thermal conductivity is larger than

that shown in the original article when a converged simulation box is used (see

Appendix A).

2.3.3 Potential fitting

The potential fitting is the method to obtain an interatomic potential, i.e. the

method to determine the parameters required to calculate macroscopic properties of

interest, given a particular functional form. There is a huge variety of functional forms

proposed in the literature for different materials and structures, and their choice usu-

ally depends on the nature of the material itself. For instance, simple potentials like

the Lennard Jones potential are shown to give good results in the presence of Pauli

repulsions, London dispersions or induced Dipole-Dipole interactions, but complex sys-

tems containing several element types may require the use of complex functional forms,

like those given by machine learning potentials: neural networks, GAP potentials... An

extensive description of classical potentials is provided in Ref. [43]. However, the use

of simple potentials can speed up simulations, and their fitting parameters can have

physical meaning if the functional form can be deduced from physical interactions.

Thus, the use of a Buckingham potential results in a better model to study repulsive

interactions and Bo Qiu et al. showed that it could reproduce mechanical properties

in PbTe.

Once the functional form is fixed, the next step is to determine the fitting pa-

rameters associated with such potential. In empirical potentials, like the Buckingham

potential, those parameters are chosen to reproduce a set of target data. Thus, the

fitting parameters can be obtained by minimising the following error function:

F =
N∑
i

ωi(f
obs
i − fpoti )2, (2.27)

where N is the number of observables that form the set of target data and fobsi and

f calci are the values of those observables given by experiments or ab initio calcula-
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tions and calculated by the potential, respectively. ωi is the weighting factor for a

given observable. Several methods can be used to solve this problem, such as the

Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm [44] or the simplex method,

although the use of specific solvers is required for functional forms including a large

number of parameters. Thus, complex functional forms such as neural networks require

the use of particular solvers, such as the back-propagation method, where the gradient

of the error function with respect to the fitting parameters is calculated to minimise

the error [45].

2.3.4 Lattice thermal conductivity from interatomic potentials

Molecular dynamics simulations can be used to obtain directly thermal transport

properties of materials. In the present work, two methods are used to compute the

lattice thermal conductivity: the direct method (also called the non-equilibrium method

- NEMD), based on Fourier’s law [46], and the Green-Kubo method (also called the

equilibrium MD method), based on the Green-Kubo formula [47, 48].

If we neglect the electronic thermal conductivity (which is very important for

metals), thermal conduction is due to phonons. According to the kinetic theory of

gases [11], the lattice thermal conductivity is caused by collisions between phonons, and

these collisions usually conserve momentum (normal processes). However, sometimes

there are processes - umklapp processes1 - which bring about a loss of directionalily

(momentum), limiting the thermal conductivity. At low temperatures, the energy is

not enough to experience umklapp processes and the thermal conductivity, κ, depends

entirely on the specific heat, and therefore it is proportional to the third power of the

temperature, κ ∝ T 3; but when the temperature is higher than the Debye tempera-

ture, these processes are persistent, and the heat capacity is constant in such a way

that the thermal conductivity depends entirely on the phonon relaxation times and

decreases as the temperature increases (κ ∝ 1/T ) (Fig. 2.5) [50]. It is essential to

note that the thermal conductivity depends on the number of scattering processes, and

therefore it will decrease in the presence of scattering centres, such as grain boundaries,

nanoprecipitates, dislocation, point defects or displacement layers.

1Umklapp processes are those in which the resulting wave vector falls outside the first Billouin zone

[49].
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Figure 2.5.: Estimation of the typical relative thermal conductivity of a highly purified

material.

i) Direct method

In the direct method, the thermal conductivity is computed by measuring the

steady-state temperature gradient under a fixed external heat current [51], analogous

to the experimental situation. For that purpose, a three-dimensional simulation cell is

divided into “slices” perpendicular to the x axis, as shown in Fig. 2.6. Then, a hot

region and a cold region are located at x = 0 and x = Lx/2 respectively to obtain a

steady-state heat flux and a temperature gradient.

The heat flux is generated applying periodic boundary conditions in all directions

by adding heat (∆ε) to the hot region and removing the same amount of heat (−∆ε)

from the cold region. This heat modification is made by rescaling atom velocities inside

the hot and cold region using the following expression:

v (ti) = v (ti−1)

√
1± ∆ε

E
, (2.28)

where v (ti) and v (ti−1) are the velocities after and before the rescaling and E is the

total kinetic energy of the hot or cold regions.

When a stable and steady temperature profile is reached in the system, the heat
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Lx

Figure 2.6.: View of the simulation cell used in the direct method in the direction perpendicular

to the temperature gradient. Lx is the length of the supercell along the x axis.

The heat source and sink are located at x = 0 and x = Lx/2 respectively. Colours

represent the mean temperature in the layer: red in the warmest regions and blue

in the coldest regions. Periodic boundary conditions are applied.

current can be computed as:

Jx =
∆ε

2A∆t
, (2.29)

where A is the cross-sectional area perpendicular to the heat flux, ∆t is the time step

and the factor 2 arises from the periodic boundary conditions used here: energy flows

from the hot region to the cold region in two directions.

The lattice thermal conductivity is obtained from the temperature gradient at

x = Lx/4 or x = 3Lx/4 as follows:

κ = −Jx/∆T
∆x
. (2.30)

Although these calculations depend on the size of the cell, we can take into

account this problem by using the following finite-size scaling formula [52]:

1

κ(L)
=

1

κ∞
+
C

L
, (2.31)

were κ∞ is the lattice thermal conductivity in bulk, and C is a constant. More details

on the constant C will be provided in Chapter 3.
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ii) Green-Kubo method

This method is based on equilibrium molecular dynamics simulations. In equi-

librium, the system has an average heat flux of zero, but at each instant of time, finite

and local heat fluxes occur due to instantaneous fluctuations in temperature. The

Green-Kubo method relates the lattice thermal conductivity of the system to the time

required for such fluctuations to dissipate. Then, in this method, the thermal conduc-

tivity is computed by integrating the heat current autocorrelation function using the

Kubo linear-response formula [51]:

κµν =
1

kBT 2V

∫ ∞
0

dt′〈Jµ(0)Jν(t′)〉 (2.32)

where V is the volume of the simulation cell, J is the instantaneous heat current, and

T is the absolute temperature. Usually, it is difficult to calculate this instantaneous

heat current, but the following expression can be used for pair potentials [53]:

~J ≡ d

dt

(∑
i

~riEi

)
=
∑
i

~viEi +
∑
i

~ri
d

dt
Ei ≡ ~Jkin + ~Jpot, (2.33)

where mi , ~vi , and Ei are the mass, velocity and energy of the particle i, respectively:

Ei =
1

2
mi~v

2
i + Ui. (2.34)

The summation runs over all particles in the simulation box. The kinetic part ~Jkin

needs no further derivation, but the potential term ~Jpot can be written as [54]:

~Jpot =
∑
i

~ri
d

dt
Ei =

∑
i

~ri

(
~Fi · ~vi

)
+
∑
i

~ri
dUi
dt

. (2.35)

For two-body potentials we can write:

U =
1

2

∑
i

∑
j 6=i

Uij , (2.36)

where the pair potential between particles i and j only depends on the distance, ~rij =

~ri − ~rj , between the particles: Uij = Uij (~rij). If we take into account the following

expressions:

~Fi =
∑
j 6=i

~Fij =
∑
j 6=i

∂Uij
∂~rij

= −
∑
j 6=i

~Fji, (2.37)

Ui =
1

2

∑
j 6=i

Uij =
1

2

∑
j 6=i

Uji =
1

4

∑
j 6=i

(Uij + Uji) , (2.38)
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then Eq. 2.35 can be written as [54]:

~Jpot =
∑
i

∑
j 6=i

~ri

(
~Fij · ~vi

)
+

1

2

∑
i

∑
j 6=i

~ri

(
~Fij · (~vj − ~vi)

)
=

1

2

∑
i

∑
j 6=i

~ri

(
~Fij · (~vj + ~vi)

)
.

(2.39)

As the absolute positions, ~ri , can cause problems for systems with periodic

boundary conditions, it is a good idea to use Newton’s third law (Eq. 2.37) and

replace ~ri by ~rij , so that the expression of the heat current becomes:

~Jpot =
1

4

∑
i

∑
j 6=i

~rij

(
~Fij · (~vj + ~vi)

)
, (2.40)

and this expression is also equivalent to a less symmetric form:

~Jpot =
1

2

∑
i

∑
j 6=i

~rij

(
~Fij · ~vi

)
. (2.41)

iii) Other methods

In this work, both the Green-Kubo and direct methods were applied to calculate

the lattice thermal conductivity of PbTe, but there are other methods to obtain this

value. Let us summarise some of the most important alternatives:

• Transient non-equilibrium molecular dynamics. This method is similar to the

direct method, but a sinusoidal temperature perturbation is applied instead of

introducing a hot and cold section to impose the heat flux.

In this method, the thermal diffusivity, αth, is calculated from the tem-

perature decay after having applied a sinusoidal temperature perturbation with

amplitude ∆T0 [55]:

∆T (n) = ∆T0e
−αth

(
2π
Lx

)2
n∆t

, (2.42)

where ∆T is the amplitude of the sinusoidal temperature perturbation at the

time step n, Lx is the length of the simulation cell and ∆t is the time step.

• Non-equilibrium Green-Kubo method. In this method, the non-equilibrium regime

is imposed by sandwiching the system between two reservoirs. The formula for

the phonon heat current across the harmonic crystal connected to these heat

baths at temperatures TL, TR is given by [56]:

J =
1

2π

∫ ∞
−∞

dω~ωG(ω) [f(ω, TL)− f(ω, TR)] , (2.43)
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where G(ω) is the energy transmittance and can be expressed in terms of appro-

priate non-equilibrium phonon’s Green’s functions and f(ω, T ) = 1/(e~ω/kBT −1)

is the thermal phonon distribution function.

This method is used to calculate thermal conductivities due to ballistic

transport (e.g., through interfaces between different materials) and is imple-

mented in the ATK-ForceField toolkit [1].

• Flash method. This method imitates the experimental procedure and obtains

the thermal conductivity from the thermal diffusivity using Eq. 2.17. In these

simulations, a heat pulse strikes the sample and the heat diffusivity is extracted

from the time required to increase the temperature at a distance d from the heat

source. The thermal diffusivity, αth, is extracted as follows [57]:

αth = 1.38
d2

π2t1/2
, (2.44)

where t1/2 is the time required to reach one half maximum temperature on the

surface at a distance d from the source.

However, this method requires long distances and simulations times, so it

is more frequently used in models at the mesoscale solving the heat transport

equation.

2.4 Results

The classical interatomic potentials proposed in the literature for this material

were obtained fitting structural properties and, when the size of the simulation box

is converged, they all tend to overestimate the lattice thermal conductivity. More

sophisticated methods such as ab initio MD or dynamics based on ab initio interatomic

force constants usually perform better, but at a much higher computational cost that

complicates the simulation of materials with realistic defects.

In the present work, we propose a new parametrisation of a Coulomb-Buckingham

potential fitted to reproduce a selection of phonon frequencies and structural and me-

chanical properties of PbTe. This choice is dictated by our aim of improving thermal

transport properties over currently available models. The expression of the Coulomb-

Buckingham potential is that given by Eq. 2.26. Note that this potential, best suited
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for ionic systems, is repulsive between equal chemical species, whereas the interaction is

attractive between different chemical species, as expected. This interaction is primarily

due to the presence of the Coulomb term, in which the charges were included as fitting

parameters in the model. The fitting procedure was performed using the GULP code

[58, 59] with the BFGS algorithm. GULP is a code-free for educational use released by

J.D. Gale [58] to perform lattice dynamics, molecular dynamics simulations and opti-

misation tasks. In the present work, GULP was used to fit the potential and calculate

phonon and structural properties.

The optical phonon frequencies were used as fitting parameters in order to capture

the abnormal behaviour of TO modes and to restrict the frequency range of the phonon

dispersion. Since this type of potential does not account for the polarizability of the

electronic cloud, the LO-TO splitting of materials with large dynamical charges, such

as PbTe, is not expected to be accurately reproduced2 [60, 61]. Therefore we chose

the frequencies at the X-point in the Brillouin zone (zone boundary) as a reference,

instead of those at the Γ-point. In addition to this, the bulk lattice parameter and

the elastic constants C12 and C44 are also included as fitting parameters. Since the

Buckingham potential is a pair potential, it obeys the Cauchy relationship: C12 = C44

[62]. Reference values were taken from experiments, and phonon dispersions were

compared with DFT calculations as implemented in the Quantum Espresso package.

DFT simulations were performed using PBEsol, a 60 Ry cut-off for the basis of plane

waves, a 12 × 12 × 12 Monkhorst-Pack sampling of the Brillouin zone [8] and norm-

conserving pseudopotentials.

Table 2.3.: Potential parameters. Partial charges are qPb=+1.004848 and qTe=-1.004848.

Cut-off radius is 14.5 Å.

A (kcal·mol−1) ρ (Å) C (kcal·Å6·mol−1)

Pb-Pb 715 0.279 8.51·10−3

Pb-Te 86695 0.313 3.83·10−3

Te-Te 2966 9.25·10−2 36.3

2The LO-TO splitting is given by the non-analytical contribution to the dynamical matrix at wave

vector q → 0. This term is linked to dipole-dipole interactions and those, in turn, are strongly

affected by the polarizability of the electronic cloud. This flavor of potential does not contain such

degree of freedom and it can only account for the LO-TO splitting partially through the long range

Coulomb interactions given by the third term on the right hand side of Eq. 2.26.
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The parameters of the resulting potential are listed in Table 2.3. The potential

is benchmarked against the selection of fitted and non-fitted phonon frequencies and

structural and mechanical properties listed in Table 2.4. As expected, a very good

agreement was obtained for the fitted physical properties. More importantly, an excel-

lent agreement was also obtained for some non-fitted properties such as the TA phonon

frequency at X and the Debye temperature. Phonon dispersion relations were compared

with Qiu’s [40] and experimental dispersions [10] and show a noticeable improvement

(Fig. 2.7). However, we found that a compromise had to be made, since the predic-

tion of the bulk modulus, shear modulus and thermal expansion coefficients was not as

accurate as desired. For relatively simple interatomic potentials, the choice of fitting

phonon frequencies has the undesired effect of a loss of accuracy in the elastic prop-

erties, and vice versa [63]. Therefore, both phonon frequencies and elastic properties

cannot be fitted simultaneously, and one should choose according to the properties of

interest. While fitting to elastic properties is suitable if the force field is to be used

solely for structural relaxation, the use of phonon frequencies is more suitable for the

study of thermal properties due to their link to the acoustic modes and sound velocities.

Lattice thermal conductivities of bulk PbTe were calculated using the Green-

Kubo method applied to equilibrium MD simulations, except for the simulations of

single grain boundaries. MD simulations were carried out using the LAMMPS code

[68, 69] for a converged 10×10×10 simulation box, using an integration time step of 2

fs at 500 K (different time steps were used in the simulations but maintaining the same

correlation time of 100 ps). LAMMPS, the acronym for Large-scale Atomic/Molecular

Massively Parallel Simulator, is an open-source code distributed by Sandia National

Laboratories (USA) aimed at materials modelling based on classical molecular dynamics

simulations. The correlation time and simulation box size were increased for simulation

cells including defects to ensure convergence.

As shown in Fig. 2.8, we obtained thermal conductivities in excellent agreement

with experiments for the temperature interval of 300 − 800 K, which is the range of

interest for this material. Our parametrisation improves over the previously available

classical potentials, producing a curve as good as the one obtained with more sophisti-

cated methods, such as the use of ab initio IFC’s by Shiga et al. [13, 25]. It is important

to remark that the two sets of experimental thermal conductivities reported in Fig. 2.8

(blue and cyan lines) [23, 22] agree within 10%. The values obtained using the present

model (red line) fall comfortably within this range.
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Table 2.4.: Selection of physical magnitudes used as a benchmark for generating the

classical potential. All reference values were obtained from experiments

[64, 65], except for the phonon frequencies, which have been obtained from

calculations using the DFT theory. The parameters marked with an asterisk

are the ones used to perform the fitting with GULP. The thermal expansion

reported value is for the linear thermal expansion at 300 K. The vacancy

formation energy is compared with first-principle calculations [66].

Ref. values Potential

Lattice constant (Å) 4.569* 4.552

Bulk modulus (GPa) 39.8 17.5

Shear modulus (GPa) 21.4 10.5

Thermal expansion (10−6 K−1) 20 41

Phonons at Γ (cm−1)

TO 32 64

LO 114 116

Phonons at X (cm−1)

TA 24 30

LA 30 61

TO 69* 68

LO 81* 81

Elastic constants (GPa)

C11 105 37

C12 7.0* 7.6

C44 13.2 7.6

Debye temperature θD (K) 177 168

Sound velocities (km/s)

vLA 2.98 2.6

vTA 1.74 1.7

Vacancy formation energy (eV)

Schottky dimer 1.21 1.40

Schottky pair 1.68 2.40

All MD simulations in Chapters 2 and 3 were carried out using the LAMMPS

code with simulation boxes containing from 4096 up to one million atoms, using an
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Figure 2.7.: Phonon dispersion relations obtained with the present model (solid blue

lines), compared to the model of Ref. [40] (solid, thin green lines) and

experimental values [10] (red dots). Reproduced from Ref. [67] with per-

mission from IOP Publishing.

integration time step which depends on temperature (from 1 − 10 fs). In the Green-

Kubo method, the structure was first equilibrated in the NVT ensemble for 750 ps,

and then the heat current was extracted during the following 9 ns. Our results do not

change if the simulations are run in the NPT or NVE ensembles. The heat current was

calculated after equilibration during a number of steps that depends on the size and

temperature of the system, and the heat current autocorrelation function (HCACF) was

obtained through post-processing of the heat current. We have used values obtained

for a correlation time of 100 ps. Figure 2.9 shows the convergence of the thermal

conductivity and HCACF as a function of the integration time for a typical simulation

at 500 K of a defect-free crystal containing 32,768 atoms. An excellent convergence is

achieved for the thermal conductivity as a function of the integration time thanks to

the use of a large simulation box.

The direct method was used to cross-validate these results. This method will also

be used in Chapter 3 to study heat transport in the defected material. The system
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Figure 2.8.: Lattice thermal conductivity in the temperature interval of 300 − 800 K

obtained with the classical potential presented in this work (thick red line).

Results of this work are compared with a selection of experimental and

theoretical results.

was first equilibrated in the NVT ensemble for 200 ps and then switched to NVE for

another 200 ps. At this point, the heat source and sink were switched on, and the MD

simulation continued in the NVE ensemble for 1−5 ns, depending on the cell size, until

reaching a stable temperature profile.

In the direct method, the thermal conductivity in bulk is subject to finite-size

effects that are captured by the following equation:

1

κ(L)
=

1

κb

(
1 +

4Λb
L

)
, (2.45)

where κb is the lattice thermal conductivity in bulk and Λb is the mean free path in

bulk. Factor 4 appears because the average distance travelled by a phonon before

hitting the heat source or sink is one quarter of the simulation cell length, L, in the

direct method. This is discussed in more detail in Ref. [51]. In these simulations, we
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Figure 2.9.: Thermal conductivity and HCACF as a function of the integration time for

a simulation at 500 K. Raw HCACF (blue line) as well as filtered HCACF

(low pass filter with a cut-off frequency of 0.5 THz) (red line) are plotted.

The low pass filter is applied in this figure to visualise the HCACF without

oscillations. The thermal conductivity as a function of the correlation

time is shown by the green line, with scale and units reported on the

right vertical axis. Reproduced from Ref. [67] with permission from IOP

Publishing.

used boxes where the length perpendicular to the direction of the heat current ranges

from 48 to 320 unit cells, and the thermal conductivity of the bulk material is extracted

from Eq. 2.45 through a linear fitting procedure. Figure 2.10 shows the inverse of the

thermal conductivity as a function of 1/L for simulations of bulk PbTe at 300 K. As

we can see in Fig. 2.11, the direct and Green-Kubo method give comparable results

that lie comfortably within the experimental error bars.

Forces and phase transitions

The parameters in the Coulomb-Buckingham potential were fitted using the BFGS

method implemented in the GULP code. The fitting procedure was performed over a set

of structural and phonon properties to predict good results for the thermal conductivity,
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Figure 2.10.: Finite-size scaling of the inverse thermal conductivity with the inverse

of the simulation cell length, 1/L, using the direct method, obtained for

bulk PbTe at 300 K. Reproduced from Ref. [67] with permission from

IOP Publishing.
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Figure 2.11.: Comparison between the thermal conductivity obtained from the direct and

Green-Kubo methods. The statistical uncertainties uncertainty in the Green-

Kubo method is negligible.

so the accuracy of the potential on the calculation of different magnitudes should be

considered as an additional benchmark. The comparison in forces between MD and
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DFT is a further test of the new interatomic potential. In Fig. 2.12 we show the forces

calculated for structures generated from snapshots of MD simulations at temperatures

ranging from 450 K to 800 K. It is possible to observe some dispersion of the forces for

small displacements, but the relationship becomes linear as the atomic positions are

further away from equilibrium. Except for tiny displacements for which some numerical

noise is unavoidable, the deviation from the DFT forces is always smaller than 0.015

eV/Å, a reasonable result because forces were not taken into account in the fitting.
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Figure 2.12.: Comparison of the forces obtained with DFT and the classical Bucking-

ham potential proposed in the present work. The forces have been cal-

culated for structures generated from a snapshot of MD simulations at

temperatures ranging from 450 K to 800 K. The black line represents the

ideal diagonal with slope 1. There is a larger dispersion for small displace-

ments, but the relation becomes linear at larger forces. The amplitude of

both forces varies slightly, but the direction keeps in a good agreement

in both calculations. On the average, the small differences between both

methods are compensated during MD trajectories. Reproduced from Ref.

[67] with permission from IOP Publishing.

Despite being a central potential, it proved able to capture both anharmonic and

anisotropic effects. The former is built in into the form of the Buckingham potential,

and the latter emerges as the result of the anisotropic crystal environment of the indi-

vidual atoms. One way to assess how well anisotropy is captured is to study the phase
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transition of PbTe from a rock salt structure to Pnma [70], in which the environment

of Pb goes from a regular octahedron formed by six Te atoms to an irregular seven-

coordination. Figure 2.13 shows the energy of the cubic and Pnma phases as a function

of volume. The phase transition is found at around 18 GPa using the common tangent

construction, where the pressure is determined from the slope of the common tangent

to both cohesive curves. This value overestimates the experimental one (6 GPa [70]).

However, the fact that a model potential obtained by fitting some phonon frequencies

and structural properties exclusively at equilibrium is able to capture this phase tran-

sition, giving a correct order of magnitude for the transition pressure is an indication

of the excellent performance of the potential.
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Figure 2.13.: Cohesive energies of the Pnma and Fm3m phases in PbTe as a function of

volume. Reproduced from Ref. [67] with permission from IOP Publishing.

Likewise, a rhombohedral structure at negative pressure is predicted by the

model. In Fig. 2.14, we can see that the rocksalt structure is the most stable lat-

tice structure under normal conditions since the rocksalt structure presents the lower

minimum in the cohesive energy. Transitions to the Pnma and rhombohedral struc-

tures are observed at high and negative pressure, respectively. Notice that high pressure

corresponds to small volume, and a negative pressure corresponds to a volume higher

than that under normal conditions. The phase transition to the rhombohedral struc-

ture is a ferroelectric transition that is associated with an improvement in the thermal

properties near the critical point. Although negative pressures cannot be reproduced
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experimentally, the same phase transition can be reproduced by alloying the material

with Ge [27].
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Figure 2.14.: Cohesive energies of the Pnma, rhombohedral (R3m) and Rocksalt

(Fm3m) phases in PbTe as a function of volume.

Phonons

Since phonons mediate the lattice thermal conductivity, a small selection of phonon

frequencies was used to fit the potential. As a benchmark for the potential, the full

phonon dispersion relations have been calculated, showing a significant improvement

over previous classical potentials proposed in the literature (see Fig. 2.7).

In addition to the phonon dispersion, the Grüneisen parameters are linked to the

anharmonicity of the phonons, and they are associated with thermodynamic properties

of the system such as the thermal expansion coefficient. The dispersion relation for the

mode Grüneisen parameters, i.e. corresponding to individual vibrational modes (s), is

defined as:

γ~ks = − V0

ωs(~k)

∂ωs(~k)

∂V
, (2.46)

where V0 is the equilibrium volume and ωs(~k) is the harmonic phonon frequency.

In order to calculate mode Grüneisen parameters from explicit phonon calcu-

lations, phonon dispersions at different volumes (0 ± 0.06% volumetric strain) were

calculated to obtain the data shown in Fig. 2.15. The Grüneisen parameters rendered
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by our Buckingham potential are in good agreement with those obtained with ab initio

methods [13], except for the anomalously large values corresponding to the TO mode

at the centre of the Brillouin zone, behaviour that is missing in our results. The reason

for this is the overestimation of the TO mode frequencies at Γ, as observed in Fig. 2.7.
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Figure 2.15.: Grüneisen parameters along Γ-X-K-Γ-L symmetry lines, as calculated

with the Buckingham potential proposed in the present work. Repro-

duced from Ref. [67] with permission from IOP Publishing.

On the other hand, the thermal Grüneisen parameter, γ, which corresponds to

the weighted average of the mode parameters, can be calculated from the thermal

conductivity. At high temperature it can be assumed that anharmonic phonon-phonon

interactions dominate phonon scattering, and hence the lattice thermal conductivity

can be expressed as follows [71, 72]:

κlat = Aκ
M̄Θ3

Dδ

γ2n2/3T
, (2.47)

where M̄ is the average atomic mass, ΘD is the Debye temperature, δ3 is the volume

per atom, and n is the number of atoms in the primitive cell. When M̄ is expressed in

atomic mass units, δ in Å and the thermal conductivity in W m−1K−1, the constant

Aκ [71] takes the value ≈ 3.04 · 10−6. Fitting the red curve in Fig. 2.8 with Eq. 2.47,

we obtain a Grüneisen parameter γ ≈ 2.1, close to the experimental value of 2 [73],

thus confirming the good performance of this new potential in reproducing the lattice

thermal properties of bulk PbTe over a wide range of temperatures.

Another parameter that enters commonly in some models of thermal transport

is the Debye temperature of the material, which is defined as

ΘD =
hvs
kB

(
3n

4π

Nρ

M

)1/3

, (2.48)
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where h is the Planck’s constant, kB is the Boltzmann’s constant, N is the Avogadro’s

number, n is the number of atoms in the primitive unit cell, ρ is the density, M is the

molar mass of the compound and vs is the sound velocity of the material [74]. Within

the Debye model, there is a single dispersion velocity for the bands, which is the one

that, according to the original definition, enters in Eq. 2.48. In isotropic 3D materials

with just two velocities, corresponding to the transverse and longitudinal branches, the

effective velocity is calculated as:

v−3
eff =

1

3
v−3

LA +
2

3
v−3

TA. (2.49)

For very isotropic materials, such as PbTe, an averaging scheme needs to be used to

obtain the values vLA and vTA. A common approach involves the use of the elastic

constants of the material [74]. Here, instead, since we have access to the full phonon

dispersion, we choose to average over a sampling of values of velocities obtained along

different directions of the Brillouin zone. Taking advantage of the high symmetry

of the system, we use the velocities along the directions Γ → X, Γ → L and Γ →
K, which, thanks to the multiplicity of the high symmetry points, effectively give a

sampling over 26 nearly homogeneously distributed directions in the Brillouin zone.

This averaging procedure produces sound velocities of vLA = 2.6 km/s and vTA = 1.7

km/s, in good agreement with the experimental values of 2.98 km/s and 1.74 km/s,

respectively [75]. Using these velocities, we obtain ΘD = 168 K, in excellent agreement

with the experimental value of 177 K [76]. We find that, despite the anisotropy of the

material, the value of ΘD converges very rapidly with the number of non-equivalent

directions sampled. This is because the value of vTA, which dominates in Eq. 2.49

because vTA < vLA and due to its two-fold multiplicity, varies much less than vLA

across the Brillouin zone (vTA = 1.5− 1.7 km/s, while vLA = 2.3− 3.4 km/s).

Elastic properties

The parametrisation of classical potentials always involves some compromise in

the accurate prediction of physical properties. The use of elastic properties in the fitting

procedure is suitable if the force field is to be used solely for structural relaxation, so

phonon frequencies are used in this model to study of thermal properties, due to the

close connection between phonon frequencies and thermal conductivities. However, this

new potential was not optimised to describe full phonon dispersions. Instead, we fitted

some selected phonon frequencies and structural parameters. Therefore, the elastic
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properties can be regarded as a benchmark for the quality of the potential, as these

were not fully fitted to obtain the model.

The bulk and shear moduli shown in Table 2.4 were calculated using the program

GULP. Both quantities contain information regarding the stiffness of a material to

compression and shear stress respectively and can be obtained from the elastic constants

[77]. The elastic constants are given by the second derivatives of the energy density

with respect to strain.

On the other hand, the thermal expansion describes the response of a given

material to a change in temperature. In order to calculate the pressure rise in a closed

system subjected to an increase in temperature, the bulk modulus and the thermal

expansion have be used together. The linear thermal expansion, αL, was calculated

using the NPT ensemble in LAMMPS at different temperatures:

αL =
1

Lc

dL

dT
(2.50)

where L is the length of the simulation box and Lc its equilibrium value. The error in

these simulations increases at higher temperatures due to the bigger oscillations in the

macroscopic properties around the mean values, as we can see in Fig. 2.16.
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Figure 2.16.: Comparison between the linear thermal expansion of PbTe predicted by

the model and measured experimentally [78].
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2.5 Conclusions

The objective of this work is to calculate the lattice thermal conductivity of lead

telluride by using classical potentials and MD simulations. The conclusions reached so

far can be summarised in the following points:

• So far, various classical interatomic potentials have been proposed to study this

material: an effective ionic potential (T. Chonan [39]), a Morse potential for

PB-Te and Te-Te interactions and 3-body potential for Te-Pb-Te interactions (H.

Kim [42])) and a Buckingham potential (Bo Qiu [40]). The interatomic potentials

proposed by T. Chonan and H. Kim are not valid when this material is not

doped, as they give high lattice thermal conductivities in the temperature range of

300−800 K. Calculations with the potential proposed by Bo Qiu et al. [40] where

reproduced using both the direct method and Green-Kubo method, showing an

overestimated lattice thermal conductivity.

• A new Buckingham potential is proposed to study thermal and phonon properties

in PbTe. The direct method and the Green-Kubo method are used to calculate

the lattice thermal conductivity. We obtain an excellent accuracy for the lattice

thermal conductivity but at expenses of a loss of accuracy in elastic properties.

This kind of incompatibility has been previously observed when analysing the

effect of selecting different groups of target quantities in the fitting process [63].
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H. Y. Ko, A. Kokalj, E. Kücükbenli, M. Lazzeri, M. Marsili, N. Marzari, F. Mauri, N. L.

Nguyen, H. V. Nguyen, A. Otero-De-La-Roza, L. Paulatto, S. Poncé, D. Rocca, R. Saba-
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CHAPTER 3

Strategies to reduce the lattice thermal

conductivity

3.1 Introduction

In Fig. 1.3, we observed that PbTe is among the most efficient materials at room

temperature. However, according to Eq. 1.4, the figure of merit of a thermoelectric

material increases when the lattice thermal conductivity is reduced and, therefore,

further enhancements to the performance of PbTe can be achieved. In the present

chapter, we will show some strategies to reduce this lattice thermal conductivity.

For reducing the lattice thermal conductivity experimentally, most work is fo-

cused on introducing additional phonon scattering mechanisms. Since the seminal

works of Dresselhaus and coworkers [1, 2], nanostructuring has been the preferred

strategy to promote the scattering of phonons and hence decrease the lattice ther-

mal conductivity, thus providing an effective strategy to improve the figure of merit of
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thermoelectric materials. Refinements of this approach, in which defects of different

length scales are introduced to scatter phonons with a wide range of mean free paths,

have led to record high values of ZT up to 2 [3, 4]. Interestingly, this was achieved

by controlling vacancy concentration and grain size. These two are defects that, under

control or not, are always present in the sample. The presence of intrinsic defects, such

as interstitials, vacancies, voids or grain boundaries, is observed to affect the mean free

path of phonons, and this has a direct effect on the heat transport and hence the ther-

mal conductivity. In the following sections, we report on simulations carried out with

the new classical potential to determine the impact of defects on the lattice thermal

conductivity.

Moreover, additional strategies can be found in the literature, such as alloying

PbTe with different materials, e.g. Ge, or driving the material near a ferroelectric

phase transition [5]. However, these strategies are not studied in this work because, in

some cases, they require unachievable experimental conditions or the consideration of

a third chemical species that is not included in our interatomic potential. Work along

this direction would require first the parameterisation of the interactions between Pb

and Te with this third species, e.g. Ge. Then, in the MD studies, one would have to

consider an additional dimension, which is the concentration of this species. This is

certainly an interesting road to pursue, but it is beyond the scope of this Thesis.

3.2 Point defects

Here, we examine the effect of point defects on the thermal conductivity in bulk

PbTe using MD simulations and the potential introduced in the previous chapter. In-

trinsic point defects in a crystal can be vacancies, interstitials or a combination of

these (e.g. Frenkel defects). In PbTe, a relatively small deviation in stoichiometry

would result in large concentrations of free charge carriers, something that would be

detrimental for the thermoelectric efficiency and can produce aggregates of the excess

chemical species in a nearly stoichiometric matrix [6]. Therefore, stoichiometric defects

are probably the most abundant in this material [6, 7], and hence we decided to focus

our attention on these. The formation energy of a Frenkel defect, which consists of an

atom that has moved from its original place to an interstitial site, is much larger than

that of vacancies or pair of vacancies [8], and their concentration is low in the absence
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of external sources of energy. As a consequence, they are not considered in this chapter.

Vacancies occur naturally in all crystalline materials in concentrations that in-

crease with temperature [9]. At temperatures below the melting temperature, there is

always an equilibrium vacancy concentration, and the Arrhenius equation can model

its dependence on temperature [10]:

cv = e−E
v
f /kBT , (3.1)

where cv is the vacancy concentration, Evf is the vacancy formation energy, kB is the

Boltzmann constant, T is the absolute temperature. Vacancies can combine to form

pairs of vacancies (divacancies) and reduce the total energy. However, as the fraction

of combinations is not known, we consider all the vacancies as single vacancies in the

present chapter.

The vacancy formation energy is the energy required to remove one atom from

the crystal to wherever it has no interaction with the remaining system. Then, this

formation energy to remove individual atoms can be calculated using the following

equations:

EvfPb = EPbN−1TeN − EPbNTeN + EPb, (3.2)

EvfTe = EPbNTeN−1
− EPbNTeN + ETe, (3.3)

where the first term on the right-hand side of the equations is the total energy of the

defected crystal, the second term is the total energy of the perfect crystal, and the

last term is the energy of the atom which has been removed from the crystal. First-

principles calculations give formation energies of 1.90 eV and 2.13 eV [8] for vacancies

of Pb and Te, respectively 1. Note that the formation of vacancies in this material does

not depend strongly on the element type of the atom, as both values are quite close.

In the same way, it is possible to calculate the formation energy of 2 vacancies, one

of each element, to keep the total charge constant. The case in which the cation and

anion vacancies are adjacent to each other gives rise to the formation of a Schottky

dimer (Fig. 3.1) and can be observed experimentally. First-principles calculations

show a formation energy of the Schottky dimer of 1.21 eV [8]. They observed not only

that the formation energy of Schottky dimers is smaller than the sum of formation

energies of monovacancies, but also that the formation energy of Schottky dimers is

1Formation energies of 2.19 eV and 2.14 eV for vacancies of Pb and Te, respectively, according to Ref.

[11].
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even smaller than the formation energies of any single vacancy. As observed in Table

2.4, the results obtained with the model in the present work are in very good agreement

with first-principles values. Notice that energies were not used in the fitting of the force

field.

(a) Schottky dimer (b) Schottky pair

(c) Interstitials

Figure 3.1.: 2D view of the supercell of PbTe. Red and blue circles stand for Pb and

Te atoms respectively. Vacancies are depicted with empty squares of the

same colour as the element they correspond to (Pb in red and Te in blue).

Similarly, it is also possible to calculate the interstitial formation energy. In
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this case, an atom is inserted into the simulation box at a random position, and the

structure is relaxed to calculate this energy using the following equations:

EifPb = EPbN+1TeN − EPbNTeN − EPb, (3.4)

EifTe = EPbNTeN+1
− EPbNTeN − ETe, (3.5)

where the first term on the right-hand side of the equations is the total energy of the

defected crystal, the second term is the total energy of the perfect crystal, and the

last term is the energy of the atom which has been added into the crystal (chemical

potential). First-principles calculations report values of 2.2 eV and 2.7 eV [8] for Pb and

Te, respectively, which are much higher than the vacancy formation energies, showing

that the presence of vacancies is the main source of point defects.

In the present work, we focus on pairs of monovacancies created at random posi-

tions that have not formed clusters or moved towards the surface yet (Schottky pairs).

Using the vacancy formation energies calculated for this material and Eq. 3.1, we

can calculate the equilibrium vacancy concentrations at different temperatures. It is

important to note that ther phenomena can considerably affect the concentration and

diffusion of vacancies, including stress-driven vacancy diffusion [12], vacancy generation

during grain boundary migration [13], generation and accumulation of vacancies due

to dislocation movement [14] and the effect of exterior surfaces [15]. The interaction

between vacancies and grain boundaries will be studied in the next chapter.

We first analyse the effect of vacancies by removing atoms from random positions

while preserving the stoichiometry of the crystal. The dependence of the lattice conduc-

tivity with the concentration of these defects can be seen in Fig. 3.2. We observe that at

relatively high temperatures (500 K) the conductivity remains approximately constant

over a wide range of vacancy concentrations, and it only starts decreasing for concen-

trations larger than 10−3. When this happens, though, the decrease in conductivity

is very pronounced, dropping by ∼ 50% for a concentration of ∼ 10−2. Conversely,

at lower temperatures such as room T , we find that the effect of vacancies kicks in

at much lower concentrations. This dependence can be understood by comparing the

results with the predictions of a classical model of a Debye solid. According to the

model described in Ref. [16], the conductivity of a crystal in the presence of point

defects satisfies the following law:

κ = κ0
ω0

ωD
arctan

(
ωD
ω0

)
, (3.6)
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Figure 3.2.: Lattice thermal conductivity as a function of vacancy concentrations at

300K and 500 K. Continuous lines represent a fit to the phenomenological

model described in Ref. [16]. Dashed lines are the limit of zero vacancy

concentration. Error bars and shadowed regions show the 2σ confidence

interval of the data points and fit respectively. Reproduced from Ref. [17]

with permission from IOP Publishing.

where κ0 is the conductivity of the pristine crystal, ωD is the Debye frequency (which

is connected to the Debye temperature, ΘD, by the relationship ωD = kBΘD/~) and ω0

is defined as the frequency at which the relaxation time of the point defect scattering is

equal to the intrinsic one from three-phonon scattering processes in the Debye model.

The effect of the defect concentration enters in Eq. 3.6 through

ω0 = AT 1/2ε−1/2, (3.7)

where A is a constant dependent on the properties of the material and extrinsic scat-
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tering mechanism [16], and ε is a measure of mass disorder, defined as:

ε =

Ns∑
i=1

ci(Mi −M)2/M2,

M =

Ns∑
i=1

ciMi,

(3.8)

where ci and Mi are the concentration and mass of every atomic species in the system,

and Ns is the number of different atomic species. The computed values of the conduc-

tivity as a function of the concentration of vacancies were fitted using Eq. 3.6, with

ΘD = 168 K obtained in the previous chapter, and A in Eq. 3.7 as the only fitting

parameter. The fitted curves in Fig. 3.2 (solid lines) show that the observed behaviour

is fully accounted for by the model and that the convergence of curves for different

temperatures is the result of scattering by defects, becoming the dominant mechanism

for thermal resistivity at high defect concentrations.

We also explored the effect of interstitial defects, shown in Fig. 3.3. In this case,

we also maintain the stoichiometry of the material, adding an equal number of Pb and

Te atoms. For the same concentration of interstitial defects as in the case of vacancies,

the model described by Eq. 3.6 predicts a similar decrease in thermal conductivity. This

is expected since in both cases, for c << 1, we have ε ∼ c. However, we find that in our

MD simulations, we cannot reach concentrations of interstitial defects large enough to

see the dramatic drop in conductivity observed in the case of vacancies. In reality, large

concentrations of interstitials are not expected anyway, since their formation energy is

significantly larger than that of other kinds of defects [7].

From the fitting of the data in Figs. 3.2 and 3.3, we extract the prefactor A for

the characteristic frequency ω0. We obtain that, for both types of defects, A takes a

value of ∼ 3.5 × 10−12 s−1K−1/2, suggesting that the effective scattering cross section

for these two types of defects is similar.

3.3 Grain boundaries

Grain boundaries are another common type of defect always present in a real

sample. These planar defects interact with phonons of long mean free paths, thus

complementing the effect of point defects at the shorter scales. Controlling the size
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Figure 3.3.: Lattice thermal conductivity as a function of the number of interstitial

defects at different temperatures. Continuous lines represent a fit to the

phenomenological model described in Ref. [16]. Dashed lines are the limit

of zero vacancy concentration. Error bars and shadowed regions show the

2σ confidence interval of the data points and fit respectively. Reproduced

from Ref. [17] with permission from IOP Publishing.

of the grains is one of the strategies exploited in the multiscale approach to decrease

the lattice thermal conductivity in PbTe and related materials [3, 4]. Despite reaching

thermal conductivities with ZT ≈ 2, nanostructuring has also its downfalls. Under

operation, ageing leads to grain coarsening with the consequent decrease in conductivity

[18]. It is, therefore, useful to determine the region of grain sizes for which the bulk

thermal conductivity is recovered.

In this section, we report on simulations of polycrystalline PbTe carried out

to assess the effectiveness of phonon scattering by grain boundaries. Polycrystalline

simulation cells are generated by placing n equally spaced grain seeds in the simulation

box using the ATK-ForceField toolkit [19]. Then fcc lattices with the orientations of

the seeds are grown using a Voronoi tessellation [20], leading to n grains of uniform
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Figure 3.4.: Snapshot of a simulation cell with 4 grains. Pb and Te atoms are shown

as green and orange balls, respectively. Grain boundaries, in brown, cor-

respond to the regions in which the distances among atoms cannot be

associated with any of the grains. Visualisation generated with the ATK-

ForceField toolkit [19]. Reproduced from Ref. [17] with permission from

IOP Publishing.

size and allowing for a compact packing of these grains. Total charge is conserved. An

example of the resulting structure can be seen in Fig. 3.4. We have studied samples

with a number of atoms ranging from 18182 to 1016167, corresponding to grain sizes

between 2.68 and 20.47 nm. Numbers of grains up to n = 32 are used in the present

section. We also conducted simulations with the same number of grains but different

grain size, by varying the volume of the sample.

The conductivity of the polycrystalline simulation cells as a function of the grain

size is displayed in Fig. 3.5 at room temperature and 500 K. The plot shows how the

conductivity of the polycrystalline material is drastically reduced with respect to the
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bulk value in the range of grain sizes considered in our simulations (up to a million

atoms).

Figure 3.5.: Lattice thermal conductivity as a function of particle size in a polycrys-

talline simulation cell. Results at room temperature (green) and 500 K

(blue) are shown. Values obtained using the Green-Kubo formula in MD

simulations are plotted as dots, continuous lines correspond to the bulk val-

ues of the conductivity and dashed lines represent a fit to the serial model

of Eq. 3.12, where shadow regions showing the 2σ confidence interval of

the fit. The inset shows the same data fitted to a model similar to the

one of Eq. 3.12, but neglecting the finite width of the boundaries. Inset

colours as in the main figure. Reproduced from Ref. [17] with permission

from IOP Publishing.

These data have been fitted to a simple serial model [21], which considers the

thermal transport across a series of grains of average size d and internal bulk conduc-

tivity κb, separated by boundaries characterised by a Kapitza-type interface resistance,

RK :

κeff =
κb

1 +RKκb/d
. (3.9)

According to this equation, the thermal conductivity adopts the value in bulk, κb, in
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the limit of large grains (when d → ∞) and falls to zero when d → 0. Therefore, the

reduction of the grain size is an efficient mechanism to reduce the thermal conductivity.

The reduction of the thermal conductivity in polycrystals can be attributed not

only to the presence of grain boundaries which hinder the heat transport among grains

but also to the phonon confinement inside individual grains. All phonons with mean

free paths greater than the dimensions of the grain scatter at the boundary and have a

limited contribution to heat transport. The effect of this confinement can be accounted

for by considering an effective mean free path of Λ−1
eff = Λ−1

b + (αd)−1, where Λb is the

bulk effective mean free path and α is a measure of the transparency of the boundary.

Despite being sometimes referred to as transmission coefficient [22], it should be noted

that values of this parameter are not necessarily bounded between 0 and 1, instead a

perfectly transparent boundary is given by α = ∞, while α = 0 yields the completely

opaque limit. The assumption α = 1 is often used, corresponding to the case in which

all phonons with mean free path larger than the grain size are truncated [23, 22].

Under this assumption of phonon confinement one obtains the following expression for

the effective conductivity of the polycrystaline material [22]:

κeff =
κb

1 + Λb/(αd)
. (3.10)

It is important to note that both Eq. 3.9 and 3.10 are formally equivalent and

capture in practice the same effects, simply giving a different interpretation to the same

phenomenon. The relation between the fundamental parameters of each model can be

obtained as:

α = Λb/RKκb. (3.11)

According to this equation, α and RK are intrinsic properties of grain boundaries,

connected through a factor that depends on the bulk properties of the material. We

extend the expression in Eq. 3.9 to incorporate the finite width of the grain boundary,

δ, which had been neglected in previous works, in order to recover the correct limit as

the size of the grains tends to zero [17]:

κGB =
κb

d/(d+ δ) +RKκb/(d+ δ)
. (3.12)

It is worth noting that since we are sampling precisely the range of sizes in which

boundaries become the dominant scattering mechanism, the fact of including the finite

size of the interfaces proved necessary to reproduce the thermal conductivity precisely.
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By neglecting this contribution one misses the plateauing of the conductivity at very

small sizes, as shown in the inset of Fig. 3.5.

From the fits shown in Fig. 3.5, we obtain values of (1.7±0.2) ·10−8 m2K/W and

(2.4± 0.7) · 10−8 m2K/W for the interface resistance at 300 K and 500 K, respectively.

Despite the large uncertainty of these values, the fit suggests that the interface resis-

tance does not depend very strongly on temperature, a result that is supported by the

simulations of single grain boundaries described below. This is in a good agreement

with the definition of the Kapitza resistance itself, as RK is inversely proportional to

the heat capacity and, therefore, it is constant above the Debye temperature [24]. We

obtain values of α ∼ 0.20 and 0.16 at 300 K and 500 K, respectively, when we use Eq.

3.11, the values of RK obtained from the fittings in Fig. 3.5 and the values of Λb = 7.38

nm and 5.10 nm at 300 K and 500 K, respectively, from bulk calculations using the

direct method [25] (see below). These values are notably lower than those obtained for

nanocrystalline silicon [22], and deviate significantly from the common assumption of

α = 1.

Due to the relatively large spread of points in Fig. 3.5, the error in the effective

width of the boundaries is quite large, with values of 5± 1 nm and 11± 5 nm for 300

K and 500 K respectively. The grain boundary width increases with temperature as

δ = δ0(Tm − T )−1/2, where δ0 = 289 nm K1/2 is a fitting parameter and Tm = 924◦C

is the melting temperature of the material [26, 27]. From the fits to Eq. 3.12, one can

extrapolate that the conductivity of the polycrystalline material starts drifting away

from the bulk value for grains with d . 1 µm at 300 K and d . 200 nm at 500 K. On

the other end, for small grain sizes, with d . 10 nm, our simulations suggest that the

conductivity saturates at a value of ∼ 0.5 W m−1 K−1, independently of temperature.

The validity of phonon confinement interpretation can be tested by comparing

our results on the polycrystal with the contribution of phonons to thermal conductivity

as a function of their mean free path. This has been calculated solving the Boltzmann

transport equation using the ShengBTE code [28] with a 6 × 6 × 6 supercell and a

20× 20× 20 grid. ShengBTE is a software package released in 2014 for computing the

lattice thermal conductivity using a full iterative solution to the Boltzmann transport

equation. The method predicts a bulk thermal conductivity of 1.88 W/m K at 300 K

and 1.13 W/m K at 500 K, which are 6% and 14% smaller than the value predicted

with the Green-Kubo method but within the margin of error usually found in the
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comparison between both methods [29]. The accumulated thermal conductivity with

respect to phonon mean free path in PbTe bulk at 300 and 500 K is presented in

Fig. 3.6. It is observed that no more than ≈ 25% of the thermal conductivity of

PbTe is contributed by phonon modes with mean free paths less than 10 nm at 300K,

consistently with the results shown in Fig. 3.5, in which κ is seen to approach the

saturation value of 0.5 W/m K for decreasing size.
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Figure 3.6.: Accumulated thermal conductivity (in W/m K) with respect to phonon

mean free path in bulk PbTe at 300 and 500 K. Reproduced from Ref. [17]

with permission from IOP Publishing.

In order to gain additional insight into the thermal transport properties of the

grain boundary, we also performed simulations of a single interface between two grains.

In this case, we used the direct method [25] to calculate the lattice thermal conductivity

along the direction perpendicular to the boundary between two fcc regions. In the

direct method, the thermal conductivity is computed by determining the steady-state

temperature gradient at a fixed external heat current between a heat source and heat

sink, defined within the simulation cell. Using an MD time step of 1 fs, the system

was first equilibrated in the NVT ensemble for 200 ps and then under NVE conditions

for 200 ps. At this point, the heat source and sink were switched on, and the MD

simulation continued in the NVE ensemble for 1−5 ns, depending on the cell size, until

reaching a stable temperature profile. A typical temperature profile in the presence of
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an interface is shown in Fig. 3.7. The process was repeated for different box lengths

ranging up to 130 nm.
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Figure 3.7.: Temperature profile in the presence of an interface, obtained using the

direct method at 300 K. The source, interface and sink are indicated by

vertical lines at L/4, L/2 and 3L/4 respectively, where L is the length of

the simulation box. The orange and green lines are linear fits, and the

temperature gradient is calculated from the discontinuity at the interface.

Reproduced from Ref. [17] with permission from IOP Publishing.

The scattering processes at the heat source and sink are expected to contribute

very significantly to the thermal conductivity. This effect could be ignored if the sim-

ulation cell is longer than the phonon mean free path, but this is often not the case.

Fortunately, the fact that the finite-size simulation cell acts independently from other

scattering mechanisms allows us to consider the dependency of the conductivity on the

cell length, L, according to [25]:

1

κ(L)
=

1

κb

(
1 +

4Λb
L

)
, (3.13)

where κb is the lattice thermal conductivity in bulk and Λb is the mean free path in bulk.

Performing simulations for various cell lengths and using Eq. 3.13, we can estimate the

bulk conductivity and mean free path, with values κb = 2.03 W m−1 K−1 and Λb = 7.38

nm at 300 K and κb = 1.43 W m−1 K−1 and Λb = 5.10 nm at 500 K. In the presence

of a grain boundary, a temperature jump at the interface is present and this formula
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needs to be modified as [17]:

1

κ(L)
=

1

κb

(
1 +

4Λb
L

+
RKκb
L

)
. (3.14)

Using the values of κb and Λb calculated in the bulk simulation with the direct

method, the magnitude of the interface thermal resistance RK can be extracted from

calculations at various lengths of the simulation cell. The interface thermal resistance

can be computed from the temperature drop at the boundary, ∆T , as [30]:

RK =
∆T

J
, (3.15)

where J is the constant heat flux imposed between the heat source and sink.
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Figure 3.8.: Thermal resistance of a grain boundary as a function of the relative angle of

rotation between the crystal structure of two adjacent grains (twist bound-

ary). Inset shows the relative orientation of the two crystal structures.

Reproduced from Ref. [17] with permission from IOP Publishing.

We have performed calculations to obtain the grain boundary resistance as a

function of the tilting between the two bulk regions. One of the regions is terminated

on a [100] surface, which according to density functional theory calculations is the most

stable surface in PbTe [31]. The crystal structure in the other grain is rotated with

respect to the reference one around an axis either perpendicular to the interface (Fig.

3.8) or parallel to it (Fig. 3.9). The interface between the two regions is allowed to

equilibrate before the non-equilibrium simulation is performed.
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Figure 3.9.: Thermal resistance of a grain boundary as a function of the relative tilting

between the crystal structure of two adjacent grains (tilt boundary). Inset

shows the relative orientation of the two crystal structures. Reproduced

from Ref. [17] with permission from IOP Publishing.

In Figs. 3.8 and 3.9, we plot the values of the thermal resistance of the boundary

as a function of the angle for the two types of relative orientations. We observe that

for a rotation around an axis perpendicular to the interface, RK grows almost linearly

with the angle to a maximum value of ∼ 10−8 m2K/W at 45◦. Instead, in the case of

tilting around an axis contained in the boundary plane, the interface resistance grows

much more rapidly with the mismatch angle and reaches the maximum value of, again,

∼ 10−8 m2K/W for angles & 20◦. Here we see a distinction between the low-angle

and the high-angle regimes. Grain boundaries are considered as arrays of dislocations

[32], and these dislocations are free to move at low angles, whereas they can only move

through dislocation climb2 at high angles, being this mechanism less common [33, 34].

Therefore, high-angle grain boundaries are disordered structures as they present more

difficulties to move and reduce the elastic energy. These difficulties do not depend on

the angle and therefore they result in a regime where the Kapitza resistance is roughly

constant. We will see in Chapter 4 that the grain boundary mobility and energy are

also constant in the high-angle regime.

2Movement of dislocations in the direction perpendicular to their slip plane where the driving force

is the diffusion of vacancies through the crystal lattice.
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In both cases, we see a negligible difference between results at 300 and 500 K, in

line with the results of the polycrystalline simulation. Moreover, a significant decrease

in the resistance is observed for small angles, which explains the rise of the thermal

conductivity in bulk volume and the lower values in the presence of boundaries (Fig.

3.5). Even though these grain boundaries are not necessarily the same as those in the

polycrystalline samples and that the method for determining the thermal resistance is

different, the values obtained for RK in these two situations are quite close: RK ∼
10−8 m2K/W at high angles and RK = 2.4 · 10−8 m2K/W in the bicrystal and the

polycrystalline sample at 500 K, respectively.

3.4 Voids

Voids can also reduce the lattice thermal conductivity considerably. Voids inter-

act with phonons in the same way as grain boundaries do -phonon scattering on the

void/solid interface- and affecting the thermal properties considerably. Thanks to these

effects, porous materials are often built to be used as thermal insulators and filters [35],

but they can also be found naturally in a vacancy-oversaturated system. We will see

in the next chapter that vacancies tend to get together and form vacancy clusters or

voids under certain conditions.

In the present section, the effect of voids on the lattice thermal conductivity is

studied. First, the decrease in the thermal conductivity in the single crystal in the

presence of voids is analysed using the Green-Kubo method. Several phenomenolog-

ical models have been proposed over the years to characterise the effect of voids on

the thermal conductivity. The simplest models consider the void fraction as the only

parameter that affects the thermal conductivity, where the void fraction, often referred

to as porosity, is the volume fraction occupied by voids, dv.

The simplest approach assumes that the solid and void phases are thermal resis-

tors connected in parallel with the relation:

κLoeb = κsolid(1− dv) + κvoiddv ≈ κb(1− dv), (3.16)

where κsolid and κvoid are the thermal conductivity of the solid and pore respectively,

and κsolid >> κvoid, as suggested by A.L. Loeb [36]. κsolid is associated with the thermal

conductivity of the solid in the absence of voids, so it is the thermal conductivity in the
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pristine material, κb. This equation is a good approximation for small void fractions

(dv < 0.1) [37].

Nikolopoulos et al. proposed a more general form given by [38]:

κNikolopoulos = κb(1− dv)n, (3.17)

where n is a constant. This general functional form is commonly used for the descrip-

tion of spherical voids. However, no simple approximation is universal and discrepancies

with experimental results are always found under certain conditions and their appli-

cation range is limited. More complex models have been proposed, like the model by

Aivazov et al. [39]:

κAivazov = κb
1− dv

1−md2
v

, (3.18)

where m is a constant.

However, complex models including more variables can be useful in wide appli-

cation ranges. R. Asamoto et al. proposed a temperature-dependent functional form

[40]:

κAsamoto = κb

(
1 +

a

(1 + bdv)(T − c)

)
, (3.19)

where a, b and c are model parameters and T is the absolute temperature.

However, our results showed a strong dependency of the thermal conductivity on

the void size. We ran MD simulations in the presence of small voids as only defects in

bulk PbTe using LAMMPS. The Green-Kubo method was used to analyse the effect

of the void size and concentration on the lattice thermal conductivity. Voids with

sizes ranging between 1− 4 nm were placed in the centre of the simulation box, where

simulation boxes containing between 8 × 8 × 8 and 22 × 22 × 22 unit cells are used

to reproduce different void fractions. The results are collected in Fig. 3.10. We

observed that the lattice thermal conductivity decreases with increasing void fraction

and decreasing void size. As the void fraction increases, the volume fraction occupied by

non-defected PbTe decreases, so the likelihood that phonons scatter with voids increases

and the thermal conductivity falls. The thermal conductivity decreases with decreasing

void sizes, so smaller voids are found to be more effective defects. At constant void

fractions, the total surface void-solid is larger for a lot of small voids than for few large

voids, so the likelihood that phonons scatter on this interface increases and the thermal

conductivity falls. These effects are characterised generalising the equation proposed

by F. X. Alvarez et al. [41]:
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Figure 3.10.: Lattice thermal conductivity of PbTe in the presence of voids obtained

from LAMMPS at 300 K (full symbols) and 500 K (empty symbols). The

dependency on the void size and fraction is modelled using Eq. 3.20 with

the fitting parameters listed in Table 3.1 (full lines at 300 K and dashed

lines at 500 K).

κV =
κb

1
1−dv + a

r2
v

dv(1+f
√
dv))

1+(b+ce−grv )/rv

, (3.20)

where dv is the void fraction, rv is the void radius and a, b, c, f, g are model parameters.

This equation was derived using phonon hydrodynamics, where the reduction of the

thermal conductivity is a result of phonon ballistic effects [42, 41]. A good agreement

with this model, which has been tested with experimental results, was obtained with

the fitting parameters shown in Table 3.1. It is possible to see that Eq. 3.20 becomes

independent on the void size at sufficiently large sizes and Eq. 3.16 is recovered.

Expression 3.20 is valid for voids present in a single crystal, but polycrystalline

materials are the most common structures, and voids are often found at grain bound-
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Table 3.1.: Fitting parameters obtained for Eq. 3.20 at 300 and 500 K. Units shown in

square brackets.

300 K 500 K

a [nm2] 26.11 35.22

b [-] 0.36 0.61

c [-] -10.79 -19.42

f [-] 4.03 0.98

g [nm−1] 71.19 61.23

aries, so it is also interesting to determine how this can affect the overall lattice thermal

conductivity. So far, we have seen that grain boundaries and voids can reduce the lat-

tice thermal conductivity separately. While voids in bulk reduce the lattice thermal

conductivity according to Eq. 3.20, their effect on the conductivity changes if they are

at the grain boundary. Grain boundaries hinder heat transport by themselves and its

resistance to thermal flow is described by the Kapitza resistance. In the presence of

voids at the grain boundary, this resistance increases because voids are more effective

scattering centres for phonons.

The direct method was used to study the increase in the Kapitza resistance as a

function of the void content when voids are pinned at the grain boundary. Equation

3.15 and simulation boxes like that in Fig. 3.11 under periodic boundary conditions

were used to calculate the Kapitza resistance. Simulation boxes with different lateral

sizes and containing different void sizes were used to study different void fractions. Our

results do not depend on the lateral size. According to Fig. 3.12, this quantity increases

for increasing area coverage, χV , defined as the grain boundary area fraction covered

by voids [27]:

RK = Rnv
K (1− χV )−1, (3.21)

where Rnv
K is the Kapitza resistance of the interface in the absence of voids. In the limit

when χV → 1, grain boundaries are totally covered by voids and the heat flow cannot go

through them. Consequently, the Kapitza resistance diverges and the effective thermal

conductivity falls to zero, according to Eq. 3.9 and under the assumption that the

thermal conductivity of the void is zero. As we can see in Fig. 3.12, the change in the

Kapitza resistance does not depend strongly on temperature and misorientation angle
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Figure 3.11.: Simulation box used in the calculation of the Kapitza resistance of a grain

boundary containing a void. A bicrystal formed by two grains with lattice

vectors different relative orientation contains 2 grain boundaries under

periodic boundary conditions. A spherical void is placed in the centre

of each grain boundary and the interface’s resistance to the heat flow

between a heat source and sink is studied using Eq. 3.15 with different

box lengths. Different void sections and grain boundary sections are used

to analyse the effect of the Kapitza resistance on the area coverage, χV .

and axis.

If the total number of voids in the polycrystalline material is large, many of them

will be present inside the grains rather than at the grain boundaries, and Eq. 3.21 will

no longer be valid. P.G. Lucuta et al. proposed that the thermal conductivity of porous

polycrystalline UO2 under irradiation can be decomposed into several contributions as

[43]:

κeff(cv, rg, χV , rv, dv) = κb ×
κGB(cv, rg, χV )

kb
× κV(cv, rv, dv)

kb
, (3.22)

where kappab is the thermal conductivity of the bulk material under the vacancy con-

centration cv as described by Eq. 3.6, κGB is the thermal conductivity of the poly-

crystalline material formed by grains with a grain size rg and with voids covering the

area fraction χV of the grain boundaries as described by Eqs. 3.12 and 3.21, and κV is

the thermal conductivity of the pure material containing a void fraction dv of voids of
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radius rv, as described by Eq. 3.20.

3.5 Conclusions

The objective of this work is to determine different strategies to reduce the lattice

thermal conductivity of lead telluride using classical potentials and molecular dynamics

simulations. The conclusions reached so far can be summarised in the following points:

• Using our new classical potential, we found that the presence of Schottky defects

can reduce the lattice thermal conductivity by up to a 75% (Fig. 3.2). The higher

the vacancy concentration, the lower the thermal conductivity.

• Interstitials can reduce the lattice thermal conductivity by up to 25% (Fig. 3.3).

Although vacancies and interstitials scatter phonons in the same way, systems

with high concentrations of interstitials are not stable and therefore the reduction

in the free energy is limited.

• The lattice thermal conductivity of PbTe falls by up to a 75% in the presence
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of grain boundaries and the smaller the mean grain size, the lower the thermal

conductivity (Fig. 3.5).

• In the regimes of high density of point or planar defects, the conductivity becomes

practically independent of temperature, as predicted by phenomenological models

(Figs. 3.2 and 3.5).

• The lattice thermal conductivity of PbTe falls by up to a 75% in the presence

of voids and the smaller the void size, the lower the thermal conductivity (Fig.

3.10).

• Grain boundaries containing voids present higher Kapitza resistances because

voids more are effective scattering centres for phonons (Fig. 3.12).

• Our study demonstrates that experimental values of the conductivity available in

the literature do correspond to the bulk value, since the effect of imperfections

only becomes noticeable at relatively high concentrations of point defects and

grain boundaries. This highlights the importance of having a classical potential

capable of reproducing accurately the conductivity of the bulk material, some-

thing that has to be taken into consideration when developing new parametrisa-

tions.

• In the present work, we studied different mechanisms that can reduce the thermal

conductivity of PbTe, and we obtained the largest reductions in the presence of

vacancies, voids and grain boundaries. The maximum reduction in these three

cases is of a 75%, which may be an intrinsic limit of this material. These re-

ductions are observed under high defect concentrations and small grain and void

sizes. The concentration ranges used in the simulations reach the limit where

the conductivity becomes independent on the concentration. However, highly de-

fected materials lose mechanical properties and they can become unstable. The

stability of these structures will be analyzed in the next chapter.
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durch Säuren. Z. Phys. Chem., 4:226–248, 1889.

[11] Khang Hoang, S. D. Mahanti, and Puru Jena. Theoretical study of deep-defect states in

bulk PbTe and in thin films. Phys. Rev. B, 76(115432), 2007.

[12] A. Villani, E. P. Busso, and S. Forest. Field theory and diffusion creep predictions in

polycrystalline aggregates. Modelling Simul. Mater. Sci. Eng., 23(055006), 2015.

[13] M. Upmanyu, D. J. Srolovitz, L. S. Shvindlerman, and G. Gottstein. Misorientation

dependence of intrinsic grain boundary mobility: simulation and experiment. Acta Mater.,

82



47(14):3901–3914, 1999.

[14] Tetsuya Ohashi. Generation and accumulation of atomic vacancies due to dislocation

movement and pair annihilation. Philos. Mag., 98(25):2275–2295, 2018.

[15] D. N. Seidman and R. W. Balluffi. Sources of thermally generated vacancies in single-

crystal and polycrystalline gold. Phys. Rev., 139(6A):1824–1841, 1965.

[16] P. Klemens. Thermal Resistance due to Point Defects at High Temperatures. Phys. Rev.,

119(2), 1960.

[17] Javier F. Troncoso, Pablo Aguado-Puente, and Jorge Jose Kohanoff. Effect of intrinsic

defects on the thermal conductivity of PbTe from classical molecular dynamics simulations.

J. Phys.: Condens. Matter, 32(045701):1–10, 2019.

[18] Tom Grossfeld, Ariel Sheskin, Yaniv Gelbstein, and Yaron Amouyal. Microstructure Evo-

lution of Ag-Alloyed PbTe-Based Compounds and Implications for Thermoelectric Perfor-

mance. Crystals, 7(9):281, 2017.

[19] Julian Schneider, Jan Hamaekers, Samuel T. Chill, Sren Smidstrup, Johannes Bulin, Ralph

Thesen, Anders Blom, Kurt Stokbro, and J. Schneider et al. ATK-ForceField: a new gener-

ation molecular dynamics software package. Modelling Simul. Mater. Sci. Eng., 25(085007),

2017.

[20] G. Voronoi. Nouvelles applications des parametres continus a la theorie des forms quadra-

tiques. J. Reine Angew. Math., 133:97–178, 1908.

[21] Ce Wen Nan and R. Birringer. Determining the Kapitza resistance and the thermal con-

ductivity of polycrystals: A simple model. Phys. Rev. B, 57(14):8264–8268, 1998.

[22] Zhaojie Wang, Joseph E Alaniz, Wanyoung Jang, Javier E Garay, and Chris Dames.

Thermal conductivity of nanocrystalline silicon: Importance of grain size and frequency-

dependent mean free paths. Nano Lett., 11:2206–2213, 2011.

[23] J. E. Parrott. The thermal conductivity of sintered semiconductor alloys. J. Phys. C: Solid

State Phys., 2:147, 1969.

[24] Ho Soon Yang, G. R. Bai, L. J. Thompson, and J. A. Eastman. Interfacial thermal resis-

tance in nanocrystalline yttria-stabilized zirconia. Acta Materialia, 50:2309–2317, 2002.

[25] Patrick K Schelling, Simon R Phillpot, and Pawel Keblinski. Comparison of atomic-level

simulation methods for computing thermal conductivity. Phys. Rev. B, 65(144306), 2002.

[26] David R. Lide. Handbook of Chemistry and Physics. CRC Press, 97th edition, 1998.

[27] Javier F. Troncoso, Piotr Chudzinski, Tchavdar N. Todorov, Pablo Aguado-Puente, Myrta

83
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Tessier-Doyen, Kodai Otsu, Hideaki Matsubara, Pierre Elser, and Urs T. Gonzenbach.

Thermal conductivity of porous materials. J. Mater. Res., 28(17):2260–2272, 2013.

[36] Arthur Loeb. Thermal Conductivity : VIII , A Theory of Thermal Conductivity of Porous

Materials. J. Am. Ceram. Soc., 37:96–99, 1954.

[37] David S. Smith, Arnaud Alzina, Julie Bourret, Benôıt Nait-ali, Fabienne Pennec, Nicolas
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CHAPTER 4

A phase-field model to study the

interaction between vacancies and grain

boundaries

4.1 Introduction

Engineering the structure of a material at the micro and nano-scale (nanostruc-

turing) can reduce considerably the lattice thermal conductivity [1, 2, 3]. One way this

can be achieved is by controlling the grain size in polycrystalline materials [4, 5, 6, 7],

as we analysed in Chapter 3. PbTe is one of the most widely studied and used thermo-

electric material at intermediate temperatures, largely thanks to its low lattice thermal

conductivity, with κ ≈ 2 Wm−1K−1 at 300 K, and this thermal conductivity can be

reduced in the presence of vacancies and grain boundaries, which can separately reduce

this value down to ∼ 0.5 W/mK as shown in Chapter 3. In the regimes of high den-

sities of point or planar defects, the conductivity becomes practically independent of
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temperature as predicted by phenomenological models. However, nanostructures might

anneal at finite temperatures and therefore distributions with small mean grain sizes

would not be stable. The objective of the present study is to investigate grain growth

in PbTe and the mechanisms by which this growth slows down or even stops. In this

chapter, we address the dependence of the mean grain size on temperature and vacancy

concentration, considering the interaction between vacancies and grain boundaries as

an important factor.

The use of classical MD simulations to study processes requiring large samples

and long simulation times is computationally demanding, and new models are required

to analyse phenomena taking place at the mesoscale. In this chapter, we propose a

phase-field method for this study and show how MD simulations and first-principles

calculations can come in handy to calculate material-specific parameters and determine

energy contributions in PbTe. For simplicity, the interaction with interstitials is not

considered. We will see in Section 4.2.5 that the diffusion coefficient and formation

energy of interstitials is higher than than of vacancies, which results in a concentration

of interstitials, ci, significantly lower than the vacancy concentration, cv. Moreover, we

will consider systems where vacancies are continuously loaded into the material, so we

assume that cv >> ci, and therefore the recombination rate is small.

In the present chapter, a phase-field model to study the diffusion of the vacancies

and the time evolution of grain boundaries in PbTe is described. This method is used

to study the time evolution of the mean grain size during ideal grain growth and in

defected PbTe. In the next chapter, we will pay special attention to the role of voids

as pinning particles for the stabilisation of grain boundaries, and we will also discuss

thermal properties of porous polycrystalline PbTe.

4.2 Phase-field modelling

A phase-field model is a mathematical model to study the diffusion of compo-

nents and the dynamics of interfaces at the mesoscale. In this model, a system with

interfaces and concentration gradients evolves in such a way that the contact surface

between phases is minimised and the concentration tends to adopt the equilibrium

value. So far, several phase-field models have been proposed to study different phe-

nomena, such as phase transitions or alloy solidification. The 3-dimensional dendritic
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crystal growth model proposed by Ryo Kobayashi [8] and the alloy solidification model

by Wheeler, Boettinger and McFadden (WBM model) [9] marked important milestones

in the history and development of phase-field models.

In this work, we propose a phase-field model to study the interaction between

vacancies and grain boundaries in polycrystalline PbTe. Thus, the concentration gradi-

ent is associated with differences in the vacancy concentration, cv, where this vacancy

concentration is the fraction of pairs of vacancies of Pb and Te (Schottky defect, see

Fig. 3.1) and the condition co + cv = 1 is satisfied, where co is the fraction of occupied

lattice sites. We consider pairs of vacancies and pairs of atoms to keep the total charge

constant. Phases stand for individual grains, with the grain orientation being described

by order parameters, ηα, with
∑N

α ηα = 1 at each point in space. There are as many

order parameters, N , as grain orientations, and they take the value 1 inside the grain

that they represent and 0 outside, with a value switching continually between 0 and

1 at the grain boundary. If the number of orientations is smaller than the number of

grains, N has to be large enough to ensure that two grains with the same orientation do

not come into contact [10, 11]. For simplicity, we only work with a randomly generated

field of grains where all grains have different orientations.

According to the phase-field method, the temporal evolution of the vacancy con-

centration, cv, is governed by the Cahn-Hilliard diffusion equation [12]:

∂cv(~r, t)

∂t
= ~∇

(
M~∇

(
∂flocal
∂cv

− κv∇2cv(~r, t)

))
+ Sv + ζc(T ), (4.1)

and the evolution of local order parameters, ηα, is described by the Allen-Cahn equation

[13]:
∂ηα(~r, t)

∂t
= − L

Vm

(
∂flocal
∂ηα

− γ∇2ηα(~r, t)

)
+ ζη(T ), (4.2)

where ~r is the position, t is the time, M is the vacancy mobility, L is the interface

mobility, Vm is the molar volume, flocal is the local free energy per mole, T is the

absolute temperature, κv and γ are gradient energies and both ζ represent Gaussian

noise that reproduces thermal fluctuations in the system. These fluctuations will be

defined explicitly in Section 4.2.6. In the isotropic case, M and L are constant, while

they will depend on the interacting grains in the anisotropic material. The term Sv

accounts for the generation or annihilation rates of vacancies and will be discussed in

Section 4.2.5.
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Equation 4.1 is equivalent to Fick’s law for the diffusion of components. According

to this expression, the time derivative of the vacancy concentration is set equal to the

divergence of the vacancy flux, and the total number of vacancies in the system is

conserved if the last two terms are neglected. In this model, the total free energy per

mole of the system is written as a functional of the vacancy concentration. The vacancy

mobility, M , plays an important role in the diffusion process and is discussed in Section

4.2.4.

Equation 4.2 is applied to the order parameters and describes the phase separation

in a system with concentration gradients. These order parameters, ηα, are not conserved

due to the fact that individual grains are allowed to expand, shrink and also disappear

and therefore the number of grains is not constant. These order parameters change only

at grain boundaries and these grain boundaries move to reduce the total free energy

of the system. The grain boundary velocity will depend on the interface mobility, L,

which will be discussed in Section 4.2.2. Equation 4.2 is solved simultaneously for all

order parameters and the following constraint has to be fulfilled at each point in space

: ∑
α

ηα = 1 with ηα ∈ [0, 1] ∀α. (4.3)

Values below 0 and above 1 are reassigned to 0 and 1 respectively and Eq. 4.3 is

imposed after Eq. 4.2 is solved for all order parameters. In practice, this constraint is

imposed by renormalising the amplitude of the phases after the integration step:

ηa
α =

ηb
α∑
β η

b
β

, (4.4)

where the superscripts b and a stand for the order parameters before and after the

reassignment respectively.

Equations 4.1 and 4.2 are coupled since they are given as a function of the local

free energy of the system, flocal. A good description of this free energy is essential

to capture the phase evolution accurately. Our approximation for flocal is given in

Section 4.2.1. Both equations were solved using model parameters obtained from MD

simulations. A three-dimensional simulation box is discretised in a Cartesian grid and

these equations are solved at each grid point after each time step using finite differences.

In the study of grain growth, the grid spacing is set to 6.43 nm, while it is reduced

to 6.43 Å in the study of void stability in the absence of grain boundaries to study

phenomena at a smaller length scale. These values correspond to 10 times the lattice
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parameter and the lattice parameter, respectively.

4.2.1 Free energy

The free energy per mole of a system with vacancies and grain boundaries, f , can

be partitioned into different contributions [14]:

f = flocal + fgrad, (4.5)

flocal = fchem + fgb + felastic, (4.6)

where fgrad is the gradient energy, the energy penalty associated with interfaces and

gradients in the order parameters. The local free energy density is the sum of the free

energy of the homogeneous material, fchem, the excess free energy due to the presence

of grain boundaries in the material, fgb, and additional contributions, such as the elastic

free energies or external fields (which are not considered in this expression). Elastic

free energy, felastic, is the energy penalty associated with deformations in the lattice

due to the presence of vacancies and grain boundaries.

The quantity fgb is the excess free energy due to the presence of grain boundaries,

so this term is different from zero at the grain boundary and equals zero inside individual

grains. This term is often defined as [15, 16]:

fgb =
1

2

∑
α 6=β

Wαβηαηβ. (4.7)

This term corresponds to the energy cost necessary to move from phase α to phase β

and Wαβ is the energy cost. We will see that this energy depends on the misorientation

angle, θ, between grains α and β, Wαβ ≡ W (θ), and that it is related to the grain

boundary energy, as we will see in Section 4.2.2. This misorientation angle is the

relative angle between the lattice vectors of 2 adjacent grains. The minimum grain

boundary free energy occurs away from the grain boundaries (ηi = 0, 1), and grain

boundaries evolve to remove this excess grain boundary energy.

The gradient free energy introduced in Eq. 4.5 penalises the formation of sharp

interfaces and compensates segregation effects that would take place if fgb were the

only contribution to the free energy. In a multi-phase system and in the presence of

vacancy concentrations, the gradient free energy is given by:

fgrad =
1

2
κv (∇cv)2 +

1

2

∑
α

γ (∇ηα)2 , (4.8)
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where κv is related to the interaction energy between pairs of vacancies, represented

by f2, and the effective interaction distance, dvv (distance between first neighbours in

crystalline PbTe)[12]:

κv ≈
f2d

2
vv

2
. (4.9)

This distance is a characteristic distance of the material and is consistent with the fact

that vacancies tend to join and form vacancy clusters. Above, γ is the gradient energy

coefficient between two grains which penalises the formation of sharp boundaries. Like

the grain boundary free energy, the gradient energy involving γ is different from 0 only

at the grain boundary and its value depends on the misorientation angle: γ ≡ γ(θ).

An equilibrium between the grain boundary free energy and the second term of the

gradient free energy is necessary to ensure the grain boundary stability. We will see in

Section 4.2.2 how W and γ are connected through the grain boundary energy.

The chemical free energy corresponds to the energy associated with the compo-

sition of the material. This term is the bulk free energy of the system, where vacancies

are the only intrinsic defects considered in this study, for simplicity. The free energy

per mole of bulk PbTe in the presence of Schottky defects is given by the general form:

fchem = f(cv, T )
∑
α

η2
α (4.10)

f(cv, T ) = heffv cv + f2c
2
v + f3c

3
v + f4c

4
v +RT [cv ln cv + (1− cv) ln (1− cv)] , (4.11)

where heffv is the vacancy formation energy of Schottky defects, and f2, f3 and f4 are

effective mixing terms that take into account the interaction among two, three and

four defects in the system, respectively. f2 is the mixing term used in Eq. 4.9. In

the presence of vacancy concentrations different from equilibrium values, the chemical

energy given by Eq. 4.10 is smaller at grain boundaries, where the vacancy formation

energy decreases [17], and grain growth is slowed down so that grain boundaries can

absorb the excess of vacancies, according to the production/annhilation term Sv in

Eq. 4.1 which will be described in Section 4.2.5. Due to the fact that the system is

stable when the vacancy concentration is at equilibrium or inside voids, corresponding

to cv = 0.999, the free energy given by Eq. 4.11 has to meet several conditions [18, 19]:

fchem

∣∣∣
cv=ceq

= 0, (4.12)

fchem

∣∣∣
cv=0.999

= 0, (4.13)
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Figure 4.1.: Chemical free energy of a system with vacancies and voids according to Eqs. 4.11

- 4.15.

∂fchem
∂cv

∣∣∣
cv=ceq

= 0, (4.14)

∂fchem
∂cv

∣∣∣
cv=0.999

= 0, (4.15)

where the first two equations mean that a void and a system with the equilibrium

vacancy concentration are equally stable and the last two equations ensure the stability

of the system at these two minima. Voids are defined as structures where the vacancy

concentration is equal to 0.999, instead of 1, to prevent singularities in Eq. 4.11 and

the equilibrium concentrations were taken from Ref. [20]. Using Eqs. 4.11 - 4.15, the

free parameters in Eq. 4.11 are uniquely determined and the chemical free energy has

the profile shown in Fig. 4.1.

The presence of vacancies and grain boundaries can also give rise to additional

stresses and strains leading to an elastic energy contribution (see Appendix B.). How-

ever, the calculation of this free energy increases considerably the simulation times and

it doesn’t play a relevant role under small defect concentrations. Under normal con-

ditions, the estimated driving pressure associated with grain boundary motion due to

the excess grain boundary energy is higher than the driving pressure due to the elastic

energy by 2 orders of magnitude [21], so the results presented in this study will not

include this term.
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4.2.2 Interface mobility and energy barrier

The parameter L in Eq. 4.2 is the interface mobility and is associated with the

grain boundary velocity. This equation is dimensional, so it is crucial to understand

and correctly implement the units. From the Allen-Cahn equation, the units for the

interface mobility can be derived:

∂ηα
∂t

= − L

Vm

(
∂flocal
∂ηα

− γ∇2ηα

)
+ ζη(T )

1

[t]
= − [l3/et]

[l3/n]

(
[e/n]

1

)
+

1

[t]
(4.16)

with the following conventions: t for the time, l for distance, n for the amount of

substance (in mol) and e for the energy. Therefore, L is given in [l3/et]. This mobility

is proportional to the grain boundary mobility, m:

L =
π2m

8δgb
, (4.17)

where δgb is the grain boundary width. Although the grain boundary width is within

1-10 nm in MD simulations at low temperatures, this value must be sufficiently large

to resolve the boundary regions in phase-field simulations, and it is usually set to 6-

10 times the size of the grid spacing (∆x) [10]. According to this equation, there is

a singularity when δgb → 0. However, this case correspond to the absence of grain

boundary and therefore the quantity m cancels this divergence. This grain boundary

width will be discussed in Section 4.2.3.

Similarly, the parameter W in Eq. 4.7 is closely linked to the grain boundary

energy, σ, given in [J/m2], through the following expression [14]:

W =
4σVm
δgb

, (4.18)

where Vm is the molar volume. In the anisotropic case, the grain boundary mobility

and energy are given as functions of the misorientation angle, as we will see below.

The gradient-free energy defined in Eq. 4.8 requires the use of a gradient coef-

ficient for order parameters, γ. If one considers the complete expression for the free

energy given by Eq. 4.5, it is easy to see that W and γ must be linked to have stable

simulations and to prevent the growth of third phases at interfaces [14]. This relation-

ship is given through the grain boundary energy [10]:

γ =
8σδgbVm
π2

=
2δ2
gbW

π2
(4.19)
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MD simulations were run to determine the grain boundary mobility, m and en-

ergy, σ, in bicrystals, where the grain boundary is the interface between the two grains

and its position can be defined in terms of five degrees of freedom: either three param-

eters to specify a rotation between the lattices (i.e. misorientation axis, where only

two components are independent, and the misorientation angle) plus two parameters

to specify the boundary plane; or two parameters for each boundary plane on each side

of the boundary plus a twist angle. Rodrigues vectors and unit quaternions have also

proved alternatives to describe grain boundaries [22, 23, 24]. Additional parameters

can be defined to specify translations.

The total Gibbs free energy, G, of the bicrystal is given by:

G = E − TS + pV =
∑

µiNi + σA, (4.20)

dG = −SdT + V dp+
∑

µidNi + σdA, (4.21)

where E is the internal energy, T is the absolute temperature, S is the entropy, p is

the pressure and V is the total volume. As we can see, the Gibbs thermodynamic

potential, G, is written as the product of the chemical potentials µi with the number

of particles, Ni, like in single crystals, plus the work performed by a reversible increase

of the interface area, A. This work is expressed as a function of the grain boundary

energy, σ, which can be seen as a surface tension. Given the total free energy of the

system, the grain boundary moves in such a way that the total Gibbs free energy per

unit volume of the system decreases:

vb = m

(
−∆G

∆V

)
= mP. (4.22)

The grain boundary velocity, vb, is proportional to the reduction of the free energy.

The grain boundary energy itself acts as a driving force, and the direction depends on

the grain boundary curvature [25]. According to Eq. 4.22, the decrease in the total

free energy determines the gran boundary migration, and the grain boundary velocity

is the product of the grain boundary mobility, m, with the ratio of decrease, usually

referred to as driving force, P .

The grain boundary mobility is a proportionality constant that depends on the

material, the temperature and the misorientation and inclination angles between ad-

jacent grains. The misorientation, θ, is the rotation angle between the lattice vectors

of two adjacent grains with respect to the common axis and the inclination, φ, is the
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angle between the grain boundary and the plane perpendicular to this common axis

(Fig. 4.2) [26, 27].

Figure 4.2.: Misorientation and inclination angles, θ and φ respectively, describing the grain

boundary between two grains in a bicrystal. More details can be found in the

Appendix C.

On the other hand, the driving force is the source for grain boundary movement.

It has dimensions of energy per volume, which conceptually is a pressure, and is asso-

ciated with the pressure difference exerted on both sides of the grain boundary. This

pressure difference can be due to a gradient of any intensive thermodynamic property:

temperature, pressure, density of defects, density of energy or a magnetic field [21];

although not all of them are experimentally or computationally reproducible. In the

present study, the grain boundary energy, σ, is the source of grain boundary motion

and is calculated using the following equation:

σ =
E −NE0

A
, (4.23)

where E is the total energy, E0 is the energy per atom in the bulk material, A is

grain boundary area, and N is the number of atoms in the simulation cell. Thus, σ is

calculated from the excess free energy due to the presence of a grain boundary.

In our simulations with a bicrystal, grain boundaries are flat (the grain boundary

radius tends to infinity) and atoms diffuse perpendicularly to the grain boundary plane.

It is important to note that grain boundaries can present different equilibrium shapes,

but they are non-equilibrium defects and their shape and size can change over time to

reduce the total free energy of the system. The shape that corresponds to a minimum

in the free energy is often presented as a group of flat sections connected by curved

parts [21]. At finite temperatures, grain growth occurs to reduce the total free energy,

and therefore the mean grain size grows and grain boundaries increase their curvature

radii [21], especially at high driving energies and temperatures [27]. The approximation

of flat boundaries is valid in MD simulations, where typical length scales are below the
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mesoscale and the curvature radius is big enough. It is also important to note that

the number of relative orientations between two random grains is restricted due to the

cubic nature of the lattice crystal [28]. We will see that both grain boundary mobility

and energy are observed to be practically independent on the inclination angles and

misorientation axis, although they depend on the misorientation angle.

Several MD simulation methods have been proposed for the study of the grain

boundary migration. This grain boundary mobility can be calculated directly when a

driving force is applied, although recent studies use a different approach to calculate

these values in the absence of external driving forces. These studies obtain the mobility

from the fluctuations of the average grain boundary position over time [29, 30, 31] such

that if d2 is the mean square displacement of the grain boundary, the mobility m is

calculated using the following expression:

〈d2〉 =
2mkBT

A
t, (4.24)

where T is the temperature, A is the grain boundary area, and t is the time. However,

this approach is not reliable at low temperatures and, therefore, most studies are based

on the application of external driving forces as a source of mobility.

In the present study, an artificial potential, uξ, was applied to the atoms of one

of the grains to create an external driving force and study the mobility. This artificial

potential corresponds to predefined forces added to the atoms at the grain boundary

to favour the growth of one grain. Although this potential has no physical meaning,

it has been proved that the mobilities do not depend on the driving force [32, 26].

In a bicrystal formed by two grains where one of them presents a higher free energy

per atom, the interface always moves towards the grain with the higher free energy to

reduce the overall free energy of the system [26]. The artificial potential used to provide

the driving force has been proposed by Janssens [32], and later we adapted it in the

LAMMPS code [33, 34] to describe a lattice with 6, instead of 12, first neighbours.

The potential energy added to each atom in one of the grains is given by the following

expression:

uξ(~ri) =


0 for ξi < ξl,

V
2 (1− cos(2ωi)) for ξl < ξi < ξh,

V for ξh < ξi,

(4.25)
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Figure 4.3.: Potential energy added to each atom. Atoms with ξi < ξl do not receive energy,

atoms with ξh < ξi receive energy v, and atoms with intermediate values receive

a value between 0 and V .

where ξi is the order parameter of each atom i given by a sum over its six first neigh-

bours:

ξi =
6∑
j

|~rj − ~rIj |, (4.26)

Here, ~rIj is the nearest ideal lattice site of crystal I to ~rj . The crystal I is the grain

whose atoms will not experience the additional potential. Atoms with ξi < ξl belong

to this grain, atoms with ξh < ξi belong to the other grain and receive the extra

potential energy, and atoms with intermediate values are at the grain boundary and

are subject to an artificial force. The normalised limits ξh and ξl take the values 0.25

and 0.75, respectively, to ensure that forces are only added to atoms located at the

grain boundary. The parameter ωi is defined as

ωi =
π

2

ξi − ξl
ξh − ξl

. (4.27)

According to this definition, the atoms in one of the grains experience an addi-

tional potential that goes to zero once they migrate into the other grain. The parameter

V determines the energy per atom added associated with a specific element type [32]

and is set to V = 1 kcal/mol per atom. The bicrystal shown in Fig. 4.4 was used in

simulations. The grain on the left-hand side of the simulation box has its cubic lattice
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vectors along the ~x, ~y, ~z directions, while the second grain is rotated with a tilt angle of

27◦. The snapshots shown in Fig. 4.4 were taken with a difference of 175 ps under the

artificial potential defined by Eq. 4.25. The grain boundary mobility, m, is calculated

from the gran boundary velocity.

(a)

(b)

Figure 4.4.: Bicrystal containing 37656 atoms formed by two grains with different orientations,

where the second one is under the artificial potential described by Eq. 4.25. An

energy of 1 kcal/mol is added to each atom inside the second grain and periodic

boundary conditions are applied. The Buckingham potential proposed in Chapter

2 was used. (a) initial configuration after equilibration (250 ps). (b) Configuration

after 175 ps with the synthetic potential.

Several models have been proposed to study the dependence of the grain boundary

energy and mobility on the misorientation and inclination angles. Most of them are used

in 2-dimensional studies, where the number of free parameters is smaller. However, it is

observed that the transition to 3D is straightforward and the inclination can be ignored.

In this work, the grain boundary energy and mobility depend on the misorientation

angle and other degrees of freedom are neglected. The energy of one grain boundary

between two grains with relative misorientation θ is approximated as [35, 36]:

σ(θ) =

σ0
θ
θm

(
1− log

(
θ
θm

))
θ < θm,

σ0 θ > θm,
(4.28)

where σ0 and θm are parameters independent of the misorientation. A validation of this

model can be seen in Fig. 4.5. This equation is obtained directly from the Dislocation
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Theory [36], and a grain boundary is considered as an array of dislocations. This energy

saturates to σ0 at large angles, except for special angles in which the lattices match

(coincidence site lattices, CSLs [36, 26, 21, 37]). These cases are not taken into account

in the present study. θm is the angle at which the grain boundary energy becomes

constant and equal to σ0. It is obtained, together with σ0, by fitting data from the

energy-minimisation calculations reported in Fig. 4.5 (red circles) via Eq. 4.28. The

fitted values are σ0 = 2410 mJ/m2 and θm = 20◦. This model is in a good agreement

with experimental results [36, 37] and it is observed that changes in the other degrees of

freedom, including the use of the inclination angle, give way to a slight dispersion [36].

σ0 depends on the inclination angle, fluctuating in a range of up to ±15% [35]. However,

the effect of the inclination angle on grain growth is negligible in comparison with the

effect of the misorientation angle [38] and σ0 is often considered also independent of

inclination [38, 39].
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Figure 4.5.: Grain boundary energy and mobility as a function of the misorientation angle in

a 〈100〉 tilt boundary. Red dots represent the relative grain boundary energy and

were calculated using Eq. 4.23 in a bicrystal containing two grains with different

misorientation angles. The red line corresponds to Eq. 4.28 with θm = 20◦

and σ0 = 2410 mJ/m2. The relative grain boundary mobility as a function of the

misorientation is plotted with blue squares. Results for the mobility were obtained

from MD simulations using the artificial potential described by Eq. 4.25 and are

compared with the model described by Eq. 4.29 (blue line). These results show a

distinction between low-angle and high-angle grain boundaries [26].

Similarly, the mobility of a grain boundary between two grains with relative
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misorientation θ can be approximated as [40]:

m(θ, T ) = m̄(T )
(

1− e−5(θ/θm)4
)
, (4.29)

where m̄(T ) = m0 exp(−qm/kBT ) is now temperature-dependent. The temperature-

independent mobility, m0, and the corresponding activation energy, qm, are obtained by

fitting m̄(T ) for temperatures in the range 300-1000 K. It is important to note that the

grain boundary energy anisotropy has a much stronger effect on grain growth than the

mobility anisotropy [41]. Due to their phenomenological nature, phase-field models use

results fitted to experiments or simulations to predict further properties. These models

are consistent with our results, as we can see in Fig. 4.5, and they are applicable over

the temperature range of interest. In this figure, we are plotting the mobility proposed

in Eq. 4.22, m, which is slightly different from the mobility defined in Eq. 4.2, L. The

relation between L and m is shown in Eq. 4.17. While the dependence of mobility and

energy on the misorientation angle is important for small angles, the dependence on

the misorientation axis is small. Therefore, in practice we use the same value, averaged

over bicrystals with different misorientation axes, for all axes. MD simulations give

values of m0 = 1.5 m s−1MPa−1 and qm = 0.027 eV.

4.2.3 Grain boundary width

The phase-field model presented in this paper defines the interface mobility and

energy as a function of the grain boundary thickness, δgb, as we see in Eqs. 4.17, 4.18

and 4.19. In the limit of small local anisotropy, the theoretical velocity of a grain

boundary migrating along the z-direction as shown in Fig. 4.6 depends on the grain

boundary energy and mobility as follows [42]:

vth =
mσ

Lx
, (4.30)

where Lx is the simulation box length in the direction perpendicular to the motion.

We used the phase-field model with isotropic grain boundary mobility and energy,

m0 and σ0 respectively, as shown in Fig. 4.6, and we observed that the grain boundary

moves with velocity v. We compared this velocity with the theoretical velocity given

by Eq. 4.30, vth, and we observed that both velocities, v and vth, match withing an

accuracy of a 7% and the grain boundary width does not have a strong impact on v.

According to the results observed in Fig. 4.7, the grain boundary velocity predicted by
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Figure 4.6.: Grain boundary migration in the initial configuration (a) and steady state (b).

Periodic boundary conditions not applied.

the model is in a good agreement with Eq. 4.30 and the error increases slightly with

increasing boundary thickness. Large grain boundary widths can result in undesired

particle trapping, e.g. voids or interstitial clusters, and would give way to inaccurate

results if their radii are comparable to the local radius of curvature [43]. On the other

hand, the grain boundary width has to be large enough to reproduce smooth and

diffusive grain boundaries without steep gradients. Due to the accuracy of these results

and to reduce computational costs, in the present work the grain boundary width is

set to 6∆x, where ∆x is the grid spacing.

4.2.4 Diffusion coefficient

The parameter M in Eq. 4.1 is the vacancy mobility and is associated with the

vacancy diffusion in bulk PbTe. In this equation, the dimensional analysis corresponds

to:

∂cv
∂t

= ~∇
(
M~∇ δf

δcv

)
+ Sv + ζc(T ),

1

[t]
=

1

[l]

[l2n]

[et]

1

[l]

[e]/[n]

1
+

1

[t]
+

1

[t]
,

101



6 8 10 12 14
width, δgb [Δx]

0Δ94

0Δ96

0Δ98

1Δ00

1Δ02

V 
/ V

th

Figure 4.7.: Comparison between the boundary velocity obtained from the phase-field model

and the theoretical velocity calculated using Eq. 4.30. The best accuracy is

obtained between δgb = 6∆x and 8∆x.

(4.31)

with the following conventions: t is time, l is distance, n is the amount of substance

and e is the energy, and where the units of M are [l2ne−1t−1]. M is related to the

diffusion coefficient, Dv, by the Nernst-Einstein relation:

M =
Dvcv
RT

. (4.32)

This diffusion coefficient follows the Arrhenius law in the temperature [44]:

Dv(T ) = D0e
−qD/kBT , (4.33)

where qD is the activation energy for diffusion and D0 is a temperature-independent

parameter.

The diffusion coefficient was calculated from the mean square displacement of

atoms in classical MD simulations, in the presence of a Schottky defect [45, 46].

Dv =
1

6Nt

N∑
i

(~ri(t)− ~ri(0))2 . (4.34)

In an MD simulation at constant temperature, the diffusion coefficient is calculated

from the mean square displacements of the closest atom to each of the N vacancies in

the simulation box for a time t. ~ri(t) is the position of the atom i at time t. All MD

102



simulations performed in the present study were run using our new force field, published

in Ref. [47]. According to this equation, the diffusion coefficient is obtained from the

slope of the mean square displacement versus time. This calculation was performed at

different temperatures and the values were compared with the Arrhenius law described

by Eq. 4.33 (see Fig. 4.8). These simulations were run for up to 10 ns, with the longest

simulations at lower temperatures, where the number of vacancy jumps is smaller. At

lower temperatures, where the number of jumps is smaller, the diffusion coefficient may

be overestimated; however this would not have a strong impact on grain growth due to

the high production of vacancies due to external sources. In the study of grain growth

in porous polycrystalline PbTe, voids are immobile and their size is fixed.
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Figure 4.8.: Diffusion coefficient of vacancies in PbTe, Dv. Results obtained using a simulation

box with one Schottky defect. The diffusion coefficient follows the Arrhenius law

in temperature (Eq. 4.33) with D0 = 3.80 · 10−3 cm−2/s and qD = 0.46 eV.

4.2.5 Grain boundaries as vacancy sources/sinks

Grain boundaries can act as vacancy sources/sinks in the presence of radiation

or external stress [28, 17, 48]. Moreover, grain boundaries act as vacancy sinks dur-

ing quenching, and therefore the vacancy concentration falls at grain boundaries [49].

However, although these effects are observed, the way how defects interact with grain

boundaries is not fully understood [50].

The production/annihilation of vacancies at the grain boundary is modelled by
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the term Sv in Eq. 4.1 as follows:

SGBv = −sGBv (cv − ceqv )

(
1−

N∑
α

η2
α

)
, (4.35)

where N is the number of order parameters and sGBv is the sink strength in [t−1] units,

meaning that it is related to the relaxation time, i.e. sGBv is the inverse of the time

required by the vacancy concentration to drop to the equilibrium concentration at the

grain boundary. This relaxation is in the range of 1-50 nm [51], and the dependence

on the grain boundary type (continuous - low angle or sharp - high angle) is neglected.

We observed that this relaxation time affects how fast equilibrium is reached, but

not the final configuration. The model in Eq. 4.35 is defined such that the produc-

tion/annihilation of vacancies occurs at grain boundaries but not far from them, where

the term in parenthesis falls to 0. According to the model in Eq. 4.35, grain boundaries

act as vacancy sinks in over-saturated systems, where cv > ceqv , and as vacancy sources

in under-saturated systems, where cv < ceqv .

A system with a vacancy concentration far from the equilibrium value tends to

adopt the equilibrium value. Vacancies would tend to recombine with interstitials and

reach the equilibrium values after a long - and unknown - time. This mechanism would

depend on the concentration of both interstitials, ci, and vacancies as cv · ci. However,

the diffusion coefficients of vacancies are orders of magnitude larger than those of inter-

stitials [52], so vacancies and interstitials produced simultaneously are annihilated at

the grain boundaries at different times. The formation energy of interstitials is higher

than that of vacancies [53], so ci is usually much smaller than the vacancy concentra-

tion. In the present work, only the interaction between vacancies and grain boundaries

is studied, so ci is not considered. We are interested in systems with high vacancy

concentrations since their lattice thermal conductivity falls considerably. Therefore,

the vacancy concentration inside individual grains is set roughly constant. This effect

can be produced by continuous irradiation and enters into Eq. 4.1 as follows:

SGv = −sGv (cv − c0
v)

(
N∑
α

η2
α

)
, (4.36)

where c0
v is the initial vacancy concentration and sGv is the vacancy generation/annihilation

rate, which is set to sGv = 1 ns−1, and vacancies are loaded into the grains, such as may

be expected under irradiation. c0
v corresponds to the equilibrium vacancy concentra-

tion in normal conditions, but it is higher than this equilibrium value in the presence
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of external vacancy sources, e.g. radiation. The term Sv in Eq. 4.1 corresponds to

Sv = SGBv + SGv .

4.2.6 Thermal fluctuations

At finite temperatures, vacancies and grain boundaries are subject to thermal

fluctuations. The thermal fluctuations present in Eqs. 4.1 and 4.2 are Langevin Gaus-

sian noises and satisfy the fluctuation dissipation theory [54, 55]:

〈ζc(T,~r, t)〉 = 0, (4.37)

〈ζc(T,~r, t) · ζc(T,~r′, t′)〉 = 2
MRT

∆t(∆x)2
δ(~r, ~r′)δ(t, t′), (4.38)

〈ζη(T,~r, t)〉 = 0, (4.39)

〈ζη(T,~r, t) · ζη(T,~r′, t′)〉 = 2
LkBT

∆t(∆x)3
δ(~r, ~r′)δ(t, t′), (4.40)

where ∆t and ∆x are the time step and grid spacing respectively and δ(i, j) is the

Kronecker delta between elements i and j.

However, we observed that the presence of these fluctuations does not have a

strong impact on grain growth, and therefore they can be ignored to speed up simula-

tions.

4.3 Results

4.3.1 Mean grain size distribution

The objective of this section is to study the mean grain size distribution and

the effect of vacancies on grain growth. Randomly generated polycrystalline structures

following the Voronoi tessellation [56] were used to study annealing. Simulation boxes

of different sizes and number of grains were used to confirm the non-dependence on the

box size and the final results were obtained from the statistical average over different

simulations. The properties used for the phase-field simulations performed in this work

at 500 K are tabulated in Table 4.1.
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Table 4.1.: PbTe properties used in the simulations. The statistical uncertainties of the

diffusion coefficient and grain boundary mobility are 7% and 2%, respec-

tively. The uncertainty in the grain boundary energy, σ0, is negligible. The

diffusion coefficient, D, and grain boundary mobility, m̄, follow the Arrhe-

nius law in temperature, Dv(T ) = D0e
−qD/kBT and m̄(T ) = m0e

−qm/kBT

[44], where D0 and m0 are the temperature-independent parameters and qD

and qm are activation energies, respectively. The temperature-independent

parameters and activation energies were obtained by fitting the values cal-

culated via MD simulations to the above expressions, in the temperature

interval of 300− 1000 K. The equilibrium vacancy concentrations, ceq, were

taken from Ref. [20].

Property Value

Temperature-independent diffusion coefficient, D0 3.80 · 10−3 cm2/s

Activation energy of the diffusion coefficient, qD 0.46 eV

Formation enthalpy, hv 1.21 eV

Mixing term f2 0.07 eV

Mixing term f3 −3.47 eV

Mixing term f4 2.19 eV

Grain boundary energy, σ0 2410 mJ/m2

Temperature-independent grain boundary mobility, m0 1.5 m s−1MPa−1

Activation energy of the grain boundary mobility, qm 0.027 eV

Molar volume, Vm 41.03 cm3/mol

Sink strength at grain boundaries, sGBv 0.02 ns−1

Vacancy generation/annihilation rate, sGv 1 ns−1

Grain radii, r, are calculated using the expression (3V/4π)1/3, where the volume

V is the number of grid points occupied by the grain, ng, multiplied by the unit

volume, ∆x3, where the grid spacing used in the study of grains is ∆x = 6.43 nm.

The mean grain radius, 〈r〉, is calculated using the total volume of the simulation box,

VT = NxNyNz∆x
3, divided by the total number of grains 1. Nx, Ny and Nz are the

number of grid points along the 3 axes. Simulation boxes of different size containing up

1Therefore, the mean grain size is calculated as 〈r3〉1/3. For simplicity, we will refer to it as 〈r〉
hereinafter.
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to 4803 grid points were used to confirm the independence of results on box size, and

the final results were obtained from the statistical average over up to eight independent

simulations, where the initial number of grains ranged between 1000 and 55000.

In the ideal case, a distribution of grains at finite temperature is expected to

anneal to reduce the total free energy of the system until the single crystal is reached.

If grain boundaries vanish, their excess free energy disappears, and the final structure

becomes stable. Therefore, grain coarsening driven by this boundary energy is observed

in simulations. Curvature-driven grain growth in the annealing process is determined

by the general equation [25, 28, 57]:

d〈r(t)〉
dt

=
k

n〈r(t)〉n−1
, (4.41)

where k is the kinetic coefficient and depends on the material and temperature. The

exponential coefficient n is equal to 2 in highly pure materials [58], although it is

observed that it can also depend on the material of interest [59]. In the current study,

n is set as a fitting parameter, and we study the dependence of the kinetic coefficient

on temperature and vacancy concentration.

According to this equation, the mean grain size grows until the single crystal is

reached:

〈r(t)〉n − 〈r(t0)〉n = k(t− t0), (4.42)

where the mean grain size at time t can be obtained from the grain size at the initial

time t0 known the kinetic coefficient k.

First, we analyzed the effect of anisotropy on grain growth in Fig. 4.9(a), where

we can see that grains grow over time following the power law given by Eq. 4.42.

The isotropic case corresponds to angle-independent grain boundary mobility and en-

ergy, with values m0 and σ0 respectively (see Table 4.1), while these quantities change

according to Eqs. 4.28 and 4.29 in anisotropic PbTe, as shown in Fig. 4.5. The pa-

rameter n is fitted using the data with the anisotropic material at 500 K, and then it

is set constant to study the dependence of the kinetic coefficient on temperature and

vacancy concentration. The best fit for n is 1.94, which is in good agreement with

theory (n = 2 [58]). Figure 4.9(b) shows that the coefficient n is constant regardless of

the isotropy and temperature. The kinetic parameter, k, which describes the growth

velocity, depends on temperature and defect content. The growth velocity is higher

at 500 K because the grain boundary mobility increases with increasing temperature.
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In the anisotropic material, the presence of low-mobility boundaries slows the grain

growth with respect to the isotropic curves. The fitted kinetic coefficients follow the

Arrhenius law in the temperature and can be seen in Table 4.2.
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Figure 4.9.: (a) Evolution of the mean grain size over time at different temperatures during

the steady-state regime. Squares correspond to calculations using isotropic grain

boundary energies and mobilities and full circles corresponds to calculations with

anisotropic boundaries. The vacancy concentration in the matrix is cv = ceq.

Dashed lines correspond to Eq. 4.42 with n = 1.94. (b) Analysis of the coefficient

n at different temperatures and isotropies. Only sufficiently large mean grain sizes

are used.

According to Fig. 4.9, grains will grow continuously until grain boundaries vanish.

Grain boundaries are meta-stable structures with high energy, so the system tends to

evolve to annihilate these interfaces and reduce their excess energy. The higher the

temperature, the higher the grain boundary mobility and hence the kinetic coefficient.

However, experimental results show that grain growth usually stops before the single

crystal is reached. This grain growth stagnation is usually associated with pinning

and anisotropy [60]. In Fig. 4.10, we study the impact of vacancies on grain growth

and we can see that vacancies can also slow down grain motion, which is in a good

agreement with Y. Estrin et al. [61], who propose that vacancies can inhibit grain

growth. In a super-saturated polycrystal, grain boundaries act as effective vacancy

sinks and therefore grain boundary annihilation is inhibited to reduce the vacancy

concentration as much as possible. However, this stagnation is not very significant,

as can be seen in Table 4.3. Other studies indicate that vacancies can also inhibit
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Figure 4.10.: (a) Evolution of the mean grain size over time at different temperatures and

vacancy concentrations during the steady-state regime. Full circles and squares

correspond to calculations with anisotropic boundaries where the vacancy con-

centration in the matrix is cv = ceq and cv = 10−4 respectively. Dashed lines

correspond to the Eq. 4.42 with n = 1.94. (b) Analysis of the coefficient n under

different vacancy concentrations and temperatures.

grain growth when they present equilibrium concentrations. C.E. Krill et al. point out

that grain boundaries act as effective vacancy sources as they move to compensate for

the elimination of the excess energy associated with the boundaries [62]. We tried to

reproduce this effect by setting that the vacancy concentration tends to be cv = 10ceq

at the grain boundary in Eq. 4.35. However, this intervention did not have a noticeable

impact on grain growth.

Figure 4.9(a) shows the evolution of the mean grain size during the steady-state

Table 4.2.: Kinetic coefficient at different temperatures in [nmnµs−1], with n = 1.94.

Data associated with Figure 4.9.

Isotropic Anisotropic

700 K 1829.12 349.81

500 K 1561.01 282.51

300 K 1094.21 190.02

200 K 660.40 110.49
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Table 4.3.: Kinetic coefficient at different temperatures and vacancy concentrations.

Units in [nmnµs−1], with n = 1.94. Data associated with Figure 4.10.

Anisotropic cv = ceq cv = 10−4

700 K 349.81 328.56

500 K 282.51 256.28

300 K 190.02 175.76

200 K 110.49 103.94

regime, where Eq. 4.42 is satisfied. In this regime, the grain size distribution remains

unchanged. We observed that the grain size distribution tends to match Hillert’s dis-

tribution when we start from a Voronoi structure. Hillert’s distribution is given by

[63]:

f

(
r

〈r0〉

)
=

3γ̄3/2ρ̄ r
〈r0〉((

ρ̄ r
〈r0〉

)2
− γ̄ρ̄ r

〈r0〉 + γ̄

)5/2

× e
− 3
√
γ̄√

4−γ̄

(
arctan

(
2ρ̄ r
〈r0〉

−γ̄
√
γ̄(4−γ̄)

)
+arctan

(
γ̄√

γ̄(4−γ̄)

))
, (4.43)

where 〈r0〉 is the mean grain size and γ̄ and ρ̄ are fitting parameters. This model

describes normal grain growth, as we can see in Fig. 4.11. In the presence of large

secondary particles such as voids or solute clusters or high anisotropies, bimodal distri-

butions can appear and this approximation may not match well. The time necessary

to reach the steady-state regime depends on temperature and initial configuration and

ranges between 2-10 µs while the mean grain size remains roughly constant. This initial

regime is associated with the formation of smooth interfaces and their rearrangement.

4.3.2 Mean grain size in porous PbTe

We also used the phase-field model to study void-grain boundary interactions.

The presence of voids exerts a pressure that counteracts the driving force and affects

the motion of grain boundaries, slowing down grain growth [64, 65]. This pressure is

partly responsible for the existence of small grain sizes at low temperatures, although
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Figure 4.11.: Evolution of the grain size distribution at the initial configuration (red) the

steady-state regime (blue), when it can be described by the Hillert’s distribution

with ρ̄ = 1.0 ± 0.05 and γ̄ = 2.12 ± 0.03. This simulation corresponds to the

polycrystal under the equilibrium vacancy concentration at 500 K after 50 µs.

high particle diffusivities at high temperatures can cause superplasticity2 [66], which is

not desired in the industry. We study the effect of the void fraction and void size on

grain growth at intermediate temperatures under small void densities. We will study

grain growth in the over-saturated regime in Chapter 5.

Simulation boxes formed by randomly generated polycrystalline structures which

follow the Voronoi tessellation [56] and distributions of voids equally spaced are com-

pared using phase-field simulations to study the effect of the void fraction at constant

void radius. In the study of grain growth in porous polycrystalline PbTe, voids are

immobile particles and their size is fixed (Dv = 0 inside voids). The assumption that

voids are equally spaced is in a good agreement with energy calculations, since the

void-void interaction is repulsive, as we can see in Fig. 4.12. The reason why this

interaction energy is repulsive is that a system containing two voids can reduce the

elastic energy more easily when these voids are far from each other.

In Fig. 4.13, we see that grain growth stagnation occurs in the presence of

voids as the curves become flatter at higher void fractions. The exponent in Eq. 4.42

depends on the void fraction, especially at low void fractions. The results in the porous

2Exhibition of large deformations prior to failure.
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Figure 4.12.: Void-void interaction energy in PbTe obtained after performing an energy min-

imisation of a system containing two voids separated by a distance lv−v. The

energy minimisation was performed by LAMMPS by adjusting atom coordinates

(and not the box size). The interaction energy is calculated from the excess en-

ergy associated with the change in the inter-void distance when the void radius

is 1.62 nm.
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Figure 4.13.: (a) Evolution of the mean grain size over time at different temperatures and void

fractions, dv, with constant void radius, rv = 45 nm, during the steady-state

regime. The void fraction is defined as the percentage of grid points occupied

by voids and the vacancy concentration in bulk is cv = 10−4. Lines correspond

to Eq. 4.42. (b) Analysis of the coefficient n in Eq. 4.42 under different void

fractions. Squares stand for simulations where n ≈ 2 and full circles stand for

simulations where n ≈ 2.77.
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Figure 4.14.: Evolution of the mean grain size over time at different void fractions, dv, at

500 K with constant void radius, rv = 45 nm, at the steady-state regime where

Eq. 4.42 is valid. The void fraction is defined as the percentage of grid points

occupied by voids and the vacancy concentration in bulk is cv = 10−4. Lines

correspond to Eq. 4.42. Inset: the exponent n (Eq. 4.42) depends on dv and

shows a transition from the regime where voids are sufficiently separated (/ 2%)

to a regime where the spacing between voids becomes comparable to grain size

(' 5%). The dependence of n on dv is the same at 300 (blue squares) and 500

K (red dots).

material with dv = 8% are fitted to Eq. 4.42 with n = 2.77, which is close to the value

n = 3 found in experiments [67], and the kinetic coefficient grows with void fraction

and temperature, as we can see from Table 4.4. For concentrations in the range dv =

0−1.2%, grain growth does not differ too much from the void-free system, and the grain

growth coefficient n = 1.94 is used in Eq. 4.42 for comparison. The same dependence is

found for 300 K. Furthermore, as the exponent changes, the mean grain size distribution

shifts from Hillert’s distribution when n ≈ 2 to a log-normal distribution at n ≈ 3. Since

Hillert’s distribution was derived assuming that it converges to a self-similar fixed point,

this departure signals the emergence of a characteristic size in the higher dv regime.

The power-law growth in time, observed upon scale-invariant phase-field simulations,
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Table 4.4.: Kinetic coefficient at different temperatures and void fractions. Units in

[nmnµs−1].

Kinetic coefficient, k

dv = 5.0% dv = 8.0%

Anisotropic:

500 K (Å) 8957.70 6364.97

300 K (Å) 4017.15 3056.21

can be associated with the universal exponent ν = 1/n. Therefore, Fig. 4.14 reveals

a change in the critical exponent from ν = 1/2 towards an interacting theory with

ν ≈ 1/3 [57]. This implies a finite void-void interaction in the high-dv fixed point.

By Widom-Rushbrooke scaling relations, we expect all other critical exponents to be

modified and other measurable quantities, e.g. thermal conductivity, to be affected.

Most importantly, a change in n highlights that the kinetics of impeding grain growth

by pinning is a collective phenomenon governed by a phase transition. The existence of

a tentative critical point suggests that this mechanism may be at play in more general

situations, and sheds light into the question of why polycrystals are so abundant in

nature [60]. We also see that the mean grain size becomes flatter than predicted by Eq.

4.42 at the lowest temperature and higher void fraction. Grain boundaries stop moving

once they are locally flat, but pinning particles can block grain boundary migration

when their size is large enough and their concentration is significant, even when grain

boundaries are locally curved [68, 69]. If the void size is comparable to the grain size

or the void fraction is higher than 8%, grain growth would stop quickly, although these

materials may be very plastic and their properties would be strongly affected [69, 66].

This case is studied in the next chapter.

Voids interact strongly with grain boundaries when their radii are small and com-

parable to the local curvature of the grain boundary. As we can see from Fig. 4.15, the

presence of voids produces a shift from Hillert’s distribution to a log-normal distribu-

tion, and dispersion at the tail with secondary peaks can occur due to the presence of

voids and anisotropic grain boundaries. This deviation from Hillert’s distribution may

be caused by the scale-invariance breaking shown in Fig. 4.14. This log-normal distri-

bution also means that pinning by voids is performed by multiplicative effects at grain

114



boundaries 3. By scale-invariance breaking we refer to the fact that the properties of

the system do not remain constant with increasing void fraction [57].
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Figure 4.15.: Evolution of the grain size distribution in the steady-state regime in the presence

of voids (dv = 8%) at 300 K. Different distributions functions found in the

literature are compared: Hillert’s [63], log-normal [72], normal and Weibull’s

distribution [73]. The best match is obtained with the log-normal distribution.

4.4 Conclusions

The objective of this work is to study grain growth and how vacancies and voids

can stabilise polycrystalline materials. The conclusions reached so far can be sum-

marised in the following points:

• Grain growth in ideal PbTe follows a power law and can be slowed down in the

presence of voids and vacancies.

• Grain growth velocity follows the Arrhenius law in temperature.

• The grain size distribution adopts Hillert’s distribution in ideal grain growth.

• The presence of voids results in a scale-invariance breaking from the regime at

low to high void fractions. This transition is related to the onset of void-void

3The log-normal distribution is well suited to the description of multiplicative process [70, 71], where

a given observable is the result of the product of many independent random variables.
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interactions through the grain boundary.

• The mean grain size distribution shifts from Hillert’s distribution after ideal grain

growth to a log-normal distribution in the presence of higher void fractions.
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CHAPTER 5

Thermal conductivity of porous

polycrystalline PbTe

5.1 Introduction

Vacancies and voids can slow down grain growth in PbTe, but they interact with

grain boundaries in different ways. Vacancies are point defects that are absorbed in

grain boundaries, i.e. grain boundaries are vacancy sinks, and therefore grain growth is

slowed down for grain boundaries to absorb as many vacancies as possible [1]. On the

other hand, voids are particles that hinder grain boundary motion and, in the presence

of a distribution of particles, there is a pinning pressure exerted by these particles on the

grain boundaries that results in a profound effect on grain growth. This effect was first

studied by Zener [2] and is known as Zener pinning or Zener drag. C. Zener studied the

effect of a distribution of immobile, spherical particles on grain boundary motion and

the interaction between particles and grain boundaries. The extension to non-spherical

particles was studied years later [3], showing that the particle shape plays an important
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role in the interaction. However, the spherical shape has the lowest possible surface

area to volume ratio and therefore requires the lowest energy to maintain its shape.

In the present chapter, we extend the study of the interaction between voids

and grain boundaries to analyse Zener pinning in PbTe and how voids can stop grain

growth in the saturated system, in which the curvature of the grain boundaries and

grain boundary motion are strongly affected by voids, inter-void distance is small, and

the void size and local grain boundary radius of curvature are comparable [4, 5, 3].

First, we study the stability of distributions of voids in bulk PbTe in Section 5.2 and

then we analyze Zener pinning in Section 5.3. Finally, we will determine the thermal

conductivity of porous polycrystalline PbTe in Section 5.4.

5.2 Void stability

In the present section, the phase-field model presented in Chapter 4 is used to

study the stability of voids in bulk PbTe. In a vacancy-saturated regime, vacancies

can form vacancy clusters (unstable) or voids (stable). If the cluster is smaller than

a critical size, then it shrinks and disappears, while it grows when its radius is larger

than a critical size and becomes a void. This critical size depends on temperature and

vacancy concentration.

The free energy change to form a spherical void of radius rv is given by the

classical nucleation theory (CNT) [6]:

∆GCNTV = 4πr2
vσv −

4πr3
v

3Ω
kBT ln

(
CV
CeqV

)
, (5.1)

where σv is the interface energy, Ω is the atomic volume, CV is the total vacancy

concentration and CeqV is the equilibrium value at temperature T . This total vacancy

concentration includes both vacancies in bulk and vacancies forming voids. In contrast

with cv, CV corresponds to the concentration of the total system, whereas cv is the

local concentration at one specific grid point. If the simulation box is large enough,

the total vacancy concentration can be approximated by the vacancy concentration in

bulk. The first term corresponds to the increase in energy due to the formation of the

void/solid interface and the second term is related to the work performed to relocate

vacancies inside a new void. Interactions between voids and vacancies with vacancies
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sources, dislocations and grain boundaries are not considered in CNT. The critical or

cut-off void size is reached when d(∆GCNTV )/drv = 0:

rcrv =
2Ωσv

kBT ln
(
CV
CeqV

) . (5.2)

The Cahn-Hilliard equation (Eq. 4.1) was solved numerically using finite differ-

ences, the forward Euler time integration method and periodic boundary conditions to

study how stable voids are in vacancy-saturated PbTe, i.e. in a system where the va-

cancy concentration in bulk is higher than its equilibrium value (see Appendix D). One

void is placed in the centre of the simulation box to determine how its size evolves over

time, and the same study is repeated using different void sizes. In the absence of grain

boundaries, the grid spacing is reduced to ∆x = 6.43 Å to study void stability at a

smaller length scale. Simulations were run at different temperatures (300− 900 K) and

under different bulk vacancy concentrations (cbulkv = 0.1, 0.05, 0.01). At every simula-

tion, we checked if voids grew or shrank to determine the critical void size. We observed

that voids are stable at intermediate temperatures but not at high temperatures be-

cause the high vacancy mobility at high temperatures promotes diffusion and can more

easily destabilize voids, especially small ones. At low temperatures, the mobility is too

low and vacancies take longer to accumulate. On the other hand, it is observed that if

the number of vacancies is low, the formation of voids is more complicated and their

cut-off radius is larger. These effects can be seen in Fig. 5.1. Since the simulation

box is large enough for the vacancy concentration in bulk to be roughly constant, our

results are fitted to Eq. 5.2 (lines). Seeing that the time required to equilibrate voids

in the presence of small vacancy concentrations can be hours or days, we extrapolate

the critical void size to a corresponding bulk vacancy concentration cbulkv = 10−4, which

is more realistic experimentally, using Eq. 5.2 (red curve in Fig. 5.1). At 500 K, the

cut-off radius would be around 5 nm.

Equation 5.1 predicts either dissolution or nucleation of voids, but no metastable

finite void sizes. However, metastable void sizes are found in the presence of multiple

voids in experiments [7], and this expression needs to be modified. For this purpose,

we go beyond and we study two voids with an additional phenomenological term in the

free energy:

∆GV = 2 · 4πr2
vσv − 2 · 4πr3

v

3Ω
kBT ln

(
CV
CeqV

)
+ γvr

s
v, (5.3)
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Figure 5.1.: Cut-off radius (void size) at different temperatures and different vacancy concen-

trations. Voids smaller than this cut-off size dissolve, while voids with a radius

bigger than the cut-off are stable and can grow. At higher temperatures, the va-

cancy diffusion coefficient is higher and vacancies annihilate faster. Hence, small

voids are destabilised, and the cut-off radius is larger. On the other hand, at higher

vacancy concentrations, smaller concentration gradients promote the existence of

smaller voids. Lines correspond to Eq. 5.2.

with γv and s are constants. The first two terms are the same as in Eq. 5.1 but doubled

as this expression corresponds to two voids. Terms like the last one in Eq. 5.3 have

been proposed for other systems exhibiting nucleation of secondary particles where s is

in the range 3−5 [8, 9, 10]. If γv is chosen such that a second minimum with ∆GV = 0

exists, then systems containing no voids and systems containing voids of metastable

size are equally favourable.

We applied this equation to the study of metastable voids in real applications.

In a system where the vacancy concentration in bulk is cbulkv = 10−4, the cut-off radius

at 500 K is equal to 8lc ≈ 5.2 nm (see red line in Fig. 5.1). This cut-off radius

corresponds to a maximum in free energy. If the parameter σv is the same as in CNT

and γv in Eq. 5.3 is chosen in such a way that a second minimum with ∆GV = 0

exists, then a metastable void size appears with critical size larger than that predicted

by the standard model, as seen in Fig. 5.2, and systems containing no voids and voids

with the metastable size are then equally favourable. This shift in the metastable size
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is due to the presence of multiple voids simultaneously. Experimental studies confirm

the presence of such metastable voids in real-life PbTe samples [7].
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Figure 5.2.: Free energy of a system containing 2 voids of radius rv at 500 K. Comparison

between the standard model given by Eq. 5.1 (red), in which there is no metastable

finite void size, and Eq. 5.3 (blue), where a metastable size appears at 15 nm.

The study of Eq. 5.3 at different temperatures is shown in Fig. 5.3. Figure

5.3 shows the dependence of the metastable size on temperature when the vacancy

concentration in bulk is 10−4 and the interface energy is fixed according to the values

obtained from Fig. 5.1. These metastable sizes, which grow with temperature as shown

in the inset to Fig. 5.3, correspond to the formation of voids when the metastable size

is forced to be at ∆GV = 0. However, metastable sizes with ∆GV 6= 0 may also be

feasible, although these sizes would not be as energetically favourable as the void-free

system.

5.3 Zener pinning by voids

The results in Figs. 4.13 and 4.14 were obtained in the presence of voids with

a void radius, rv, equal to 7∆x ≈ 45 nm, with the grid spacing ∆x = 6.43 nm.

Now, inspired by the model studied in Section 5.2, which suggests the existence of a

metastable void size, we perform phase-field simulations for different void sizes at a

high void fraction to study the over-saturated regime in the presence of smaller void

sizes. It is observed that voids act as effective pinning particles if the local radius of

curvature of the grain boundary is relatively large and the void fraction is high enough.
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Figure 5.3.: Free energy of a system containing two voids of radius rv at different temper-

atures according to Eq. 5.3. Inset: evolution of the metastable void size with

temperature.

If pZ is the pinning pressure exerted by Zener particles in a saturated system in units

of inverse distance, grain growth in the presence of voids can be modelled by Eq. 4.41

with n = 2, which corresponds to the ideal case, and the effect of voids is incorporated

through the pinning pressure as [3]:

dr

dt
= k

(
1

2r
− pZ

)
, (5.4)

where the pinning pressure depends on the void fraction and void radius as [3]:

pZ =
3dv
2rv

. (5.5)

According to Eq. 5.4, grain growth is slowed down in the presence of voids until

a limiting grain radius, RZ , is reached and it stops. This limiting grain size is equal to:

RZ =
rv

3dv
. (5.6)

According to Eq. 5.6, the smallest voids are the most effective Zener pinning

particles. Due to the limitations in size and time associated with our simulations, this

limiting grain size can only be studied at small void radii and high void fractions.

Smaller voids cannot be studied due to the simulation box resolution (∆x = 6.43 Å).

At high void fractions, voids are not randomly distributed and Eqs. 5.5 and 5.6 are no

longer valid. In this case, the limiting grain radius grows linearly with the void radius
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and is proportional to d
−1/3
v as follows [3]:

RZ =
βrv

2d
1/3
v

, (5.7)

and the Zener pressure is given by [3]:

pZ =
d

1/3
v

βrv
. (5.8)

where β is a geometric constant. Values of β between 2.7 and 3.6 were reported in

experiments in alloys [3]. In Chapter 4, the void size was relatively large and the grain

sizes observed in simulations were much smaller than the limiting grain size. This

implies that the first term in Eq. 5.4 was much smaller than the second one, and we

studied the deviations from the ideal case through the exponent n in Eq. 4.41, which

takes the value n ≈ 2 in the ideal case. However, this approximation is not valid when

the grain size is close to its limiting value. There, pZ is relatively large and cannot

be ignored, so that Eq. 5.4 has to be used instead. In this chapter, we used smaller

void sizes at high void fractions to study the presence of these limiting grain sizes.

According to Fig. 5.4, limiting sizes of RZ ≈ 180 and RZ ≈ 155 nm are obtained for

void radii rv = 32 and rv = 26 nm, respectively. Comparing with Eq. 5.7, we obtain a

value of β around 5, which is of the same order of the values observed experimentally

but larger by a factor 1.4 − 1.8. This difference may arise because these equations

assume that all pinning particles interact with grain boundaries in the same way, but

this is not the case. Voids can reduce the free energy much more than interstitial

clusters formed by different chemical species in alloys and their impact on the elastic

free energy is considerable. Although voids are known to be efficient pinning particles,

the applicability of this equation has not been validated in their presence. Moreover,

the materials used in experiments are not pure and can contain several pinning particles

at the same time.

The presence of voids in the polycrystalline material results in an inter-void inter-

action mediated by grain boundaries, which can have a stronger effect in the presence

of higher void densities. The force on each void associated with Zener pinning scales

as FZ ∼ pZr
2
v ∼ rv , where we used Eq. 5.8. If we assume that the void oscillation is

related to phonons with characteristic energy ω0, the strength of the coupling for each

void is given by AV = FZxc/ω0, where xc is the characteristic distance. The energy of

a elastic domain wall (DW) scales like R2
z [11], and from Eq. 5.7 we see that RZ ∼ rv.

Therefore, the indirect interaction energy between voids via grain boundaries scales
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Figure 5.4.: Evolution of the mean grain size over time at constant void fraction, dv = 8

%, at different void radii and temperatures in the steady-state regime. The

vacancy concentration in bulk is cv = 10−4. Dashed red line corresponds

to Eq. 5.4 for the data plotted using blue diamonds, where k and pZ

are fitting parameters. The grain size would keep growing for hours until

reaching an equilibrium value at low temperatures.

as Ev−v ∼ A2
VR

2
Z ∼ r4

v , where we used Eq. 5.7. This dependency was validated in

Fig. 5.5, where it can also be seen that this scaling is not valid in the absence of grain

boundaries (left panel).

5.4 Lattice thermal conductivity of porous poly-

crystalline PbTe

As a thermoelectric material, the efficiency of PbTe can be enhanced if we re-

duce the lattice thermal conductivity. Voids and grain boundaries reduce the thermal

conductivity by themselves, but grain boundaries are not stable defects and they have

to be stabilised to stop grain growth. We observed that this grain growth could be

stopped in the presence of voids at grain boundaries, so now we are going to quantify

the reduction of the thermal conductivity in the presence of metastable voids and grain

boundaries. To obtain a solvable model, we assume that the majority of voids are
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Figure 5.5.: Analysis of the void-void interaction energy in (a) bulk and (b) polycrystalline

PbTe for different void sizes, rv, and inter-void distances, lvv , calculated using

LAMMPS via energy minimization. Two voids with equal size, rv, are placed in

the simulation box separated by a distance lvv . In the polycrystalline material,

both voids are at the grain boundary. Red lines correspond to the functional form

−dE/dlvv = ar4
v, where a is a fitting parameter. The force on each void associated

with Zener pinning scales as ∝ r4
v (b), while this dependence is not observed in

the absence of grain boundaries (a). This implies the existence of a void-void

interaction mediated by the grain boundary.

at grain boundaries and rv and dv retain their values at TCR. TCR is the coarsening

temperature, defined as the maximum temperature to which the sample has ever been

exposed to. From our phase-field model, we obtain not only the mean grain size 〈r(t)〉
or diameter 〈d(t)〉, but also the distribution of grain sizes, ω (di/〈d〉;TCR), which fol-

lows a log-normal law, where d is the grain diameter. This enables us to compute the

effective lattice thermal conductivity, κeff , of porous polycrystalline PbTe. Assuming

phonon confinement and averaging over grain sizes, the effective thermal conductivity

of the ensemble is given by the following summation over all grain sizes present in the

sample:

κeff(T, χv;TCR)−1 =
∑
i

ω

(
di
〈d〉

;TCR

)[
di

di + δgb(T )

1

κb(T )
+

RK(χv)

di + δ(T )

]
, (5.9)

where κb(T ) is the thermal conductivity of the bulk material, d is the grain diameter,

〈d〉(TCR) is the mean grain diameter, δ is the grain boundary width studied in Chapter

3, RK is the Kapitza resistance, ω is the log-normal weight for grain size di and T is

the working temperature. This equation is the extension of Eq. 3.12 to a system where

the grain size follows the distribution given by ω (di/〈d〉;TCR). 〈d〉(TCR) has memory
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as it depends on the thermal history of the sample. Given the metastable void size, rv,

from Fig. 5.3 at temperature (TCR), the limiting grain diameter can be calculated by

Eq. 5.7, d = 2RZ . Thus, the mean grain size of the sample is determined by (TCR),

the maximum temperature at which the sample has ever been subjected to. This TCR

is not necessarily equal to the working temperature in a thermoelectric device, T . Note

that while κb(T ) depends on the fast phonon dynamics, the processes of grain growth

happen on much longer time-scales described by our phase-field simulations and are

irreversible [12].

The grain boundary width δ and Kapitza resistance RK were studied in Chapter

3 using MD simulations by the direct method with voids at the grain boundary [13]. δ

increases with temperature as δ = δ0(Tm − T )−1/2, where Tm = 924◦C is the melting

temperature [14] and δ0 = 289 nm K1/2 is a fitting parameter for data collected from

Section 3.3. RK is inversely proportional to the heat capacity and is constant above the

Debye temperature [15]. MD simulations show that RK depends on the void coverage,

χV , as RK = Rnv
K (1− χV )−1, where Rnv

K refers to the void-free case, in the presence of

voids at the grain boundary. The void coverage is defined as the surface area of the

grain boundary covered by voids.

We plot the result of Eq. 5.9 in Fig. 5.6 at dv = 8%. We show a family of curves

κeff(T ) for different thermal coarsening temperatures TCR. This provides information

about thermal conductivity necessary to design thermoelectric devices with the only

assumption that we work in thermodynamic equilibrium, where there is a well-defined

phonon temperature T at each point of the sample. We consider a constant T (x)

profile (along the length of the sample) and TCR ≥ T since the variation of the last

quantity may be optimised separately. A comparison between curves shows the effect

of nanostructuring. The lattice thermal conductivity can be reduced nearly in half by

grain boundaries pinned by voids. κeff(T ) varies slower than in bulk, so the differences

are largest at the lowest temperatures. Furthermore, our study shows the potential

of introducing a coarse-graining profile TCR(x) inside the sample, going from blue to

green to brown curves in different zones of the sample. This should reduce κeff(T ) even

more, enabling the design of some desired temperature profile. The regime at low void

densities has not been studied here, but the validity of the existence of a limiting grain

size at low densities of voids can be inferred from Eq. 5.7. Equation 5.9 was evaluated

assuming that voids are at the grain boundary, in which case their effect on the thermal

conductivity enters through a change in the Kapitza resistance, as we will see below.
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Figure 5.6.: Effective thermal conductivity, κeff , of porous polycrystalline PbTe as a function of

temperature. Different curves are at different coarse-graining temperatures, TCR,

where TCR is defined as the maximum temperature to which the sample/device

has been exposed. For the highest TCR, we approach the limit of the bulk κb(T )

(dashed line), so comparing the curves allows assessing immediately the impor-

tance of the grain-size growth saturation at lower temperatures. The void fraction

is dv = 8%. Inset shows the relative loss of conductivity due to nanostructuring.

This assumption is valid when the void fraction is high and the grain size is small.

If voids are in bulk, the change in κb(T ) is given by Eq. 3.20. Additionally, energy

calculations using the classical force field presented in this thesis were performed to

validate this assumption. As we can see in Fig. 5.7, systems with voids farther from

the grain boundary have higher energies, which means that configurations where voids

are at the grain boundary are more favourable.

5.5 Conclusions

The objective of this work is to study Zener pinning in polycrystalline PbTe by

voids and the thermal conductivity of porous polycrystalline PbTe. The conclusions

reached in this chapter can be summarised in the following points:
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Figure 5.7.: Void-GB interaction energy as a function of the void-GB distance, where GB

stands for grain boundary and rv is the void radius. The interaction energy is

defined as the excess energy divided by the void cross section, πr2
v, when the void

is far from the grain boundary and was calculated using LAMMPS after energy

minimisation. Systems in which voids are at the grain boundary are more stable.

• Grain growth in polycrystalline PbTe can be stopped by immobile, spherical voids

until the mean grain size reaches a limiting value. Consequently, polycrystalline

materials can reach stable structures and can be used to reduce the lattice thermal

conductivity.

• The limiting grain size is proportional to the void radius. Therefore, small void

sizes are desired to stabilise samples with small mean grain sizes. Additionally,

voids can reduce the thermal conductivity by themselves, so the presence of grain

boundaries and voids in thermoelectric devices results in efficiency enhancement.

• The metastable void size grows with temperature. Since the growth process is

irreversible, the void size is determined by the coarsening temperature, i.e. the

maximum temperature to which it has been exposed. PbTe is a leading thermo-

electric material at room temperatures, so it is not exposed to high temperatures

and small voids can remain stable.

• The lattice thermal conductivity of porous polycrystalline PbTe can be reduced
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by 35% by anisotropic grain boundaries pinned by metastable voids.

• The reduction in conductivity is larger when the sample has not first been heated

at higher temperatures.
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CHAPTER 6

Conclusions and future work

The quest for thermoelectric materials with improved efficiency has been an im-

portant topic in materials research for many decades. In recent times, due to the

prominence acquired by clean and efficient energy generation in the energy and envi-

ronmental agenda, research in thermoelectrics has become practically a crusade. New

families of materials of varied characteristics have been and are being proposed, but

it appears very hard to increase the figure of merit above a value of 3. One of the

two main research directions has been to improve the electronic and electron-phonon

properties to increase the power factor, S2σ, with S the Seebeck coefficient and σ the

electrical conductivity. As we can see in Fig. 1.4, these two quantities are connected in

such a way that increasing one, e.g. by doping, decreases the other [1]. Nevertheless,

much progress has been made along these lines. The second approach is to decrease

the lattice thermal conductivity by a variety of methods, one of which is to design

structures capable of scattering phonons over a wide range of length scales, including

nanostructuring at the micro- and nano-scale, thus leading to polycrystalline samples.

In the present work, we studied the reduction in the lattice thermal conduc-
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tivity of PbTe, which is a reference high-performance thermoelectric material with a

remarkable efficiency at intermediate temperatures in its pristine form. We analysed

the effect of intrinsic defects on the thermal conductivity using molecular dynamics

simulations and a phase-field model. The use of voids, vacancies and grain boundaries

can reduce the thermal conductivity by as much as 75% when they are isolated defects.

The original aim of the present work was to understand how much the lattice thermal

conductivity can be reduced in the presence of grain boundaries, which are reported

to be metastable defects present in real experiments, and whether the grain size, and

hence any thermal conductivity gains, will survive or not against thermal coarsening

under operational conditions. The thermoelectric efficiency of PbTe can be enhanced

by creating polycrystals with small mean grain sizes to reduce the lattice thermal con-

ductivity. Several studies analysed the dependence of the thermal conductivity on this

mean grain size [2, 3] but, to the best of our knowledge, none of them considered the

stability of small, nanoscale-sized grains.

We attacked this problem by means of a multiscale dynamical modelling approach

applied to porous, polycrystalline PbTe. First, we used molecular dynamics simulations

that used a force field that has been designed on the basis of ab initio and experimental

data to study the effect of vacancies, interstitials, grain boundaries and voids on the

lattice thermal conductivity when they are isolated and no more than one intrinsic

defect is present in the simulation box simultaneously. Then, we analysed the interac-

tion between vacancies, voids and grain boundaries and how they can reach metastable

configurations. To this end, we devised a phase-field model informed by molecular

dynamics simulations. The central hypothesis considered was that voids act as Zener

pinning particles to stop grain growth and stabilise grain boundaries. Through an ex-

tensive set of simulations, we analysed the stability of voids and determined metastable

void sizes at different temperatures. Our results show that the presence of voids can

stabilise grains with radii of the order of hundreds of nanometers. A simple serial

model allowed us to calculate the thermal conductivity of these porous polycrystalline

materials and showed that it could be reduced by 30% at room temperature, with lower

reductions at lower temperatures. Therefore, we argue that any further developments

to reduce the lattice thermal conductivity must focus, if necessary, on other strategies

such as doping or alloying.

Perhaps the most important result of this work is that the stabilisation of finite-

size grains occurs due to a phase transition in grain growth upon increasing the void
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fraction. By doing this void fraction, voids located at the grain boundaries by Zener pin-

ning start to interact via the grain boundary inducing a collective effect that stabilises

polycrystals. This mechanism is far more general than the specific case of thermoelec-

tric materials, as it applies to any porous polycrystalline sample. We hence argue that

the present work contributes to the understanding of the long-standing issue of why

polycrystals do not evolve towards single-crystals [4]. We argue that any further devel-

opments must focus on the study of migrating voids, which could hinder Zener pinning.

This may happen, for example, in the presence of temperature gradients, where voids

move towards the warmest regions to reduce the total free energy, as we can see in

the Appendix E. Additionally, the study of the interaction between voids and grain

boundaries and the impact of the grain boundaries on the metastability of void sizes

may require further developments. Finally, the use of different Zener particles might

result in more stable structures. In a doped or alloyed polycrystalline material, inter-

stitial impurities would migrate towards grain boundaries [5] and this might result in

the formation of impurity clusters, which would constitute Zener particles more easily

reproduced in experiments. Zener pinning by impurity clusters could be studied using

a phase-field model informed by energy calculations to determine the formation energy

and mobility of the interstitials. This phase-field model could also be used to study the

stability of the grain boundaries and the clusters themselves, what shows the transfer-

ability of the method used in this thesis to different problems. It has also been proven

that the use of nanoalloys reduces efficiently the group velocity of acoustic modes [6],

what results in a lower thermal conductivity. Alloys with Ge [7], Mg [8], Mn [9], Na

[10], Se [11], S [12] and Cd [13] have been widely studied experimentally, and the use of

nanostructures has an additional impact on their phonon properties [14]. The presence

of impurity clusters in nanostructured materials seems to be an interesting strategy in

phonon scattering engineering to optimise the efficiency of PbTe.

The results analysed in the present work have been presented in the journal

articles shown in the Appendix F.
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APPENDIX A

Convergence test for the thermal

conductivity

The lattice thermal conductivity was calculated using the Buckingham potential

with the fitting parameters proposed by Bo Qiu et al. [1] in Table 2.2. The results

shown in the original paper were reproduced in our study. A simulation box consisting

of 512 atoms was used in the original work, what turns out to be too small to simulate

significant simulation domain size effects.

Results obtained using the Green-Kubo method and direct method with LAMMPS

were compared with Bo Qiu’s results obtained with the Green Kubo method. From Fig.

A.1, we can see the convergence tests for our simulations with the Green-Kubo method,

the same method used in the original paper. This shows that a 4 × 4 × 4 simulation

box containing 512 atoms doesn’t give converged values for the thermal conductivity.

Bo Qiu used a 4 × 4 × 4 supercell, and we found that this size is not large enough to

calculate lattice thermal conductivities in PbTe. It is important to note that minimum

image conventions do not apply to LAMMPS as LAMMPS embeds each subdomain
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Figure A.1.: Convergence test for the simulation box size in the calculation of the thermal

conductivity at 500 K.

with real copies of atoms, but the use of box lengths shorter than twice the cut-off

distance of the potential can lead to problems in other codes. Thus, the results plotted

in Fig. 2.4 are not converged and the overestimation associated with this potential is

higher than that one.
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APPENDIX B

Elastic energy

The presence of vacancies and grain boundaries results in an elastic free energy

that can be written as [1, 2]:

felastic =
1

2

∑
i,j,k,l,α

ηα
[
ε̄ij − ε∗ij(η)− εvij

]
α
Cijkl [ε̄kl − ε∗kl(η)− εvkl]α , (B.1)

where homogeneous C is the elastic constant tensor of the grain α, ε̄α is the total strain

of the non-defected grain α [3], ε∗α is the eigenstrain of the grain boundary with the

adjacent grain β and εvα is the strain due to the presence of vacancies:

ε∗α(η) =
8π

δgb

∑
β 6=α

ηαηβε
GB
0 I (B.2)

εvα = εv0(cv − ceqv )I, (B.3)

εGB0 = 1− ρGB
ρbulk

≈ 0.99, (B.4)

εv0 =
1

lc

dl

dcv
≈ 0.336, (B.5)

where I is the identity matrix, δij is the Kronecker-Delta function and lc is the lattice

parameter. The total eigenstrain defined in the bracketed term in Eq. B.1 is proven to

147



describe accurately the lattice mismatch around the point defects [4]. The eigenstrain

of the grain boundary is often taken as isotropic for simplicity.
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APPENDIX C

Misorientation angle between adjacent

grains

The misorientation is the angle between the lattice vectors of 2 adjacent grains

with respect to a common rotation axis. Given two grains with rotation matrices M1

and M2, the misorientation operator to move from the grain 1 to the grain 2 can be

defined as:

M = M2M
−1
1 . (C.1)

There are several alternatives to describe this rotation, such as the use of Euler

angles or Rodrigues vectors, but in the present work we use the pair axis/angle. In this

description, any rotation can be described as a rotation angle, known as misorientation

or misorientation angle, θ, around an axis, the misorientation axis, 〈uvw〉. This angle

and rotation can be calculated from M as follows:

cos(θ) =
1

2
(Tr[M ]− 1), (C.2)
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u = (M23 −M32)/2sinθ,

v = (M31 −M13)/2sinθ,

w = (M12 −M21)/2sinθ,

(C.3)

where Tr[M ] is the trace and Mij is the component i, j of the 3x3 misorientation matrix.

Thus, the misorientation can be described with 3 independent degrees of freedom.
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APPENDIX D

Finite-difference method

The finite-difference method is a method for solving differential equations by

replacing derivatives by a difference quotient. In this method, the derivative of a

given function at a specific grid point is calculated from the values at the neighbours.

Different finite difference approximations are obtained by considering different groups

of neighbours (stencils), with different conditions of stability.

The first order forward Euler method is used to update concentrations and order

parameters after each time step. According to this method, the first time derivative can

be approximated by a Taylor series expansion truncated at the first term. This method

can be applied to any parameter y that depends on time, such as the concentration or

order parameters, and satisfies the following equation:

ẏ = f(t, y(t)), (D.1)

where f is a function of time and y. If ∆t is a sufficiently small time step, the first

term in Eq. D.1 can be approximated by the following finite difference:

ẏ = lim
∆t→0

yt0+∆t − yt0
∆t

≈ yt0+∆t − yt0
∆t

, (D.2)
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where yt0+∆t and yt0 are the values of y after and before the time step ∆t, respectively.

In the forward Euler method, the value of y is updated after each time step using the

expression [1]:

yt0+∆t = yt0 + ∆tft0(t, y(t)), (D.3)

which combines Eqs. D.1 and D.2. This method is straightforward to program, al-

though a relatively small grid spacing is necessary to ensure stability.

Similarly, a three-point first-order central scheme is used to approximate the first

spatial derivative of a function ϕ at the central point x0 [1]:

dϕ

dx

∣∣∣
x=x0

=
ϕx0+∆x − ϕx0−∆x

2∆x
, (D.4)

where ∆ is the grid spacing.

A 27-point stencil for discrete Laplacian approximations is used. This stencil is

formed by a 3×3×3 box, and the Laplacian is calculated at the the central point. The

other 26 points correspond to 6 points on the 6 faces (number of points at the faces is

6, Nf = 6), 12 points on the 12 edges (Ne = 12) and 8 points at the 8 corners (Nc = 8).

Thus, the Laplacian of a function ϕ can be approximated by the following expression

[2]:

∇2ϕi =
3

13∆x2

 6∑
j∈Nf

(ϕj − ϕi) +
1

2

12∑
j∈Ne

(ϕj − ϕi) +
1

3

8∑
j∈Nc

(ϕj − ϕi)


=

3

13∆x2

 6∑
j∈Nf

ϕj +
1

2

12∑
j∈Ne

ϕj +
1

3

8∑
j∈Nc

ϕj −
44

3
ϕj

 , (D.5)

where ϕi is the value of the function at the central point and ϕj are the values at

the neighbours. This method provides an accurate and stable approximation for the

Laplacian in 3D.
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APPENDIX E

Void migration in a temperature

gradient

Thermoelectric generators produce electrical currents when they are subject to

a temperature difference. However, vacancies tend to move towards the heat source to

reduce the total free energy of the system. This movement can affect the structural

stability of the polycrystalline material, so void migration is studied in the present

section using the phase-field model. In Chapter 4, we study the impact of immobile

voids on grain boundary motion, so here we solve the Cahn-Hilliard equation (Eq.

4.1) to study kinetic properties of voids in PbTe when they move in the presence of a

temperature gradient and in the absence of grain boundaries. The chemical free energy

depends on the local temperature as shown in Fig. 4.1 and the vacancy diffusion

coefficient Dv increases with increasing temperature following the Arrhenius law. In

the presence of a temperature gradient, voids move towards the warmer regions to

reduce the total free energy.

A temperature field of
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Table E.1.: Heat of transport for surface thermal self-diffusion. Units in [kJ/mol].

cv = ceq cv = 10−4

Ds = Dv 790 950

Ds = Dv/10 362 532

T (z) = ∆T
z − 1

Nz − 1
+ Tmin (E.1)

is applied to bulk PbTe along the z-axis, where the temperature T ranges from Tmin

at z = 1 to Tmin + ∆T at z = Nz.

Simulations with voids with radius between 20 and 50 nm and under different

equilibrium vacancy concentrations in the matrix, cv = ceq and 10−4, are compared.

The grid spacing is set to ∆x = 0.64 nm.

The void velocity strongly depends on the void radius as follows [1]:

vvoid =
3DsQslc
RT 2rv

∆T

∆L
, (E.2)

where Ds is the surface diffusivity between matrix and void, Qs is the heat of transport

for surface thermal self-diffusion, lc is lattice constant, R is the gas constant, rv is the

void radius, ∆T is the temperature gradient and ∆L = Nz∆x is the distance between

heat source and sink. The heat of transport is the energy transported in a temperature

gradient. Simulations with different values for Ds comparable to the vacancy diffusion

coefficient are shown in Fig. E.1. According to these simulations, voids migrate to-

wards heat sources, and their migration velocity increases with increasing temperature

gradients and decreasing void radii. From Table E.1 and Fig. E.1, we can also see that

the void velocity and heat increase with increasing vacancy concentrations, where Qs

is in good agreement with Ref. [1]. This is because the presence of high concentrations

helps voids grow. These void velocities are smaller than the grain velocities studied in

Chapter 4.
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APPENDIX F

Scientific communications

Publications:

• Effect of intrinsic defects on the thermal conductivity of PbTe from classical

molecular dynamics simulations, Javier F. Troncoso, Pablo Aguado-Puente, Jorge

Kohanoff, J. Phys.: Condens. Matter 32 (4), 2019.

• Thermal conductivity of porous polycrystalline PbTe, Javier F. Troncoso, Piotr

Chudzinski, Tchavdar N. Todorov, Pablo Aguado-Puente, Myrta Grüning, Jorge

Kohanoff. Not yet submitted. 2020.

Workshops, conferences and seminars:

• Materials & Molecular Modelling Hub Conference and User Meeting 2019. Thomas

Young Centre, University College London. London (UK). 3-4 September, 2019.

Poster.

• The 4th International Symposium on Phase-Field Modelling in Materials Science.
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Ruhr-Univerität Bochum. Bochum (Germany). 22-25 July, 2019. Poster.

• APS March Meeting Boston 2019. Boston Convention and Exhibition Center.

Boston (USA). 4-8 March, 2019. Oral presentation.

• Training Workshop on High Throughput Computing. Polytechnic University of

Turin. Turin (Italy). 16-20 July, 2018. Workshop.

• Data Analytics with HPC. Queen’s University Belfast. Belfast (UK). 20-21 June,

2018. Workshop.

• Nanoscale Simulators of Ireland Meeting. University of Limerick. Limerick (Ire-

land). 30-31 May, 2018.

• High Performance Python QUBDW. Queen’s University Belfast. Belfast (UK).

22 May, 2018. Workshop.

• ARCHER Message-passing Programming with MPI. University of Exeter. Exeter

(UK). 31 August - 1 September, 2017. Workshop.

• Designing force fields in an age of cheap computing. University of Sheffield.

Sheffield (UK). 26-28 July, 2017.

• CCP5 Summer School 2017. Lancaster University. Lancaster (UK). 09-18 July,

2017. Workshop.
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