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Numerical and experimental validation of an explicit meshfree method:
with applications to material forming
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Abstract

Meshfree methods were introduced twenty-five years ago to overcome a range of issues faced by mesh-

based methods, which predominately relate to the issues of mesh-entanglement, which can result in poor

accuracy. Although meshfree methods have progressed significantly over these years, the application of

these techniques to real-world material forming problems is limited, despite the potential benefits they can

provide over traditional mesh-based methods. This paper is concerned with the meshfree simulation of the

stretch blow moulding process, which is the primary manufacturing process used to produce polymer bottles.

Traditionally, the finite element method has been used to simulate this process, however, difficulties are often

encountered during these simulations, which can cause reduced accuracy. In this paper, a nodally integration

explicit element-free Galerkin method is formulated. Firstly, the formulation is validated through several

numerical problems, which display the accuracy, and computational efficiency of the proposed method.

Following this, the experimental characterisation of the stretch blow moulding process is discussed. Finally,

the developed formulation is utilised to construct a validated simulation of the stretch blow moulding

process. The accuracy obtained in the stretch blow moulding simulations highlights the capability of the

explicit meshfree formulation, which has the potential to be applied to a wide range of large deformation

phenomena.

Keywords: Meshfree methods, material forming, explicit dynamics, nodal integration

1. Introduction

In recent years the application of numerical meth-

ods to forming simulations has grown significantly.
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This growth has allowed for the adoption of a scien-

tific approach to process optimisation, rather than

the traditional trial and error approach. Of these

numerical techniques, the finite element method has

emerged as the dominant simulation tool. Although

the finite element has proved successful in modelling

a range of problems, large deformation can lead to

element-distortion. This can cause reduced poly-
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nomial completeness of the elements displacement

field, resulting in poor convergence [1]. While tech-

niques such as the smoothed finite element method

[2] and suitable remeshing schemes [3], can reduce

the sensitivity to mesh distortion, they still en-

counter the primary issues of requiring the con-

struction of a quality mesh. Creation and refine-

ment of this mesh can be a computationally cum-

bersome procedure, especially for three-dimensional

geometries.

In response to the issues faced by the finite ele-

ment method in large deformation, a new class of

techniques, known as meshfree methods, have been

proposed. Numerous techniques have been devel-

oped over the years including smoothed particle hy-

drodynamics, introduced independently by Lucy [4]

and Gingold and Monaghan [5], the element-free

Galerkin (EFG) method developed by Belytschko

et al. [6], and the reproducing kernel particle method

(RKPM) Liu et al. [7]. Unlike their mesh-based

counterparts, meshfree methods enable the field

variable to be approximated without the need for

a fixed computational mesh, avoiding mesh related

issues such as mesh-distortion and the reliance on a

high-quality mesh. These developments have collec-

tively provided an alternative to the finite element

method, especially in situations where mesh-based

methods can encounter difficulties, such as those

involving large deformation.

Typically, meshfree methods are formulated us-

ing either the collocation method or a Galerkin

method. The former is based on the strong-form

of the differential equation, which leads to efficient

formulations due to not having to perform numer-

ical integration. However, collocation methods en-

counter difficulties in applying natural boundary

conditions and require the evaluation of higher-

order shape function derivatives, which can be

costly to construct [8]. In this work, a Galerkin

method is chosen, where a weaker form with regards

to solution continuity is solved. This requires the

selection of a suitable numerical integration scheme

and a technique to implement essential boundary

conditions.

In this work, we utilise the element-free Galerkin

method, which has primarily been applied in sit-

uations where the meshfree characteristic of the

method can be exploited. Applications of the EFG

method include: fracture and crack growth [9, 10],

metal forming simulations [11, 12] and large defor-

mation biomechanics problems [13]. In the work

of Li and Belytschko [11] several large deforma-

tion metal forming problems were simulated. The

authors observed that the Lagrangian element-free

Galerkin method could deal with larger deforma-

tion than the equivalent finite element formulation.

The authors attributed this to the smoothness pro-

vided by the EFG approximation. A similar finding

was observed with the RKPM by Li and Liu [14],

where the ability of meshfree methods to simulate

large deformation was attributed to the higher con-

tinuity of the resulting approximation. Horton et

al. [13] formulated an explicit element-free Galerkin

formulation for use in surgical simulations, where

the reduced dependency on a computational mesh

has the potential to aide in automatic model gen-

eration. The authors showed though several hyper-

elastic examples that sufficient levels of accuracy

could be achieved. However, the authors also high-

lighted that the use of Gauss integration leads to
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high computational cost in the resulting formula-

tion, which potentially would require a mixture of

EFG and finite methods to be applied.

Given the reported benefits of the EFG method

in Lagrangian large deformation simulations, the

applicability of this technique to material forming

simulations is clear. However, despite these bene-

fits, the use of an EFG method to simulate form-

ing simulations is limited, with [11, 12] showing the

capability of the method in high distortion load-

ing, but modest deformations. Furthermore, within

this research, rectangular geometries have allowed

for simulations with a regular distribution of nodes,

which is a condition that cannot always be repli-

cated in an arbitrary forming simulation. This will

likely affect the accuracy of the formulation and

therefore warrants investigation. Also, the accu-

racy and computational cost of the explicit EFG

formulation has been shown by Horton et al. [13] to

be sensitive on the order of integration used, which

has the potential to reduce the effectiveness and

applicability of the EFG method. Based on these

observations, in this work, we aim to fully assess the

capability of an explicit EFG method in the pres-

ence of both large deformation and large distortion

by simulating the polymer forming process stretch

blow moulding. Furthermore, in this investigation,

we also address the outstanding issues of numer-

ical integration for disordered nodal distributions

and its effect on the accuracy and efficiency of the

explicit EFG formulation.

Stretch blow moulding (SBM) is the manufac-

turing process used to produce polymer bottles for

the soft drinks industry, with a market estimated to

grow to $46 billion by 2021 [15]. The manufacturing

Figure 1: Stretch blow moulding process

process features two primary stages: (1) heating of

the preform, constructed from polyethylene tereph-

thalate (PET), above its glass transition tempera-

ture Tg, and (2) axial stretching due to a stretch

rod, and radial expansion due to internal pressure

within the preform cavity, Figure 1. Over the last

twenty-five years research into the SBM process has

been extensive, in an effort to improve preform de-

sign. This research has been focused on both exper-

imental characterisation techniques to provide ap-

propriate boundary conditions, and material prop-

erties. Based on this experimental characterisation,

sophisticated simulations of the process have been

developed, to reduce the economic cost of preform

design.

Simulations of the SBM process have been out-

lined in the literature by several authors [16, 17, 18].

Typically, these utilise the finite element method to

simulate the process. Yang et al. [18] simulated the

SBM process using the commercial finite element

package ABAQUS R© Explicit [19].This study high-

lighted issues surrounding the use of the finite ele-

ment method, as element distortion problems were

encountered, which caused the numerical solution

scheme to fail. Menary [20] came to a similar con-

clusion, suggesting that the large deformation ne-
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cessitated the use of shell elements. These issues

provide a clear incentive to investigate this prob-

lem with a meshfree approach.

Cosson et al. [21] proposed the use of the con-

strained natural element method (C-NEM) [22] to

simulate the stretch blow moulding. They found

that the use of a meshfree method allows for the

development of high strains without the need for re-

meshing, which can lead to possible solution degra-

dation. Cosson et al. [23] furthered this study

through the inclusion of a mould, and again ap-

plying the C-NEM method, they noted a similar

benefit as before, with the meshfree method miti-

gating the need for re-meshing. The benefits out-

lined in this paper provide a strong argument for

pursuing meshfree simulations of polymer forming

processes, due to the high strains present in these

processes, which can be problematic for the finite

element method. However, validation of this simu-

lation was limited to qualitative analysis and there-

fore the predictive capabilities of the meshfree sim-

ulations are untested.

The objective of this paper is to display the po-

tential of meshfree methods as an alternative nu-

merical technique to simulate material forming pro-

cesses. Through simulations of the stretch blow

moulding process, validated with experimental data

outlined in this paper, we show that the meshfree

simulation is highly capable in predicting the final

shape of the bottle. This is particularly promising

given that finite element simulations of this process

require the use of shell elements, which are not valid

at the base of the preform due to the thickness of

the geometry. Due to the absence of a mesh, the

meshfree simulation of this process does not require

the same assumption. Therefore, experimental pa-

rameters, such as the through-thickness tempera-

ture profile have the potential to be investigated.

Firstly, a brief introduction to meshfree methods

is presented, followed by the development of the

numerical equations necessary for the simulation.

The formulation developed in this work features

nodal integration and two stabilisation schemes,

which address stability issues faced by conventional

nodal integration schemes. This results in a compu-

tationally efficient and numerically stable integra-

tion scheme. The meshfree formulation is validated

against several finite deformation test problems.

2. Element-free Galerkin Method

Nodal Support

Sample Point xq

Neighbours Sq

Boundary Γ

Domain Ω

Figure 2: Meshfree discretization

In the element-free Galerkin method [24], the ap-

proximation of a scalar field u(x) within the domain

Ω ⊂ R
d is constructed from a set of nodes {xI}NI=1

scattered over the domain, each with nodal value

uI , Figure 2. The value of the field variable at any
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point, xq, is obtained from a polynomial approxi-

mation,

u(xq) ≈ uh(xq) = pT (xq)a(xq) , (1)

where p(xq) is a polynomial basis and a(xq) the

coefficients of the approximation. The unknown co-

efficients are found from a moving least squares [25]

fit of the data, which yields the least squares func-

tional,

J(xq) =

Np∑
I

w(xq − xI)[pT (xI)a(xq)− uI ]2 , (2)

where w(xq−xI) is a weight function that assigns a

domain of influence, dI , to each node. In this work,

the cubic spline weight function is used, defined by

the piecewise equation

w(r) =


2
3 − 4r2 + 4r3, if r ≤ 1

2 ,

4
3 − 4r + 4r2 − 4

3r
3, if 1

2 < r ≤ 1 ,

0 if r > 1 ,

(3)

where r is the normalised radius r = |x − xI |/dI .
The shape function support size, dI , is found by

determining the minimum size qI , such that three

nodes are within each domain of influence and then

scaling by a factor dmax, i.e. dI = qI × dmax.

Minimisation of (2) yields the meshfree shape

functions, φI(x), which are used to approximate the

field variable through,

uh(x) =

Np∑
I

φI(x)uI , (4)

where Np is the number of nodes whose support

contains the point x. The full details of this min-

imisation procedure and construction of the shape

functions can be found in Liu and Gu [26, Chapter

3].

Within this work a Lagrangian kernel is used,

where the neighbours of a point are held constant

throughout. This provides a significant computa-

tional benefit, as the shape functions are only ob-

tained during the pre-processing stage. Addition-

ally, Lagrangian kernels display increased stability

in large deformation and avoid the numerical frac-

ture that can occur with a Eulerian kernel [27].

3. Lagrangian Meshfree Explicit Formula-

tion

In combination with the Lagrangian meshfree

kernel, a Lagrangian virtual work formulation is

used to generate the discrete system equations.

Consider the equilibrium of a body initially occu-

pying the region B0. Firstly, it is assumed that

the boundary can be divided into a displacement

boundary, Γu, where kinematic constraints are pre-

scribed, and a traction boundary Γt, where pre-

scribed loading is applied. Denote Ω0 the set of

material coordinates, X, which define the body at

t = 0, along with the material boundaries Γ0
t and

Γ0
u. In each time instance t ∈ [0, T ], the equation

of motion for the body is given by

∇0 · P = ρ0a, X ∈ Ω0,∀ t ∈ [0, T ] , (5)

with boundary conditions,

PN = T for all X ∈ Γ0
t , (6)

u = ū for all X ∈ Γ0
u , (7)

where P is the first Piola-Kirchhoff stress, ρ the

density,∇0 the gradient operator in the material co-

ordinateX, N a unit normal on the surface Γt, and

a the material acceleration. Multiplying through
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(5) by a set of virtual displacements, δu, yields

(∇0 · P − ρa) · δu = 0 . (8)

Integrating (8), and applying the divergence theo-

rem, yields the well known principle of virtual work,

given in terms of the material coordinates as∫
Ω0

[ρ0δuiaj + δFijPij ] dΩ−
∫

Γ0
t

δu · T dΓ = 0 ,

(9)

where δF is the variation of the deformation gradi-

ent. Substituting the MLS approximation (4), into

(9), yields the semi-discrete equations

mIaI = fextI − f intI , (10)

where mI is the mass of node I. The internal and

external force vectors are given by

fextI =

∫
Γ0
t

φIT dΓ , (11)

f intI =

∫
Ω0

BT
I P̂ dΩ . (12)

In the equations above, P̂ is the Voigt form of

the first Piola-Kirchhoff stress tensor, and BI the

strain-displacement matrix. The nodal mass is

found from mass lumping via the row-sum tech-

nique, which yields,

mI =

N∑
K=1

∫
Ω0

ρ0φIφKdΩ =

∫
Ω0

ρ0φIdΩ . (13)

The integrals in (11) - (13) are evaluated using

nodal integration, which assigns a volume to each

node, yielding the integral approximation∫
Ω0

(·) =

N∑
k

(·)kvk , (14)

where vk is a volume assigned to each node. For

boundary terms the quadrature scheme is given in

ΓNs

L

XL

φI

ΩL

lL

nn+1
L

xnL xn+1
L

Figure 3: Typical Voronoi cell used for nodal integration

terms of the boundary area, ωk, as∫
Γ0

(·) =

N∑
k

(·)kωk . (15)

Evaluating (11) - (13) using the integral approxi-

mations (14) and (15), yields the following nodal

force, and mass terms:

fextI =

Nb∑
k=1

φITωk , (16)

f intI =

Nn∑
k=1

BT
I P vk , (17)

mI =

Nn∑
k=1

ρ0φI(xk)vk . (18)

In this work, the nodal volumes are based on

a Voronoi diagram, Figure 3. With the use

of a Voronoi diagram, the stabilised conform-

ing nodal integration (SCNI) method proposed by

Chen et al. [28] can be used. This integration

scheme is constructed to satisfy the divergence-

free condition necessary for first-order convergence.

The divergence-free condition is satisfied through
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a smoothed deformation gradient, which is con-

structed using the Voronoi cell surrounding each

of the nodes. This approach leads to a smoothed

deformation gradient of the form,

Fij(XL) =
1

AL

∫
ΓL

φIuIiNjdΓ + δij . (19)

Evaluation of the integral (19) leads to a smoothed

displacement gradient matrix, B̄, which for two di-

mensions is given by

B̄I(XL) =


b1I 0

0 b2I

b2I 0

0 b1I

 , (20)

where,

bjI =
1

AxL

∫
ΓXL

(φINj)dΓ . (21)

The components of the smoothed strain-

displacement relationship (20) are integrated

numerically. In this work a two point trapezoidal

scheme is used, which leads to the following

recursive relationship for the components, biI ,

biI =
Ns∑
n=1

[
1

2
(Nn

iLl
n
L +Nn+1

iL ln+1
L )φI(x

n+1
L )] , (22)

where lnL and nnL are the length, and normal vector

of the nth segment of the cell that surrounds XL,

Figure 3.

The derivations above hold for 2D plane prob-

lems. To develop an axisymmetric meshfree formu-

lation we consider a body described by the mate-

rial cylindrical coordinates (R, θ, Z), Figure 4. In

this figure, dL(ξ) refers to a parametric represen-

tation of the surface length, with dL = dZ holding

for planar surfaces. Using this cylindrical system,

the material differential volume (dΩ0) and surface

A
xi

s
of

sy
m

m
et

ry

Z

R

Rdθ

dL(ξ)

dR

dA

dθ

Figure 4: Axisymmetric element in the material cylindrical

coordinates (R, Z, θ).

(dΓ0) elements are given by,

dΩ0 = RdθdA , (23a)

dΓ0 = RdθdL , (23b)

which follow directly from Figure 4. Using the rela-

tions (23), the virtual work expression (9) is rewrit-

ten as,

(24)

∫ 2π

0

∫
A

[ρ0δuiaj + δFijPij ] RdAdθ

−
∫ 2π

0

∫
L

δu · TRdLdθ = 0 ,

which may be rewritten as,

(25)
2π

(∫
A

[ρ0δuiaj + δFijPij ] RdA

−
∫
L

δu · TRdL
)

= 0 .

The axisymmetric weak form (25) has the same

structure as (9) and therefore the equation of mo-

tions in terms of the external and internal forces

(10) holds. Due to the symmetry of the problem,

there are two degrees of freedom, such that the dis-

placement and traction degrees of freedom in (25)

7



are given by,

u = [uR, uZ ]T (26a)

T = [TR, TZ ]T . (26b)

The deformation gradient for the axisymmetric for-

mulation has an additional row due to the hoop

component Fθθ,

F =


∂uR
∂R

∂uR
∂Z 0

∂uZ
∂R

∂uZ
∂Z

0 0 uR
R

 . (27)

With regards to the smoothed deformation gradient

outlined in (19), smoothing of this hoop component

is not performed. Instead, the hoop component, Fθθ

is evaluated nodally as in [29]. This leads to the

following axisymmetric strain displacement matrix,

B̄I(XL)axi =



b1I 0

0 b2I

b2I 0

0 b1I
φI

R(XL) 0


. (28)

The equations of motion (10) are integrated

in time using an explicit central difference time-

stepping scheme [30], with half time-step velocities,

which yields the kinematic update formulas,

tn+1 = tn + ∆t , (29a)

vn+ 1
2

= vn− 1
2

+ ∆tan , (29b)

un+1 = un + ∆tvn+ 1
2
. (29c)

As this is an explicit method, it is conditionally sta-

ble, with a critical timestep based on the maximum

natural frequency of the system:

∆tc =
2

ωmax
. (30)

0 10 20 30 40

0

20

40

60

r (mm)

z
(m

m
)

Figure 5: Unstable response, leading to serve particle disor-

der

An upper bound of the maximum natural fre-

quency, ωub, for nodally integrated meshfree meth-

ods, was proposed by [31] as,

ω2
ub = (λ+ 2µ) max

I=1,N

(
max
i=1,3

∑
J

BI
iJB

I
iJ

)
, (31)

where λ and µ are the Lamé parameters.

3.1. Stress Point Integration

Although the stabilised nodal integrations

scheme used in this work does not suffer from any

zero-energy modes, as typical of one-point finite el-

ement integration schemes, it suffers from the onset

of spurious modes of deformation [31], which have

the potential to be excited when the discretization

is fine. Evidence of this can be seen in Figure 5,

which is a result that arose during one of the stretch

blow moulding simulations, which are presented to-

wards the end of this paper. To avoid this phe-

nomenon we propose the use of stress points, which

have been used frequently to stabilise particle-based

8



Figure 6: Addition of stress points to the original triangula-

tion

simulations [32]. These stress points are introduced

at the barycentres of the Delaunay triangulation,

Figure 6. With the addition of these stress points,

the body is discretised by a set of Nn nodes and

Nsp stress points, such that volume of the body, V ,

is given by,

Nn∑
K

vk +

Nsp∑
K

vk = V . (32)

The volume associated to the stress and nodal

points is found by constructing a Voronoi diagram

of the complete point-set Nn and Nsp. This ensure

that (32) is satisfied. The displacement at these

stress points is determined from the surrounding

nodes, therefore only the stress, P sp, needs to be

evaluated at these points [11]. The displacement at

these stress points follows from (4) as,

u(xsp) =

Np∑
I

φI(xsp)uI , (33)

where φI(xsp) is the value of the shape function of

node xI at the stress point xsp. With the use of

stress points, the internal forces are given by,

(34)

f intI =
∑
k∈NIN

BI(xk)TP n vk

+
∑
k∈NIsp

BI(xk)TP sp vk ,

where the sets N I
N and N I

sp are the nodes and stress

points which contribute to the internal forces at the

node xI .

3.2. Boundary Conditions

As the moving least squares shape functions are

not interpolants, imposing essential boundary con-

ditions is more challenging than in the finite ele-

ment method. To implement boundary conditions

within an explicit meshfree scheme, a predictor-

corrector type approach, as similar to the finite ele-

ment method, is typically followed [33, 34]. Within

a meshfree method, the predictor-corrector scheme

differs from the finite element implementation due

to the influence of internal nodes on the boundary

displacements.

In this work, the method proposed by Joldes [34]

is used to apply boundary conditions. Within this

method, the authors developed a method suitable

for explicit schemes, where an additional force is

included in the external and internal force balance

(10). This added force is determined based on re-

quiring that kinematic boundary conditions are sat-

isfied at each time step. The force is determined by

considering a predictor-corrector kinematic update,

defined by

u = upre + ucorr , (35)

Generating the displacement correction requires the

consideration of an additional force arising from the

boundary conditions. In the element-free Galerkin

method, due to the use of non-interpolating shape

functions, an additional force, F ess, exists on the

displacement boundaries, given by

F essI =

∫
Γu

φIT dΓ , (36)

9



where T is the surface traction required to apply the

boundary conditions. Discrete evaluation of (36)

can be considered by distributing nk nodes on the

essential boundary, which leads to the following ma-

trix form:

F ess = V T , (37)

where,

VJk = φJ(nk) . (38)

Within a meshfree method, the displacement u is

typically referred to as the generalised displace-

ment, which is related to the nodal (actual) com-

ponents, d, of the displacement through the trans-

formation

d = Λu , (39)

where Λ is the transformation matrix defined by,

ΛIJ = φI(XJ) . (40)

On the essential boundaries this transformation

should yield the prescribed displacement field ū:

ū = Λessu , (41)

with,

Λess = φI(XJ) ∀J on Γu . (42)

Application of a central difference time-stepping

scheme, along with the definition of the essen-

tial boundary force above, yields the following

predictor-corrector formula,

ucorr = P (ū−Λessu) , (43)

which combined with (35) yields the update formula

for the displacement. The matrix P in (43) arises

due to the application of the central time-stepping

scheme and is given by

P = M−1V (ΛessM−1V )−1 . (44)

As a Lagrangian formulation is used, the matri-

ces in (44) are constant and are found in the pre-

processing stage, providing a significant computa-

tional saving.

4. Numerical Validation

To validate the proposed algorithm we consider

two hyperelastic problems. The structure of the

programme to solve these problems is shown in Ap-

pendix A. The benefit of meshfree schemes based

on SCNI is the reduced sensitivity to irregular

nodal distributions, which has also been reported in

[35, 29]. This is a particularly attractive property

for material forming, where complex geometries can

inhibit the ability to generate high-quality uniform

discretisations.

4.1. Tip-loaded Beam

The first problem is a tip loaded beam, which is

shown in Figure 7. The stress-strain behaviour of

the beam is characterised by the St-Venant Kirchoff

material model, where the first Piola-Kirchhoff

stress, P , is described in terms of the Lame pa-

rameters µ and λ as,

P = F (λ(trE)I + 2µE) , (45)

and E is the Green-Lagrange strain tensor, given

by:

E =
1

2
(F TF − I) . (46)

The normalised tip displacement (w/L) is described

by the elliptical equation [36]

w

L
= 1−

√
4EI

PL2
[E(k)− E(k, φ)] , (47)

10



where I is the moment of inertia of the beam and

E(k) and E(k, φ) are elliptical integrals defined by:

E(k) =

∫ π/2

0

√
(1− k2sin2 t) dt , (48)

and,

E(k, φ) =

∫ φ

0

√
(1− k2sin2 t) dt . (49)

To obtain a solution to this problem a numerical

approach has to be adopted, which is described in

detail in Timoshenko and Gere [37, Chapter 7], and

as such will not be repeated here. Instead, we make

use of the solution provided by Mattiasson [38].

For Gauss integration, we consider a second-order

scheme, which corresponds to three integration

points per triangle. The domain sizes are found

by ensuring that at least three nodes are within

the domain. In this example we consider the

variation in the solution against the domain scaling

factor dmax and the nodal density. The reason for

investigating the support size parameter is that

in explicit meshfree methods it has been shown

that large domains of influence, coupled with the

row-sum techniques (13) leads to inertia errors [31].

4.1.1. Results

The comparison between the end displacement

for the reference solution and the meshfree solu-

tion are given in Figure 8 and Figure 9, for varying

nodal densities. In the following figures, NI refers

to nodal integration using the stabilised conforming

nodal integration approach, and GI to a second-

order Gauss-type scheme. The errors stated in this

section are obtained using an R squared (R2) value,

where R2 = 1 refers to 0% error.

Lower Density. In Figure 8 the solution obtained

for a low number of nodes is shown. The application

of Gauss integration in this scenario leads to very

poor results, which is expected due to the nodal

arrangement, which leads to a strong misalignment

between the shape function support, and the in-

tegration points, an issue that was highlighted by

Dolbow and Belytschko [39]. These results high-

light the effect that the support size has on the ac-

curacy of the numerical integration, which is partic-

ularly prevalent for disordered nodal arrangements.

This influence is confirmed by the differences in

the solution observed for an increase in the sup-

port size parameter dmax, which in this case leads

to an improvement in the GI solution. This be-

haviour is far less prominent in nodal integration, as

evidenced by the almost identical results produced

for dmax = 1.5, and dmax = 2.5. We suspect that

these differences occur in the construction of the in-

ternal forces vector, which is assembled at each of

the quadrature points. At each of these sampling

points, the largest contribution to the local inter-

nal force vector is typically from the nodes clos-

est to the sampling point. For a Gauss integration

scheme, with a non-uniform nodal distribution, the

effective closeness of the nodes to the quadrature

point is dependent on the domain size, which leads

to a local internal force vector which is sensitive to

the domain size. In nodal integration, this sam-

pling point coincides with the node, and therefore

the (large) contribution to the internal force vec-

tor from the closest node is always accounted for

regardless of the domain size, which leads to the

reduced sensitivity.

11
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Figure 7: Tip-loaded cantilever beam geometry
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exact and numerical solution (57 nodes)
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Figure 9: Tip-loaded cantilever beam: comparison between

exact and numerical solution (206 nodes)

Increasing nodal density. To increase the accuracy

to within a 5% tolerance, a significant increase in

the number of nodes was required, as shown in Fig-

ure 9, where the error for dmax = 2.5 is now 4%.

However, as illustrated in this figure the error for

small domains of influence remains high at 12%. In

the nodal integration results for this increased dis-

cretisation, the error is less than 1% in both cases.

These results highlight the ability of SCNI to pro-

vide accurate results in the presence of a small num-

ber of nodes, and tight support domains. These

features are very attractive as it should lead to a

lower computational cost, a feature which is now

investigated. To verify that convergence has been

achieved, the solution obtained from 380 nodes, us-

ing stabilised nodal integration, is shown in Fig-

ure 10. As seen in this figure, the numerical solution

remains in a good agreement with the exact solu-

tion, signifying that convergence has been attained.

The error attributed to each nodal distribution is

shown in Table 1.

Computational Cost. The computational cost for

SCNI using an implicit meshfree method was in-
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Figure 10: Tip-loaded cantilever beam (380 nodes): (a) final tip displacement solution and (b) final displacement

Table 1: Tip-loaded cantilever beam: R2 value for varying

nodal distribution using nodal integration

Nodes
Nodal integration -R2

dmax = 1.5 dmax = 2.5

57 0.96 0.98

109 0.97 0.98

206 0.99 0.99

380 0.99 0.99

vestigated by [28], where a significant improvement

was observed. In this work, we investigate the cost

savings within the explicit element-free Galerkin

method, which is expected to be high as the cost

of an explicit method is related to the construc-

tion of the internal force vector, which is assembled

at each of the quadrature points. For this anal-

ysis, the computational cost is determined based

on the running time of the explicit timing step-

ping routine and does not include any pre- or post-

processing tasks, such as shape function determi-

nation and neighbour searches. The computational

cost is normalised against a 57-node SCNI scheme

and is shown in Figure 11, where GI refers to a

second-order Gauss scheme. As illustrated in this

figure, the cost of Gauss integration is significantly

larger than the SCNI scheme, and without any ben-

efits in terms of accuracy.

4.2. Hyperelastic pressure-lodead cylinder

The second problem we investigate is that of a

pressure-loaded cylinder, shown in Figure 12. This

problem was investigated by Rivlin [40], where the

solution for the internal pressure is given as

(50)
P (r1) = (C1 + C2)

[
(r2

1 −R2
2)(R2

1 −R2
1)

r2
2(r2

2 +R2
1 −R2

2)

+ ln

(
r2
2

r2
2 +R2

1 −R2
2

)
+ ln

R2
1

R2
2

]
,
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Figure 12: Mooney-Rivlin Cylinder (quarter model)

where r1 and r2 are the current internal, and exter-

nal radii of the cylinder, and R1 and R2 the initial

internal and external radii respectively. The con-

stants C1 and C2 are those of the Mooney-Rivlin

type material, for which the strain energy is given

by [41]

ψ = C1(I1 − 3) + C2(I2 − 3) +
κ

2
(ln(I3))2 . (51)

The first Piola-Kirchhoff stress, P , required for the

solution procedure, can be determined from the

strain energy density function (51) as,

Pkj = 2Fki[C1δij + C2(Cnnδij −Cij)]−

2Fki(C1 + 2C2 − κ ln I3)C−1
ij .

(52)

The constants {C1, C2, κ} used within this model

are shown in Figure 12, where the high ratio of

κ to Ci invokes the desired incompressibility. We

consider a fixed discretization of 100 nodes, and

once again apply SCNI and Gauss quadrature to

perform numerical integration. For this analysis, a

constant support size scaling parameter of dmax = 2

is used.

Pressure-displacement solution. As the first solu-

tion to this problem, we consider a second-order

Gauss scheme and compare the results of the pres-

sure displacement curve with the analytical solu-

tion in Figure 13. In this figure, an overly stiff be-

haviour for the second-order scheme (2-GI) can be

seen, which is likely to be due to the high number of

integration points, combined with a large bulk mod-

ulus. To avoid this stiff behaviour—which is not

present in the SCNI solution—we consider using a

lower order integration rule (1-GI). This is a com-

mon technique within the finite element method.

Repeating this solution with a lower order of in-

tegration provides a good agreement between the

analytical and meshfree solution, which in this case

matches the accuracy of SCNI.

Despite the apparent accuracy of this solu-

tion, low order integration schemes, combined with

meshfree methods, can lead to instabilities due to

under-integration [24]. Within a dynamic time-

stepping procedure, errors due to under-integration

can manifest themselves as spurious non-physical

modes, which can lead to large errors in energy
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Figure 13: Mooney-Rivlin Cylinder: (a) comparison with the exact solution, and (b) displacement profile for SCNI

measurements [1]. Although SCNI and (1-GI) are

both inherently one-point quadrature schemes, the

former can pass a linear patch test [42], which en-

sures that convergence to the exact solution can be

obtained with decreasing nodal spacing h. In con-

trast, a meshfree scheme integrated by one point

Gauss quadrature cannot pass a linear patch test

[43], therefore with decreasing nodal spacing, a so-

lution will be reached that does not necessarily cor-

respond to the exact solution. To examine whether

this leads to undesired effects, the stress response

is investigated.

Stress response. The stress response with one point

Gauss integration and SCNI are shown in Figure 14.

In both cases, the stress is plotted at the quadrature

points, which for SCNI corresponds to the nodal

location. The stresses are displayed in a Cartesian

coordinate system {x, y}, such that σ11 refers to

σxx.

As illustrated in this figure, the results for SCNI

show that despite the coarse nodal distribution

used, a smooth symmetrical variation in stress is

observed. Conversely, in the Gauss integrated pre-

dictions, an oscillatory response is encountered,

where it can be seen that at several different lo-

cations the stress component is equal to zero.

These observations highlight the difficulty of us-

ing one-point Gauss integration, combined with

an irregular nodal distribution, within a standard

meshfree formulation. These same difficulties are

not faced by SCNI, where improved accuracy, re-

duced cost, and higher stability were seen through-

out the numerical examples. These results highlight

the benefits of using a nodally integrated meshfree

method.

5. Experimental Characterisation of SBM

A series of experimental trials were conducted

based on the free blow process, which corresponds

to the stretch blow moulding process with the

mould removed.

Experimental results were obtained using INDI-

CATE [44], a novel instrumentation capable of cap-
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Figure 14: Mooney Rivlin Cylinder: Stress σ11 for (a) SCNI and (b) 1-GI

turing the displacement, and strain evolution of the

bottle using high-speed imaging. A full descrip-

tion of the experimental procedures can be found

in [45, 46]. A 27 g preform was used for these tri-

als, which is shown in Figure 15. The preforms were

heated to 105◦C using oil bath heating for 210 s, to

ensure that temperature equilibrium was reached.

The mass flow rate of air into the cavity was deter-

mined by a line of pressure, which was held constant

at 8 Bar, and the effective flow area, which was var-

ied through adjustment of the flow restriction area.

This flow rate was described by a dimensionless pa-

rameter N(·), which for this analysis was set at N2,

N5 and N8. These flow rates were chosen so that

a range of strain rates were applied to the preform.

The stretch rod speed was set at 1 m/s with a max-

imum travel of 100 mm.

The strain and displacement histories were inves-

tigated at three points along the preform sidewall

at z = −26 mm, z = −46 mm and z = −64 mm,

Figure 15, using digital image correlation (DIC). In

this figure, z = 0 refers to the bottom of the neck

support ring. The DIC technique tracks the evolu-

tion of a pattern, applied to the preform, with time.

Through this evolution, the Lagrangian strain ten-

sors can be defined, allowing for the strain field to

be determined. This technique has frequently been

applied to characterise the large strain behaviour of

polymers [47, 46].

In the analysis which follows, the three-

dimensional strain map obtained from the DIC

technique was reduced to an equivalent axisymmet-

ric representation using the techniques outlined in

[45]. Using this method, the deformation at each

sampling point is described by four axisymmetric

true strain components: (1) hoop εθθ, (2) radial

εrr, (3) axial εzz and (4) shear εrθ.
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5.1. Cavity pressure and flow rate

Initial simulations of SBM idealised the internal

pressure through a direct pressure application [48]

into the simulation. However, Menary et al. [49]

showed that this would, in general, lead to poor cor-

relation between the experimental and numerically-

based pressure application. To solve these issues, an

ideal gas law was proposed as an alternative mech-

anism of pressure development. To construct an

ideal gas representation of the loading, the pressure-

time curve was recorded for each of the trials to

derive the mass flow rate of air. The pressure was

measured using a sensor placed in the stretch rod

[50]. The pressure-time relationship for the flow

rate N2 is shown in Figure 16, where the following

characteristic behaviour is observed:

• Between (t = 0) and A the preform is stiff, and

material deformation is small.

• After preform yield A, which is a concept out-

lined in [46], viscous flow occurs, leading to a

large volume increase and subsequently a pres-

sure drop according to the ideal gas law.

• Strain hardening occurs along (C), due to in-

creasing molecular alignment. Subsequently,

the pressure begins to rise to the supply line

pressure.

These same behaviours are also shown in the re-

sults obtained for N5 and N8, Figure 17, although

they occur at different times, and pressure levels.

Comparing the cavity pressures for N2, N5, and

N8 an increasing trend in the peak pressure can be

seen. This increase signifies a higher level of stress

within the preform, which is predominantly due to
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the higher strain rates imposed by the larger flow

rates. These higher strain rates lead to a greater de-

gree of orientation in the polymer, and subsequently

a higher level of stress. This increased orientation

leads to a faster rate of strain hardening, which

results in a steeper pressure gradient post viscous

flow, as can be seen in these figures.

5.1.1. Pressure loading

To derive the equivalent pressure loading, which

is a required input for the simulation, a model of

the pressure loading within the cavity has to be

developed. Fundamentally, the pressure build-up

in the cavity is a result of the mass flow rate of air

entering the cavity, which is described by the ideal

gas equation as

Pt =
MtRT

Vt
, (53)

where Pt, Mt and Vt are the pressure, mass and

volume at time t, respectively. The mass is updated

through the following relation,

Mt =

∫ t

0

ṁ dt , (54)

where ṁ is the mass flow rate. The mass flow rate,

ṁ, is assumed to conform to an isentropic flow law,

such that the mass flow rate into the cavity, for the

unchoked condition, is given by [51]

ṁ =
CDAtPl√
RTL

(
Pc
Pl

) 1
γ

×[
2γ

γ − 1

(
1−

(
Pc
PL

) γ−1
γ
)] 1

2

,

(55)

and for the choked condition (PcPl = ( 2
γ+1 )

γ
γ−1 ) as

ṁ =
CDAtPl√
RTL

γ
1
2

(
2

γ + 1

) γ+1
2γ−2

. (56)
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Figure 16: Experimental cavity pressure for N2

In (56), PL and TL are the line pressure and tem-

perature respectively and Pc is the cavity pressure.

Applying this approach requires the machine to be

characterised to determine the effective flow area

(CDA). A technique to perform this was outlined

by Yan [47], where the mass flow rate in the choked

condition can be found from the initial slope of the

pressure-time curve obtained in experiments. In the

initial stages of the stretch blow moulding process,

the volume can be assumed to be constant. Com-

bining this assumption, with the ideal gas law, and

taking the time derivative, yields the mass flow rate,

ṁ =
dP

dt

V

RT
. (57)

Through, (57) the choked mass flow rate can be

found, which combined with (56) yields the effective

flow area (CDA).

Using this technique, the mass flow can be ob-

tained for each of the experimental trials. The con-

trol volume was determined as V = 109000 mm3,

based on the volume of the preform cavity below the

support ring. The flow rate for N2, Figure 16, the

initial slope is given by dP/dt = 44.87 Bar/s, which
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through (57), yields the mass flow rate ṁ = 5.60

g/s. Repeating this procedure for, N5, and N8

yields 27.98 g/s and 54.34 g/s respectively, showing

the substantial increase in the flow rates imposed.

5.2. Surface Strain

The strain history for N5, at the three measure-

ment points is shown in Figure 18. As with the

pressure recordings, the strain displays the defor-

mation characteristics of the preform in a number

of stages:

• Uniaxial deformation, where the axial strain is

increasing, while the hoop strain remains neg-

ative. This occurs until preform yield at A.

• After preform yield, both the hoop and axial

strains rise rapidly, corresponding to the vis-

cous flow identified in the cavity pressure dia-

gram. In this phase the maximum strain rate

is attained.

• Strain hardening begins to occur along C,

which causes the strain rate to decrease.

The preform yield is location dependent, with

the top point yielding before the bottom point.

This produces the characteristic deformation pat-

tern seen in the free blow process, where a bub-

ble forms at the top of the preform and propagates

downwards. Within the surface strain results for

N2 Figure 19, the preform yield in the hoop direc-

tion is delayed with respect to the axial yield point.

This leads to sequential deformation, corresponding

to axial strain followed by rapid stretching in the

hoop direction. This differs from the equibiaxial

deformation which is dominant in N5, and N8 Fig-

ure 20, and therefore leads to a different material

response, which unless accounted for in the mate-

rial model, can lead to erroneous results at low flow

rates.

5.3. Strain rate

The maximum hoop and axial strains are shown

in Figure 21. As illustrated in the graph, the

maximum strain rate increases almost linearly with

the mass flow rate. For example, the maximum

hoop strain rate increases from 11.87s−1 at N2 to

55.68s−1 for N8, showing a 369% increase. As men-

tioned in the cavity pressure results, the higher

strain rates lead to increased molecular orientation,

leading to greater cavity pressures. Finally, an im-

portant point to note is that the maximum strain

rate recorded for N8 of 55.68s−1, exceeds the maxi-

mum strain rate, of 32s−1, used to characterise the

material model in [47]. This could potentially af-

fect the accuracy of the simulation for this flow rate,

which is an issue dealt within the next section.

6. Stretch blow moulding simulation

With the implementation of a Lagrangian mesh-

free method now validated, a simulation of the

stretch blow moulding process was constructed by

considering the following input parameters:

• Material response

• Loading

• Preform Geometry

In these simulations heat transfer between the

stretch rod and preform was not considered. This

was judged as an acceptable simplification given

that the shape and thickness at the base of the
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Figure 17: Experimental cavity pressures for (a) N5 and (b) N8

preform was not investigated in this work. This

assumption was also used in the work of Nixon et

al. [16].

6.1. Constitutive Response of PET

To generate reliable results, a material model

that can accurately predict the response of PET

is required. A number of different material mod-

els have been proposed, including viscoplastic [52],

hyper-elastic, [53], and viscoelastic [54]. The goal

of these models is to capture the response of PET,

which is typically dependent on temperature, strain

rate and mode of deformation. The objective of this

paper is not to provide a detailed discussion of con-

stitutive laws, and instead, we note the frequent use

of the physically-based Buckley model [55] in SBM

[18, 16, 56].

In this model the stress is decomposed into two

contributions, one arising from bond-stretching and

the other due to conformational changes within

the polymer. This behaviour is captured phe-

nomenologically by Figure 22. Based on this bond

stress, and conformational stress decomposition,

the Cauchy stress, σ, for this model is defined by:

σ = Sb + Sc + σm , (58a)

σm = kbln(J)I , (58b)

where σm is the mean stress component, kb the bulk

modulus of the material, and J the determinant of

the deformation gradient. In equation (58a), S is

the deviatoric Cauchy stress, defined as

S = σ − 1

3
trace(σ) . (59)

In the bond-stretching branch the deviatoric bond

stress Sb is represented by a linear-elastic spring,

with shear modulus Gb, and a viscoelastic element,

with relaxation time τ , governed by an Eyring

process [57]. The differential representation of this

stress is given by,

2GbD̄ =
dSb

dt
+
Sb

τ
, (60)
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Figure 18: (N5) Experimental outer wall true strains: (a) hoop and (b) axial
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Figure 19: (N2) Experimental outer wall true strains: (a) hoop and (b) axial
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where D̄ is the isochoric deformation gradient, de-

fined by

D̄ =
1

2
(L̄+ L̄T ) , (61)

and L̄ as

L =
dF̄

dt
F̄−1 . (62)

In (62), F̄ is the isochoric part of the deformation

gradient given by

F̄ = J−1/3F , (63)

where J := det(F ) is defined as the Jacobian.

In the conformational branch the rate of defor-

mation tensor, D̄, is decomposed into two terms,

D̄s and D̄N . The term D̄s represents the slip-

page between the molecular chains, and induces

zero stress, whereas D̄N corresponds to the network

deformation, which is responsible for the rubber-

like response of the material. The stress-strain re-

sponse in the conformational branch is governed by

the Edwards-Vilgis hyperelastic relation [58], where

the principle deviatoric conformation stress compo-

nents, Sck, are given by

Sck =
1

J
λNk

∂Ac

∂λNk
− p (no sum on k) , (64)

where λN is the deviatoric network stretch, and p

is an unknown pressure that occurs due to the con-

straint detF = 1. The strain energy density func-

tion, Ac, for this material is given by,

(65)

Ac =
NeKBT

2

[
1 + η

1− α2
∑3
i=1 λ

N2

i

×

3∑
i=1

λN
2

i

1 + ηλN
2

i

+

3∑
i=1

ln(1 + ηλN
2

i )

+ ln

(
1− α2

3∑
i=1

λN
2

i

)]
.

In (65), α a measure of in extensibility of the net-

work, η the looseness parameter of the entangle-

ments, KB the Boltzmann constant, T the temper-

ature, and λni the principle network stretches. The

entanglement slippage term is responsible for initi-

ating the strain hardening in the material, and is

represented by the viscoelastic law

Ds =
Sc

γ
, (66)

where γ is viscosity of the slippage dashpot. The

network rate of deformation tensor is found from,

DN = D −DS . (67)

The capability of this model in predicting the re-

sponse of PET in stretch blow moulding is depen-

dent on the material constants used in the model.

These constants were obtained in [47], from bi-

axial stretch experiments at strain rates between

1−32s−1 and temperatures between 85◦C−115◦C.

For completeness, the constants used within this

simulation are reproduced in Table 2.

6.1.1. Stress updates

As the constitutive model outlined above is given

as a rate formulation, a procedure for performing

an objective update is required. A technique com-

monly applied in explicit methods, due to the small

timesteps used, is to perform the stress update in

an unrotated configuration. This procedure avoids

the use of an objective stress rate, which is often

chosen in an ad-hoc manner. In this work we follow

the method that is used in an explicit finite element

package, Pronto2D [59], and define T := RTσR, as

the unrotated stress tensor. The rotation tensor,R,

is found from the polar decomposition theorem as

F = RU . (68)

22



The constitutive update procedure based on an un-

rotated configuration is formulated in terms of the

unrotated rate of deformation tensor, d, and un-

rotated stress tensor T . For the Buckley material

above, the update steps can be summarised as,

d̄n+ 1
2

= RT
n+1D̄n+ 1

2
Rn+1 ,

∆T = T (Tn, d̄n+ 1
2
) ,

Tn+1 = Tn + ∆T ,

σn+1 = Rn+1Tn+1R
T
n+1 .

(69)

Bond stress update. The bond stress is updated

through analytical integration of the viscoelastic re-

lation (60), assuming a constant relaxation time, τ ,

over each timestep. This approach is suitable when

the timestep is small, which is this case in this ex-

plicit meshfree method. Analytical integration of

(60), based on the assumptions above, leads to the

following update formula

∆Tb = (1− exp(∆t/τ))(2Gbτ d̄n+ 1
2
− T bn) . (70)

Conformational stress update. Once again, due to

the small-time step used within the simulations, an

explicit stress update procedure is favoured. The

conformational stress update procedure requires

the split between the network and slippage defor-

mation to be found. The first step of this explicit

update is to define the referential true strain ten-

sor, ε̄, as the integration of the unrotated rate of

deformation tensor,

ε̄n+1 = ε̄n +

∫ tn+1

tn

d̄ dt , (71)

The slippage and network referential true strain are

decomposed additively as,

ε̄(t) = ε̄s(t) + ε̄N (t) , (72)

Integration of (66), using forward integration, leads

to the slippage strain increment of the timestep,

given by

∆ε̄s =
Scn
γn

∆t (73)

which when combined with the total strain incre-

ment ∆ε̄ = ∆td̄n+ 1
2
, yields the forward update for-

mula for the network strain,

ε̄Nn+1 = ε̄Nn + ∆t(d̄n+ 1
2
− S

c
n

γn
) . (74)

From the network referential true strain ε̄Nn+1, the

stretch components λi are found from an eigenvalue

decomposition,

ε̄Ni = lnλNi , (75)

where ε̄Ni are the eigenvalues of ε̄N . Finally, the

stress response is obtained through the Edwards-

Vilgis hyperelastic law (64).

6.2. Loading

As shown above, the pressure loading in the pre-

form cavity is defined by an ideal gas equation and

therefore acts uniformly within the cavity. To up-

date the mass of air in the cavity a forward integra-

tion procedure is considered

M(t+ ∆t) = M(t) + ṁ(t)∆t (76)

where ṁ is determined through a function of the

pressure ratio in the cavity (55). The preform was

subjected to three different choked mass flow rates,

which were used to test the ability of the simulation

to capture a range of strain rates. The flows rates

corresponding to the dimensionless flow indices N2,

N5, and N8 were derived above as ṁ = 5.60 g/s,

27.98 g/s and 54.34 g/s, respectively. The stretch

rod speed was prescribed as 1 m/s, with a maximum

travel of 100mm.
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Table 2: Material Constants

Bond-stretching Part

Erying Process Value

Shear activation volume Vs (m3mol−1) 2.814× 10−3

Pressure activation volume Vp

(m3mol−1)

5.262× 10−4

Reference viscosity µ∗0 (MPa) 1.71

Limiting temperature T∞ (K) 328.76

Viscosity constant Cv (K) 67.47

Bulk Modulus Kb (MPa) 1800

Shear modulus Gb (MPa) 600

Conformational Part

Edwards Vilgis Value

Entanglement parameter α 0.1553

Looseness parameter η 0.001

Entanglement density N∗s (m−3) 1.81× 1017

Entanglement Slippage

Reference viscosity γ0 (MPa) 0.653

Critical stretch gradient a -0.0356

Critical stretch intercept b 15.393

6.3. Preform Temperature

A single temperature of 105◦C was used for these

simulations. The heating of the preform was con-

ducted using an oil bath to ensure temperature

equilibrium. A transportation time of 16s was mea-

sured between the oil bath, and free-blow machine.

To account for the cooling that occurred during

this transportation of the preform, the heat trans-

fer simulation outlined by Nixon et al. [16] was

utilised. Based on this cooling, an average temper-

ature of 100.8◦C was applied throughout the pre-

form.

6.4. Geometry

The geometry of the preform used in these simu-

lations is shown Figure 15. The preform was mod-

elled using an axisymmetric formulation with the

geometry idealised by 368 nodes, and 546 stress

points shown in Figure 23 along with the Voronoi

cells used for SCNI. The domain size was deter-

mined by ensuring that at least 3 nodes were within

the support of each point, a condition required for

the inversion of the moment matrix. The domain

size multiplier dmax was kept constant at 2.0 across

the whole domain, with a circular support domain

used throughout. The critical time-step size was

kept constant at ∆t = 4 × 10−7 s throughout the

simulation.

For these simulations, an 11mm stretch rod was

modelled as a rigid surface. Contact between the

preform and the rigid stretch-rod was modelled us-

ing the deformable-to-rigid surface contact algo-

rithm used in Pronto2D [59]. In this method, a

predicted kinematic state obtained from the explicit

scheme, is modified at the end of each timestep to
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correct for any non-physical penetration between

the two bodies.

7. Results and discussion

In this section a comparison between the simu-

lation results, and those obtained by experiment is

made. To compare the strains, three points on the

outside wall of the preform are considered: a bot-

tom point at y = −64 mm, a top point at y = −26

mm and middle point at y = −46 mm, as shown

in Figure 15. To determine a numerical measure

of the error, a normalised root mean square error

indicator (NRMSE) is used, defined by

%NRMSE =
100

ymax − ymin
×
√∑n

i (ȳi − yi)2

n
,

(77)

where ȳ is the predicted value and y the value ob-

tained from the experiment.

7.1. Surface strain

The true strain components are displayed in a

cylindrical coordinate system (r, z, θ).

The results for the lowest flow rate are shown in

Figure 24. The first observation to note is that the

hoop strain predictions for both the top and mid-

dle points show a very good agreement with the

experimental results. The axial strains are under-

predicted across all measurement points, and pre-

dictions at the bottom measurement point display

a poor agreement with the experimental results.

The primary reason for this poor accuracy is the

sequential deformation which develops as a result

of the low flow rate. Within the material model,

the constants were obtained under biaxial loading,

and therefore the constant width deformation mode

has not been accounted for. Furthermore, anal-

ysis by Yan and Menary [60] highlighted the dif-

ficulties in capturing sequential deformation using

the Buckley model. The authors showed that if

the initial stretch was large, then the final biaxial

predictions were poor compared to the experimen-

tal results. The case of constant width loading is

replicated within the strain predictions for N2T105,

Figure 24, where the sequential nature of the defor-

mation is evidenced by the initial rise in the axial

strain, which is then followed by an increase in the

hoop strain.

The strain predictions for N5 are shown in Fig-

ure 25, where an improvement over the N2 predic-

tions can be seen. As before, the hoop strain predic-

tions display a higher degree of accuracy when com-

pared with the axial strains. Furthermore, the ax-

ial strains display a small oscillation, which is likely

due to the preform blowing on, and off, the stretch

rod. The improved strain predictions observed in

this free-blow trial is likely due to the equibiax-

ial state of deformation imposed by the higher flow

rates, as shown in Figure 18.

The strain predictions for N8 are shown in Fig-

ure 26, and once again shows good correlation with

the experimental data. As before, and for the same

reason, a small oscillation is present in the axial

strain predictions. Once more, the higher flow leads

to an almost perfect equibiaxial state at the top and

middle measurement points, explaining the good

predictions.

Across all three flow rates, a lower degree of

accuracy was obtained at the bottom measure

point, compared with middle and top points. This

is primarily due to the unavoidable sequential de-
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formation that occurs at the bottom of the preform.

7.1.1. NRMSE

The average normalised root mean square error

across the top, middle and bottom measurement

points are shown in Figure 27. As expected the

lowest flow rate trial N2 leads to the highest errors

due to the sequential deformation mode imposed.

As the flow rate increases the NMRSE errors drop

with the best results obtained for the flow rate N5.

The average error for the N8 flow rate is higher than

the error obtained for N5, which is likely due to the

higher strain rates observed in the N8 trial. These

strain rates exceed the maximum strain rates used

to characterise the material model, and hence have

not been accounted for in the fitting procedure.

The axial strain was in general predicted to a

lower degree of accuracy compared to the hoop

strain. A reason for this was mentioned above,

where the higher flow rate trials cause the bottom

of the preform to blow off the stretch rod. This

error is potentially due to the mean stress compo-

nent, σb = κ ln(J), which has not been accounted

for in the numerical fitting of the material model.

In previous work using this material model, a shell-

based element was used [18, 16], where incompress-

ibility was directly enforced. Within the explicit

formulation used in this work, the degree of incom-

pressibility that can be enforced is restricted due to

numerical stability concerns.

7.2. Shape comparison

The comparison of the bottle shape for the flow

rates N5 and N8 are shown in Figure 28. The ex-

tracted DIC surface is shown as green, red and blue

dots in all cases. For both flow rates, the final bot-

tle shape is in very good agreement with the DIC

results. However, as could be seen in the strain

results, the intermediate shape shows a few dif-

ferences, which is especially prevalent at the base,

where the largest difference between the profiles can

be seen.

The results for the N2 flow rate are shown in

Figure 29. As indicated in the strain results for this

flow rate, the shape prediction is not as accurate as

those obtained for the higher flow rates.

7.3. Discussion

Overall, an explicit element-free Galerkin method

has been able to capture the primary trends within

the free blow process, with satisfactory accuracies

shown throughout, and very accurate final shape

predictions, Furthermore, as discussed, these errors

can be reduced through the additional fitting of the

material model. Moreover, this simulation provides

a benefit of using a solid based formulation. Within

the finite element method, the large deformation

necessitates the application of a shell-based ele-

ment, where the application of an arbitrary temper-

ature profile is not possible. This through-thickness

temperature variation has the potential to improve

the accuracy of the simulation, especially when a

mould is present.

8. Conclusion

In this work, an implementation of the explicit

element-free Galerkin method for large deformation

loading was developed. Despite the use of a fixed
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reference frame, a high degree of accuracy and sta-

bility was obtained in all the numerical problems

investigated in this paper.

This explicit element-free Galerkin formulation

was validated through the simulation of the stretch

blow moulding process, a widely-used polymer-

forming technique. When this process is simulated

using the finite element method, difficulties can

arise due to the large deformation present. Within

this work, due to the use of a meshfree method,

these difficulties were not encountered, and a sta-

ble and accurate solution was obtained for the full

range of the deformations.

Nodally integrated meshfree methods are partic-

ularly attractive due to their relative simplicity,

and inherent meshfree nature. Furthermore, the

Lagrangian form provides a computational benefit

as the associated complexity with meshfree meth-

ods, namely the formation of shape functions and

boundary condition treatments are restricted to the

pre-processing stage. Based on the stability, and a

high degree of accuracy shown within the explicit

meshfree formulation used here, this method has

the potential to be utilised in a wide range of large

deformation problems, where finite element simula-

tions encounter difficulties.
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Appendix A: Meshfree pseudo-code

Algorithm 1 Explicit meshfree program

Require: Database of shape function values and gradients {φ, ∂φ}k. at t = 0.
while tn ≤ tmax do

tn+1 ← tn + ∆t

for all I ∈ {x}I do . Loop over each node
vI
n+ 1

2

← vI
n− 1

2

+ aIn∆t . Update half-timestep velocity

un+1 ← un + ∆tvn+ 1
2

. Update displacement
end for
for all xk ∈ {Γpu} do . Apply boundary conditions on all essential boundaries Γpu

ucorr ← P (ū−Φu)
u ← upre + ucorr

end for

for all x ∈ Γp do . Loop over traction boundaries Γt
T ← PN . Obtain material traction vector
for all j ∈ Sk do . Loop over neighbours of point xk

fextj ← φjT ωk . Assemble contribution to external force
end for

end for
for all xk ∈ xI ∪ xsp do . Loop over all nodes and stress points

F ← I + Bu . Deformation Gradient
P ← ∂W

∂F . Get first Piola stress
for all j ∈ Sk do . Loop over neighbours of point xk

f intj ← BT
j Pk vk . Assemble contribution to internal force

end for
end for
aIn+1 ← 1

mI
(fextI - f intI ) . Update nodal accelerations

n+ 1→ n . Update states
tn ← tn+1

un ← un+1

vn− 1
2
← vn+ 1

2

end while
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Figure 20: (N8) Experimental outer wall true strains: (a) hoop and (b) axial
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form discretisation and (right) Voronoi cells used for SCNI
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Figure 24: Strain predictions for N2T105
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Figure 25: Surface strain for N5T105

0 5 · 10−2 0.1 0.15 0.2

0

0.5

1

1.5

Time (s)

T
ru
e
S
tr
ai
n

Top (z = −26)

Axial(Exp)

Axial(Num)

Hoop(Exp)

Hoop(Num)

0 5 · 10−2 0.1 0.15 0.2

0

0.5

1

1.5

Time (s)

Middle (z = −46)

Axial(Exp)

Axial(Num)

Hoop(Exp)

Hoop(Num)

0 5 · 10−2 0.1 0.15 0.2

0

0.5

1

1.5

Time (s)

Bottom (z = −64)

Axial(Exp)

Axial(Num)

Hoop(Exp)

Hoop(Num)

Figure 26: Strain predictions for N8T105
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Figure 27: Average NRMSE across the three flow rates

37



t = 0.0s

t = 0.12s

t = 0.30s

N5 - Shape Comparison

t = 0.0s

t = 0.0625s

t = 0.20s

N8 - Shape Comparison

Figure 28: Shape comparison for N5 and N8
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Figure 29: Shape comparison for N2
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