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AN INTRODUCTION TO ALGEBRAIC MODELS FOR RATIONAL
G-SPECTRA

DAVID BARNES AND MAGDALENA KĘDZIOREK

Abstract. The project of Greenlees et al. on understanding rational G-spectra in terms of alge-
braic categories has had many successes, classifying rational G-spectra for finite groups, SO(2),
O(2), SO(3), free and cofree G-spectra as well as rational toral G-spectra for arbitrary compact
Lie groups.

This paper provides an introduction to the subject in two parts. The first discusses rational
G-Mackey functors, the action of the Burnside ring and change of group functors. It gives a
complete proof of the well-known classification of rational Mackey functors for finite G. The
second part discusses the methods and tools from equivariant stable homotopy theory needed
to obtain algebraic models for rational G-spectra. It gives a summary of the key steps in the
classification of rational G-spectra in terms of a symmetric monoidal algebraic category.

Having these two parts in the same place allows one to clearly see the analogy between the
algebraic and topological classifications.
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1. Introduction

Suppose G is a compact Lie group. The project of understanding the homotopy theory of rational
G-spectra in terms of algebraic categories was started by Greenlees in 1999 [Gre99]. It has had many
successes since, classifying rational G-spectra for finite groups, SO(2), O(2), SO(3), free and cofree
G-spectra as well as rational toral G-spectra for an arbitrary compact Lie group G. The project has
expanded to consider (commutative) ring spectra in terms of these algebraic models. This paper
provides an introduction to this body of work, whose papers often assume a deep familiarity with
rational equivariant homotopy theory.

Starting from the definition of rationalG-Mackey functors for a finite groupG, we explain how the
rational Burnside ring acts on this category and how change of groups functors behave. Combining
these functors, we give an accessible account of the structure and classification of rational G-Mackey
functors in terms of group rings and a comparison of the monoidal structures. We explain how this
classification is the template for the classifications of rational G-spectra for varying G.

The second half of the paper considers rational G-spectra for G a compact Lie group. Here the
rational Burnside ring appears as the ring of self maps of the sphere spectrum. We describe the
structure of this ring and its idempotents. Following the template, we show how the same approach
(Burnside ring actions, restriction to subgroups and fixed points) is used in the various classifications
of rational G-spectra. We also discuss the additional complexities (isotropy separation, localisations
and cellularisations) that are needed for spectra.

The conjecture by Greenlees states that for any compact Lie group G there is a nice graded
abelian category A(G), such that the category dA(G) of differential objects in A(G)1 with a certain
model structure is Quillen equivalent to the category of rational G-spectra

G-SpQ 'Q dA(G).

Nice here means that the category A(G) is of homological dimension (that is, injective dimension)
equal to the rank of G and of a form that is easy to use in calculations. If we find such A(G)
and dA(G) equipped with a model structure Quillen equivalent to G-SpQ, we say that A(G) is an
abelian model and dA(G) is an algebraic model for rational G-spectra. The conjecture is known for
quite a number of groups in some form. Particularly useful examples are the case of O(2) as given
in [Bar17] and [Gre98b]; and SO(3) as given in [Kęd17b] and [Gre01]. We refer to the introduction
of [GS18] for a more complete summary of the known cases.

Since [GS18] was published, there have been significant developments in the field. This includes
extending the existence of algebraic models to profinite groups (see [BS20] and [Sug19]) as well
as taking various complexities with monoidal structure into account (see [BGK18], [BGK20] and
[PW20]). We refer the reader to [BG20] for a related result stating that a nice stable, monoidal
model category has a model built from categories of modules over completed rings in an adelic
fashion. Recently, monoidal algebraic models (when G is a finite abelian group) were used in estab-
lishing the uniqueness of naive and genuine commutative ring structures on the rational equivariant
complex K-theory spectrum, see Bohmann et al. [BHI+20], [BHI+].

The aim of this paper is to give a new introduction and explanation to some of these existing
results while demonstrating the analogy between the algebraic and topological sides. By doing so,
we intend to give an overview of the methods and tools used in obtaining algebraic models for
rational G-spectra and provide a step-by-step guide, at least in some cases.

1In other words objects of A(G) equipped with a differential
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Part 1. The structure of rational Mackey functors

2. An introduction to rational Mackey functors

For G a finite group, the category of Mackey functors is an abelian category that is important to
group theorists (see Nakaoka [Nak16] for example) and algebraic topologists working equivariantly.
Working over the rationals greatly simplifies the category, rationally it splits into a direct product
of modules over group rings of the Weyl groups of subgroups of G (counted up to conjugacy). We
use the rationals for definiteness, but the splitting holds when working over any commutative ring
R where |G|−1 ∈ R.

This result is stated formally as Theorem 4.7. It was proven independently by two sources,
Greenlees and May [GM95, Appendix A] and Thévenaz and Webb [TW90, Theorems 8.3 and 9.1]
The former took an approach from equivariant stable homotopy theory, the latter from algebra. We
find the former approach simpler, so we follow it, expanding substantially on the proofs. General
references for the results on Mackey functors are Greenlees [Gre92], Greenlees and May [GM92],
Thévenaz and Webb [TW95] and Webb [Web00]. For a discussion on Mackey functors for compact
Lie groups see [Lew98].

From the many equivalent definitions of a Mackey functor, we choose one in terms of induction
and restriction maps.

Definition 2.1. A rational G-Mackey functor M is:
• a collection of Q-modules M(G/H) for each subgroup H 6 G,
• for subgroups K,H 6 G with K 6 H and any g ∈ G we have a restriction map, an
induction map and a conjugation map

RHK : M(G/H)→M(G/K), IHK : M(G/K)→M(G/H) and Cg : M(G/H)→M(G/gHg−1).

These maps satisfy the following conditions.
(1) For all subgroups H of G and all h ∈ H

RHH = IdM(G/H) = IHH and Ch = IdM(G/H).

(2) For L 6 K 6 H subgroups of G and g, h ∈ G, there are composition rules

IHL = IHK ◦ IKL , RHL = RKL ◦RHK , and Cgh = Cg ◦ Ch.
The first two are transitivity of induction and restriction. The last is associativity of con-
jugation.

(3) For g ∈ G and K 6 H subgroups of G, there are composition rules

RgHg
−1

gKg−1 ◦ Cg = Cg ◦RHK and IgHg
−1

gKg−1 ◦ Cg = Cg ◦ IHK .

This is the equivariance of restriction and induction.
(4) For subgroups K,L 6 H of G

RHK ◦ IHL =
∑

x∈[K�H�L]

IKK∩xLx−1 ◦ Cx ◦RLL∩x−1Kx.

This condition is known as the Mackey axiom.
We denote the category of rational Mackey functors by Mackey(G).
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To save space, many texts shorten the input and write M(H) := M(G/H). This notation aligns
better with the terms induction and restriction, but precludes the following remark.

Remark 2.2. Since every finite G-set is (up to non-canonical isomorphism) a disjoint union of
orbits G/H, we can (by choosing such an isomorphism) extend any Mackey functor to take input
from the category of finite G-sets and G-maps by sending disjoint union to direct sums. We will
repeatedly use this extension (without further notice) in the adjunctions on Mackey functors that
we define later.

Lindner [Lin76] uses this extension to give an equivalent definition of Mackey functors in terms of
a pair of covariant and contravariant functors from finite G-sets to Q-modules. These functors agree
on objects, send disjoint unions to direct sums and satisfy a pullback condition (that is equivalent
to the Mackey axiom). The equivalence is proven via the decomposition

G/K ×G/H =
∐

x∈[K�H�L]

G/(H ∩ xKx−1).

A further definition in terms of spans ofG-sets (the Burnside category) is also given in that reference.
We illustrate how the structure works for two small groups.

Example 2.3. Let G = C2 = {1, σ}. A rational Mackey functor is a pair of Q-modules M(C2/C2)
and M(C2/{1}). The conjugation maps imply that both Q-modules have an action of C2, but it is
trivial on the first module. There is a restriction map, which commutes with the C2-actions

M(C2/C2) −→M(C2/1)C2 ↪→M(C2/{1}).
Similarly there is an induction map, which commutes with the C2-actions

M(C2/{1}) −→M(C2/{1})/C2 −→M(C2/C2).

The Mackey axiom (for H = C2, K = L = {1}) says that

RC2

{1} ◦ I
C2

{1} =
∑

x∈[{1}�C2�{1}]

I
{1}
{1} ◦ C{1} ◦R

{1}
{1} =

∑
x∈C2

Cx = Id + Cσ

Example 2.4. Let G = C6. A rational C6-Mackey functor consists of four Q-modules with maps
between them. We draw this as a Lewis diagram below. The looped arrows indicate the group that
acts on each module. Section 6 gives several examples of rational C6-Mackey functors.

M(C6/C6)

{1}

��

R
C6
C2

��

R
C6
C3

��
M(C6/C3)

C6/C3

��

R
C3
C1 ,,

I
C6
C3

FF

M(C6/C2)

C6/C2

��

R
C3
C1rr

I
C6
C2

XX

M(C6/C1)

C6

GG

I
C2
C1

22
I
C3
C1

ll
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The Mackey axiom also implies that

RC6

C3
◦ IC6

C2
= IC3

C1
◦RC2

C1
and RC6

C2
◦ IC6

C3
= IC2

C1
◦RC3

C1
.

There are several general constructions that give examples of Mackey functors.

Example 2.5. The constant Mackey functor at a Q-module A takes value A at each G/H. The
conjugation and restriction maps are the identity map of A, induction from G/K to G/H is mul-
tiplication by the index of K inside H. Given that the restriction maps are identities, the Mackey
axiom prevents the induction maps from being identity maps.

We may also define the co-constant Mackey functor at a Q-module A takes value A at each G/H.
The conjugation and induction maps are the identity of A and restriction from G/H to G/K is
multiplication by the index of K inside H.

The similarity between the constant and co-constant Mackey functors is an example of duality
of Mackey functors. That is, the co-constant Mackey functor is dual to the constant one, in the
following sense.

Lemma 2.6. Given a Mackey functor M , there is a dual Mackey functor DM , that at G/H takes
value

DM(G/H) = Hom(M(G/H),Q).

The conjugation maps for M induce conjugation maps for DM , though the contravariance of D(−)
requires us to use Cg−1 for M to define Cg for DM . The induction maps of DM are induced from
the restriction maps of M and the restriction maps are induced from the induction maps of M .

Many well-known structures arising from group theory can be assembled into Mackey functors.

Example 2.7. Let R(G) denote the ring of complex representations of the finite group G. We
define a rational Mackey functor MR by MR(G/H) = R(H) ⊗ Q, with induction and restriction
induced by induction and restriction of representations.

The ring structure on R(G) gives more structure to this Mackey functor; it is in fact a Tambara
functor. See Strickland [Str12] for a survey of such functors and related notions like Green functors.

Example 2.8. The zeroth equivariant stable homotopy groups of a G-spectrum form a Mackey
functor. For X an orthogonal G-spectrum over a complete G-universe, let [−, X]G ⊗Q denote the
functor that sends G/H to

[Σ∞G/H+, X]G ⊗Q ∼= [Σ∞S0, X]H ⊗Q ∼= πH0 (X)⊗Q.

We leave the induction, restriction and conjugation maps to the standard references of May [May96,
Chapter XIX] and Lewis et al. [LMSM86, Section V.9].

We also note that G-equivariant cohomology theories use Mackey functors as their coefficients,
rather than abelian groups.

Example 2.9. Given a Q[G]-module V , we may define a rational Mackey functor MackG(V ) (also
called FPV ) as taking value V H at G/H. The restriction maps are inclusion of fixed points and
the induction maps are given by coset orbits.

We could also define a Mackey functor FQV by taking value V/H at G/H, with induction maps
the quotient maps and restriction given by summing over a coset. The two functors are related via
duality, see [TW95, Proposition 4.1].
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In the rational case the values V H and V/H are isomorphic, as we now explain. Since G is finite,
there is a diagram

V H
inclusion

// V
quotient

//

avH
ww

V/H

av′H

yy

where
avH(x) =

1

|H|
∑
h∈H

hx and av′H([x]) =
1

|H|
∑
h∈H

hx.

The composite of inclusion and quotient V H ∼= V/H is an isomorphism with inverse given by the
composite avH ◦ av′H .

When V = Q with trivial G-action, MackG(Q) is an instance of the constant Mackey functor,
see Example 2.5.

Example 2.10. The rational Burnside rings for subgroups of G assemble into a Mackey functor,
AQ(G/H) = AQ(H), the rational Grothendieck ring of finite H-sets, see for example [tD79, Section
1.2] for details. The structure maps of this Mackey functor are the usual restriction and induction
of sets with group actions. Moreover, the restriction maps are maps of rings. See Examples 6.1
and 6.2 for worked examples in the case of G = C6.

As is well-known, the rational Burnside ring splits, which is an immediate consequence of the
following result.

Lemma 2.11 (tom Dieck’s Isomorphism). For G a finite group, there is an isomorphism of rings

AQ(G) −→ C(Sub(G)/G,Q) = C(Sub(G),Q)G =
∏

(H)6G

Q

where Sub(G)/G is the set of conjugacy classes of subgroups of G and C(Sub(G)/G,Q) is the set
of continuous maps between the two spaces (both equipped with the discrete topology). Here (H)
denotes the conjugacy class of H in G. We define C(Sub(G),Q) to have a G-action by conjugation
on the domain.

We define eGH ∈ AQ(G) to be the element of the Burnside ring corresponding to the characteristic
function of (H) in C(Sub(G)/G,Q): the function that sends (H) to 1 ∈ Q and all the other points
to 0. We may omit the superscript G from the notation on idempotents when the context is clear.

Proof. The isomorphism is defined by sending a G-set T to the map (H) 7→ |TH |. Since the domain
and codomain have the same dimension, the result follows from proving the map is surjective, which
follows from the formulas of the following lemma. �

Lemma 2.11 describes idempotents of the rational Burnside ring of G in a simple, but more
abstract way. It is often useful to write these idempotents in terms of the additive basis of the
Burnside ring. The formula is given by Gluck [Glu81, Section 3].

Lemma 2.12. For H a subgroup of G, the idempotent eGH ∈ AQ(G) is given by the formula

eGH =
∑
K6H

|K|
|NGH|

µ(K,H)G/K

where µ(K,H) = Σi(−1)ici for ci the number of strictly increasing chains of subgroups from K
to H of length i. The length of a chain is one less than the number of subgroups involved and
µ(H,H) = 1 for all H 6 G.
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For H a subgroup of G, the set G/H can be expressed as a sum of idempotents

G/H =
∑
K6H

|NGK|
|H|

eGK .

Example 2.13. Let G = C2, the ring AQ(G) is additively generated by the one-point space
1 = C2/C2 which is the monoidal unit, and C1/{1}. The only non-evident multiplication is

C1/{1} × C1/{1} = 2C1/{1}.

It follows that e1 = (1/2)C2 is an idempotent, as is eC2
= 1 − e1. Looking at the fixed points of

these sets show that the idempotents are correctly named and we recover the isomorphism

AQ(C2) ∼= Q〈e1〉 ×Q〈eC2
〉.

See Example 6.1 for the case of G = C6.

Remark 2.14. The restriction map AQ(H)→ AQ(K) in terms of

C(Sub(H)/H,Q)→ C(Sub(K)/K,Q)

corresponds to precomposing with the map including subgroups Sub(K) → Sub(H) and taking
suitable orbits. We can use this description to see how the restriction map interacts with idempo-
tents. For A and H subgroups of G, the restriction of the idempotent eGH to A is still an idempotent,
but it is not always eAH . Instead,

RGA(eGH) =
∑

K6AA
K∈(H)G

eAK

where the sum runs over A-conjugacy classes of subgroups K of A, such that K is G-conjugate to
H.

We see that if H is not G-subconjugate to A, this will be zero. Contrastingly, if H is G-conjugate
to A, then the only term in the summand will be K = A and RGA(eGH) = eAA.

Given a G-Mackey functorM , we can define an action of the Burnside ring AQ(H) on the abelian
group M(G/H) by

[H/K] := IHK ◦RHK : M(G/H) −→M(G/H)

and extending linearly from the additive basis for AQ(H) given by H/K for subgroups K of H.
The Mackey axiom implies that this action is compatible with the multiplication of AQ(H), so that
M(G/H) is a module over AQ(H). Moreover, the following square commutes.

AQ(G/H)⊗M(G/H) //

RHK⊗R
H
K

��

M(G/H)

RHK
��

AQ(G/K)⊗M(G/K) // M(G/K)

The action of Burnside rings is compatible with induction in the sense of the Frobenius reciprocity
relations. For α ∈ AQ(G/H), β ∈ AQ(G/K), m ∈M(G/H) and n ∈ N(G/H)

α · IHK (m) = IHK (RHK(α) ·m) IHK (β) · n = IHK (β ·RHK(n))

See [Yos80, Definition 2.3 and Example 2.11].
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Lemma 2.15. Given an idempotent e ∈ AQ(G) and a G-Mackey functor M , we can define a new
Mackey functor eM by

(eM)(G/H) = RGH(e)M(G/H).

Proof. The conjugation and restriction maps are as for M , since these actions are compatible with
restriction.

By Frobenius reciprocity, the induction map for K 6 H gives a map

RGK(e)M(G/K)
IHK−−→ RGH(e)M(G/H). �

3. Change of group functors

As one should expect, we have adjunctions coming from inclusions of subgroups and projections
onto quotients.

Definition 3.1. Given an inclusion of a subgroup i : H → G, there are functors

i# : Mackey(G) −→ Mackey(H) and i# : Mackey(H) −→ Mackey(G).

Using the extension of Mackey functors to finite G-sets, we may define the functor i# as pre-
composition with the forgetful functor on sets with group actions. The functor i# is defined by
pre-composition with extension of groups. Thus for M ∈ Mackey(G), N ∈ Mackey(H), A a G-set
and B a H-set,

(i#M)(B) = M(G×H B) (i#N)(A) = N(i∗A).

Similar definitions hold for the induction, restriction and conjugation maps, and for morphisms of
Mackey functors.

Lemma 3.2. Given an inclusion of a subgroup i : H → G, there is an adjunction

i# : Mackey(G)
// Mackey(H) : i#oo

with each functor both left and right adjoint to each other.

Proof. To see that this is an adjunction with i# as the left adjoint, we take a map f : M → i#N
and construct a map f̄ : i#M → N . Consider an H-set B, the map f̄(B) is given by the composite

M(G×H B)
f(B)−−−→ N(i∗(G×H B))

N(ηB)−−−−→ N(B)

where the second map is induced (by using restriction maps) from the canonical map of H-sets
ηB : B −→ i∗(G ×H B). Conversely, given g : i#M → N we construct ĝ : M → i#N in a similar
way. Given a G-set A, ĝ(A) is the composite

M(A)
M(εA)−−−−→M(G×H i∗A)

g(i∗A)−−−−→ N(i∗A)

where the first map is induced (by using restriction maps) from εA : G×H i∗A −→ A.
Now we take a map f : M → i#N and show that it is equal to ˆ̄f : M → i#N (the other case of

¯̂g = g is similar). The map ˆ̄f is defined by taking the lower path in the following diagram.

M(A)
f(A) //

M(εA)

��

N(i∗A)

M(G×H i∗A)
f(G×H i∗A) // N(i∗G×H i∗A)

N(ηi∗A)

OO



AN INTRODUCTION TO ALGEBRAIC MODELS FOR RATIONAL G-SPECTRA 9

That we have an adjunction follows as

N(ηi∗A) ◦ f(G×H i∗A) ◦M(εA) = N(ηi∗A) ◦N(i∗εA) ◦ f(A) = f(A)

by the triangle identity for sets with group actions.
The proof that (i#, i#) is an adjunction is very similar to the previous case. The primary

difference is that one uses induction maps rather than restriction maps. �

We want to reproduce this construction for a quotient ε : G → G/N . To make an adjunction,
we need to restrict the category of G-Mackey functors somewhat. We take a strong restriction, so
that the two functors we produce will be both left and right adjoint to each other.

Definition 3.3. For N a normal subgroup of G, the category Mackey(G)/N is the full subcategory
of Mackey(G) of Mackey functors that are trivial on those G/K where K does not contain N .

Definition 3.4. Given a quotient map ε : G → G/N for N a normal subgroup of G, there are
functors

ε# : Mackey(G)/N −→ Mackey(G/N) and ε# : Mackey(G/N) −→ Mackey(G)/N.

Thus for M ∈ Mackey(G)/N , M ′ ∈ Mackey(G/N), K a subgroup of G containing N and B a
G/N -set, we define

ε#M(B) = M(ε∗B) and ε#M
′(G/K) = M ′((G/N)/(K/N)).

If K does not contain N we set ε#M
′(G/K) = 0.

The structure maps of M and M ′ are defined in terms of these formulas, as are maps of Mackey
functors.

Lemma 3.5. Given N a normal subgroup of G, there is an adjunction

ε# : Mackey(G)/N
// Mackey(G/N) : ε#oo

with each functor both left and right adjoint to each other.

Proof. Both cases are similar and use the fact that

ε∗(G/N)/(K/N) = G/K.

We give one part of the proof as an illustration.
Take f : M −→ ε#M

′ a map of G-Mackey functors that are trivial on those G/K where K does
not contain N . We want to construct f̄ : ε#M −→M ′. Take a subgroup K/N of G/N , we define

f̄((G/N)/(K/N)) = f(G/K) : M(G/K)→M ′((G/N)/(K/N)). �

We give one more adjunction, between the category of rationalG-Mackey functors andQ-modules
with an action of G.

Lemma 3.6. There is an adjunction

(−)(G/e) : Mackey(G)
// Q[G]-mod : MackGoo

with each functor both left and right adjoint to each other.
The functor (−)(G/e) sends a G-Mackey functor to the value M(G/e). Its adjoint MackG is

defined in Example 2.9 and at G/H takes value V H .
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Proof. Take a map f : M → MackG(V ). Evaluating at G/e gives a map f̄ : M(G/e) → V . In the
other direction, one starts with a map g : M(G/e) → V of Q[G]-modules. The restriction map
RHe : M(G/H) → M(G/e) takes values in M(G/e)H as conjugation by elements of H is trivial in
M(G/e). We define ĝ as f(G/e)H ◦RHe .

For the adjunction in the other direction, we use the isomorphic description of MackG(V )(G/H)
in terms of V/H and follow a similar pattern, using the induction maps of M to define the adjoint
of a map V →M(G/e). �

4. The classification of rational Mackey functors

Let eGH ∈ AQ(G) =
∏

(H)6GQ be the idempotent that is 1 on factor H and zero elsewhere. As
described above, we can form a full subcategory of Mackey(G) consisting of those Mackey functors
of the form eGHM . Applying eGH defines a functor Mackey(G) −→ eGHMackey(G). It follows that we
have a splitting

Mackey(G) ∼=
∏

H6GG

eGHMackey(G).

To classify rational Mackey functors, it therefore suffices to classify the categories eGHMackey(G).
The key step is the following theorem giving a sequence of adjunctions. The proof of the theorem
occupies the rest of this section.

Theorem 4.1. For H 6 G, there is a sequence of adjunctions of exact functors.

eGHMackey(G)
i# //

RGNGH(eGH)Mackey(NGH)
i#

oo
ε# // Mackey(NGH/H)
ε#
oo

(−)(WGH/e)// Q[WGH]-mod
MackWGH
oo

with each pair both left and right adjoint to each other.

Lemma 4.2. The adjunction (i#, i
#) restricts to an adjunction

i# : eGHMackey(G)
//
RGNGH(eGH)Mackey(NGH) : i#oo .

The functors are exact and are both left and right adjoint to each other.

Proof. Take M ∈ eGHMackey(G) and K 6 NGH. Since M = eGHM , we have the first equality below

(i#M)(NGH/K) = RGK(eGH)M(G/K)

= RNGHK ◦RGNGH(eGH)M(G/K)
=

(
RGNGH(eGH)(i#M)

)
(NGH/K).

Thus (i#M) ∈ RGNGH(eGH)Mackey(NGH).
Conversely, let M ′ ∈ RGNGH(eGH)Mackey(NGH) and K 6 G. Then

(i#M ′)(G/K) = M ′(i∗G/K) = ⊕λ∈ΛM
′(NGH/Lλ)

where i∗G/K decomposes as
∐
λ∈ΛNGH/Lλ. Since

M ′(NGH/Lλ) = RNGHLλ
◦RGNGH(eGH)M ′(NGH/Lλ) = RGLλ(eGH)M ′(NGH/Lλ),

it follows that i#M ′ = eGH i
#M ′.

The functors are additive and left and right adjoint to each other. Hence they are exact. �
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Lemma 4.3. For any Q[WGH]-module V , there is a canonical isomorphism of NGH-Mackey
functors

RGNGH(eGH)ε#MackWGH(V ) ∼= ε#MackWGH(V ).

It follows that we have an adjunction

RGNGH(eGH)Mackey(NGH)
// Q[WGH]-modoo

with the functors both left and right adjoint to each other.

Proof. The inclusion of an idempotent summand gives the map. To see that this inclusion is an
isomorphism, we evaluate both sides a subgroup A 6 NGH that contains H. Both domain and
codomain take value zero on subgroups that do not contain H.

We first decompose RGA(eGH) into idempotents of the rational Burnside ring of A

RGA(eGH) =
∑

K6AA
K∈(H)G

eAK .

Secondly, by Lemma 2.12 (eAK) is a sum of |WAK|−1[A/K] and rational multiples of basis elements
[A/K ′], for K ′ a proper subgroup of K. The element [A/L] acts on ε#MackWGH(V )(NGH/A)
through IAL ◦ RAL . This is zero unless L contains H. Hence each [A/K ′] acts as zero, and [A/K]
only acts non-trivially when K contains H. Since K is also G-conjugate to H, we see that K = H.
Hence, ( ∑

K6AA
K∈(H)G

eAK

)
ε#MackWGH(V )(NGH/A) = eAHε#MackWGH(V )(NGH/A) = eAHV

A/H

with eAH acting through |WAH|−1IAH ◦RAH .
Thirdly, IAH ◦RAH is the composite

V A −→ V H −→ V A

with the first map the inclusion and the second map taking the sum over A/H-coset representatives.
Hence this map is multiplication by |A/H|. Since H is normal in A, it follows that |WAH|−1IAH ◦RAH
acts through the identity, giving the first statement.

For the second statement, the inclusion of the full subcategory

RGNGH(eGH)Mackey(NGH) −→ Mackey(NGH)/H

has an adjoint, which is applying the idempotent RGNGH(eGH). This adjoint is both left and right
adjoint to the inclusion.

Composing this with the adjunctions (ε#, ε#) and ((−)(WGH/e),MackWGH) gives the result.
The functors in each adjunction are additive, and are left and right adjoint to each other. Hence
they are exact. �

Definition 4.4. For H 6 G, define functors

FH : Q[WGH]-mod −→ eGHMackey(G)
UH : eGHMackey(G) −→ Q[WGH]-mod

where FH is the composite of the lower level functors from the diagram in Theorem 4.1 and UH is
the composite of the the upper level functors.
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We see immediately that the additive functors FH and UH are both left and right adjoint to each
other and that UHM = M(G/H).

Proposition 4.5. For K 6 G,

FH(V )(G/K) = (Q[(G/K)H ]⊗ V )WGH .

Moreover, the Mackey functor FH(V ) is both projective and injective, and eGHFH(V ) = FH(V ).

Proof. From the definitions, the composite is given by

G/K 7→
⊕
λ∈Λ

V Lλ/H

where G/K decomposes as
∐
λ∈ΛNGH/Lλ and K contains H. If K does not contain H, the

composite takes value zero. Each factor in this decomposition corresponds to an NGH-orbit in the
set of NGH-maps NGH/H → i∗G/K. The NGH-action is by right multiplication by the inverse on
NGH/H. Such a map corresponds to a G-map G/H → G/K, which is simply an element α of the
set (G/K)H . By thinking of (G/K)H as a WGH-set, we can sum over all α to obtain the formula

G/K 7→
( ⊕
α∈(G/K)H

Vα

)WGH

with WGH permuting the summands (it acts by right multiplication by the inverse on (G/K)H).
Replacing summands by a tensor product gives the formula

FH(V )(G/K) = (Q[(G/K)H ]⊗ V )WGH .

Every Q[WGH]-module is both injective and projective. Hence, FH(V ) is both projective and
injective as the functors FH and UH are exact.

Lemmas 4.2 and 4.3 give the statement about idempotents. �

This new formula is very compact, but for calculations (see Examples 6.3 and 6.4) and later
theory we will also need simple description of the induction and restriction maps of FH(V ).

Lemma 4.6. For L 6 K 6 G, the induction map

(Q[(G/L)H ]⊗ V )WGH = FH(V )(G/L) −→ FH(V )(G/K) = (Q[(G/K)H ]⊗ V )WGH

is induced by the projection α : G/L→ G/K.
The restriction map

FH(V )(G/K) −→ FH(V )(G/L)

is induced by the map Q[(G/K)H ] → Q[(G/L)H ] that sends gK to the sum of the elements in its
preimage under the projection α : G/L→ G/K.

Proof. Write (Q[(G/L)H ]⊗ V )WGH as( ⊕
σ : G/H→G/L

Vσ

)WGH

,

we use the subscript σ on V to keep track of the factors. The WGH-action is given by both acting
on V and permuting the summands. That is, for w ∈WGH and v ∈ FH(V )(G/L), we define wv to
have component in summand σ given by

g(vσ◦r(w−1))

where r(w−1) : G/H −→ G/H is right multiplication by w−1.
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Chasing through the definitions, it follows that the restriction map is given by

(RKL y)σ = yα◦σ.

The induction map is given by
(IKL y)τ =

∑
α◦σ=τ

yσ

the sum over those summands σ that map to τ by α. �

Theorem 4.7. For each H 6 G there is an equivalence of categories

UH : eGHMackey(G)
// Q[WGH]-mod : FHoo

Hence there is an equivalence of categories

Mackey(G) ∼=
∏

(H)6G

Q[WGH]-mod

where the product runs over G-conjugacy classes of subgroups of G.

Proof. We have already seen that UH and FH are both left and right adjoint to each other. The
unit is an isomorphism:

V −→ UHFHV = (Q[(G/H)H ]⊗ V )WGH ∼= V.

It follows that the counit is an isomorphism of Mackey functors of the form FHV .
The rest of the proof shows that any Mackey functor is a finite direct sum of Mackey functors

of the form FHV for varying H and V .
We partition the set of subgroups of G into sets, which we may think of as their height in the

subgroup lattice. We start with S0 = {e}, then we define Sj as those groups not in Sj−1 but all
of whose subgroups are in Si for i < j. Each Sj is closed under conjugation, with nj conjugacy
classes. Choose a Hj,k in each conjugacy class, 1 6 k 6 nj . We say that a Mackey functor M is of
type (j, k) if M(G/Hj,k) is non-zero, but

M(G/Hj′,k′) = 0 for j′ < j and for j′ = j and k′ < k.

We argue via descending induction. Starting at the top, ifM(G/H) = 0 for all proper subgroups
H, then M = FGM(G/G). Fix (j, k) inductively and assume that all Mackey functors of type
(j′, k′) for j′ > j and for j′ = j and k′ > k are finite direct sums of Mackey functors of the form
FJVJ where VJ is a WGJ-module and

J ∈ {Hj′′,k′′ | j′′ > j′ or j′′ = j′ and k′′ > k′}.
Let M be a Mackey functor of type (j, k). For H = Hj,k, there is a map of Mackey functors

κ : M −→ FHM(G/H) = eGHFHM(G/H)

that is the identity on G/H. The kernel and cokernel of κ are, by inductive assumption, of the form
FJVJ . It follows that eGH applied to the kernel and cokernel are zero. Thus eGHκ is an isomorphism
and so κ, which is equal to the epimorphism M → eGHM followed by eGHκ, is an epimorphism.

Since FHM(G/H) is projective, the epimorphism splits and M is a direct sum of FHM(G/H)
and Mackey functors of the form FJVJ . �

Corollary 4.8. Every rational Mackey functor is both projective and injective.

By Remark 2.14, for H 6 G we have RGH(eGH) = eHH . This gives the following corollary of
Theorem 4.7
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Corollary 4.9. A G-Mackey functor M is uniquely determined by the collection

{eHHM(G/H) ∈ Q[WGH]-mod | (H) 6 G}

where we index over G-conjugacy classes of subgroups of G.

The remaining question is how to conveniently find the values M(G/H) of the Mackey functor
M from such a collection. The next section gives a formula that provides a satisfying answer.

5. The diagonal decomposition

Rational Mackey functors for compact Lie groups are considered in Greenlees [Gre98a]. We
present the decomposition formula for rational G-Mackey functors for finite G, following Examples
C i) and Corollary 5.3 of [Gre98a]. The reference proves the result using equivariant stable homotopy
theory; a direct algebraic proof is given by Sugrue [Sug19, Lemma 6.1.9]. We use the structure
results to prove it via a calculation on Mackey functors of the form FAV .

Theorem 5.1. Let M be a G-Mackey functor and let K 6 H be subgroups of G. Then

eHKM(G/H) ∼=
(
eKKM(G/K)

)WHK
.

Proof. By Theorem 4.7, we may assume M is of the form FAV , for V a Q[WGA]-module. Lemma
5.2 implies that we only need to consider the case A = K.

By Remark 2.14 and Proposition 4.5, we may remove the idempotent eKK from the formula. Thus
we must prove

eHK(Q[(G/H)K ]⊗ V )WGK = eHKFK(G/H) ∼=
(
FK(G/K)

)WHK
=
(
(Q[(G/K)K ]⊗ V )WGK

)WHK
.

By Lemma 2.12, (eHK) is a sum of |WHK|−1[H/K] and rational multiples of basis elements
[H/L] for L a proper subgroup of K. An element [H/L] acts on FK(G/H) through IHL ◦ RHL . As
FK(V )(G/L) = 0 unless L contains K (up to H-conjugacy), (eHK) acts as

|WHK|−1[H/K] = |WHK|−1IHK ◦RHK .

Lemma 4.6 shows how the map IHK ◦RHK is induced from a composite

(∗) Q[(G/H)K ] −→ Q[(G/K)K ] −→ Q[(G/H)K ].

We look at this composite in detail. The reader may find it useful to compare the following argument
with Example 5.5.

If an element gK is fixed by left multiplication by elements of K (that is, an element of NGK),
then gH is also K-fixed. Take gK and g′K that are K-fixed with gH = g′H. Then g′ = gh for
some h ∈ H, and

K = (g′)−1Kg′ = (gh)−1Kgh = h−1Kh

so h ∈ NHK. It follows that the second map of (∗) passes to an injection

Q[(G/K)K ]/WHK −→ Q[(G/H)K ].

Take gH in the image of (G/K)K → (G/H)K , the composite (∗) sends this to the sum of those
aH such that aK = gK. By the previous argument, this sum is |WHK|gH. Now take a coset gH
that is not in the image of (G/K)K → (G/H)K , then the first map of (∗) sends this to zero.

It follows that the composite

(Q[(G/H)K ]⊗ V )WGK −→ (Q[(G/K)K ]⊗ V )WGK −→ (Q[(G/H)K ]⊗ V )WGK
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induced from (∗) in turn induces an isomorphism from(
(Q[(G/K)K ]⊗ V )WGK

)WHK

onto the image of IHK ◦RHK in (Q[(G/H)K ]⊗ V )WGK . �

Lemma 5.2. Let A, B and C be subgroups of G, with C 6 B and let V be a Q[WGA]-module.
Then

eBC
(
FA(V )(G/B)

)
= 0

unless A and C are G-conjugate.

Proof. By Proposition 4.5, eGAFA(V ) = FA(V ). Hence,

eBC
(
FA(V )(G/B)

)
= eBCR

G
B(eGA)

(
FA(V )(G/B)

)
.

The product eBCR
G
B(eGA) is zero unless A is G-conjugate to a subgroup A′ of G and that subgroup A′

is B-conjugate to C. We also require that A is G-subconjugate to B, as otherwise Q[(G/B)A] = 0.
This is equivalent to requiring that A is G-conjugate to C. �

We illustrate this decomposition with two examples.

Example 5.3. Let M be a rational Mackey functor for Cp3 . Define Q-modules

V0 = M(Cp3/C1), V1 = eCp1M(Cp3/Cp1), V2 = eCp2M(Cp3/Cp2), V3 = eCp3M(Cp3/Cp3).

where eCpi ∈ AQ(Cpi) is the idempotent with support Cpi , i ∈ {0, 1, 2, 3}. Note that for i = 0 this
is 1 ∈ AQ(C1) = Q. The Q-module Vi has an action of Q[WCp3

Cpi ] = Q[Cp3/Cpi ].
The classification theorem implies that

M ∼= FeV0 ⊕ FCpV1 ⊕ FCp2V2 ⊕ FCp3V3.

Writing out the values of M at varying subgroups gives the diagram

V3 ⊕ V
Cp3/Cp2
2

��

⊕ V
Cp3/Cp
1

��

⊕ V
Cp3/C1

0

��

= M(Cp3/Cp3)

��
V2

OO

⊕ V
Cp2/Cp
1

��

OO

⊕ V
Cp2/C1

0

��

OO

= M(Cp3/Cp2)

��

OO

V1

OO

⊕ V
Cp/C1

0

��

OO

= M(Cp3/Cp1)

��

OO

V0

OO

= M(Cp3/C1)

OO

With vertical maps indicating induction and restriction.

Remark 5.4. Given a G-Mackey functor M and H 6 G, we can construct M(G/H), the quotient
of M(G/H) by the images of the induction maps from proper subgroups of H. This example shows
how M(G/H) = eHHM(G/H), so that the classification result is based around stripping out the
images of the induction functors.
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Example 5.5. We look at a particular instance of Theorem 5.1 in order to illustrate the second
half of the proof. Let G = S4 be the symmetric group on four letters, K = 〈(12)〉, H = 〈(12), (34)〉.
We have

NGK = H (G/K)K = WGK = WHK = H/K = {K, (34)K}, (G/H)K = {H, (14)(23)H}.
We consider the case of FK(Q[WGK]). We write out the two sides of Theorem 5.1 below.

eHKFK(Q[WGK])(G/H) = eHKQ[(G/H)K ] = IHK ◦RHKQ[(G/H)K ](
eKKFK(Q[WGK])(G/K)

)WHK ∼= (Q[(G/K)K ]WHK = Q[{K + (34)K}]

To calculate IHK ◦RHKQ[(G/H)K ], consider the maps of Lemma 4.6

Q[{H, (14)(23)H}] −→ Q[{K, (34)K}] −→ Q[{H, (14)(23)H}].
The first map (restriction) sends H to K + (34)K and (14)(23)H to zero. The second map (in-
duction) sends K and (34)K to H. The image of the composite is therefore the submodule of
Q[{H, (14)(23)H}] generated by H. Hence, IHK ◦ RHKQ[(G/H)K ] = Q[{H}] and the map induced
by restriction

eHKFK(Q[WGK])(G/H) = Q[{H}] −→ Q[{K + (34)K}] ∼=
(
eKKFK(Q[WGK])(G/K)

)WHK

is an isomorphism.

6. Worked examples for G = C6

Fixing the group to be C6, the cyclic group of order 6, we give a detailed investigation of rational
C6-Mackey functors and their corresponding decomposition as modules over group rings. We choose
a small group so that group-theoretic complexities do not obstruct the overall picture. We organise
this section as a series of examples.

For clarity, write C6 = {0, 1, 2, 3, 4, 5}, C3 = {0, 2, 4}, C2 = {0, 3}, C1 = {0} and quotients via
underlining, so C6/C3 = {0, 1}. We start by describing the rational Burnside ring of C6 and its
idempotents.

Example 6.1. The rational Burnside ring of C6 is additively generated by the sets C6, C6/C3,
C6/C2 and C6/C6, which is the multiplicative unit. The multiplicative properties of these sets are:

C6 × C6 = 6C6 C6 × C6/C3 = 2C6 C6 × C6/C2 = 3C6

C6/C3 × C6/C3 = 2C6/C3 C6/C2 × C6/C3 = C6 C6/C2 × C6/C2 = 3C6/C2.

Evidently, we have non-zero idempotents C6/C6, (1/6)C6, (1/2)C6/C3, (1/3)C6/C2, but these are
not orthogonal to each other. Some algebraic manipulation gives an orthogonal decomposition of
the unit as

eC6

C1
= (1/6)C6

eC6

C2
= (1/3)C6/C2 − (1/6)C6/C1

eC6

C3
= (1/2)C6/C3 − (1/6)C6/C1

eC6

C6
= C6/C6 − (1/3)C6/C2 − (1/2)C6/C3 + (1/6)C6.

One can check that these formulas match those of Lemma 2.11 and verify the reverse formulas
describing the homogeneous sets in terms of sums of idempotents. Furthermore, one can confirm
that the map of Lemma 2.11 is indeed an isomorphism in this case.

Now we have an understanding of the rational Burnside ring of C6, we can look at the Burnside
ring Mackey functor.
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Example 6.2. The rational Burnside ring Mackey functor of Example 2.10 is defined by

AQ(C6/H) = AQ(H),

with structure maps defined in terms of restriction and induction of sets with group actions. For
example, C6/C3 ∈ AQ(C6) restricts to 2C3/C3 ∈ AQ(C3) and C2/C1 ∈ AQ(C2) inducts to C6/C1 ∈
AQ(C6).

We can calculate the idempotents of the rational Burnside rings of C3 and C2 as we did for C6.

AQ(C3) eC3

C1
= (1/3)C3/C1 eC3

C3
= C3/C3 − (1/3)C3/C1

AQ(C2) eC2

C1
= (1/2)C2/C1 eC2

C2
= C2/C2 − (1/2)C2/C1

We present the rational Burnside ring Mackey functor as the following Lewis diagram, phrased
in terms of idempotents. The downward arrows indicate that an idempotent restricts to another
idempotent, where an idempotent restricts to zero, we omit an arrow. The upward arrows indicate
that an idempotent inducts to a multiple of another idempotent.

AQ(C6) = Q[eC6

C6
] ⊕ Q[eC6

C3
] ⊕ Q[eC6

C2
] ⊕ Q[eC6

C1
]

AQ(C3) = Q[eC3

C3
] ⊕ Q[eC3

C1
] AQ(C2) = Q[eC2

C2
] ⊕ Q[eC2

C1
]

AQ(C1) = Q[eC1

C1
]

3 2

2
3

2
3

As described at the start of Section 4, we may use the idempotents of AQ(C6) to split the category
of rational C6-Mackey functors:

Mackey(C6) ∼= eC6

C6
Mackey(C6)⊕ eC6

C3
Mackey(C6)⊕ eC6

C2
Mackey(C6)⊕ eC6

C1
Mackey(C6).

Hence, any rational C6-Mackey functor M can be written as

M ∼= eC6

C6
M ⊕ eC6

C3
M ⊕ eC6

C2
M ⊕ eC6

C1
M.

Identifying the action of idempotents on a given Mackey functorM from knowledge of the induction
and restriction maps can be time-consuming. It is often easier to produce examples of Mackey
functors in the subcategories of the splitting. We do so using the equivalences of categories of
Theorem 4.7:

U6 : eC6

C6
Mackey(C6)

// Q[C6/C6]-mod : F6oo

U3 : eC6

C3
Mackey(C6)

// Q[C6/C3]-mod : F3oo

U2 : eC6

C2
Mackey(C6)

// Q[C6/C2]-mod : F2oo

U1 : eC6

C1
Mackey(C6)

// Q[C6/C1]-mod : F1oo
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where UH is evaluation at G/H and

FH(V )(G/K) = (Q[(G/K)H ]⊗ V )WGH .

Example 6.3. Take Q ∈ Q[C6/C2]-mod (with trivial group action). We have

F2(Q)(C6/C6) = (Q[(C6/C6)C2 ]⊗Q)C6/C2 = Q
F2(Q)(C6/C3) = (Q[(C6/C3)C2 ]⊗Q)C6/C2 = 0
F2(Q)(C6/C2) = (Q[(C6/C2)C2 ]⊗Q)C6/C2 = Q[C6/C2]C6/C2 = Q
F2(Q)(C6/C1) = (Q[(C6/C1)C2 ]⊗Q)C6/C2 = 0.

The only non-trivial restriction map is F2(Q)(C6/C6) → F2(Q)(C6/C2). By Lemma 4.6 this map
is induced from the map

Q[(C6/C6)C2 ] −→ Q[(C6/C2)C2 ]

sending an element q0 to q(0 + 1 + 2). Hence, the restriction map is the identity. It follows (either
by using the Mackey axiom, or another application of Lemma 4.6) that the non-trivial induction
map is multiplication by 3 (the subgroup index). We summarise this calculation, along with the
analogous calculations for F1(Q), F3(Q) and F6(Q), in the following Lewis diagrams.

Q

}} ""

Q

1

|| ""
0

""

F6(Q) 0

||

Q

""

2

..

F3(Q) 0

||
0 0

Q

}}
1

""

Q

1

||
1

""
0

!!

F2(Q) Q

||

3

pp

Q

1

""

2

..

F1(Q) Q

1

||

3

pp

0 Q 2

MM

3

QQ

We can relate this to Example 6.2, where our idempotent calculations make the splitting evident.
Indeed,

AQ(C6) ∼= F1(Q)⊕ F2(Q)⊕ F3(Q)⊕ F6(Q).

Rather than starting with Q, the other obvious example is to take Q[C6/C3] in Q[C6/C3]-mod.

Example 6.4. We can calculate the following:

F3(Q[C6/C3])(C6/C6) = (Q[(C6/C6)C3 ]⊗Q[C6/C3])C6/C3 = Q
F3(Q[C6/C3])(C6/C3) = (Q[(C6/C3)C3 ]⊗Q[C6/C3])C6/C3 = Q[C6/C3]
F3(Q[C6/C3])(C6/C2) = (Q[(C6/C2)C3 ]⊗Q[C6/C3])C6/C3 = 0
F3(Q[C6/C3])(C6/C1) = (Q[(C6/C1)C3 ]⊗Q[C6/C3])C6/C3 = 0.
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The non-trivial restriction map is the inclusion of the fixed points. The induction map is the
augmentation map (which sends both 0 and 1 to 1 ∈ Q).

Q

fix
zz   

Q[C6/C3]

$$

aug
--

0

}}
0

Example 6.5. Similarly, we have the Lewis diagram of F1(Q[C6])

Q[C6/C6]

xx &&
Q[C6/C3]

&&

00

Q[C6/C2]

xx

nn

Q[C6/C1]

VV HH

As with previous examples, the induction maps are given by the projections C6/K → C6/H. The
restriction maps are given by summing over the preimages of that projection.

One may check this is isomorphic to the Mackey functor MackC6
(Q[C6]) of Example 2.9. This

functor is defined by H 7→ Q[C6]H . The claimed isomorphism of Mackey functors is induced from
the isomorphism Q[C6/H] −→ Q[C6]H , gH 7→

∑
h∈H hg.

7. Comparison to equivariant spectra

For G a finite group, we have a classification of rational G-spectra in terms of an algebraic model,
see Theorem 13.1. The algebraic model is built from chain complexes of Q[WGH]-modules for H
running over conjugacy classes of subgroups of G.

The most modern approach to the classification takes several steps
• idempotent splitting
• restriction to normalisers
• passing to Weyl groups (by taking fixed points)
• algebraicisation

which we see are analogous to our classification of rational Mackey functors. At the level of homo-
topy categories, one takes a spectrumX, and then splits it into eGHX for varyingH. Then one forgets
to NGH-spectra and takes H-fixed points. Taking homology of the algebraicisation of a spectrum
eGHX gives the homotopy groups of the spectrum. This results in a graded Q[WGH]-module

π∗(
(
i∗(eGHX)

)H
) = i∗(eGH)πH∗ (X) =

(
eGH([−, X]G∗ ⊗Q)

)
(G/H).

This is exactly the functor UH applied to the eGH -part of the Mackey functor [−, X]G∗ ⊗Q.
A major difference between the method we use for Mackey functors and the approach for rational

G-spectra is that in the latter one proves that the various model categories are Quillen equivalent
at each stage, rather than arguing via the composite functor. This is partly due to adjunctions
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in the topological setting not being both left and right adjoint and partly due to the difficulty of
working with complex composite functors in model categories. For Mackey functors, we see that
the adjunctions in

eGHMackey(G)
i# //

RGNGH(eGH)Mackey(NGH)
i#

oo
ε# // Mackey(NGH/H)
ε#
oo

(−)(WGH/e)// Q[WGH]-mod
MackWGH
oo

are not equivalences. To resolve this, we can restrict Mackey(NGH/H) andRGNGH(eGH)Mackey(NGH)

to the full subcategories in the image of the functors fromQ[WGH]-mod. We write Mackey(NGH/H)
and RGNGH(eGH)Mackey(NGH) for these categories. Our calculation of the counit of the (FH , UH)
adjunction shows that

Id→ (MackWGHV )(WGH/e) and Id→ (ε#ε#MackWGHV )(WGH/e)

are isomorphisms. Hence the functors ε# and MackWGH are full and faithful. It follows that on
these full subcategories, we have equivalences of categories.

eGHMackey(G)
i# //

RGNGH(eGH)Mackey(NGH)
i#

oo
ε# // Mackey(NGH/H)
ε#
oo

(−)(WGH/e)// Q[WGH]-mod
MackWGH
oo

Passing to a full subcategory is the algebraic equivalent of localisation at an idempotent as used in
the classification of rational G-spectra for finite G.

We will discuss the topological analogues of these results in more detail in Part 2.

8. Monoidal properties

We end this part with a discussion of the monoidal structure on Mackey functors. Details can
be found in Green [Gre71] and Luca [Luc96]. Given G-Mackey functors M and N , we define

T (H) =
⊕
K6H

M(G/K)⊗Q N(G/K) (M�N)(G/H) = T (H)/I(H)

where I(H) is the Q-submodule of T (H) generated by

RKL (x)⊗ y′ − x⊗ IKL (y′) for x ∈M(G/K), y′ ∈ N(G/L), L 6 K 6 H

x′ ⊗RKL (y)− IKL (x′)⊗ y for x′ ∈M(G/L), y ∈ N(G/K), L 6 K 6 H

Ch(x)⊗ y − x⊗ C−1
h (y) for x ∈M(G/K), y ∈ N(G/hKh−1), L 6 K 6 H.

Theorem 8.1. For M and N G-Mackey functors, the construction

(M�N)(G/H) = T (H)/I(H)

defines a Mackey functor when equipped with the conjugation, restriction and induction maps de-
scribed below. We call this Mackey functor the box product of M and N .

Conjugation is given by the diagonal action

Ch(x⊗ y) = Ch(x)⊗ Ch(y).

Induction from H to H ′ is given by the inclusion( ⊕
K6H

M(G/K)⊗Q N(G/K)
)
−→

( ⊕
K6H′

M(G/K)⊗Q N(G/K)
)
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followed by taking quotients with respect to I(H) and I(H ′). Restriction from H ′ to H is induced
by the map T (H ′)→ T (H)/I(H) given by

x⊗ y 7−→
∑

l∈[H�H′�K]

RlKl
−1

H∩lKl−1Cl(x)⊗RlKl
−1

H∩lKl−1Cl(y)

for x ∈M(K), y ∈ N(K) and K 6 H.
One can also define the box product via a convolution product (a left Kan extension over the

product of G-sets), using the definition of Mackey functors in terms of spans of G-sets (the Burnside
category), see [Luc96, Chapter 3]. The unit for the box product is the Burnside ring Mackey functor.

The equivalence of [Luc96, Chapter 3] also implies that a (commutative) monoid for the box
product is a rational Mackey functor M , such that each M(G/H) is a (commutative) Q-algebra,
the conjugation and restriction maps are maps of algebras and for K 6 H, the Frobenius relations
hold:

x · IHK (y) = IHK (RHK(x) · y) IHK (y) · x = IHK (y ·RHK(x))

for x ∈ M(G/H) and y ∈ M(G/K). We call such a (commutative) monoid Mackey functor a
(commutative) Green functor.

The category of Q[WGH]-modules has a monoidal product, given by tensoring two modules
over Q and equipping the result with the diagonal Q[WGH]-action. We then see that UH sends
(commutative) Green functors to (commutative) monoids in Q[WGH]-modules. In fact, we show
that UH is a symmetric monoidal functor.

Lemma 8.2. Let M and N be Mackey functors. Then

eGH(M�N) ∼= (eGHM�N) ∼= (M�eGHN) ∼= (eGHM�e
G
HN).

Hence (
eGHM�e

G
HN

)
(G/H) = eGHM(G/H)⊗Q eGHN(G/H).

Proof. The first statement is a calculation of the action of the Burnside ring on the box product.
For the second, the Mackey functor eGHM is trivial on proper subgroups of H, from which it

follows that
T (H) = eGHM(G/H)⊗Q eGHN(G/H) and I(H) = 0. �

The first statement of Lemma 8.2 implies that the category eGHMackey(G) is monoidal with
respect to � with the unit eGHAQ.

Corollary 8.3. For each H 6 G the equivalence of categories

UH : eGHMackey(G)
// Q[WGH]-mod : FHoo

is strong symmetric monoidal.
Moreover, the splitting result

Mackey(G) ∼=
∏

H6GG

eGHMackey(G)

is strong symmetric monoidal.

The topological equivalent of this result is Barnes, Greenlees and Kędziorek [BGK18]. This gives
a description of E∞-algebras in rational G-spectra in terms of differential graded algebras in∏

(H)6G

Q[WGH]-mod.
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The more complicated case of commutative ring G-spectra (or EG∞-algebras, where EG∞ is the operad
governing the highest level of equivariant commutativity) is considered in work of Wimmer [Wim19].
The extra data here comes from multiplicative norm maps, which are related to Tambara functors
(commutative Green functors with additional structure), see Strickland [Str12], Mazur [Maz13] and
Hill and Mazur [HM19]. The idempotent splitting result we use destroys the additional structure
of a Tambara functor, leaving only a commutative Green functor. Hence, there is no immediate
extension of the above results to Tamabara functors. The question of which idempotents and
splittings persevere norms in the Burnside ring is answered fully in work of Böhme [Böh19].

Part 2. The structure of rational G-spectra

For G a compact Lie group, it is natural to study the homotopy theory of G-spectra as Brown
representability holds equivariantly, see [May96, Section XIII.3]. That is, G-equivariant cohomol-
ogy theories are represented by G-spectra, so the category of G-equivariant cohomology theories
and stable natural transformations between them, is equivalent to the homotopy category of G-
spectra. Due to the complexity of the non-equivariant case, one cannot expect a complete analysis
of either G-equivariant cohomology theories or G-spectra integrally. However, if we restrict our-
selves to G-equivariant cohomology theories with values in rational vector spaces, the situation is
greatly simplified, whilst valuable geometric and group theoretic structures remain. For this reason,
the programme of understanding G-equivariant cohomology theories begun by Greenlees restricts
attention to rational G-equivariant cohomology theories and rational G-spectra.

In this part, we discuss the methods and tools used to obtain algebraic models for rational
equivariant spectra. Recall from the introduction that an algebraic model for rational G-spectra
is a model category dA(G), that is Quillen equivalent to G-spectra. This category must consist of
differential objects (and morphisms) in a graded abelian category A. To start our journey we begin
by recalling some useful facts about G-spectra.

9. Preliminaries on G-spectra

Let G be a compact Lie group. We work with orthogonal G-spectra, see Mandell and May
[MM02] for more details. Unless otherwise stated, our categories of G-spectra will be indexed on a
complete G-universe U .

For H a closed subgroup of G, one can define homotopy groups of an orthogonal G-spectrum X
with structure map σ as

πH0 (X) = colimV [SV , X(V )]H

where the maps in the colimit send a map α : SV −→ X(V ) to the composite

SW ∼= SV ∧ SV
⊥ α∧Id−→ X(V ) ∧ SV

⊥ σ−→ X(V ⊕ V ⊥) ∼= X(W ).

Here V runs through the G representations in the universe U . More generally, the integer graded
homotopy groups of a G-spectrum X are defined using shift and loop functors on spectra and the
formula above. A map f of G-spectra is a weak equivalence, also called a stable equivalence, in
orthogonal G-spectra if and only if πHp (f) is an isomorphism for all closed subgroups H of G and
all integers p. The class of stable equivalences is part of a stable model structure on G-spectra,
G-SpO.

Orthogonal G-spectra with the stable model structure is a convenient model category for G-
equivariant homotopy theory. In particular, the homotopy category is a symmetric monoidal tri-
angulated category (see [Mar83, Appendix 2] for introduction to triangulated categories) with unit
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the sphere spectrum S, see Hovey, [Hov99, Section 7]. Furthermore, the stable equivalences can
be detected by objects in the category in the following sense. For a closed subgroup H in G, an
orthogonal spectrum X and integers p ≥ 0 and q > 0

(9.0.1) [ΣpS0 ∧G/H+, X]G ∼= πHp (X) [FqS
0 ∧G/H+, X]G ∼= πH−q(X)

where [−,−]G denotes morphisms in the homotopy category of G-SpO and Fq(−) is the left adjoint
to the evaluation functor at Rq: EvRq (X) = X(Rq). In particular, Fq(S0) models S−q, the q-fold
desuspension of the sphere spectrum. We can put this relation between the shifts of G/H+ and the
weak equivalences into the formalism of [SS03, Section 2].

Definition 9.1. Let C be a triangulated category with infinite coproducts. A full triangulated
subcategory of C (with shift and triangles induced from C) is called localising if it is closed under
coproducts in C. A set P of objects of C is called a set of generators if the only localising subcategory
of C containing objects of P is the whole of C. An object of a stable model category is called a
generator if it is so when considered as an object of the homotopy category.

An object X in C is homotopically compact2. if for any family of objects {Ai}i∈I the canonical
map ⊕

i∈I
[X,Ai]

C −→ [X,
∐
i∈I

Ai]
C

is an isomorphism in the homotopy category of C.

The set of suspensions and desuspensions of G/H+, where H varies through all closed subgroups
of G, is a set of homotopically compact generators in the stable model category G-SpO. Those
objects are compact since homotopy groups commute with coproducts and it is clear from [SS03,
Lemma 2.2.1] and Equation (9.0.1) that this is a set of generators for G-SpO.

There is an easy-to-check condition for a Quillen adjunction between stable model categories
with sets of homotopically compact generators to be a Quillen equivalence. It is used often in the
setting of algebraic models. Also notice that the derived functors of Quillen equivalences preserve
homotopically compact objects.

Lemma 9.2. Suppose F : C � D : U is a Quillen pair between stable model categories with sets
of homotopically compact generators, such that the right derived functor RU preserves coproducts
(or equivalently, such that the left derived functor sends homotopically compact generators to ho-
motopically compact objects).

If the derived unit and counit are weak equivalences for the respective sets of generators, then
(F,U) is a Quillen equivalence.

Proof. The result depends upon the fact that the homotopy category of a stable model category is
a triangulated category. First notice that since the derived functor RU preserves coproducts, the
derived unit and counit are triangulated natural transformations. If the derived unit condition is
an isomorphism for a set of objects K then they are also satisfied for every object in the localising
subcategory for K. Since we assume that K consists of homotopically compact generators, the
localising subcategory for K is the whole category and the derived unit is an isomorphism. The
same argument applies to the counit and the result follows. �

2There are different names used in the literature - compact, small. We chose to use the name homotopically
compact here.
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To construct a model category of rational G-spectra will we need to introduce the language of
Bousfield localisations, see Section 11. Since we will often localise the model category of rational
G-spectra at idempotents of the rational Burnside ring, we first look at this ring.

10. Idempotents of the rational Burnside ring

ForG a compact Lie group, the Burnside ring A(G) was defined by tom Dieck in [tD75] in terms of
G-manifolds. For a survey on the subject see, for example, Fausk [Fau08]. When working rationally,
several descriptions of this ring exist. We give these descriptions and use them to understand the
idempotents of the rational Burnside ring. These idempotents are fundamental to the construction
of the algebraic model and the calculations therein.

10.1. Two ways of understanding rational Burnside ring. Recall that for H a subgroup of
G, NGH = {g ∈ G | gH = Hg} is the normaliser of H in G. We write W = WGH = NGH/H for
the Weyl group of H in G.

Let F(G) be the set of closed subgroups of G with finite index in their normalizer. That is, all
closed H 6 G such that NGH/H is finite. We give this set the topology induced by the Hausdorff
metric, see [LMSM86, Section V.2].

The isomorphism of tom Dieck (see Lemma 2.11) can be extended to compact Lie groups by
[tD79, Propositions 5.6.4 and 5.9.13] giving an isomorphism of rings

(10.1.1) A(G)⊗Q ∼= C(F(G)/G,Q),

where C(F(G)/G,Q) denotes the ring of continuous functions on the orbit space F(G)/G with
values in discrete spaceQ. From now on, we will use notation AQ(G) for A(G)⊗Q. This isomorphism
generalises that of Lemma 2.11. Notice that if G is a finite group, then Sub(G) = F(G), where
Sub(G) is the set of all subgroups of G.

From the ring isomorphism above, it is clear that idempotents of the rational Burnside ring of G
correspond to the characteristic functions of open and closed subspaces of the orbit space F(G)/G.
By the characteristic function of a set V , we mean the function that takes the value 1 for every point
in V and 0 otherwise. Equivalently, an idempotent corresponds to an open and closed G-invariant
subspace of F(G). We write eV , for the idempotent corresponding to an open and closed subset V
of F(G)/G.

Every inclusion i : H −→ G induces a ring homomorphism i∗ : AQ(G) −→ AQ(H). In general, it
is difficult to explicitly describe the image of a given idempotent in terms of open and closed sets
under

i∗ : C(F(G)/G,Q) −→ C(F(H)/H,Q).

Even before taking conjugacy classes into account, notice that a subgroup K 6 H with finite index
in the normaliser NHK does not have to have a finite index in the normaliser NGK. Thus the map
i∗ : C(F(G)/G,Q) −→ C(F(H)/H,Q) is not always induced by a map from F(H) to F(G). The
exception is of course, when G,H are finite groups, as we discussed in Remark 2.14.

A better approach to investigate the action of i∗ on idempotents is to view idempotents as
corresponding to certain subspaces of the space of all closed subgroups of G as follows. We put a
topology on the set of all closed subgroups of G, Sub(G). This topology is called the f-topology in
Greenlees [Gre98a, Section 8].

For a closed subgroup H 6 G and ε > 0 we define a ball

O(H, ε) = {K ∈ F(H) | d(H,K) < ε}
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in Sub(G), where the distance above is measured with respect to the Hausdorff metric. Thus,
subgroups close to H that have infinite Weyl groups are ignored, for example if H = SO(2) is a
torus then O(SO(2), ε) is a singleton. Given also a neighbourhood A of the identity in G consider

O(H, ε,A) = ∪a∈AO(H, ε)a,

where O(H, ε)a is the set of a-conjugates of elements of O(H, ε).

Definition 10.1. For G a compact Lie group, the f-topology on Sub(G) is generated by the sets
O(H, ε,A) as H, ε,A vary. We write Subf(G) for this topological space.

We say that subgroups K 6 H of G are cotoral if H/K is a torus. We write K ∼ H for the
equivalence relation generated by the cotoral pairs. An idempotent in a rational Burnside ring
AQ(G) corresponds to an open and closed, G-invariant subspace of Subf(G) that is a union of
∼-equivalence classes, see Section 10.3 for some examples.

Let V be an open and closed G-invariant set in Subf(G) that is a union of ∼-equivalence classes.
Let i∗V be the preimage of V under i∗ : Subf(H) −→ Subf(G). We then let i∗V be the smallest
G-invariant open and closed set of Subf(H), that is the union of ∼-equivalence classes containing
i∗V . Using the techniques of Greenlees [Gre98a, Section 8] one can show the following.

Lemma 10.2. Let i : H → G be an inclusion of a closed subgroup. Let eV an idempotent of AQ(G)
corresponding to V , an open and closed G-invariant set in Subf(G) that is a union of ∼-equivalence
classes. Then i∗(eV ) = ei∗V .

Remark 10.3. As it is more common in the literature, an idempotent eV will come from a open
and closed subset V of F(G)/G unless otherwise stated.

10.2. Special idempotents. There are two situations of particular interest to us. In these cases
we have an idempotent in the rational Burnside ring and we can provide an algebraic model for the
piece of homotopy theory of rational G-spectra that this idempotent governs.

The first situation is where there is an idempotent that remembers only one, special subgroup.
The second author called such a subgroup exceptional in [Kęd17a]. The second situation is where
the idempotent corresponds to the maximal torus T in G and all its subgroups. This is called the
toral part of rational G-spectra in [BGK19].

When we look at idempotents defined by subsets of F(G)/G the above two cases look identical
at first glance: both idempotents are indexed by one subgroup. However in the case of a torus,
there are subgroups of the torus that are “hidden” in the torus idempotent. This is visible when
one uses the space Subf(G) to describe the idempotent. The subgroups that are cotoral in T are
responsible for making the algebraic model for that part substantially more difficult than in the
case of an exceptional subgroup.

We will start our analysis with the case of an exceptional subgroup of G.

Definition 10.4. Suppose G is a compact Lie group. We say that a closed subgroup H 6 G is
exceptional3 in G if WGH is finite, there exists an idempotent eGH in the rational Burnside ring of
G corresponding to the conjugacy class of H in G (via tom Dieck’s isomorphism, Equation 10.1.1)
and H has no cotoral subgroups.

If H is exceptional in G, then {K | K ∈ (H)G} is an open and closed G-invariant subspace of
Subf(G), which already is a union of ∼-equivalence classes, since H does not contain any cotoral

3the name was motivated by the exceptional behaviour of the algebraic model over such a subgroup.



AN INTRODUCTION TO ALGEBRAIC MODELS FOR RATIONAL G-SPECTRA 26

subgroup and WGH is finite. The other implication also holds; if there is an idempotent corre-
sponding to {K|K ∈ (H)G} in Subf(G), then H is an exceptional subgroup of G. Thus we could
rephrase the definition in terms of the space Subf(G), but we decided to use the more familiar
F(G)/G with the topology given by the Hausdorff metric.

Any subgroup of a finite group G is exceptional. In O(2) only finite dihedral subgroups are
exceptional; in particular none of the finite cyclic subgroups are exceptional (since finite cyclic
subgroups do not have idempotents in the rational Burnside ring of O(2)). The maximal torus
SO(2) in O(2) has an idempotent in the rational Burnside ring of O(2), however it is not an
exceptional subgroup, since it contains cotoral subgroups, for example the trivial one. In SO(3)
all finite dihedral subgroups are exceptional except for D2, which is conjugate to C2 and therefore
is a cotoral subgroup of a torus. There are four more conjugacy classes of exceptional subgroups:
A4,Σ4, A5 and SO(3), where A4 denotes rotations of a tetrahedron, Σ4 denotes rotations of a cube
and A5 denotes rotations of a dodecahedron, see [Kęd17b, Section 2].

If a trivial subgroup is exceptional in G, then G has to be finite. This holds as the normaliser
of a trivial subgroup is the whole G, WG{1} = G and the condition that the Weyl group is finite
implies that G is a finite group.

Given an exceptional subgroup H, we may use the corresponding idempotent in the rational
Burnside ring to split (see Section 11) the category of rational G-spectra into the part over an
exceptional subgroup H and its complement. [Kęd17a] presents the model for rational G-spectra
over an exceptional subgroup H.

The exceptional subgroups of a group G can be divided into two sets, according to how their
idempotent behaves once restricted to the normaliser of the exceptional subgroup. We closely follow
[Kęd17a] in analysis of these different behaviours.

Definition 10.5. Suppose H 6 A are closed subgroups of G such that H is exceptional in G.
Suppose further that i : A −→ G is an inclusion. We say that H is A-good in G if i∗(eGH) = eAH and
A-bad in G if it is not A-good, i.e. i∗(eGH) 6= eAH .

Notice that the above definition is all about subgroups conjugate to H in A and in G and their
relation to each other. If L 6 A is such that L is conjugate to H in A, then it is also true that L
is conjugate to H in G. Thus if H is A-bad in G it just means that there exists L′ 6 A such that
(L′)G = (H)G and (L′)A 6= (L)A. An exceptional subgroup H in a compact Lie group G is always
H-good in G.

Lemma 10.6. [Kęd17a, Lemma 2.3] For the exceptional subgroups in G = SO(3), we have the
following relation between H and its normaliser NGH:

(1) A5 is A5-good in SO(3).
(2) Σ4 is Σ4-good in SO(3).
(3) A4 is Σ4-good in SO(3).
(4) D4 is Σ4-bad in SO(3).

Proof. We only need to prove Part (3) and (4), since any exceptional subgroup H in a compact Lie
group G is H-good in G. Part (3) follows from the fact that there is one conjugacy class of A4 in
Σ4, as there is just one subgroup of index 2 in Σ4. Part (4) follows from the observation that there
are two subgroups of order 4 in D8 (so also in Σ4) and they are conjugate by an element g ∈ D16,
which is the generating rotation by 45 degrees (thus g /∈ D8 and thus g /∈ Σ4). �

Remark 10.7. Notice that we can generalise Definition 10.5 to non-exceptional subgroups using
the equivalent description in terms of conjugacy classes of H in A and in G. In that case, if
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G = SO(3), A = O(2) and H = C2 6 A, then H is A-bad in G, which follows from the fact that
D2 6 A is G-conjugate to H, but not A-conjugate. This bad behaviour of C2 in SO(3) is visible
in the adjunctions used to obtain the algebraic model for toral part of rational SO(3)-spectra in
[Kęd17b], which we recall in Proposition 12.7.

Finishing the discussion about idempotents of rational Burnside ring, we note that there is always
an idempotent corresponding to the maximal torus T in G and all its subgroups. This fact was
used in [BGK19] to obtain an algebraic model for rational toral G-spectra, thus the ones that have
geometric isotropy contained in the set of subgroups of the maximal torus.

10.3. Examples.

10.3.1. Closed subgroups of SO(2). Recall that SO(2) is the group of rotations of R2. The closed
subgroups of SO(2) are the finite cyclic groups Cn. Each Cn is cotoral in SO(2), that is, it is normal
in SO(2) and SO(2)/Cn ∼= SO(2). The only subgroup of SO(2) with finite index in its normaliser
is SO(2) itself. Hence, the space F(SO(2))/SO(2) is a single point and the rational Burnside ring
of SO(2) is Q. Similar arguments show that AQ(T) = Q for T a torus of any rank.

10.3.2. Closed subgroups of O(2). Recall that O(2) is the group of rotations and reflections of R2.
The closed subgroups are the finite cyclic groups, T = SO(2), O(2) and finite dihedral groups. For
fixed n, the finite dihedral groups of order 2n are all conjugate. We Write D2n for this conjugacy
class. The space F(O(2))/O(2) consists of two parts, which we call the toral part and the dihedral
part. The toral part T̃ , is just one point T corresponding to the maximal torus and all its subgroups.
The dihedral part D̃, is the set of all dihedral subgroups together with their limit point O(2). Thus,
we have idempotents eT̃ and eD̃ in the rational Burnside ring of O(2) that sum to the identity.

The toral idempotents for O(2) and SO(3) will behave very differently when we discuss the
interactions between localisations and change of group functors in Section 12. To help the notation
for this comparison, we use a tilde to denote the dihedral and toral parts of F(O(2))/O(2) and no
tilde for SO(3).

Space F(O(2))/O(2)Part (Subspace)

T̃ T

D̃ D2 D4 D6 D8 D10 ...
O(2)

10.3.3. Closed subgroups of SO(3). Recall that SO(3) is a group of rotations of R3. We choose a
maximal torus T in SO(3) with rotation axis the z-axis. We divide the closed subgroups of G into
three types: toral T , dihedral D and exceptional E . This division is motivated by our preferred
splitting of the category of rational SO(3)-spectra. The toral part consist of all tori in SO(3) and
all cyclic subgroups of these tori. Note that for any natural number n there is one conjugacy class
of subgroups from the toral part of order n in SO(3).

The dihedral part consists of all dihedral subgroups D2n (dihedral subgroups of order 2n) of
SO(3) where n is greater than 2, together with all subgroups isomorphic to O(2). Note that O(2)
is the normaliser for itself in SO(3). Moreover, there is only one conjugacy class of a dihedral
subgroup D2n for each n greater than 2. The normaliser of D2n in SO(3) is D4n for n > 2.

We deliberately exclude the conjugacy classes of D2 and D4 from the dihedral part. Conjugates
of D2 are excluded from the dihedral part, as D2 is conjugate to C2 in SO(3) and that subgroup
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is already taken into account in the toral part. Conjugates of D4 are excluded from the dihedral
part since its normaliser in SO(3) is Σ4 (symmetries of a cube), thus its Weyl group Σ4/D4 is of
order 6, whereas all other finite dihedral subgroups D2n, n > 2 have Weyl groups of order 2. For
simplicity we decided to treat D4 separately.

There are five conjugacy classes of subgroups which we call exceptional, namely SO(3) itself,
the rotation group of a cube Σ4, the rotation group of a tetrahedron A4, the rotation group of a
dodecahedron A5 and D4, the dihedral group of order 4. Normalisers of these exceptional subgroups
are as follows: Σ4 is equal to its normaliser, A5 is equal to its normaliser and the normaliser of A4

is Σ4, as is the normaliser of D4.
Consider the space F(SO(3))/SO(3) of conjugacy classes of subgroups of SO(3) with finite index

in their normalisers. Recall that the topology on this space is induced by the Hausdorff metric.
The division into these parts is an indication of idempotents of the rational Burnside ring for SO(3)
that are chosen to obtain an algebraic model for rational SO(3)-spectra.

Space F(SO(3))/SO(3)Part (Subspace)

E SO(3) Σ4 A4 A5 D4

T T

D D6 D8 D10 ...
O(2)

The topology on E is discrete, T consists of one point T and D forms a sequence of points
converging to O(2).

Note the difference between the dihedral parts for O(2) and SO(3): the conjugacy class of D2 and
D4. At a first glance, the toral part for SO(3) looks the same as the toral part for O(2). However,
for SO(3) it contains information about D2 6 O(2) (since D2 is conjugate to C2 in SO(3)), whereas
for O(2) it does not. These differences will become significant when we look at the interactions
between localisations at idempotents and change of groups functors in Section 12.

We use the following idempotents in the rational Burnside ring of SO(3): eT corresponding to
the characteristic function of the toral part T , eD corresponding to the characteristic function of
the dihedral part D and eE corresponding to the characteristic function of the exceptional part
E . Since E is a disjoint union of five points, it is in fact a sum of five idempotents, one for every
(conjugacy class of a) subgroup in the exceptional part: eSO(3), eΣ4

, eA4
, eA5

and eD4
. We use a

simplified notation eH to mean eSO(3)
H here.

Remark 10.8. All finite dihedral subgroups in SO(3) are exceptional, hence each has an idem-
potent corresponding to it. However, as there are countably many conjugacy classes of dihedral
subgroups, we cannot write eD as the sum of all these idempotents. Similarly, the characteris-
tic function of the point O(2) is not a continuous map to Q, hence it does not correspond to an
idempotent.
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11. Left and right Bousfield localisations and splittings

There are two well-understood ways of making a homotopy category of a given model category
smaller. Both ways boil down to adding weak equivalences in a tractable way. The first one keeps
the cofibrations the same and is called a left Bousfield localisation (the particular version we use is
also called a homological localisation). The second one keeps the fibrations the same and is called
the right Bousfield localisation (or cellularisation).

11.1. Left Bousfield localisation. The general theory of left Bousfield localisations is given in
Hirschhorn [Hir03]. For homological localisation we use the following result, which is [MM02,
Chapter IV, Theorem 6.3].

Theorem 11.1. Suppose E is a cofibrant object in G-SpO or a cofibrant based G-space. There is
a new model structure called the E-local model structure on G-SpO, denoted LE(G-SpO), defined
as follows. A map f : X −→ Y is

• a weak equivalence if it is an E-equivalence, that is, IdE ∧ f : E ∧X −→ E ∧ Y is a stable
equivalence,
• a cofibration if it is a cofibration with respect to the stable model structure,
• a fibration if it has the right lifting property with respect to all trivial cofibrations.

The E-fibrant objects Z are the fibrant G-spectra that are E-local, that is, the map

[f, Z]G : [Y,Z]G −→ [X,Z]G

is an isomorphism for all E-equivalences f . For X a G-spectrum, E-fibrant approximation gives
Bousfield localisation λ : X −→ LEX of X at E.

We will refer to the above model structure as the left Bousfield localisation of the category of G-
spectra at E. This model category is proper, stable, symmetric monoidal and cofibrantly generated.
An E-equivalence between E-local objects is a weak equivalence by [Hir03, Theorems 3.2.13 and
3.2.14].

As previously mentioned, the first simplification of the category of G-spectra is rationalisation.
This means localisation at the Moore spectrum for Q, SQ. For details see [Bar09b, Definition 5.1].
This spectrum has the property that π∗(X ∧ SQ) = π∗(X)⊗Q. We refer to this model category as
the model category of rational G-spectra.

The self-maps of the rational sphere spectrum in the homotopy category of G-spectra are given
by the rational Burnside ring

AQ(G) ∼= [S,S]G-SpO ⊗Q ∼= [S,S]LSQG-SpO ∼= [SQ,SQ]G-SpO .

It follows that e ∈ AQ(G) can be represented by a map e : SQ −→ SQ. We define eSQ to be the
homotopy colimit (a mapping telescope) of the diagram

SQ
e // SQ

e // SQ
e // ... .

We ask for this spectrum to be cofibrant either by choosing a good construction of homotopy colimit,
or by cofibrantly replacing the result in the stable model structure for G-spectra. We thus have
model structures LeSQ(G-Sp) and L(1−e)SQ(G-Sp). Fibrant replacement in LeSQ(G-SpO) is given by
taking the fibrant replacement of X∧eSQ. Since this commutes with taking infinite coproducts, the
localisation is smashing in the sense of Ravenel [Rav84] and Hovey et al. [HPS97]). In particular,
this localisation preserves homotopically compact generators.
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We know from Section 10 that e corresponds to an open and closed, G-invariant subspace of
Subf(G) that is a union of ∼-equivalence classes, call it Ve. By considering the geometric fixed
point functors ΦH , for all H 6 G (see [MM02, Section V.4]), we can see that the homotopy
category of LeSQ(G-SpO) is the homotopy category of rational G-spectra X with geometric isotropy

GI(X) = {H 6 G | ΦH(X) 6' ∗},
concentrated over the subgroups H that are in Ve.

11.2. Splitting. A common step in the classification of rational G-spectra is to split the category
using idempotents of the rational Burnside ring. Work of the first author [Bar09b] allows us to
perform a compatible splitting at the level of model categories.

Theorem 11.2. [Bar09b, Theorem 4.4] Let e be an idempotent in the rational Burnside ring AQ(G).
There is a strong symmetric monoidal Quillen equivalence:

4 : LSQ(G-SpO)
//
LeSQ(G-SpO)× L(1−e)SQ(G-SpO) : Πoo

The left adjoint is a diagonal functor, the right adjoint is a product and the product category on
the right is considered with the objectwise model structure (a map (f1, f2) is a weak equivalence, a
fibration or a cofibration if both factors fi are so).

One can also look at splittings non-rationally, as in Böhme [Böh19].

11.3. Cellularisation. A cellularisation of a model category is a right Bousfield localisation at a
set of objects. Such a localisation exists by [Hir03, Theorem 5.1.1] whenever the model category is
right proper and cellular. When we are in a stable context, the results of [BR14, Section 5] can be
used, which allows us to relax the cellularity condition.

The most common use of cellularisation in the context of algebraic models is the Cellularisation
Principle, which we recall in Theorem 11.5.

Definition 11.3. Let C be a stable model category and K a stable set of objects of C, i.e. a set
such that a class of K-cellular objects of C is closed under desuspension (Note that this class is
always closed under suspension.) We call K a set of cells. We say that a map f : A −→ B of C is a
K-cellular equivalence if the induced map

[k, f ]C∗ : [k,A]C∗ −→ [k,B]C∗

is an isomorphism of graded abelian groups for each k ∈ K. An object Z ∈ C is said to be K-cellular
if

[Z, f ]C∗ : [Z,A]C∗ −→ [Z,B]C∗
is an isomorphism of graded abelian groups for any K-cellular equivalence f .

The following is Hirschhorn [Hir03, Theorem 5.1.1].

Theorem 11.4. For K a set of objects in a right proper, cellular model category C, the right
Bousfield localisation or cellularisation of C with respect to K is the (right proper) model structure
K-cell-C on C defined as follows.

• The weak equivalences are K-cellular equivalences,
• the fibrations of K-cell-C are the fibrations of C,
• the cofibrations of K-cell-C are defined via left lifting property.

The cofibrant objects of K-cell-C are called K-cofibrant and are precisely the K-cellular and cofibrant
objects of C.
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When C is stable and K is a stable set of cofibrant objects, then the cellularisation of a proper,
cellular stable model category is proper, cellular and stable by Barnes and Roitzheim [BR14, The-
orem 5.9].

We can further ask the cells K to be homotopically compact objects. By [BR14, Section 9] the
homotopy category K-cell-C is the full triangulated subcategory of the homotopy category of C
generated by K. In particular, K is a set of homotopically compact generators for K-cell-C. These
ideas lead to the following theorem. For examples of its use, see Section 11.4, Theorem 12.9 or
Theorem 13.2.

Theorem 11.5 (The Cellularisation Principle). LetM and N be right proper, stable, cellular model
categories with (F,U) a Quillen adjunction between M and N . Let Q be a cofibrant replacement
functor in M and R a fibrant replacement functor in N .

• Let K be a set of objects in M with FQK its image in N . Then F and U induce a Quillen
adjunction

F : K-cell-M //
FQK-cell-N : Uoo

between the K-cellularisation of M and the FQK-cellularisation of N .
• If K is a stable set of homotopically compact objects in M such that for each A in K the
object FQA is homotopically compact in N and the derived unit QA→ URFQA is a weak
equivalence in M , then F and U induce a Quillen equivalence between the cellularisations:

K-cell-M ' FQK-cell-N.

• If L is a stable set of homotopically compact objects in N such that for each B in L the object
URB is homotopically compact in M and the derived counit FQURB → RB is a weak
equivalence in N , then F and U induce a Quillen equivalence between the cellularisations:

URL-cell-M ' L-cell-N.

11.4. Alternatives to splitting. In the case of SO(2), the rational Burnside ring is Q, so there
are no idempotents to give a splitting. Instead, one must look for replacements for the idempotents
or other methods of simplifying the category of rational SO(2)-spectra. One approach comes from
inducing idempotents from the smaller subgroups. Suppose H is a subgroup of SO(2) such that
AQ(H) has an idempotent e. Then SO(2)+∧H eS is a retract of SO(2)/H+ that does not come from
an idempotent of AQ(SO(2)). The set of these spectra as H and e vary give a better behaved set
of homotopically compact generators for rational SO(2)-spectra. We can think of this construction
as applying an induced idempotent to SO(2)/H+. While they are not used directly in constructing
the algebraic model for rational SO(2)-spectra, they are highly useful in understanding it.

Generalising the situation above, the rational Burnside ring of any torus T has no idempotents.
Greenlees and Shipley [GS18] provided a new method of obtaining an algebraic model in this case.
Suppose F is the family of all proper subgroups of T, we define the universal space EF+ as a
T-CW-complex with the following universal property

(EF+)H '

{
S0 iff H ∈ F
∗ otherwise.

The universal space EF+ is part of a cofiber sequence called the isotropy separation sequence

EF+
// S0 // ẼF
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which can be turned into a homotopy pullback diagram in T-spectra4. In the case of T = SO(2),
this is also called the Hasse square:

S //

��

ẼF

��
DEF+

// DEF+ ∧ ẼF .

The diagram with S removed is called the punctured cube and is denoted by Sy. Using [GS14b],
we may construct a model category of modules over Sy in rational SO(2)-spectra, which we call
Sy-mod (slightly abusing notation and not mentioning the ambient category). Any SO(2)-spectrum
X defines a module over the diagram by smashing with the ring spectra ẼF , DEF+ and DEF+ ∧
ẼF . This functor has a right adjoint that is a type of pullback, giving an adjunction between
Sy-mod and rational SO(2)-spectra. The Cellularisation Principle, Theorem 11.5, can be used to
construct a Quillen equivalence from this adjunction, see either [GS18, Sections 4-6] or [BGKS17,
Section 3.2] for details.

In case of a torus of rank r, repeatedly using the isotropy separation sequence one can obtain a
r + 1-dimensional cube diagram. The terms of this cube are all genuine-commutative equivariant
ring T-spectra by Greenlees [Gre20]. We again use the notation Sy for the punctured cube of these
ring T-spectra and obtain the following theorem.

Theorem 11.6. [GS18, Proposition 4.1] There is a strong symmetric monoidal Quillen equivalence

LSQ(T-SpO) 'QE K-cell-Sy-mod

where K is the image in Sy-mod of the set of compact generators for LSQ(T)-SpO).

When G is a finite group, we let F be the family of all proper subgroups of G. The homotopy
pullback diagram obtained by using the isotropy separation sequence gives exactly the idempotent
splitting, since

EF+ '
∏

(H), H∈F

eGHS ' DEF+,

ẼF ' eGGS and DEF+ ∧ ẼF ' ∗.
However, the spectra eGHS are not genuine-commutative equivariant ring spectra (they are only

naïve-commutative). Hence, it is easier to use the splitting approach for finite G. See Böhme
[Böh19] for a complete explanation of the relation between genuine-commutative equivariant ring
spectra and localisation at idempotents.

An interesting case when there are some, but not enough idempotents, is the case of the dihedral
part of O(2)-spectra, see [Bar17]. In that case, there is no idempotent whose support is exactly
O(2). The abelian (resp. algebraic) model for the dihedral part of rational O(2)-spectra is given in
terms of sheaves of Q[W ]-modules (resp. differential Q[W ]-modules) over the space D̃, where the
stalk over the point O(2) has a trivial W -action. The stalk over O(2) can be described in terms of
a virtual idempotent – a colimit of idempotents, see [Bar17, Section 5].

A similar approach occurs for profinite groups in work of Barnes and Sugrue [BS20] and Sugrue
[Sug19].

4We slightly abuse the notation and whenever we write a T-space we actually mean its suspension spectrum.
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12. Change of groups and localisations

Once we split the category of rational G-spectra using idempotents, our main aim is to get rid
of the remaining equivariance in each piece separately by applying certain fixed points functors.
Assume we are working with the category LeSQ(G-SpO) and we want to take H fixed points. First
we must move to the category N -SpO where N is the normaliser of H in G, appropriately localised.
We need N , since we want to have a residual Weyl group (W = NGH/H) action. At the same time
we need to localise N -SpO at some idempotent of the rational Burnside ring of N corresponding to
e, since we want to obtain a Quillen equivalence with LeSQ(G-SpO).

In work of the second author [Kęd17a] and [Kęd17b], there was a precise analysis of two adjunc-
tions: the induction–restriction and restriction–coinduction adjunctions in relation to localisations
of categories of equivariant spectra at idempotents. Below we summarise how these results allow
us to make the restriction–coinduction adjunction into Quillen equivalence in suitable situations.
Our examples are based on finite groups, O(2) and SO(3).

12.1. Restriction–coinduction adjunction and localisations. Suppose we have an inclusion
i : N ↪→ G of a subgroup N in a group G. This gives a pair of adjoint functors at the level
of orthogonal spectra (see for example [MM02, Section V.2 ]), namely induction, restriction and
coinduction as below (the left adjoint is above the corresponding right adjoint). We note here, that
for the induction functor to be a left Quillen functor we must take care over the universes involved.

G-SpO i∗ // N -SpO

FN (G+,−)

kk

G+∧N−
tt

We assume that G-spectra are indexed over a complete G-universe U and N -spectra are indexed
over one of two universes. In the case where we want to use the restriction functor as a right
adjoint, we use the restriction of U to an N -universe. If we consider restriction as a left Quillen
functor we use a complete N -universe. With these conventions, the two pairs of adjoint functors
are Quillen pairs with respect to stable model structures by [MM02, Chapter V, Proposition 2.3
and 2.4]. Given this, we slightly abuse the notation by not mentioning universes or the change of
universe functors of [MM02, Section V.2].

The restriction functor as a right adjoint is often used when we want to take (both categorical
and geometric) H-fixed points of G-spectra, where H is not a normal subgroup of G. The procedure
is to restrict to NGH-spectra and then to take H-fixed points to land in WGH-spectra. This is
usually done in one go, since the restriction functor and the H-fixed points functor are both right
Quillen functors.

It is natural to ask when the pair of adjunctions above passes to the localised categories, in our
case localised at eGHSQ and eNHSQ respectively. The answer is related to H being a good or bad
subgroup in G. The induction–restriction adjunction does not always induce a Quillen adjunction on
the localised categories, unless H is N -good in G. However, the restriction–coinduction adjunction
induces a Quillen adjunction on these localised categories, for all exceptional subgroups H. Before
we discuss this particular adjunction we state a general result.

Lemma 12.1. Suppose that F : C � D : R is a Quillen adjunction of model categories where the
left adjoint is strong (symmetric) monoidal. Suppose further that E is a cofibrant object in C and



AN INTRODUCTION TO ALGEBRAIC MODELS FOR RATIONAL G-SPECTRA 34

that both LEC and LF (E)D exist. Then

F : LEC
//
LF (E)D : Uoo

is a strong (symmetric) monoidal Quillen adjunction. Furthermore, if the original adjunction was
a Quillen equivalence, then the induced adjunction on localised categories is as well.

Proof. Since the localisation did not change the cofibrations, the left adjoint F still preserves
them. To show that it also preserves acyclic cofibrations, take an acyclic cofibration f : X −→ Y
in LEC. By definition, f ∧ IdE is an acyclic cofibration in C. Since F was a left Quillen functor
before localisation, F (f ∧ IdE) is an acyclic cofibration in D. As F was strong monoidal, we have
F (f ∧ IdE) ∼= F (f) ∧ IdF (E), so F (f) is an acyclic cofibration in LF (E)D which finishes the proof
of the first part.

To prove the second part of the statement we use Part (2) from [Hov99, Corollary 1.3.16].
Since F is strong monoidal, and the original adjunction was a Quillen equivalence, F reflects
F (E)-equivalences between cofibrant objects. It remains to check that the derived counit is an
F (E)-equivalence. An F (E)-fibrant object is fibrant in D and the cofibrant replacement functor
remains unchanged by localisation. Thus the claim follows from the fact that (F,U) was a Quillen
equivalence before localisations. �

We will use this result in several cases. We start with the restriction–coinduction adjunction.

Corollary 12.2. Let i : N −→ G denote the inclusion of a subgroup and let E be a cofibrant object
in G-SpO. Then

i∗ : LE(G-SpO)
//
Li∗(E)(N -SpO) : FN (G+,−)oo

is a strong symmetric monoidal Quillen pair.

Notice that if E = eSQ for some idempotent e ∈ AQ(G) then we get the following

Corollary 12.3. Suppose G is any compact Lie group, i : N −→ G is an inclusion of a subgroup
and e is an idempotent in AQ(G). Then the adjunction

i∗ : LeSQ(G-SpO)
//
Li∗(e)SQ(N -SpO) : FN (G+,−)oo

is a Quillen pair.

12.2. Exceptional part of rational G-spectra. We will repeatedly use the above result, mainly
in situations where after further localisation of the right hand side we will get a Quillen equivalence.

Corollary 12.4. [Kęd17a, Corollary 4.7] Suppose G is a compact Lie group and H is an exceptional
subgroup of G. Then

i∗ : LeGHSQ(G-SpO)
//
LeNHSQ(N -SpO) : FN (G+,−)oo

is a Quillen pair.

Proof. For N -good H, the result follows from the fact that the idempotent on the right hand side
satisfies eNH = i∗(eGH). For N -bad H, it is true since the left hand side is a further localisation of
Li∗(eGH)SQ(N − SpO) at the idempotent eNH :

LeGHSQ(G-SpO)
i∗ //

Li∗(eGH)SQ(N -SpO)
FN (G+,−)
oo

Id //
LeNHSQ(N − SpO)

Id
oo
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Note that since H is bad, eNH 6= i∗(eGH) and eNH i
∗(eGH) = eNH . �

Theorem 12.5. [Kęd17a, Theorem 4.8] Suppose H is an exceptional subgroup of G. Then the
adjunction

i∗N : LeGHSQ(G-SpO)
//
LeNHSQ(N -SpO) : FN (G+,−)oo

is a strong symmetric monoidal Quillen equivalence.

Part of the difficulty in providing an algebraic model for a piece of homotopy category of rational
G-spectra governed by an idempotent e comes from balancing two things. On the one hand, one
wants to simplify the ambient category as much as one can. On the other one must preserve all the
relevant homotopical information. This balancing act requires deep understanding of the homotopy
category of LeSQG-Sp. In the case of an exceptional subgroup H of G, this is achieved by passing
to LeNHSQN -Sp using restriction as a left Quillen functor, as we described above.

There was a reason why we considered restriction to be a left Quillen functor and it is related
to the good and bad exceptional subgroups in G.

Proposition 12.6. [Kęd17a, Proposition 4.5] Suppose H is an exceptional subgroup of G that is
N -bad in G. Then

i∗ : LeGHSQ(G-SpO) // LeNHSQ(N -SpO) : G+ ∧N −oo

is not a Quillen adjunction. If H is an N -good subgroup in G, then the above adjunction is a
Quillen pair.

12.3. Toral part of rational SO(3)-spectra. The functor i∗ is not always a right Quillen functor
when considered between categories localised at the toral idempotents. One can argue that this
is because the toral idempotents do not always correspond with each other. One example is when
G = SO(3), T = SO(2) and N = O(2). In that case the proof is based on the fact that D2 is
conjugate to C2 in SO(3) and thus i∗(eT ) 6= eT̃ .

Proposition 12.7. [Kęd17b, Proposition 2.7] Suppose eT is the toral idempotent of SO(3) and eT̃
is the toral idempotent of O(2).That is, eT is the idempotent in AQ(SO(3)) corresponding to the
characteristic function of the toral part T (i.e. all subconjugates of the maximal torus of SO(3))
and eT̃ is the idempotent in AQ(O(2)) corresponding to the characteristic function of the toral part
T̃ , i.e. all subconjugates of the maximal torus of O(2) (see Sections 10.3.2 and 10.3.3). Then

i∗ : LeT SQ(SO(3)-Sp) // LeT̃ SQ(O(2)-Sp) : SO(3)+ ∧O(2) −oo

is not a Quillen adjunction.

The restriction–coinduction adjunction is often better behaved with respect to localisation at
idempotents.

Proposition 12.8. Let i : O(2) −→ SO(3) be the inclusion. Then the following adjunction

i∗ : LeT SQ(SO(3)-Sp)
//
LeT̃ SQ(O(2)-Sp) : FO(2)(SO(3)+,−)oo

is a strong symmetric monoidal Quillen adjunction.

The proof follows the same argument as Corollary 12.4 above, in the sense that the adjunction
is a composite of the restriction–coinduction adjunction localised at an idempotent eT (and its
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restriction i∗(eT )) followed by a further localisation of O(2)-spectra (which excludes the subgroup
D2).

This adjunction of restriction and coinduction is not quite a Quillen equivalence. However
cellularising the right hand side at the derived images of the homotopically compact generators K
for rational toral SO(3)-spectra and using the Cellularisation Principle (see Theorem 11.5) gives a
Quillen equivalence.

Theorem 12.9. [Kęd17b, Theorem 3.28] The following adjunction

i∗ : LeT SQ(SO(3)-Sp)
//
i∗(K)-cell-LeT̃ SQ(O(2)-Sp) : FO(2)(SO(3)+,−)oo

is a Quillen equivalence, where K denotes the set of homotopically compact generators for the model
category LeT SQ(SO(3)-Sp).

12.4. Dihedral part of rational SO(3)-spectra. In other cases of idempotents it is not always
clear to which category one should restrict. For the dihedral idempotent in rational SO(3)-spectra,
restricting to certain part of the rational dihedral O(2)-spectra is the correct choice, but in general
there is no good recipe for obtaining an algebraic model.

In the dihedral part of SO(3) we can use restriction as a right or left Quillen functor, we chose
the following one, which also follows from Lemma 12.1.

Corollary 12.10. Let D denote the dihedral part of SO(3) and eD the corresponding idempotent.
Let i : O(2) −→ SO(3) be the inclusion. Then

i∗ : LeDSQ(SO(3)-Sp)
//
Li∗(eD)SQ(O(2)-Sp) : FO(2)(SO(3)+,−)oo

is a Quillen adjunction.

Remark 12.11. The idempotent on the right hand side i∗(eD) corresponds to the dihedral part
of O(2) excluding all subgroups D2 and D4. Thus, i∗(eD) = i∗(eD)eD̃.

12.5. Inflation and fixed point adjunction. Suppose H is a normal subgroup of N and consider
the natural projection ε : N −→ N/H = W . Then there is a pair of adjoint functors

ε∗ : W -SpO
//
N -SpO : (−)Hoo

where the right adjoint is the H fixed points functor and the left adjoint is called inflation. For
details see [MM02, Section V.3].

We would like to understand the interaction between the localisation at idempotents and the
above adjunction. Notice that since inflation is strong symmetric monoidal, the result below follows
from Lemma 12.1.

Corollary 12.12. Let ε : N −→ W denote the projection of groups, where H is normal in N and
W = N/H. Let E be a cofibrant object in W -SpO. Then

ε∗ : LE(W -SpO)
//
Lε∗(E)(N -SpO) : (−)Hoo

is a strong symmetric monoidal Quillen pair.

Lemma 12.13. [Kęd17a, Theorem 5.2] For H an exceptional subgroup of N , the adjunction

ε∗ : LeW1 SQ(W -SpO)
//
LeNHSQ(N -SpO) : (−)Hoo

is a Quillen equivalence. Here eW1 denotes an idempotent for the trivial subgroup {1} 6W .
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In case of a torus T, we define (Sy)T to be the diagram of commutative ring spectra obtained by
taking objectwise T-fixed points of Sy (from Section 11.4). We illustrate this in the case T = SO(2).

Sy =


ẼF

��
DEF+

// DEF+ ∧ ẼF

 (Sy)T =


ẼFT

��
DEFT+ // (DEF+ ∧ ẼF)T


The inflation–fixed point adjunction lifts to the level of module categories over the diagrams of

rings Sy and (Sy)T by [GS14a]. This adjunction is a Quillen equivalence and by the Cellularisation
Principle, Theorem 11.5, it induces a Quillen equivalence on the cellularised categories as follows.
We refer the reader to [GS18, Section 7] for more details.

Theorem 12.14. Let T be a torus. The fixed point functor induces strong symmetric monoidal
Quillen equivalences

Sy-mod 'QE (Sy)T-mod

K-cell-Sy-mod 'QE KT-cell-(Sy)T-mod

where K is the image in Sy-mod of the set of compact generators for LSQ(T-SpO) and KT its image
in (Sy)T-mod.

The advantage of this last theorem is that it gives a model for rational T-spectra in terms of
non-equivariant spectra.

The base idea for the toral part of rational N -spectra (where T is normal in N) is to use the
same steps, but in a context where after taking T-fixed points we land in a category of spectra with
an action of W = N/T. This requires some very detailed constructions to make precise, which we
leave to [BGK19].

13. An algebraic model for rational G-spectra - overview of some cases

In this section we provide a summary of the necessary steps to obtain an algebraic model for a
(part of) rational G-spectra in two cases. The first case is when G is a finite group and we follow
the steps presented in the algebraic case in Part 1. The second case is when we are interested in
the toral part of rational G-spectra, for any compact Lie group G. We discuss briefly the series of
simplifications required for the classification result in this case.

13.1. An algebraic model for rational G-spectra for finite G. Building on the results of
Sections 12.2 and 12.5 we can sketch the passage to the algebraic model for rational G-spectra
when G is a finite group.

Theorem 11.2 allows us to split the category of rational G-spectra into a finite product∏
(H)6G

LeGHSQ(G-SpO).

The next step uses the restriction–coinduction Quillen equivalence

LeGHSQ(G-SpO) 'QE LeNHSQ(N -SpO)

for each factor of the product seperately. We then follow with the inflation-fixed point Quillen
equivalence

LeNHSQ(N -SpO) 'QE LeW1 SQ(W -SpO)
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of the previous section.
The model category LeW1 SQ(W -SpO) obtained after taking H-fixed points of LeNHSQ(N -SpO) can

be described in a much easier way. It is Quillen equivalent to the model category SpO[W ] of
orthogonal spectra with the W action, where the model structure is created from the one on SpO

by the forgetful functor U : SpO[W ] −→ SpO. This allows us to remove the equivariance from inside
of the complicated category W -SpO (where it appeared in the indexing spaces for the spectrum) to
the outside of much simpler SpO[W ].

Shipley [Shi07] gives a (zig-zag of weak) symmetric monoidal Quillen equivalences between ra-
tional spectra and chain complexes of Q-modules (with the projective model structure). This is
often referred to in the literature as a algebraicisation. This result readily extends to a Quillen
equivalence between rational spectra with a finite group action and rational chain complexes with
a finite group action. Hence, we obtain an algebraic model for LeNHSQ(N -SpO) in terms of chain
complexes of Q[WGH]-modules.

Combining all the steps mentioned in this section we obtain the following result.

Theorem 13.1. For G a finite group, there is a zig-zag of symmetric monoidal Quillen equivalences
between LeGHSQ(G-SpO) and Ch(Q[WGH]).

The algebraic model for rational G-spectra is therefore∏
(K)6G

Ch(Q[WGK]).

Moreover, if X is a rational G-spectrum with corresponding object (AK)(K)6G in the algebraic
model, then

π∗(
(
i∗(eGKX)

)K
) ∼= π∗(Φ

KX) ∼= H∗(AK).

Here i∗ and (−)K denote derived functors of restriction and fixed points discussed in Sections 12.2
and 12.5, respectively and H∗ denotes homology.

13.2. Morita equivalences. A different approach to obtaining an algebraic model for rational
G-spectra for a finite group G is presented in [Bar09a] and uses Morita equivalences developed in
the spectral setting by Schwede and Shipley [SS03].

The idea is to present LeGHSQ(G-SpO) as a category of modules over the endomorphism ring
spectrum of the compact generator eGHG/H+.

Let Hom(−,=) denote the enrichment of G-spectra in non-equivariant spectra. Then

EH = Hom(eGHG/H+, e
G
HG/H+)

(with fibrant replacements omitted from the notation) is a ring spectrum under composition. Fur-
thermore, the model category of modules over EH (in non-equivariant spectra) is Quillen equivalent
to LeGHSQ(G-SpO). One can then use algebraicisation (the results of Shipley [Shi07]) to obtain an
algebraic model for this part of rational G-spectra.

However, EH it is not (in general) a commutative ring spectrum in orthogonal spectra. The
problem is fundamental and can be seen by looking at homotopy groups. The homotopy groups of
EH are non-trivial only in degree 0, where they take value

π0(Hom(eGHG/H+, e
G
HG/H+)) = Q[WGH].

While this has a cocommutative Hopf algebra structure, it does not have a commutative ring
structure in general.
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This makes it much harder to obtain a comparison that takes into account the monoidal struc-
tures. In particular, we would need to check that the algebraicisation of the ring spectrum EH also
has a cocommutative Hopf algebra structure. As we only have control over the homology of the
algebraicised object, we would also need a formality argument that preserves the cocommutative
Hopf algebra structure.

13.3. An algebraic model for the toral part of rational G-spectra. We give a brief overview
of the remaining steps needed to classify rational toral G-spectra. Details are left to the references.
While reading the summary, the reader may like to keep in mind the case T = SO(2), G = SO(3)
and N = O(2). These are the easiest cases of interest and have been discussed in previous sections.

Greenlees and Shipley [GS18] give an algebraic model for rational T-spectra, where T is a torus.
See also [Gre99] for a full explanation of the algebraic model and [BGKS17] for the classification
of rational SO(2)-spectra. The first two steps of the classification are to apply Theorems 11.6
and 12.14. The next step is to algebraicise using work of Shipley [Shi07]. This gives an algebraic
model for rational T-spectra in terms of (a cellularisation of) a category of modules over a diagram of
commutative differential graded algebras. Formality of these commutative dgas allows us to simplify
the rings in the diagram. An additional simplification of the algebra removes the cellularisation
and gives the algebraic model for rational T-spectra.

Work of the authors and Greenlees gives an algebraic model for the toral part of rational G-
spectra for any compact Lie group G, see [BGK19]. Given G, we let T be a maximal torus and N
its normaliser in G. We can lift the classification for rational T-spectra to a classification of rational
toral N -spectra. We then use the following result to reduce problem of classifying rational toral
G-spectra to understanding a cellularisation of rational toral N -spectra.

Theorem 13.2. [BGK19, Theorem 2.2] The following adjunction

i∗ : LeGT SQ(G-Sp)
//
i∗(L)-cell-LeNT SQ(N -Sp) : FN (G+,−)oo

is a Quillen equivalence, where the idempotent on both sides corresponds to the families of all
subgroups of maximal torus T ≤ N ≤ G and L denotes the set of homotopically compact generators
for LeGT SQ(G-Sp).

By the Cellularisation Principle, Theorem 11.5, we can cellularise each term of the classification
of rational toral N -spectra at the derived images of the cells L. This gives a classification of rational
toral G-spectra in terms of a cellularisation of the algebraic model for rational toral N -spectra. The
final simplification is to remove this cellularisation, which is based on another formality argument.
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