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Collisionless dissipation in turbulent plasmas such as the solar wind and the solar corona has been an

intensively studied subject recently, with new insights often emerging from numerical simulation.

Here we report results from high resolution, fully kinetic simulations of plasma turbulence in

both two (2D) and three (3D) dimensions, studying the relationship between intermittency and

dissipation. The simulations show development of turbulent coherent structures, characterized by

sheet-like current density structures spanning a range of scales. An approximate dissipation measure

is employed, based on work done by the electromagnetic field in the local electron fluid frame. This

surrogate dissipation measure is highly concentrated in small subvolumes in both 2D and 3D simula-

tions. Fully kinetic simulations are also compared with magnetohydrodynamics (MHD) simulations

in terms of coherent structures and dissipation. The interesting result emerges that the conditional

averages of dissipation measure scale very similarly with normalized current density J in 2D and 3D

particle-in-cell and in MHD. To the extent that the surrogate dissipation measure is accurate, this

result implies that on average dissipation scales as �J2 in turbulent kinetic plasma. Multifractal inter-

mittency is seen in the inertial range in both 2D and 3D, but at scales �ion inertial length, the scaling

is closer to monofractal. VC 2016 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4945631]

I. INTRODUCTION

Kinetic plasma dynamics and the associated dissipation

are often described by waves and instabilities. However,

observations of solar wind, coronal, magnetospheric, and

interstellar fluctuations suggest that a description in terms

of turbulence and cascade may be appropriate. Indeed,

magnetohydrodynamic (MHD) simulations in various

approximations reveal that a broadband cascade to smaller

scales invariably occurs, either through instability or direct

couplings1,2 unless fluctuations are eliminated or con-

trolled. When several decades of scales are available, the

dynamics can approach a self-similar inertial range state

that is terminated by viscous dissipation at small scales.

However, for a collisionless plasma, a closed-form dissipa-

tion function is not known, and the question becomes what

physical processes terminate the inertial range and convert

cascading energy into heat.3–11 This issue is crucial for

problems such as the heating of the solar corona and the or-

igin of the solar wind.12–14 Recently we showed, using state

of the art kinetic simulations, that a hierarchy of electric

current density structures is formed in a kinetic cascade,

ranging from ion to electron scales; we also found that rea-

sonable but approximate measures of plasma dissipation

have a strong quantitative association with these struc-

tures.15,16 Similar results have also been found in magneto-

spheric plasma observations.18 This demonstrates that

kinetic plasma dissipation can be intermittent, so that in tur-

bulent space plasmas, heating and dissipation might also be

expected to be highly inhomogeneous and patchy.19–23

Here we provide further detail to the emerging view of

turbulence and intermittency in kinetic plasmas, continuing

an approach based on analysis of numerical experiments

carried out using high resolution plasma simulations. We

show both qualitative and quantitative similarity in 2.5D

and 3D simulations of intermittency in electric current

structures and of dissipation estimated using a surrogate

dissipation measure. Moreover, we find that the conditional

averages of the dissipation measure scale in proportion to

the squared local electric current density, for 2.5D and 3D

cases, and for different initial conditions and plasma codes.

Finally we find multifractal scaling of increments in the in-

ertial range, but very nearly monofractal scaling at the ion

inertial scale. These results may provide important clues

and constraints regarding further investigation of dissipa-

tion processes in kinetic plasmas found in space and astro-

physical environments.

II. METHODS AND SIMULATION

Here we compare results from fully kinetic particle-in-

cell (PIC) simulations with those from MHD simulations.

Four different types of simulations are considered, PIC simu-

lations in two and half dimensions (2.5D) and three dimen-

sions (3D), and MHD simulations in two dimensions (2D)

and 3D.

Three PIC simulations with two kinds of PIC codes are

considered. The first 2.5D PIC simulation solves the Vlasov-

Maxwell system of equations using the kinetic code VPIC.24

For this simulation, the approach is to drive small scale
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turbulence using large scale velocity shear. After a startup

transient period, a strong cascade becomes apparent. For

more details of this simulation, see Refs. 10 and 15.

A second 2.5D PIC simulation using the kinetic code P3D

is also employed.25 This simulation starts with uniform plasma

density and temperatures, as well as a uniform out-of-plane

magnetic field B0. Initial turbulence is solenoidal velocity,

transverse to B0 (“Alfven mode”) with unit total fluctuation

energy, controlled cross helicity Hc, and controlled Alfven

ratio rA¼ 1.0. The initial fluctuations lie in an annulus in

k-space 2 � jkj � 4 in natural code units. For more details of

this simulation, see Ref. 26.

The third PIC simulation uses VPIC, which also runs in

3D. The initial conditions of the 3D PIC simulations corre-

spond to uniform plasma with density n0, Maxwellian-

distributed ions and electrons of equal temperature T0, and

uniform magnetic field B0. Turbulence is seeded by imposing

at t¼ 0 a large-scale isotropic spectrum of magnetic fluctua-

tions having polarizations transverse to the imposed mean

magnetic field, i.e., Alfven mode fluctuations. The perturba-

tions are equipartitioned (per mode) in a cubic k-space

region including the nondimensional wave numbers (0; 61;

62) in each Cartesian direction. But for the three dimension-

ality and minor changes in the spectrum, this initial condition

is similar to that used in the 2.5D P3D setup described above.

More details of this simulation and additional results can be

found in Refs. 16 and 17. Parameters of the PIC simulations

are listed in Table I.

For the MHD simulations in both 2D and 3D, we solve

the Fourier-space version of the equations of (incompressible)

magnetohydrodynamics via a Galerkin spectral method, with

N Fourier modes in each Cartesian direction.27 Time advance-

ment occurs via a second-order Runge–Kutta algorithm. The

initial spectra for the runs are taken to be proportional

to 1=½1þ ðk=k0Þ8=3�, where only Fourier modes within a

restricted band of wavenumbers are excited. Gaussian random

numbers (mean of zero, variance unity) are used to assign the

phases of the Fourier modes.28 Parameters of the MHD simu-

lations are listed in Table II.

III. COHERENT STRUCTURES AND DISSIPATION

To illustrate the structures in the simulation domain, we

plot in Fig. 1 the contour of the magnitude of current density

J from different simulations. The two top panels show the

current structures from MHD simulations, which exhibit rich

structures with thin filamentary features. These structures are

TABLE I. Parameters for the PIC simulations.

Code Grid Box size db/B0 b mi/me

VPIC 16384� 8192 102.4di� 51.2di 0(t¼ 0) 0.1 100

P3D 81922 ð102:4diÞ2 0.2 0.2 25

VPIC 20483 ð41:9diÞ3 0.316 0.5 50

TABLE II. Parameters for the MHD simulations.

Grid Box size g B0/db

40962 ð2pÞ2 0.0002 0

10243 ð2pÞ3 0.0004 2

FIG. 1. Contour plots from four simu-

lations of magnitude of electric current

density J normalized by Jmax, the max-

imum magnitude within the plotted

region. Top left: Contour of J/Jmax

from 2D MHD. 1/4 of domain is

shown; bottom left: contours of J/Jmax

from 2.5D PIC (P3D); Top right: con-

tour of J/Jmax from one 2D slice of the

3D MHD simulation; and bottom right:

plot of J/Jmax from one 2D slice of 3D

PIC (VPIC) simulation.
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well known features of intermittent fluid turbulence.29 Similar

features are also observed in PIC simulations of plasma turbu-

lence. For both the 2.5D and 3D PIC simulations, we also

observe sheet-like current density structures spanning a range

of scales. Clearly the presence of coherent structures in the

current density is a common feature of all four cases. These

current structures, which emerge dynamically in PIC and

MHD and, in 2.5D and 3D, provide an indication of intermit-

tency in plasma turbulence.

While there are qualitative similarities in the current

structures in the four panels of Fig. 1, there are also subtle

but important differences, associated with both dimensional-

ity and the physics contained in the models. Comparing the

2D cases with the 3D cases, one observes that 2D current

structures are both finer scale and more regular than the 3D

cases. This is attributable to several reasons. First, the 2D

cases have finer spatial resolution and higher (effective)

Reynolds numbers. Therefore, smaller scales are dynami-

cally generated including smaller scale coherent structures.

Recall that the box size in the 2.5D PIC case is 102.4di and

in the 3D case is 41.9di. Second, in the 2D cases, the flux

tube (magnetic island) structure that organizes the current

sheets at their boundaries is more evident, simply because

the flux tubes are guaranteed to be oriented normal to the

simulation plane. In 3D the orientation is less strict, even if

the turbulence is anisotropic relative to an out-of-plane guide

field, and this smears out current sheets in the projected

plane shown in the figure. A third effect is associated with

the shredding of flux tubes37–39 and wandering of current

structures,40,41 effects in 3D that cannot occur in 2D/2.5D

due to imposed symmetries.

Besides effects of dimensionality, the contrast in physi-

cal content of MHD and PIC models also contributes to

the differences seen in the panels of Fig. 1. In particular,

MHD models, both 2D and 3D, have one physical scale, the

Kolmogorov scale, that characterizes small scale dissipative

structures. (Here the magnetic Prandtl numbers are unity, so

the resistive and viscous scales are degenerate.) In contrast,

it is known that kinetic turbulence can generate a hierarchy

of the current structures with thicknesses ranging from �di

to the electron inertial length de.
10 Consequently, the com-

plex structure of kinetic current structures is evident and is

associated with the multiplicity of available physical length

scales in a kinetic plasma.

In the framework of MHD turbulence, the magnetic dis-

sipation is well defined and can be written as �j ¼ gj2. Here

we consider only the simplest case with uniform resistivity

g. We plot in Fig. 2 the contours of the dissipation from 2D

and 3D MHD simulations. As is well known, turbulent MHD

dissipation at large Reynolds numbers is always concentrated

on filamentary structures.30 We can also observe that the dis-

sipation structures in 2D MHD simulations are more likely

to be circular than those in 3D simulations.

In contrast, the dissipation in kinetic collisionless plasma

cannot at this time be precisely defined. To identify and statis-

tically characterize regions that might contain elevated dissi-

pation in PIC simulations, here we consider a surrogate

dissipation measure

De ¼ J � ðEþ ve � BÞ � qcðve � EÞ; (1)

where qc ¼ qðni � neÞ is the charge density.31 De is the

work done by electromagnetic fields on the particles,

D � J � E, evaluated in a frame moving with the electron

fluid velocity ve. Conversion of magnetic energy into ran-

dom kinetic energy must be contained in D, and since par-

ticles in collisionless plasmas interact only through the

electromagnetic fields, dissipation must be contained in

these measures. By using the electron frame, we reduce

contributions due to fluid motions, e.g., changes of particle

energy due to field line stretching or contraction. A related

interpretation of De is the work done by the nonideal part of

the electric field in a generalized Ohm’s law, corrected by

removing the work associated with transport of the net

charge. Note that the nonideal electric field we employ here

is taken from an electromagnetic PIC kinetic plasma code,

and therefore, it contains not only the standard fluid terms

found in the generalized Ohm’s law but also any other noni-

deal electric field that emerges due to kinetic effects in the

collisionless regime. We plan future extensive studies of

the efficacy of use of De as a surrogate for dissipation, but

for now we employ it for our analysis, reminding the reader

of its nature by designating it as a surrogate dissipation

measure, or simply, dissipation measure.

We plot in Fig. 3 contour of the dissipation measure De

from 2.5D PIC (P3D, left) and 3D PIC (right) simulations,

where the 3D case only shows a 2D cut of the 3D domain.

As stated before, De may be used as a surrogate for the work

done by electromagnetic fields on the particles, and thus

FIG. 2. Contours of the magnetic dissi-

pation function �j from 2D MHD (left)

and 3D (right) MHD simulations.
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unlike MHD dissipation, it can take both signs. Even with

this complication, we still can observe that De is spatially

distributed in structures resembling the current density J
structures.

Conditional statistics are useful to describe the extent to

which the strong currents and regions of strong dissipation

are spatially correlated. Here we define a cumulative density

function (CDF) for the physical variable f(x,y,z) on a discrete

sampling of real space points (x,y,z) as Fðf j~jÞ ¼
P0 f=

P
f ,

where
P0

includes only points where the current density is

larger than a threshold value ~j. Figure 4 compares the cumu-

lative density functions of the current density J and the dissi-

pation measure De, for both the 3D PIC and 2.5D PIC

simulations. The meaning of the former quantity, FðJj~jÞ is

the fraction of the volume (for the 3D PIC simulation) or the

area (for the 2.5D PIC simulation) for which the absolute

value of J is larger than the chosen ~j. The latter quantity

FðDej~jÞ is equivalent (for scalar resistivity, as employed

here) to the percentage of total dissipation occurring in

regions with current density greater than the specified thresh-

old ~j. For example, one can infer from Fig. 4 that, for the 3D

PIC simulation, regions with jJj > 2Jrms occupy only about

3.7% of the total volume but contribute more than 27% to

the total dissipation. For the 2.5D PIC simulation, regions

with jJj > 2Jrms occupy only about 6.6% of the total volume

but contribute more than 72% to the total dissipation.

To illustrate this in a complementary way, we show in

the bottom panel of Figure 4 the percentage of total dissipa-

tion De due to regions where current exceeds ~j as a function

of the percentage of the volume occupied by the regions

where current exceeds the same threshold ~j. Note that in this

format, the threshold ~j drops out and becomes a parameter

along each curve. To better see the results, we also shown

where the thresholds are for ~j ¼ 2Jrms; 4Jrms and 6Jrms. One

can observe that, for the 3D PIC simulation, the strongest

currents occupying only 0.1% of the volume contribute over

2.6% to the total resistive dissipation. Similarly, the top cur-

rents occupying 1% of the volume contribute about 12% to

the total dissipation. For the 2.5D PIC simulation, the strong-

est currents occupying 0.1% and 1% of the area contribute

about 8.4% and 28% of the total dissipation, respectively.

The dissipation in these two PIC simulations is therefore

highly intermittent.

To better understand the ramifications of a highly struc-

tured dissipation, we compute conditional averages of the

surrogate dissipation measure. Figure 5 shows averages of dis-

sipation measure conditioned on the normalized local current

density for the three PIC simulations. In MHD turbulence, dis-

sipation gJ2 (here with constant resistivity g) provides an

exact representation of the conditional average. For all of the

simulations, the conditionally averaged De per unit volume is

found to be a strongly increasing function of electric current

density. Remarkably, the conditional averages of the surrogate

De from all three PIC simulations behave quite similar to one

another. This suggests, at least for the small sample of runs

FIG. 3. Contours of the dissipation

measure De from 2.5D PIC (P3D, left)

and 3D PIC (right) simulations, where

the 3D case only shows a 2D cut of the

3D domain. Recall that De is properly

interpreted as the work done on par-

ticles by the electromagnetic field,

measured in a local frame moving with

the electron fluid. See text for further

details.

FIG. 4. Top: Filling fraction of volume (or area) occupied by high current

density area as well as the filling fraction of corresponding dissipation from

the 2.5D (VPIC) and 3D PIC simulations; bottom: the percentage of total

surrogate dissipation measure in regions exceeding a current density thresh-

old, as a function of the fractional volume (in percent) occupied by regions

exceeding that current density threshold from the same 2.5D (VPIC) and 3D

PIC simulations. We also show where the thresholds are for ~j ¼ 2Jrms; 4Jrms,

and 6Jrms.
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included here, that 2.5D and 3D kinetic plasma dissipation

scales with local normalized current density in a very simi-

lar way. The result is also apparently not sensitive to initial

conditions. Also noteworthy is that even in the PIC systems

that contain fully kinetic effects, the dissipation measure is

spatially distributed in a way that is very similar to that of

MHD simulations with constant resistivity. This is consist-

ent with, and extends, recent results32 showing that global
dissipation in turbulent kinetic plasma closely resembles

the expectations of a von Karman type MHD decay,15,26 for

sufficiently large systems. The equivalence of computed

plasma dissipation to fluid-like functional forms was previ-

ously explored by Parashar et al.,7 who found an effective

resistivity, but no effective viscosity.

IV. INTERMITTENCY

In Sec. III, we studied the spatial distribution of dissipa-

tion in PIC simulations, which shows that the dissipation in

kinetic plasma turbulence is also intermittent. Here we

examine the intermittency in kinetic plasma turbulence in a

more standard, classical way, looking at the scaling of struc-

ture functions.33

Fig. 6 (top) shows the structure functions

SðpÞðrÞ � hjdBrjpi; (2)

as a function of spatial lag r, where dBr ¼ Bðxþ q̂rÞ � BðxÞ
for q̂ a unit vector in the x-y plane, at different orders p for

the magnetic field in the 3D PIC simulation at a time at

which the turbulence is well developed. We choose to con-

sider here only the magnetic field increments and not the ve-

locity or density, mainly because interplanetary observations

have focused on the magnetic case due to wider availability

of magnetic data (e.g., Refs. 34 and 35). The connection

between intermittency of dissipation and the scaling of

structure functions (e.g., in hydrodynamics) rests on the con-

nections postulated in Kolmogorov’s treatment of refined

similarity.36 However, for a plasma, or even for MHD, a

more precise formulation of the Kolmogorov refined similar-

ity hypothesis, perhaps in terms of Els€asser increments,

would be needed to make specific connections to dissipation;

see, e.g., Ref. 42.

It is clear in Figure 6 that the powerlaw slopes hjdBrjpi
� rnðpÞ increase (steepen) systematically as the increment lag

r is decreased. The locally computed slopes (lower panel)

corroborate this and confirm that the powerlaws are very

local, even though slopes very slowly varying with lag r.

The MHD-like inertial range (if there is one) should

begin to form at scales larger than the kinetic range r> di.

Furthermore in the classical hydrodynamic or MHD intermit-

tency analysis,33,43 it is in the inertial range that multifractal

scaling would be expected.44 It is natural then to inquire here

as to whether one finds such scaling for the present collision-

less plasma. Given the necessarily limited range of scales

available, we need to decide at what range of scales the

slopes are to be computed for this purpose. For this, we look

to the third order structure function which scales linearly in r
both for the refined similarity formulation as well as in the

Kolmogorov third order law.44,45 Inspection of the second

panel of Fig. 6 shows that the local estimates of n(3)

approach n¼ 1 for values of r� 8di. (In fact, nð3Þ 	 1:08 at

8di.) Using this reasoning, in order to examine quasi-inertial

range behavior and putative multifractal scaling, we will

look at the variation of n(p) vs. p using slopes of the structure

functions computed at r¼ 8di. This is shown in Fig. 7.

Here we see that the inertial range slopes (top panel of

Fig. 7) behave as multifractal scalings for both 2.5D (P3D)

and 3D simulations. The 2.5D case, having somewhat larger

system size and effective Reynolds numbers, shows a larger

deviation from linear monofractal scaling. The same figure

(bottom panel) shows the scaling with order p of the struc-

ture function slopes evaluated at the ion inertial scale di.

FIG. 5. Conditional average of dissipation De calculated conditioning on the

value of current density, normalized by the global average dissipation rate

hDei for the 3D PIC simulation. Also shown are the same results from two

different 2.5D PIC simulations15 and MHD simulations.

FIG. 6. Top: Structure functions of different orders from the 3D PIC simula-

tion; bottom: slopes evaluated from the same structure functions, as a locally

evaluated approximate derivative.
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At this scale, dissipation and dispersive effects are expected to

be significant. In this case, we see a scaling that is almost lin-

ear, indicating very nearly monofractal behavior. This is

slightly more pronounced for the 2.5D case. Monofractal scal-

ing at sub-ion scales was previously reported in a 3D study of

reconnection in a PIC code,46 a study of 2.5D hybrid Vlasov

simulations,47 and solar wind turbulence using Cluster data,48

as well as in magnetospheric plasma observations.18

V. CONCLUSIONS

In conclusion, we have studied the dissipation and inter-

mittency in kinetic plasma turbulence, comparing results

from different types of simulations. Both 2.5D and 3D PIC

simulations were used, along with those from MHD simula-

tions. Coherent structures in the form of fine scale enhance-

ments of electric current density emerge dynamically in all

cases. The volume filling factor of strong current regions

decreases with increasing measure of current strength in

all cases, with 3D currents being even more spatially local-

ized than 2.5D currents. Strong values of the surrogate dissi-

pation measure that we employ31 are also found to be highly

localized in space. Large fractions of the dissipation are con-

tained in very small fractions of the volume. In this way,

both 2.5D and 3D kinetic plasma turbulence are found to be

intermittent.
A fascinating result emerges when the dissipation mea-

sure is conditionally averaged using thresholds in normalized

root mean square electric current density. The similarity of

the conditional averages of dissipation in the 2.5D cases and

3D cases, in cases with the different 2.5D initial data, and in

kinetic PIC and MHD cases, shows three separate conclu-

sions concerning the statistical dependence of dissipation on

local values of current density: first, the dissipation does not

depend on strongly on initial data; second, the dissipation

does not depend strongly on the dimensionality �2.5D or

3D; and finally, and perhaps most surprisingly, the statistics

of the dissipation in the kinetic plasma cases are very similar

to what is obtained exactly in the MHD model. The latter

results represent conclusions based on statistical analysis that

clearly will require further clarification and confirmation. In

particular, if the third conclusion remains supported after addi-

tional numerical testing, using different codes, systems sizes

and initial data, then it will become an important goal to under-

stand theoretically how this connection emerges. The systems

in question are not collisional and therefore the MHD relation

�j ¼ gj2 cannot emerge immediately, but must be related to a

cumulative effect of many kinetic processes that contribute to

the overall local dissipation. If this can be adequately under-

stood in terms of basic plasma physics and turbulence theories,

it would represent a substantial simplification in the quantita-

tive description of dissipation in the kinetic plasmas that per-

meate the heliosphere and interstellar medium.

The above result suggesting intermittency of dissipa-

tion is based on use of the surrogate measure De. We also

explored another familiar aspect of intermittency, based on

the scaling behavior of higher order structure functions.33

Here we observed a change in the behavior of the slopes

when comparing lags greater than a few ion inertial scales

di and lags less than a few di. This is a reasonable expecta-

tion based on the likelihood that many of the plasma coher-

ent structures emerge in the form of current sheets that may

be highly distorted, but with the strongest having a charac-

teristic thickness of a few di. The results showed that the

inertial range structure functions r> a few di exhibit multi-

fractal scaling, while the structure functions at r¼ di are

very nearly of the monofractal type. This result is found in

both 2D and 3D kinetic codes and may be compared favor-

ably with observations of solar wind and magnetospheric

fluctuations.18,26
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