
DOCTOR OF PHILOSOPHY

Performance envelopes for preliminary sizing of aircraft structures

Sheshanarayana, Sriharsha

Award date:
2020

Awarding institution:
Queen's University Belfast

Link to publication

Terms of use
All those accessing thesis content in Queen’s University Belfast Research Portal are subject to the following terms and conditions of use

            • Copyright is subject to the Copyright, Designs and Patent Act 1988, or as modified by any successor legislation
            • Copyright and moral rights for thesis content are retained by the author and/or other copyright owners
            • A copy of a thesis may be downloaded for personal non-commercial research/study without the need for permission or charge
            • Distribution or reproduction of thesis content in any format is not permitted without the permission of the copyright holder
            • When citing this work, full bibliographic details should be supplied, including the author, title, awarding institution and date of thesis

Take down policy
A thesis can be removed from the Research Portal if there has been a breach of copyright, or a similarly robust reason.
If you believe this document breaches copyright, or there is sufficient cause to take down, please contact us, citing details. Email:
openaccess@qub.ac.uk

Supplementary materials
Where possible, we endeavour to provide supplementary materials to theses. This may include video, audio and other types of files. We
endeavour to capture all content and upload as part of the Pure record for each thesis.
Note, it may not be possible in all instances to convert analogue formats to usable digital formats for some supplementary materials. We
exercise best efforts on our behalf and, in such instances, encourage the individual to consult the physical thesis for further information.

Download date: 23. May. 2023

https://pure.qub.ac.uk/en/studentTheses/65e9857c-5f23-4b16-9241-be440e1e4573


Performance Envelopes for Preliminary 

Sizing of Aircraft Structures 

 

Sriharsha Sheshanarayana, MSc 

School of Mechanical and Aerospace Engineering 

Queen’s University Belfast 

 

 

A thesis submitted for the degree of  

Doctor of Philosophy 

March 2020 

 

 



Abstract 

Two fundamental stages within aerospace structural design are loads development and 

sizing. The first deals with the development of all the load cases that an aircraft may 

encounter in service, whereas the latter is responsible for the design of the structural 

components required to carry the predicted loads.  

A significant milestone within the airframe development is the preliminary sizing 

process. It aims to identify the critical loads driving the design and optimise the aircraft 

structure for minimum weight. Due to the resource limitations imposed by a large 

number of load cases and structural design constraints, there exists a gap between the 

loads development and sizing activities. This results in lengthy and costly design 

iterations, which hampers the aircraft development process. 

A novel method to bridge this gap is utilised in this thesis. It is based on the concepts 

of characteristic loads and performance envelopes. The characteristic loads are a small 

set of linearly independent loads acting on the aircraft, identified using Singular Value 

Decomposition (SVD), which can represent all the load cases of interest. Performance 

envelopes are created within the characteristic load space and define the load bearing 

capacity of a structure. These two concepts enable the engineer to relate the different 

aircraft loads with the structural failure constraints. 

This research aims to further the two concepts, specifically focusing to address the 

challenges arising from the preliminary sizing process.  

The first contribution towards improving the state of the art is in the construction of 

the performance envelope. A robust and efficient strategy is developed to reduce the 

computational costs of building the envelope.  

A second novelty is in the development of a framework to update the envelope as the 

structural design evolves in the sizing process. These two contributions improve the 

feasibility of industrialisation of the method. 
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The third and fourth contribution of this research is in developing and demonstrating 

applications possible with a performance envelope. One such application aiding the 

loads development is to drive the loads optimisation using structural indicators 

obtained from the performance envelopes. Another application supporting the sizing 

activity is in computing the sensitivities of the critical structural constraints to loads. 

These sensitivities are essential within the preliminary sizing problem and are 

expensive to compute using traditional finite-difference methods. The investigation 

illustrates that it is indeed possible to reduce the cost of computation through an 

envelope-based approach by ~42%. 

The above concepts have been explored and validated using examples based on real 

world load cases and standard industry analysis tool sets. The next step is to implement 

the above developed methods in a full aircraft preliminary sizing along with a 

benchmarking with other alternative methods. However, this has not been addressed 

in the current work. 

The results from this research indicate that a performance envelope can indeed be a 

cost-effective approach to bridge the gap between the loads development and sizing 

processes. The outcome of the thesis demonstrates that the overall efficiency of the 

aircraft preliminary sizing stage can be improved by exploiting these new concepts. 
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Chapter 1  

Introduction 

The ever-increasing demand for air travel, the renewed environmental concerns, and 

aggressive economic competition between the aircraft manufacturers are some of the 

fundamental driving factors for developing more efficient aircraft. The efficiency of 

the aircraft is not only limited to the fuel burn - but also in terms of cost and duration 

of an aircraft program lifecycle. 

A new aircraft development lead time is significantly longer than almost any other 

high technology commercial product. It takes typically 7-10 years from assessing the 

customer requirements to the first flight [1, 2]. In a fast-changing world, such large 

lead times can decide if the new aircraft is profitable or if it is indeed feasible to 

undertake such a program. It also challenges the manufacturer’s capability to react and 

respond to the ever-changing market needs.  

The aircraft design and development are a major cash sink for the aircraft 

manufacturer, as shown in Figure 1.1, see Rios et al. [3]. Such negative cash flows 

cannot be sustained for exceptionally long periods without having adverse 

consequences to the companies’ financial health. Therefore, there is an enormous 

incentive to reduce the aircraft development lead time. 
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Figure 1.1: Indicative aircraft program lifecycle 

The aircraft design and development are a high technology processes that occur on 

many fronts whilst adhering to strict safety regulations. These tasks include design of 

light and efficient airframes, developing advanced control systems, cost efficient 

manufacturing, etc. to name a few. Of these, the structural design process which is 

responsible for airframe design is of interest to the current work. 

This chapter covers a selection of topics required to provide the reader with the 

necessary background to appreciate the science of aircraft design. It also highlights 

some basic challenges faced in the industry in engineering an airframe. The 

discussions have a focus on the Airbus methodology; however, these methodologies 

and challenges are expected to be broadly similar to other design organisations due to 

the common regulation requirements. A detailed discussion of some topics is 

presented in the relevant chapters later in the thesis.  

At the end of this chapter, the gaps in the current state of the art are highlighted, section 

1.6, and two alternative methods to bridge these gaps – one based on surrogate 

modelling and the other on characteristic loads and performance envelopes are 

discussed, section 1.7 and section 1.8. The motivations and objectives for this research 

are established, section 1.9 and section 1.10 This is followed by an outline of the entire 

thesis, section 1.11. 
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1.1 Overview of aircraft structural design process  

Aircraft structural design is a complex multi-step, multi-disciplinary activity that can 

last for many iterations over months or even years. Aircraft structural engineering is 

different from other structural engineering projects in that the weight savings have 

very high importance. Therefore, optimisation routines find a central focus throughout 

the activity. 

Two fundamental stages within the aircraft structural design process are loads 

development and structural sizing, as shown in Figure 1.2. Others include testing, 

manufacturing, health monitoring, etc. but are not the focus of this thesis. The first 

deals with the development of all possible load cases that an aircraft may encounter in 

service, whereas the latter is responsible for the detailed design of the structural 

components required to carry the calculated loads. Figure 1.3 shows an overview of 

the many sub activities carried out within the load and structures department for a 

typical aircraft design. 

 

Figure 1.2: The two fundamental stages within aircraft structural design 

process 

The load and structure departments are often the largest engineering branches within 

a typical aircraft manufacturing organisation, employing hundreds to a few thousand 

engineers for an aircraft program. The engineering knowledge and methods developed 

over many years and decades by these engineering divisions form the core 

competencies and are judiciously guarded by these organisations. 

Loads development

Structural sizing

Load cases

Updated structural stiffness and mass
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Figure 1.3: The many sub activities within the load and structure department of 

a typical aircraft design process. GFEM – Global Finite Element Model  

1.1.1 Stages of design 

The aircraft structural design can be broadly classified into three phases based on the 

maturity of design. They are – conceptual design, preliminary design, and detailed 

design, Grihon et al. [9]. Each phase is progressively more mature than the previous, 

and each stage targets a different structural level of the airframe, as shown in Figure 

1.4. The different structural levels are defined as - the aircraft level, which is the 

overall airframe, the component level, which is the primary airframe components such 

as wings, fuselage, empennage, and lastly the part level, which are detailed structural 

parts including the system definitions such as brackets, piping etc. 
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Figure 1.4: Three stages of aircraft design and the different structural levels 

1.1.1.1 Conceptual design 

The conceptual design works at the highest level of design where the customer needs 

and requirements are translated into an engineering definition. These define high-level 

characteristics such as the maximum take-off weight, maximum range, passenger 

capacity. The aircraft architecture choices such as the shape and position of the 

different components (such as engines, etc.) are also defined. Choices in terms of 

materials for the different sections of the airframe are made. Trade-off studies are 

carried out to explore many configurations that meet the aircraft program 

requirements.  

At the end of the conceptual design, the overall weight and stiffness are estimated with 

good accuracy. These estimates help to compute the design load cases and the overall 

structural definitions that form the inputs for the next design phase.  

1.1.1.2 Preliminary design 

The preliminary design follows at the end of the conceptual design. It is a significant 

milestone in aircraft structural development and can be the most resource intensive. 
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The preliminary design addresses a more refined study of the architecture and aims to 

define the aircraft at the component level, such as the fuselage or the wing. Major 

aircraft definitions such as the number of stiffeners and ribs to be used in the wing are 

also defined. 

The preliminary design aims to have the external topology of the aircraft finalised. 

This allows for further aerodynamic and control system analysis. The computational 

fluid dynamic analysis and wind tunnel testing are carried out for aerodynamic 

validation, and the loads acting on the structure becomes more defined. The stage also 

aims to have a good control over the loads within the airframe. The structural 

components are sized and optimised for the minimum weight criterion. Towards the 

end of the preliminary design, the detailed design and validation of the aircraft 

structure begins. 

1.1.1.3 Detailed design 

The detailed design is the lowest level of design where most of the parameters are 

fixed. The structure is analysed in a thorough manner, and structural parts down to the 

system level (such as brackets and fittings) are defined. Most of the load cases are 

fixed and high-fidelity analysis is performed using detailed finite element models. 

After the detailed design, physical tests for some components are carried out as a part 

of validation. For example, the wing is loaded until failure, as shown in Figure 1.5, 

see Paur [10]. In terms of project management, airframe manufacturers subcontract a 

large majority of the analysis work packages during this phase. 
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Figure 1.5: Physical testing of the Boeing 787 wings for design validation 

1.1.2 Maturity gates 

The Maturity Gates (MG) are a set of milestones applied for the aircraft programs to 

control the quality and the deliverability within the industry. In Airbus, the aircraft 

programs are defined from MG1 – the start of the program to MG13 - the aircraft 

completing its certification and entry into service. 

Figure 1.6 and Figure 1.7 briefly outline a typical set of maturity gates and their 

significance, see Sheshanarayana et al. [11]. At the pre MG3 period, the aircraft 

program is in a mission analysis phase which includes the market survey and 

translating the customer current and future needs to engineering definitions. Many 

design solutions are explored, and about 2-3 solutions are shortlisted to be examined 

in detail. 
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Figure 1.6: A typical industrial pre MG3 quality gates along with estimated 

times  

At the beginning of the MG3 level, one concept is chosen, and the conceptual design 

is carried out. MG5 marks the end of the conceptual design, while MG4 marks the 

beginning of the preliminary design stage. At MG5, the production for a now mature 

design is approved with the tools and jigs required for manufacturing prepared. The 

MG7 marks the end of the aircraft definition and the final design is frozen. 

Manufacturing of the test aircraft in the final assembly lines starts at the MG9 phase. 

The aircraft and the components are physically tested both in the ground and air for 

certification. After the certification, the production rate in the assembly lines is ramped 

up and the last milestone, MG13, marks the entry of the aircraft line into service. 

 

Figure 1.7: A typical industrial post MG3 quality gates. FAL- Final assembly 

line 
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1.1.3 Future of aircraft design 

A short introduction to overall aircraft design with an emphasis on loads and structures 

has been made. From the maturity gate description, it can be seen that the different 

stages of aircraft design can significantly overlap with each other.  

Continuous advancements in design frameworks further aim to merge the boundaries 

between these stages. This can be achieved – firstly by enabling a high accuracy 

aerodynamic and structural coupled analysis. Secondly, by simultaneously 

considering the many downstream activities such as manufacturability during the early 

stages of design. Such developments shorten design lead times by arriving at optimal 

solution faster with fewer redesigns. But such efforts also lead to many challenges 

which are described in the later sections.  

1.2 Loads development 

Loads development is a major area in the airframe design cycle. Computing the initial 

design load is the first step in building the set of load cases to design an airframe. 

These design loads drive the design of components (i.e. wing or fuselage structure) 

and subsequently parts (panel skin or wing spar cap), see  Neubauer et al. [12]. 

Many texts [13, 14] are dedicated to identifying and computing the loads acting on an 

aircraft. Taylor et al. [15] presents a brief history of the aircraft loads development 

and analysis. The aircraft loads can be classified in many ways, and one such 

classification is as follows -  

• Flight loads – are the forces acting on the aircraft while in flight. This includes 

aerodynamic pressure loads on the wing due to lift, symmetric and asymmetric 

manoeuvres, deep and flat spin cases (stalling), gust loads etc. 

• Ground loads – are the forces acting on the aircraft while on the ground. This 

includes handling loads, take off, landing, taxiing, towing, pivoting etc. 
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• Local loads – are the forces acting on the structure locally. This includes local 

accelerations, system pressure, bay pressure, hydrostatic pressures, intake duct 

pressures, engine thrust. 

• Fatigue loads - are the loads that act on the aircraft structure in cycles over its 

service. The loads are derived from the quasi-static and dynamic load 

conditions if the frequency of the respective load cycle is sufficiently high 

during the assumed usage 

From a single 5g limit load case assumption made by the Wright brothers to build the 

Flyer, to the current number of load cases prescribed by CS and FAR airworthiness 

documents, design load selection has come a long way. The paper by Mohaghegh [16] 

presents an excellent overview of the validation and certification process for Boeing 

aircraft. It describes how newer load cases are appended to the regulatory standards 

due to insights obtained from accidents or incidents. 

Though the textbook load cases prescribed for certification are relatively few, the 

aircraft nevertheless must be examined for all the load cases that it encounters in its 

service. Hence a range of flight conditions resulting from a combination of mass, 

velocity, altitude, speed, and manoeuvres must be considered. This implies that 

potentially the number of aircraft load cases can well reach up to a million ℴ(106). 

To compute such a large set of load cases and to analyse the effect of each load case 

on a structural component is by no means an easy task. 

1.2.1 Loads model 

The first step towards computing the loads acting on an aircraft is typically through 

the Loads Model (LM). The LM presents a simplified condensed model of the total 

aircraft - integrating the physics of motion, the aerodynamic dataset, and structural 

design and can have interfaces to other disciplines. Depending upon the maturity of 

design, many LMs can exist simultaneously. The load department uses the LM to 

compute all the forces and moments acting on the aircraft. The LM typically uses a 

simple beam to model the fuselage and wing. However, other methods based on mode 
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shapes can be used to compute the loads. All the load cases acting on the LM are 

calculated as balanced load cases, i.e. the sum of the net forces (aerodynamic loads + 

inertia loads) and net moments at monitoring sections of the structure must be zero.  

The loads development process is an iterative loop. It starts with an analysis of the LM 

under various flight conditions and ends with the preparation of external loads for 

stress analysis. The output of the LM (containing inertia loads, aerodynamic loads, 

etc..) are mapped on to the structural model for further analysis. The mapping is 

typically in the form of a continuous external load distribution, such as Shear, Moment 

and Torque (SMT) on a wing or fuselage, or a distribution of loads on finite element 

(FE) grid nodal points called nodal loads. These two load formats are discussed in the 

following sections.  

Usually, a change in design parameter results in an update of the LM and consequently 

leads to a more accurate and more detailed knowledge of the design load cases. These 

improvements come from better aerodynamic data (such as extensive wind tunnel 

testing) or a refined FE model because of advanced design status. Modification in the 

mass and balance distribution or control laws also result in changes in the loads model. 

1.2.2 Shear-Moment-Torque loading 

The Shear-Moment-Torque or SMT is a way of representing loads on the aircraft for 

structural analysis within the industry. The SMT loads are distributed on one or 

multiple lines over the entire airframe such that the resultant effect of these 

distributions is equal to the actual load being calculated. The integrated load 

distributions obtained from the loads model are discretised to form a lump of forces 

and moments over the structure (6 degrees of freedom in total). A typical distribution 

of this method uses one line for the fuselage, three lines to represent the wing and two 

lines to represent the empennage as shown in Figure 1.8, see Sheshanarayana et al 

[11]. 
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Figure 1.8: A typical SMT distribution lines and stations over the aircraft 

representing the fuselage (single line running along the length), wings (given by 

three lines) and empennage (given by two lines each)  

Out of the six degrees of freedom in the SMT loads, the most important forces on the 

wing in terms of magnitude are the shear, moment and torque (hence the name SMT) 

Figure 1.9 shows a single line of SMT loads on an aircraft wing, see Hurlimann et al. 

[17]. 

 

Figure 1.9: SMT loads applied on a single line along rib stations of a wing 

1.2.3 Nodal loads 

Nodal loads are another form of representing the forces on the airframe inspired by 

the finite element analysis. The nodal loads are a more faithful representation of the 

actual loading on the airframe as they are applied over a large number of elements or 
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nodes of the finite element model. For example, the nodal loads are used to describe 

the pressure profiles over the surface of the wing, as shown in Figure 1.10. 

 

Figure 1.10: Nodal loads - aerodynamic pressure on a wing surface  

However, analysing nodal loads require additional computational costs compared to 

the standard SMT load format. Investigations find SMT loads and nodal loads to have 

similar fidelities of results for aerodynamic loading [17] when both are used on the 

wing box for mass optimisation. A similar study [11] on the horizontal tail plane 

covers compares the structural failure between nodal loads and SMT loads. The results 

show that the error is under 1% for a majority covers except for covers located near 

the tip of the tail plane where the errors are as high as 20%. This behaviour is a 

attributed to the Saint-Venant’s principle [18], where the cumulative effects of the 

loads at the root panels are similar between the two methods. On the other hand, using 

the nodal loads can significantly improve the quality of analysis for structures which 

have additional local forces, such as engine or landing gear attachment points. 

1.2.4 Load case down-selection 

A primary challenge in the aircraft design is in processing and analysing a large 

number of load cases. The ideal aircraft design would examine the aircraft structure 

subjected to all the load cases that have been computed. The cost of having to process 

such a large data set is substantial and results in a long design lead time. This can 

hamper the optimisation of the aircraft structural design. A way to resolve this issue is 
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either by increasing the computational resources used for the calculations or by 

reducing the number of load cases to be analysed.  

A standard process in the industry is load case down-selection. The process aims to 

identify the most important cases [13, 19, 20] from a large set of load cases. This 

approach is useful in conventional aircraft design but may not always lead to an 

optimal solution. Some of the principal methods used to down-select the critical loads 

are -  

• Loads envelope  

• Internal loads or stress indicators 

• Engineering judgement 

The first method is through the examination of loads envelopes. The loads envelopes 

are either 1D or 2D plots of the Interesting Quantities (IQ) of the load case set, see the 

text by Wright and Cooper [13]. Interesting quantities are parameters that are available 

in the load data such as the bending moment at the different stations of the wing. 

Generally, a few thousand IQs can be identified for a large load case set. Routinely in 

the analysis of a wing, the bending moment and the torques at different stations along 

the span are plotted. The plots, often called potato plots, can be used to identify the 

load cases which are important. Figure 1.11 shows a 2D loads envelope obtained from 

a commercial tool, see Unay et al. [21]. The bending moment and the torque are 

plotted, and the outermost boundary points describe the loads envelope. Figure 1.12 

shows a 2D load envelope along the wing span, see Tartaruga et al. [22]. It can be 

observed that the magnitudes of the load envelope change over the span of the wing 

with the maximum being at the wing root. 
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Figure 1.11: A typical 2-dimensional bending moment and torque loads 

envelope for an aircraft obtained 

 

Figure 1.12: Changing loads envelope at different stations of the wing 

The loads envelope plots can be computed quite quickly and cheaply to identify load 

cases which have relatively large magnitudes. However, the limitation with this 

approach is that the loads envelope plots do not contain any structural information 

within them. For example, in the present age where it has become increasingly 
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common to use composite materials with a variety of different failure modes, the 

engineer might not fully understand the significance of a load case and its effect on 

the structure. This may lead to an over or under designed structure. 

The second method is based on stress indicators and goes a step further to include 

some basic structural information for down-selection, see McGuinness [23]. The linear 

static response of the structure (in terms of internal loads or stress) is computed for a 

set of load cases. Areas of the structure of presumed importance are selected, and the 

internal load values are checked. The load cases are ranked in order of internal loads 

or the stress within the selected structure for the down-selection process. If a new load 

case is created, the internal loads can be approximated by the superposition of the 

existing set of internal load cases. The load case ranking techniques as implemented 

in commercial tools for e.g. Patran fall in this category.  

Though the stress indicator-based approach incorporates the structural responses in 

terms of displacements or stress, it does not normally take into consideration the 

structural failure criterion which is significantly more important to know. It is the 

combination of local ‘internal load’ values together with the relevant structural failure 

criteria that drives the structural sizing process. These failure criteria may be non-

linear in nature; thus, they cannot be approximated by the principal of superposition 

as done with the internal loads. 

Lastly, the down-selection is based on the engineering experience gained from 

previous programs, along with the skill and knowledge of the engineer. Many cases 

are selected manually after reviewing them. Many cases of importance that are missed 

by the load envelope approach, especially if there are redesigns or changes in the 

control laws, are identified. For example, the effects of a gust moving across the 

wingtips will not be picked up by the bending moments at the root. Therefore, the 

loads envelope at the root will not select this case. However, the gust load case can 

still be important as they may be critical for the local structure at the tip. 
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Load case down-selection just based on an engineering judgement method involves a 

large number of man-hours of work and requires engineering skill. Manually 

interpreting many load cases is not a very efficient approach, especially if there are 

thousands of cases. The impact of the uncertainties involved with the loads process 

can be visualised within Figure 1.13, see McGuiness [23]. It plots the number of load 

cases over the different phase of aircraft design. Initially, a large number of load cases 

are present, and after down-selection, the number of cases considered decreases. 

However, right before the design freeze, a number of cases are added by engineers to 

account for the uncertainties. This process is repeated over the development and tapers 

off until the first flight when the load cases are validated. 

 

Figure 1.13: Number of load cases over the development of an aircraft 

In summary, it is seen that aircraft loads development plays a significant role in 

airframe design. Analysing these numerous generated load cases is a challenge which 

needs to be tackled more effectively. Load case down-selection is a process employed 

to reduce analysis cycle time, and there is substantial scope for improvement in how 

the most critical load cases are selected. Another area of loads activity is the load 

alleviation for gust and manoeuvre loads. Through the advent of better control laws, 

the critical design load cases contributed by flight loads can be modified to be 

advantageous to the structure. However, there is a need for these alleviation functions 

to be further fine-tuned especially by considering the structural responses.  
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1.3 Structural Sizing 

Aircraft structural sizing is the process of defining the structure that meets a set of 

strength constraints of the aircraft. This is a complex process, and many different 

strategies exist to handle the sizing process, depending upon the type of aircraft in 

question. 

The structural sizing is a down-stream process to the loads development and is 

typically handled by the structure department. The department will mainly focus on 

designing the structure to bear the load cases while optimising the structure for 

minimum weight. The aircraft structure is chiefly designed as a semi-monocoque 

structure. The main load bearing members are thin panels and supporting frames which 

offer a high strength to weight ratio. Therefore, the aircraft structural model is mainly 

composed of thin plates such as the skin of the wing and the fuselage. Therefore, there 

is a particular interest to analyse these elements.  

1.3.1 GFEM and local structure 

The Global Finite Element Model or GFEM is a coarse idealisation of the primary 

aircraft structure. Figure 1.14 shows a GFEM of a high wing C-27J airframe, see Opie 

et al. [24]. Typically, a single finite element is used to idealise a structural feature. For 

example, a rod element can represent a stiffener, and a 2D shell element will model a 

panel of a wing. This idealisation will vary as the design evolves and matures by 

adding in more details. For example, the rod element representing a stiffener can be 

replaced by a beam element or the shell element can be supplemented by the properties 

of composite layup etc.  
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Figure 1.14: Global Finite Element Model (GFEM) of C-27J airframe 

The SMT loads are applied on the GFEM at various nodal loading stations defined by 

multipoint constraints or MPCs. Typically, the loading nodes for wing stations are 

over the ribs and over the frames for the fuselage. The loading nodes distribute the 

SMT forces to various parts of the structure, such as the top and bottom covers of the 

wing. This is achieved by means of rigid elements such as RBE3 as shown in the wing 

box in Figure 1.15. 

 

Figure 1.15: A typical wing box with SMT loading node and RBE3 rigid 

elements 

The GFEM is analysed usually using a linear finite element solver such as NASTRAN 

SOL101 to compute the deformations of the structures. From the deformations, the 

internal load paths of the structures are computed.  

The local structure is a more detailed definition of the aircraft structure such as a 

stiffened panel on the covers of the wing, as shown in Figure 1.16. The local structure 
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is analysed using the internal loads that are computed from the GFEM. Complex non-

linear analysis tools can be used to size the local structure for the various failure 

analysis depending upon the level of fidelity required and the sizing stage.  

 

Figure 1.16: Local structure – idealisation with a more detailed definition. The 

stiffener in blue running on a panel with the rib attachment points in orange  

1.3.2 Sizing stages 

For a typical commercial airliner, the three stages of aircraft design discussed in 

section 1.1.1 have three corresponding sizing solutions stages. For example, within 

Airbus they are – rapid sizing, preliminary sizing, and detailed sizing, respectively, as 

shown in Figure 1.17, see Grihon et al. [9]. 

1.3.2.1 Rapid Sizing 

Rapid sizing is a high-level sizing operation which aims, as the name suggests, to 

provide a rapid but an approximate solution of the structure complementing the 

conceptual design phase. This allows the engineer to explore many different aircraft 

configurations. The rapid sizing ends with the high-level design configurations (such 

as the number of stiffeners and ribs for the wing, initial dimensions of the aircraft 

structure) being frozen. The structural analysis tools used within rapid sizing are 

generally of lower fidelity to enable for faster computations and therefore provide only 

an approximate solution.  



 

Introduction 

 21 

 

 

Figure 1.17: Aircraft design stages and solutions at Airbus 

1.3.2.2 Preliminary sizing 

The preliminary sizing starts with the end of the rapid sizing process and is generally 

the most significant step in the sizing operations in terms of resources utilised. It is a 

complicated task, as many different engineering domains must interact closely with 

each other to arrive at the final configuration. The preliminary sizing addresses a more 

refined trade-off on the best compromise between weight and cost. Many research 

works have been dedicated to finding the best strategy for this problem. The survey 

papers by Sobieszczanski-Sobieski et al. [25] and Martins et al. [26] presents the 

architectures addressing the optimisation problem. The paper by Kroo et al. [27] 

presents the preliminary aircraft design and optimisation framework. Most of these 

solutions gravitate towards a global-local bi-level approach, as shown in Figure 1.18, 

see Grihon et al. [28]. For example, the paper by Grihon et al. [9] presents the multi-

step numerical methods for sizing Airbus structures. The paper by Liu, B et al. [29]  

presents a two-level composite wing optimisation and  Liu, D et al. [30] presents the 
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bilevel optimisation of a blended composite wing for the best stacking sequence in the 

panels including manufacturing constraints.  

The first level is where the local structure such as a stiffened panel on the wing cover, 

is optimised for a set of load cases (such as the set of loads initially identified from the 

conceptual design stage). The local structural definition can be quite detailed and could 

include composite layups and orientations as the design matures. 

The second level updates the stiffness of the GFEM, which would change due to the 

modifications in the local structure. The external loads and internal load paths within 

the structure are re-computed to deliver a new set of loads for the local structure to be 

optimised. 

Many optimisation iterations are performed between these two levels until an internal 

load convergence is achieved. A further discussion is presented on linking the global-

local process in section 1.5. 

The detailed sizing process then models a detailed structural component, and the 

design is verified using either finite element analysis or by physical testing. 

 

Figure 1.18: Bi-level process for preliminary sizing of aircraft structures  
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1.3.3 Quantifying structural failure using reserve factor 

A structural component can fail to carry loads through many different failure criteria. 

A way to quantify this failure is by reserve factor (RF). Reserve factor is a scalar value 

defined as the ratio of the allowable quantity to the actual or the applied quantity Eq. 

1.1.  

𝑅𝐹 =
𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒

𝑎𝑐𝑡𝑢𝑎𝑙
 (1. 1) 

An example of the allowable quantity is the yield stress of the material. The RF of a 

structure under load is defined as the ratio of the allowable stress 𝜎𝑦 to the actual stress 

𝜎 as in Eq. 1.2. Therefore, if the RF is greater than one (𝑅𝐹 ≥ 1), then the actual stress 

in the element is lower than the yield and the structure is safe. Conversely, if the RF 

is lower than one  (𝑅𝐹 < 1) the structure will not be able to carry the required load. 

𝑅𝐹 =
𝜎𝑦 

𝜎 
 (1. 2) 

1.4 Multi-disciplinary optimisation 

The earlier sections introduced the two important domains in the aircraft design 

process as – loads and structures. However, the complex interaction between the 

domains during the optimisation process is a field of research on its own right called 

Multi-disciplinary optimisation (MDO). This section gives a brief review of the MDO 

process and the mathematical concepts used in a typical structural optimisation 

problem. 

MDO involves numerical optimisation techniques to design systems involving 

multiple disciplines or components. The main reason for MDO is that the performance 

of a system is not only driven by the performance of a single discipline, but by the 

interactions between other major fields involved. By solving MDO early in the product 

design, engineers can hope to improve the design and simultaneously reduce the costs, 
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see [26, 27, 31]. Figure 1.19 gives a bird’s eye view of the various types of 

optimisations, its fidelity, and the aircraft structural level it targets within the industry, 

see Grihon [32] . It can be observed that as the fidelity of the design increases, the 

multi-disciplinary nature of the analysis decreases. This is due to the complex multi-

physics nature of the problem. A complete MDO analysis is thus usually a lower 

fidelity analysis performed at the aircraft level early in the design process. 

Schmit’s presented a landmark paper [33] in the 1960s in the field of FEA using 

mathematical programming techniques to solve nonlinear, inequality constrained 

problems for elastic structures. Although the roots of numerical optimisation can be 

traced back to Newton, Leibnitz, and  auchy, it was Schmit’s contribution in coupling 

nonlinear numerical optimisation techniques to finite element structural analysis that 

made it possible to define and solve a tangible optimisation problem to achieve an 

optimised structural design.  

 

Figure 1.19: MDO analysis and the various aircraft levels 

One of the earlier works which gave better engineering understanding of the 

multidisciplinary coupling between structures and aerodynamics was performed and 

presented by Holt [34] when the author optimised a wing using MDO. MDO has since 

been used for optimising and obtaining insight into airframes, though the fidelity of 
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such analysis will be low. Using MDO in aircraft design received a lot of attention 

during the 1990s when a considerable amount of investigation was performed [31, 

35]The excellent survey paper by Sobieszczanski-Sobieski et al. [25] summarises the 

use of MDO in the 1990s. The active interest in MDO in aerospace was due to the call 

for lighter and more efficient structures to improve fuel efficiency as a response to the 

sharp increase in oil prices. The paper by de Weck et al. [36] presents the state of the 

art and the future trends of MDO. The research of MDO in design was made feasible 

by the development of computer aided design and advancement in computer 

technology which made a relatively higher fidelity analysis a reality. 

In the field of aerospace engineering, the three main areas which are popularly grouped 

together for MDO are aerodynamics, structures, and controls, as shown in Figure 1.20, 

see Sobieszczanski-Sobieski et al. [31]. Out of the three areas, the first two disciplines 

of aerodynamics and structures find more attention in the preliminary design of 

airframes due to their strong coupling, as discussed in the earlier sections. While the 

control finds its role mainly in aero-elastic analysis, optimising and tuning the loads 

on the airframes through MLA etc. 

 

Figure 1.20: Interdependence of different areas in aircraft design 

As discussed earlier, many surveys have been carried out on the different architectures 

and frameworks for efficient MDO. Each type of architecture has its own benefit and 

limitations, which makes them suitable when addressing a particular optimisation 

problem. However, newer architectures and techniques are still needed. Frameworks 
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that exhibit faster convergence when involving large numbers of design variables 

across different domains are of particular interest. 

In brief, MDO has found itself at the centre of design of aerospace structures in recent 

years and a lot of research has been dedicated to developing this field. Performing 

MDO studies early in the preliminary analysis phase is preferred as it yields significant 

savings in the cost of design. Current challenges in MDO involve increasing the 

quality or the fidelity of the results and reducing the cost of analysis. It is also apparent 

that vital understanding of each domain is required during the MDO process. 

Therefore, it is crucial that the important performance measures from each domain 

have to be shared between the other domains. This has to be incorporated in the 

formulation of the MDO problem. 

1.4.1 Computational optimisation 

Computational optimisation is a mathematical technique of finding a feasible solution 

for one or more objective functions. The quality of a solution obtained from an 

optimisation process is evaluated based on the value of an objective function or cost 

function, which is either minimised or maximised. A valid objective function has to 

incorporate the design variables and/or performance measures in its definition. 

Therefore, the choice of the objective function is crucial for both the accuracy and 

efficiency of the analysis, see textbook by Choi and Kim [37] for further reading. 

Many different classes of optimisation problem definitions exist. For example, the 

problem can be classified as discrete, continuous, or mixed, or as constrained or 

unconstrained, or as single objective or a multi objective function, or the way the 

problem is formulated – as convex, linear, or non-linear. The notes by Ruffio  [38] 

gives a broad summary of all the different optimisation problems, and the textbook by 

Boyd and Vandenberghe [39] provides excellent reading for further discussion into 

convex optimisation problems. 
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1.4.1.1 Discrete or continuous 

Continuous optimisation deals with design variables which are continuous in nature 

(such as dimensions) while the discrete optimisation uses discrete choices as design 

variables. An example of discrete optimisation is the problem of choosing (discrete) 

materials for a structure.  

1.4.1.2 Constrained or unconstrained 

If the optimisation problem has to satisfy a set of constraints, then they are called 

constrained problems. For example, in the local structure sizing the cost function is 

usually the weight to be minimised while making sure that the structure does not fail 

for the design loads (constraints).  

A simple constrained optimisation problem is presented in a general form as Eq. 1.3, 

where 𝐼 is an objective function of  𝑛𝑥 number of design variables 𝑥𝑛 and 𝑔𝑚 are the 

𝑛𝑔 number of  inequality constraints and 𝑓𝑓 are the 𝑛𝑓 number of equality constraints 

to be satisfied. 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐼(𝑥𝑛)  
𝑤. 𝑟. 𝑡 𝑥𝑛 𝑛 = 1,2… , 𝑛𝑥

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑔𝑚(𝑥𝑛) ≥ 0 𝑚 = 1,2, … , 𝑛𝑔
 𝑓𝑓(𝑥𝑛) = 0 𝑓 = 1,2, … . , 𝑛𝑓

(1. 3) 

1.4.1.3 Multi-objective optimisations 

An engineering MDO problems can result in a more complicated objective function 

formulation. For example, the objective function 𝐼, in addition to the design variable 

𝑥𝑛 may be a function of a set of governing equations 𝑅𝑘(𝑥𝑛) resulting in 𝑦𝑖 secondary 

inputs. The objective function as a block diagram is represented in Figure 1.21, see 

Martins et al. [40].  
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Figure 1.21: Objective function depending upon a set of governing equations 

Thus, the new objective function and the minimisation problem will be as in Eq. 1.4, 

where are 𝑛𝑘 number of governing equations 𝑅𝑘 (𝑥𝑛) which depend upon the design 

variables 𝑥𝑛. These governing equations output a vector of 𝑦𝑖 state-space variables. 

The paper by Martins et al. [40] thoroughly discusses the strategy for solving a multi-

objective MDO problem arising from the aerodynamic and structural coupling 

relevant in aircraft design. 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐼(𝑥𝑛, 𝑅𝑘(𝑥𝑗))  

𝑤. 𝑟. 𝑡 𝑥𝑛 𝑛 = 1,2… ,𝑁𝑥
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑔𝑚(𝑥𝑛) ≥ 0 𝑚 = 1,2, … ,𝑁𝑔

 𝑓𝑘(𝑥𝑛) = 0 𝑘 = 1,2, … . , 𝑁𝑓

(1. 4) 

1.4.1.4 Gradient based or gradient free 

The techniques to solve optimisation formulations can be classified either as zero-

order (or gradient-free) methods or gradient-based methods. The gradients or 

sensitivities are the derivatives of the objective function and the constraint function 

with respect to the design variables. They are calculated as required by the different 

algorithms. The zero-order algorithms include methods such as grid search, genetic 

algorithms, neural networks, random searches and depend only upon the evaluation of 

the objective function. One of the most significant disadvantages of the zero-order 

approach is that as the number of design variables increase, the cost of analysis (in 

terms of the number of function evaluations) drastically increases.  

In the second class of algorithms, the value of the gradient with respect to the objective 

function is used along with the value of the objective function. The main advantage of 

the gradient-based methods is that they converge onto the optimal solution faster with 

a smaller number of iterations, though the objective function used needs to be smooth. 
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However, for both types of methods, there is a chance that only a local optimum is 

reached. The main limitation of the gradient-based approach is the substantial 

computational costs that are involved in computing the gradients. Nevertheless, due to 

the relative merits compared to the zero-order methods, the gradient-based approach 

is more prevalent during the preliminary design stage.  

A comparison of objective function evaluation required for both gradient-free and 

gradient-based methods is discussed in the paper by Martins et al.  [41] and is shown 

in Figure 1.22. NSGA2 and ALPSO are zeroth order codes, whereas the SLSQP and 

SNOPT are gradient-based codes. The gradient-based methods require a lower number 

of function evaluations and have a clear edge as the number of design variables 

increase and therefore, perform better in terms of computational costs. 

2 

Figure 1.22: Zero order method vs gradient method. Zero order methods 

become infeasible as the number of dimensions or design variables increase 

1.4.1.4.1 Computing gradients 

As the gradient-based codes have superior performance in solving the structural 

optimisation problem, it is necessary to have a note on how the gradients are 

computed.  
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If the objective and constraint functions have a direct analytical formulation, the 

gradients can be directly computed by performing differentiation. If the functions do 

not have simple analytical formulation (as in the case with a vast majority of 

engineering problems), the gradients can be approximated using methods such as finite 

difference. The finite-difference methods have a higher computational overhead as it 

must evaluate the function multiple times to compute a single gradient depending upon 

the accuracy required.  

1.4.1.4.2 Coupled gradients  

In the case of an MDO, the problem formulated in terms of a coupled objective 

function as in Eq. 1.4. The gradients or sensitivities of such objective functions are 

called coupled gradients. Coupled gradients analysis is the calculation of the gradients 

of a multidisciplinary function. An extensive review of computing the coupled 

sensitivities in an MDO problem can be found in the papers [40, 42-44].  

The coupled sensitivities are generally calculated as a chain rule of partial derivatives. 

For example, the gradient of the coupled objective function 𝐼(𝑥𝑛, 𝑅𝑘(𝑥𝑛)) described 

in Eq. 1.4 with respect to the design variables 𝑥𝑛 is given by Eq. 1.5. Here, 𝑦𝑖 is the 

output of the 𝑅𝑘 governing equations.  

𝑑𝐼

𝑑𝑥𝑛
=
𝜕𝐼

𝜕𝑥𝑛
+ 
𝜕𝐼

𝜕𝑦𝑖

𝑑𝑦𝑖
𝑑𝑥𝑛

 (1. 5) 

The term 
𝜕𝐼

𝜕𝑦𝑖
 describes the implicit dependence of the objective function to the changes 

in the design variable through the set of governing equations. This term is also the 

most expensive part of the gradients to be computed, and a lot of research has been 

dedicated to finding alternatives to reduce the cost. Of these, the adjoint based method 

is an extremely popular alternative, especially within the aerodynamic community. 

Adjoint methods are popular since the cost of computing the gradient for a given 

function is independent of the number of design variables [44]. The downside is that 

setting up the adjoint equation is difficult and the results obtained are susceptible to 
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the choice of the objective function. Another drawback is that the objective function 

needs to be smooth. 

In conclusion, gradient-based methods are the most popular approach to solve the 

structural optimisation problem. The key requirement in the gradient-based methods 

is the computation of the gradients themselves. However, in the MDO process, the 

objective functions are typically coupled and computing the gradients of the coupled 

objective systems are expensive. Approaches such as the adjoint methods are popular 

ways to reduce the computational burden in the calculation of the coupled gradients. 

But this alternative has found less usage considering structural sizing, especially with 

the preliminary sizing activities which rely mostly on the finite-difference approach. 

1.5 Linking the bi-level process of preliminary sizing using gradients 

An overview of the preliminary sizing has been presented in section 1.3.2.2. Section 

1.4 discusses the MDO approach, along with an introduction to gradient-based 

methods to optimisation. In this section, the focus is back on the preliminary sizing 

used in the industry and the gradients required to size the structure. 

The two-step, global-local optimisation problem in the preliminary sizing can be 

solved by linking the steps together. The link is established through a chain rule of RF 

sensitivity. The RF chain is similar to the coupled gradient in Eq. 1.5 and is the driving 

idea behind achieving the converged solution of the internal loads within the airframe 

sizing. To understand the current state of the art, it is necessary to understand the 

developmental history behind the process. The paper by Grihon et al. [9] gives an 

excellent insight into the structural optimisation process within Airbus. This section 

aims to present an overview of the paper and introduces the reader to the RF sensitivity 

or RF gradients. 
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1.5.1 Development of preliminary sizing 

Initially, the overall structural optimisation was mostly based on engineering 

experience. This is because neither the large-scale aircraft level MDO problems were 

well defined, nor were the computational resources available to perform a high-fidelity 

MDO analysis. During the development of the Airbus A380 aircraft, tools for 

structural analysis such as ISSY (for fuselage) and SOMBRA (for wings) were 

developed. These tools, though basic compared to the current industry standards, were 

implemented in iterative sizing loops. Many in-house codes were developed to 

perform optimisation of the structures. For example, SOMBRA was used to determine 

optimum wing skin thickness and cross-sectional area of the A380 wing, as shown in 

Figure 1.23, see Grihon et al. [9]. The optimised local structure (such as stiffened 

panels) was then stored as design curves which were later used to update the finite 

element properties to re-compute the internal load paths.  

 

Figure 1.23: SOMBRA process for A380 wing optimisation  

There was also a difference in the finite-element framework between Airbus and its 

partners – each preferring its own in-house developed approach. With the arrival of 

NASTRAN SOL101, see [45], for linear static analysis and NASTRAN SOL200, see 

[46] for design optimisation, a common framework for optimising structure was 

adopted. Initially, the SOL200 code was limited to optimising the structure with basic 

constraints. These constraints were defined by computing the stress allowable based 

on simple engineering equations. The structural response to complex failure criterions 

such as buckling, or reparability was not directly available to the solver. The first 
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MDO experience at Airbus was acquired by using the SOL200 to study the flutter-

stress analysis on the A340-600 pylon assembly. The A380 fuselage-wing intersection 

preliminary sizing is another example of the early implementation of the SOL200 for 

structural optimisation. Such a sizing process was again limited to stress allowable and 

running load constraints.  

Simultaneously, more complex stress tools were being investigated and developed. 

These tools also referred to as skill-tools, are the current state-of-the-art tools used for 

hand sizing at Airbus. These new skill-tools are typically based on empirical or semi-

empirical formulations made up of long chains of engineering equations with potential 

branching conditions (if then else). However, unlike the simple structural analysis 

tools earlier used (based on equations), the newer tools proved to be difficult to be 

integrated within the SOL200 optimisation. It was far more feasible to use the finite-

difference approach in open optimisation frameworks. Pipelines were built to integrate 

the complex stress tools in automated sizing operations. A good example of the open 

framework implementation is the weight savings achieved by optimising the panels of 

the A380 using the Boss Quattro software, see [47, 48], as shown in Figure 1.24, see 

Grihon et al. [9]. 

 

Figure 1.24: BOSS Quattro for A380 panel weight saving 
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1.5.2 The state of the art in preliminary sizing 

The overall preliminary sizing process is divided into two stages – the global and the 

local optimisation Figure 1.25, see Grihon et al. [9]. The NASTRAN SOL101 and 

SOL 200 analysis is a good example of the global optimisation process occurring at 

the GFEM level to compute the internal loads.  

 

 

Figure 1.25:  The two level process in the preliminary sizing process within 

Airbus highlighting the missing link  

As discussed in the previous section, existing literature has many references to linking 

global-local optimisation process or defining a coupled analysis problem. Airbus 

developed two frameworks for the wings and fuselage called COMBOX (for 

composite boxes) and COMFUSE (for composite fuselage). The key idea behind both 

of these frameworks are fundamentally identical to each other. It is based on the 

concept of chain ruling the gradients of the global responses – defined by the internal 

loads, to the gradients of the local structural responses –  captured by RFs, as given in 

Eq. 1.6 
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𝑑𝑅𝐹

𝑑𝑥
=
𝜕𝑅𝐹

𝜕𝑥
+ 
𝜕𝑅𝐹

𝜕𝑁

𝑑𝑁

𝑑𝑥
 (1. 6) 

 

Figure 1.26: Movement of RF based sensitivities used in COMBOX  

Figure 1.26 shows the movement of the RF sensitivity terms within the optimisation 

framework, see Grihon et al. [9]. The internal load sensitivities are computed in the 

NASTRAN SOL200. The RF gradients are computed in the skill-tools. The final 

integration of the SOL200 and the skill tools is carried out by Boss Quattro. The Boss 

Quattro framework implements the Globally Convergent Method based algorithm [49] 

for optimisation.  

The current state-of-the-art within Airbus is called the Advanced Composite Optimiser 

(ACO) for composites and Advanced Metallic Optimiser (AMO), see Iorga et al. [50, 

51]. The ACO/AMO introduced several major steps which include multi-fidelity 

analysis in optimisation, composite stacking sequence optimisation with global ply 

continuity and inclusion of fatigue and crack propagation criteria analysis in 

optimisation. The ACO/AMO have been the backbone for all preliminary sizing 

operations within Airbus for the last 8 years and is further discussed in Chapter 5. 

1.6 Challenges within the current design process 

An overview of the aircraft design process is presented in the earlier section. Such a 

complex, multi-domain process has several challenges. This section aims to highlight 
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some of the important challenges in the overall design and then specifically in the 

preliminary sizing process. 

1.6.1 Overall design process  

The essential stages of the aircraft structural design are dominated by the load and the 

structure departments. Due to the large magnitude of the design problem, and the 

multidisciplinary nature of the preliminary design phase, the loads development and 

structural sizing stages are not always synchronised. Each of these stages has a specific 

optimisation goal. For example, the structure department focuses on a cost function 

that is dependent on weight minimisation and is bounded by structural failure 

constraints. The load department on the other hand aims to optimise load cases based 

on interesting quantities (IQ). Bridging the gap between the two stages will vastly 

improve the efficiency of the design process. 

The interaction between the two stages does not happen in a true active multi-

disciplinary sense. Both the stages exchange information during the iteration, but this 

is often limited to exchanging the down-selected load cases (from loads to structures) 

or the mass and stiffness information of the aircraft (from structures to loads). For 

example, the load department does not have the necessary resources to accurately 

model the structural responses to the many thousands of load cases it generates. 

Therefore, the impact of a decision taken by the load department on the down-selected 

load cases on the structures is not clearly understood. The process is often reliant on 

engineering judgement. Such a situation can lead to costly redesigns. Therefore, there 

is a lack of a correct and robust strategy and a platform for sharing information.  

1.6.2 Preliminary sizing process 

The large-scale optimisation problem posed by the preliminary sizing has several 

limitations. The global analysis (linear analysis on GFEMs) to compute the internal 

load paths within the structure is relatively fast and inexpensive. However, the local 

analysis can be resource intensive due to the sheer magnitude of the number of design 
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variables and constraints. For example, a local structural element such as a stiffened 

panel (out of hundreds within a wing) may potentially have more than 10 design 

variables (more so if composite material layups are to be optimised). Also, each of the 

structural elements must be assessed for many different types of failure constraints. 

Therefore, even a simple routine optimisation on a component for a few load cases 

can be exceptionally long.  

There is also a drive to implement more detailed analysis within the preliminary sizing. 

This ensures that there is a continuity with the down-stream detailed sizing process. 

However, including detailed analysis tools within the preliminary sizing loop results 

in a further increase in computation time. The structural failure analysis tools are 

usually based on a mixture of numerical, empirical, or semi-empirical methods and 

are rarely defined based on just analytical/mathematical equations. This means that 

the gradients required for the local-global optimisation are predominantly computed 

using finite difference methods, which tend to be expensive.  

1.7 An alternative approach - Surrogate modelling of loads and 

structural process 

Many studies have been dedicated to solving the challenges of the aircraft design 

process highlighted in the previous section. One of the much-researched alternative 

solutions has been through the implementation of surrogate modelling of the loads and 

structures process. This section looks at the approach of surrogate models in the 

context of the aircraft design process with a short focus on the advantages and 

limitations.  

Surrogate modelling or metamodeling can be defined as a set of methodologies that 

aims to estimate a function 𝑦 = 𝐹(𝑿) with �̂� = 𝐹𝑠𝑢𝑟𝑟(𝑿), where �̂� is an approximation 

of the desired output 𝑦, and 𝑿 is a vector of inputs. The surrogate modelling technique 

has been developed and found applications in many areas - from materials and 

medicine to aerospace engineering. Surrogate modelling has seen a popular surge 
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recently due to the lowering of computational costs and availability of large data sets 

- both being the essential requirements to produce a surrogate model. 

The paper by Viana et al. [52] givens an excellent context to the motivations and the 

evolution of metamodels within the MDO. The surrogate models are best suited to 

approximate functions which are repeatedly evaluated – such as cost functions used in 

an optimisation problem. A detailed literature review of one such optimisation method 

called evolutionary optimisation is presented in the paper by Jin [53]. Toropov et al. 

[54] explores methods of replacing the original large and complex optimisation 

problem by a series of simple mathematical programming problems such that each 

iteration is a local approximation called multipoint approximation. The multipoint 

approximation uses blending functions to combine multiple local approximations to 

be used in the metamodeling. The paper by Mack et al. [55] provides a framework to 

solve a multi-objective optimisation problem using surrogates based on genetic 

algorithms. The surrogate model is used for supporting global sensitivity evaluations 

and exploring previously unknown design space. This leads to substantial performance 

improvement of the test case of a propulsion system and to reveal important physics 

of the design. 

There are many strategies to build surrogates. Some are better suited than others 

depending upon the type of data and input variables used. Some of the popular 

methods to build surrogates are kriging, radial basis function (RBF), POD, Eigenvalue 

decomposition and artificial neural networks. The two main areas in aerospace where 

the surrogates are popularly used are in aerodynamic analysis and in the exploratory 

phase of the conceptual design of aircraft.  

For example, the surrogate model based on kriging used for the component design of 

the Airbus landing gear door is presented by Viúdez-Moreiras et al. [56]. Mortished 

et al. [57] presents the aircraft wing optimisation using improved kriging functions. 

This surrogate aims to replace multiple wind tunnel testing by exploring the design 

space before planning an expensive testing campaign. There is a considerable research 

interest in reduced order models of the CFD codes that simulate aircraft airflows. 
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Figure 1.27: Different aircraft configurations explored in the conceptual design 

space using surrogate modelling 

The paper by Scharl et al. [58] presents building parametric surrogate models during 

the conceptual design stage, as shown in Figure 1.27. The paper by Pagliuca et al.  [59] 

develops a surrogate modelling framework for a wing planform MDO design, using 

model-based engineering that include mass estimation along with aerodynamic 

performance evaluation. The framework explores a novel method to automatically 

switch between physics-based and surrogate based solution to improve the accuracy 

of the aerodynamic result. 

From the loads perspective, the paper by Tartaruga et al. [22] looks at quantifying the 

effects of uncertainties in predicting the time bound integrated loads acting over the 

wing in gust conditions using an SVD based method combined with surrogate model 

techniques. The paper by Fournier et al. [60] looks at identifying the critical load cases 

in the preliminary design by using a greedy algorithm on a large pre-existing database. 

A discussion on accounting for the uncertainties involved in the design process for 

predicting the loads is examined in the paper Fournier et al. [61]. 



 

Introduction 

 40 

 

To improve the lack of communication between the loads and the stress departments, 

the paper by Nazzeri et al. [20] looks at down-selecting critical load cases based on 

RFs that are derived using an artificial neural network surrogate, as shown in Figure 

1.28. The paper also presents an excellent summary of the loads-stress problem. 

Another paper by Nazzeri  [62] takes another step closer at bridging the gap between 

the two processes by building surrogates to compute the sensitivities of manoeuvre 

load alleviation function (MLA) input parameters to the buckling RF. With input from 

structural sensitivities, the MLA functions can be tuned with the guidance of the stress 

responses. 

 

Figure 1.28: Use of structural surrogate for loads down-selection 

There have been many promising work by Grihon, where surrogates are developed to 

model the stability constraints of the stiffened panels, see [28, 63]. These surrogates 

also consider the behaviour of more complex composite materials (including the layup 

orientations and sequences) with an aim to reduce the costly evaluations of the 

structural analysis tools. The paper by Burnaev et al. [64] presents one such surrogate 
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used in a stiffened panel optimisation problem. Another paper by Grihon et al. [65] 

gives a comparison of two different surrogates for modelling the buckling problem. 

One of the methods explores grouping of many local surrogates to represent the 

discontinuous non-linear functions. Such surrogate models outperformed pre-existing 

simple approximations of the buckling model. This ability of the surrogate models to 

approximate complex nonlinear functions quickly along with its flexibility to handle 

uncertain data are the main reason for its popular usage in design space exploration 

and optimisation. 

However, there are many limitations of using surrogates in the design process. Even 

though the mathematics behind surrogates have been long studied, its large-scale 

implementations within such engineering frameworks are relatively new and yet to be 

further researched. The paper by Colson [66] gives an excellent comparison between 

different surrogates with a reference classical industry approach for the optimisation 

of a stiffened panel. For the test problems considered in the paper, the classical 

approach of using finite differences is still competitive as the surrogate-based models 

require more iterations due to the error present in the approximation. Nevertheless, the 

author concludes that as the complexity of the finite element model increases, the 

surrogates will be more useful. 

Another drawback is in interpretation of what these models represent. Complex 

surrogates (ones based on Neural networks etc.) can only be treated as a black box, as 

it is quite difficult for the engineer to completely understand the reason or the physics 

behind the model output. Having such insights would be useful to understand the 

system better. Then there is also the cost of building or training the surrogates. 

Surrogates of complex models require many data samples and depending on the 

surrogate approach, will require significant computational resources. Many surrogates 

are only accurate in the design space that they are trained within. The models can be 

relatively useless outside this domain – or may need more training samples, or a new 

model would need to be built altogether.  
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1.8 An alternative approach - Characteristic loads and Performance 

envelopes 

Preceding research at Queen’s University Belfast has aimed to address the gaps with 

the current aircraft design process by providing an alternative physics-based approach. 

This section briefly presents the context of the work. 

1.8.1 History of development at Queen’s 

The thesis by McGuinness initially developed the basic idea of characteristic loads. It 

is defined as a set of load cases that can be linearly combined to reconstruct a much 

larger set of loads. This is similar to eigen mode shapes for the frequency response 

analysis, as shown in Figure 1.29, see McGuinness [23]. In his research, many 

different methods to identify the characteristic load cases were explored, out of which 

an approach based on Singular Value Decomposition (SVD) was deemed the most 

appropriate for complex aircraft loads.  

 

Figure 1.29: Superposition of Eigen modes for frequency response 

The research into characteristic loads led to two major bodies of work. Firstly, it paved 

the way for new thinking on complex aircraft loads. It demonstrated that hundreds of 

thousands of complex aircraft loads could be approximated by a relatively small 

number of characteristic loads - depending upon the complexity of the design.  

The second major area was the definition of performance envelopes in the 

characteristic load space. Based on the findings of the characteristic loads, it was 
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possible to represent loads acting on the structure in a reduced dimensional 

‘characteristic’ space. By mapping the structural constraints to this characteristic load 

space, it was then possible to quickly compare the loads on the structure with the 

structural constraints. Figure 1.30 shows a simple 2-dimensional load space mapping 

the structural constraints, see McGuinness [23]. The coloured lines represent the 

structural constraints, and the dashed black line represents the performance envelope. 

This concept forms the foundation for identifying the critical loads and constraints of 

the structure.  

 

Figure 1.30: A simple 2-dimensional performance envelope in 𝑳𝟏, 𝑳𝟐 

characteristic load space 

Work by Dharmasaroja [67] further expanded upon these concepts. The Frobenius 

norm error-based selection of characteristic loads was introduced. This led to 

computing the error of approximation that resulted from selecting a few characteristic 

loads to represent all the load cases. The Frobenius norm error also resulted in a 

strategy to handle additional load cases that were added later to the design. 

The second body of work examined the idea of the performance envelope. An 

approach was developed to build performance envelopes for realistic industrial cases 

Performance  Enve lope
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based on mesh generation and surface modelling. Further experiments were carried 

out to improve the technique, such as scaling of the characteristic load space to 

improve construction. An envelope-based approach to compute the RF called Fast RF 

was introduced. This method led to computing RF of critical constraints accurately for 

hundreds of load cases within a fraction of a second. These concepts were 

demonstrated using a stiffened panel in a wing cover.  

1.8.2 Impact on the aircraft design process 

Firstly, as mentioned in the preceding section, the identification of characteristic loads 

proved that the complex loading states typically generated in the load department, can 

indeed be represented as a combination of a smaller number of characteristic loads. 

The performance envelope on the other hand, identify the load bearing capacity of the 

structure and is an excellent example of the interface between the load and the 

structure department. Robust implementations of envelopes in the aircraft design 

process can benefit both the load and structure department.  

From the load development’s perspective, the envelope offers a window into the 

complex structural response of the airframe. Indeed, if the envelopes are constructed 

using a detailed analysis tool, the load department can access the detailed sizing 

aspects, leading to a much better understanding on the impact of loads on the 

downstream activities - aiding the load optimisation process. 

On the structure's front, the envelopes can offer multiple benefits to the airframe sizing 

activities. The envelopes can be used for reducing the sizing optimisation problem by 

identifying the critical loads and constraints. They are much more useful for quickly 

computing the sensitivities that are vital for the optimisation process.  

However, there are still many questions that need to be answered before characteristic 

loads and performance envelopes can see a complete implementation in the design of 

an actual aircraft. 
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1.9  Motivations for research 

Several gaps in the development of characteristic loads and performance envelopes 

have been identified, and the current section summarises them. 

1.9.1 Characteristic loads 

The characteristic loads have been developed for a large set of external load cases 

comprising of flight and ground loads. The error quantification using the Frobenius 

norm allows selecting the number of characteristic loads required for a good 

reconstruction of the initial load array. The preceding work has analysed this aspect in 

detail with the internal characteristic loads of on the wing cover. The study of internal 

characteristic loads on more complex structures such as a rib bay of the aircraft wing 

would be interesting. 

The addition of newer load cases to an existing set of loads has been explored for both 

the external loads as well as internal loads (for a stiffened panel). However, local loads 

such as mechanical (actuators) or thermal loads may be added to the existing internal 

loads routinely during the sizing process. The impact of this process on the 

characteristic loads and the structure needs to be explored. 

1.9.2 Performance envelopes 

The concept of performance envelope has evolved significantly from being introduced 

as an alternative approach to identifying non-redundant constraints. The previous 

research has done extensive work on building performance envelopes for a realistic 

industrial case. It has also explored various ways to build the envelope more robustly. 

However, there are several areas of work which need to be developed to make 

performance envelope a useful solution for preliminary sizing operations in the 

aerospace industry.  

The previous work has an assumption that the envelopes are built-in 3-dimensions. 

Though 3-dimensions provide good visualisation for the engineer about the critical 
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load cases and its location relative to the envelope, a more complex structure will have 

its performance envelopes defined in more than 3-dimensions. Building envelopes in 

higher dimensions require a more significant up-front computational cost. Therefore, 

there is a need to improve the costs of building the envelopes. 

The envelopes are a function of both the loads as well as the structure that it is based 

upon. However, during the optimisation process, both loads and the structure may 

vary. This means that the envelope built will no longer be accurate in the next 

iterations. A robust strategy must be explored on updating the envelopes due to design 

changes. 

Identifying non-redundant constraints using the idea of the envelope was demonstrated 

using a simple beam box model. This technique is a topic of great interest to the 

structures department to vastly reduce the size of the optimisation problem presented 

in the preliminary sizing process. Therefore, the identification of critical binding 

constraints, as well as the critical load cases, must be industrially validated. There is a 

need for a strategy for handling how the different constraints need to be tracked as the 

design and the envelope evolve during the optimisation of the structure.  

Lastly, the previous work hinted on the use of characteristic loads and performance 

envelopes to compute the implicit part of the sensitivity chain described in Eq. 1.6. 

The use of characteristic loads to compute the matrix 
𝑑𝑁

𝑑𝑥
 is relatively straightforward. 

However, the term 
𝜕𝑅𝐹

𝜕𝑁
 is expensive to compute using finite difference. Computing the 

sensitivity economically will provide a large value for the preliminary sizing process. 

Therefore, this must be investigated further and validated. 

1.10 Thesis objectives 

The main aim of this research is to further develop upon characteristic loads and 

performance envelopes with a focus on aiding the preliminary sizing process of 

aircraft.  
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Therefore, the principal objectives of the work are to –  

1. Investigate the characteristic loads approach on complex aircraft structural 

sections and loadings. 

2. Develop robust methods for building n-dimensional performance envelopes 

and recommendations on updating envelopes as a result of design changes.  

3. Validate load and constraint down-selection using performance envelopes on 

the XRF1 wing. 

4. Investigate and develop a performance envelope-based approach to compute 

sensitivities of structural constraints to internal loads.  

Figure 1.31 provides an overall view of the development of the research at Queen’s 

and the current objectives compared to the previous research work. 

 

Figure 1.31: Development of work 

1.11 Thesis overview 

The thesis is composed of eight chapters with the current Chapter 1, introducing the 

concepts of aircraft structural design and highlighting the challenges. It establishes the 

motivations and objectives for the current work. 
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Chapter 2 introduces a simple analytical problem that demonstrates the concepts of 

characteristic loads and performance envelopes in an intuitive manner. The other 

major concepts of the work are initially discussed using the simple problem before 

moving on to a realistic industrial case. 

Chapter 3 expands on the current state of the art of characteristic loads in terms of both 

increasing the complexity of geometry and loads. The chapter presents the findings in 

context of a wing section (a rib bay) composed of ribs, top and bottom 

covers. Experiments with additional load types - such as thermal loads to already 

existing mechanical loads on a structure are discussed. The insights gained from this 

study establishes the need for constructing performance envelopes more economically.  

Chapter 4 presents a discussion on novel techniques to build performance envelopes 

more efficiently and a comparison in terms of computational costs with the previous 

methods. Investigations to recommend ways to update the envelopes due to change in 

design is presented. A technique for tracking the most critical structural constraints 

using envelopes is examined.  

Chapter 5 is a report on the industrial placement with Airbus UK to demonstrate the 

industrialisation capability of characteristic loads and performance envelopes.  A 

review of the preliminary sizing process within Airbus using the advanced composite 

optimiser (ACO) is presented while highlighting some of the industrial challenges and 

needs. The implemented workflow to build an industrial scale performance envelopes 

database is presented. The concept of constraint and load case down-selection is 

validated for stiffened panels. The chapter also introduces a lightweight stress tool 

based on the performance envelope for the XRF1 wing covers. The tool provides an 

alternative capability for researchers to compute the critical structural RF to a variety 

of load cases, without the need for direct access to the protected industrial tools or 

large mainframe computers. Discussion on the application of the lightweight stress 

tool for the load development activity using several simple examples is presented. 
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Chapter 6 presents a discussion on the challenges in computing the RF gradients or 

sensitivities. An alternative method to compute the gradients using the performance 

envelope is examined. This approach aims to reduce the computational costs 

associated with computing the gradients with a trade-off in the accuracy. Such an 

approach is especially useful when the number of structural elements and loads are 

significant. The advantages and limitations of the methods are discussed.  

This is followed by the conclusion on the overall thesis in Chapter 7 and future work 

in Chapter 8. 



 

Chapter 2  

Compound Bar Assembly 

2.1 Introduction 

The primary motivation behind this chapter is to introduce the reader to the concepts 

of characteristic loads and performance envelopes using an insightful yet 

straightforward problem of a compound bar assembly. 

Though the previous works by McGuinness and Dharmasaroja have examined 

characteristic loads and performance envelopes using a real-world aircraft level 

example, there are many advantages of using the compound bar assembly example. 

The rationale for choosing it is -  

• The assembly problem being simple provides a strong intuitive understanding 

of the concepts. 

• Complete control over the entire process - from loads generation to structural 

and geometric definitions.  

• The performance envelope of the assembly problem is represented in 2-

dimensional space which is better for visualisation. 

• Structural constraints have analytical equations as opposed to many black-box 

solutions typically found with the aircraft level example. 

• Additional study of pre-stressed structure is carried out which includes 

additional load types such as thermal or gravitational loads.  The simple 

assembly enables the behaviour and benefits of characteristic loads and 

performance envelopes to be studied under these loads.  

Efforts have been made throughout the chapter to draw parallels between a generic 

aircraft design process and the compound bar assembly problem. The terminologies 

introduced in this chapter are used in the aircraft level examples later in the thesis as 
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well. The remainder of this thesis will use the assembly example initially when new 

concepts are introduced. It is then followed by a more realistic model - such as a 

stiffened panel of an aircraft wing top cover. The reader is encouraged to refer to this 

example problem.  

2.2 Compound Bar Assembly 

The compound bar assembly consists of two elements, a hollow tube, and a solid bar, 

as shown in Figure 2.1. The tube and the bar are made up of Aluminium 6061-O [68]  

and ASTM A36 Steel [69] respectively. The assembly is clamped at the bottom, and 

the free end is constrained such that both the bar and the tube have equal longitudinal 

deformations (strains) upon loading. The assembly follows the assumptions of the 

Euler-Bernoulli beam, i.e. a cross-sectional plane in the assembly will remain plane 

during deformation, see textbook by Benham et al. [70] for further reading. An axial 

force 𝐹 and a bending moment 𝑀 is applied at the neutral axis.  

Later, thermal loads are introduced as a change in the temperature from the assembly 

temperature. This situation replicates a more generic case of non-zero loading 

conditions (e.g. loading due to residual stress from manufacturing and stationary 

gravity loads) often seen within aircraft design. 
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Figure 2.1: Compound bar assembly. 

Table 2.1 gives the dimensions of the compound bar assembly along with other 

material properties of both the elements. Terms 𝜎𝑡
𝑡𝑒𝑛and  𝜎𝑡

𝑐𝑜𝑚𝑝
 are the yield stress of 

the tube in tension and compression, respectively. 𝜎𝑏
𝑡𝑒𝑛 and 𝜎𝑏

𝑐𝑜𝑚𝑝
 are the yield stress 

of the bar in tension and compression, respectively. Terms 𝐸𝑡 and 𝐸𝑏 are the Young’s 

modulus of tube and bar and 𝛼𝑡 and 𝛼𝑏 are the thermal coefficients. 

Attribute Value Units 

x1 0.2 m 

x2 0.18 m 

x3 0.11 m 

𝜎𝑡
𝑡𝑒𝑛 55.2  MPa 

𝜎𝑡
𝑐𝑜𝑚𝑝

 103 MPa 

𝐸𝑡 70 GPa 

𝜎𝑏
𝑡𝑒𝑛𝑠 250 MPa 

𝜎𝑏
𝑐𝑜𝑚𝑝

 152 MPa 
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2.3 Load case 

In aircraft design, a single load case is composed of various instances of loads (such 

as shear, torque or bending moment etc.) acting on the structure. The structure is then 

sized using a static analysis approach. A dynamic case such as an aircraft making a 

turn (manoeuvring loads) is analysed as a pseudo-static load by discretising the 

continuous loads acting on the structure into small time intervals and treating each 

time instance as a separate load case. This approach is a standard industry practice. 

Along with the textbook load cases directed by the certification body, the flight loads 

from the manoeuvring and the gust cases can result in hundreds or thousands of load 

cases for which the aircraft structure must be assessed. Therefore, the compound bar 

assembly is analysed for one such dynamic load scenario.  

To simulate a dynamic case for the compound bar assembly, a pair of spring-mass-

damper systems are used, as shown in Figure 2.2. With an initial velocity on the mass, 

the spring-mass-damper system will impart a reaction force which is then transferred 

to the assembly. 

𝐸𝑏 230 GPa 

𝛼𝑡 24e-6 /C 

𝛼𝑏 12e-6 /C 

Table 2.1: Properties of the compound bar assembly 
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Figure 2.2: Compound bar assembly with the pair of spring-mass-damper 

systems generating the required forces. 

The first spring-mass-damper system is attached directly to the compound bar 

assembly at the neutral axis. This will impart the axial loading resulting in tension and 

compression within the assembly. The second spring-mass-damper system is attached 

to an arm having infinite stiffness, creating the necessary bending moment on the 

assembly. Since the assembly respects the Euler-Bernoulli beam, the cross-sectional 

plane remains in the same plane, and therefore, the top plane of the assembly remains 

and deforms as a plane. 

This two-system loading is considered to make sure that the bending moment and axial 

force are truly decoupled, i.e. independent of each other. Such an approach makes the 

loads on the assembly problem more interesting for the study. 

The axial force and bending moments generated from the spring-mass-damper system 

are thus referred to as external loads from here on in this document. For the aircraft 

problem, the external loads will correspond to the aerodynamic pressure distribution, 

inertia forces due to the mass, etc. and are usually passed in the SMT format. 



 

Compound Bar Assembly 

 55 

 

The time-series history of external loads generated by the pair of spring-mass-damper 

system for a combination of velocity and mass is given in Figure 2.3. These results 

were generated by solving an ordinary differential equation (ODE) of a spring-mass-

damper system given in Eq. 2.1. The Python odeint Scipy [71] implementation is used 

to solve the ODE 

𝛭
𝑑2𝑥

𝑑𝑡2
+ 𝐶

𝑑𝑥

𝑑𝑡
+  𝐾𝑥 = 0 (2. 1) 

where Μ is the mass, 𝐶 is the damping coefficient, 𝐾 is the stiffness and 𝑥 is the 

displacement. The damping coefficient is calculated as 𝐶 =  𝜉𝐶𝑐 , 𝐶𝑐 is the critical 

damping of the system given by 𝐶𝑐 = 2 √𝐾Μ. The mass and velocity initial conditions 

are given in Table 2.21. 

Property Value Units 

Μ1 1e5 kg 

𝑉1 120 m/s 

𝐾1 5e3 N/m 

𝜉1 0.3  

Μ2 1e5 kg 

𝑉2 110 m/s 

𝐾2 9e3 N/m 

𝜉2 0.5  

arm 0.3 m 

Table 2.2: Properties use  in t e  ynamic mo el  ξ is t e  amping ratio 

 

1 The large magnitudes of the mass and velocities are physically impractically in the real 

world. However, these values provide a good visualisation of the envelope. 
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By considering 𝑚 time intervals, the external forces can be arranged in a matrix form. 

A row of the matrix represents each time step, and the column represents the axial 

force and the bending moment as given in Eq. 2.2. Therefore, matrix 𝑃 which 

represents these external loads is termed as the external load matrix and is of the size 

𝑚 × 2 for the assembly problem. 

𝑃 = [

𝐹1 𝑀1
𝐹2 𝑀2
⋮

𝐹𝑚 𝑀𝑚

] (2. 2) 

  

Figure 2.3: External loads time history, axial force and bending moment 

generated by the pair of spring-mass-damper system 

Each external load case will result in internal loads inside the elements of the 

assembly. These internal loads represent how the external loads are distributed within 

the system (load paths). The load paths within the compound bar assembly are 

computed by solving the equation of the system as given in Eq. 2.3. For example, the 

axial force on the structure will generate an internal axial force in the tube element and 

an internal axial force in the bar element. The matrix 𝛤 gives the load path distribution, 

as shown in Eq. 2.4. Appendix A provides a detailed explanation of calculating 𝛤 

matrix. 
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𝑁 = 𝑃 𝛤 (2.3) 

𝛤 =

[
 
 
 

𝐸𝑡𝐴𝑡
(𝐸𝑡𝐴𝑡 + 𝐸𝑏𝐴𝑏)

0
𝐸𝐵𝐴𝑏

(𝐸𝑡𝐴𝑡 + 𝐸𝑏𝐴𝑏)
0

0
𝐸𝑡𝐼𝑡

𝐸𝑡𝐼𝑡 + 𝐸𝑏𝐼𝑏
0

𝐸𝑏𝐼𝑏
𝐸𝑡𝐼𝑡 + 𝐸𝑏𝐼𝑏]

 
 
 

(2.4) 

All the internal loads of the compound bar assembly problem can be represented as a 

matrix 𝑁, termed as the internal load matrix. The internal load matrix 𝑁 has the rows 

corresponding to the number of load cases and the columns correspond to the different 

loads as shown by Eq. 2.5. 

𝑁 =

[
 
 
 
𝑓1
𝑡 𝑚1

𝑡 𝑓1
𝑏 𝑚1

𝑏

𝑓2
𝑡 𝑚2

𝑡 𝑓2
𝑏 𝑚2

𝑏

⋮
𝑓𝑚
𝑡 𝑚𝑚

𝑡 𝑓𝑚
𝑏 𝑚𝑚

𝑏 ]
 
 
 

(2. 5) 

The terms 𝑓and 𝑚 correspond to the internal axial force and the internal bending 

moment, respectively. The superscripts 𝑡 and 𝑏 correspond to tube and bar. Subscripts 

correspond to the load case number. Figure 2.4 gives the time series history of the 

internal loads generated for the external load matrix.  
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Figure 2.4: Internal loads in the compound bar assembly, produced for a set of 

15 external loads 

2.4 Characteristic loads decomposition 

The characteristic loads are defined as a set of 𝑘 load cases that when linearly 

superimposed can reconstruct a large number of load cases with sufficient accuracy. 

There are many ways to identify such a set of characteristic loads, such as Eigenmodes 

or interpolation functions. Each has its own unique advantages and disadvantages 

when used in the context of the aircraft design process. 

With the availability of the loads data, the characteristic loads based on the SVD 

decomposition will result in identifying the patterns (if it exists within the loads data) 

and this approach is the most accurate and straightforward. Here, the SVD is 

implemented to compute the characteristic loads. 

2.4.1 Singular value decomposition  

The Singular Value Decomposition (SVD) is a popular matrix factorisation technique 

that is used in many different areas including inverting a matrix (pseudo inverse, least 
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square approximation) and image compressions. SVD decomposes a rectangular 

matrix 𝐴 into three component factor matrices as 𝑈, Σ and 𝑉∗ as shown in Eq. 2.6 

𝐴𝑚×𝑛 = 𝑈𝑚×𝑛 Σ𝑛×𝑛 𝑉𝑛×𝑛
∗  (2. 6) 

The 𝑈 and 𝑉∗ matrices represent the row and the column space. The ∗ represents 

conjugate transpose. Since the elements of the load matrix do not contain any complex 

terms, the conjugate transpose is represented by the matrix transpose. The Σ is a non-

negative diagonal matrix with diagonal entries arranged in the order of their magnitude 

𝜎1 ≥ 𝜎2 ≥ ⋯ ≥ 𝜎𝑛 ≥ 0. A detailed explanation of SVD can be found in any linear 

algebra textbook. However, Appendix B.1 gives a graphical interpretation of the SVD 

factorisation and presents an approach to compute the factored matrices. 

Choosing the first 𝑘 dominant singular values, the Eq. 2.6 can be partitioned as Eq. 

2.7, where 𝛴𝑘×𝑘 is first 𝑘 terms in the diagonal matrix 𝛴 and 𝑟 = 𝑛 − 𝑘 is the rest of 

the terms. 

𝐴𝑚×𝑛 = [𝑈𝑚×𝑘 𝑈𝑚×𝑟] [
𝛴𝑘×𝑘 0

0 𝛴𝑟×𝑟
] [
𝑉𝑘×𝑛
𝑇

𝑉𝑟×𝑛
𝑇
] (2. 7) 

The last 𝑟 terms of the diagonal matrix are relatively small compared to the first 𝑘 

terms; then these values can be rejected. The approximate matrix calculated from 

rejecting the 𝑟 terms is shown in Eq. 2.8. 

𝐴𝑘 = 𝑈𝑚×𝑘𝛴𝑘×𝑘 𝑉𝑘×𝑘
𝑇 ≈ 𝐴𝑚×𝑛 (2. 8) 

The above form is the reduced rank approximation of the original matrix 𝐴 and can be 

called as reduced SVD. A discussion of deriving the SVD factor matrices and the 

reduced rank approximation is provided in Appendix B.2. 
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2.4.2 Defining characteristic loads 

The product of factor matrices Σ 𝑉𝑇 is defined as the characteristic loads matrix 𝐿𝑚×𝑛. 

Eq. 2.9 gives the product of Σ𝑉𝑇 partitioned along 𝑘 and 𝑟 terms. 

𝐿𝑚×𝑛 = [
𝛴𝑘×𝑘 0

0 𝛴𝑟×𝑟
] [
𝑉𝑘×𝑛
𝑇

𝑉𝑟×𝑛
𝑇
] (2. 9) 

If the reduced rank approximate matrix is identified for the above equation by rejecting 

the 𝑟 terms, then the reduced characteristic load matrix 𝐿𝑘 is defined as Eq. 2.10.  

𝐿𝑘 = Σ𝑘×𝑘 𝑉𝑘×𝑛
𝑇 (2. 10) 

The characteristic load matrix 𝐿𝑘 will have the same number of columns as the original 

load matrix. However, the number of rows (corresponding to the number of load cases) 

is reduced. With the size of the characteristic matrix being (𝑘 × 𝑛), the original matrix 

of size (𝑚 × 𝑛) has been reduced from 𝑚 load cases to 𝑘 characteristic loads.  

𝐴𝑘 = 𝑈𝑘𝐿𝑘 ≈ 𝐴 (2. 11) 

2.4.3 Error measurement 

The accuracy of the reconstructed matrix 𝐴𝑘 can be measured using the Frobenius 

norm of the matrix as given in the Eq. 2.13. The Frobenius norm is defined as the 

square root of the sum of all the absolute squares of elements in a matrix 𝐴 of size 

(𝑚 × 𝑛), as given in Eq. 2.12.  

‖𝐴‖𝐹 = √∑∑|𝑎𝑖𝑗|
2

𝑛

𝑗=1

𝑚

𝑖=1

  (2. 12) 

The Frobenius norm error is used to decide the number of characteristic loads, 𝑘, 

required to approximate the set of load cases. A detailed discussion on using the 
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Frobenius norm error to quantify the errors in the characteristic load matrix can be 

found in the paper by Dharmasaroja et al. [72] 

ε =
‖𝐴 − 𝐴𝑘‖𝐹 × 100

‖𝐴‖𝐹
(2. 13) 

2.4.4 External characteristic loads 

The external load matrix 𝑃 of the compound bar assembly is created by taking 15 

samples from the loads time history shown in Figure 2.3. Therefore the external loads 

matrix composed of axial force and bending moment is of size 15 × 2. The external 

load matrix is decomposed using SVD to identify the external characteristic load 

matrix as Eq. 2.14. The subscript (𝑃) is used to denote that this belongs to the external 

loads and not to be confused with the internal loads defined in the next section. 

𝑆𝑉𝐷(𝑃) = 𝑈(𝑃)
 𝛴(𝑃)

 𝑉(𝑃)
𝑇  

𝑃𝑘 = 𝑈(𝑃)𝑘
 𝐿(𝑃)𝑘

 ≈ 𝑃
(2. 14) 

Since the assembly problem is simple, the singular value matrix 𝛴(𝑃)
 (2 × 2) contains 

only two singular values in the diagonal. Even without further rank reduction, the 

number of characteristic loads 𝐿(𝑃)𝑘
  needed to reconstruct the external loads 

accurately is identified. The number of characteristic loads identified is equal to two 

(since there are two independent values of momentum Μ1𝑉1 and Μ2𝑉2 applied to the 

system).  

To aid the reader to interpret these matrices, a numerical calculation for a single load 

case from the external load case matrix 𝑃 is presented. The two characteristic loads 

computed using Eq. 2.14 for the particular load case set are 𝐿(𝑃)𝑘
=

 [
−3021.290 𝑘𝑁 −751.855 𝑘𝑁𝑚
−2006.862 𝑘𝑁 499.412 𝑘𝑁𝑚

]. Considering the fourth row of 𝑃 corresponding 

to the fourth load case 𝑃𝐿𝐶4 = [1801.76 𝑘𝑁 22.6 𝑘𝑁𝑚]. The corresponding 

characteristic coefficient is 𝑈(𝑃𝐿𝐶4)𝑘 = [−0.3132 −0.4262]. The dot product of the 
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characteristic coefficient with the characteristic loads yields 𝑃𝑘𝐿𝐶4  
which is 

approximately to 𝑃 (subject to rounding off error) in this example as given in Eq. 2.15. 

𝑃𝑘𝐿𝐶4 = 𝑈(𝑃𝐿𝐶4)𝑘
 𝐿(𝑃)𝑘

 = [1801.59 𝑘𝑁 22.63 𝑘𝑁𝑚] ≈ 𝑃𝐿𝐶4
 

(2. 15) 

A similar reconstruction of the external loads using characteristic loads is performed 

for all the load cases. The reconstructed external load 𝑃𝑘 is compared with the actual 

external load case matrix 𝑃, as shown in Figure 2.5. Since the Frobenius norm error 

between 𝑃𝑘 and 𝑃 is zero, reconstruction is exact. 

  

Figure 2.5: External load time history vs reconstructed loads from external 

characteristic load matrix. Reconstructed loads given by dashed lines 

Note that if both the axial force and bending moment were to be generated by using a 

single spring-mass-damper system at the end of the moment arm, then just one 

characteristic load would have been enough to reconstruct all the load cases. This is 

because the bending moment will be a linear multiple (equal to the arm) of the force 

from the spring-mass-damper system. 
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2.4.5 Internal characteristic loads 

The internal load case matrix 𝑁(15 × 4) is computed for the 15 external load cases 

from Eq. 2.16. The internal load matrix can also be decomposed using SVD to identify 

the set of internal characteristic loads, as shown in Eq. 2.16. The subscript (𝑁) 

indicates that the characteristic loads are for the internal load case set. Therefore, 

𝑈(𝑁)𝑘
 and 𝐿(𝑁)𝑘

 are the characteristic coefficient and characteristic load for the internal 

load matrix 𝑁 respectively.  

𝑆𝑉𝐷(𝑁) = 𝑈(𝑁)
 𝛴(𝑁)

 𝑉(𝑁)
𝑇  

 
𝑁𝑘 = 𝑈(𝑁)𝑘

 𝐿(𝑁)𝑘
 ≈ 𝑁

(2. 16) 

The initial number of singular values identified by 𝛴(𝑁)
  is equal to four, but the last 

two singular values are close to zero and thus can be rejected without a large loss in 

accuracy. The Frobenius norm error for the reduced rank, 𝑘 = 2 is zero. A comparison 

of this error using different ranks are presented in Figure 2.6.  

  

Figure 2.6: Frobenius norm error vs the number of characteristic loads (k), for 

the assembly internal loads 

Using these internal characteristic loads 𝐿(𝑁)𝑘
 , the complete internal load matrix 𝑁 is 

reconstructed, as shown in Figure 2.7. 
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Figure 2.7: Internal loads in the assembly (lines) and reconstructed loads 

represented by the star (*), for k = 2 

An intuitive way to interpret this result is by looking at the relation between the 2 types 

of external load (columns of 𝑃) and 4 types of internal loads (columns of 𝑁) internal 

loads. For example, an axial force will generate an internal load in the tube and the 

bar, which are linearly dependent on each other. The characteristic loads distinguish 

this dependency to recognise a single load pattern which can be used to create both 

the cases (in tube and bar). In other words, if the assembly had 𝑛 structural loadbearing 

elements instead of two (bar and tube), all the loading states of the system could still 

be represented in the characteristic load space of 2 dimensions (axial load and bending 

moment) instead of 2𝑛 dimensions. This is because the internal loads of the system 

will be a factor (dependent upon the stiffness of each element) of the two external 

loads. 

2.4.5.1 Internal characteristic load from external characteristic load matrix 

The above-discussed concepts can be applied at different levels and scales as well. 

The internal characteristic load matrix 𝐿(𝑁)𝑘
  can be computed using the external 

characteristic load 𝐿𝑘
𝑃 . The internal load path for the two external characteristic 𝐿(𝑃)𝑘

  

is given by 𝑁𝐿(𝑃)𝑘
  and is computed as in Eq. 2.17 
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𝑁𝐿(𝑃)𝑘
 = 𝐿(𝑃)𝑘

  Γ (2. 17) 

Now the matrix 𝑁𝐿(𝑃)𝑘
 can be decomposed to identify the internal characteristic loads 

as Eq. 2.18 

𝑆𝑉𝐷(𝑁𝐿(𝑃)𝑘
 ) = 𝑈(𝑁)𝑘

 𝐿(𝑁)𝑘
 (2. 18) 

where 𝑈(𝑁)𝑘
 and 𝐿(𝑁)𝑘

 are the characteristic coefficient and characteristic load for the 

internal load matrix 𝑁 respectively. Now the final internal load matrix is given as in 

Eq. 2.19 

𝑁𝑘 = 𝑈(𝑃)𝑘
 𝑈(𝑁)𝑘

 𝐿(𝑁)𝑘
 ≈ 𝑁 (2. 19) 

In conclusion, the characteristic loads reduce the original load cases to a smaller set 

by identifying the patterns in the original load case. In the example, the original 

internal load case set 𝑁 of dimension (15 × 4) is effectively reduced to two 

characteristic loads 𝐿(𝑁)𝑘
  of size (2 × 4) and a set of internal characteristic 

coefficients 𝑈(𝑁)𝑘
 .  

2.5 Performance envelopes 

The characteristic loads described above also serve another important purpose. By the 

property of the SVD decomposition, each row of the characteristic load matrix is 

orthonormal to every other row. Since the linear superposition of the characteristic 

loads recreates a load case (depending upon the characteristic coefficients), the 

characteristic loads can thus be used as the basis vectors of a new reduced space. This 

idea is the key enabler for the next topic of performance envelopes. 

An interpretation of the characteristic load matrix is of a transformation matrix which 

maps loads from a higher dimensional actual load space (e.g. four dimensions of 

internal loads space) to a lower-dimensional characteristic load space (two 

dimensions).  
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The above idea of the characteristic load matrix being a transformation matrix can be 

used to map all loads acting on the structure to the characteristic load space. Therefore, 

it is also possible to find a combination of critical loads under which the structure fails. 

The region in the characteristic loads space wherein which the structure is safe is 

defined as the performance envelopes. The following section details the construction 

of a performance envelope for the compound bar assembly. 

2.5.1 Failure modes of the compound bar assembly 

The compound bar experiences failure when internal stress in the individual elements 

exceed the yield stress of the particular material, as given in Eq. 2.20. 

𝜎𝑡𝑢𝑏𝑒
𝑐𝑜𝑚𝑝 ≤ 𝜎𝑡𝑢𝑏𝑒

𝑦=𝑥1
≤ 𝜎𝑡𝑢𝑏𝑒

𝑡𝑒𝑛𝑠𝑖𝑜𝑛

𝜎𝑏𝑎𝑟
𝑐𝑜𝑚𝑝 ≤ 𝜎𝑏𝑎𝑟

𝑦=𝑥3
≤ 𝜎𝑏𝑎𝑟

𝑡𝑒𝑛𝑠𝑖𝑜𝑛

𝜎𝑡𝑢𝑏𝑒
𝑐𝑜𝑚𝑝 ≤ 𝜎𝑡𝑢𝑏𝑒

𝑦=−𝑥1
≤ 𝜎𝑡𝑢𝑏𝑒

𝑡𝑒𝑛𝑠𝑖𝑜𝑛

𝜎𝑏𝑎𝑟
𝑐𝑜𝑚𝑝 ≤ 𝜎𝑏𝑎𝑟

𝑦=−𝑥3
≤ 𝜎𝑏𝑎𝑟

𝑡𝑒𝑛𝑠𝑖𝑜𝑛

(2. 20) 

The assembly problem thus has eight different failure modes and the detailed 

calculation of the elemental stress (𝜎𝑡𝑢𝑏𝑒 , 𝜎𝑏𝑎𝑟) is presented in Appendix A. The 

superscript 𝑦 refers to the maximum distance of the tube from the neutral axis. Since 

the bending moment is applied in both directions (depending upon the load case), the 

compound bar assembly can fail either side of the neutral axis. 

Eq. 2.20 can thus be represented as inequality constraints as given in Eq. 2.21. 
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[
 
 
 
 
 
 
 
 
 
 
 𝜎𝑡𝑢𝑏𝑒

𝑦=𝑥1

−𝜎𝑡𝑢𝑏𝑒
𝑦=𝑥1

𝜎𝑏𝑎𝑟
𝑦=𝑥3

−𝜎𝑏𝑎𝑟
𝑦=𝑥3

 

𝜎𝑡𝑢𝑏𝑒
𝑦=−𝑥1

−𝜎𝑡𝑢𝑏𝑒
𝑦=−𝑥1

 

𝜎𝑏𝑎𝑟
𝑦=−𝑥3

−𝜎𝑏𝑎𝑟
𝑦=−𝑥3

]
 
 
 
 
 
 
 
 
 
 
 

 ≤

[
 
 
 
 
 
 
 
 
 
 
 
𝜎𝑡𝑢𝑏𝑒
𝑡𝑒𝑛

𝜎𝑡𝑢𝑏𝑒
𝑐𝑜𝑚𝑝

𝜎𝑏𝑎𝑟
𝑡𝑒𝑛

𝜎𝑏𝑎𝑟
𝑐𝑜𝑚𝑝 

𝜎𝑡𝑢𝑏𝑒
𝑡𝑒𝑛

𝜎𝑡𝑢𝑏𝑒
𝑐𝑜𝑚𝑝 

𝜎𝑏𝑎𝑟
𝑡𝑒𝑛

𝜎𝑏𝑎𝑟
𝑐𝑜𝑚𝑝

]
 
 
 
 
 
 
 
 
 
 
 

(2. 21) 

The RF vector is given by Eq. 2.22 

𝑹𝑭 =

[
 
 
 
 
 
 
 
 
 
 
 
𝑅𝐹1

𝑅𝐹2

𝑅𝐹3

𝑅𝐹4 

𝑅𝐹5

𝑅𝐹6 

𝑅𝐹7

𝑅𝐹8 ]
 
 
 
 
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
 
 
 
 
𝑅𝐹𝑡

𝑡𝑒𝑛

𝑅𝐹𝑡
𝑐𝑜𝑚

𝑅𝐹𝑏
𝑡𝑒𝑛

𝑅𝐹𝑏
𝑐𝑜𝑚 

𝑅𝐹𝑡
𝑡𝑒𝑛,−𝑦

𝑅𝐹𝑡
𝑐𝑜𝑚,−𝑦

 

𝑅𝐹𝑏
𝑡𝑒𝑛,−𝑦

𝑅𝐹𝑏
𝑐𝑜𝑚,−𝑦

]
 
 
 
 
 
 
 
 
 
 
 

(2. 22) 

In the above Eq. 2.22, the individual RFs correspond to the eight failure modes. For 

example, 𝑅𝐹1 corresponds to the failure of the tube in tension. The superscript −𝑦 

represents the failure at the left-hand side of the neutral axis of the structure shown in 

Figure 2.1. 

2.5.2 Identifying the performance envelope 

Consider a point in a 2-dimensional characteristic load space given by 𝑈𝑚 = [𝑈1, 𝑈2]. 

This can be transformed to a point in internal load space 𝑁𝑚 using Eq. 2.23. 

𝑁𝑚 = 𝑈𝑚𝐿𝑘 (2. 23) 
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Using this for all failure modes (i.e. vector RF), it is now possible to map a set of load 

cases for which 𝑅𝐹 = 1 in characteristic load space, as shown in Figure 2.8. 

The plot describes all the structural constraints of the assembly mapped on to the 

characteristic load space. Each line represents the combination of characteristic loads 

for which the corresponding RF is equal to one, i.e. the corresponding RF is about to 

be critical. For example, the solid red line describes the failure of the tube in tension 

at 𝑦 =  +
𝑑

2
 whereas the dashed magenta represents the failure of the bar in 

compression at 𝑦 =  −
𝑑

2
 and 𝑑 = 2𝑥1 

The region around the origin is marked by a black line, as shown in Figure 2.9, and 

this region represents the performance envelope of the structure. Any characteristic 

coefficient 𝑈𝑚 = [𝑈1, 𝑈2] on the envelope is a combination of loads (𝑈1𝐿1 + 𝑈2𝐿2) 

for which 𝑅𝐹 = 1. Note that the constraints need to be convex to identify the 

performance envelope. 

  

Figure 2.8: All eight failure modes of the compound bar assembly mapped into 

characteristic load space. The dotted lines represent a failure on the negative 

side of the neutral axis 
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Figure 2.9: Performance envelope (in black) marked along with constraints in 

characteristic loads space 

It is to be noted that the performance envelope identifies all the non-redundant 

constraints of the structure. For example, the green lines represent the failure of the 

tube in compression are not a part of the envelope and thus are never critical, i.e. the 

structure would have failed for a different failure mode before this failure ever 

becomes critical. Such constraints, if sufficiently far away from the envelope, can be 

ignored during structural sizing and optimisation. More discussion on this concept is 

presented in chapter 5.  

From the above discussion, the performance envelope can be defined as a region 

around the origin of the characteristic loads space, which is bounded by all the non-

redundant constraints. It essentially describes the load-bearing capacity of the 

structure.  

2.5.3 Faceted approximation of envelopes 

Complicated or unconventional structures may not have a direct analytical expression 

representing the failure of the system, unlike the compound bar assembly. In many 

industrial design cases, there may be a ‘black bo ’ approach to calculate failure which 
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might include semi-empirical equations and rules such as the tools discussed in section 

1.5.1 

Building a performance envelope for such a problem will require a different technique. 

The original envelope can be approximated by using a number of facets, as shown in 

Figure 2.10. The facets are identified using a point cloud based meshing routine in a 

spherical coordinate system.  

This method involves two steps. The first step is a root finding step and solves for an 

equation to identify a point in the characteristic load space. The solved point results in 

a combination of characteristic loads that results in one of the reserve factors 𝑅𝐹 = 1. 

The second step is a process to refine the mesh of the point cloud by adding points 

where they are needed to better define the critical surface of the performance envelope. 

This step decides the direction for which the root-finding needs to be carried out. The 

strategy of mesh refinement is presented in the subsequent section. Repeating the two 

steps results in a mesh of points in the characteristic load space and a convex hull [73] 

of these points will generate the required performance envelope. The convex hull for 

a set of points is defined as a convex closure that can contain all the points. An intuitive 

convex hull shape maybe visualised as a rubber band stretched around a set of nails 

on a board.  

An iterative loop between the two steps is repeated until an appropriate number of 

points to approximate the actual performance envelope with a given fidelity. The 

fidelity of the approximate envelope is controlled by the mesh refinement algorithm, 

which is regulated by a defined RF tolerance 𝜖𝑅𝐹. A detailed discussion of both 

processes along with the novel improvements to the strategy is presented in Chapter 

4. 



 

Compound Bar Assembly 

 71 

 

 

Figure 2.10: Performance envelope of the compound bar assembly in black 

along with a faceted approximate envelope in blue 

2.6 Fast RF estimation 

Fast Reserve Factor or Fast RF is a technique used to compute estimated RF values in 

a situation where the design is fixed but the load cases are updated [74].  This is 

typically the case in the period before aircraft certification when flight test 

measurements are used to make updates to the defined load cases.  New RF values are 

based on the pre-certification RF results – essentially a performance envelope – and 

the updated load cases. In this thesis, the Fast RF is defined more generally as a 

technique to estimate the critical RF for a given load case from a performance 

envelope, and thereby enables the method to be used also for load case down selection 

at earlier design phases and for structural sensitivity computations, Chapter 6.  

As defined in Eq. 1.1. the RF is the ratio of the allowable to the actual. In the 

characteristic loads space, the actual value of a load case is equal to the magnitude of 

the loads vector, and the allowable or the limiting value is equal to the intersection of 

the loads vector with the facet of the performance envelope as shown in Figure 2.11 
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Figure 2.11: Fast RF method on a 2-dimensional performance envelope 

The allowable magnitude in Eq. 2.24,   𝑟𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 for an arbitrary load case is 

calculated by a simple Ray-vector intersection. 

𝑅𝐹 =
𝑟𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒
𝑟𝑎𝑐𝑡𝑢𝑎𝑙

 (2. 24) 

For the set of 15 load cases, the RF are computed via the Fast RF method and are 

compared with a set of reference values. The reference values are obtained by solving 

the analytical constraints given in Eq. 2.22. 

Figure 2.12 shows the scatter plot of the reciprocal of RF obtained from the Fast RF 

method to the analytical methods. The inverse of the RF is chosen because any load 

case of significant interest will have an RF close to or less than one. By taking the 

reciprocal, all the cases with large RF are grouped at the origin that can be ignored.  

The results from the Fast RF estimated from the envelopes are in exceptionally good 

agreement with the reference values. 
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Figure 2.12: Scatter plot of inverse of RF, Fast RF vs reference values. Red line 

defines the line of equality 

2.7 Summary 

The chapter introduces a simple compound bar assembly problem. The assembly 

problem is used to give a generic explanation and demonstrate the concepts of 

characteristic loads, performance envelopes and Fast RF methods.  

The four internal loads in the assembly are captured by two characteristic loads. These 

characteristic loads are used as basis vectors to define the characteristic loads space. 

The eight failure constraints of the assembly are mapped in the characteristic load 

space. This allows for the definition of performance envelopes. The method to 

approximately build performance envelope for a black box structural failure tool is 

discussed.

 



 

Chapter 3  

Characteristic Loads 

3.1 Introduction 

An introduction to the aircraft load development process has been made in section 1.2. 

The concept of characteristic loads establish that the aircraft level loading can be 

represented using a smaller set of linearly independent load case, as discussed on a 

simple case in section 2.4 

The characteristic loads approach can be applied over different aircraft levels (external 

load and internal load level) as discussed in section 2.4.5. The preceding studies have 

examined the complete wing component using external SMT loads. In a part level, the 

studies have been made on stiffened panels of the wing top cover, see Dharmasaroja 

[72]. It has since been established that three characteristic loads are sufficient to 

represent the internal loading states of a stiffened panel (refer to section 4.2.3.1 for 

further discussions) 

Departing from the existing body of work, this chapter aims to present two 

investigations of the characteristic loads. The first experiment uses the XRF1 aircraft 

GFEM to study the internal loads of complex structure. This experiment uses the 

similar structural elements (stiffened panels) and loadings to the previous study while 

being arranged differently to form the aircraft wing rib bay. The second experiment 

examines the effect of increasing complexity of the loads on an existing structure. The 

complexity is increased by imposing additional mechanical loads on the compound 

bar assembly problem. 

These two experiments further investigate the concept of the characteristic loads to be 

used in a more general analysis environment (such as a different structure or 

integrating downstream analysis). The study establishes the need of higher number of 
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characteristic loads to define the loading state of the system with acceptable accuracy. 

Since number of characteristic loads has a direct impact on the cost and feasibility of 

building performance envelopes, it is of importance to understand the nature of 

characteristic loads better. 

3.1.1 Chapter outline 

Section 3.2 introduces the XRF1 aircraft model and the set of external loads SMT 

loads. The model and the loads data are used throughout the study. 

Section 3.3 presents the analysis of the internal loads within a wing section. Section 

3.4 presents a study of additional loads on the compound bar assembly problem. 

Section 3.5 presents a summary and discussions of the chapter. 

3.2 XRF1 GFEM structural model 

In order to demonstrate and validate the concepts introduced in this research, an 

industrial case is considered. The eXternal Research Forum (XRF1) is a research 

configuration of a pre-existing long-range wide-body aircraft (similar to the A330 

series of aircraft) developed by Airbus. The XRF1 GFEM models the entire aircraft 

using shells and bar elements, as shown in Figure 3.1. 
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Figure 3.1: Airbus research XRF1 Global Finite Element Model (GFEM) 

The current study focuses on the design of the wing loads, and therefore the wing 

component is isolated from the fuselage. The wing is modelled as a cantilever beam 

with appropriate boundary conditions at the root where the wing attaches to the central 

wing box. This is a standard industry practice. The main load bearing structure of the 

wing is the wing box. The wing box is defined by the top and bottom covers along 

with the front and rear spars. The rib structure connects both the covers with the front 

and rear spar. 

Figure 3.2 shows the left wing of the XRF1 and the internal section showing the ribs 

running chord wise (front to rear spar). The external loads are applied on the GFEM 

at loading nodes along the span (root to tip) of the wing located at each rib station. The 

loading node redistributes the forces to the structure through rigid elements (RBE3 

elements) shown in pink. Each of the loading nodes with the corresponding top and 

bottom covers, and front and rear spar can be termed as a loading station 
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Figure 3.2: XRF1 left wing, showing the internal ribs and the rigid elements in 

pink for load distribution 

3.2.1 External loads 

274 integrated Shear-Moment-Torque (SMT) load cases have been made available for 

the study. This load case data set consist of a combination of flight and ground 

manoeuvres cases. The magnitudes of the load cases have been modified2 , and the 

load case names have not been disclosed to protect the sensitive project information. 

Therefore, it is not possible to directly correlate the forces (SMT loads) with a 

particular case that generated it. However, the overall shape of the load case remains 

the same and does not hamper the current study. 

 

2 The load cases have been generated using the smaller A320 aircraft loads model. 
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Figure 3.3 gives the scaled magnitudes of the 274 load cases along the 27 stations of 

the XRF1 wing. The standard sign conventions are applied to the SMT loads. The 

positive x-axis points in the direction of the aircraft nose, and the y-axis is in the 

direction of the wing, positive going from root to tip. 

Though no label to each load case is available, by simple observations of the 

magnitudes of the SMT and its corresponding location along the wing, some of them 

can be guessed. For example, stations 6-9 which are over the pylon and the landing 

gear attachment points see a significant change in the magnitudes suggesting landing 

and critical engine loads. 

 

Figure 3.3: Scaled integrated Shear-Moment-Torque over a span of 27 station -  

𝑭𝒙, 𝑭𝒚, 𝑭𝒛 correspond to shear and 𝑴𝒙,𝑴𝒚,𝑴𝒛 correspond to the moments at 

x, y, z directions, respectively. 
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3.2.2 Characteristic external loads 

The external loads are arranged in the external load matrix 𝑃 such that the rows 

correspond to the load cases and the columns correspond to the degree of freedom 

along all the stations. For the current data set, 𝑃 will be of size 274 × (27 × 6) due to 

the 274 load cases, six degrees of freedom along the 27 loading stations on the wing.  

The SVD reduced rank decomposition is performed on the matrix 𝑃, as given as Eq. 

2.14 to identify the set of external characteristic loads. The accuracy of reconstruction 

is calculated using the Frobenius norm error as given in Eq. 2.13. Figure 3.4 gives the 

% Frobenius norm error of reconstruction of the original load matrix 𝑃 using different 

number of characteristic loads. It can be observed that the Frobenius norm error 

rapidly drops as the number of characteristic loads increase. At about 150 

characteristic loads, the error is zero within the machine tolerance. However, about 

~35 characteristic loads are sufficient to obtain an acceptable level of reconstruction 

accuracy. This implies that the complex loads seen in Figure 3.3 have about 35 linearly 

independent patterns of significance. A detailed study of the external characteristic 

loads and their reconstruction accuracy can be found in the preceding work of 

Dharmasaroja [72].  

 

Figure 3.4: % Frobenius norm reconstruction error for different number of 

characteristic loads  
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3.3 Investigation into a complex structure 

A rib-bay is composed of two neighbouring ribs, the top and bottom cover along with 

the front and rear spar. A rib-bay located in the middle of the XRF1 wing, as shown 

in Figure 3.5, is selected for the study. In total, there are 275 shell elements and 266 

bar elements. The goal of the current analysis is to study the characteristic loads within 

this rib-bay. 

The important fluxes acting on the CQUAD4 shell elements are the 2D plane fluxes 

comprising of the 𝑁𝑥, 𝑁𝑦 in the element 𝑥, 𝑦  direction and a shear flux 𝑁𝑥𝑦. Similarly, 

it is the axial force 𝑃𝑥 in the 𝑥 direction for the bar element. 

 

Figure 3.5: Location of the rib bay section in the XRF1 wing 

The internal loads are computed for all the shell and the bar elements by performing 

the linear static analysis using NASTRAN SOL 101 code for all the 274 load cases. 

The internal loads matrix 𝑁𝑠𝑒𝑐𝑡𝑖𝑜𝑛 is arranged so that the loads (degree of freedom) of 

all the elements are grouped, as shown in Eq. 3.1, where 𝑝 is the number of shell 

elements and 𝑞 is the number of bar elements and 𝑚 is the number of load cases. 

𝑁𝑠𝑒𝑐𝑡𝑖𝑜𝑛 =

[
 
 
 
 
 𝑁𝑥1,1 𝑁𝑥1,2 𝑁𝑥1,𝑝

 ⋮  

𝑁𝑥𝑚,1 𝑁𝑦𝑚,2
𝑁𝑥𝑦𝑚,𝑝⏟            

𝑁𝑥

|

|
𝑁𝑦1,1

𝑁𝑦1,2
𝑁𝑦1,𝑝

 ⋮  

𝑁𝑥𝑚,1 𝑁𝑦𝑚,2
𝑁𝑥𝑦𝑚,𝑝⏟            

𝑁𝑦

|

|
𝑁𝑥𝑦1,2

𝑁𝑥𝑦1,2
𝑁𝑥𝑦1,𝑝

 ⋮  

𝑁𝑥𝑦𝑚,1
𝑁𝑥𝑦𝑚,2

𝑁𝑥𝑦𝑚,𝑝⏟              
𝑁𝑥𝑦

|

|
𝑃𝑥1,1

⋮

𝑃𝑥𝑚𝑞⏟
𝑃𝑥 ]
 
 
 
 
 

(3. 1) 
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The internal characteristic loads for the internal load matrix 𝑁𝑠𝑒𝑐𝑡𝑖𝑜𝑛 are computed 

similarly using Eq. 2.16. Figure 3.6 shows the Frobenius norm error of reconstruction 

using different number of characteristic loads. It can be observed that the ~35 

characteristic loads would result in a zero Frobenius norm error (up to the machine 

tolerance) however, even lower number of characteristic loads can be sufficient for an 

acceptable accuracy   

 

Figure 3.6: %Frobenius norm error vs number of characteristic loads for the 

wing section 

To study the values of the reconstructed internal loads, four locations are selected on 

the rib-bay section. They are the top and bottom covers, the left rib, and the front spar. 

At each of the location, a shell element and a bar element are chosen, as shown in 

Figure 3.7.  
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Figure 3.7: XRF1 rib bay showing the bottom, rib and front spar along 

with the location of the selected shell and bar elements in blue 

A comparison of scaled internal loads is presented in Figure 3.8 for load case 75. It 

shows the original load case along with a reconstruction using three characteristic 

loads (𝑘 = 3) and five characteristic loads (𝑘 = 5). Load case 75 is chosen as it had 

the maximum reconstruction error out of the 274 load cases. 

 

Figure 3.8: Scaled internal loads in the rib, top, front and bottom location 

starting from top right corner moving anti clockwise; load case 75, Frobenius 

norm error for k = 3 is 1.68%; Frobenius norm error for k = 5 is 0.145% 
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It can be observed that reconstruction using three characteristic loads is not fully 

accurate with Frobenius norm error of 1.68%. However, by adding two more 

characteristic loads, the reconstruction error drops to 0.145%.  

3.4 Investigation into a complex loading state 

This section examines the complex loading situation due to the application of local 

loads on the structure. Along with the external loads, several local loads act on the 

airframe. And its effects of these local loads play an important role in sizing the local 

structure. However, the local load cases are not directly modelled along the external 

loads (such as aerodynamic lift) and are supplemented to the computed internal load 

fluxes during the downstream sizing process.  

An example of a local load is the thermal stress induced within the structure. Some of 

the factors determining the thermal stress are the temperatures the airframe is 

subjected to in its operations, the initial assembly temperature, and the difference in 

coefficient of expansion of the different materials of the assembly. For example, the 

vertical fin structure can be subjected temperatures up to 82𝑜𝐶 during parking and 

taxing on a hot day, see [75]. On the other hand, the ambient environmental 

temperatures at cruise altitudes can be −50𝑜𝐶, see [76]. The aircraft assembly 

temperature can be assumed to be the standard room temperature at 20𝑜𝐶. The 

different materials making up the airframe will have a different thermal coefficient 

and leads to thermal expansion at varying rates. Such unequal deformations lead to 

stresses being induced within the structure and in certain situations can be a significant 

component of the total loads. For example, the interface between composite panels 

and metal brackets are prime spots for the study of thermal effects.  

Once the internal loads are computed using the GFEM static analysis, the local loads 

are superimposed as equivalent mechanical loads for the subsequent structural 

analysis. If the existing internal characteristic loads are not accurate to model these 

additional loads, then a new set of characteristic loads must be identified. 
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The compound bar assembly problem, see section 2.2, is used to demonstrate this 

concept. Since the assembly is made up of two dissimilar materials of varying thermal 

coefficient, the ambient temperature acts as the additional external load case in the 

range of 𝑇 = −50𝑜𝐶 to 𝑇 = +82𝑜𝐶. The external load matrix is redefined from Eq. 

2.2 to Eq. 3.2 where Δ𝑇 = 𝑇 − 𝑇𝑖𝑛𝑖, and 𝑇𝑖𝑛𝑖 = 20
𝑜𝐶 is the initial temperature in 

which the assembly is built.  

𝑃 = [

𝐹1 𝑀1 Δ𝑇1
𝐹2 𝑀2 Δ𝑇2
 ⋮  
𝐹𝑚 𝑀𝑚 Δ𝑇𝑚

] (3. 2) 

The difference in thermal expansions will result in a mismatch in the length of the tube 

and the bar leading to an axial force 𝑓𝑡ℎ𝑒𝑟𝑚𝑎𝑙
𝑡  and 𝑓𝑡ℎ𝑒𝑟𝑚𝑎𝑙

𝑏  respectively. The derivation 

of these forces is presented in Appendix A. These axial loads are supplemented to the 

existing internal load matrix of the assembly given in Eq. 2.5. Therefore, the new 

internal load matrix for the assembly is given in Eq. 3.3.  

𝑁𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 =

[
 
 
 
 
𝑓1
𝑡 + 𝑓𝑡ℎ𝑒𝑟𝑚𝑎𝑙,1

𝑡 𝑚1
𝑡 𝑓1

𝑏 + 𝑓𝑡ℎ𝑒𝑟𝑚𝑎𝑙,1
𝑏 𝑚1

𝑏

𝑓2
𝑡 + 𝑓𝑡ℎ𝑒𝑟𝑚𝑎𝑙,1

𝑡 𝑚2
𝑡 𝑓2

𝑏 + 𝑓𝑡ℎ𝑒𝑟𝑚𝑎𝑙,2
𝑏 𝑚2

𝑏

⋮
𝑓𝑚
𝑡 + 𝑓𝑡ℎ𝑒𝑟𝑚𝑎𝑙,𝑚

𝑡 𝑚𝑚
𝑡 𝑓𝑚

𝑏 + 𝑓𝑡ℎ𝑒𝑟𝑚𝑎𝑙,𝑚
𝑏 𝑚𝑚

𝑏 ]
 
 
 
 

(3. 3) 

The characteristic internal loads are computed for the modified matrix 𝑁𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 and 

the Frobenius norm error of reconstruction is calculated. Figure 3.9 gives the 

Frobenius norm reconstruction error as a function of the temperature for  𝑘 = 2 and 

𝑘 = 3. The reconstruction error is zero at 20𝑜𝐶 which corresponds to Δ𝑇 = 0. 

However, the error increases significantly as Δ𝑇 changes indicating that two 

characteristic loads are not sufficient to model the additional temperature forces. By 

increasing the number of characteristic loads to three 𝑘 = 3, the reconstruction error 

is zero, which indicate that three characteristic loads are necessary. 
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Figure 3.9: Frobenius norm reconstruction error for k = 2 and k = 3 with 

respect to change in ambient temperature  

3.5 Summary and discussion 

In summary, this chapter introduces the XRF1 GFEM and the set of external SMT 

loads which are used throughout this thesis. An investigation into the behaviour of the 

characteristic loads on a more complex structure is made using the XRF1 wing rib 

bay. Similarly, the characteristic loads to model a more complex loading state of the 

assembly problem is discussed. Both scenarios demonstrate the need for a higher 

number of characteristic loads to accurately capture the load information.  

In the case of the rib-bay experiment, the finite element structure and the load fluxes 

considered to describe the internal load matrix remain the same (shell and bar and 

𝑁𝑥, 𝑁𝑦, 𝑁𝑥𝑦and 𝑃𝑥). The preceding work has demonstrated that the shell and bar 

elements (as stiffened panels in the same orientation on the top cover) require three 

characteristic loads  𝑘 = 3 to accurately describe the loading state of a stiffened panel 

geometry. However, by considering a new geometry composed of similar finite 

elements arranged differently (location and orientation within the rib-bay), the number 

of characteristic loads required to describe the loading state accurately increases to 

𝑘 = 5. This effect can be attributed to the two additional degree of freedom of the 
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model (the stiffened panels, ribs and spars are perpendicular to each other with respect 

to the aircraft reference) compared to just the stiffened panel. 

Contrary to the first experiment, the second experiment with the compound bar 

assembly fixes both the location and the orientations of the structural elements (bar 

and tube). This experiment demonstrates that supplementing existing loads with other 

downstream analysis loads (supplementing mechanical load with thermal load - both 

applied in the axial direction) require an additional characteristic load to describe the 

loading state accurately. The error due to neglecting the additional characteristic load 

can be large and cannot be easily ignored without further investigation. 

The number of characteristic loads is of interest because it directly determines the 

number of dimensions in which the performance envelope is built. Increasing the 

number of dimensions drastically increases the computational cost and therefore the 

feasibility of constructing the envelopes. This penalty is crucial in the industrialisation 

process as it decides if a performance envelope-based approach is a practical 

alternative.



 

Chapter 4  

Structural Performance Envelope 

4.1 Introduction 

The concept of envelopes has been used in different engineering fields in various 

forms. The primary rationale is to find a region of space that can result in insightful 

information. For example, the von Mises criterion describes an area within which the 

material does not yield. From the point of view of this thesis, the von Mises criterion 

can be described as a material envelope. Other popular implementations of envelopes 

in aerospace for structural design include the flight envelope, which defines the range 

of flight parameters, and loads envelopes as discussed briefly in section 1.2.4 

The earliest example of a material envelope can be traced back into the late 18th 

century when Coulomb [77] proposed the failure of brittle materials using both shear 

and normal stress. This theory was later generalised and developed further by Mohr 

and is popularly known as the Mohr-Coulomb failure criterion. The Mohr-Coulomb 

criterion is a linear envelope that is obtained by a plot of the shear stress in the material 

against the applied normal stress.  

The next significant breakthrough in the process of identifying ductile failure was 

proposed by Tresca and von Mises [78]. The von Mises criterion represents a critical 

value of the distortion energy stored in an isotropic material. The main principle 

behind these methods lies in classifying a region of the yield-surface [79] which is 

identified using a criterion (such as distortion energy) as shown in Figure 4.1, see [78]. 

If the stress tensor of the material lies within the envelope, the material is considered 

not to have yielded (therefore safe, though it may experience deformations). 

Conversely, if the stress tensor lies outside the envelope, the material is assumed to 

have yielded. 
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Figure 4.1: A 3-dimensional von Mises and Tresca yield surface in the 3D 

principal stress space 

The concept of the material envelope is one of the cornerstone ideas in material 

science. It has immensely aided engineers in designing structures by enabling a direct 

means to relate the loads and in turn, the state of stress within a material to whether or 

not a material failure occurs. On a similar note, extending the idea of an envelope to 

define the failure of a structural component can be of assistance to the engineer under 

the right circumstances.  

This chapter discusses the development of envelopes for structural components. It 

highlights some of the critical gaps in the current state of the art of envelopes for 

structures. It aims to propose more robust and efficient frameworks to handle 

envelopes in the context of the aircraft structural sizing process. 

4.2 Structural performance envelopes 

A structural performance envelope or just performance envelope is an engineering 

concept that defines the load bearing capacity of the structure. The envelope describes 

the region in a load space within which the structure can work without failure and 
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therefore represents the “performance” of the structure. The performance envelope is 

a function of the internal loads as well as the failure constraints of the structure. Indeed, 

the ability to reproduce the complex internal loading states using a small set of 

characteristic loads is the key in the development and in the practical application of 

the performance envelope for engineering structures. 

A basic introduction to the concept of the performance envelopes has been made in 

Chapter 2 using a compound bar assembly example. Due to the simplicity of the 

carefully chosen compound bar assembly problem, two characteristic loads are enough 

to describe the internal loads within the assembly. The structural failure constraints 

considered are relatively straightforward as well, i.e. all the failures are linear and have 

simple analytical expressions. Therefore, the performance envelope is identified in a 

reduced order 2-dimensional load space (i.e. characteristic loads), as shown in Figure 

4.2. The black line stands for the performance envelope, while the eight different 

coloured lines are the eight different failure criteria. It is to be noted that not all 

constraints form part of the performance envelope, and these constraints are termed as 

redundant constraints. The constraints which do make up the envelope are termed 

critical or non-redundant constraints. Since these constraints define the envelope, they 

can be called as binding constraints as well. Finding the non-redundant constraints 

will lead to constructing the performance envelope. 
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Figure 4.2: A 2-dimensional performance envelope of a compound bar 

assembly. The coloured lines represent the eight different failure modes of the 

structure 

On the other hand, more complex structural components tend to need a higher number 

of characteristic loads. This is a result of more complex internal loading states as 

discussed in section 3.3. The structural failure constraints may also be based on more 

complex analytical expressions, empirical and semi-empirical formulations. The 

operator may not necessarily have access to these formulations thus making them 

‘black-box tools’. Consequently, the performance envelope for such structures will 

require higher dimensional loads space as well as a robust and efficient approach to 

construction.  

4.2.1 Development of performance envelopes 

The initial notion of performance envelope was demonstrated by McGuinness [23] 

using a simple cantilever box beam model. The von Mises yield stress (non-linear, 

elliptical in nature) and the deflection constraints (linear) were plotted in a 2-

dimensional characteristic load space. McGuinness proposed simple polygon-based 

approaches to approximate the performance envelopes with an aim to identify the 

redundant constraints, as shown in Figure 4.3. These approximations worked well on 

simple problems but were not suited for more complex industrial cases, particularly if 
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the constraints are defined using black-box functions and if the number of 

characteristic loads is large.  

 

Figure 4.3: Simple polygon-based approach to approximate performance 

envelopes in 𝑷𝟏 and 𝑷𝟐 characteristic load space. The various coloured lines 

represent different structural constraints. The approximate performance 

envelope is described by the polygon in a blue dotted line 

The next significant advancement was developed by Dharmasaroja where the 

performance envelope was modelled through a point cloud based meshing technique 

using a spherical coordinate system. This approach was developed extensively in a 3-

dimensional space. Figure 4.4 shows a sample triangular mesh generated using 

matplotlib.pyplot plot_trisurf [80] Python library for points on a unit sphere. 
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Figure 4.4: A unit sphere mesh 

The mesh of the unit sphere is transformed to approximate the actual performance 

envelope by moving each point in the mesh individually in a radial direction. This is 

achieved by first representing each point on the mesh in a spherical coordinate system 

[81]. A point in the Cartesian coordinate system given by 𝑥, 𝑦, 𝑧 is therefore defined 

using three variables the azimuth angle 𝜃, polar angle 𝜙, and a radius 𝑟 as given in 

Figure 4.5, see [82], and the relation is established as Eq. 4.7. 

 

Figure 4.5: Spherical coordinate system with respect to Cartesian coordinates 
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𝑥 = 𝑟 𝑐𝑜𝑠(𝜃) 𝑠𝑖𝑛(𝜙)

𝑦 = 𝑟 𝑠𝑖𝑛(𝜃) 𝑠𝑖𝑛 (𝜙)

𝑧 = 𝑟 𝑐𝑜𝑠(𝜙)

(4. 7) 

By fixing the two angles, the problem is essentially converted to a root finding problem 

of a single variable of radius 𝑟 that satisfy the function 𝑓(𝑟, 𝜙, 𝜃) as given in Eq. 4.8. 

The function 𝑓(𝑟, 𝜙, 𝜃) is a composite function defining the failure of the structure. 

The radius 𝑟 satisfying the condition is called the critical radius 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙. For example, 

Figure 4.6 shows a 2-dimensional envelope showing the binding constraint and a point 

on the binding constraint (in green). The Cartesian coordinates in 2-dimensional space 

are represented by polar coordinates given by an angle 𝜃 and a radius 𝑟. The magnitude 

of the point on the binding constraint is equal to 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙. 

𝑓(𝑟, 𝜙, 𝜃) = 0 (4. 8) 

 

Figure 4.6: A 2-dimensional representation of a binding constraint identifying 

the 𝒓𝒄𝒓𝒊𝒕𝒊𝒄𝒂𝒍  for a chosen 𝜽. Green dot represents the point on the binding 

constraint 

The root finding problem defined above can be treated in two different ways 

depending upon the nature of the function 𝑓(𝑟, 𝜙, 𝜃). If the analytical equations 

describing the failure of the structure is directly available, then the  𝑓(𝑟, 𝜙, 𝜃) can be 

solved analytically to find the critical radius 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙. This is a computationally 

inexpensive approach and offers higher accuracy and confidence in the envelope. The 
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compound bar assembly problem discussed previously is a good example of a structure 

with analytical failure functions.  

The second approach is if the failure functions are defined using black-box tools. Such 

a situation is more prevalent in the actual engineering scenario. The black box tools 

use extensive empirical or semi-empirical equations to fit the data obtained through 

physical testing. Such black box tools aim to better represent the complex real-world 

behaviour of the structure. The critical radius 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 of such problems can be solved 

using numerical methods.  

The numerical methods involve re-defining Eq. 4.8 as a constrained minimisation 

problem. The objective function, 𝑜𝑏𝑗𝐹𝑢𝑛(𝑟), of the minimisation problem will be a 

function of the radius 𝑟 and 𝑓𝑅𝐹(𝑟, 𝜙, 𝜃) is the set of non-linear failure constraint 

inequalities that have to be satisfied as given in Eq. 4.9.  

 
𝑚𝑖𝑛𝑖𝑚𝑖𝑠𝑒 𝑜𝑏𝑗𝐹𝑢𝑛(𝑟)

𝑆. 𝑇 𝑓𝑅𝐹(𝑟, 𝜙, 𝜃)  ≥ 0
(4. 9) 

Methods such as sequential quadratic programming (SQP), included within MATLAB 

fmincon [83] have been successfully implemented to solve the optimisation problem 

to build 3-dimensional envelopes. 

The quality of the approximated envelope is a measure of how well the mesh defines 

the actual performance envelope. It is therefore directly dependent upon the number 

and the location of the points on the mesh. A way to measure this quality is by using 

the Fast RF method as described in the earlier section 2.6. The Fast RF approach is 

used to evaluate the critical RFs for a set of load cases using the envelope. These RFs 

may then be compared with a set of reference RF values obtained through the black-

box tool for the same set of load cases. The error between the two values indicates the 

quality of the envelope, i.e. a low RF error (the difference between the actual RF and 

the approximated Fast RF value) shows that the approximated envelope is accurate in 

the regions where the test load cases lie.  
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If the RF match between the Fast RF method and the reference is unsatisfactory, then 

the envelope quality is improved by further increasing the number of points on the 

approximate envelope. The decision of inserting a new point and the location of the 

point (choosing the angles) is controlled by an adaptive mesh refinement technique.  

The mesh refinement technique aims to increase the quality by producing a new mesh 

surface by subdividing the existing mesh in an iterative loop. Therefore, the new 

surface mesh created at the end of each iteration is denser than the previous mesh. The 

subdivision is demonstrated in Figure 4.7. The triangular facet is initially formed using 

three points 𝑉1, 𝑉2 and 𝑉3 with the centroid 𝑉𝑐 =
1

3
(𝑉1 + 𝑉2 + 𝑉3).  

 

Figure 4.7: A 3-dimensional example facet formed by points 𝑽𝟏, 𝑽𝟐 and 𝑽𝟑. 𝑽𝒄 

is the centroid and 𝑽𝒏𝒆𝒘 is the new inserted point.  

The load 𝑁𝑐 at the centroid of the facet, 𝑉𝐶 = [𝑉𝑐1, 𝑉𝑐2, 𝑉𝐶3], is computed as 𝑁𝑐 = 𝑉𝑐𝐿𝑘. 

The failure constraints of the structure for the load case 𝑁𝑐 are computed as 𝑅𝐹𝑐. 

A new point 𝑉𝑛𝑒𝑤 , is inserted by the root finding algorithm if the 𝑅𝐹𝑐 is lower than a 

given RF tolerance 𝑅𝐹𝑐 > 1 − 𝜖𝑅𝐹. Typically, the tolerance 𝜖𝑅𝐹 is defined as a 

percentage with a typical value of 5%. The newly inserted point 𝑉𝑛𝑒𝑤 subdivides the 

original facet to form three new facets and the process repeats until all facets have a 

centroid within the given tolerance. 

The geometrical nature of building the performance envelope makes it quite sensitive 

to the numerical values of the load space and individual failure functions. The 
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characteristic load space by nature has varying magnitudes, with the first characteristic 

load being more dominant than the second etc. Such an anisotropic load space may 

result in envelopes that are long and narrow with thin triangular facets that may not be 

desirable. Dharmasaroja experimented with different numerical conditioning such as 

scaling the characteristic load space and balancing the singular values. It was shown 

that by performing these simple operations, a significant improvement to the quality 

of the created envelope could be achieved. It also reduced the number of points 

required on the mesh for the same tolerance value.  

Figure 4.8 shows a 3-dimensional performance envelope which is constructed as a 

triangular mesh of a set of point. The green vertices present the points on the envelope 

surface. 

 

Figure 4.8: A performance envelope in 3-dimensional space constructed using a 

mesh of a set of points  

4.2.2 Challenges in constructing performance envelopes 

The point cloud based meshing strategy described above is a robust method to build 

the performance envelope for structures which have failures assessed using black-box 

tools. The tolerance value used in the adaptive mesh refinement is a major driving 

factor deciding the quality of the envelope. Using a smaller tolerance value (~0.1% to 
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1%) should lead to more accurate envelopes but will require a significantly larger 

number of points on the mesh. The higher number of points is a direct result of the 

intersections and curvatures of the many non-linear binding constraints. 

The numerical approach to compute the critical radius 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 requires the 

optimisation routine to evaluate the black box tool multiple times. A standalone 

evaluation of a typical black-box tool used in the industry may not be expensive. For 

example, it would require lesser than a second to evaluate a pre-defined set of six 

failure constraints of a simple structural component such as a stiffened panel (even on 

a desktop computer) for a single load case. However, considering the number of 

evaluations required to identify a point, the number of the points needed to accurately 

represent an envelope and the number of envelopes (for different structural 

components) that are present in an entire aircraft, the associated costs can quickly add 

up. Therefore, there is an enormous scope to improve the efficiency of constructing 

the envelopes without degrading the robustness of the approach. 

As the design of the structure evolves during the sizing process, the structure and 

therefore the internal loads themselves can vary depending upon the maturity of design 

(structural sizing is executed with fixed internal loads for a mature design). This means 

that the loads acting on the structural component and the load bearing capacity of the 

structure itself would have changed. This makes any pre-existing envelope highly 

erroneous. Rebuilding envelopes of the new design from scratch is costly and not an 

attractive choice for the engineer. Therefore, a strategy must be explored for handling 

how an envelope may be created and updated, considering changes resulting from the 

design process.  

4.2.3 XRF1 industrial case study 

Aircraft structure is usually based on semi-monocoque design, as this offers a high 

stiffness to weight ratio. Semi-monocoque structures are defined as a combination of 

load bearing panels with frames. Additional stiffener elements are used to improve the 

stability of the panels. The arrangement of a pair of consecutive panels with a stiffener 
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in the middle is called a stiffened panel. Figure 4.9 shows the semi-monocoque 

fuselage section of an aircraft. It also highlights the stiffener, frames, panels, and 

stiffened panel in red. It can be seen that a large section of the aircraft semi-monocoque 

structure can be idealised by these stiffened panels. 

 

Figure 4.9: Aircraft fuselage frames and stiffeners forming the stiffened panel. 

An industrial case study based on the XRF1 model is used to demonstrate the 

capability of envelopes in an industrial sense. The XRF1 GFEM geometry and the 

external loads analysis are described in section 3.2. The top and bottom cover of the 

wing make up the bulk of the wing structure and contribute significantly to the 

stiffness and the weight of the wing. Therefore, these covers or the stiffened panels, 

represent most of the aircraft structural design and optimisation process.  

The procedures developed are general enough to easily be extrapolated to structural 

features other than stiffened panels, such as the rib to cover attachments in the wings 

or the curved panels of the fuselage subject to the limitations of the performance 

envelopes. For example, the performance envelopes are not suitable for post buckling 

analysis were the internal load are redistributed. In the following sections, the XRF1 
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stiffened panel is introduced, along with the industrial skill-tool used to perform 

structural analysis. 

4.2.3.1 The XRF1 stiffened panel 

The XRF1 wing top and bottom covers are modelled as CQUAD4 shell and rod 

elements, as shown in Figure 4.10. These elements idealise the semi-monocoque 

structure of the wing composed of panels, ribs, and stiffeners. The stiffeners are 

designed to improve the load bearing capacity and the buckling stability of the wing 

cover panels.  

 

Figure 4.10: XRF1 GFEM wing top cover showing the many shell and rod 

elements. 

Airbus relies on in-house developed skill-tools to perform the sizing of the stiffened 

panel. The skill-tool has been made available for the study and can perform standalone 

analysis of stiffened panels. 

4.2.3.1.1 Industrial skill-tool 

Improved Structural Analysis through Multidisciplinary Integration or ISAMI is a 

framework developed within Airbus for strength analysis of the structure at the part 

level as discussed in 1.5.2, see Sheshanarayana et al. [11]. The wing panel super 

stiffener sizing (WPS3) is an ISAMI optimisation wrapper for the analysis of the 
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stiffened panel3[11, 84]. For the purposes of this study, the WPS3 ISAMI module is 

treated as a black-box skill-tool. The tool uses a more detailed model of the stiffened 

panel compared to just the CQUAD4 and rod elements representation. 

The skill-tool has a set of pre-defined standard models according to which the inputs 

are to be defined. The pre-defined model definitions can be quite comprehensive, 

including the detailed descriptions of the stiffener cross sections (such as I, hat), 

information about the material and ply orientations, etc. 

The skill-tool performs the structural analysis for a pre-defined set of structural 

constraints. The results of the analysis are presented as a vector of RF for the 

corresponding set of constraints.  

4.2.3.1.2 Mapping GFEM to stiffened panel model 

The actual structure of the aircraft and the GFEM model can be different due to 

modelling and other constraints. Therefore, the internal loads obtained using GFEM 

have to be mapped to the stiffened panel models.  

A set of GFEM elements grouped together is called a Structural Element (SE). For 

example, a group of four adjacent CQUAD4 elements represents a panel, while a set 

of four bar elements represent a stiffener, as shown in Figure 4.11 (a). Different 

structural elements are arranged to form a Structural Element Assembly (SEA). For 

example, two panel SEs and one stiffener SE defines a stiffened panel SEA, as given 

in Figure 4.11 (b). 

 

3 Other structural elements such as rib to cover attachments have their own dedicated 

analysis modules, however, the underlying process remains the same. 
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Figure 4.11: Structural Element (SE) and Structural Element Assembly (SEA) 

showing the XRF1 element numbers 

Analysis parameters such as the constraints to check, detailed material properties 

(number of composite plies, orientations, etc.) and loads are supplemented to the 

structural element assembly to define a Calculation Point (CP) [85, 86] The skill-tool 

accepts the CP as input and computes the constraints through RF calculations.  

The stiffened panel SEA contains two panel SE termed as the right and the left panel 

with a stiffener SE in the middle. Note that a panel SE can be a part of two different 

structural element assemblies (once as a left panel and once as a right panel). 

The predefined stiffened panel model within the skill-tool is mapped to the structural 

element assembly, as shown in Figure 4.12, see Iorga et al. [50]. The GFEM elements 

are presented in blue. The panels are mapped to the shell elements, and the stiffener is 

mapped to the rod elements 
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Figure 4.12: Stiffened panel mapping using GFEM shell and bar elements in 

blue 

Three stiffened panels of the XRF1 wing top cover are chosen for the study, as shown 

in Figure 4.13. The upper wing covers are usually under compressive loads (due to the 

lifting forces) and hence more interesting for the study. The selected panels are spread 

out from the root to the tip of the wing with the aim to capture the different loading 

environments found typically in a wing. The three panels4 are referred to as the Root, 

Mid and Tip panels from here on in the thesis. 

 

4 The previous study undertaken also considered the same three panels. Therefore, these 

panels act as a benchmark for the current study. 
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Figure 4.13: XRF1 left wing GFEM with the location of the Root, Mid and Tip 

stiffened panels 

4.2.3.1.3 Local coordinate system 

The internal loads (or internal load fluxes) of the GFEM are obtained from NASTRAN 

(.op2) and are extracted using a script in Python NASTRAN library pyNastran [87]. 

However, these internal loads are in local element coordinate frames, a limitation 

imposed by the output file. To eliminate any inconsistencies in the identification of 

the characteristic loads due to the change in reference frames, the loads on the 

individual stiffened panel elements are all transformed into a single coordinate system. 

A new local coordinate system for the internal fluxes can be defined based on the 

finite-element geometry. 

Consider an example grouping of finite-elements given by a CP definition, as shown 

in Figure 4.14. The corner nodes of the CP are numbered from 𝑃1 to 𝑃4. The starting 

and the ending nodes of the stiffener are defined by two points, namely 𝑆𝑇𝑅1 and 

𝑆𝑇𝑅2. 

The new CP frame of reference is defined as – 

• The CP x-axis 𝑋𝐶𝑃 is defined by the direction of the stringer, positive going 

from nodes STR1 to STR2. 
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• The CP y-axis 𝑌𝐶𝑃 is determined by the cross product of vector 𝑛 and vector 

𝑋𝐶𝑃, where the vector 𝑛 =
𝑛𝑙+𝑛𝑟

2
, 𝑛𝑙 and 𝑛𝑟 are the normal vectors of the left 

and right panels, respectively. The normal panel vectors are given by the cross 

product between the diagonals of each panel, as shown in Figure 4.14. The 

positive direction is defined by the direction of the vector going from 𝑃1 to 

𝑃4. 

• The CP z-axis 𝑍𝐶𝑃 is given as the cross product between 𝑋𝐶𝑃 and 𝑌𝐶𝑃, the 

positive direction is defined by applying the right-hand rule to the sequence of 

points 𝑃1 to 𝑃4. 

 

Figure 4.14: CP frame of reference 

The local CP frame of reference ensures that the internal fluxes are all aligned. 

4.2.3.1.4 Input loads for the stiffened panel 

The skill-tool requires a pre-defined set of seven load fluxes as inputs. These load 

fluxes are the averaged panel direct stress resultants 𝑁𝑥 and 𝑁𝑦 and shear 𝑁𝑥𝑦 (from 

the CQUAD4 elements) and axial force 𝑃𝑥 on the stiffener (from the bar elements) as 

shown in Figure 4.15. 
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Figure 4.15: Stiffened panel SEA with the panel and stiffener load flux 

components 

The seven load flux components are arranged in an internal load matrix, e.g. Eq. 4.10, 

where the columns correspond to the load flux and the rows are the load cases. For the 

case study, 274 external loads discussed in section 3.2.1 are considered. 

 𝑁𝑚×7 =

[
 
 
 
 
 𝑁𝑥1 𝑁𝑦1 𝑁𝑥𝑦1

 ⋮  

𝑁𝑥𝑚 𝑁𝑦𝑚 𝑁𝑥𝑦𝑚⏟            
𝑟𝑖𝑔ℎ𝑡 𝑝𝑎𝑛𝑒𝑙

|

|
𝑁𝑥1 𝑁𝑦1 𝑁𝑥𝑦1

 ⋮  

𝑁𝑥𝑚 𝑁𝑦𝑚 𝑁𝑥𝑦𝑚⏟            
𝑙𝑒𝑓𝑡 𝑝𝑎𝑛𝑒𝑙

|

|
𝑃𝑥1

⋮

𝑃𝑥𝑚⏟
𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟]

 
 
 
 
 

(4. 10) 

4.2.3.2 Characteristic loads 

The seven internal loads space can be reduced to a lower dimensional space by 

identifying the characteristic loads for the set of internal loads as given in Eq. 4.11. 

The characteristic loads are computed through SVD decomposition and rank reduction 

is performed as discussed in section 2.4.  

𝑁𝑚×7 = 𝑈𝑘 𝐿𝑘 (4. 11) 

Figure 4.16 gives the Frobenius norm error of reconstruction of the internal load 

matrix of the three panels- Root, Mid and Tip using a different number of characteristic 

loads. It can be seen that three characteristic loads (𝑘 = 3) are sufficient to recreate 
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with low error the entire internal load matrix. The reconstruction errors are 0.173%, 

0.04% and 0.0012% for the Root, Mid and the Tip panels, respectively. 

 

Figure 4.16: % Frobenius norm reconstruction error for Root, Mid and Tip 

stiffened panels 

The behaviour of the internal characteristic loads to reproduce the internal loads has 

been extensively studied, and more information can be found in the work of 

Dharmasaroja [67]. Therefore, the performance envelope for the stiffened panel 

problem is constructed in a 3-dimensional characteristic load space, which can be 

conveniently visualised. 

4.2.3.3 Limitations of the XRF1 skill-tool-based study 

Using an industry case study such as the XRF1 with skill-tools validates the concepts 

in an actual engineering problem. On the other hand, it comes with several limitations. 

For one, there is no direct access available to the formulations of the constraint 

evaluation functions. This limits the understanding of how each of the internal load 

fluxes contributes to a single failure constraint. The skill-tool also implements several 

branching conditions (if, else) and therefore, the output RF function may be 

discontinuous with sharp and sudden changes. The input and output of the tool are also 
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relatively rigid. The skill-tool evaluates a pre-defined set of constraints which are 

defined as an input parameter. Therefore, requesting just a single constraint for a study 

is not possible. Finally, the skill-tool evaluations are more expensive when compared 

with analytical equations, thus directly affecting the run times. 

4.3 An efficient framework to build a performance envelope  

In this section, a new framework to improve the computational cost to build envelopes 

is proposed. Improving the efficiency of construction makes the implementation of 

envelopes within an engineering problem a more feasible and attractive option.  

The new framework achieves this in two parts. Firstly, a robust solution to solve the 

root finding problem given in Eq. 4.8 is developed. This aims to directly reduce the 

number of calls made to the constraint evaluation function (skill-tool). Secondly, an 

altered mesh refining strategy is developed that aims to refine the envelope in a 

localised area. The results and the costs of construction from the new proposed 

framework are benchmarked against results from the preceding study for the same 

stiffened panel. 

The envelope construction framework is discussed in the context of 2-dimensional and 

3-dimensional space; however, the developed method can easily be scaled to build 

envelopes in higher n-dimensional space. The spherical coordinate system in 3-

dimensions can be generalised to n-dimensional spherical or the n-sphere [88] 

coordinate system given by 𝑛 − 1 angular coordinates 𝜙1, 𝜙2, ⋯ , 𝜙𝑛−1 and a radius 𝑟. 

The relationship between the n-dimensional Cartesian coordinate system defined by 

𝑥1, 𝑥2, ⋯ , 𝑥𝑛 to the n-sphere coordinate system is given by Eq. 4.12. 



 

Structural Performance Envelope 

 108 

 

𝑥1 = 𝑟 𝑐𝑜𝑠 (𝜙1)

𝑥2 = 𝑟 𝑠𝑖𝑛(𝜙1) 𝑐𝑜𝑠(𝜙2)

𝑥3 = 𝑟 𝑠𝑖𝑛(𝜙1) 𝑠𝑖𝑛(𝜙2) 𝑐𝑜𝑠(𝜙3)

⋮

𝑥𝑛−1 = 𝑟 𝑠𝑖𝑛(𝜙1) 𝑠𝑖𝑛(𝜙2)⋯𝑠𝑖𝑛(𝜙𝑛−2) 𝑐𝑜𝑠(𝜙𝑛−1)

𝑥𝑛 = 𝑟 𝑠𝑖𝑛(𝜙1) 𝑠𝑖𝑛(𝜙2)⋯ 𝑠𝑖𝑛(𝜙𝑛−2) 𝑠𝑖𝑛(𝜙𝑛−1)

(4. 12) 

4.3.1 Ray Scaling approach for root finding 

The ray scaling method aims to find the critical radius 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 by scaling an initial 

guess radius with its corresponding RF. This approach avoids the computationally 

more expensive fmincon based numerical method.  

Consider a simple 2-dimensional characteristic load space with a single binding 

constrain, as shown in  Figure 4.17.  

 

Figure 4.17: Ray scaling method for root finding, 2-dimensional representation 

To compute the first point in the envelope, an initial guess for radius 𝑟𝑖𝑛𝑖𝑡𝑖𝑎𝑙 is made, 

and the corresponding internal load vector is computed. The black box tool is 

evaluated for the initial load case resulting in an RF, 𝑅𝐹𝑖𝑛𝑖𝑡𝑖𝑎𝑙 as shown in Figure 4.17. 

From Eq. 2.24 presented in the Fast RF section, the allowable load (𝑟𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒) which 

is nothing but the critical magnitude of the radius 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 is calculated by scaling 

𝑟𝑖𝑛𝑖𝑡𝑖𝑎𝑙 with 𝑅𝐹𝑖𝑛𝑖𝑡𝑖𝑎𝑙 as shown in Eq. 4.13. The computed 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 is checked for 
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accuracy by running the black box tool and checking if the 𝑅𝐹 = 1 within a tolerance 

value. If the RF is outside the tolerance (which is usually not the case), then such cases 

can be handled as discussed in section 4.3.1.1. Most of the points can thus be identified 

by 2 calls to the black box function. The first call to compute the initial RF and the 

second call to verify the scaling. 

𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 =   𝑅𝐹𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑟𝑖𝑛𝑖𝑡𝑖𝑎𝑙 (4. 13) 

The initial guess required for the computation for the following points of the envelope 

can be automatically assigned based on the previous existing point at the vicinity. 

Consider Figure 4.18, if 𝑉𝑖−1 is a point identified on the envelope with a magnitude of 

the critical radius 𝑟𝑉𝑖−1 , a new point 𝑉𝑖 close to 𝑉𝑖−1 is calculated by using the ray 

scaling by setting the initial guess as  𝑟𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 𝑟𝑉𝑖−1 .  

 

Figure 4.18: Setting the initial point 

Such a best guess for the initial point would result in placing the load magnitude close 

to the envelope surface. The correct solution is then obtained by performing the ray-

scaling operation. This would eliminate spurious results which may occur while using 

black-box tools if the initial point is poorly placed, voiding any physical meaning to 

the load case. The algorithm for the ray scaling process is given in Algorithm 4.1  
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Algorithm 4.1 Ray-scaling 

1: Procedure 𝑅𝑎𝑦𝑆𝑐𝑎𝑙𝑒(𝑟0, 𝜙, 𝜃) 

2: for all (𝜙, 𝜃) do 

3:     if 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙  does not exist  

4:         set 𝑟𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 𝑟0 

5:    𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑅𝐹(𝑟𝑖𝑛𝑖𝑡𝑖𝑎𝑙, 𝜙, 𝜃) → 𝑅𝐹𝑖𝑛𝑖𝑡𝑖𝑎𝑙   

6:     𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 𝑅𝐹𝑖𝑛𝑖𝑡𝑖𝑎𝑙   𝑟𝑖𝑛𝑖𝑡𝑖𝑎𝑙 

7:     𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑅𝐹(𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙, 𝜙, 𝜃 ) → 𝑅𝐹𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 

8:    if  |𝑅𝐹𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 − 1| < 𝜖𝑅𝐹 

9:         Set 𝑟𝑖𝑛𝑖𝑡𝑎𝑙 = 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 for the next points  

10:         return 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 

11:    else root finding framework  

12: end for 

13: end procedure 

4.3.1.1 Root finding framework 

The ray scaling method is a very efficient approach to finding the vertices of the 

performance envelopes. However, if the RF tolerance 𝜖𝑅𝐹 used for building the 

envelope is tight (in the order of 10−4), the scaled critical radius 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 can 

sometimes oscillate about the solution. The oscillations may converge after several 

iterations depending upon the problem. This is due to the nature of the black box 

functions used within the industrial tool, which can implement several non-linear and 

discontinuous empirical rules to compute the RF. 

A more robust approach is proposed, as shown in Figure 4.19, which assimilates the 

ray-scaling approach with the more expensive root finding through the optimisation 

routine as given in Eq. 4.9. If that the ray-scaling approach is resulting in an oscillation 

loop by a counter, 𝑐𝑛𝑡,  then the root finding optimisation routine is called which is 
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solved by existing gradient-free minimisation routines such as the 

SciPy.optimize.minimize [71] similar to the MATLAB fmincon. 

 

Figure 4.19: Flow chart of the root finding framework 

4.3.2 Axis scaling 

It has been previously demonstrated that by performing simple numerical operations, 

such as balancing the singular values or scaling the characteristic load space, improves 

the construction of the envelopes. This is because the performance envelope is 

elongated towards the characteristic load that is the largest. Figure 4.20 gives a simple 

octahedron envelope of the Tip panel. The first axis 𝑈1 is small compared to the other 

two indicating that the first characteristic load is more dominant. 

An automatic axis scaling approach is introduced to the framework that generates a 

diagonal scaling matrix 𝑠 as shown in Eq. 4.14. The scaling matrix transforms the 

characteristic loads 𝐿𝑘 to generate a more uniform space 𝐿𝑘𝑠. Note that the characterise 

𝜙1 , 𝜙2 , … , 𝜙𝑛−1, 𝑟
𝑐𝑛𝑡 = 0

Ray-scaling 

𝑐𝑛𝑡 = 𝑐𝑛𝑡 +  1

End

Root finding 

optimisation 

routine

Yes

Is 
𝑐𝑛𝑡 > 4?

Yes

No No

|𝑅𝐹𝑐𝑟𝑖  − 1| < 𝜖𝑅𝐹
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co-efficient matrix 𝑈𝑘 must be scaled by the inverse of 𝑠 as 𝑈𝑘𝑠 = 𝑈𝑘 𝑠
−1 where 𝑠−1 

is the inverse of the scaling matrix. 

𝐿𝑘𝑠 = 𝑠 𝐿𝑘 (4. 14) 

An initial envelope is built by identifying the roots of the intercepts of the axis to 

compute the scaling matrix. This creates an octahedron mesh in 3-dimensional space 

or in general, 2 × 𝑛 hyper-polytope where 𝑛 is the dimension of the load space. The 

lengths of the octahedron intercepts are used as the required scaling dimension for 

each axis as given in Eq. 4.15, where 𝑑1, 𝑑2, ⋯ , 𝑑𝑛 are the diagonal lengths of the axis 

intercepts. Therefore, the method scales the envelopes to be uniformly distributed over 

the axis as shown in Figure 4.21. 

𝑠 =  [
𝑑1 0 0
⋮ ⋱ ⋮
0 0 𝑑𝑛

] (4. 15) 

 

Figure 4.20: Tip panel 6 intercepts envelope in characteristic load space. Note 

the scaling of the axis 
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Figure 4.21: Tip panel 6 intercepts envelope in characteristic load space  after 

scaling the load space. Note the scaling of the axis 

4.3.3 Adaptive mesh refinement 

The octahedron mesh generated to create the scaling matrix provides an excellent 

initial stage to build the performance envelope. The load case at the centroid of each 

facet is evaluated for the RF to check if it is within the given RF tolerance. If the RF 

value lies outside the tolerance, then a new point is inserted at the centroid, and the 

critical radius in the direction of the point is computed. 

The ray-scaling approach to compute the critical radius 𝑟𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙  is implemented as 

discussed in section 4.3.1. By storing the centroid evaluations and by selectively 

picking the facets, the adaptive mesh refinement process can be made more 

economical. For the initial radius evaluation 𝑟𝑖𝑛𝑖𝑡𝑖𝑎𝑙 the already computed RF value at 

the centroid is used. This avoids evaluation of the black-box function, thereby 

improving the efficiency of the framework. Over the iterations, facets with centroids 

which already satisfy the error tolerance criteria can be ignored from the computation.  

The savings achieved can be quite significant. For example, consider a performance 

envelope in which only a small number of facets need to be refined, as shown in Figure 

4.22. Facets which satisfy the tolerance criteria can be ignored in the future mesh 
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refining iteration. For those facets which have the centroids evaluated, the RF value 

can be directly used for the ray scaling method. 

 

Figure 4.22: Tip panel performance envelope after 8 iterations, 130 points on 

the mesh, 𝝐𝑹𝑭 = 𝟓% 

4.3.3.1 Cone Refining  

The idea of selectively choosing a facet to refine the mesh can be further expanded to 

make the process of constructing the envelopes cheaper. The performance envelope 

captures all the binding constraints of the structural component through the various 

combination of the characteristic load cases. Some of the combinations of 

characteristic load cases have a clear physical meaning while others, though physically 

probable, are mechanically meaningless due to the nature of the problem. For example, 

consider a landing gear which is typically sized by the compressive loads and bending 

moments (forces generated by the contact of the tyre to the runway and ground 

handling). Though a positive tension load (axial tension) on the landing gear is 

physically probable, such load cases would not usually be critical nor drive the sizing 
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of the landing gear. If one were to consider the performance envelope of the landing 

gear, the envelope would have a region of the load space that correspond to these 

tension loadings that are of lesser interests to the engineer. Therefore, it can be safe to 

ignore performing a high mesh refinement in these areas of the envelope. As the design 

matures, the loading can be more confidently calculated, which also reduces the 

chances of spurious loads being added in regions of the envelope that are not highly 

refined. 

The intersection of the 274 load case vectors with the performance envelope is shown 

for the Root, Mid and Tip stiffened panels in Figure 4.23, Figure 4.24, and Figure 4.25, 

respectively. The red marker indicates the intersection of the load case with the facet 

and therefore, marking the facets that are critical. It can be observed that the spread of 

the load cases is not uniform. This is to be expected as not all combinations of the 

characteristic load are of interest to the study. The envelope of the Tip panel has load 

cases appearing on a single side of the envelope, as shown in Figure 4.23, while the 

opposite side has no load cases. Similarly, the load cases for the Mid stiffened panel 

are concentrated over a small area of the envelope. Both these indicate that the loads 

acting on these structural components are more uniform in nature. These load cases 

can be imagined to be in a region of a cone with the vertex at the origin. It is of 

engineering interest to have a more detailed refinement at these areas, and this is 

termed herein as cone refinement. 
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Figure 4.23: The two hemispheres of the Tip stiffened panel envelope. Red 

markers indicate the intersection of the load case with the envelope facet 

 

Figure 4.24: Performance envelope of the Mid stiffened panel. The red marker 

indicates the intersection of the load cases with the envelope. Intersection 

appears in a concentrated location 

On the other hand, the loads on the root panel are more complex, and therefore, the 

intersections are more evenly spread out on the surface of the envelope, as shown in 

Figure 4.25. Identifying the region to ignore the refinement process is limited. 
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However, as the design matures the locations of load cases on the structural component 

becomes more precise, thereby increasing the confidence in the cone refinement 

technique. 

 

Figure 4.25: Performance envelope of the Root stiffened panel showing the 

more complex load cases 

The mesh refinement process considers the regions of the envelope that have load 

cases intersecting the envelope facet and refines those areas over the iterations. This 

leads to envelopes that are accurate to the given set of load cases, and that could be 

built efficiently. Figure 4.26 juxtaposes a cone refined envelope with an envelope 

constructed without cone refinement, both built using the same tolerance value of 

𝜖𝑅𝐹 = 5% in a scaled characteristic load space. The cone refined envelope is 

represented by the blue facets and black line is smaller compared to the larger envelope 

given by green lines. This is because the cone refined envelope does not expand into 

regions outside the cone of interest. The cone refined envelope has 36 points on the 

mesh with 68 facets whereas the full envelope has 130 points with 238 facets. 
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Figure 4.26: Cone refinement comparison, Tip stiffened envelope in blue 

faceted envelope is constructed by cone refinement process. The envelope shown 

in green lines represent the envelope constructed without cone refinement. Both 

envelopes have the same tolerance, 𝝐𝑹𝑭 = 𝟓%  

If a new load case is applied on the structure, initially the ability of the existing set of 

characteristic loads to recreate the new load case is computed using the Frobenius 

norm error. If the reconstruction error is low, i.e. if the new load case can be 

represented using an existing set of characteristic loads, then the new load case is 

mapped on the envelope. If the load case vector intersection lies on the facets which 

have been refined, then the existing envelope is valid for the new load case. However, 

if the load case appears on the envelope in a region which is coarse, then the envelope 

needs to be further refined. Figure 4.27 shows the cone refined Tip panel envelope 

with a total of 41 points after 6 iterations with 𝜖𝑅𝐹 = 5%. This can be compared with 

Figure 4.22, which has 130 points after 8 iterations with 𝜖𝑅𝐹 = 5%. 
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Figure 4.27: Tip panel performance envelope with cone refining, total  41 points 

on the mesh after 6 iterations, 𝝐𝑹𝑭 = 𝟓% 

4.3.4 Costs and results 

The section discusses the results of building the XRF1 stiffened panel envelopes and 

computational costs associated with building the envelope. It also presents the 

efficiency gains achieved by implementing the above discussed methods. 

The computational cost for the construction of performance envelopes must be as low 

as possible for a successful and feasible implementation within an engineering 

process. The cost of the envelope is related to both the geometric properties and the 

individual mathematics of the problem. The geometric properties of the envelope are 

the number of dimensions of the load space, the RF tolerance 𝜖𝑅𝐹, and the mesh 

refining strategy used (cone refining). The individual problem-based factors are the 

characteristic load space, the type of constraints used and the quality of the skill-tool. 

The quality of the skill-tool refers to the fact that most industrial analysis tools usually 



 

Structural Performance Envelope 

 120 

 

have a continuous response made up of many discontinuous functions. Such situations 

lead to sudden and sharp changes in the constraint direction which requires a higher 

number of points to define the envelope region accurately. 

The computational costs can be quantified in several different ways. The total time 

required to build the envelope is an interesting factor, but this is highly dependent 

upon the available computational resources. Geometrical aspects such as the number 

of facets or number of points on the envelope mesh are better, as efficient envelopes 

will require fewer points to describe the envelope accurately. However, a single point 

on the mesh may require different computational efforts (depending upon the root 

finding strategy such as ray-scaling or minimisation problem). Therefore, the number 

of calls made to the skill-tool is considered as the parameter to measure the 

computational costs. Indeed, reducing the number of skill-tool calls has been the 

objective of the above discussed framework. 

Table 4.1 gives the geometric parameters of the Root, Mid and Tip stiffened panel 

envelope. The normal condition is a baseline case which does not include any load 

space scaling nor cone-refinement strategy. The envelopes have been built using a RF 

tolerance 𝜖𝑅𝐹 = 5% The quality of the envelope is measured by computing the RFs 

for 274 load cases obtained from the Fast RF method to the reference value. The RFs 

obtained are a function of the load cases. For an engineer, the most interesting cases 

are the loads which are near the envelope surface or the cases with lowest RFs (i.e. 

𝑅𝐹 < 2. In this study, the absolute average error as given in Eq. 4.16  is used. This 

error considers all the load cases. 

𝑒𝑟𝑟𝑜𝑟 =
1

𝑚
∑ |

𝑅𝐹𝑟𝑚 − 𝑅𝐹𝐹𝑅𝐹𝑚
𝑅𝐹𝑟𝑚

| 

274

𝑚=1

 (4. 16) 

An envelope built without scaling or cone-refinement require on an average 4.7 calls 

to the skill-tool to compute a point or a vertex on the mesh. This corresponds to about 

42% improvement from the previous state of the art, which required around 8 calls to 
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build the envelope. This large decrease is due to the implementation of the ray-scaling 

process and the judicious implementation of the adaptative mesh refinement. 

Implementing the axis scaling and cone-refinement further improves upon the costs 

by lowering the average calls needed to the skill-tool to about 3.6 calls for each point 

on the mesh. This is a 55% improvement from the previous state of the art. The 

absolute average RF error for these envelopes are similar to the normal envelope 

suggesting that there is no substantial loss in quality by adapting the cone-refinement 

technique. 

Condition Panel 

Number 

of 

envelope 

vertex 

Iterations Facets 

Number of 

times 

optimisation 

is called 

Total 

number 

of skill-

tool 

calls 

The 

average 

number of 

skill-tool 

calls/vertex 

Abs 

average 

RF 

error%# 

Normal* 

Root 113 7 198 0 593 5.2 4.82% 

Mid 109 8 170 0 493 4.5 1.61% 

Tip 111 7 198 0 516 4.6 0.97% 

With 

scaling 

and cone 

refinement 

Root 62 8 114 0 245 3.9 4.78% 

Mid 46 7 84 0 164 3.5 1.71% 

Tip 55 6 104 0 201 3.6 1.00% 

 
*normal referrers to envelopes built without scaling or cone refinement. It implements basic 

adaptive meshing strategy. #For all RFs 

Table 4.1: Cost of results ray-scaling, 𝝐𝑹𝑭 = 𝟓% 

Lowering the number of skill-tool calls makes it more reasonable to explore envelopes 

both tighter in tolerances and in higher dimensional space. Table 4.2 provides an 

insight to the Root, Mid and Tip envelopes built with tolerances at 𝜖𝑅𝐹 = 0.1% and 

𝜖𝑅𝐹 = 0.05% using both the axis scaling and cone refining. The envelopes have a 

higher number of points in the mesh with the average number of skill-tool calls at ~3.7 

calls/point, which is lower than a higher tolerance envelope. However, the increased 

number of points provide no significant improvements in the accuracy of the RFs. 
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𝝐𝑹𝑭 Panel 

Number 

of an 

envelope 

point 

Iterations Facets 

Number of 

times 

optimisation 

is called 

Total 

number 

of skill-

tool calls 

The 

average 

number of 

skill-tool 

calls/point 

Abs 

average 

RF 

error% 

0.1% 

Root 201 13 358 1 735 3.6 4.62% 

Mid 96 10 168 1 369 3.8 1.53% 

Tip 137 12 258 0 507 3.7 0.85% 

0.05% 

Root 239 15 426 2 882 3.6 4.62% 

Mid 103 10 184 1 405 3.9 1.53% 

Tip 157 12 298 0 575 3.6 0.85% 

Table 4.2: High tolerance envelopes with both axis scaling and cone-refining 

Figure 4.28 gives the three different Tip panel envelopes for 𝜖𝑅𝐹 5%, 0.1% and 0.05%, 

respectively. The load cases are near the equator of the envelope, and hence the 

refinement focuses more on that region. 

 

Figure 4.28: Tip panel envelope at different 𝝐𝑹𝑭 of 5%, 0.1% and 0.05% 

respectively 

While discussing cost of building a performance envelope, it is important to note the 

cost of analysis through the traditional method. Direct evaluation of the structural 

element for a set of 𝑚 load cases will require 𝑚 skill-tool calls. This cost, depending 

upon the number of load cases can be significantly lower than the cost of building the 

envelope, even after implementing scaling and cone-refinement techniques. 

Therefore, for small number of load cases traditional methods maybe preferable.  

Nonetheless, even with these additional costs, the performance envelope approach has 

two advantages – firstly the envelopes can be built during the downtimes i.e. when the 
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requirement for the analysis is not present. The failure analysis for a large number of 

structural elements can be carried out in under one minute without large computational 

overhead needs, which greatly improves the reactivity of the process. Secondly the 

performance envelope database once built can be used in many different applications 

both in structural and loads development activities. Both of these are discussed further 

in Chapter 5 and in Chapter 6. 

4.4 A note on higher dimensional envelopes 

A higher number of characteristic loads can recreate the loads acting on the structure 

more accurately. Consequently, performance envelopes built in this higher 

dimensional space will also be more faithful to the real envelope. A study of 

complicated structures such as a wing section, as discussed in section 3.3, will require 

more than three characteristic loads. Therefore, it is of interest to explore envelopes 

built in higher dimensional space.  

Higher dimensional envelopes have several limitations. Firstly, visualising a higher 

dimensional envelope with critical loads and violating constraints will be complicated 

and unintuitive. Secondly and more importantly, the number of points on the mesh to 

build an envelope can be exceptionally large, with each added dimension making the 

cost prohibitive. Hence a trade-off study should be undertaken to decide between a 

more accurate and capable envelope versus the higher cost of construction. 

The earlier discussed framework of using a point cloud mesh refinement is a versatile 

and scalable approach. With improved efficiency, the framework is more suitable to 

explore higher dimensional space. A detailed trade-off study is out of the scope of this 

work. Therefore, this section will be limited to building higher dimensional envelopes 

of the stiffened panels and presents a simple algorithm for Fast RF computation in an 

n-dimensional space.  
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4.4.1 Fast RF estimation in n-dimensional space 

The Fast RF estimation solves a ray-hyperplane intersection problem. The size of the 

load on the structure is equal to the length of the load vector in the characteristic load 

space. The load vector’s intersection with the envelope facet defines the allowable 

limit for the structure. The intersection of a ray-hyperplane is efficiently solved by 

computing the equations of the plane and offsets. The Convex Hull [73] algorithm 

within Python scipy.spatial computes the n-dimensional convex hull for a set of points 

in space. The algorithm finds the set of vertices forming each facet of the convex hull. 

It also calculates the equation of the facet and a signed offset of the facet from the 

origin. Algorithm 4.2 gives the generalised process to compute the Fast RF by finding 

the intersection of the load vector with the envelope facet. 

The approach is highly robust and can be easily scaled to the n-dimensional problem 

without any substantial computational burden. This method avoids checking the 

intersection of the ray with each facet in the envelope and replaces the parametric form 

of Moller-Trumbone [89] ray-triangle intersection. 

Algorithm 4.2 Fast RF estimation 

1: Procedure 𝐹𝐴𝑆𝑇𝑅𝐹(𝑙𝑜𝑎𝑑, ℎ𝑢𝑙𝑙) 

2:     Compute hyperplane equation and offset 𝑉, 𝑏 = ℎ𝑢𝑙𝑙. 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛,

ℎ𝑢𝑙𝑙. 𝑜𝑓𝑓𝑠𝑒𝑡 

3:     Compute load offset 𝜶 =  −𝑏/(𝑙𝑜𝑎𝑑 . 𝑉) 

4:     𝛼𝑚𝑖𝑛 = min(𝜶 > 0) 

5:    Intersection point 𝐼 = 𝑙𝑜𝑎𝑑 . 𝛼𝑚𝑖𝑛 

6:     Compute 𝑟𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 from 𝐼 and 𝑟𝑎𝑐𝑡𝑢𝑎𝑙 from 𝑙𝑜𝑎𝑑 by converting to hyper-

spherical coordinates 

7:    return 𝑅𝐹 = 𝑟𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒/𝑟𝑎𝑐𝑡𝑢𝑎𝑙 

8: end procedure 
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4.4.2 Stiffened panel envelopes 

The Root, Mid and Tip stiffened panels from the XRF1 GFEM are used to build 

envelopes from 4 to 7 dimensions. Both the axis scaling and cone-mesh refining have 

been used in the construction and the RF tolerance 𝜖𝑅𝐹 = 10%. Without cone-refining 

or with a slightly higher tolerance, the number of points can become large, making 

such an effort unattractive.  

Table 4.3 gives the results of the test for the Mid stiffened panel envelope. The number 

of facets as expected drastically increases while the accuracy rises marginally. 

However, comparing with Table 4.2, the use of a higher dimensional envelope is a 

competitive alternative to increasing the RF tolerance. It can also be inferred that the 

ray scaling is more efficient in the higher dimensional space as the average number of 

calls made to the skill-tool is 3.2. 

Dimension 

Number of 

an 

envelope 

point 

Iterations Facets 

Number of 

times 

optimisation is 

called 

Total 

number 

of skill-

tool calls 

The average 

number of 

skill-tool 

calls/point 

Abs 

average 

RF 

error%# 

3D 35 6 66 0 131 3.7 1.54% 

4D 71 6 340 0 262 3.6 0.91% 

5D 115 7 1850 0 412 3.6 0.87% 

6D 188 10 9710 0 667 3.5 0.77% 

7D 288 8 61194 0 913 3.1 0.77% 

Table 4.3: Mid panel higher dimensional envelope, 𝝐𝑹𝑭 = 𝟏𝟎% 

4.5 Handling structural design changes  

A large part of the structural sizing process involves optimising the structure for a 

particular objective. This is achieved by adjusting the design variables until all 

constraints are satisfied and the desired objectives have been met. The design variables 

can refer to geometric variables such as dimensions of the structure and material 

variables such as the composite layups or material properties. As the design of the 
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structure evolves during the sizing process, the load carrying capacity of the 

component changes. Building a new performance envelope for each design iteration 

is an expensive step. Therefore, two different approaches to handle envelopes are 

explored in the following sections. 

4.5.1 Re-compute envelopes using root finding 

The first method is to transform a pre-existing envelope by radially moving the mesh 

points. The transformation is achieved by the root finding framework, as discussed in 

section 4.3. It can be argued that for small design changes, the envelope of the 

modified structure will remain close to the envelope of the structure in the previous 

iteration. Every now and then only a single constraint might be influenced by the 

design change, thereby modifying only a small local section of the envelope.  

The points on the new mesh are computed through the root finding methods. However, 

the initial guess radius is based on the critical radius of the same point in the previous 

envelope. There are two limitations to this approach. The first limitation is that the 

cost required to re-build using the previous data is only marginally better than building 

a new envelope from scratch. The structure may evolve through many iterations and 

rebuilding the envelope for each iteration will be time consuming and computationally 

infeasible. The second limitation is that this method does not address the change in 

characteristic load space. This is an important concern as the internal loads during 

preliminary sizing process would not have converged in the early stages of sizing. A 

way to include the change in load space is by re-computing the characteristic loads for 

the perturbed set of cases and to build the envelope in the new load space. 

4.5.2 Update envelopes using gradients 

The second method aims to transform the envelope mesh points using the information 

from gradients of the failure constraints to design. The change in the failure of the 

structure due to change in the design variable is linked by a chain rule of gradients 

defined in Eq. 4.17. 
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𝑑𝑅𝐹(𝑁(𝑥), 𝑥)

𝑑𝑥
=
𝜕𝑅𝐹

𝜕𝑥
+
𝜕𝑅𝐹(𝑁)

𝜕𝑁

𝑑𝑁(𝑥)

𝑑𝑥
 (4. 17) 

where failure is defined by 𝑅𝐹(𝑁(𝑥), 𝑥), which is a function of the internal loads 𝑁(𝑥) 

and design variable vector 𝑥. The internal loads 𝑁(𝑥) are also a function of the design 

variables. The first part of the chain rule gives the explicit dependence of the constraint 

with respect to the design variables, while the latter part gives the implicit dependence. 

If only the explicit gradients 
𝜕𝑅𝐹

𝜕𝑥
 are considered, then the internal loads within the 

structure are assumed constant. This is usually the situation during the later stages of 

a sizing process where the internal loads would have converged. However, the internal 

loads within the structure can vary during the early stages of design. The dependence 

of the internal loads is captured by the implicit part of the Eq. 4.17.  

4.5.2.1 Simple metallic panel 

A simple metallic panel experiment is devised to replace the more realistic stiffened 

panel typically used in industry. The metallic panel is composed of two thin plates 

with a rectangular stiffener in the middle, as shown in Figure 4.29. 

 

Figure 4.29: Simple Metallic Panel 

The metallic panel model has five design variables which are, the skin thickness 𝑡𝑟
  

and 𝑡𝑙
  corresponding to the right and the left panel respectively, cross-sectional 

dimensions of the rectangular stiffener 𝑏𝑆𝑇𝑅
 and ℎ𝑆𝑇𝑅

  and the length of the stiffener 

𝑙𝑆𝑇𝑅
 , as given in Table 4.4. Seven load fluxes described earlier in section 4.2.3.1.3 are 
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applied to the panel. The load fluxes are the right and left panel 𝑁𝑥 , 𝑁𝑦 and 𝑁𝑥𝑦 , and 

the stiffener force 𝑃𝑥. 

The structural failure analysis in a more realistic stiffened panel (such as the XRF1 

panels) is a complex computation in which a single constraint may depend upon a 

combination of input loads. For example, the buckling failure mode of the stiffener is 

a function of the stiffener compressive force 𝑃𝑥, as well as a combination of panel 

compressive forces, 𝑁𝑥 , acting over the right and left panel. Such a formulation results 

in a highly coupled behaviour between the input loads and the resulting critical failure 

modes and is computed using skill-tools. 

Property Value Unit 

𝑡𝑟 3 mm 

𝑡𝑙 3 mm 

ℎ𝑆𝑇𝑅 20 mm 

𝑏𝑆𝑇𝑅 20 mm 

𝑙𝑆𝑇𝑅 100 mm 

𝜎𝑌,𝑡𝑒𝑛𝑠𝑖𝑜𝑛 55.2 MPa 

𝜎𝑌,𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 103 MPa 

𝜎𝑌,𝑡𝑒𝑛𝑠𝑖𝑜𝑛
𝑆𝑇𝑅  50 MPa 

𝜎𝑌,𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛
𝑆𝑇𝑅  100 MPa 

Table 4.4: Properties of the metallic panel 

To simplify the analysis, the stiffener is treated as an individual member of the 

assembly. Its yielding is evaluated by comparing stiffener stress with the yield stress 

and its buckling is assessed using only the stiffener compressive force 𝑃𝑥 with a 

clamped Euler buckling constraint. The right and left panels are assumed to be in a 2D 

plane stress state and tested against von Mises failure criterion.  
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All the other more complex stability criteria such as local-buckling, damage tolerance 

etc. which are the dominant failure criteria for panels are ignored. Though the 

performance envelope is more than capable of treating such coupled constraints as 

presented in section 4.3, the metallic panel model acts as a sample problem to 

demonstrate the concept of updating envelopes. The panel failure modes are given in 

Eq. 4.18. 

𝜎𝑌,𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛
𝑅𝑃 ≤ 𝜎𝑣𝑚

𝑅𝑃 ≤ 𝜎𝑌,𝑡𝑒𝑛𝑠𝑖𝑜𝑛
𝑅𝑃

𝜎𝑌,𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛
𝐿𝑃 ≤ 𝜎𝑣𝑚

𝐿𝑃 ≤ 𝜎𝑌,𝑡𝑒𝑛𝑠𝑖𝑜𝑛
𝐿𝑃

𝜎𝑌,𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛
𝑆𝑇𝑅 ≤ 𝜎𝑣𝑚

𝑆𝑇𝑅 ≤ 𝜎𝑌,𝑡𝑒𝑛𝑠𝑖𝑜𝑛
𝑆𝑇𝑅

𝑃𝑥 ≤ 𝐹𝑐𝑟

(4. 18) 

where 𝜎𝑣𝑚
𝑅𝑃, 𝜎𝑣𝑚

𝐿𝑃  and 𝜎𝑣𝑚
𝑆𝑇𝑅 are the von Mises stress inside the right panel, left panel 

and the stiffener respectively (refer to Appendix C for calculations), and 

𝜎𝑌,𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛, 𝜎𝑌_𝑡𝑒𝑛𝑠𝑖𝑜𝑛 is the yield strength of the material in tension and 

compression respectively. 

4.5.2.2 Update envelope using gradients 

Consider a structure with a design variable 𝑥. For a small change in the design variable, 

Δ𝑥, the change in constraint i.e. the RF,  Δ𝑅𝐹 is given by Eq.4.19. 

𝛥𝑅𝐹 =
𝑑𝑅𝐹

𝑑𝑥
 𝛥𝑥 (4. 19) 

Consider a single point on the envelope given by 𝑉𝑖. At 𝑉𝑖  the critical (or the binding) 

RF will be equal to one, i.e.  𝑅𝐹𝑐𝑟𝑖 = 1 . A change in the design variable Δ𝑥 will move 

the vertex from 𝑉𝑖 to 𝑉𝑖
′. The RF at 𝑉𝑖

′ which is now the new critical RF 𝑅𝐹𝑐𝑟𝑖
′  is given 

by Eq. 4.20. 

𝑅𝐹𝑐𝑟𝑖
′ =   1 + 𝛥𝑅𝐹 (4. 20) 
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Therefore, the new vertex 𝑉𝑖
′ can be estimated by scaling the existing vertex 𝑉𝑖 with 

𝑅𝐹𝑐𝑟𝑖
′  as given in the Eq. 4.21.  

𝑉𝑖
′ =  𝑉𝑖 (1 + 𝛥𝑅𝐹) (4. 21) 

The gradient scaling method works with a vector of design variables and constraints. 

It is to be noted that this method scales an existing point on the mesh radially 

depending upon the change in the design variable. 

4.5.2.3 Computing gradients  

The RF gradients required for updating the envelopes are computed through the finite 

difference method. Usually within the preliminary sizing optimisation process, the 

explicit gradients 
𝜕𝑅𝐹

𝜕𝑥 
 are readily available from the  skill tool through finite difference, 

see Figure 1.26. 

For the explicit part 
𝜕𝑅𝐹

𝜕𝑁

𝑑𝑁

𝑑𝑥
 with the internal loads, the gradients must be evaluated for 

the loads corresponding to the envelope points. The change of internal load to design 

variable 
𝑑𝑁

𝑑𝑥
, is computed using finite difference in this study. However, these terms 

are available from FEA solvers such as NASTRAN SOL200 in an actual sizing 

problem. Since the internal loads are linear responses of the external loads, this term 

can be computed more efficiently using characteristic loads, see    for more details. 

The term 
𝜕𝑅𝐹

𝜕𝑁
 is the more expensive term to calculate via finite difference due to the 

multiple evaluations required of the skill-tool. However, economical way to compute 

these terms at reduced costs directly from the envelope as will be discussed in Chapter 

6. 

4.5.2.4 Case study 

The following section presents two case studies - one using the simplified metallic 

stiffened panel and the other using the compound bar assembly. In the first study, the 
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internal loads within the structure are assumed to be constant, reflecting a mature 

design study. Therefore, the implicit part of the RF chain, 
𝜕𝑅𝐹

𝜕𝑁

𝑑𝑁

𝑑𝑥
 , is ignored and only 

the explicit 
𝜕𝑅𝐹

𝜕𝑥 
 terms of Eq. 4.17  are computed through finite difference.  

The second study models the dependence of both the internal loads and structural 

constraints on the design variables. This experiment aims to represent an early design 

study of the structure. Therefore, all the terms of Eq. 4.17 are considered and 

computed through finite difference. 

4.5.2.4.1 Constant internal loads 

The 274 internal loads of the Mid panel of the XRF1 GFEM are loaded on the metallic 

panel described in earlier section 4.5.2.1. The initial performance envelope is built in 

3-dimensional space as shown in Figure 4.30.  

 

Figure 4.30: A 3-dimensional envelope for the metallic panel 
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In this demonstration, the internal loads are assumed to be independent of the design 

variable, which allows them to be treated as constant loads. Therefore, only the RF 

gradients 
𝜕𝑅𝐹

𝜕𝑥
 are computed using finite difference.  

A simple test case for illustration purpose is presented. The design variables described 

in section 4.5.2.1 are perturbed from the baseline design as 𝑡𝑟* = 𝑡𝑟 1.05, 𝑡𝑙
∗ = 𝑡𝑙  0.93,  

𝑏𝑆𝑇
∗  = 𝑏𝑆𝑇𝑅 1.12,  ℎ𝑆𝑇𝑅

∗ = ℎ𝑆𝑇𝑅0.91  and 𝑙𝑆𝑇𝑅
∗ = 𝑙𝑆𝑇𝑅 1.04, where the superscript * 

represents the perturbed design variables. The 
𝜕𝑅𝐹

𝜕𝑥
 terms for the critical constraints are 

computed using finite difference and the new envelope is computed using the gradient 

information as given in section 4.5.2.2. 

Figure 4.31 juxtaposes the newly updated envelope shown in purple with the initial 

envelope shown in green. Figure 4.32 shows the critical RF scatter plot of the 274 load 

cases computed using the envelope for the perturbed design versus the critical RF 

computed using skill tool as reference values. The Fast RF compared to the reference 

value has an absolute mean error of 1.68%. 

 

Figure 4.31: Initial and final envelope of the metallic stiffened panel shown in 

green and purple respectively for a change in design variables 

 



 

Structural Performance Envelope 

 133 

 

 

Figure 4.32: Scatter plot of critical RF computed using newly computed 

perturbed envelope vs reference critical RF computed using skill tool 

To simulate various combinations of changes across the design space, a design 

variable perturbation grid is generated in the range ±10% from the initial value in 

steps of four (0.9, 0.966, 1.03, 1.1). This corresponds to -10%, -3.4%, +3% and +10% 

changes in the design variables, respectively. The experiment demonstrates the 

capability of the gradient-based approach to compute accurate envelopes for large 

perturbations. The perturbation grid results in a total of 1024 combinations of design 

variables. 

The perturbed performance envelope is computed using the gradient approach for each 

combination of the design variable. It is to be noted that the RF gradient, 
𝜕𝑅𝐹

𝜕𝑥
, have 

been computed only once at the beginning of the experiment for the baseline design. 

For each new envelope that is computed, the Fast RF for the 274 load cases is 

performed. The reference critical RF for all the 274 load cases are computed by solving 

the failure modes. The entire simulation exercise results in a total of 280576 RFs. 
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Figure 4.33: Scatter plot of 280576 RF obtained from 1024 simulations. The red 

line represents the line of exact fit 

Figure 4.33 shows a scatter plot of the RFs obtained using the Fast RF and values 

obtained by solving the analytical equations. The fit between the two is good with a 

mean percentage error of -0.17% and a standard deviation of 2.78%. A probability 

density function plot of the percentage error for all the RF is given in Figure 4.34. 

Choosing only the critical load cases resulting in RFs between 2 > 𝑅𝐹 > 0.5 yields 

similar result indicating that the updated performance envelope is accurate for a range 

of load cases. 
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Figure 4.34: Probability density function plot of the percentage error for all 

RFs, mean = -0.17% standard dev = 2.78% 

4.5.2.4.2 Variable internal loads 

The second experiment expands over the first experiment discussed in the previous 

section and aims to simulate an early stage design study. In this experiment, the 

perturbations in the design variables influences the internal load distribution as well 

as the failure modes of the structure. The experiment aims to demonstrate that the full 

RF gradient chain presented in  Eq. 4.17 is capable of capturing all the changes to the 

performance envelope. The compound bar assembly problem is used to demonstrate 

the concept. 

The external load case set for the assembly is generated using the spring mass damper 

system as discussed in Chapter 2. The 2-dimensional performance envelope for the 

initial baseline compound bar design is shown in Figure 4.35. The red dots represent 

the initial internal load cases, and the dotted lines represent the eight failure 

constraints, and the black line represents the performance envelope. 
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Figure 4.35: Initial baseline envelope of the compound bar assembly, in a scaled 

characteristic load space 

To illustrate the process a numerical example is presented. The three radii of the tube 

and bar 𝑥1, 𝑥2 and 𝑥3 are selected as the initial design variables. These are perturbed 

by a factor as 𝑥1
∗ = 𝑥11.09 , 𝑥2

∗ = 𝑥2 0.95 and 𝑥3
∗ = 𝑥3 1.06, where 𝑥1

∗, 𝑥2
∗ and 𝑥3

∗ are 

the new design variables. This leads to a change in the internal load distribution within 

the assembly along with changes to the failure modes and therefore, changes to the 

performance envelope.  

All the gradients terms of the RF chain rule 
𝑑𝑅𝐹

𝑑𝑥
 described in Eq. 4.17 are computed 

using the finite difference method at the initial baseline condition. Using these RF 

gradients, the initial baseline performance envelope is updated as described in section 

4.5.2.2.  
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Figure 4.36 shows three different envelopes. The envelope denoted with the black line 

represents the initial baseline envelope for the unperturbed assembly. The purple 

envelope is the updated envelope using the RF gradient. The blue markers represent 

the envelope generated for the new perturbed design using the root finding framework 

discussed in section 4.3. The blue markers coincide with the purple envelope, 

indicating a good match between the updated and re-computed envelope. The green 

markers indicate the new internal loads due to the change in the design. As expected, 

there is a considerable change in the internal load magnitude. Figure 4.37 gives a 

scatter plot of the Fast RFs computed from the newly updated envelope with the 

reference RFs for the new design.  

 

Figure 4.36: Updated compound bar envelope. Black line represents original 

envelope, purple line represents updated envelope. Blue markers represent a 

new envelope computed for the updated design from scratch 

The perturbed design variables have increased the tube outer radius by 9%, reduced 

the inner radius of the tube by 5% and increased the bar radius by 6%. The overall 
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perturbations increases the size of the structure and this can be visualised in the Figure 

4.36, where the envelope is larger than the original envelope with an increase of 

29.65% in area and 27.0% in structural weight. 

 

Figure 4.37: Scatter plot of critical RF from updated envelope with reference 

values, abs average error = 2.28%. Colour bar indicate the eight failures 

Similar to the previous example discussed in section 4.5.2.4.1, combinations of design 

variable perturbation are generated. To demonstrate the capability of the RF gradient 

technique to include material design variables, changes in the tensile and compressive 

yield strength for the tube and bar are considered as additional design variables. This 

takes the overall number of active design variables for the study to seven (three radii 

and four material allowable). The design variable perturbation mesh grid is generated 

for the range of ±5% in 3 steps [0.95, 1.0, 1.05] leading to a total of 2187 simulations.  

The initial baseline envelope is updated for each combination of the design variable 

perturbation using both the implicit and explicit terms of the RF gradient equation, 

which is computed once at the start of the experiment for the initial baseline design 

through finite difference. 

The Fast RF of the set of 29 external load cases are computed using the updated 

envelope. The scatter plot in Figure 4.38 shows 63423 RFs (29 external load cases 



 

Structural Performance Envelope 

 139 

 

times 2187 design variable combinations) obtained using Fast RF compared to the 

reference RF computed by solving the failure mode equations for each perturbed 

design. Figure 4.39 presents a probability density function of the percentage error 

between the reference RF and Fast RF values. The percentage mean error is 1.98% 

with a standard deviation of 1.98% indicate that the updated envelopes are generally 

accurate for a small design perturbation. 

 

Figure 4.38 Scatter plot of 63423 RF obtained from 2187 compound bar 

simulations. The red line represents the line of exact fit 
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Figure 4.39: Compound bar probability density function plot of the percentage 

error for all RFs, mean = 1.98%, standard dev = 1.98%  

4.5.2.5 Constraint tracking 

Constraint tracking is a constraint management activity which usually occurs within 

the optimisation routine. The goal of constraint tracking is to evaluate the constraint 

function and to track the changes in the constraints as the design evolves. Tracking the 

movement of the constraints lets the optimiser know if a group of constraints used in 

the optimisation are still important, or to see if the active constraint has changed. As 

discussed further in section 5.2.2, there are other established implementations of 

constraint management such as NASTRAN SOL200 [46] and  ltair’s  ptistruct [90]. 

Updating envelopes using the RF gradients can be seen as a form of constraint 

tracking. The case studies have demonstrated the process to update the envelope using 

the RF gradient, 
𝑑𝑅𝐹

𝑑𝑥
. The key notion behind the updating of an envelope is to compute 

the movement of the constraints within the characteristic load space and thereby 

displace the envelope surface. This is a powerful step that can be used to track the 

movement of constraints during the optimisation process.  
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For example, consider Figure 4.40 which shows the performance envelope of both an 

initial and a perturbed assembly problem. The perturbation is achieved by decreasing 

the compressive yield strength of the tube element by 50%5 of its initial value. The 

dotted lines represent the constraints of the initial assembly whereas the solid lines 

represent the constraints of the perturbed assembly. The black envelope is the initial 

envelope, and the magenta envelope gives the updated envelope (computed using RF 

gradients).  

This large change in the design has resulted in a decreased area of the envelope. This 

is due to the constraints (shown in brown and orange) that were previously not binding, 

forming the new binding surface of the updated envelope.  

This example demonstrates the concept of constraint tracking. By computing the RF 

gradients of a set of constraints (binding and otherwise), it is possible to track the 

movement in the characteristic load space. This helps in identifying the changes in the 

hierarchy of the constraints, which can be vital information to both the optimiser and 

engineer. A further discussion on down-selection and identifying constraints near the 

envelope surface is presented in the following Chapter 5. 

 

5 Such large changes in design seldom occurs in an optimisation routine, but this is used 

to illustrate the concept. 
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Figure 4.40: Compound bar example initial envelope and updated envelope for 

a large change in design. Constraints shown in brown and orange are new 

binding constraints 

4.6 Summary 

In summary, two aspects of performance envelopes have been explored in this chapter. 

The first aims to improve the costs of building the envelope. The second aspect 

explores an approach to handle the effect of design changes on the envelope. 

It is demonstrated through the root finding framework that the cost of building 

envelopes shows a significant reduction compared to the previous work. A generalised 

and robust Fast RF method for n-dimensional problems is introduced using the ray-

plane intersection method, which replaces the parametric approach. 

The 
𝑑𝑅𝐹

𝑑𝑥
 gradient-based approach is explored as a solution to transform the envelope 

instead of re-computing the envelope from scratch at each design iteration. This allows 
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for almost an instant update to the envelopes provided the gradients are pre-computed. 

Two case studies are discussed. The first explores a more mature design by fixing the 

internal loads, while the second aims to simulate an early design study in which both 

the internal loads and failure constraints of the structure are a function of the design 

variables. Both cases demonstrate that the envelopes can be updated using gradients 

to reflect the changes in the structure. 

4.7 Discussion and conclusions 

One of the entry barriers of implementing performance envelopes within an 

engineering problem is the large initial upfront cost of building the envelope. The ray-

scaling method to solve the root finding problem is numerically cheaper compared to 

the previous alternative. This method significantly reduces the number of calls made 

to the skill-tool. For the XRF1 stiffened panel envelope, the cost of a point is reduced 

from 8 calls/point to an average of 4 calls/point. Such reduction in the computational 

costs make building envelopes in higher dimensional space computationally 

competitive.  

An experiment of building higher dimensional envelopes for the stiffened panels was 

conducted. The results indicate that even though the higher dimensional envelopes are 

more accurate (compared to 3D envelopes), there is a significant cost penalty. 

Therefore, the recommendation is to use the minimum possible dimensions required 

for a structural element. However, higher dimensional envelopes are a feasible 

solution for complex structures. 

The envelopes once built for a structural feature can be updated relatively quickly 

using the RF gradients as the design evolves. The gradients once computed are valid 

for a range of design changes. The experiments using the metallic stiffened panel 

assumed a more mature design where the internal loads did not change. The RF 

gradients required for these are already present within the preliminary sizing process 

and therefore, updating envelopes is relatively inexpensive. 
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By computing the complete RF gradient chain, 
𝑑𝑅𝐹

𝑑𝑥
, it is possible to update the 

envelope including the effect of a change in the characteristic load space, as 

demonstrated by the compound bar assembly experiment. Using the RF gradients, 

tracking the binding and non-binding constraints is also possible.  

In conclusion, the initial question of improving the efficiency of building performance 

envelopes for industrial problems has been answered. More importantly, 

recommendations on to handle the envelopes to design changes have been explored. 

The results suggest that by using the RF gradients, the use of envelopes within the 

sizing process becomes more realistic.  

 



 

Chapter 5  

Loads & Constraints Down-selection  

5.1 Introduction 

A large-scale optimisation is defined as a problem with a large number of design 

variables and constraints, typically in the order > 106. Aircraft preliminary structural 

sizing falls into this category. The structure is sized and optimised for many design 

variables, structural failure criteria and load cases  [50, 51]. 

The large-scale optimisation problem primarily makes use of the gradient-based 

approach. Here the computational cost associated is directly proportional to the 

number of variables as discussed in section 1.4.1.4. Therefore, narrowing down the 

size of the design space yields a significant benefit to the computational efficiency in 

terms of time and cost. 

The optimisation of a local structure, such as the stiffened panel, is constrained by the 

design failure criteria (e.g. failure strength, panel global and local buckling stability, 

damage tolerance, etc). Some manufacturing rules such as the maximum and 

minimum range of skin thickness, and the variation of these along the span of the wing 

are considered as well. 

The number of load cases can vary between some tens to a few hundreds, of which 

only a handful will drive the design. The structural component is sized for these 

driving load cases. The number of load cases in question depends upon many factors 

which include the type of analysis (such as gust or manoeuvre load, hard landing, etc.) 

as well as the fidelity with which the loads are calculated.  

As described in detail in Chapter 3 and Chapter 4, the concept of characteristic loads 

and performance envelopes is used to identify the critical loads and constraints for a 
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structural component using the Fast RF approach. From the structural optimisation 

perspective, this work aims to provide the set of critical load cases and the constraints 

of the XRF1 wing covers that drive the design. These down-selected cases are used as 

the inputs for the preliminary structural sizing routine.  

An industrial collaboration was undertaken with Airbus Operations UK, to -  

• Demonstrate the industrialisation capability of characteristic loads and 

performance envelopes. 

• Apply the concept of load case and constraint down-selection to reduce the 

size of the preliminary sizing problem. 

• Design a framework using the above concepts to aid the loads development 

process. 

This chapter presents the results of the above three objectives using the XRF1 GFEM 

wing described in section 3.2. 

5.1.1 Chapter outline 

Section 5.2 presents a summary of the preliminary structural sizing optimisation 

process employed in industry. Section 5.3 presents the load case and constraint down-

selection procedures. This is followed by section 5.4 and section 5.5 where the 

methodology to build the database and results are discussed respectively.  

Section 5.6 introduces first a framework and then a lightweight (but industrially 

useful) stress tool using the concepts of characteristic loads and performance 

envelopes in the context of load-case and constraint down-selection in order to aid 

industrial loads development in the preliminary sizing phase. This framework is a 

package that bundles a performance envelope database in a Python script. The package 

provides a simple and lightweight tool to engineers and researchers. It can be used as 

a black-box function to evaluate aircraft structural failure for a variety of different load 

cases. Section 5.7 summarises the results of this tool development and its application 

to the preliminary sizing phase of the XRF1 wing, and section 5.8 concludes how it 

could be deployed more generally to aid loads development in an industrial context. 
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5.2 Industrial preliminary sizing  

The Advanced Composite Optimiser (ACO) is an Airbus in-house developed tool for 

numerical optimisation of the preliminary sizing [50, 51, 85, 86]. The ACO process 

was initially developed for the Airbus composite wing box design of the A350-1000. 

The Advance Metallic Optimiser (AMO) was later developed on similar principles to 

ACO, to extend the capability to metallic wing boxes appropriate for the analysis of 

legacy aircraft projects such as the A330-NEO [91]. 

 

Figure 5.1: ACO/AMO overview of the data flow 

Figure 5.1 shows a general overview of the data flow of the ACO/AMO process, see 

Iorga et al. [50]. The ACO/AMO process aims at enhancing the maturity of the 

preliminary design while reducing the associated costs. To achieve this and to 

minimize inconsistencies in results during detailed sizing stages, the framework 

implements the same stress-analysis software and tools as in the downstream analysis 

process. The framework of strength analysis is ISAMI, see section 1.5.2.  
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The ACO/AMO process also implements commercial off the shelf software such as 

NASTRAN for the linear static analysis to compute the internal load paths within the 

GFEM and the gradients required for optimisation. 

The main bottleneck of such a process is the computational times associated with the 

RF calculations. The order of magnitude of the number of failure modes assessed is 

directly proportional to the number of structural elements and the number of load 

cases. Therefore, there is a significant benefit in identifying the critical or driving load 

cases as well as the failure modes/constraints of the structural components and only 

considering these in the analysis. 

5.2.1 Reactivity 

In an industrial scenario there are several non-technical factors that come into 

consideration. The paper by Iorga et al. [50] discusses these industry-specific 

requirements as – model commonality, the similarity of criteria and analysis tools, 

reactivity and flexible development. 

Model commonality, similarity of criteria and analysis tools, and flexible development 

describe the standards the industry process and tools should adhere to. For example, 

the GFEM and ISAMI skill-tool for strength analysis etc. in ACO can be extended to 

different aircraft variants. 

Reactivity is a crucial requirement in which a process can deliver a suitable design 

within a short time scale, rather than delivering the numerically exact solution. Often 

the optimisation team will be pressed to analyse the effects of a set of load cases on 

some structural elements (such as the panels near the wing root). If the given number 

of loads or constraints to be analysed is high, then the analysis lead times can be 

significant, hampering the reactivity.  
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5.2.2 Constraint management 

Several well-established solutions exist to handle the many structural constraints 

during the optimisation process. For example, the commercial solution implemented 

within the NASTRAN SOL200 optimisation routine, see user guide [46], manages 

constraints in two different ways: 

Constraint deletion - where the constraint is eliminated from the optimisation process 

if the value of the constraint evaluated is below a selected threshold, e.g. where the 

loading is an order of magnitude below that required to cause constraint violation and 

failure. Constraint deletion is a one-off constraint selection process where a large 

number of constraints can be eliminated before the optimisation is begun. 

Active set - identifying a set of constraints (after constraint deletion) which are within 

a specific tolerance value of failure. This set of active constraints are the ones for 

which the gradients are computed during the optimisation process. The other 

constraints, that are not active, are not used within the optimisation. 

However, implementing such constraint handling techniques directly with the 

preliminary sizing process is challenging. This is due to the predominant use of skill-

tools for strength analysis, as discussed in section 1.5.2. In the following sections, an 

alternative method of load case and constraint down-selection using performance 

envelopes is presented. 

5.3 Load case and constraint down-selection 

To reduce the size of the optimisation problem, the important constraints and load 

cases can be one-off down selected. By identifying the interesting constraints to 

analyse, the initial starting point of the optimisation problem is better conditioned. 

This reduces the burden on the optimiser in computing the RF gradients. The load case 

and constraint down-selection procedures are developed assuming that prebuilt 

performance envelopes of the structural elements of interest are available. 
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5.3.1 Load case down-selection 

The Fast RF estimation method is performed on internal load fluxes of the structural 

element to compute its critical RF for all the load cases. The load case is said to be 

important if the critical RF is lower than a limit value, i.e. if  𝑅𝐹 < 𝑅𝐹𝑙𝑖𝑚𝑖𝑡. The value 

of the 𝑅𝐹𝑙𝑖𝑚𝑖𝑡 can be varied based on the engineering requirement. Typically, if the 

critical RF of a load case is greater than 3, such load cases are generally safe and will 

not be of interest to the designer. The most interesting load cases to be identified are 

the ones which have the critical RF close to or lower than one. It is to be noted that if 

the structure is over designed, the load cases will have large RFs. These load cases are 

still of interest and therefore, the limit 𝑅𝐹𝑙𝑖𝑚𝑖𝑡 depends on the actual problem. 

5.3.2 Constraint down-selection 

By definition, any point on the performance envelope will correspond to a combination 

of internal characteristic loads resulting in a load case which will have its lowest RF 

equal to one. When the performance envelope is built, the vertices of the envelope will 

hold the information of the binding constraints (for which the RF will be equal to one). 

Therefore, it is a straightforward one-off process to identify the constraints that are 

binding for the structure.  

5.3.2.1 Identifying additional constraints 

Along with the binding constraints of the structure, it is essential to consider 

underlying constraints that can potentially become critical in later iterations as the 

preliminary sizing activity progresses. Therefore, the optimiser would need to be 

aware of these constraints. 

The additional constraints of importance can be identified by considering all the 

constraints close to the envelope. The additional constraint RF information is available 

within the performance envelope database that is created when the envelope is built, 

see section 5.4. 
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Consider the 2-dimensional performance envelope shown in Figure 5.2. There are two 

non-linear and three linear constraints for the structure. Out of the five constraints, 

only the two non-linear constraints (shown in red and purple) and one linear constraint 

(shown in green) are binding constraints and contribute to forming the surface of the 

performance envelope shown in black.  

 

Figure 5.2: 2-dimensional performance envelope showing five constraints. 

Yellow constraint is close to the envelope but not binding 

However, the linear constraint shown in yellow is close to the envelope. As the design 

changes, it would be possible for the yellow constraint to become binding. Therefore, 

the non-binding yellow constraint can be identified by specifying a scalar tolerance 

value 𝜖 .  

The binding constraints of the envelope will have the critical RF equal to one. A 

constraint close to the envelope surface (non-binding) will have its RF at a point on 

the mesh 𝑉𝑖 slightly greater than one. These constraints can be selected by the tolerance 

𝜖 + 1 around the performance envelope as shown in Figure 5.3. If a non-binding 

constraint has an RF within this tolerance, then such a constraint is added to the 

constraint set to be checked by the optimiser. On a similar note, the blue linear 
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Non-linear constraints
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constraint is sufficiently far away from the 𝜖 + 1 envelope and therefore, can be safely 

ignored. 

 

Figure 5.3: Additional envelope 

Additionally, the constraint tracking procedure described in section 4.5.2.5 can be 

applied to better track the movement and changes in the hierarchy of the identified set 

of constraints. 

5.4 XRF1 performance envelope database 

The performance envelopes are built for several stiffened panels of the XRF1 GFEM 

to demonstrate the above concepts. The process for building efficient envelopes is 

presented in section 4.3. 

5.4.1 Load cases and constraints 

For this demonstration, the 274 external load cases comprising both ground loads and 

flight loads as presented in section 3.2.1 are used. The demonstration makes use of the 

skill-tool WPS3 as discussed earlier in section 4.2.3 

The skill-tool has a predefined set of failure modes for analysis. Each set contains 

some or a combination of failure modes such as buckling, damage tolerance, 
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repairability etc which can be switched on or off. An analysis with a large set of failure 

modes will result in longer computational times as well as a greater number of 

gradients to be computed within the optimisation framework. Therefore, it is of 

interest to identify a smaller set that has the fewest number of failure constraints that 

are of interest. 

For this study, the envelope is built using a set with a large number of failure 

constraints and these are defined in Table 5.1.  

Constraint name Constraint ID 

RF stiffener local buckling 1 

RF skin inter-rivet buckling 2 

RF skin local buckling 3 

RF skin buckling modes 4,5,6 

RF first general buckling mode 7 

RF damage tolerance left panel 8 

RF damage tolerance right panel 9 

RF repairability left panel 10 

RF repairability right panel 11 

RF repairability stiffener foot 12 

RF repairability stiffener web 13 

Table 5.1: List of constraints used for building performance envelope along 

with constraint ID 

5.4.2 Methodology 

This section presents the workflow implemented to compute the performance 

envelope database. The database aims to store information such as the characteristic 

loads, performance envelopes and critical constraints for different structural elements 

defined by the calculation point (CP), see section 4.2.3. 
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The XRF1 performance envelope database is created for stiffened panels of the top 

and bottom wing cover. The process of building the performance envelope database 

in an industrial sense can be broadly grouped into two stages.  

The first stage is the pre-processing stage. The external SMT loads are mapped on the 

XRF1 GFEM and the internal load fluxes 𝑁 acting on the stiffened panel are extracted 

using a linear static FEA. The required characteristic internal loads (3 off) are 

identified by performing the SVD as demonstrated in the preceding study, see section 

4.2.3.2. 

The second stage of the process involves building the performance envelopes for each 

stiffened panel using the framework discussed in Chapter 4. The parameters such as 

the RF tolerance 𝜖𝑅𝐹 , the set of all failure constraints to be used etc. are defined so 

that each envelope can be constructed. Building envelopes for many structural 

elements can be easily parallelised and run on many computational clusters. This is 

because the construction of a performance envelope of an individual CP is an 

independent activity. The cost of building an envelope is measured as the number of 

times the skill-tool is evaluated. It will depend on many factors, see section 4.3.4 for 

a detailed discussion on the computational cost of envelope construction. 

The output of this stage is the performance envelope database. The database contains 

GFEM attributes such as the element names and numbers, the load cases (that are used 

to compute the characteristic loads), characteristic loads and the performance 

envelopes, i.e. the RF of all the constraints (considered for the analysis) at each point 

of the envelope mesh. 

5.5 Down-selection  

The performance envelope database is used in a one-off loads and constraint down-

selection process which defines the inputs for the ACO process, as shown in Figure 

5.4. The down-selection process results in a set of critical load cases and a set of 

important (critical + additional) constraints, see section 5.3.2.1. These down-selected 
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results are used to identify a smaller set of loads and constraints from the larger initial 

set. 

 

Figure 5.4: An automated down-selection process to generate an optimised 

ACO input 

5.5.1 Results of down-selection 

The load and constraint down-selection results are discussed with reference to the 

three stiffened panels Root, Mid and Tip (defined in section 4.2.3 and shown in Figure 

4.13). The RF cut-off limit, 𝑅𝐹𝑙𝑖𝑚𝑖𝑡 is set based on some engineering judgement and 

margins comfortable with the project. For the current study, only the load cases with 

RFs lesser than 3 are considered (𝑅𝐹𝑙𝑖𝑚𝑖𝑡 = 3). 

Table 5.2 presents the number of down-selected load cases for the three stiffened 

panels. From the initial 274 load cases, only 21 load cases have a RF which is less 

than 3 for the Root panel. These load cases will be the critical cases driving the 
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optimisation of the Root panel. Similarly, 183 and 88 cases are identified for the Mid 

and Tip panels, respectively. Note that if the critical RF for all the load cases are large, 

this indicates that the structure is over designed and should be the prime focus for the 

optimisation. 

Panel 

The initial 

number of 

load cases 

Number of 

down-selected 

cases, 𝑹𝑭 < 𝟑 

Root 274 21 

Mid 274 183 

Tip 274 88 

Table 5.2: Number of down-selected load cases for the top cover, load case with 

𝑹𝑭 < 𝟑 

Table 5.3 presents the three panels (i.e. Root, Mid and Tip) along with the number of 

down-selected constraints and the constraint ID. From the initial 13 constraints as 

described in section 5.4.1, only a fraction of them are near the vicinity of being critical 

with 𝜖 = 0.01. The 𝜖 is set equal to the RF tolerance 𝜖𝑅𝐹 used in the construction of 

the envelope. For example, the Mid panel has only two binding constraints and one 

additional constraint (constraint near the envelope surface). Therefore, a total of three 

constraints (with constraint ID 8, 9, 10) are down selected for the optimisation. The 

optimiser only computes the gradients for these three constraints instead of the original 

13 constraints, as only these will drive the optimisation for the Mid panels. The Tip 

panel needs eight constraints to be computed out of the original 13 constraints. The 

ACO input files are modified to include a RF flag that only includes these constraints 

for the analysis, thereby reducing the size of the optimisation problem. 

From Table 5.2 and Table 5.3, it is observed that each structural element for the 

optimisation can have its own set of uniquely computed critical loads and constraints. 

The union of these identified set critical load cases will be the most interesting load 

cases for the analysis of the entire structure.  
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Panel 
Initial number 

of constraints 

Number of 

binding 

constraints 

from envelope 

Additional 

constraints 

from (𝝐 + 𝟏) 

𝝐 =  𝟎. 𝟎𝟏 

Final down-selected 

constraints (binding + 

additional) ID 

Root 13 3 2 0, 6, 7, 9, 10 

Mid 13 2 1 8, 9, 10 

Tip 13 6 2  2, 3, 6, 7, 8, 9, 10, 11 

Table 5.3: Number of down-selected constraints for the top cover, with 𝝐 =

𝟎. 𝟎𝟏 

These down-selected values may be a fraction of the initial starting conditions, with 

the scale of reduction uniquely dependent upon the optimisation problem that has to 

be solved. However, the sizing optimisation can be initiated with these down-selected 

loads and constraints. 

For example, in the case of the Root panel only 21 of the initial load cases are 

important and 5 out of the possible 13 constraints are binding. These results indicate 

that the number of gradients to be computed is reduced by a factor of 8/13. Such down-

selection procedures improve the reactivity of the entire optimisation process by 

focusing on only the important constraints and load cases and thus reducing the 

computational burden. 

5.5.2 Fishtail maps 

Fishtail maps are block representations of the wing and fuselage panels, as shown in 

Figure 5.5. These maps are widely used in the industry as they give a bird’s eye view 

of the structure. It also naturally identifies the location of the panels of interest. For 

example, each cell in Figure 5.5 represents a particular CP. The left top corner most 

cell is the CP numbered 292, which has stiffener 1 running in the middle and bounded 

on either side by rib 2 and rib 3. 
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Figure 5.5: XRF1 wing, top cover fishtail map with CP identification number in 

each cell 

The performance envelope database is built for a combined total of 644 panels in both 

the top and bottom cover of the XRF1 wing. The different stiffened panels considered 

are shown in Figure 5.6. Each stiffened panel group is randomly coloured for better 

identification. The envelope database has been built using 𝜖𝑅𝐹 = 20%  to get a very 

coarse envelope6. The databases also use the updated version of the WPS37 skill-tool 

to compute the envelope. 

 

Figure 5.6: XRF1 left-wing top view of 343 stiffened panels. Random colour 

assigned for each stiffened panel 

The performance envelope database can be queried to build fishtail plots of different 

parameters. For example, Figure 5.7 shows the most critical load case for each 

stiffened panel out of the 274 load cases. This identifies the areas of the structure that 

 

6 This database was constructed with a limit such that the number of points on the envelope 

mesh was set to be under 20 for the demonstration. 

7 The updated version is available only within Airbus’s mainframe computer. Inputs and 

constraints are slightly different to the older version. 
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are driven by a particular load case. For example, the panels at the tip of the wing have 

load case 14 as the most critical load case whereas the load case 97 is more critical 

near the root of the wing.  

 

Figure 5.7: Fishtail plot of critical load case no for the XRF1 wing top cover  

A second example is a fishtail plot of the most critical RFs for a particular load case. 

For example, Figure 5.8 shows the most critical RFs for load case 97 over all the 

stiffened panels of the wing cover. It identifies the panels which are over designed and 

under designed for this load case.  

 

  

Figure 5.8: Fishtail plot of the critical RF for load case number 97 

Further insights into the structure such as the critical constraint across the span of the 

wing for a large set of load cases etc. can be obtained within few minutes. The main 

advantage of using the performance envelope database approach over traditional 

methods lies in the improved reactivity of the process. The performance envelope 

database once built for the structure can be deployed to give accurate and useful 
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insights into a set of new load cases without any large computational requirements 

(such as access to clusters to run the skill-tool). Down-selecting critical loads and 

constraints at the beginning of the optimisation process will further reduce 

computational overheads on the optimiser. The performance envelope database is also 

an excellent platform to share the structural load bearing information with other 

engineering department. However, it is also worth noting some disadvantages of this 

compared to the traditional approach. Firstly, new load cases to be analysed have to 

be checked if they are can be reconstructed with the existing set of characteristic loads 

accurately (with which the performance envelopes are built). If the new load cases are 

significantly different, then the performance envelopes will not be accurate. Secondly 

adding newer constraints for analysis will require the performance envelopes to be 

rebuilt. If the performance envelopes are not pre-built, then the traditional approach 

may be more feasible.  

5.6 A lightweight structural tool for loads analysis 

In the early stages of the aircraft design, development of the critical loads plays a vital 

role in influencing the down-stream sizing activities. A proper load case identification 

will result in an optimised structure with fewer iteration cycles. 

An introduction to the concept of load alleviation is made in section Error! Reference s

ource not found.. It has been demonstrated that using manoeuvre load alleviation 

(MLA) earlier on in the design cycle has a significant impact on the overall 

optimisation of the aircraft structure and its flight performance [92, 93]. The MLA 

function typically uses the deflection of flight control surfaces such as aileron as 

parameters. By varying these parameters, the forces acting on the wing surface is 

redistributed. Different combinations of the MLA parameters can generate a large set 

of load cases, some of which will result in a structure of minimum weight. 

Identifying such load cases is a challenge. To understand the effect of a combination 

of flight load parameters, the load cases generated have to be processed and the 

structure department has to assess the impact of each load case. If the detailed analysis 
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of the structure (using solutions based on skill-tools) is included, then the analysis 

times can become exceptionally large. Therefore, it would not be feasible to explore 

the flight load parameter design space efficiently. 

The bottleneck of such a process, as with the ACO optimisation explained earlier, is 

the considerable computational time involved in the structural sizing process. Many 

researchers have aimed with different philosophies, to bridge the gap between the 

loads and stressing by approximating the stressing functions. Some of these include 

the use of design curves [94]and others have explored the use of surrogate modelling 

to capture the structural response [6, 20] as discussed in section 1.7. Depending upon 

the modelling fidelity required, these have achieved varying degrees of success.  

The following section presents an alternative solution based on the performance 

envelope database of the structure as discussed earlier. The lightweight stress tool 

framework can be implemented by the loads department as a quick and accurate way 

to study the flight parameters using the detailed structural responses.  

Figure 5.9 gives a simplified representation of the proposed process. The load 

parameters drive the loads generation and optimisation process. The proposed 

lightweight stress tool is interfaced within the load optimisation phase. This aids 

engineers exploring the load parameter space using the RFs of structures. The large 

set of load cases is down-selected (again envelopes maybe used) and passed to the 

structures discipline. The strength analysis and sizing of the structural component 

takes place. The changes in the structure are used to either build, rebuild, or update the 

envelope database as discussed in section 4.5. The lightweight stress tool is updated 

with the new envelope database. 



 

Loads & Constraints Down-selection 

 162 

 

 

Figure 5.9: Simplified generic framework for flight load optimisation using 

performance envelopes and Lightweight stress tool 

5.6.1 Lightweight stress tool 

The proposed lightweight stress tool packages the performance envelope database 

created in section 5.4.2. The tool can be implemented within the loads process as 

shown in Figure 5.10. 

The external load cases are a function of parameters such as the weight of the aircraft, 

Mach number, angle of attack, altitude, control surface positions etc. New external 

load cases are generated by the combination of these parameters, usually on a reduced-

order model, and are converted to a SMT format to be mapped onto the GFEM loading 

nodes. These cases are the input to the lightweight stress tool. 
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Figure 5.10: The lightweight stress tool framework for the XRF1 GFEM 

Initially, a newly generated load case must be checked to determine if it can be 

accurately represented as a linear combination of the existing characteristic loads 𝐿𝑘. 

If the new load case has an unacceptable Frobenius norm reconstruction error, then 

they cannot be accurately analysed in the tool. These loads can be stored to recompute 

the external characteristic load 𝐿𝑘 in the next iteration.  

If the new load case can be represented using the existing set of characteristic loads, 

then the internal load fluxes 𝑁𝑛𝑒𝑤 within the structural component are computed using 

Eq. 5.1.  

𝑁𝑛𝑒𝑤
𝑇 ≈ 𝑀𝑃𝐿𝑘

𝑇𝑈𝑘𝑛𝑒𝑤
𝑇 (5. 1) 

where 𝑀 is the linear structural response to the external characteristic loads 𝐿𝑘, 𝑃 is a 

permutation matrix and 𝑈𝑘𝑛𝑒𝑤 is the characteristic load coefficients for the new load 

case. This eliminates the need to run the linear static analysis. 
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The performance envelope database is queried for the RF using the newly computed 

internal load fluxes. The RF is estimated using the Fast RF estimation method for each 

structural element of interest. The structural elements can be the entire airframe or just 

the areas which are of interest. This results in the critical RF of the new load case along 

with additional information such as the critical constraints.  

The lightweight stress tool can be queried multiple times as required without any large 

computational costs apart from the cost of building the envelope, see section 4.3.4. 

However, these envelopes need to be built once (by the structures department) and it 

can be used by both the structures and loads disciplines. The key benefit however is 

that the flight load parameter space can be sampled many times to study the effects of 

a load case on the down-stream RFs.  

5.6.2 Case studies 

Two case studies are presented to illustrate the above discussed lightweight stress tool 

framework. The first test case is the simple compound bar assembly problem. The 

second test case considers the XRF1 GFEM stiffened panels examined before, but 

with modified external loads to simulate a new design load case. 

5.6.2.1 Case Study 1 - Compound Bar Assembly 

The compound bar is introduced in detail in Chapter 2. The assembly has eight failure 

modes and is loaded by a two spring-mass-damper system. The mass  Μ1 = Μ2 = Μ 

and velocity 𝑉1 = 𝑉2 = 𝑉, of the system being the variables. These variables control 

the external loads applied to the assembly (the spring mass system). The performance 

envelope is built in a 2-dimensional space, and the lightweight stress tool framework 

is implemented to compute RFs, as shown in Figure 5.11. 
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Figure 5.11: Overview of the dataflow for the compound bar assembly 

Figure 5.12 presents the 2-dimensional map of the critical RF (of the various binding 

constraints) as a function of the input variables Μ and 𝑉. Each point on the 2-

dimensional parameter space (Μ,𝑉) will correspond to a load case for which the 

critical RF is estimated from the lightweight stress tool framework. 

As expected, the critical RF is large for a low mass and a low velocity combination 

indicating the loads are low and the structure is safe. On the other hand, for a 

combination of high mass and velocity the critical RF is small. Another observation is 

at the zero velocity is that, as the mass increases the critical RF decreases. This is due 

to the weight of the mass acting on the assembly. The critical RF of a combination of 

load parameters can be queried multiple times without having to evaluate the failure 

function and therefore, the process is inexpensive.  
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Figure 5.12: Compound bar assembly – Study of the of the load input 

parameters 𝑴 and 𝑽 space on the critical reserve  

5.6.2.2 Case study 2 - XRF1 stiffened panels 

For the simple compound bar assembly problem, the relationship between load 

parameter space to the critical RF behaviour is relatively straightforward. However, 

the complex interaction of a large number of flight load parameters (mass, velocity, 

altitude, etc.) on the critical RFs of stiffened panels within a large wing structure will 

be more complicated and will provide interesting insights. This case study aims to 

simulate a basic representation of a manoeuvre load alleviation (MLA) function to 

demonstrate the critical RF response. 

The group of three stiffened panels, Root, Mid and Tip of the XRF1 GFEM is again 

the focus of this test case. The MLA is a complex control system function that actively 

rebalances the forces acting upon the aircraft wing. It achieves this by deploying the 

outboard and inboard ailerons in a synchronised manner. The MLA function is 

dependent upon flight parameters such as the Mach number, altitude, and the control 
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surface deflections. It can be used to generate the various SMT loads as shown in Eq. 

5.22 [6]. The lightweight stress tool is implemented to compute the critical RFs of the 

different external loads (corresponding to the load parameters), similar to the 

compound bar test case in section 5.6.2.1. 

𝑆𝑀𝑇𝑀𝐿𝐴 =  𝑀𝐿𝐴(𝑙𝑜𝑎𝑑 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠) (5. 22) 

A simple step function is created as a substitute for a real MLA function. Even though 

this simple test function does not redistribute the forces on a wing as a true MLA 

function would, it still provides a good platform for the demonstration of the concepts. 

The step function perturbs the SMT loads at various stations along the span of the 

wing. The perturbation location roughly corresponds to the location of the inboard and 

the outboard ailerons on the XRF1 wing at stations 3-10 and 18-25 respectively. Figure 

5.13 shows the step function in action with a perturbation of 0.9 in the inboard and 1.2 

in the outboard ailerons.  

 

Figure 5.13: Load perturbation factors as a function of the station. Stations 3-10 

represent inboard aileron, and stations 18-25 represent the outboard aileron 

The scalar value from the step function is multiplied by the SMT load case to generate 

the perturbed load case. For example, consider load case number 36. Figure 5.14 
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shows the bending moment in black. When the step function factors are multiplied, it 

results in the perturbed load case shown in blue (step function factor of 0.9 and 1.4 for 

the inboard and outboard ailerons respectively). The perturbed load is reconstructed 

using a set of 35 external characteristic loads 𝐿𝑘 and it can be seen that the 

reconstruction, while not exact, has a Frobenius norm error of only 2.2%. 

 

Figure 5.14: Perturbed bending moment due to step load change, load case 36, 

inner factor = 0.9, outer factor = 1.4, norm reconstruction error between red 

and blue = 2.2% 

Since the perturbed load case is reconstructed within an acceptable accuracy, the 

internal load fluxes in the GFEM can be computed Eq. 5.1. Figure 5.15 shows the 

seven internal load fluxes for the Root panel for load case 36. 
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Figure 5.15: Internal load perturbation Root, load case 36, inner factor = 0.9, 

outer factor = 1.4. Original RF = 1.00, perturbed load RF = 1.104 

It can be seen that by perturbing the external SMT load using the step factor, the 

internal loads have varied (as expected). The internal load flux is queried for the 

critical RF using the lightweight tool. The original load case 36 had a critical RF =1 

for the Root panel. However, by perturbing the SMT loads using the step function, a 

new critical RF = 1.104 is obtained. A map of the critical RF with respect to the 

external load parameters (inboard and outboard aileron step factor) can thus be 

computed quickly. 

Figure 5.16 shows the step function parameter space (outboard and inboard step) and 

the critical RF obtained for the Root, Mid and Tip panels. The white regions around 

the edges of the map are due to the combination of flight parameters that results in 

large reconstruction error (>5%) and thus the critical RFs are not computed. However, 

the vast majority of the cases within a reasonable range is accurately modelled. It can 

be seen from the figure that the deflections of inboard ailerons are more important 

factors determining the critical RF for the Root and Mid panels. The outboard aileron 

is more important for the Tip panel.  
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Figure 5.16: Exploring load parameter space with RF response, load case 36 for 

Root, Mid and Tip panels 

Many thousands of combinations of load parameters can be run within a few seconds 

on many different stiffened panels. The above method gives an insight into the 

structural response to a variety of load parameters, if those new load cases can be 

reconstructed accurately using the existing characteristic loads. 

5.7 Summary 

The industrial implementation of characteristic loads and performance envelopes are 

discussed in the context of structural preliminary sizing and the loads development 

process. 

Firstly, the Airbus specific process of the preliminary design – the Advanced 

Composite Optimiser (ACO), is briefly presented. Some of the challenges and 

requirements of the current state of the art process are described. The framework to 

compute a performance envelope database for stiffened panels of the XRF1 GFEM 

wing is presented. The results from the load case and constraint down-selection 

process using the newly created database are presented. 

Secondly, a lightweight stress tool framework is discussed. The tool can be used as a 

stand-alone function to evaluate RFs considering a variety of external loads. Using 

this stress tool within the loads process enables study of the load parameter space with 
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respect to the critical RFs of the local structure. Two simple test cases based on the 

compound bar assembly and the stiffened panels of the XRF1 GFEM are discussed. 

5.8 Discussion and conclusions 

During preliminary design optimisation, the main trade-off is often between the 

computational resources and the fidelity of analysis. Implementing a strength analysis 

using skill-tool with advanced failure modes (such as fatigue and damage tolerance) 

will lead to a more accurate description of the structural failure. It will also ensure that 

the down-stream analysis is compatible with the solutions obtained from the 

preliminary sizing. This reduces the redesign of the components which otherwise can 

be expensive.  

On the other hand, such a high-fidelity analysis tool creates a computational 

bottleneck. This penalty can become severe under certain conditions, such as 

analysing say one hundred load cases over hundreds of structural elements. 

Reducing the number of loads and constraints that need to be analysed is one solution 

to alleviate this penalty. 

Another non-technical factor that plays a vital role during the engineering design is 

the reactivity of the method. Reactivity is a measure of how quickly a suitable 

engineering design – as opposed to a numerically optimal solution, can be delivered. 

Using performance envelope-based loads and constraint down-selection is an 

alternative approach to improve the reactivity of the preliminary optimisation 

framework. The performance envelope database is used to perform a one-off 

constraint and load case down-selection, thereby reducing the volume of calculations 

by conditioning the initial starting point of the structural optimisation process. 

There is also a cost associated with building and maintaining a performance envelope 

database. By proper scheduling, the envelope database can be constructed and updated 
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during the downtime, i.e. when the engineering team is not pressed for an analysis. 

This could ensure that during the analysis, up to date envelopes are available. 

On the other hand, the loads development process involves generating and optimising 

high level parameters that eventually drive the sizing of the structure. Therefore, it 

would be beneficial to know the structural response to these loads while the load 

parameter space is being explored. The main bottleneck to link the loads and the sizing 

process is the computational and resource limits created by the strength analysis. 

Therefore, there is a value to approximate the strength analysis process.  

The same performance envelope database created earlier for the structural sizing 

process is used as a lightweight toolbox to approximate the structural response. This 

is a novel alternative to the much-researched surrogate model-based designs.  

The main advantages of performance envelope-based design over structural surrogate 

models is that the performance envelope captures with high accuracy the critical 

structural RFs. Many different envelopes for the same structural element can be built 

with varying combinations of the desired analysis requirements (using different sets 

of failure constraints). This gives the engineer the freedom to choose which set of 

constraints are interesting for the particular study. Since the envelopes are built using 

physical failure phenomena i.e. the failure constraints, interpretation of the envelope 

and its behaviour is more intuitive than the surrogate models. Envelopes also provide 

additional information such as visualisation of load cases with respect to the structure 

and can also be used as platform to share information about the structural load bearing 

capacity among the many stakeholders. The cost of building the envelopes, as 

discussed in Chapter 4, is generally lower than training the surrogate models which 

require thousands of samples from the design space. The same envelope database can 

be used in multiple disciplines such as in the structural sizing process and to perform 

the loads tuning. 

Alternatively, the structural surrogate model is more flexible when it comes to 

interpolating between design changes especially when exploring new conceptual 
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designs, whereas the performance envelope must be updated to keep it current for a 

new design. 

In conclusion, the industrialisation capability of the concepts of characteristic loads 

and performance envelopes is demonstrated. A framework for implementing the 

envelope-based approach of load case and constraint down-selection is shown with 

respect to an industrial preliminary sizing process. The performance envelope is also 

packaged as a standalone, lightweight tool to approximate the strength analysis 

process to be used for exploring the load parameter space with reference to the critical 

RFs of the structure.  

 



 

Chapter 6  

Sensitivities of Structural Constraints  

6.1 Introduction 

Preliminary sizing requires reasonable control over both the global (e.g. wing 

stiffness) and local (e.g. shape of stringer sections) optimisation of the airframe, as 

discussed in section 1.5.  

The global optimisation typically looks at the linear response of Global Finite Element 

Models (GFEM) of the entire aircraft or a major structural component such as a wing. 

The global response of the structure to a load case is the displacement of the GFEM 

mesh. These displacements are used to calculate the internal load paths or fluxes 

within the structure, see section 4.2.3.1.4. 

On the other hand, local structural optimisation is typically stress-based, often non-

linear, and investigates a detailed model of a structural elements such as a stiffened 

panel. The different failure modes such as: buckling, fatigue and damage tolerance; 

strains or displacements; manufacturing limits are quantified using the RFs, as given 

in Eq. 2.24. The RF calculations represent the local responses of the structure. 

The link between the global and local optimisations for the preliminary aircraft design 

is established with a chain rule of RFs sensitivities as Eq. 6.1. 

𝑑𝑅𝐹(𝑥, 𝑁(𝑥))

𝑑𝑥 𝑛𝑟𝑓×𝑛𝑥

=
𝜕𝑅𝐹(𝑥)

𝜕𝑥 𝑛𝑟𝑓×𝑛𝑥

+
𝜕𝑅𝐹(𝑁(𝑥))

𝜕𝑁

𝑇

𝑛𝑟𝑓×𝑛

𝑑𝑁(𝑥)

𝑑𝑥 𝑛×𝑛𝑥

(6. 1) 

where 𝑥 is a vector of design variables, the subscripts 𝑛𝑟𝑓 , 𝑛𝑥 and 𝑛 correspond to the 

number of constraints, number of design variables and components of internal load 
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fluxes respectively. 𝑅𝐹(𝑥, 𝑁(𝑥)) is the RFs and 𝑁(𝑥) are the internal load fluxes 

within the structure. 

The first term on the RHS in Eq. 6.1, 
𝜕𝑅𝐹(𝑥)

𝜕𝑥
, represents the explicit dependence of the 

RF constraints on the design variables. In industrial aircraft design, these are usually 

computed by a black box (e.g. in Airbus using the skill-tool) using finite difference 

methods. 

The second term, 
𝜕𝑅𝐹(𝑁(𝑥))

𝜕𝑁

𝑑𝑁(𝑥)

𝑑𝑥 
 quantifes the implicit dependence of the RF on the 

internal load fluxes. The term 
𝑑𝑁(𝑥)

𝑑𝑥
 is available inexpensively from the finite element 

solver such as the NASTRAN SOL 200, see Figure 1.26 . However, the previous work 

by Dharmasaroja discusses the concept of sensitivities of characteristic loads 𝐿𝑘 to 

design variables as 
𝑑𝐿𝑘(𝑥)

𝑑𝑥
. Since the internal loads 𝑁(𝑥) within the airframe is a linear 

response to the external characteristic loads 𝐿𝑘, the 
𝑑𝑁(𝑥)

𝑑𝑥
 can be computed even more 

economically as a linear superposition of the 
𝑑𝐿𝑘(𝑥)

𝑑𝑥
 terms.  

However, computing the 
𝜕𝑅𝐹(𝑁(𝑥))

𝜕𝑁
 terms is significantly more expensive due to the 

coupling of the constraints with the internal loads and the design variables. These 

terms are approximated by finite difference methods by evaluating the skill-tool 

multiple times (depending upon the loads and constraints). Therefore, it is of 

considerable interest to compute these terms economically. 

This chapter explores a method to compute coupled sensitivities of the binding 

constraints to internal loads, 
𝜕𝑅𝐹(𝑁(𝑥))

𝜕𝑁
. It demonstrates the approach for the XRF1 

stiffened panels, as described in section 4.2.3. The discussion exploits the concepts 

from the characteristic loads and performance envelopes to compute the binding 

constraint sensitivities at a reduced computational cost with a small trade-off in 

accuracy. 
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6.1.1 Chapter outline 

Section 6.2 presents the calculation of the 
𝜕𝑅𝐹

𝜕𝑁 
 sensitivities using finite difference. 

These sensitivities are used as reference values for the remainder of the work presented 

in the chapter. 

Section 6.3 introduces the concept of characteristic coefficient sensitivities 
𝜕𝑅𝐹

𝜕𝑈
 and 

forward mapping. It discusses the two ways to compute them via the performance 

envelope (introduced in Chapter 2 and Chapter 4).  

Section 6.4 and section 6.5 presents the concept of reverse-mapping – i.e. recovering 

𝜕𝑅𝐹(𝑁(𝑥))

𝜕𝑁
 from the 3-dimensional space representing 

𝜕𝑅𝐹

𝜕𝑈
. It highlights the challenges 

of solving an under-determined, ill-conditioned system of linear equations and 

proposes techniques such as imposing additional constraints and regularisation 

methods to mitigate potential spurious results. 

Section 6.6 explores computing sensitivities using higher dimensional envelopes. A 

direct Fast RF (see section 2.6) based method is introduced, and the results are 

compared to the reference values. The section also discusses the sources of various 

errors in capturing the sensitivities and proposes an alternative way to identify the 

minimum number of envelope dimensions required.  

Section 6.8 discusses the computational costs followed by summary and discussions 

in section 6.9 and section 6.10 respectively. 

6.2 Calculating 
𝝏𝑹𝑭

𝝏𝑵 
 by finite difference 

The  
𝜕𝑅𝐹

𝜕𝑁 
  sensitivity is computed for the three XRF1 GFEM stiffened panels used 

before, namely Root, Mid and Tip as discussed in section 4.2.3. The 274 load cases 

described in the section 3.2.1 are used for the study. However, the important load cases 

are down-selected (RF < 3), and the results are discussed in context of these cases. 
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The sensitivities computed here will be treated as a baseline reference for comparison 

with subsequent methods and denoted by the subscript 
𝜕𝑅𝐹

𝜕𝑁𝑟𝑒𝑓
.  

6.2.1 XRF1 GFEM 
𝝏𝑹𝑭

𝝏𝑵𝒓𝒆𝒇
 reference values 

The ISAMI WPS3 skill-tool is treated as a black box to evaluate the failure constraint. 

The sensitivity of RF to internal load flux 
𝜕𝑅𝐹

𝜕𝑁
 for a load case 𝑚 at a given Calculation 

Point is a vector as given in Eq. 6.2, with a length equal to seven, corresponding to the 

number of load fluxes on the stiffened panel. 

𝜕𝑅𝐹𝑖
𝜕𝑁𝑚

= [
𝜕𝑅𝐹𝑖
𝜕𝑁𝑥𝑚 

  
𝜕𝑅𝐹𝑖
𝜕𝑁𝑦𝑚  

  
𝜕𝑅𝐹𝑖
𝜕𝑁𝑥𝑦𝑚  ⏟                

𝑟𝑖𝑔ℎ𝑡 𝑝𝑎𝑛𝑒𝑙

|
𝜕𝑅𝐹𝑖
𝜕𝑁𝑥𝑚 

  
𝜕𝑅𝐹𝑖
𝜕𝑁𝑦𝑚  

  
𝜕𝑅𝐹𝑖
𝜕𝑁𝑥𝑦𝑚  ⏟                

𝑙𝑒𝑓𝑡 𝑝𝑎𝑛𝑒𝑙

|
𝜕𝑅𝐹𝑖
𝜕𝑃𝑥𝑚

 
⏟  
𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑟

] (6. 2) 

The seven internal load fluxes 𝑁 as described in section 4.2.3.1.4 are individually 

perturbed to compute the partial derivatives. Since it is of interest to compute the 

sensitivities of binding constraints, only the change in the critical RF is used as given 

Eq. 6.3 and Eq. 6.4.  

The subscript 𝑖 represents the critical RF for the  𝑚𝑡ℎ load case, 𝑛 is the 𝑛𝑡ℎ load flux 

acting on the stiffened panel and Δ𝑛 is the small load perturbation.  

𝜕𝑅𝐹𝑖,𝑚
𝜕𝑁𝑚

 

 

=

[
 
 
 
 
 
 
 
𝜕𝑅𝐹𝑖,𝑚,1
𝜕𝑁𝑚,1
𝜕𝑅𝐹𝑖,𝑚,2
𝜕𝑁𝑚,2
⋮

𝜕𝑅𝐹𝑖,𝑚,𝑛
𝜕𝑁𝑚,𝑛 ]

 
 
 
 
 
 
 

≅  

[
 
 
 
 
 
 
 
𝛥𝑅𝐹𝑖,𝑚,1
𝛥𝑁𝑚,1
𝛥𝑅𝐹𝑖,𝑚,2
𝛥𝑁𝑚,2
⋮

𝛥𝑅𝐹𝑖,𝑚,𝑛
𝛥𝑁𝑚,𝑛 ]

 
 
 
 
 
 
 

(6. 3) 

𝛥𝑅𝐹𝑖,𝑚,𝑛 = 𝑅𝐹𝑖,𝑚,𝑛+𝛥𝑛 −  𝑅𝐹𝑖,𝑚,𝑛

𝛥𝑁𝑚,𝑛 = 𝑁𝑚,𝑛+𝛥 𝑛 − 𝑁𝑚,𝑛

 (6. 4) 
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A sensitivity matrix, 
𝜕𝑹𝑭

𝜕𝑵
, of a stiffened panel is defined as a set of sensitivities of the 

critical constraint to the internal loads. Each row in the sensitivity matrix corresponds 

to a critical RF of the load case, and the column corresponds to the internal load flux 

as given in Eq. 6.5. 𝑖𝑚 represents the 𝑖𝑡ℎ critical RF for the 𝑚𝑡ℎ load case. Note that 

this matrix is a sparse one, because not all critical RFs are dependent on all internal 

loads. However, since the matrix is computed by evaluating the skill-tool as a black 

box, it is not possible to know which terms are equal to zero beforehand. 

𝜕𝑹𝑭 
𝜕𝑵 

 

 

=

[
 
 
 
 
 
 
 
𝜕𝑅𝐹𝑖1
𝜕𝑁1,1

𝜕𝑅𝐹𝑖1
𝜕𝑁1,1

⋯
𝜕𝑅𝐹𝑖1
𝜕𝑁1,7

𝜕𝑅𝐹𝑖2
𝜕𝑁2,1

𝜕𝑅𝐹𝑖2
𝜕𝑁2,2

⋯
𝜕𝑅𝐹𝑖2
𝜕𝑁2,7

⋮ ⋮ ⋮ ⋮
𝜕𝑅𝐹𝑖𝑚
𝜕𝑁𝑚,1

𝜕𝑅𝐹𝑖𝑚
𝜕𝑁𝑚,2

⋯
𝜕𝑅𝐹𝑖𝑚
𝜕𝑁𝑚,7 ]

 
 
 
 
 
 
 

(6. 5) 

Depending upon the location of the panel on the wing, the internal load fluxes, critical 

constraints, and thus the magnitude of the sensitivity vary. It is to be noted that the 

magnitude and the direction of the sensitivities directly determine the step size and the 

direction of the structural optimiser. Therefore, it is important to compute the 

sensitivities with high accuracy. 

6.2.2 Analysis of the reference sensitivity matrix 

To understand the sensitivity matrix of the binding constraints, a simple study is 

carried out using SVD decomposition, see section 2.4.1. The 
𝜕𝑹𝑭

𝜕𝑵
 matrix computed in 

Eq. 6.5 is decomposed to identify the number of dominant singular values as in Eq. 

6.6. 

𝜕𝑅𝐹

𝜕𝑁𝑘
= 𝑈𝑠𝑒𝑛𝑠𝑘𝛴𝑠𝑒𝑛𝑠𝑘𝑉𝑠𝑒𝑛𝑠𝑘

𝑇 (6. 6) 
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Using the first 𝑘 singular values, ranging from 1 to 7, the sensitivity matrix is 

reconstructed. The reconstructed sensitivity matrix is described by the subscript 𝑘  
𝜕𝑹𝑭

𝜕𝑵𝑘
. 

The error between the original and the reconstructed matrix is computed as the 

Frobenius norm error as Eq. 6.7.  

% 𝐹𝑟𝑜𝑏𝑒𝑛𝑖𝑢𝑠 𝑒𝑟𝑟𝑜𝑟 =

‖
𝜕𝑅𝐹
𝜕𝑁𝑘

−
𝜕𝑅𝐹
𝜕𝑁

‖
𝐹

‖
𝜕𝑅𝐹
𝜕𝑁

‖
𝐹

× 100 (6. 7) 

It can be observed from Figure 6.1 that the minimum number of singular values 

required for good reconstruction of the sensitivity matrix 
𝜕𝑹𝑭

𝜕𝑵
 varies between the three 

panels. The figure shows that the Frobenius norm error is low only for 𝑘 ≥ 5. This 

implies that, unlike the internal load matrix, which can be reconstructed with only 

three singular values (as discussed in section 4.2.3.2), the accuracy of the 

reconstructed sensitivity matrix 
𝜕𝑹𝑭

𝜕𝑵𝑘
 will require more singular values.   

 

Figure 6.1: Number of singular values (k) vs. % Frobenius norm error for 

sensitivity matrix, 
𝝏𝑹𝑭

𝝏𝑵
 for  Root, Mid, Tip panels 
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6.3 Sensitivities of characteristic coefficients 
𝝏𝑹𝑭

𝝏𝑼
  

This section introduces the concept of sensitivities of RF to characteristic coefficients 

of the load magnitudes 
𝜕𝑅𝐹

𝜕𝑈
. Two approaches to calculate them using performance 

envelopes are presented. The results are validated using a set of reference values. 

6.3.1 Forward mapping 

Forward mapping is the concept of projecting the sensitivities of constraints to internal 

loads 
𝜕𝑅𝐹

𝜕𝑁
, to the characteristic load space 𝐿𝑘. The relationship can be established as 

Eq. 6.8. 

𝑑𝑁

𝑑𝑈

𝜕𝑅𝐹

𝜕𝑁
=
𝜕𝑅𝐹

𝜕𝑈
(6. 8) 

where 
𝜕𝑅𝐹

𝜕𝑈
 is the sensitivity of the constraints to the characteristic coefficients 𝑈. This 

matrix will also be referred to as the characteristic coefficient sensitivity matrix. The 

term 
𝑑𝑁

𝑑𝑈
 is computed using Eq. 6.9.  

𝑁 = 𝑈𝐿 (6. 9) 

Thus Eq. 6.8 may now be written as Eq. 6.10. For a reduced rank characteristic load 

space 𝐿𝑘, the result will also hold true. 

𝐿 
𝜕𝑅𝐹

𝜕𝑁
=
𝜕𝑅𝐹

𝜕𝑈 
(6. 10) 

The forward mapping performed on the reference sensitivity matrix 
𝜕𝑅𝐹

𝜕𝑁𝑟𝑒𝑓
 obtained 

from section 6.2.1, yields the reference characteristic sensitivity  
𝜕𝑅𝐹

𝜕𝑈𝑟𝑒𝑓
 . The reference 

values calculated in Section 6.2.1 are used as validation data for the results obtained 

from the performance envelopes. 
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6.3.2 Forward mapped sensitivities from performance envelopes 

The performance envelopes of a structure can be alternatively described as a convex 

iso-surface formed by the function Eq. 6.11.  

𝒂𝒓𝒈𝒎𝒊𝒏 ⏟      
𝑼

𝑅𝐹𝑖(𝑼) = 1 (6. 11) 

where 𝑈 is the vector of characteristic load coefficients and 𝑅𝐹𝑖(𝑈) is the RF output 

vector of the skill-tool.  

The performance envelope approximates the function Eq. 6.11 with facets and, 

depending upon the mesh refinement, approaches the actual constraints binding the 

structure, see section 4.3.3. There are two ways to compute the forward mapped 

sensitivities using performance envelopes and these are discussed in the following 

sections. 

6.3.2.1 Method 1 - Forward mapping using facet normal 

The gradient of the iso-surface function such as a performance envelope ∇𝑅𝐹𝑖(𝑼) is 

given by Eq. 6.12. This gradient is normal to the iso-surface at a point 𝑰.  

𝛻𝑅𝐹𝑖(𝑼) =  〈
𝜕𝑅𝐹𝑖
𝜕𝑈1

,
𝜕𝑅𝐹𝑖
𝜕𝑈2

, … ,
𝜕𝑅𝐹𝑖
𝜕𝑈𝑘

〉 (6. 12) 

Figure 6.2 shows a facet formed by the points 𝑉1, 𝑉2, 𝑉3 and the normal of the facet. 

Therefore, the direction of the gradient is the same as the unit normal vector �̂�𝑓𝑎𝑐𝑒𝑡 of 

the surface Eq. 6.13. 
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Figure 6.2: Normal of the 3-dimensional envelope facet formed by points 

𝑽𝟏, 𝑽𝟐, 𝑽𝟑 

𝛻𝑅𝐹𝑖(𝑈) ∝ �̂�𝑓𝑎𝑐𝑒𝑡 (6. 13) 

The Convex Hull library [73]  implemented within Python scipy.spatial may be used 

to compute the convex hull of the performance envelope points. The output of this 

method computes the unit normal �̂�𝑓𝑎𝑐𝑒𝑡 and signed offset 𝑂𝑓𝑎𝑐𝑒𝑡 of a facet forming 

the performance envelope, see section 4.4.1. The offset is defined as the perpendicular 

distance of the facet plane from the origin. 

The gradient of a load case 𝑁𝑚 is computed in two steps. Firstly, the envelope facet 

with which the load case intersects is identified. Secondly, the gradient is computed 

by scaling the unit normal of that facet obtained from the convex hull algorithm, as 

Eq. 6.14. 

𝛻𝑅𝐹𝑖(𝑈𝑚) = −
�̂�𝑓𝑎𝑐𝑒𝑡

𝑈𝑚. �̂�𝑓𝑎𝑐𝑒𝑡
 𝑅𝐹𝑚 (6. 14) 

where 𝑈𝑚 is the characteristic coefficient of a load case 𝑁𝑚 and 𝑅𝐹𝑚 is the Fast RF 

obtained from the envelope. Thus, with an already computed performance envelope 

(appropriately meshed) this method is very efficient as all the terms required to 

compute the gradient are readily available at a negligible computational cost.  
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6.3.2.2 Method 2 - Forward mapping using finite difference  

The second method makes use of finite differences to compute the forward mapping. 

The characteristic coefficients 𝑈 are perturbed individually, and the change in the RF 

measured by Fast RF as shown in Eq. 6.15. 

𝜕𝑅𝐹𝑖
𝜕𝑈1

=
𝛥𝑅𝐹𝑖
𝛥𝑈1

=
𝑅𝐹𝑖(𝑈 + 𝛥𝑈1) − 𝑅𝐹𝑖(𝑈)

𝛥𝑈1
(6. 15) 

Again, since no skill-tool calculations are involved, the cost of computing the forward 

mapped sensitivities is insignificant. The envelope normal method is slightly more 

efficient because the facet equations are already pre-computed in the convex hull.  

Nevertheless, the results obtained from both the methods are equivalent. Figure 6.3 

gives the scatter plot the magnitude of the forward mapped characteristic coefficient 

sensitivities of the Mid panel. The envelop is built in 3-dimensional space, see section 

4.2.1, and the characteristic coefficient sensitivity vector has a length three, 
𝜕𝑅𝐹

𝜕𝑈
=

 〈
𝜕𝑅𝐹

𝜕𝑈1
,
𝜕𝑅𝐹

𝜕𝑈2
,
𝜕𝑅𝐹

𝜕𝑈3
〉.  

 

Figure 6.3: Scatter plot the three components of forward mapped characteristic 

coefficient sensitivities from Method 1 vs Method 2 

6.3.2.3 Error measurement 

The error is measured by comparing each row, i.e. each sensitivity vector to a load 

case between the reference matrix and the experimental matrix. An absolute mean of 
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these errors gives the global measure. By taking the absolute values, the negative and 

the positive errors are not cancelled. Eq. 6.16 gives the mean of the absolute norm of 

the error between the reference vector and the experimental vector for 𝑚 vectors. 𝑅𝑒𝑓𝑖 

represents the 𝑖𝑡ℎ reference vector and 𝐸𝑥𝑝𝑖 is the 𝑖th experimental vector. 

% 𝑒𝑟𝑟𝑜𝑟 =  
1

𝑚
∑|

‖𝑅𝑒𝑓𝑖‖ − ‖𝐸𝑥𝑝𝑖‖

‖𝑅𝑒𝑓𝑖‖
| × 100

𝑚 

𝑖= 1

 (6. 16) 

6.3.2.4 Results – Forward mapping 

The 
𝜕𝑅𝐹

𝜕𝑈𝑘
 obtained from the 3-dimensional performance envelope computed in section 

6.3.2.1, is compared with the 
𝜕𝑅𝐹

𝜕𝑈𝑟𝑒𝑓
, computed in section 6.3.1 The envelopes of the 

stiffened panels have been built in a scaled characteristic load space and the cone 

refining method has been applied, see Section 4.3. 

Table 6.1 gives the results of the % mean error. Out of the 274 cases load cases, only 

those with 𝑅𝐹 <  3 are considered to compute the error. To check the influence of the 

quality of the envelopes (number of points), two envelopes of different RF tolerance 

𝜖𝑅𝐹 5% and 0.5% are built for each stiffened panel. 

Panel 

Number of 

load cases 

𝑹𝑭 <  𝟑 

𝝐𝑹𝑭 

Number of 

points on 

mesh 

% Mean 

error 

Root 21 
5% 62 2.54% 

0.5% 239 2.18% 

Mid 183 
5% 46 2.81% 

0.5% 103 2.74% 

Tip 88 
5% 55 0.87% 

0.5% 157 0.65% 

Table 6.1: Forward mapped characteristic sensitivities matrix 
𝝏𝑹𝑭

𝝏𝒖
 result for 

Root-Mid-Tip panels compared to reference value 
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From Table 6.1, two important observations can be made. Firstly, improving the 

quality of the mesh does not drastically improve the mean error of the panels. 

Secondly, the mean error at the Tip panel is notably smaller than the errors found at 

the other two panels. This behaviour can be attributed to the fact that the Tip panels 

have a much more uniform loading compared to the Root panels. 

Figure 6.4, Figure 6.5, and Figure 6.6 presents the 3 components of the characteristic 

coefficient sensitivities i.e. 
𝜕𝑅𝐹

𝜕𝑈
= 〈

𝜕𝑅𝐹

𝜕𝑈1
,
𝜕𝑅𝐹

𝜕𝑈2
,
𝜕𝑅𝐹

𝜕𝑈3
〉 for the Tip, Mid and Root panels 

respectively. The red line is the line of exact fit to the reference data set. Note the 

magnitudes of the characteristic coefficient sensitivities decrease with as 𝑘 increases. 

This is due to the nature of the characteristic load space 𝐿𝑘. The results show that the 

characteristic coefficient sensitivities obtained from the envelopes 
𝜕𝑅𝐹

𝜕𝑈𝑘
 match with the 

reference values computed 
𝜕𝑅𝐹

𝜕𝑈𝑟𝑒𝑓
 with acceptable accuracy.  

 

Figure 6.4: Scatter plot of characteristic sensitivities 
𝝏𝑹𝑭

𝝏𝑼𝒌
 Tip panel - reference 

vs. 3D performance envelope, 𝝐𝑹𝑭 = 𝟎. 𝟓%; % mean error = 0.65% 
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Figure 6.5: Scatter plot of characteristic sensitivities 
𝝏𝑹𝑭

𝝏𝑼𝒌
  Mid panel - reference 

vs. 3D performance envelope, 𝝐𝑹𝑭 = 𝟎. 𝟓%; % mean error = 2.74% 

 

Figure 6.6: Scatter plot of characteristic sensitivities 
𝝏𝑹𝑭

𝝏𝑼𝒌
  Root panel - reference 

vs. 3D performance envelope, 𝝐𝑹𝑭 = 𝟎. 𝟓%; % mean error = 2.18% 

6.4 Reverse mapping – Recovering panel load sensitivities from 

characteristic load sensitivities 

The main idea behind computing sensitivities of critical constraints to characteristic 

coefficients -  
𝜕𝑅𝐹

𝜕𝑈𝑘
 from performance envelopes is to project or reverse map these to 

the internal load space to obtain 
𝜕𝑅𝐹

𝜕𝑁
 as shown in Figure 6.7.  
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Figure 6.7: Forward and reverse mapping 

6.4.1 Loss of information 

The reverse mapping relation can be established from Eq. 6.10 as the inverse of the 

characteristic load matrix  𝐿 as given in Eq. 6.17.  

𝜕𝑅𝐹

𝜕𝑁

 

 
= 𝐿−1

𝜕𝑅𝐹

𝜕𝑈
 (6. 17) 

If the characteristic load matrix 𝐿  is split by the first 𝑘 dominant singular values and 

the last 𝑟 = 𝑛 − 𝑘 singular values, then the contribution to the final sensitivity by each 

of these parts is given by Eq. 6.18. The derivation is presented in Appendix D.1. 

𝜕𝑅𝐹

𝜕𝑁

 

 
=

𝜕𝑅𝐹

𝜕𝑁𝑘

 

 ⏟  
𝑓𝑟𝑜𝑚 𝑓𝑖𝑟𝑠𝑡  𝑘 𝑣𝑎𝑙𝑢𝑒𝑠 

+ 
𝜕𝑅𝐹

𝜕𝑁𝑟⏟

𝑓𝑟𝑜𝑚 𝑙𝑎𝑠𝑡 𝑟 𝑣𝑎𝑙𝑢𝑒𝑠

 

 

(6. 18)
 

where 
𝜕𝑅𝐹

𝜕𝑁𝑘

 
 and 

𝜕𝑅𝐹

𝜕𝑁𝑟

 

 
 are the sensitivity vectors contributed from 

𝜕𝑅𝐹

𝜕𝑈𝑘
 and 

𝜕𝑅𝐹

𝜕𝑈𝑟
  terms 

respectively as given in Eq. 6.19.  

 
𝜕𝑅𝐹

𝜕𝑁𝑘
=  𝐿𝑘

−1
𝜕𝑅𝐹

𝜕𝑈𝑘

 

 

 
𝜕𝑅𝐹

𝜕𝑁𝑟
= 𝐿𝑟

−1
𝜕𝑅𝐹

𝜕𝑈𝑟
   

 

(6. 19) 



 

Sensitivities of Structural Constraints 

 188 

 

The term 𝐿𝑘
−1 is the pseudo inverse of the first 𝑘 characteristic loads given by 𝐿𝑘

−1 =

𝑉𝑘𝛴𝑘
−1 and 𝐿𝑟

−1 is the pseudo inverse of the last 𝑟 characteristic loads given by 𝐿𝑟
−1 =

𝑉𝑟
 𝛴𝑟
−1.  

Since the performance envelope is built in the 𝐿𝑘 space, the 
𝜕𝑅𝐹

𝜕𝑈𝑘
  can be computed from 

the envelopes as discussed in earlier. However, the 
𝜕𝑅𝐹

𝜕𝑈𝑟
 vector is not available.  

By the nature of the Eq. 6.19, the 𝑟 rejected singular value matrix is inverted as Σ𝑟
−1 

which amplifies the effects of  
𝜕𝑅𝐹

𝜕𝑈𝑟
. This contribution can be significant and thus cannot 

be ignored.  

 

Figure 6.8: Comparison of norms of kept and rejected parts for Root panel, 

load case = 100 

Figure 6.8 gives the stacked bar plots of the 𝐿2-norm of 
𝜕𝑅𝐹

𝜕𝑁𝑘
 and 

𝜕𝑅𝐹

𝜕𝑁𝑟
 for 𝑘 = 1 to 𝑘 =

7 for Root panel and load case 100. The figure illustrates the triangle inequality of 

norms8  and emphasises the contribution of the rejected vector 
𝜕𝑅𝐹

𝜕𝑁𝑟
 shown in orange. 

Depending upon the stiffened panel and the load case, the ‖
𝜕𝑅𝐹

𝜕𝑁𝑟
‖
2
norm can be small 

 

8 For vectors 𝑥 and y, the inequality states that ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖ 

 2      
 umber of singular values  k 

 . 

 . 

 . 

 . 

2. 

2. 

 
2
 n
o
rm

 m
ag
n
it
u
d
e

 e 2

 orm of d   d k
 orm of d   d r



 

Sensitivities of Structural Constraints 

 189 

 

enough to ignore (𝑘 = 5 in the Figure 6.8), but there remains no way to predict this 

with certainty beforehand.  

This loss of information can be represented in an alternate form which is easier to 

solve. By substitution and simple manipulation of Eq. 6.18 it can be shown that the 

sensitivity 
𝜕𝑅𝐹

𝜕𝑁
 can be described from the 𝑘 terms Eq. 6.20, see Appendix D.2 

𝑉𝑘
𝑇  
𝜕𝑅𝐹

𝜕𝑁 
=  𝛴𝑘

−1   
𝜕𝑅𝐹

𝜕𝑈𝑘  
(6. 20) 

Eq. 6.20 is a system of linear equations 𝐴𝑥 = 𝑏, where the orthonormal matrix 𝐴 =

 𝑉𝑘
𝑇, 𝑥 is the solution to be vector and the measured vector 𝑏 = 𝛴𝑘

−1 𝜕𝑅𝐹

𝜕𝑈𝑘
 .   

Eq. 6.20 is also an underdetermined system with the coefficient matrix 𝐴 greater 

number of columns than rows and therefore has an infinite number of solutions. The 

orthonormal matrices 𝑉𝑘
𝑇 do not have a left inverse and need to be solved by least 

square fitting. Nevertheless, there will always be a large error due to the loss of 

information. 

There are two ways by which the missing information can be compensated - 

• The first method is to solve the least-squares problem with additional 

constraints. This approach along with results and discussion of its use for the 

example case study are presented in section 6.5 

• The second method is by increasing the number of characteristic loads 𝑘 and 

thereby building performance envelopes in higher-dimensional space. The 

methodology of creating a higher dimensional envelope and its costs are 

discussed in detail in section 4.4. The results of this approach are presented in 

section 6.6. 
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6.5 Least squares with additional constraints (LST SQ + cst) 

The previous section highlights the need to have additional information to compensate 

for the error which results from rejecting the 
𝜕𝑅𝐹

𝜕𝑈𝑟
 components from Eq. 6.18. The 

following section demonstrates the least-squares solution of Eq. 6.20 with additional 

constraints (LST SQ + cst) to arrive at the correct solution. Imposing these additional 

constraints converts the underdetermined system of linear equations in Eq. 6.20 to a 

well-determined problem with a unique solution.  

The additional constraints are the sensitivities in the internal load space 
𝜕𝑅𝐹

𝜕𝑁
, computed 

using finite-difference calculations as 
∆𝑅𝐹

∆𝑁
 for 𝑟 internal load fluxes. The additional 

constraints obtained are appended to modify Eq. 6.20 to form Eq.6.21. The additional 

constraints are passed using a dummy set of values formed by a zero matrix of size 

𝑟 × 𝑘 and an identity matrix of size 𝑟 × 𝑟.  

[
 
 
 
 
 
𝑉11 𝑉12 … 𝑉17
⋮ ⋮ ⋱ ⋮
𝑉𝑘1 𝑉𝑘2 … 𝑉𝑘7
0 ⋯ 01𝑘  
⋮ ⋱ ⋮ 𝐼𝑟𝑟
0𝑟1 ⋯ 0𝑟𝑘  ]

 
 
 
 
 

 

[
 
 
 
 
 
 
 
𝜕𝑅𝐹

𝜕𝑁1
𝜕𝑅𝐹

𝜕𝑁2
⋮

𝜕𝑅𝐹

𝜕𝑁7 ]
 
 
 
 
 
 
 

 

 

 

=

[
 
 
 
 [𝛴𝑘 

−1  
𝜕𝑅𝐹

𝜕𝑢𝑘
]
𝑘×1

[
𝛥𝑅𝐹

𝛥𝑁
]
𝑟×1 ]

 
 
 
 

 

 

 

[
𝑉𝑘×𝑛 
𝑇

0𝑟×𝑘 𝐼𝑟×𝑟
] 
𝜕𝑅𝐹

𝜕𝑁 𝑛×1

 

 

=

[
 
 
 
 [𝛴𝑘 

−1  
𝜕𝑅𝐹

𝜕𝑢𝑘
]
𝑘×1

[
𝛥𝑅𝐹

𝛥𝑁
]
𝑟×1 ]

 
 
 
 

 

 

(6. 21) 

6.5.1 Condition number and stability 

Eq. 6.20 is equivalent to the forward mapping relation presented in Eq. 6.10. i.e. 

𝐿𝑘
𝜕𝑅𝐹

𝜕𝑁
=
𝜕𝑅𝐹

𝜕𝑈𝑘
 . However, solving the least squares solution in the form of  Eq. 6.20 is 

more stable due to the lower condition number of 𝑉𝑘
𝑇compared to 𝐿𝑘. 
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The condition number [95] is defined as the ratio of the largest to its smallest singular 

value. A set of linear equations 𝐴𝑥 = 𝑏 is said to be ill-conditioned if the coefficient 

matrix 𝐴, has a large condition number. The least squares solutions of ill-conditioned 

systems are unstable and any noise in the measured vector 𝑏 is amplified, leading to 

large errors in the solution vector 𝑥.  

Figure 6.9 gives the condition number for the modified (with dummy constraints) 

characteristic matrix 𝐿𝑘 and the orthonormal matrix 𝑉𝑘
𝑇 for the Mid stiffened panel. 

The 𝑘 here is the number of singular values (equivalent to number of characteristic 

loads) used. Both the matrices have been appended by the dummy matrix to impose 

additional constraints. It can be easily seen that choosing the least-squares solution in 

the form of Eq. 6.20 provides a more stable solution as the condition number of 𝑉𝑘
𝑇 is 

lower. 

 

Figure 6.9: Comparison of the condition number of 𝑳𝒌 and 𝑽𝒌
𝑻 for a Mid 

stiffened panel 

6.5.2 Regularisation 

Solving ill-conditioned systems has been studied widely as many engineering 

problems have solutions with large condition numbers. The Regularisation method is 

often used to seek a near-by solution by balancing the approximation error by adding 

a bias through a regularisation parameter 𝛼. There are several techniques which have 
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been developed following the pioneering work of Tikhonov [96] which minimises the 

biased residual given in Eq. 6.22 for a system of linear equations given by 𝐴𝑥 = 𝑏. 

𝑚𝑖𝑛‖𝐴𝑥 − 𝑏‖2
2 

 
+ 𝛼‖𝑥‖2

2 

 
(6. 22) 

Quite a lot of research e.g. [97-99] has been dedicated to finding the suitable 

regularisation parameter, but there is no definitive general solution. The regularisation 

parameter is often chosen ad-hoc, based on what leads to the lowest error. 

Nevertheless, the iterative approach of using Tikhonov regularisation is less reliant on 

the choice of parameter 𝛼. If the SVD decomposition of 𝐴 is given by 𝐴 = 𝑈Σ𝑉𝑇 then 

the approximate solution is given by �̂� = 𝑉𝐷𝑈𝑇𝑏, where 𝐷 is a regularised diagonal 

matrix of singular values as given in Eq. 6.23.  

𝐷 =
1

𝜎𝑖,𝑖 
−
1

𝜎𝑖,𝑖
 (

𝛼

(𝛼 + 𝜎𝑖,𝑖)
2)

𝑝

(6. 23) 

where 𝜎𝑖,𝑖 is the singular value and 𝑝 is the number of iterations which is set to an 

arbitrary value of 200. 

6.5.3 Results of least squares with additional constraints  

Table 6.2 presents the results of reverse mapping to recover the 
𝜕𝑅𝐹

𝜕𝑁
 sensitivities from 

the 
𝜕𝑅𝐹

𝜕𝑈𝑘
 computed using 3-dimensional envelopes, see section 6.3.2.3. The error is 

measured between the reference values 
𝜕𝑅𝐹

𝜕𝑁𝑟𝑒𝑓
 and the least squares solution with four 

additional finite difference evaluations from 
𝜕𝑅𝐹

𝜕𝑁𝑟𝑒𝑓
. Similar to the earlier section 

results, only the important load cases with 𝑅𝐹 < 3 for the stiffened panels are 

considered.  
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Panel 

Number of 

load cases 

𝑹𝑭 <  𝟑 

𝝐𝑹𝑭 

Number of 

points on 

mesh 

% Mean 

error 

Root 21 
5% 62 0.73% 

0.5% 239 0.36% 

Mid 183 
5% 46 4.30% 

0.5% 103 2.65% 

Tip 88 
5% 55 1.63% 

0.5% 157 0.03% 

Table 6.2: Results of least squares with additional constraints imposed for 3- 

dimensional envelope, 𝜶 = 𝟎. 𝟏 

It can be seen that the mean error is low, especially for the Tip panel. To illustrate the 

computation, the reconstructed sensitivity vectors are plotted with the reference 

vectors for three load cases. The three load cases correspond to a reconstruction with 

the extreme errors (both positive and negative) and a zero error for a contrast. 

Figure 6.10 presents the plot of sensitivities for the Tip panel. The reference values 

are plotted in black and the least squares with additional constraints (LST SQ + cst) is 

shown in green. The magenta line presents the least square solution (LST SQ) of Eq. 

6.20 without any additional constraints using 𝜖𝑅𝐹 = 0.5% envelope. The x axis 

corresponds to the seven internal flux components given in Eq. 6.2. 

It can be seen that the LST SQ solution is extremely poor due to the loss of 

information, whereas the LST SQ + cst solution is quite good.  
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Figure 6.10: Reverse mapping - Tip panel sensitivities recovered from 3-

dimensional performance envelopes with additional constraints. Load cases 70, 

93 and 8 

The first figure in Figure 6.10 shows the sensitivity vector for load case 70 with a RF 

= 2.9 for the Tip panel. The % mean error is close to zero (this is the maximum positive 

error bound). The second figure gives the result for load case 93 with RF = 2.2. The 

reconstruction error is -0.7% (the minimum negative error bound). The last figure 

gives the result for load case 8 with RF = 1.7 and error of 0%. 

Similar plots for the Root and the Mid are shown in Figure 6.11 and Figure 6.12 

respectively. 

 

Figure 6.11: Reverse mapping - Root panel sensitivities recovered from 3-

dimensional performance envelopes with additional constraints. Load cases 96, 

21 and 103 
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Figure 6.12 Reverse mapping - Mid panel sensitivities recovered from 3-

dimensional performance envelopes with additional constraints. Load cases 109, 

191 and 127 

From the above results it can be concluded that the LST SQ + cst method can provide 

a good reconstruction of the original sensitivity vector using the characteristic 

coefficient sensitivities computed from performance envelopes. It also demonstrates 

the loss of information in computing just the least squares solution with regularisation 

LST SQ of Eq. 6.20.  

The LST SQ + cst method has two main disadvantages. Firstly, the additional 

constraints must be calculated to have an acceptable accuracy in reverse mapping. For 

a 3-dimensional envelope, this means four finite-difference calculations must be 

computed by skill-tool evaluations to impose the additional constraints. However, this 

is a 3/7 reduction in the number of RF evaluations compared to the current industry 

practice for the stiffened panel. Secondly, due to the nature of approximation of the 

constraints using facets, there will always be a noise in the measurement of the 

characteristic sensitivities i.e. computing 
𝜕𝑅𝐹

𝜕𝑈𝑘
 from envelopes.  

6.6 Sensitivities using higher dimensional envelopes 

Following the discussion from section 6.4.1, the loss of information in reverse 

mapping can alternatively be alleviated by using a higher number of characteristic 

loads. This results in performance envelopes being built in a higher dimension. This 
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section briefly presents the results of reverse mapping using higher-dimensional 

envelopes built in 5D, 6D and 7D. The section demonstrates that instead of performing 

the LST SQ + cst method to compute the sensitivity, a direct finite difference using 

the Fast RF can be used to compute the 
𝜕𝑅𝐹

𝜕𝑁
 sensitivities without any need for 

additional constraints. 

6.6.1 Direct Fast RF method 

The direct Fast RF approach makes use of the Fast RF estimation method to compute 

the RF to directly calculate the 
𝜕𝑅𝐹

𝜕𝑁
 by finite difference given Eq. 6.3. This has a 

distinct advantage that it does not need to compute the characteristic sensitivities 
𝜕𝑅𝐹

𝜕𝑈
 

from the envelope nor impose any additional constraints to solve the least-squares 

problem of Eq. 6.20.  

Table 6.3 gives a comparison of errors between the three Root, Mid and Tip stiffened 

panels. The envelopes are built in 5D, 6D and 7D with an envelope RF tolerance 𝜖𝑅𝐹 =

0.1%, indicating that the envelopes have a fine mesh refinement. Like the previous 

study, the envelopes are scaled, and cone refined. Only the important loads are 

considered to compute the error, as these loads are of interest.  

Panel 

Number 

of load 

cases 

5D 6D 7D 

Number 

of points 

% Mean of 

absolute 

norm error 

Number 

of points 

% Mean of 

absolute 

norm error 

Number 

of points 

% Mean of 

absolute 

norm error 

Root 21 561 25.8% 816 10.11% 1243 0.82% 

Mid 183 361 16.2% 562 15.7% 813 3.42% 

Tip 88 426 3.30% 646 2.42% 939 2.11% 

Table 6.3: Results from direct Fast RF method to compute 
𝝏𝑹𝑭

𝝏𝑵
. All envelopes 

built with 𝝐𝑹𝑭 = 𝟎. 𝟏% 

From Table 6.3, few observations can be made. Firstly, as with Table 6.2, the 

sensitivities vectors computed for the Tip panel have a low mean norm error. 
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Secondly, as expected, the 7D envelope has the lowest error and the error becomes 

worse as the number of dimensions decreases. For example, the 5D Root results have 

large mean errors at 25% whereas the 7D envelope have 0.82% error for the same set 

of load cases. Thirdly, the higher dimensions require an order of magnitude greater 

number of points on the mesh defining the envelope compared to the 3D case (the 7D 

Root envelope requires 1243 points compared to 561 points in a 5D space). 

Similar to the earlier study, three load cases are selected, and the sensitivity vector 

computed is plotted against the reference values. The same load cases are used as those 

considered in section 6.5.3 for the Root, Mid and Tip panels. 

Figure 6.13 shows the plots for the Root panel. The magenta line shows the 7D direct 

Fast RF results and the reference values are shown in black lines. The reconstruction 

of the sensitivity vector is acceptable except for certain cases, for example, load case 

21 where component 5, the 
𝜕𝑅𝐹

𝜕𝑁𝑦
 component of the left panel, has a different result. 

 

Figure 6.13: Reverse mapping – Root envelope, direct Fast RF method results 

Figure 6.14 and Figure 6.15 show a similar plot for the Mid and Tip panels, 

respectively. 
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Figure 6.14: Reverse mapping – Mid envelope, direct Fast RF method results 

 

Figure 6.15: Reverse mapping – Tip envelope, direct Fast RF method results 

Note that in Figure 6.10 - Figure 6.12, the magenta line which represents LST SQ 

solutions (least square solutions without additional constraints) is equivalent to the 

direct Fast RF method discussed in the current section. It can be seen that the 3D 

envelopes have quite poor reconstruction of the sensitivities using the Fast RF method. 

The sources of errors are discussed in the following section. 

6.6.2 Source of error  

There are two main sources of error for calculating the sensitivity matrix from the 

performance envelope: 

• Quality of performance envelope – does the performance envelope 

approximation represent the constraints accurately. 
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• The number of characteristic loads – is the given number of characteristic loads 

capable of capturing accurately the small perturbations. 

6.6.2.1 Quality of performance envelope 

The quality of the performance envelope plays a vital role in dictating the accuracy of 

the sensitivities which are computed either through the reverse-mapping or Direct Fast 

RF method. The quality of the envelope is controlled by the RF tolerance 𝜖𝑅𝐹 for 

values at the centroid of the facet. However, two similar situations can occur when 

building envelopes especially in higher dimensions that can lead to two error types, as 

discussed in the following sub-sections. 

6.6.2.1.1 Type 1 – Error due to high curvature 

Figure 6.16 shows a 2-dimensional representation of a case where the high curvature 

of the constraint plays an important role. The mesh refinement checks the value of the 

RF at the centroid of the facet and this needs to be lesser than the 𝜖𝑅𝐹. If the curvature 

of the constraint is high, as shown in the figure, the 𝜖𝑅𝐹 value can be satisfied at the 

centroid. However, a load case intersecting the facet at a different location may have 

a RF that is different from the actual, with an error greater than the 𝜖𝑅𝐹.  

 

Figure 6.16: Type 1 error 2-dimensional representation, constraint in red, load 

case in blue, envelope facet in pink 
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6.6.2.1.2 Type 2- Error due to multiple critical constraints  

Figure 6.17 shows a 2-dimensional example of a facet having 2 constraints as critical. 

The mesh is not further refined due to the similar reasoning as the Type-1 error. This 

causes the gradient of the facet to be slightly different than that of the critical 

constraint. Also identifying the binding constraint can be tricky as well, which leads 

to the error in the RF. 

 

Figure 6.17: Type 2 error 2-dimensional representation, constraints 1 and 2 in 

red and green respectively, envelope facet in pink 

6.6.2.2 Number of characteristic loads 

A second factor that influences the direct Fast RF method to compute the sensitivity 

vector is the number of characteristic loads. More specifically, is the given number of 

characteristic loads capable of reconstructing the small perturbations necessary in the 

finite difference. 

Consider a vector of internal load flux of the stiffened panel, 𝑁𝑚 = 〈𝑁1, 𝑁2, ⋯ , 𝑁𝑛〉 

corresponding to a load case 𝑚 and 𝑛 = 7. The load is mapped into the characteristic 

load space by the characteristic load matrix as 𝑈𝑘 = 𝑁𝑚𝐿𝑘
−1, where 𝐿𝑘

−1 is the pseudo 

inverse. The reconstruction of the load is given by 𝑁𝑘𝑚 = 𝑈𝑘𝐿𝑘. The reconstructed 

load case is approximately equal to the original load as 𝑁𝑚  ≈ 𝑁𝑘𝑚 . 
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The direct Fast RF method discussed in section 6.6.1 uses the finite difference 

approach to compute the sensitivity vector. If Δ𝑁 is the perturbation used, then the 

difference between the approximation of the reconstruction load to the original load  

case 𝑁𝑚,𝑛 −𝑁𝑘𝑚,𝑛 should be lesser than Δ𝑁 as in Eq. 6.24. 𝑛 represents the 𝑛th 

element in the vector. 

𝑁𝑚,𝑛 − 𝑁𝑘𝑚,𝑛 < 𝛥𝑁 (6. 24) 

The Direct Fast RF method in lower-dimensional (3D) envelopes fails to compute the 

𝜕𝑅𝐹

𝜕𝑁
 sensitivities accurately due to the approximation error in mapping the internal set 

𝑁 to the characteristic load space.  

This can be visualised by computing a scalar value function as defined in Eq. 6.25 for 

a panel by perturbing each flux 𝑛 separately by a perturbation factor 𝑃 such that 

Δ𝑁𝑚,𝑛 = 𝑃𝑁𝑚,𝑛 as shown in Figure 6.18. 

𝑁𝑜𝑟𝑚 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 =  ∑ ‖∑(𝛥𝑁𝑚,𝑛 − ‖𝑁𝑘𝑚,𝑛+𝛥𝑁 −  𝑁𝑚,𝑛+𝛥𝑁‖) 

7

𝑛=1

‖

274

𝑚=1

(6. 25) 



 

Sensitivities of Structural Constraints 

 202 

 

 

Figure 6.18: Norm difference vs. number of singular values (k) for the Root 

panel 

Figure 6.18 shows a plot of the norm-difference vs the different number of 

characteristic loads. It also plots different values of perturbation. It can be seen that at 

𝑘 = 1, the norm-difference value is large. A high norm-difference value implies that 

the error of reconstructing a perturbed load vector 𝑁𝑚,𝑛+Δ𝑁 as 𝑁𝑘𝑚,𝑛+Δ𝑁 is greater 

than the perturbation Δ𝑁𝑚,𝑛. This means that a small perturbation Δ𝑁 cannot be 

mapped into the characteristic load space accurately. The higher dimensional load 

space value will be able to capture these small perturbations with a low error, which 

results in a better finite-difference calculation.  

6.7 Summary of methods 

Table 6.4 summarises the approach to compute the reverse mapped sensitivities. 

Depending upon the type of performance envelope available, cost and accuracy 

desired, either the least squares method with additional constraints or the direct fast 

RF method can be implemented. 
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Envelope 

dimension 
Method to compute 

𝝏𝑹𝑭

𝝏𝑵
 Comments 

3D envelope 
Regularised least-squares + 4 

additional finite difference  

Accurate results, four 

additional finite 

difference calculations are 

needed 

5D envelope 

Regularised least-squares + 2 

additional finite difference  

Moderately accurate 

results, lower cost in 

finite-difference 

compared to 3D envelopes 

Direct Fast RF method 

No additional finite-

difference necessary 

No guarantee that 5D 

envelopes will be able to 

capture all the information 

7D envelope Direct Fast RF method 

Slightly more expensive 

to compute 7D envelopes. 

Sensitivities can be 

computed accurately. 

Table 6.4: Summary of methods 

6.8 Cost comparison 

Several different parameters can be used to measure the cost of computing 

sensitivities. Even though the end goal of an optimisation task is to find the optimum 

as quickly as possible, parameters based on total computational time are not the best 

indicator. Such a parameter can vary depending upon the individual computer power, 

architecture, and resources available. If parallelisation is implemented (which is most 

often the case), the computational time for the process may depend on the number of 
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processor cores available to perform the job and the queuing systems that are 

implemented.  

The number of calls made to the skill-tool to evaluate the function, however, will 

remain the same even if the finite difference is running in a parallel set up and is also 

an easy parameter to measure. Therefore, the number of skill-tool calls will be used as 

a measure of performance between the baseline process and the proposed one. 

The forward finite difference approach in the current baseline requires eight calls to 

be made to the black box skill-tool per load case to compute the sensitivity - one call 

to evaluate the critical RF at the load case and seven calls to calculate the sensitivity 

to each of the seven internal load fluxes (𝑁). Therefore, the computational cost, 

measured as the total number of skill-tool evaluations, 𝐶𝑡𝑜𝑡𝑎𝑙, is directly proportional 

to the number of load cases and the number of panels to be analysed, as described in 

Eq. 6.26. Thus, the calculation of the XRF1 panels sensitivities, for a set of load cases, 

have a computational cost which is directly proportional to the number 𝑚 of load 

cases. 

𝐶𝑡𝑜𝑡𝑎𝑙 = 8 ×𝑚 (6. 26) 

Figure 6.19 shows the typical costs in terms of the number of calls made to the skill-

tool to compute the sensitivities for a range of load cases. The performance envelope-

based methods discussed in this chapter have an associated upfront cost for building 

the envelopes. The costs for building envelopes for the three panels is plotted and the 

mean of these is considered. For the same set of envelope mesh refinement criterion, 

higher dimensional envelopes need a greater number of evaluations.  
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Figure 6.19: Typical cost comparison direct, 3D, 6D and 7D envelope methods 

to compute sensitivities for a range of load cases 

3-dimensional envelopes are cheaper to build but require additional skill-tool 

evaluations to impose the extra constraints to compute the sensitivities accurately, 

whereas the 7-dimensional envelopes should be enough without any extra evaluations. 

6.9 Summary  

In summary, investigation to compute the expensive terms of the RF sensitivity chain 

using characteristic loads and performance envelopes has been made. It is proven that 

the characteristic coefficient sensitivities of binding constraints can be computed using 

performance envelopes with acceptable accuracy. These sensitivities can be mapped 

back to recover the sensitivity to internal loads by using a regularised least square 

approach with additional finite difference evaluations. This approach reduces the cost 

of computation by 3/7 compared to the current baseline practices. 

Secondly, computing these sensitivities from higher dimensional envelopes is 

explored. Its shown that using higher dimensional envelopes, a direct finite difference 

method using Fast RF is capable of computing the sensitivities. 
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6.10 Discussion and conclusions 

The sensitivities to RFs are vital in linking the global to local optimisation process for 

preliminary aircraft design. Computing these sensitivities accounts for a significant 

cost using conventional finite difference methods. Normally, the engineering teams 

will be pressed for a quick optimisation check for many of load cases with tight 

deadlines. Computing sensitivities for load cases on many structural features, in order 

of few hundreds, can take several hours depending upon the computational resources 

available. In such a situation the performance envelope, which is built in the 

downtime, can be used to compute the sensitivities. This offers a quicker analysis 

advantage aiding the reactivity of the process. However, the engineer must bear in 

mind the accuracy trade-off of the computed sensitivities as discussed in this chapter.  

This work has examined the characteristic loads and performance envelopes-based 

approach to compute the stiffened panel coupled critical RF sensitivities. 

Firstly, the concept of characteristic sensitivities 
𝜕𝑅𝐹

𝜕𝑢
 has been introduced. This is a 

projection of the internal load sensitivities 
𝜕𝑅𝐹

𝜕𝑁
 into the characteristic load space. Two 

methods of calculating these characteristic sensitivities using the performance 

envelope are presented and verified using reference results.  

Secondly, it has been demonstrated that there will be an error while reverse mapping 

i.e. mapping sensitivities from the characteristic load space to the internal load space. 

The error arises due to two reasons – the ability of performance envelope to 

approximate the critical constraints accurately and the loss of information occurring 

by selecting only the first 𝑘 characteristic loads. The error can be substantial and 

cannot be ignored as the sensitivities has a large effect on the convergence of a 

gradient-based optimisation routine. 

The performance envelope approximates the critical constraints locally using facets 

which are tangent to the actual constraint function. Therefore, the characteristic 

sensitivities (normal of these facets) will directly depend upon the quality of the 
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approximation. A quality metric of the performance envelope used in this research is 

the RF tolerance value, 𝜖𝑅𝐹. Another point to be noted is that the performance 

envelope is formed through intersection of multiple critical constraints and therefore 

the facets and its derivatives are discontinuous which leads to errors in computing the 

characteristic sensitivities.  

The loss of information due to selecting the first 𝑘 characteristic loads can be mitigated 

by providing additional information while solving the reverse mapping problem. This 

concept is demonstrated on the XRF1 stiffened panel problem. Four finite difference 

evaluations of the panel internal load sensitivities are additionally provided to 

transform the underdetermined system of linear equations to a fully determined system 

and is solved using Tikhonov regularisation parameter. The sensitivities obtained are 

in good agreement with the reference values with a mean error <5% and is largely 

dependent on the position of the panel on the wingspan. This approach reduces the 

number of calls made to the skill-tool by 3/7 for the XRF1 stiffened panels. 

Alternatively, obtaining characteristic sensitivities from higher dimensional envelopes 

has been explored. It has been established that by using higher-dimensional envelopes, 

it is possible to apply a Fast RF finite difference method to compute the internal load 

sensitivities 
𝜕𝑅𝐹

𝜕𝑁
 with acceptable accuracy. The results of the 5D, 6D, and 7D 

envelopes have been presented and discussed in terms of their associated costs. 

In conclusion, it has been demonstrated that the modified performance envelope-based 

approach – either by providing additional information (as with a 3D envelope case) or 

by using higher dimensional envelopes can be used to compute the critical RF 

sensitivities for a stiffened panel problem. The choice between the above two methods, 

or if to use performance envelope-based method at all, will largely depend upon the 

number of load cases that have to be analysed, see the cost chart given in Figure 6.19.  

A limitation of the envelope-based method is that it is computationally more expensive 

if the number of load cases are small. A second limitation is that it only computes the 

most critical constraint sensitivities while the direct method, though more expensive, 
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can compute sensitivities of all constrain. A third limitation is that the sensitivities 

obtained are not continuous and is valid only at the local region in which it is 

computed. This is because the envelope facet can approximate multiple failure 

constraints and the faceted envelope surface is formed through multiple functions. 

Nevertheless, it must be noted that the performance envelopes have other cross-

functional applications, see Chapter 5. Consequently, once the performance envelope 

is built for a structure, it provides the engineer with an alternative and economical 

approach to compute the sensitivities even with its limitations. 

 



 

Chapter 7  

Conclusions 

One of the important challenges within the aircraft structural design process can be 

attributed to the gap between the two main disciplines of loads and structures. This 

limitation is a result of the complexity of the problem, and a lack of clear 

communication of the important performance parameters between the disciplines. The 

problem is most evident within preliminary design, where rapid evaluation of designs 

is key. 

This work has investigated the concepts of characteristic loads and performance 

envelopes as promising solutions to bridge the gap between the two disciplines. Four 

objectives were posed in Section 1.10. The first two objectives (objective 1 and 

objective 2) looked at improving the novel concepts to make them more robust and 

efficient. The last two objectives (objective 3 and objective 4) aimed to explore the 

applications of the technology within the aircraft sizing process. 

7.1 Efficient construction of performance envelopes 

Building performance envelopes for industrial structures can be tricky due to the 

prevalent use of black box-based tools for strength analysis. The cost of building the 

envelope is measured as the number of times these black box tools are evaluated. A 

major part of this research has focused on identifying strategies to reduce the costs. 

A new ray-scaling strategy is investigated to improve the construction cost of the 

envelopes. It is also observed that, depending upon the region within the airframe, the 

loads within the structure can be concentrated in a small region of the envelope. By 

focusing on refining the envelope in these areas, a higher fidelity envelope is built with 

fewer calls to the black box tool. An efficient framework is proposed that can reduce 

the cost of construction by ~40% compared to the previous state of art. 
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The improved construction efficiency has many advantages. Firstly, it enables 

exploring and implementing envelopes in higher dimensional load space(>3D). More 

complex structures such as the wing section will inevitably require envelopes to be 

constructed in higher dimensional space as concluded from this work. However, there 

is a trade-off between the associated costs and the gains of using higher dimensional 

envelopes needs further evaluation. 

Secondly, improved construction costs enable the performance envelope approach to 

be a competitive alternative to the more traditional design methodology. Large number 

of load cases, structural features, and failure constraints - which are the hall mark of 

aerospace structural design is where the performance envelope is efficient. It also 

improves the reactivity of the entire process by aiding the engineer to quickly identify 

and select critical loads and constraints. Conversely, if the number of load cases are 

low or the structural complexity is high then the traditional approach would be more 

suitable for the structural failure analysis purely in terms of the cost savings achieved.  

7.2 Sensitivity of performance envelopes to design changes 

Another body of this research to improve the state of art of performance envelopes has 

been in investigating methods to handle design changes of the structure. This allows 

for the performance envelopes to be more feasible for application within a sizing 

process. 

The RF sensitivity or gradient-based method has been explored as an efficient way to 

quickly update the envelope without having to recompute the envelope at each 

iteration. The RF gradients are computed once for the initial design and remain valid 

for a small range before the gradients must be recomputed. Another use case of the RF 

gradient method to update the envelopes is in tracking the constraints that are critical 

and constraints which are close to critical during the sizing process. This offers an 

alternative approach to the constraint management technique. 
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Future work should verify that these updates are accurate over many iterations with 

large changes in the design.  

7.2.1 Sensitivity of RFs to design changes 

The use of envelopes to compute the expensive term of the RF sensitivity chain is 

explored. Though the envelope-based methods are successful in calculating the 

sensitivities efficiently for simple engineering problems, it has proven to be more 

difficult with the industrial stiffened panel problem. This can be attributed to the use 

of black-box function evaluations and the loss of information while mapping from the 

internal load space to the characteristic load space. However, using an envelope-based 

method with additional constraints provided by finite difference, it is possible to 

reduce the cost of computing the sensitivities by 3/7 compared to the state of the art.  

7.3 Dissemination of the characteristic load and performance 

envelope concepts 

Lastly, the industrial placement demonstrated the use of load case and constraint 

down-selection in the preliminary sizing problem. The performance envelope database 

for the XRF1 is packaged as a simple and lightweight tool for structural analysis that 

can be used by researchers to study the XRF1 GFEM structural responses.  

The performance envelope provides the loads department with a window into the 

complex down-stream activity of the structures department. Using this information to 

compute the sensitivities of the external load parameters to the structural responses, 

should guide the loads optimisation process with more confidence.  

 



 

Chapter 8  

Future Work 

The future work can be broadly grouped into two concepts as - 

8.1 Characteristic loads 

The characteristic loads have been demonstrated to capture the loads using a coarse 

GFEM mesh with sufficient accuracy. Using the characteristic loads in a detailed 

design of the structure using detailed finite element model (DFEM) will cover the 

entire sizing process. From the detailed sizing perspective, the characteristic loads 

provide the necessary boundary conditions for the analysis. It might then be possible 

to feed the mass, stiffness, and performance envelope behaviour of the DFEM back 

into an updated GFEM. 

Another area to investigate is the ability to include other types of loads while 

computing the characteristic loads. For example, fatigue loads drive certain areas of 

the structures. Extension of the characteristic load / performance envelope concepts to 

include fatigue load spectra would expand upon the current capabilities. 

The internal load distribution within a structure determines the internal characteristic 

loads. The three characteristic loads of the stiffened panel are an internal property of 

the panel corresponding to the three dominant loading directions. Therefore, it should 

be possible to argue that a generic shape of these loads can exist (like a unit force 

shape) for a given structural type. A further study into this area should be insightful.  

In addition to the large aerodynamic external loads on the structure, various local 

loads, such as thermal loads are superimposed in the detailed design. Therefore, an 

investigation to handle the addition of the local loads in the larger characteristic load 

framework should be an interesting study.  
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8.2 Performance envelopes 

It has been demonstrated that the envelopes can be robustly built in higher dimensional 

space. Construction of envelopes for larger and more complex structures should be 

demonstrated and validated. The envelope of these complex structures is a function of 

small number of simpler envelopes. For example, a 5-dimensional envelope of a wing 

box section can be identified by building several 3-dimensional envelopes of the 

stiffened panels within the wing box section. The optimum combination of increased 

dimensionality of a given envelope versus partitioning the structure into different 

features needs to be identified. It should be technically possible to expand on this idea 

to build the structural performance envelope for the entire wing. 

Clustering techniques, to identify structural features based on the response to many 

load cases, would be valuable, especially for novel designs which are vastly different 

from current industrial practice.  

A proof-of-concept experiment on the sensitivities of the flight load parameters to the 

RFs has been demonstrated. This could lead to a truly stress-based loads optimisation. 

The concept should be further investigated and should be industrially validated. 

Another interesting application of the performance envelope is in the area of sharing 

critical information between the many different industrial and university partners. For 

example, the landing gear assembly is typically designed and built by a subcontracting 

firm, and the loads are provided by the airframe manufacturer. There exists a potential 

to build envelopes of the airframe landing bay area and the landing gear is sized using 

this envelope space. It would reduce the complex intellectual property (IP) issues in 

dealing with the different models and partnering firms. It would also allow the 

subcontracting firm to exploit the design space by exploring the performance envelope 

of the airframe.  

In structural design, it is common for design partners to exchange mass and stiffness 

matrix representations (super elements), which capture the performance of the 
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structure without revealing the IP associated with the detail design. The performance 

envelopes capture the load-carrying capacity and failure behaviour of a given structure 

as a simple surface mesh, which can be shared without revealing any internal details 

of the design thus protecting the IP of the collaborating partners. 

The envelopes of different structural elements are unique. However, if the structural 

elements are located in a local area of the airframe component, they may exhibit some 

similarities. For example, panels located at the wing tips can have similar loads and 

binding constraints. Thus, these structural elements can have similar shapes of 

performance envelope. Therefore, it would be of interest to study this aspect and to 

come up with a way in which the performance envelope of the structure can be pre-

computed. 

A good estimate of the number of points required to represent the envelope surface 

would be beneficial to perform the trade-off studies.  

The load cases in the current study had the corresponding load case names removed 

to protect the sensitive information of an actual aircraft program. A mapping of the 

load case names to the loads clustering in the envelope would be insightful for design. 

It would also help in identifying the over-designed areas of the structure. 

The RF sensitivities play a vital role in the preliminary sizing process. It has been 

demonstrated that characteristic loads and envelopes can be used to reduce the cost of 

computation of these sensitivities. However, a detailed industrialisation of using the 

envelopes within the preliminary sizing for sensitivity computations will validate the 

approach.  

Going forward, it would be valuable to compare the physics-based characteristic loads 

/ performance envelope approach explored in this thesis with a best-in-class surrogate 

model, since these are gaining increasing industrial acceptance. 
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Appendix A  

Internal Loads in Compound Bar Assembly 

The derivation of the internal loads in the compound bar assembly also considers an 

additional load generated due to the thermal expansion. Due to difference in the 

thermal expansion coefficients between the two materials used in the elements, a 

differential thermal strain is present in the assembly. Let the strain of the tube be 𝜖𝑡, 

of the bar be 𝜖𝑏 and 𝜖𝑖 be the thermal strain. Then, 

𝜖𝑡 = 𝜖𝑏 + 𝜖𝑖 (A. 1) 

𝜖𝑖 = Δ𝑇(𝛼𝑏 − 𝛼𝑡) (A. 2) 

Assembly stress due to mismatch in length of the elements can also be considered to 

contribute to the strain. 

𝜖𝑖 = Δ𝑇(𝛼𝑏 − 𝛼𝑡) + 𝜖𝑢𝑖 (A. 3) 

where 𝜖𝑢𝑖 is the initial mismatch in length between the elements. The assembly is 

constrained to have equal longitudinal deformations on both the elements. Therefore, 

the strain assembly is given by 

𝜖𝑡 = 𝜖𝑏 + 𝜖𝑖 = 𝜖0 +
𝑦

𝑅
(A. 4) 

𝜖0 is strain in the neutral axis from the axial force and 
𝑦

𝑅
 is the strain contribution by 

the bending moment. At equilibrium, the sum of the internal forces is equal to the 

external load applied. If 𝜎𝑡 and 𝜎𝑏 are stress in tube and bar respectively, for a small 

area 𝑑𝐴, 
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𝜎𝑡 = 𝐸𝑡𝜖𝑡 = 𝐸𝑡 (𝜖0 +
𝑦

𝑅
)

𝜎𝑏 = 𝐸𝑏𝜖𝑏 = 𝐸𝑏 (𝜖0 +
𝑦

𝑅
− 𝜖𝑖)

(A. 5) 

Equilibrium of force: 

∫ 𝜎𝑡𝑑𝐴
𝐴𝑡

+∫ 𝜎𝑏𝑑𝐴
𝐴𝑏

= 𝐹 (A. 6) 

𝐸𝑡∫ (𝜖0 +
𝑦

𝑅
)𝑑𝐴

𝐴𝑡

+ 𝐸𝑏∫ (𝜖0 +
𝑦

𝑅
− 𝜖𝑖) 𝑑𝐴

𝐴𝑏

= 𝐹 (A. 7) 

[𝐸𝑡𝐴𝑡 + 𝐸𝑏𝐴𝑏 𝐸𝑡∫ 𝑦𝑑𝐴
𝐴𝑡

+ 𝐸𝑏∫ 𝑦𝑑𝐴
𝐴𝑏

] {

𝜖0
1

𝑅

} = {𝐹 + 𝐸𝑏𝐴𝑏𝜖𝑖} (A. 8) 

If the individual elements are symmetrical about the neutral axis, then ∫ 𝑦𝑑𝐴
𝐴

= 0  

which leads to 

[𝐸𝑡𝐴𝑡 + 𝐸𝑏𝐴𝑏 0] {

𝜖0
1

𝑅

} = {𝐹 + 𝐸𝑏𝐴𝑏𝜖𝑖} (A. 9) 

𝜖0 =
𝐹 + 𝐸𝑏𝐴𝑏𝜖𝑖
𝐸𝑡𝐴𝑡 + 𝐸𝑏𝐴𝑏

(A. 10) 

Equilibrium of moment:  

∫ 𝜎𝑡𝑦𝑑𝐴
𝐴𝑡

+∫ 𝜎𝑏𝑦𝑑𝐴
𝐴𝑏

= 𝑀 (A. 11) 

𝐸𝑡𝜖0∫ 𝑦𝑑𝐴
𝐴𝑡

+
𝐸𝑡
𝑅
∫ 𝑦2𝑑𝐴
𝐴𝑡

+ 𝐸𝑏𝜖0∫ 𝑦𝑑𝐴
𝐴𝑏

+
𝐸𝑏
𝑅
∫ 𝑦2𝑑𝐴
𝐴𝑏

= 𝑀 (A. 12) 

If the individual elements are symmetrical about the neutral axis, then ∫ 𝑦𝑑𝐴
𝐴

= 0 and 
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[0 𝐸𝑡𝐼𝑡 + 𝐸𝑏𝐼𝑏] {

𝜖0
1

𝑅

} = {𝑀} (A. 13) 

1

𝑅
=

𝑀

𝐸𝑡𝐼𝑡 + 𝐸𝑏𝐼𝑏
(A. 14) 

The stresses in the individual elements 𝜎𝑡 and 𝜎𝑏 can then be recovered from the stress-

strain relations in Eq. A.5. Note that there will be two criteria to be checked for each 

element in both tension and compression, one each at 𝑦 = ±
𝑑

2
 where 

𝑑

2
 is the distance 

of the maximum fibre from the neutral axis. 



 

Appendix B  

Singular Value Decomposition 

B.1Transformation of a unit vectors 

A singular value decomposition can be imaged as a set of transformation i.e. rotation 

and stretching of a set of unit vectors. Consider a set of unit vectors {𝑣1, 𝑣2, … 𝑣𝑛}. 

When a transformation matrix 𝐴 (𝑚 × 𝑛) is applied, a new set of vectors {𝑠1, 𝑠2, … 𝑠𝑛} 

is generated. These new vectors are rotated and stretched set of the original unit vectors 

and they can be represented as a function of a scalar quantity 𝜎 and a unit vector, as 

shown in Eq. B. 1 

𝐴𝑣1 = 𝑢1𝜎1

𝐴𝑣1 = 𝑢1𝜎1
⋮

𝐴𝑣𝑛 = 𝑢𝑛𝜎𝑛

(B. 1) 

Graphically, 2D representation of the unitary vector set is a circle and is rotated and 

stretched to form an ellipse, as shown in Figure B.1. 

 

Figure B.1: Transformation of a unit vector 

The above set of equations can be represented in matrix form as Eq. B. 2 
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𝐴[𝑣1 𝑣2 … 𝑣𝑛] = [𝑢1 𝑢2 … 𝑢𝑛] [

𝜎1 0 0 0
0 𝜎2 0 0
0 0   ⋱ 0
0 0 0  𝜎𝑛

]

𝐴𝑉 = 𝑈 Σ

(B. 2) 

The matrices 𝑉 and 𝑈 are called unitary transformation matrices which have 

orthonormal components. 

B.2Computing the factor matrices 

Multiplying equation 2 with 𝑉−1 on both sides Eq. B. 2, gives 

𝐴𝑉𝑉−1 = 𝑈 𝛴 𝑉−1 (B. 3) 

And from the unitary transformation matrix properties, 𝑉𝑉−1 = 𝐼 and 𝑉−1 = 𝑉𝑇 

Thus, the standard form of the SVD decomposition is given in Eq. B. 4. 

𝐴 = 𝑈 𝛴 𝑉𝑇 (B. 4) 

The factorised matrices can be computed by converting the above equation Eq. B. 4 to 

an eigen value problem. Firstly, multiply the 𝐴𝑇 to Eq. B. 4 

𝐴𝐴𝑇 = 𝑈Σ𝑉𝑇 ∗ (𝑈Σ𝑉𝑇)𝑇 (B. 5) 

Because of unitary transformation property of 𝑉 and diagonal matrix property of 

ΣΣT = Σ2, Eq. B. 5 is represented as Eq. B. 6 

𝐴𝐴𝑇 = 𝑈Σ2𝑈𝑇 (B. 6) 

Because Σ is a diagonal matrix, Eq. B. 6 is an Eigen value problem where 𝑈 is the 

Eigen vectors and Σ2 is the Eigen value. Solving the eigen value problem results in 
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the matrix 𝑈. Similarly, by multiplying 𝐴 to 𝐴 transpose and following the same steps 

described above results in the matrix 𝑉 



 

Appendix C  

Stress in Simplified Metallic Panels 

The von Mises stress is computed from the loads acting on the assembly by first 

computing the stress tensor of each element of the assembly. For example, consider 

the right panel with a panel thickness of 𝑡𝑟, the stress in the longitudinal, lateral and 

the shear are given by, 

𝜎𝑥
𝑅𝑃 =

𝑁𝑥
𝑅𝑃

𝑡𝑟

 𝜎𝑦
𝑅𝑃 =

𝑁𝑦
𝑅𝑃

𝑡𝑟
 

𝜎𝑥𝑦
𝑅𝑃 =

𝑁𝑥𝑦
𝑅𝑃

𝑡𝑟

(C. 1) 

The maximum principal stress 𝜎𝑝
𝑅𝑃 (at zero shear) is computed as 

𝜎′ = 𝑄 𝜎 𝑄𝑇

 𝜎𝑝
𝑅𝑃 = [

𝜎1
𝑅𝑃 0

0 𝜎2
𝑅𝑃]

𝜎 = [
𝜎𝑥
𝑅𝑃 𝜎𝑥𝑦

𝑅𝑃

𝜎𝑥𝑦
𝑅𝑃 𝜎𝑦

𝑅𝑃]

 𝑄 =  [
   𝜃  in 𝜃
−  in 𝜃    𝜃

]

(C. 2) 

Through this, the von Mises stress is computed as 

𝜎𝑣𝑚
𝑅𝑃 = √𝜎1

𝑅𝑃
 

2
− 𝜎1

𝑅𝑃 𝜎2
𝑅𝑃 + 𝜎2

𝑅𝑃
 

2
(C. 3) 

For the stringer with a cross-sectional area 𝐴𝑥  the loading is axial therefore, the von 

Mises stress is equal to the maximum principal stress given by, 
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𝜎𝑣𝑚
𝑆𝑇𝑅 =

𝑃𝑥
𝐴𝑥

(C. 4)



 

Appendix D  

Characteristic Sensitivity Matrix 

D.1 Partition of the sensitivity matrix 

The constraint sensitivity matrix of the internal loads is given in Eq. 6.10 is be 

represented as, Eq. D. 1 

𝜕𝑅𝐹

𝜕𝑁

𝑇

𝑛𝑟𝑓×𝑛
=
𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑛

𝑇 𝑑𝑈

𝑑𝑁𝑛×𝑛

𝑇

(D. 1) 

The characteristic load matrix 𝐿𝑛×𝑛 is invertible if the matrix has a full rank. 

Therefore, the last term in equation Eq. D. 1 is computed as given in Eq. D. 2 

𝑁𝑚×𝑛  𝐿𝑛×𝑛
−1 = 𝑈𝑚×𝑛

 
𝑑𝑈

𝑑𝑁𝑛×𝑛

 

=   𝐿𝑛×𝑛
−1

(D. 2) 

Substituting the above in the Eq. D. 1 results in Eq. D. 3. 

𝜕𝑅𝐹

𝜕𝑁

𝑇

𝑛𝑟𝑓×𝑛
=
𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑛

𝑇

 𝐿𝑛× 𝑛
−1𝑇 (D. 3) 

The above equation maps RF sensitivities from characteristic loads to internal load 

space. It is related to each other through the characteristic load matrix 𝐿. This equation 

can be written in terms of blocks to be kept and blocks to be ignored (same as the 

reduced rank) as given in D. 4 

𝜕𝑅𝐹

𝜕𝑁

𝑇

𝑛𝑟𝑓×𝑛
= [
𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑘

𝑇 𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑟

𝑇

] [
𝐿𝑘× 𝑛
−1𝑇

𝐿𝑟× 𝑛
−1𝑇

] (D. 4) 
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Expanding the above gives Eq. D. 5 

𝜕𝑅𝐹

𝜕𝑁

𝑇

𝑛𝑟𝑓×𝑛
=
𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑘

𝑇

𝐿𝑘× 𝑛
−1𝑇 + 

𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑟

𝑇

𝐿𝑟× 𝑛
−1𝑇 (D. 5) 

Expanding the characteristic load matrix 𝐿 = Σ𝑉𝑇, substituting in the above Eq. D. 5 

results in Eq. D. 6 

𝜕𝑅𝐹

𝜕𝑁

𝑇

𝑛𝑟𝑓×𝑛
=
𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑘

𝑇

Σ𝑘×𝑘 
−1  𝑉𝑘×𝑛

𝑇 +
𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑟

𝑇

Σ𝑟×𝑟
−1  𝑉𝑟×𝑛

𝑇 (D. 6) 

The above equation Eq. D. 6 can be regrouped and written as, Eq. D. 7. 

𝜕𝑅𝐹

𝜕𝑁

𝑇

𝑛𝑟𝑓×𝑛
=
𝜕𝑅𝐹

𝜕𝑁𝑘

𝑇

𝑛𝑟𝑓×𝑛

+ 
𝜕𝑅𝐹

𝜕𝑁𝑟

𝑇

𝑛𝑟𝑓×𝑛

(D. 7) 

Here 
𝜕𝑅𝐹

𝜕𝑁𝑘

𝑇

𝑛𝑟𝑓×𝑛
is the contribution of the kept part and 

𝜕𝑅𝐹

𝜕𝑁𝑟

𝑇

𝑛𝑟𝑓×𝑛
is the contribution 

from the residual part. From the performance envelope,  
𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑘

𝑇
 is computed as the 

gradient of the envelope facet.  

D.2 Alternate form  

This loss of information can be alternatively expressed as a set of a linear equation. 

Consider Eq. D. 6 and multiplying all the terms with 𝑉𝑛×𝑘 

𝜕𝑅𝐹

𝜕𝑁

𝑇

𝑛𝑟𝑓×𝑛
𝑉𝑛×𝑘 =

𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑘

𝑇

Σ𝑘×𝑘 
−1  𝑉𝑘×𝑛

𝑇 𝑉𝑛×𝑘 +
𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑟

𝑇

Σ𝑟×𝑟
−1  𝑉𝑟×𝑛

𝑇  𝑉𝑛×𝑘 (D. 8) 

In the above Eq. D. 8, the right singular matrix 𝑉 𝑛×𝑛 matrix has properties given in 

Eq. D. 9. 
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𝑉𝑟×𝑛
𝑇  𝑉𝑛×𝑘 = 0 

  𝑉𝑘×𝑛
𝑇 𝑉𝑛×𝑘 = 𝐼

(D. 9) 

Thus Eq. D. 8 is simplified to Eq. D. 10 

𝜕𝑅𝐹

𝜕𝑁

𝑇

𝑛𝑟𝑓×𝑛
𝑉𝑛×𝑘 =

𝜕𝑅𝐹

𝜕𝑈 𝑛𝑟𝑓×𝑘

𝑇

Σ𝑘×𝑘 
−1   (D. 10) 

Taking transpose on both sides and multiplying by Σ𝑘×𝑘, 

Σ𝑘×𝑘𝑉𝑘×𝑛
𝑇  

𝜕𝑅𝐹

𝜕𝑁

 

𝑛×𝑛𝑟𝑓

= Σ𝑘×𝑘Σ𝑘×𝑘 
−1  

𝜕𝑅𝐹

𝜕𝑈 𝑘×𝑛𝑟𝑓

 

  (D. 11) 

𝐿𝑘  
𝜕𝑅𝐹

𝜕𝑁

 

𝑛×𝑛𝑟𝑓

=  
𝜕𝑅𝐹

𝜕𝑈 𝑘×𝑛𝑟𝑓

 

  (D. 12) 

The above Eq. D. 12 is an underdetermined system of linear equations. The matrix 

𝑉𝑘×𝑛
𝑇  does not have a left inverse 
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