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Abstract 

Tsai’s Modulus, an invariant of the stiffness tensor 𝑄, and the unit circle failure criterion, a strain 

normalized failure envelope, can both be used in preliminary design. Tsai’s Modulus can be used to 

predict the elastic properties of the material while the unit circle can predict the likely failure of the 

material. However, to date the influence of these approaches on each other has not yet been established. 

In addition, the predictions of the unit circle have not been compared with other well-established failure 

criteria or experimental data. Therefore, this work determined how the use of experimental or Tsai’s 

Modulus derived material data affected the failure predictions before comparing the unit circle and other 

failure criteria for a variety of lamina and laminate material systems. Results showed that the use of 

experimental or Tsai’s Modulus derived material data significantly affected the first-ply failure (FPF) 

envelope but not the last-ply failure (LPF) or unit circle envelopes. The unit circle envelope was 

generally conservative for lamina and laminates but the level of conservatism varied with material 

system. 
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1.0 Introduction 

Trace, an invariant material property, more recently referred to as Tsai’s Modulus [1], derived from the 

plane stress stiffness matrix, can be used to help with preliminary design. This invariance occurs due to 

its independence from the laminate layup or ply orientation. Tsai’s Modulus can be used to predict the 

elastic properties of a lamina or laminate with only limited experimentally derived inputs [2]. 

The World-Wide Failure Exercise (WWFE) [3] compared a variety of failure criteria under biaxial 

loading to predict the strength of composite laminates based on a wide range of experimental data. 

These failure criteria have been widely used in composite materials research and include; Tsai-Wu [4], 

[5], Hashin [6], Puck [7], Christensen [8] and maximum stress criteria [9], [10]. These criteria can be 

either physically based, describing fibre and matrix failure separately [6], [7], [9]–[11], or non-

physically based criteria which cannot distinguish between failure modes [4]. While these criteria have 

improved in accuracy their complexity has also increased.  

The omni and unit circle failure envelopes, designed to be complementary to Tsai’s Modulus, aim 

to simplify the failure predictions of composite laminates [2], [12]. The benefit of the omni failure 

envelope is that it is independent of the stacking sequence in strain space but it still requires the standard 

number of the input values. The benefit of the unit circle is that, as with elastic properties and Tsai’s 

Modulus only limited tests are required to create the envelope, easing the preliminary design of 

composite laminates. These approaches yield conservative envelopes however, the level and 

consistency of conservatism (i.e. to what extent this failure theory was the most conservative across 

material systems and layups) and the impact of Tsai’s Modulus on failure predictions, across a variety 

of material systems, has not been systematically assessed in literature. 

2.0 Background 

Authors have extended the application of the invariant-based approach beyond simple laminae or 

defined laminates [13]–[17]. Arteiro et al. [14] used an invariant-based approach with micro-mechanics, 

Gerbaud et al. [15] included viscoelastic behaviour, Ha and Cimini Jr. [13] studied four different fibre 
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systems, Millen et al. [16] extended the application of Tsai’s modulus to woven and hybrid (both 

unidirectional and woven laminae) composites, and Guedes [17] validated Tsai’s modulus for carbon 

fibre reinforced polymer (CFRP), Kevlar reinforced polymer composites (KFRP) and glass reinforced 

polymer composites (GFRP) laminates. 

The omni strain failure envelope, is an invariant material property that defines the minimum 

first-ply failure (FPF) failure envelope for all ply orientations [2]. The omni failure envelope is found 

using the quadratic criterion in 2D strain space [2], [11]: 

 𝐺11𝜀1
2 + 𝐺22𝜀2

2 + 2𝐺12𝜀1𝜀2 + 2𝐺16𝜀1𝜀6 + 2𝐺26𝜀2𝜀6 + 𝐺66𝜀6
2 + 𝐺1𝜀1 + 𝐺2𝜀2 + 𝐺6𝜀6 = 1 (1) 

where 𝐺𝑖𝑗 = 𝐹𝑘𝑙𝑄𝑘𝑖𝑄𝑙𝑗, 𝐺𝑗 = 𝐹𝑗𝑄𝑖𝑗 , F is the strength parameter in stress space, [𝑄] is the plane stress 

stiffness matrix and 𝜀6  is shear strain. Individual envelopes for each ply orientation are then 

superimposed and the inner envelope is extracted [2]. The omni strain envelope is advantageous because 

it is represented in principal strain space making the envelope invariant, despite the presence of other 

plies in the layup, unlike the use of stress space. 

In order to obtain the omni strain FPF and last ply failure (LPF) envelopes different material 

properties are required. FPF requires intact properties while LPF requires degraded ply properties [12]. 

The degraded properties are obtained using the following set of equations [18]: 

 
𝐸𝑦
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 𝜈𝑥
𝑑𝑒𝑔𝑟𝑎𝑑𝑒𝑑

= 𝐸𝑚
∗𝜈𝑥

𝑖𝑛𝑡𝑎𝑐𝑡 , 𝐹𝑥𝑦
∗ 𝑑𝑒𝑔𝑟𝑎𝑑𝑒𝑑

= 𝐸𝑚
∗𝐹𝑥𝑦

∗ 𝑖𝑛𝑡𝑎𝑐𝑡 (3) 

where; 𝜂𝑦  is the stress partitioning parameter (transverse), 𝜂𝑠  is the stress partitioning parameter 

(shear), 𝜈𝑓 is the fibre volume fraction, 𝐸𝑦 is the transverse modulus, 𝐸𝑠 is the shear modulus, 𝜈𝑥 is the 

major Poisson’s ratio, 𝐸𝑚
∗is the matrix degradation factor, 𝐸𝑚 is the matrix modulus, 𝐺𝑚 is the matrix 

shear modulus, 𝐹𝑥𝑦
∗  is the interaction term in the failure criterion. Values of 𝜂𝑦 = 0.516, 𝜂𝑠 =

0.316 𝑎𝑛𝑑 𝐸𝑚
∗ = 0.15 have been found to be suitable for most unidirectional composites [18].  
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The invariant unit circle failure envelope, a strain normalized failure envelope for any carbon 

fibre reinforced polymer laminate, independent of layup, is another extension of this work in an attempt 

to reduce the amount of experimental data required [2], [12]. The omni envelope requires nine inputs, 

four stiffness parameters and five strengths but the unit circle envelope requires only the strains-to-

failure of a [0o] coupon measured in tension and compression [12]. The unit circle requires only four 

anchor points or strains to failure from [0o] coupon tests. Both omni and unit circle envelopes can be 

converted from strain to stress space using the stiffness matrix of the laminate: 

 
{𝜎𝑖𝑗} =

1

ℎ
[𝐴𝑖𝑗]{𝜖𝑖𝑗} (4) 

where [𝐴𝑖𝑗] is the laminate extensional stiffness matrix, h is the laminate thickness and i,j = 1, 2, 6. 

While previous works have established that the unit circle failure envelope is conservative [12], 

[16], such as Millen et al. [16] for a AS4/3501-6 quasi-isotropic laminate, it is still not known whether 

this envelope is consistently conservative for different material systems. In addition, it has not been 

demonstrated what effect the use of exact or Tsai’s Modulus derived properties have on the predicted 

failure envelopes. However, D. Melo et al. [19] did evaluate traditional and invariant-based design 

approaches for smooth and open-hole specimens. This work will examine the differences in predicted 

failure envelopes using exact and Tsai’s Modulus derived properties. Additionally, the relative 

conservatism of the unit circle and other well-established failure envelopes for different material 

systems and laminate stacking sequences will be assessed. 

3.0 Implementation and Validation 

3.1 Analysing the effect of Tsai’s Modulus on failure envelopes 

In order to establish the effect of Tsai’s Modulus on failure envelopes two sets of results were generated. 

The first of these used exact experimental 𝐸1, 𝐸2, 𝜈12 and 𝐺12 values as inputs to generate the envelopes. 

The second set used exact experimental 𝐸1 and 𝜈12 and then used Tsai’s Modulus master-ply values to 

predict 𝐸2 and 𝐺12, using the process shown in Figure 1, before plotting the envelopes. The benefit of 

using Tsai’s Modulus master-ply values is that only 𝐸1 and 𝜈12 are required to establish the other lamina 
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and laminate properties from one experiment. This was done for AS4/3501-6 with a quasi-isotropic 

layup of [0/±45/90]s. Experimentally measured material properties are shown in Table 1. 

3.2 Assessing the conservatism of failure envelopes 

Unit circle failure envelopes were assessed by comparing their predictions with other failure envelopes 

and experimental test data from literature [20], [21]. The WWFE was the main source of validation data 

for failure envelopes [20], [21]. Four additional failure criteria were compared with the unit circle failure 

criteria; Tsai-Wu, maximum stress, Tsai-Hill, and Puck failure criteria. An additional comparison was 

completed to compare the unit circle and maximum strain failure theory for a single lamina and single 

laminate, that is widely used in the industry and accepted as most conservative. In this approach 5000𝜇𝜀 

is typically used as a failure limit [3], [22]. The unit circle failure envelope was plotted using invariant 

methods while subsequent failure envelopes were plotted using AutoDesk Helius Composite 2017. 

 Six different materials, carbon fibre reinforced and E-glass composites shown in Table 1, and 

seven different layup systems shown in Table 2, were compared in this work. Both lamina and laminate 

predictions were generated for each material system i.e. a single ply and/or laminate for each material 

system. In order to provide comparison of the envelopes degraded material properties were required. 

To generate these properties, shown in brackets in Table 1, micromechanics relations, Equations 2 and 

3 were used with the following factors; Fxy*=-0.5 for intact plies and Fxy*=-0.075 for degraded plies, 

Em=3.40 GPa for intact plies and 𝐸𝑚
∗ =0.15GPa for degraded plies. These properties were used in 

previous works for materials systems like those studied herein, and account for micro-cracks leading to 

a reduction in transverse and shear moduli, Poisson's ratio and the interaction term in the failure criterion 

[12], [18]. 

 It is worth noting here that any assumptions within the failure criteria, such as the interaction 

parameter in quadratic failure criteria, are translated to the resulting failure envelopes. There is also an 

underlying assumption in this work that the experimental data is all valid, that is results were obtained 

under perfect conditions i.e. buckling of the specimen had not occurred. This is not necessarily the case, 

and therefore the results are subject to variability of the experiments used in the referenced sources. 



 

6 

 

This issue can potentially be overcome by using coupon tests and comparing Basis-A or Basis-B 

properties, as shown by Tsai et al. [23]. However, given the availability of failure data in previous 

literature, these will be used herein, but alternative approaches and thorough testing methods should be 

considered for future work.  

4.0 Results 

4.1 Comparing the effect of Tsai’s Modulus on laminate failure envelopes 

Figure 2 shows the FPF, LPF and unit circle envelopes generated using exact experimental and Tsai’s 

Modulus derived lamina properties for a AS4/3501-6, [0/±45/90]s, in both strain and stress space. The 

exact material properties are shown in Table 1 while the Tsai’s Modulus derived properties were 𝐸𝑥 =

126 𝐺𝑃𝑎, 𝐸𝑦 = 7.45 𝐺𝑃𝑎 , 𝐸𝑠 = 4.44 𝐺𝑃𝑎, and 𝜈𝑥 = 0.28. The use of 𝐸1
∗ = 0.88, 𝐸2

∗ = 0.052 and 

𝐺12
∗ = 0.031 resulted in an under prediction of 𝐸2 and 𝐺12 of around 32%, respectively. These under 

predictions are due in part to the use of averaged Tsai’s Modulus derived lamina properties versus 

accurate, normalised plane stress stiffness components. For example, the true 𝑄𝑥𝑥
∗  for AS4/3501-6 is 

0.8567 but the value used is 0.88 [2]. Further assessment of the effect of variations can be found in ref. 

[16]. 

These differences in 𝐸2 and 𝐺12 were then carried forward into resulting calculations for the 

strength parameters in strain space, via the [Q] matrices, shown in Equation 1, and the individual ply 

failure envelopes within the laminate. It can be seen that the difference in material properties has a very 

significant effect on the FPF envelope but almost no effect on the LPF and unit circle envelopes. This 

initially is caused by the use of master ply values at the lamina level. Once degraded properties are used 

for the generation of the LPF and unit circle envelopes, the difference in properties has reduced to just 

6%. This produces the minimal differences in predicted envelopes.  

 

4.2 Comparing failure theories using lamina failure envelopes 
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Figure 3 show the comparison of experimental results under the 𝜎1 − 𝜎2 biaxial stress state and the 

predicted failure envelopes.  

Figure 3a shows the lamina failure envelopes for [0], IM7/8551-7. In this instance unit circle 

and Tsai-Hill are almost equally conservative, with both envelopes almost coinciding in all four 

quadrants. Tsai-Hill is slightly more conservative in the first quadrant. However, none of the studied 

failure theories appear accurate within the fourth quadrant, tension-compression. The second set of 

results were for E-glass/ MY750, [0], shown in Figure 3b, and these provided much more validation 

data within quadrant four. As before, overall unit circle and Tsai-Hill are almost equally conservative, 

particularly in quadrant four. Unit circle, Tsai-Hill and Tsai-Wu have similar predictions for fibre 

tension. However, Tsai-Wu is the most conservative in quadrant two but nonconservative in quadrants 

three and four. The final lamina results were for IM7/977-2, [0], shown in Figure 3c, which featured 

more compression-compression data. In this quadrant unit circle was the most conservative failure 

criteria.  

 From these results for individual laminae it is clear that unit circle and Tsai-Hill appear to be 

most conservative, however, this varies between materials and loading quadrants. Tsai-Wu is typically 

least conservative under the plane biaxial compression stress state. However, the empirical interaction 

parameter in the Tsai-Wu criterion allows some adjustments in the fourth quarter but this is still reliant 

on experimental data, which limits predictability and design when different materials are considered. 

Laminate level results will now be discussed. 

4.3 Laminate Failure Envelopes 

Results for [0/±45/90]s AS4/3501-6 laminate [12], [24], depicted in stress space, have been presented 

in a previous publication [16] so will be summarised here. In this case the unit circle was the most 

conservative envelope. Only three of thirty-one valid test points were within the unit circle, significantly 

less than the other criteria.  

Results for IM6/3501-6, [0/90]10s, Figure 3d, again show that unit circle is significantly more 

conservative than any other criteria. Indeed, unit circle is approximately 60% more conservative when 
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compared with the next closest, Tsai-Hill. However, 18 of 26 data points (69%) were still within this 

envelope showing that it was still not conservative enough for design. Considering the experimental 

results, none of the studied failure criteria achieve satisfactory performance. 

Similar results were observed for plain weave E-glass-vinyl ester cross-ply laminate [0/90]s, 

presented in Figure 3e. For this laminate, the pairing of max stress and Puck had almost identical 

predictions as did the pairing of Tsai-Wu and Tsai-Hill. However, the most conservative was the unit 

circle with more accurate predictions in all four quadrants (44% within the envelope). It should be noted 

that none of the criteria were able to capture the pure tension or compression loading data and as with 

IM6/3501-6 none of the studied criteria achieved totally satisfactory performance. However, as with all 

results the potential variability of experimental results must be considered. 

 A final stress-space laminate, E-glass/ MY750 [12], [±55], shown in Figure 3f shows the most 

significant difference in the predictions for each criteria. Tsai-Wu, Puck and Tsai-Hill are uniformly 

grouped with maximum stress being slightly less conservative. However, on this occasion the unit circle 

is least conservative. Experimental data is replicated well within the first quadrant, tension-tension but 

much less well in the challenging compression-compression quadrant. No data points fall within the 

Tsai-Wu, Puck or Tsai-Hill criteria but six fell within the unit circle in this quadrant. However, 

experimental results in the third quadrant are widely dispersed. This could be caused by manufacturing 

or experimental errors. Another potential effect is from the particular layup, [±55], which is biangular. 

Biangular laminates are known to be affected by excessive scissoring, mostly under off axis loading 

which could lead to dispersed and deviated experimental results. In addition, most of these criteria 

including Tsai-Wu, are based on the assumption of linear elasticity up to failure, which won’t be always 

the case, especially with biangular laminates. Therefore, if the behaviour near failure is non-linear, it 

may not be predicted by the likes of Tsai-Wu. 

4.4 Comparison with Max Strain Failure Theory  

A final set of results have been included to present a comparison between the unit circle and widely 

accepted, most conservative theory used in industry, the maximum strain theory. Figure 4 shows 



 

9 

 

comparisons for an E-Glass/MY750 [0] lamina and an E-glass-vinylester, [0/90]s laminate. As expected, 

maximum strain emerges as the most conservative by a considerable margin.  

In summary, the unit circle tends to be a conservative failure envelope at both lamina and 

laminate levels of analysis, however, not as conservative as maximum strain. The level of conservatism 

was not the same for each material system. That is to say, the number of points within or on the border 

of the envelope varied between material systems. It should be noted that, in the current work, two 

distinct laminate layups could not be compared for the same material system. 

5.0 Conclusions 

The unit circle envelope for composite specimens has been established in literature and previous work 

however, little was known about the consistency of conservatism of this envelope i.e. to what extent 

this failure theory was the most conservative across material systems and layups. This work has 

established two key aspects of this criteria and envelope. Firstly, the use of Tsai’s Modulus to predict 

material properties produces a significant difference in predictions of FPF envelopes but negligible 

differences in LPF and unit circle envelopes, all at laminate level. Secondly, it has been established that 

at lamina level the unit circle is conservative and jointly conservative with Tsai-Hill. This behaviour is 

repeated at laminate level however, the unit circle criteria is now the most conservative, behind only 

the maximum strain criteria. The unit circle criterion can be safer from the design point of view, but it 

could lead to unnecessary measures to prevent an unlikely material failure. It is worth remembering that 

developing a criteria and failure envelope that can be conservative enough yet still give accurate 

predictions is challenging. Further research is needed to verify the best areas of applicability for the unit 

circle criterion whether this is in initial material screening or more advanced stages in design. In 

addition, further research and comparison of failure criteria for different laminate layups with the same 

material systems would elucidate the effects of layup on failure predictions.  
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Table 1 - Mechanical properties of different laminae (degraded properties shown in brackets) 

Material 

Ex 

(GPa) 

Ey 

(GPa) 

νx 

Es 

(GPa) 

Xt 

(MPa) 

Xc 

(MPa) 

Yt 

(MPa) 

Yc 

(MPa) 

S 

(MPa) 

AS4/3501-6 

[12], [25] 

126 11.0 (2.14) 0.28 (0.042) 6.60 (1.19) 1950 1480 48 200 79 

IM6/3501-6 

[26] 

145 9.7 (2.08) 0.3 (0.045) 5.17 (1.14) 1447 1447 52 206 93 

IM7/8551-7 

[25], [27] 

162 8.3 (2.01) 

0.339 

(0.05085) 

2.07 (0.855) 2417 1035 73 176 183 

E-glass/ 

MY750 [12] 

45.6 16.2 (2.02) 0.278 (0.042) 5.83 (1.03) 1280 800 40 145 73 

E-glass/8084 

vinylester [28] 

26.9 26.9 (2.413) 0.14 (0.021) 5.54 (1.153) 1135 1054 180 160 103 

IM7/977-2 

[29] 

153.1 9.7 (2.082) 0.27 (0.0405) 5.31 (1.143) 2861 1551 76 299 102 

Note: Ex,Ey,Es, and νx are the longitudinal, transverse and shear moduli and major Poisson's ratio, respectively; Xt, Xc,Yt,Yc and S are the longitudinal and transverse tensile and compressive 

and shear strengths, respectively.  
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Table 2 - Laminate/Lamina layups used in analysis 

Material  Layups 

AS4/3501-6 [0/±45/90]s 

IM6/3501-6 [0/90]10s 

IM7/8551-7 [0] Lamina 

E-glass/ MY750 [0] Lamina, [±55] 

E-glass/8084 vinylester [0/90]s 

IM7/977-2 [0] Lamina 

 

 

Figure 1 - Flowchart of process to predict laminate properties using Tsai's Modulus 

 

 

Figure 2 - Comparison of failure envelopes with exact experimental and trace derived properties 
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Figure 3 - Comparison of failure envelopes for different laminae and laminates 

 

 

  
a) IM7/8551-7 [0] lamina b) E-Glass/MY750 [0] lamina 

  
c) IM7/977-2 [0] lamina d) IM6/3501-6 [0/90]10s Laminate 

  
e) E-glass-vinylester, [0/90]s Laminate f) E-glass/ MY750, [±55] Laminate 
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Figure 4 - Comparison of unit circle and maximum strain envelopes 


