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II. Abstract 

The measurement of surface tension γ provides information on the behaviour of phases at an 

interface. γ can be determined both experimentally and through computer simulation. Here, a 

gas-liquid interface is constructed and simulated in order to determine the value of gas-liquid 

interfacial surface tension γGL. In terms of the simulation protocol, the methodology used is 

molecular dynamics (MD) with well-tempered metadynamics for a one component simulation 

of Lennard-Jones Ar. The system operates in the NPxxT ensemble with the simulation x-axis 

cell length Lx as the chosen collective variable (CV). This allows the system to transition from 

a pure liquid state to a coexistent gas-liquid state via cell expansion and vice versa via cell 

contraction multiple times over a typical simulation. The CV Lx is later converted to the total 

number of liquid atoms Nliq by way of a conservation relation.  

This simulation protocol allows for the construction of a free energy profile with respect 

to Nliq, from which the free energy change ΔG associated with interface formation can be found 

and consequently the thermodynamic definition for γGL can be calculated. This work assesses 

the viability of this new method by investigating scaling in pairwise cutoff size rc, interfacial 

surface area A and reduced temperature T*. In particular, with MD parameters of rc = 7 σ, A = 

16 σ x 16 σ for T* = 0.9, 0.95, 1.0, the obtained values of γGL relative to experiment are in very 

good agreement and have average deviations of 4.1%, 1.6% and <0.1% respectively when 

compared to experimental γGL values. Further work in studying this method can investigate a 

wider range of reduced temperatures T*, different systems such as water, different interface 

geometries and multi component systems. 
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1  Introduction 

The three basic states of matter are solid, liquid and gas. These states can interact with each 

other and an interface is defined as a surface where two or more states meet and interact. 

There are a variety of interfaces between the three basic states of matter such as the solid-

liquid, liquid-liquid, gas-liquid and gas-solid interfaces. In addition, an interface between two 

different states of matter can consist of a one component or a two component atomic or 

molecular structure. A component in this context refers to a species of atom or molecule. 

A one component interface separates two phases of the same atomic or molecular 

species, for example an ice cube floating in water as seen to the left in Figure 1.1. A two 

component interface will have atoms or molecules of a different species, for example carbon 

dioxide gas dissolved in sparkling water. The carbon dioxide gas is present in bubbles and 

can also be dissolved in water, according to Henry’s law where the amount of gas dissolved 

in a liquid is directly proportional to the gas’ partial pressure above the liquid1.1. When a 

pressurised container such as a carbonated drink is opened, pure carbon dioxide gas that was 

stored at a pressure higher than standard atmospheric pressure escapes. This lowers the 

partial pressure of carbon dioxide above the liquid and dissolved carbon dioxide in the liquid 

forms bubbles as a result. A visual example of carbon dioxide gas dissolved in sparkling water 

can be seen to the right in Figure 1.1. 

Figure 1.1. Examples of a solid-liquid interface1.2 (ice in water) [left] and a gas-liquid interface1.3 (bubbles 

in carbonated water) [right]. 
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For the interface to exist and remain stable, there must be an underlying positive free energy 

change for mixing, thus forming an interface must be energetically favourable. Otherwise, 

where there is a negative free energy change or zero free energy change, one phase will 

disperse completely into the other and there will no longer be an interface between the two 

phases. In this case, interface formation is energetically unfavourable. In terms of the free 

energy of interface formation, the surface area is an extensive thermodynamic variable and 

the surface tension is the conjugated intensive thermodynamic variable. Surface tension γ in 

particular can be formally defined as the free energy per unit area of an interface between two 

phases.  

 The measurement of surface tension γ provides information on the behaviour of 

particular phases at an interface. Surface tension physically originates from unbalanced 

attractive forces acting at an interface where the density is changing rapidly along the direction 

perpendicular to the surface. For example, for a solid-liquid interface where a liquid droplet 

sits on top of the solid surface, a high surface tension of the droplet will prevent the droplet 

from spreading uniformly over (wetting) the solid surface. Conversely, a low surface tension 

of the liquid droplet allows attractive forces from the solid surface to dominate and lead to a 

better wetting where the liquid can be spread more evenly on the surface. An example of water 

wetting a steel surface is illustrated in Figure 1.2. 

 

Figure 1.2. Figure reproduced from Lee et al.: Universal rescaling of drop impact on smooth and rough 

surfaces1.4. The wetting of water droplets on a steel surface with increasing impact drop velocity Vi. D0 

is the droplet diameter and θD is the contact angle the droplet makes with the surface. Wetting increases 

with increasing drop velocity. 
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Being able to manipulate the surface tension by changing the conditions of either the phases 

or the interface can have beneficial applications. For example, raising the system temperature 

where an interface is present is one way that the surface tension can be lowered as a higher 

temperature corresponds to better mixing. Surface active agents or surfactants1.5 are organic 

molecules that lower the surface tension of a solid-liquid, liquid-liquid or gas-liquid interface. 

Surfactants can be added to paint or other adhesive materials. Since the surfactants will lower 

the surface tension, an optimal application of paint to a surface will occur covering the largest 

possible area per unit volume of paint. Additionally, adhesion of the paint to the surface is 

improved, allowing for stronger chemical bonding between the paint and the surface. 

Regarding liquid-liquid interfaces, the amount of dosage within eye drops is controlled by the 

drop volume. The drop volume can be manipulated by adjusting the surface tension via added 

surfactants1.6 to ensure the exact dosage is delivered to the eye. These added surfactants can 

also improve the miscibility between the eye drop medicine and water. 

 Experimentally, there are a number of methods that can measure interfacial surface 

tensions. For determining solid-liquid surface tensions, recently methods were developed 

where liquid placed inside a thin film1.7 or under a thin film1.8 causes deformation to the film.  

The magnitude of the film deformation can be measured and from this, surface tensions can 

be determined. Computationally, the surface tension γSL of solid-liquid interfaces can be 

determined in the context of molecular dynamics simulations. Typically, solid-liquid surface 

tensions are calculated through a mechanical definition given by Kirkwood and Buff1.9. This 

consists of measuring pressures within a simulation cell where the volume is allowed to 

change while the temperature and number of atoms remains constant. Recently, this 

methodology has been carried out for a solid graphene-liquid methane interface1.10.   

Alternatively, solid-liquid surface tensions in molecular dynamics can be found through 

the test-area method1.11,1.12 where small changes are made to the simulation cell area and the 

corresponding free energy change is determined. The free energy change can be used to find 
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the thermodynamically defined surface tension. Metadynamics1.13 is another method that 

explores and calculates free energy changes in molecular dynamics simulations and can be 

used to find surface tensions. It has been employed for a solid-liquid system of Lennard-Jones 

Ar atoms to examine nucleation for a one-component system1.14. The solid-liquid surface 

tension can be retrieved from the free energy change associated with nucleation. This will be 

discussed further in Sections 3 and 4.  

 Measuring and understanding the interfacial gas-liquid surface tension γGL is critical in 

important industrial processes, particularly in the fuel industry1.15. Suspended nanomaterials 

added to fuels as a surfactant can lower the surface tension1.16. Liquid surface tension can be 

exploited as a driving mechanism for passive fuel injection1.17. Mass transfer effects between 

a vapour and a liquid film across a gas-liquid interface can be influenced by adding surfactants 

or feeding a vapour into a liquid film. Addition of vapour or surfactants into the liquid film will 

create a gas-liquid surface tension gradient and can enhance mass transfer between the 

vapour and the liquid film1.18. The phenomena of nanobubbles1.19, their stability and 

longevity1.20,1.21,1.22 and potential applications in terms of water treatment1.23, surface 

cleaning1.24, nanoparticle recovery from waste1.25 and food flavouring1.26 can be investigated 

by measuring the gas-liquid surface tension. Experimentally, gas-liquid surface tensions can 

be measured using the drop weight method1.27,1.28 whereby liquid drops form at the end of a 

tube and fall into a container to measure the weight per drop. In addition, an interfacial 

tensiometer can be used to measure the surface tension1.29.  

Similarly to solid-liquid interfacial surface tensions, mechanical and thermodynamic 

definitions can be used for gas-liquid surface tensions in computational simulations. One of 

the early landmark papers that explored the mechanism of gas-liquid nucleation 

computationally used an Irving-Kirkwood pressure tensor1.30 to determine the gas-liquid 

surface tension1.31. Importantly, within these simulations, a definition of liquid clusters was 

established (ten Wolde and Frenkel definition) as any particles having five or more neighbours 

were considered ‘liquid-like’ and any two ‘liquid-like’ particles that are within 1.5 Å of each other 
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belong to the same liquid cluster. Distributions of nearest neighbours for a LJ liquid and gas 

can be seen in Figure 1.3. 

 

 

Figure 1.3. Figure reproduced from P. R. ten Wolde and D. Frenkel: Computer simulation study of gas–

liquid nucleation in a Lennard-Jones system1.31. Nearest neighbour particle distributions for LJ gas and 

liquid at coexistence. Particles are considered ‘liquid-like’ if they have more than 5 nearest neighbours 

with each nearest neighbour having a pair separation of 1.5 Å. 

This allowed liquid clusters to be measurable and distinguishable from gas particles present 

in the simulation cell.  Another mechanical approach to find gas-liquid surface tension in 

simulation utilised a more complex three-body potentials compared to simpler two-body ones.  

As before, Kirkwood-Buff pressure tensors were calculated and the simulations using the 

three-body potential with long range corrections retrieved gas-liquid surface tensions for Ar 

that compared very favourably to experimental values1.32. Other facets and details of 

computational modelling of gas-liquid interfaces such as using a spherical interface compared 

to a planar interface, long range interactions, potential cutoff effects and finite size scaling can 

be found in the helpful review by Ghoufi, Malfreyt and Tildesley1.33. 

Historically, research in this field has primarily used mechanical routes within 

simulation to explore gas-liquid systems. To my knowledge, research up to now has not 

employed the thermodynamic route of metadynamics as a vehicle to explore gas-liquid 
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systems. In this work, I will expand on the previous methodology of calculating the 

thermodynamic interfacial surface tension for a solid-liquid system using metadynamics. 

Instead of a solid-liquid system, I will focus on the gas-liquid surface tension for a one 

component planar system using Molecular Dynamics with well-tempered metadynamics. All 

simulations in this work will be for a gas-liquid system. 

In Chapter 2, I will explain the various definitions of surface tension and the mechanical 

and thermodynamic routes to obtain surface tensions within computer simulation. I also 

explore the advantages and disadvantages of using each method to determine surface 

tensions via mechanical or thermodynamic means and why metadynamics is ultimately used 

in this work. In Chapter 3, I will describe the methods I use in greater detail, covering Molecular 

Dynamics, free energy methods and metadynamics. I will also describe my simulation setup 

and my justifications for chosen parameters at the end of Chapter 3. In Chapter 4, I will then 

detail results from well-tempered metadynamics simulations for obtaining the gas-liquid 

surface tension γGL under various conditions such as changing surface area A, changing 

pairwise potential cutoffs rc and changing temperatures T*. These results will be discussed 

further in the remainder of Chapter 4. Finally, in Chapter 5, I will explore areas for future work 

in the development of obtaining accurate surface tensions using metadynamics. 
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2 Background to Interfacial Surface Tension 

2.1 Surface Tension  

The physical origin of the surface tension γGL is a result of unbalanced forces of attraction 

at an interface between two thermodynamic phases. More precisely, the surface tension of 

a liquid can be described as the force per unit length that prevents the expansion of the 

interfacial surface area. The position of the interface in terms of a dividing surface can be 

expressed by both thermodynamic and mechanical means2.1. However, these approaches 

are not equivalent as the mechanical method cannot calculate the height of the nucleation 

energy barrier. The thermodynamic method can be used to determine this energy barrier 

height and from this quantity, the surface tension can be obtained. Nevertheless, both 

approaches can compute surface tensions and “surfaces of tension” (see definitions below). 

In the context of forming a droplet within a supersaturated vapour, the relationship 

between pressure differences over the droplet ∆p, the position of the dividing surface R and 

the surface tension γ can be expressed in the form of a Laplace equation introduced by 

Gibbs 

Δ𝑝 =
2𝛾(𝑅)

𝑅
+

𝜕𝛾(𝑅)

𝜕𝑅
 

where ∆p = pl – pv i.e. the pressure in the liquid droplet and vapour respectively. The 

pressure in the vapour is the same as the pressure of the bulk vapour phase that exists far 

from the droplet region and so is readily obtained. At large droplet sizes, the pressure inside 

the drop is also well defined and equivalent to a bulk liquid phase that has an equal density 

to the density inside the droplet. If we consider the reversed situation of a gas bubble in a 

liquid phase, the bubble would exist within a bulk liquid phase and have an internal pressure 

given by an equivalent bulk vapour phase. The pressure difference ∆p becomes pv – pl. 

(2.1) 
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However, the first case considering a liquid droplet within a bulk vapour is the model used 

in the following discussion. 

The thermodynamic description of the “surface of tension” is a surface for which the 

∂γ(R)
∂R

⁄  term from equation (2.1) becomes zero. The other choice for a dividing surface is 

known as the equimolar dividing surface, where no particles exist at the surface. More 

precisely, the dividing surface itself is a region of space that has zero volume and every 

particle is assigned to one phase or the other. There are no particles remaining to be 

assigned to the surface. A quantity known as the Tolman length2.2 δT can be defined as the 

difference in position δ between the surface of tension and equimolar dividing surface in 

the planar limit, where the surface sizes become infinitely large 

𝛿𝑇 ≡  lim
𝑅𝑒,𝑅𝑠→∞

𝛿 = lim
𝑅𝑒,𝑅𝑠→∞

(𝑅𝑒 − 𝑅𝑠) 

where Re is the radius of the equimolar dividing surface and Rs is the radius of the surface 

of tension. Considering the Gibbs free energy ∆G of a droplet with radius R, and choosing 

the surface of tension as the dividing surface, the free energy change and therefore 

nucleation barrier height can be expressed as2.3  

Δ𝐺 = −
4

3
𝜋𝑅3Δ𝑝 + 4𝜋𝑅2𝛾(𝑅) 

Δ𝐺 =
2

3
𝜋Δ𝑝𝑅𝑠

3 

where the −
4

3
πR3Δp  free energy term is proportional to the droplet volume and the 

4πR2γ(R) free energy term is proportional to the droplet surface area. Δp has the definition 

as given by the Laplace equation (2.1). 

In terms of a mechanical definition of surface tension, Buff considered the force and 

moment acting on an arbitrary imaginary line cutting through the surface of a spherical 

droplet to obtain a mechanical picture of the surface tension2.4. A representation of a 

dividing surface placed between two fluids can be seen in Figure 2.1. 

(2.2) 

(2.3) 

(2.4) 
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Figure 2.1: Figure reproduced from A. J. Sodt and R. W. Pastor: The tension of a curved surface 

from simulation2.5. Diagram showing a two fluid system with a dividing surface placed at Rs, denoted 

by the bold line. The dashed lines separate three regions: an inner region R1 with internal pressure 

pint, the surface region R2 and outer region R3 with external pressure pext. The pressures in R1 and 

R2 are taken as constant. There is no proper definition of pressure close to the dividing surface Rs.   

The position of the mechanical surface of tension Rs,m is given by  

𝑅𝑠,𝑚 =
∫ [𝑝𝑙𝑣(𝑟; 𝑅𝑠,𝑚) − 𝑝𝑇(𝑟)]𝑟2𝑑𝑟

∞

0

∫ [𝑝𝑙𝑣(𝑟; 𝑅𝑠,𝑚) − 𝑝𝑇(𝑟)]𝑟𝑑𝑟
∞

0

 

and the surface tension acting on this surface of tension γs,m can be expressed as 

𝛾𝑠,𝑚 =
1

𝑅𝑠,𝑚
∫ [𝑝𝑙𝑣(𝑟; 𝑅𝑠,𝑚) − 𝑝𝑇(𝑟)]𝑟𝑑𝑟

∞

0

 

in equations (2.5) and (2.6), pT(r) is the tangential component of the pressure tensor acting 

parallel to the surface of tension and plv is a step function where 

𝑝𝑙𝑣(𝑟; 𝑅𝑠,𝑚) = 𝑝𝑙
′      if      𝑟 < 𝑅𝑠,𝑚 

𝑝𝑙𝑣(𝑟; 𝑅𝑠,𝑚) = 𝑝𝑣       if      𝑟 > 𝑅𝑠,𝑚 

(2.6) 

(2.7) 

(2.8) 

(2.5) 
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The definition of pl
′ can either be the same as the ∆p term as defined in equation (2.1), or 

the local pressure within the droplet. Through further derivation, a relation can be obtained 

between γs,m, Rs,m and the pressure difference pl
′ − pv in the equation 

𝑝𝑙
′ − 𝑝𝑣 =

2𝛾𝑠,𝑚

𝑅𝑠,𝑚
 

Equation (2.8) can be rewritten in terms of the normal component of the pressure tensor to 

the surface of tension and the vapour pressure pN(r)−pv to obtain the mechanical surface 

tension and surface of tension. In the thermodynamic case, the nucleation barrier height is 

given by equation (2.4). However, the thermodynamic model cannot be mixed with the 

mechanical model and the nucleation barrier height cannot be expressed in terms of 

integrating mechanical pressures. As demonstrated by ten Wolde and Frenkel for a 

simulated Lennard-Jones gas-liquid system, trying to obtain the nucleation barrier height 

through the mechanical model does not give the correct value compared to calculating the 

nucleation barrier height through thermodynamic means2.1. The discrepancy of calculated 

nucleation barrier height between using the mechanical model and the thermodynamic 

model is illustrated in Figure 2.2. 

 

 

(2.9) 
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Figure 2.2: Figure reproduced from P. R. ten Wolde and D. Frenkel: Computer simulation study of 

gas-liquid nucleation in a Lennard-Jones system.2.1 Nucleation barrier height βΔG∗  is given as a 

function of supersaturation S for a system of nucleating L-J liquid droplets from vapour at T = 0.741. 

Supersaturation S in this context refers to the vapour pressure P in the system being at a higher 

pressure relative to vapour pressure at equilibrium Peq , formally given as S = P/Peq . The circles 

connected by the solid line refer to values obtained via thermodynamic integration. The squares 

connected by the dashed line refer to values obtained by integration of a mechanical pressure profile. 

The mechanical route to the nucleation barrier height (dashed line) gives incorrect values for the 

barrier height. 

2.2 Nucleation and Classical Nucleation Theory (CNT)  

Nucleation is the activated process in which a small cluster of a thermodynamically stable 

phase forms within the medium of a parent metastable phase. Examples of nucleation 

include formation of liquid droplets in a vapour, solid crystal clusters in a solution and gas 

bubbles in a liquid. At thermodynamic equilibrium between two phases, the system is said 

to be in a stable state (e.g. in the solid phase) corresponding to a global energy minimum 

that is most energetically favourable for the system to remain in. However, there also exists 

a metastable state (e.g. liquid phase) corresponding to a local minimum of energy, albeit 

separated from the global minimum by an energy barrier.  

If the system is prepared in a supersaturated state, the metastable state becomes 

accessible. In the context of a solid-liquid system, supersaturation refers to solid 
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superheating or liquid supercooling relative to their equilibrium temperatures. For a gas-

liquid system, supersaturation refers to a gas pressure that is higher than the equilibrium 

pressure for the gas, which allows for greater gas dissolution within the liquid. The energy 

minima for the metastable and stable state can also be brought close together to a point 

where their energies become equal in value under the condition of thermodynamic 

coexistence. Coexistence occurs at a phase boundary between two independent 

thermodynamic states at specific temperatures and densities, where both phases are mixed. 

According to the Gibbs Phase Rule 

F = C − π + 2 

where F is the number of independent thermodynamic variables, C is the number of 

components and π is the number of phases, a one-component, two phase system requires 

only one independent thermodynamic variable. In other words, a system containing one 

atom or molecule type at coexistence requires knowledge of either the density or the 

temperature in order to determine where along the coexistence line the system lies. 

Furthermore, when the system is at thermodynamic conditions far from coexistence, the 

metastable minimum is at a higher energy than the global minimum and it is energetically 

unfavourable for the system to enter this metastable state far from coexistence. An example 

of a phase diagram of temperature-density including coexistence lines can be seen in 

Figure 2.3. 

(2.10) 
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Figure 2.3: Figure reproduced from J. Ge, B. Todd, G. Wu, R. J. Sadus: Scaling behavior for the 

pressure and energy of shearing fluids2.6. Phase diagram of a 6-12 Lennard-Jones fluid of 500 atoms 

with cutoff rc = 3.5σ, showing reduced temperature against reduced density. The gas, vapour, liquid, 

fluid and solid phase regions are indicated by G, V, L, F and S respectively. 

Fig. 2.3 exhibits regions of metastability between the solid and liquid phases associated 

with undercooling, denoted by the L+S region. In addition, metastable regions also exist 

close to the G and V+L boundary due to supersaturated vapours which have higher partial 

pressures than vapours at equilibrium. The gas-liquid coexistence lines denoted by crosses 

were determined by Gibbs ensemble calculations2.7. The solid-liquid coexistence lines were 

previously determined by integration via the Gibbs-Duhem method2.8. 

Despite the conditions of supersaturation and coexistence that can be established 

for a one-component, two phase system, the energy barrier that exists between the initial 

prepared metastable state and the global stable state still must be overcome for nucleation 

to occur. Nucleation is thus a rare event due to this high barrier and is unlikely to happen 

unless observed over long timescales and if the system is under conditions close to 

coexistence. 

There is a free energy change associated with nucleation between two separate 

thermodynamic phases as described by Classical Nucleation Theory (CNT). Several factors 
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contribute to this energy change. For a gas-liquid system, the free energy of formation of a 

gaseous cavity containing nG particles interfaced with a bulk liquid phase can be expressed 

as 

G(nG) = µGLnG + γGLA(nG) 

where the first bulk term relates to the chemical potential difference between the gas and 

the liquid i.e. µGL = Δµ = µG − µL. Formally, the chemical potential for a species in a mixture is 

defined as the rate of change of free energy with respect to the change in the number of 

particles of the species that are added or removed from the system. The chemical potential 

for a gas species µG can be defined in terms of Gibbs free energy in a gas-liquid system as 

𝜇𝐺 = (
𝜕𝐺

𝜕𝑁𝐺
)

𝑇,𝑃,𝑁𝐿≠𝐺

 

where G is the Gibbs free energy, NG is the number of gas particles and temperature T, 

pressure P and number of liquid particles not equal to the number of gas particles NL≠G are 

held constant. The concept of free energy and particularly Gibbs free energy will be 

discussed in greater detail in Section 3.3.  

The second surface term of equation (2.11) describes an energy cost associated 

with the formation of a gas-liquid interface and hinders nucleation due to this kinetic energy 

barrier. Explicitly, the surface term is a product of the surface tension of the gas-liquid 

interface γGL and the interfacial surface area A(nG). These terms are represented graphically 

by a schematic in Figure 2.4. According to CNT, the interface dividing two thermodynamic 

phases is infinitesimally thin; no particles of either phase exist within the interface. For a 

solid-liquid interface, the choice regarding where to create the interface requires some 

thought based on the planes of symmetry that might exist in a solid crystal structure. 

Different crystallographic planes may significantly affect the calculated value of the surface 

tension. The preferred method for creating dividing interfaces is a construction of a planar 

system (two cuboidal thermodynamic phases in contact). Since a liquid or a gas can be 

(2.11) 

(2.12) 
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considered as isotropic, the interfacial surface area is well defined by the chosen 

dimensions of the system parallel to the planar interface.  

 

Figure 2.4: Schematic showing individual components of free energy of nucleation as a function of 

nucleus size and their expected trends. The positive surface term γr2 is energetically unfavourable 

and scales quadratically with nuclei radius, disallowing the formation of small nuclei in favour of 

dissolution. The negative bulk volume term ∆µr3 scales cubically with nuclei radius and becomes 

energetically favourable after a critical radius is exceeded. 

2.3 Methods of calculating γ 

To calculate γ, a simulation cell can be set up through Molecular Dynamics so that the 

system forms either a spherical or planar interface between two thermodynamic phases. 

For the following definitions of γ, a planar interface configuration is considered. Within the 

context of a Molecular Dynamics simulation, particles i and j will interact through a two-

body potential frequently of the Lennard-Jones (L-J) type and therefore the following 

definitions of γ will relate to the L-J potential, where appropriate. The L-J potential is a 

simple model to describe pair interactions and has been studied and used extensively 

within literature. Generally rare gases, particularly Argon, are the types of atoms modelled 

with the L-J potential within Molecular Dynamics simulations. In particular, the phase 
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behaviour of L-J Argon atoms is well known and contains useful information on coexistent 

states2.9. 

Kirkwood and Buff introduced a form of the surface tension in terms of ensemble 

averaged pressure tensors2.10 with the corresponding equation 

     𝛾𝐾𝐵 =
1

𝐴
  ∑ ∑

1

2
(1 − (

3𝑧𝑖𝑗

𝑟𝑖𝑗
2 ) ) 𝑟𝑖𝑗

𝑑𝑢(𝑟𝑖𝑗)

𝑑𝑟𝑖𝑗
𝑗<𝑖𝑖  = 𝐿𝑍(𝑃𝑁

̅̅̅̅ − 𝑃𝑇
̅̅ ̅)⟨       

where A is the surface area, zij is the z-axis distance between an atom i – atom j pair, rij is the 

interatomic distance between an atom i – atom j pair, du(rij)/drij is the derivative of the 

potential pairwise interaction with respect to interatomic distance, LZ is the simulation cell 

length along the z-axis, PN
̅̅ ̅ is the ensemble averaged normal pressure tensor 〈Pzz〉 and PT

̅̅̅ is 

the combined tangential pressure tensors 〈
Pxx+Pyy

2
〉 . Formally, pressure is a second-rank 

tensor. For a system containing a planar interface, the pressure is only a function of Z and the 

pressure tensor is diagonal. The full pressure tensor can be written as 

𝑝𝛼𝛽 = [

𝑃𝑥𝑥 𝑃𝑥𝑦 𝑃𝑥𝑧

𝑃𝑦𝑥 𝑃𝑦𝑦 𝑃𝑦𝑧

𝑃𝑧𝑥 𝑃𝑧𝑦 𝑃𝑧𝑧

] = [

𝑃𝑥𝑥 0 0
0 𝑃𝑦𝑦 0

0 0 𝑃𝑧𝑧

] 

where the leading diagonal elements are those components normal to the planes y-z, x-z and 

x-y respectively. In this context of a cubic or cuboidal simulation cell, the off diagonal elements 

are pressure tensors that are tangential to those planes and the tensor elements become zero 

since no stress will act normal to the y-z, x-z and x-y planes. Computationally, these pressure 

tensor components Pxx, Pyy, Pzz equilibrate over substantial simulation timescales and fluctuate 

sufficiently to offset the accuracy of the calculated surface tension γ.  

The Kirkwood-Buff definition of γ was later refined into the Irving-Kirkwood definition 

where the surface tension is once again expressed through pressure tensors via  

𝛾𝐼𝐾 = ∫ (𝑝𝑁(𝑧) − 𝑝𝑇(𝑧))𝑑𝑧
𝐿𝑍/2

−𝐿𝑍/2

 

(2.13) 

(2.15) 

(2.14) 
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With this method, the simulation box is divided into Ns multiple slabs of thickness δz. Atomic 

pairs provide a contribution to the pressure tensors within a given slab if either atom 

intersects with the slab. The form of the Irving-Kirkwood pressure tensor leads to 

expressions for the pressure difference ∆p, the surface tension γ and the Tolman length δ 

as shown by Blokhuis et al2.11. 

A more recent method2.12 is based on a thermodynamic route and calculates the 

surface tension as a free energy change for a perturbation in the surface area within the 

NVT ensemble. This test-area method prepares a reference state with surface area A and 

then makes a small change to the reference system to obtain a state with surface area A + 

∆α, while keeping the system volume constant. The simulation box dimensions are then 

recalculated relative to the perturbed system and the surface tension between the reference 

and perturbed systems is formulated as 

𝛾𝑇𝐴 = lim
𝜉→0

−
𝑘𝐵𝑇

Δ𝛼
ln   exp −

𝜈𝐴+Δ𝛼(𝑟′𝑁) − 𝜈𝐴(𝑟𝑁)

𝑘𝐵𝑇
          ⟩  

where ξ is a small perturbation to the system, kB is Boltzmann’s constant, T is the system 

temperature, νA+∆α is the configurational potential energy of the perturbed state with 

configurational space r0N and νA is the configurational potential energy of the reference state 

with configurational space rN. The main advantage of this test-area method is that it does 

not require the calculation of the pressure tensors to produce important nucleation 

quantities such as surface tension. One collective shortcoming of the above methods is 

that they all require the system to be prepared at equilibrium in a state of coexistence as 

seen from the lines and regions of coexistence between two thermodynamic states such 

as solid-liquid or liquid-gas in terms of temperature and density as plotted in Figure 2.3. It 

is difficult to relate simulations using coexistent values to real values of surface tension γ, 

which can change significantly at different temperatures and densities. Thus, the surface 

tension γ requires investigation over a wider temperature and density range outside of 

purely coexistent conditions to more accurately predict γ for a given system. 

(2.16) 
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A novel method was recently developed whereby many of the deficiencies in the 

above methods are either resolved or circumvented. This method in particular investigates 

the solid-liquid interface at simulated conditions similar to those carried out under 

experimental conditions2.13. A history-dependent bias continually creates and dissolves a 

Lennard-Jones solid-liquid planar interface under equilibrium conditions i.e. the melting 

temperature of the solid. However, the method also works at a temperature associated with 

solid over-heating, since this corresponds to a supersaturated state and consequently the 

metastable bulk liquid state will still be accessible. 

In short, there is no need to calculate ensemble averaged pressure tensors, no need 

for a chosen reference state and the system is not entirely constrained by equilibrium 

conditions at coexistence. Well-tempered metadynamics2.14 simulations with adaptive 

gaussians using essentially the total number of solid atoms as the CV in the planar system 

were carried out. The surface area term was simply calculated as A = 2∆y∆z, where the 

factor of 2 is included to account for two interfaces under periodic boundary conditions. The 

simulation ran under the NPT ensemble, while leaving only the x-axis direction of the 

simulation cell left unconstrained to fluctuate. From this, a free energy profile along the path 

of the CV was plotted as seen in Figure 2.5. 
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Figure 2.5: Figure reproduced from Cheng, B., Tribello G., and Ceriotti M.: Solid-liquid interfacial 

free energy out of equilibrium2.13. Free energy profile averaged from 36 independent metadynamics 

simulations, as a function of number of solid atoms ns(Φ). In the configurations shown above, the 

colouring corresponds to the local order parameter Φ (red atoms represent liquid configurations and 

blue atoms represent solid configurations). The above red curve corresponds to a free energy profile 

at an over-heating temperature and the blue curve corresponds to a free energy profile at the melting 

temperature Tm. 

The free energy profile taken at the melting temperature Tm starts at a minimum 

corresponding to a pure liquid configuration at ns(Φ) = 0, and gradually increases to a 

plateau related to solid-liquid coexistence. Eventually the system enters the other minimum 

equivalent to a pure solid configuration at ns(Φ) = 5000. The quantity ns(Φ) is essentially 

the number of solid atoms in the system, and the quantity Φ is an order parameter with a 

value between 0 and 1. A value of Φ = 0 corresponds to the configuration of the atoms in 

the simulation cell being that of a homogenous liquid and a value of Φ = 1 corresponds to 

the atoms forming a perfect fcc solid. Their free energy is the same, as they are at the exact 

melting point. 
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In the plateau region, the free energy difference between the minima and the state 

of coexistence is the quantity γsl(Tm)A; the surface tension γsl can be readily obtained by 

simply using this free energy difference and dividing by the surface area A. The other free 

energy difference in the over-heating free energy profile is between the solid-liquid interface 

and an equivalent reference state containing ns(Φ) atoms of bulk solid and N − ns(Φ) atoms 

of bulk liquid, where N is the total atoms present in the system.  

 In Chapter 3, I will cover the methodology of metadynamics in greater detail as well 

as other practical simulation methods I have used in my work. In Chapter 4, I will further 

detail how I extend the methodology of metadynamics to a liquid-gas system instead of a 

solid-liquid system. 
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3  Simulation Methods 

3.1 Introduction 

In this work, I will use molecular dynamics as a simulation toolkit to investigate systems that 

would be difficult to make experimentally and explain the main features involved in a typical 

molecular dynamics simulation. I discuss the concept of free energy changes occurring in 

physical processes and simulation methods that calculate and retrieve the free energy 

changes, I review the concept of collective variables (CVs) as a way to describe a chemical 

process using one or more order parameters. I will demonstrate how these CVs relate to the 

free energy surface of a process, I explain features associated with free energy surfaces such 

as local minima and kinetic energy barriers and I detail the free energy methods of standard 

and well-tempered metadynamics as suitable methods to generate free energy surfaces.  

In Section 3.4, I will outline the specific details of the methods and parameters 

employed within the well-tempered metadynamics simulations, with emphasis given to the 

chosen collective variable (CV) for the system. Explicitly, the CV I have chosen to use for all 

simulations in this work is the x-axis simulation cell length, referred to as Lx. However, Lx is 

transformed into the number of liquid particles present in the system Nliq by way of a conversion. 

This conversion involves the fact that the total number of particles in the system remain 

constant as well as the liquid and gas volume per-particle (essentially inverse densities of bulk 

liquid and gas) remaining constant. Further details on this conversion will be also provided in 

Section 3.4. I will also describe how free energy profiles with respect to Nliq are generated and 

how values of surface tension γGL are obtained from these free energy profiles. 

3.2 Molecular Dynamics (MD) 

Computational molecular modelling and simulation have benefitted many research areas 

within physics, chemistry and biology. This includes, for example, determining the structure 

and dynamics of molecular crystals and liquids3.1, finding protein structures3.2, drug design and 
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docking3.3 and, in reference to this work, probing the mechanism of gas-liquid nucleation and 

obtaining associated quantities of nucleation such as surface tensions3.4. 

 Molecular simulation has the advantage of creating systems that would be otherwise 

difficult to examine experimentally, for instance under extreme conditions of high temperatures 

and pressures. It also provides a resolution at the atomic level that is unattainable in most 

experiments, especially those addressing dynamical aspects like spectroscopes. It is a safe, 

relatively fast and inexpensive way to generate new data that can be compared to existing 

experimental data but also inform future experimental targets. Molecular dynamics (MD) is 

one such method of molecular simulation. MD solves Newton’s classical equations of motion 

for all atoms or molecules in order to evolve the system over time.   

 

Figure 3.1. Figure adapted from O. Büyüköztürk et al.3.5 Flowchart showing the basic algorithm used in 

a Molecular Dynamics simulation, with the separate stages of initialization, simulation and post-

processing shown. The initialization stage involves the selection of atomistic parameters e.g. mass, 

charge as well as defining initial positions, velocities and the chosen forcefield or interaction model. The 

simulation stage calculates forces and updates positions and velocities every timestep Δt until the 

maximum simulation runtime tmax is reached. The post-processing stage takes important data that was 

stored over the course of a MD simulation and analyses it outside of the finished simulation.  

3.2.1 Features of Molecular Dynamics 

The initialization stage as seen in Figure 3.1 above starts off by selecting parameters such as 

atom type, mass, partial electronic charges and bonding interactions. The atomic positions of 

all atoms or molecules are then defined within the boundaries of the system, referred to as the 

simulation cell. The initial velocities of all particles in the system can either be chosen at 
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random or from a Maxwell-Boltzmann distribution. The details of this distribution will be 

explained further in Section 3.2.4. 

 Periodic boundary conditions can be established during this stage, where the surfaces 

of the simulation cell are removed and a linked system of multiple identical cells are assumed. 

This models a system that is effectively infinite, while only needing a single simulation cell to 

examine the system properties and dynamics. For example, a particle leaving through the top 

of the simulation cell will re-enter at the bottom. The simulation cell must be sufficiently large 

to prevent any unwanted boundary effects. A complex macromolecule that is significantly large 

relative to the simulation cell can lead to self-interactions that are unphysical with its own 

image across periodic boundaries. Furthermore, having a large simulation cell reduces finite 

size effects and allows for quantities to be accurately extrapolated and converge to the 

quantity in the infinite size limit. Conversely, having a small simulation cell will cause quantities 

that are affected by finite size effects to significantly change and deviate from the correct 

converged value. Enforcing a small simulation cell with periodicity creates unphysical 

constraints on the system and for the case of interfaces, will not allow large surface 

fluctuations that should otherwise occur.  

3.2.2 Time evolution 

A forcefield refers to the various interatomic interactions grouped into the potential energy Vp, 

which is required to calculate the forces that drive the motion of the atoms. Typical interactions 

include “bonded” terms such as bond stretching, bending or torsions and “non-bonded” terms 

such as van der Waals pairwise interactions and electrostatic interactions. The x component 

of force Fx(rij) associated with a pairwise atomic interaction can be calculated as the negative 

value of the change in potential energy Vp with respect to the interatomic distance between 

atom i and j via 

𝐹𝑥(𝑟𝑖𝑗) = −
𝜕𝑉𝑝(𝑟𝑖𝑗)

𝜕𝑥
 

(3.1) 
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where Vp(rij) is the function for the potential energy of the system governed by the chosen 

forcefield and rij is the interatomic distance. The forcefield can be partially differentiated 

analytically to retrieve the force Fx(rij) acting on a single atom i due to the atom i – atom j pair 

interaction, as shown in Equation (3.1). Once the updated forces for all atoms are known, the 

system is moved forward by a timestep dt in time and positions and velocities are found 

through numerical integration of Newton’s second law 

𝑭 = 𝑚𝒂 = 𝑚
𝑑𝒗

𝑑𝑡
= 𝑚

𝑑2𝒓

𝑑𝑡2
 

where m is the atomic mass, a is the particle acceleration, v is the particle velocity and r is the 

particle position. All cartesian components of force Fx(rij), Fy(rij) and Fz(rij) are combined in the 

vector quantity F. Each cartesian component of the force can be considered separately. An 

example of an algorithm that updates the positions based on the current positions and forces 

is the Verlet algorithm 

𝒓(𝑡 + 𝛿𝑡) = 2𝒓(𝑡) − 𝒓(𝑡 − 𝛿𝑡) + 𝒂(𝑡)𝛿𝑡2 

where δt is the timestep, t + δt refers to the next timestep and t – δt refers to the previous 

timestep. Other integration algorithms are available3.6. The process of recalculating forces and 

updating positions and velocities continues until the chosen end point tmax of the simulation is 

reached. Any recorded properties of the system will have been stored over the course of the 

simulation and can be outputted at the end for post-processing analysis, for example 

trajectories of motion or thermodynamic properties. 

 After the initialization stage of molecular dynamics, an energy minimization in the form 

of a steepest descent (or alternative) method3.7 can be carried out in order to approach a stable 

configuration in the system. This energy minimization is carried out over relatively short times, 

on the order of a few picoseconds. Likewise, an equilibration of the system can also be run for 

a short time, generally up to hundreds of picoseconds or tens of nanoseconds, where forces, 

positions and velocities are updated according to the molecular dynamics scheme to allow the 

(3.2) 

(3.3) 
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system to arrive at the chosen temperature. Controlling temperature requires thermostatting 

(see below). Equilibration is reached when the initial system state relaxes sufficiently so that 

desired observable quantities such as temperature or potential energy fluctuate around an 

average value. Additionally, the structure of the atoms in the system at the end of an 

equilibration phase can be observed to check if the desired starting point of the simulation has 

been reached. For example, this starting point could correspond to a system containing a 

particular conformation of a complex molecule or a system comprising of a pure liquid state.  

After equilibration has been carried out and the desired starting point of the system has been 

achieved, a longer molecular dynamics production run on the order of hundreds of 

nanoseconds is carried out to generate statistical averages until tmax is reached. 

3.2.3 Ensembles 

An ensemble can refer to either how a set of certain thermodynamic variables are controlled 

in a system or alternatively, the total number of possible microstates in a system. It is important 

that an ensemble has the property of ergodicity, meaning that the measurement of some 

thermodynamic property over a long time for one system will have the same time averaged 

value as an ensemble averaged thermodynamic property measured over Nsys  identical 

systems, where Nsys is a large number. In the context of a molecular dynamics simulation, 

having periodic boundary conditions for a simulation cell leads to every trajectory frame being 

a microstate of whatever ensemble that is chosen by the simulator. During the production run 

of a molecular dynamics simulation, time averaged quantities that are effectively equivalent to 

ensemble averaged quantities can be obtained with a sufficiently long simulation runtime.  

There are several ensembles which are most commonly utilised within molecular 

dynamics simulations. The microcanonical ensemble (NVE) has no exchanging of energy or 

matter with the system’s surroundings and is an isolated system. The canonical ensemble 

(NVT) can exchange of energy as heat with the system’s surroundings, but no matter is 

exchanged in this closed system. The grand canonical ensemble (µVT) allows for the 
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exchange of both energy and matter with the system’s surroundings and is an open system.  

The isothermal-isobaric ensemble (NPT) can exchange energy with the system’s 

surroundings but not matter. In addition, the system has variable boundaries to allow for the 

system volume to change while maintaining constant pressure by equalising pressure with the 

system’s surroundings. Here, all listed quantities remain constant for their respective 

ensemble and N is the total number of particles in the system, V is the system volume, T is 

the system temperature, E is the total energy of the system, P is the pressure of the system 

and µ is the chemical potential of the system. 

3.2.4 The Maxwell-Boltzmann distribution, thermostats and barostats 

The Maxwell-Boltzmann distribution gives the probability distribution of speeds for an ideal 

gas at a particular temperature. This distribution can be represented by the equation 

𝑓(𝑐) = 4𝜋𝑐2 (
𝑚

2𝜋𝑘𝐵𝑇
)

3
2

𝑒
−

𝑚𝑐2

2𝑘𝐵𝑇 

where c is speed, m is particle mass, kB is Boltzmann’s constant and T is temperature. More 

precisely, f(c) is the probability per unit speed of finding a particle with a speed near c. The 

Maxwell-Boltzmann distribution is often represented graphically, as illustrated in Figure 3.2. 

Figure 3.2. Figure reproduced from College Physics3.8. Schematic showing the Maxwell-Boltzmann 

distribution in terms of probability density against velocity v at two temperatures T1  and T2 , where 

temperature T2  is higher than temperature T1 . At higher temperatures, the Maxwell-Boltzmann 

distribution is broadened and shifted to higher velocities. 

(3.4) 
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During the initialisation stage of a molecular dynamics simulation, initial particle velocities can 

be assigned according to a Maxwell-Boltzmann distribution at a chosen system temperature 

T.  As the equations of motion propagate in a molecular dynamics simulation, the velocities 

and kinetic energy of particles will evolve. Consequently, the system temperature T will also 

evolve according to 

𝑇 =
2

3𝑁𝑘𝐵
∑ 〈

𝑚𝑖𝒗𝑖
2

2
〉

𝑁

𝑖 = 1

 

where N is the number of particles, kB is Boltzmann’s constant, mi is the mass of the ith particle 

and vi is the ith particle velocity. The term inside the summation refers to an ensemble average 

of the kinetic energy. Without any temperature control in place, the system can move far away 

from thermodynamic equilibrium and unexpected physical behaviour in the simulation cell can 

occur. For example, atoms in the simulation cell may gain more and more kinetic energy, 

causing structural breakup of a complex molecule or causing the system to “explode” due to 

massive kinetic energies. The system will no longer correspond to a chosen ensemble that 

includes temperature as one of its fixed independent variables, for example NVT. In order to 

minimize such temperature fluctuations, a thermostat can be implemented within a molecular 

dynamics simulation. The basic premise of a thermostat is that the system is coupled to a heat 

bath where kinetic energy can be added and removed from the system through exchanges 

between the system and the heat bath. The velocities and thus kinetic energies associated 

with each particle are rescaled in order to maintain the system temperature as close to the 

desired value as possible, essentially obtaining the chosen ensemble e.g. NVT and allowing 

for temperature fluctuations typical of the ensemble.  

Similarly, for an NPT ensemble where both the temperature and pressure must be 

fixed, a barostat that holds the pressure approximately constant can be employed. Instead of 

a heat bath relating to temperature, a volume bath can be used to control the pressure of a 

system. This pressure bath couples to the system and volume is exchanged through changing 

the dimensions of the simulation cell. Particle coordinates are then rescaled according to the 

(3.5) 
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altered simulation cell volume. An algorithm to control the temperature and pressure, common 

to molecular dynamics simulations, originates from the Nosé-Hoover thermostat3.9,3.10 and the 

Parrinello-Rahman barostat3.11. The Nosé-Hoover thermostat modifies the equations of motion 

and employs a frictional term ζ to control particle velocities given by3.10 

𝑑𝒗(𝑡)

𝑑𝑡
=

𝑭(𝑡)

𝑚
− 𝜁𝒗(𝑡) 

𝑑𝜁(𝑡)

𝑑𝑡
=

1

𝑄
[∑ 𝑚𝒗(𝑡)2

𝑁

 

− (3𝑁 + 1)𝑘𝐵𝑇] 

where 𝒗 is the particle velocity, 𝑭 is the force vector of a particle, t is time, m is the particle 

mass, ζ is the friction coefficient, Q is a coupling constant or effective mass, N is the number 

of particles, kB is Boltzmann’s constant and T is the target temperature. The effective mass Q 

determines the strength of the thermostat and thus the magnitude of the coupling Q between 

the heat bath and the system. If Q is too large, then the system will have poor temperature 

control and not operate as an NVT/NPT ensemble until an exceptionally long simulation 

runtime. If Q is too small, the temperature fluctuations become significant and frequent; 

controlling temperature becomes inefficient. A Nosé-Hoover thermostat will eventually 

produce a Maxwell-Boltzmann velocity distribution in a molecular dynamics system for a 

sufficiently large number of particles and a long simulation runtime. 

In the case of the Parrinello-Rahman barostat3.11, the equations of motion are also 

modified in a similar formulism to that of the Nosé-Hoover thermostat with the inclusion of a 

frictional term and a mass term associated with coupling the system to a volume bath. 

However, the equations of motion can be written in a box matrix representation as detailed by 

Nosé and Klein3.12. The Nosé-Hoover thermostat and the Parrinello-Rahman barostat are 

considered separately within a molecular dynamics simulation and are commonly used in 

molecular dynamics packages such as GROMACS3.13 and LAMMPS3.14. 

(3.7) 

(3.6) 



32 
 

 For the production process in a molecular dynamics simulation, the ensemble can 

remain the same as that used for equilibration or be changed depending on what useful 

quantity the system is trying to measure. For the purposes of this work, a variant on the NPT 

ensemble is used, namely the isothermal-isostress ensemble (NPxxT). In this case, the Pxx 

component of the pressure tensor pαβ that is normal to the y-z plane of the simulation cell in 

the x direction is held constant. In addition, the area of the y-z plane is held constant 

throughout the molecular dynamics simulation and only the x-axis length of the simulation cell 

is allowed to change.  

3.2.5 The Lennard-Jones (L-J) potential 

A commonly used forcefield within molecular dynamics is the Lennard-Jones (L-J) potential, 

which acts as a reasonably good estimator for simulating interactions between pairs of rare 

gas atoms such as Argon3.15. It has the form 

𝑢𝐿𝐽(𝑟) = 4𝜖 [(
𝜎

𝑟
)

12

− (
𝜎

𝑟
)

6

] 

where ϵ is the potential well depth, σ is the point at which the pair interaction potential between 

two atoms is zero, r is the interatomic distance. The r -12 term is repulsive and corresponds to 

the short range repulsion due to overlapping electron orbitals (Pauli repulsion). The r -6 term 

is attractive at longer ranges, representing a van der Waals attractive force. 

 In the context of using this L-J potential within a molecular dynamics simulation, it can 

be beneficial to modify the L-J potential to speed up simulations. For instance, a system 

containing a large number of atoms N will have N(N-1)/2 unique interactions. The forces 

associated with pairs at a sufficiently long distance will be negligible but will still use up 

unnecessary computational resources. To prevent this, a cutoff distance rc can be selected 

where pairs at an interatomic distance greater than rc have their potential interaction and thus 

force set to zero. Alternatively, this can be represented by 

(3.8) 
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�̃�(𝑟) = {
𝑢(𝑟)

0
   

for 𝑟 < 𝑟𝑐

for 𝑟 > 𝑟𝑐
 

A L-J cutoff potential is used in molecular dynamics simulations in this work and the specific 

values for the L-J parameters will be listed later.  

3.3 Free Energy Methods 

Free energy is the amount of internal energy that is available to perform work within a 

thermodynamic system. Changes in free energy for a particular thermodynamic process within 

a system at a constant temperature can show whether the process is energetically favourable 

(< 0) or unfavourable (> 0). If the change in free energy is equal to zero at constant 

temperature, the system is said to be in thermodynamic equilibrium and remains 

thermodynamically stable. 

 There are two main forms for free energy, depending on the type of ensemble present 

in the system. Gibbs free energy is the form corresponding to a system that has a constant 

number of particles, pressure and temperature (NPT), namely the isothermal-isobaric 

ensemble. Gibbs free energy G is defined as 

𝐺 = 𝑈 + 𝑃𝑉 − 𝑇𝑆 = 𝐻 − 𝑇𝑆 

where U is the internal energy, P is pressure, V is volume, H is enthalpy, T is the system 

temperature and S is the entropy.  

 The other form of free energy is the Helmholtz free energy and corresponds to a 

system with a constant number of particles, volume and temperature (NVT) i.e. the canonical 

ensemble. Helmholtz free energy A is defined as 

𝐴 = 𝑈 − 𝑇𝑆 

where U is the internal energy, T is the system temperature and S is the entropy.  

 The free energy is an important quantity in characterising a process or reaction of 

interest within a system. Conformational changes, molecular docking or binding, protein 

(3.9) 

(3.10) 

(3.11) 
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folding and nucleation are all examples of important and interesting processes controlled by 

free energies. In the context of this work, I will investigate the free energy of nucleation for 

gas-liquid interfaces and their associated surface tensions.  

 In order to examine the process of interest, some order parameter or reaction 

coordinate can be chosen as a reduced, specific description of the process. In a molecular 

dynamics simulation, the evolution of the chosen order parameter can be recorded over the 

course of a simulation and a free energy surface consequently can be constructed showing 

local minima within the system. The potential of mean force (PMF) was one of the earlier 

concepts developed in order to find free energy changes of a chemical process over a reaction 

coordinate3.16. By definition, the PMF is a potential that gives the average force across all 

atomic configurations in a system. Within a molecular dynamics simulation, the PMF can be a 

function of geometric collections of atoms or an energetic coordinate. In particular, the PMF is 

a free energy as a function of one reaction coordinate with all others integrated out. 

To calculate free energy changes we can use thermodynamic integration3.16. In 

essence, the free energy difference Δ𝐹𝐵𝐴 between some initial state A and final state B for a 

chemical process with a chosen potential energy function V can represented as 

Δ𝐹𝐵𝐴 =  ∫  
𝜕𝑉(𝜆)

𝜕𝜆
  

𝜆𝐵

𝜆𝐴

 𝑑𝜆 

where the right hand term is an integral over an ensemble average of the derivative of the 

chosen potential energy function V with respect to a coupling parameter λ. In practice, this 

coupling parameter λ can be chosen to have a value of 0 in initial state A and a value of 1 in 

final state B. The intermediate states between A and B can be simulated at discrete values of 

λ, e.g. 0.2, 0.4, 0.6, 0.8. Each intermediate state for each value of λ can then be integrated 

numerically to give a free energy estimate.  

The Weighted Histogram Analysis Method (WHAM) creates a histogram of discrete 

bins that provide a relative probability of observing a given state, over the chosen reaction 

(3.12) 
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pathway3.17. These probabilities allow for free energies to be calculated. WHAM is frequently 

combined with the distributions obtained by enhanced sampling methods such as umbrella 

sampling. Umbrella sampling accelerates the sampling process within a molecular dynamics 

simulation by adding external bias terms3.18. These bias terms add constraints to the simulation 

that lower energy barriers on the free energy surface, that would otherwise restrict the extent 

to which the free energy surface can be explored and states accessed. Overlapping free 

energy fragments of the reaction pathway can be calculated and then combined via the WHAM 

approach to give an estimate of the free energy difference between two states.  

 In other enhanced sampling methods, an external bias can be added that pushes the 

system out of minima along the trajectory of the chosen order parameter. Variational enhanced 

sampling (VES) optimises the bias potential used for a particular chosen order parameter and 

the free energy surface can be determined from approximately the negative of the added bias 

potential3.19. A recent review by Yang et al. covers other modern enhanced sampling 

techniques in molecular dynamics3.20.  

For the purposes of this work, the enhanced sampling method of metadynamics is 

utilised alongside molecular dynamics simulations to reproduce free energy surfaces. The 

methodology and best practices of metadynamics are explained later in Section 3.3.3. The 

free energy landscape of a system can be characterised by some reduced order parameter or 

set of reduced order parameters known as collective variables. 

3.3.1 Collective Variables (CVs) 

Within a molecular dynamics simulation, a chosen system of interest will have many different 

degrees of freedom. These can be simple or complex and evolve over the course of the 

simulation runtime. For example, the 3D atomic positions and velocities would be typical 

degrees of freedom found in a molecular dynamics simulation. In a simple system where extra 

degrees of freedom such as electronic and vibrational states are omitted, there are 6N degrees 

of freedom where N is the total number of atoms in the system. 
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 Collective variables (CVs) are a useful tool in reducing the total number of degrees of 

freedom required to describe some process of interest within the chosen system. In the 

majority of cases, a CV is a function of the atomic positions within a system. The function that 

informs the CV can be simple or complex depending on the nature of the CV. A simple CV 

can use a quantity such as interatomic distance between two selected atoms or the bond angle 

between them. A more complex CV could be a coordination number of nearest atomic 

neighbours within the entire system. An example of a simple CV is shown in Figure 3.3.  

  

Figure 3.3. Evolution of the x-axis length of a cuboidal simulation cell as a chosen CV over 110 ns (1 

step is equivalent to 0.01 ns) of an NPxxT biased molecular dynamics simulation. Values at ~100 Å 

correspond to a fully expanded state with gas-liquid cavitation. A typical configuration in a molecular 

dynamics trajectory at this value relating to full expansion is shown at 55 ns. Fully contracted states 

where the simulation cell x-axis length cannot become smaller correspond to x-axis cell lengths of ~15 

Å. An example of the fully contracted state is shown at 110 ns. The intermediate states between full 

contraction and full expansion are other coexistent states that will include some degree of gas-liquid 

cavitation, i.e. states that have a CV value that lies between 20 Å and 100 Å. 

In the context of free energy surfaces, CVs can be likened to reaction coordinates which 

represent the progress of a reaction along a free energy profile. A particular value of a chosen 

CV or values of multiple chosen CVs will determine where the system lies upon the free energy 

surface irrespective of other variables, which are assumed to be unimportant in describing the 

system. In essence, the choice lies with the simulator to select the best possible CV or set of 
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CVs for their system. Choosing the most suitable CV for the system under investigation can 

be guided by available experimental or theoretical information as well as other computational 

simulations of similar systems in order to generate a free energy surface. 

3.3.2 Free Energy Surfaces 

The calculated changes in free energy for a system over the trajectory of some chosen CV or 

set of CVs can be mapped out into a free energy surface. A “fingerprint” of the minima in a 

system that relate to unique states and processes associated with crossing any energy 

barriers present can be illustrated as in Figure 3.4 (see next page). 
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Figure 3.4. Figure adapted from Angioletti-Uberti et al.3.21 An example of a 2D free energy surface 

[centre] that uses two collective variables sA and sB as well as a projection of a 1D free energy profile 

[bottom-right] which is mapped as a combination of sA and sB as s = (sA + sB)/2. The collective variables 

sA and sB refer to an order parameter for regions A and B [top], where a value of 0 refers to a 

homogeneous liquid and a value of 1 refers to a perfect FCC solid. Example configurations can be seen 

to the left and right of the 2D free energy surface and where these configurational states can occur in 

phase space. The 1D free energy profile connects the local minima of the system that correspond to 

pure liquid (s ~ 0) and pure solid (s ~ 0.8). The important Gibbs free energy difference is from the bottom 

of either energy minima to the top of the flat intermediate coexistent plateau. This refers to the energy 

cost involved in a formation of a solid-liquid interface.  

The centre figure in Figure 3.4 is a 2D free energy surface, which is given in terms of collective 

variables sA and sB. These collective variables correspond to how liquid-like or solid-like each 

region is, where a value of 0 is a pure liquid state and a value >0.8 is a pure solid state. The 

coloured contours of the free energy surface correspond to the values of free energy G in 

reduced units, where red regions correspond to free energy minima (~ -120 ϵ) of pure states 

and light blue regions correspond to higher free energies (~ -10 ϵ) at solid-liquid coexistent 
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states.  However, from Figure 3.4 it can be seen that in the 1D free energy profile there exists 

a large energy barrier separating both minima in the chosen phase space. In a typical 

molecular dynamics simulation, such barriers prevent exploration of both minima. 

Nevertheless, the free energy surface generated in Figure 3.4 was calculated through biased 

molecular dynamics simulations using well-tempered metadynamics. In the next section, I will 

outline the theory and use of standard and well-tempered metadynamics as a method to 

calculate free energies in molecular dynamics simulations.  

3.3.3 Metadynamics 

An unbiased molecular dynamics simulation trapped at the bottom of an energy minimum in a 

free energy landscape would require a very long simulation runtime, to escape the energy well 

with a large energy fluctuation >>kBT. Energies such as this on average, are unlikely to occur 

without external influence. With the existence of a sufficiently high energy barrier, escaping 

the minima in this unbiased simulation may not occur at all. 

Metadynamics has been developed as an enhanced sampling method used in 

molecular dynamics simulations, with the goal of moving away from free energy minima, 

exploring free energy landscapes without needing a priori knowledge of the landscape and 

being able to obtain free energy estimates. Metadynamics was first introduced by Laio and 

Parrinello3.22 in the 2002 paper “Escaping free-energy minima”. In essence, a CV or set of CVs 

are chosen to describe the reduced phase space of the system and a history-dependent bias 

potential is added, along the trajectory of the chosen CV or CVs, to the energy landscape of 

the system.3.23,3.24 Where a system is trapped at the bottom of an energy well in the free energy 

landscape, the history-dependent bias potential in the form of gaussian functions is deposited 

at this point in phase space and pushes the system state out of this minimum.  
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The system is prevented from falling back into these energy wells as more gaussian 

functions are added and the system is allowed to cross any large energy barriers present that 

would normally separate one local minimum from another. Other local energy minima would 

normally be inaccessible due to the existence of large energy barriers. A visual representation 

of how the bias potential is added to the free energy surface over the course of a 

metadynamics simulation can be seen in Figure 3.5. 

Figure 3.5. Adapted from G. Bussi, and D. Branduardi3.25. An example of metadynamics showing how 

the free energy surface (solid black line) is modified over the course of the simulation by adding bias 

potential (solid grey line). [Top-left] The system (black dot) is at the bottom of an energy minima at a 

particular CV value. [Top-right] A bias potential in the form of a gaussian function is added to the system 

at this CV value, lifting the system away from the local minimum. [Bottom-right] Eventually the energy 

minima is completely filled to the top and the free energy surface has been modified (dashed grey line). 

The system is allowed to traverse the energy barrier and fall into a second minimum. [Bottom-left] Both 

minima have now been filled; the system is free to explore both states corresponding to the minima by 

moving along the flat modified free energy surface. 

The enhanced sampling aspect of metadynamics is apparent when the flat modified free 

energy surface has been generated. The system no longer has to traverse any energy barriers 

and is free to explore and sample all phase space as defined by the chosen CV or set of CVs. 

This enables the system to efficiently sample all of phase space over the course of a simulation. 

The form of the history dependent bias potential used in metadynamics is given by  
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where si is the value of the ith CV, q is what the CV is a function of i.e. atomic coordinates or 

velocities, d is the total number of CVs, τ is the Gaussian deposition rate i.e. stride or pace, k 

is an index to label each Gaussian being deposited, t is the maximum time allocated for the 

Gaussian deposition process, σi is the Gaussian width for the ith CV, W(kτ) is the Gaussian 

height and the quantity si(q) - si(q(kτ)) refers to the phase space distance between the 

previous ith CV value and the instantaneous ith CV value since the previously added Gaussian. 

The outer summation over kτ refers to placing the kth Gaussian every τ timesteps and the 

inner summation over i refers to summing over all collective variables si to a maximum of d 

CVs. 

 Over the course of an adequately long simulation, eventually the modified free energy 

surface will be generated after a sufficient number of Gaussians have been deposited and all 

phase space has been explored. A flat modified free energy surface has been obtained as 

seen in the bottom-left of Figure 3.4. The actual converged free energy surface can be 

reconstructed as the negative sum of all deposited Gaussians via3.25 

𝑉(𝑠, 𝑡 → ∞) =  −𝐹(𝑠) + 𝐶 

where V(s,t→∞) is the sum of all gaussians in the long time limit deposited in the phase space 

of CV s, F(s) is the free energy surface in CV phase space and C is an arbitrary constant. In 

practice, if the free energy surface does not significantly change upon additional 

metadynamics simulation runtime, the free energy surface is considered to be converged. 

 There are a number of practical guidelines for metadynamics simulations for choosing 

certain values of Gaussian width, height and pace3.26. The Gaussian width σM requires a 

degree of a priori information over the course of an unbiased simulation where the fluctuation 

of a chosen CV is measured. This fluctuation informs the value of σM, which can be chosen to 

𝑉(𝑠, 𝑡) = ∑ 𝑊(𝑘𝜏)exp − ∑
(𝑠𝑖(𝑞) − 𝑠𝑖(𝑞(𝑘𝜏)))

2

2𝜎𝑖
2

𝑑

𝑖=1𝑘𝜏<𝑡

  (3.13) 

(3.14) 
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be equal to or smaller than the value of the fluctuation. However, a too small value of σ will 

take longer for convergence to be reached.  

The Gaussian height W(kτ) should generally be smaller than kBT; larger Gaussian 

heights can cause the system to exit a local minimum too rapidly and the eventual modified 

free energy surface will be too rough to obtain a reasonable estimate. The time in a 

metadynamics simulation at which Gaussians are deposited should be at some chosen 

multiple of timestep dt to allow adequate phase space to be explored, while still enabling a 

fast simulation runtime. Examples of reasonable choices for when Gaussians are deposited 

are every 500, 1000 or 2000 timesteps. This Gaussian deposition rate will be dependent on 

the chosen timestep and the dynamics of processes under investigation in the system. 

 In terms of which CV or set of CVs is chosen for a metadynamics simulation, in theory 

any CV can be selected. However, in practice a suboptimal choice of CV can lead to a very 

long convergence time where the system does not leave the initial energy minimum for an 

extended period of time3.27. If other metastable states of the system are unknown, generally 

up to 3 CVs can be chosen. More than 3 CVs will result in the free energy surface taking a 

very long time to fill. Preliminary metadynamics simulations can be employed to investigate 

the effect on the system’s behaviour and corresponding free energy surface. Ideally, a 

converged free energy is achieved within a reasonable computational time as a result.  

 One of the main problems arising with standard metadynamics is the point at which 

Gaussians should no longer be added and the run should be terminated is unknown. There is 

a risk of overfilling the modified free energy surface with Gaussians, leading to fluctuation 

around the true value of the free energy and a large average error appears that is proportional 

to the square root of the Gaussian deposition stride3.27,3.28. Decreasing the rate of Gaussian 

deposition will reduce the error, but will in turn lead to a longer simulation that converges more 

slowly. 
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 An improved variant of metadynamics, namely well-tempered metadynamics3.29, 

circumvents this issue of overfilling the free energy surface and the end point of the 

metadynamics simulation becomes unambiguous. While the value of the Gaussian height 

W(kτ) remains constant in standard metadynamics, within well-tempered metadynamics the 

Gaussian heights are rescaled over the course of the simulation according to 

𝑊(𝑘𝜏) = 𝑊0exp (−
𝑉(𝑠(𝑞(𝑘𝜏)), 𝑘𝜏)

𝑘𝐵Δ𝑇
) 

where W0 is the initial Gaussian height and ΔT is a chosen input parameter with units of 

temperature. Through the rescaling of Gaussian heights in the deposited bias potential, the 

accumulated total bias will increase more slowly relative to standard metadynamics. This leads 

to the bias potential converging smoothly with a sufficiently long well-tempered metadynamics 

simulation, hence producing a more accurate modified free energy surface. However, 

recovering the free energy surface from the bias potential now includes an additional term 

𝑉(𝑠, 𝑡 → ∞) =  −
𝑇 + 𝛥𝑇

𝛥𝑇
𝐹(𝑠) + 𝐶 

where T is the system temperature. If ΔT = 0, this corresponds to unbiased molecular 

dynamics. In the limit where ΔT → ∞, standard metadynamics is re-established. In the 

practical context of a well-tempered metadynamics simulation, a value for the bias factor γ is 

chosen,  

𝛾 =
𝑇 + 𝛥𝑇

𝑇
 

In essence, the bias factor γ is a tuneable parameter which can control how quickly and how 

fully the free energy surface is explored. The chosen CV or set of CVs sample a higher 

temperature ensemble T + ΔT relative to the system temperature T. The exploration of the free 

energy surface is then restrained to an energy range of the order T + ΔT. There is a balance 

to achieve between obtaining convergence of the deposited bias potential as well as crossing 

any energy barriers present and doing so within a reasonable computational timeframe. A very 

(3.15) 

(3.16) 

(3.17) 
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low value of γ (<10) will eventually lead to bias convergence, but will require a very long 

simulation runtime. A very high value of γ (>1000) retrieves standard metadynamics and the 

issue of average errors associated with the free energy surface unfortunately arise again. In 

practice, choosing a moderate (30-120) value for γ generally produces the necessary balance 

between convergence and runtime as described above.  

There are also other variants of metadynamics that have been developed and used in 

conjunction with molecular dynamics simulations since the creation of standard metadynamics. 

Parallel tempering3.30, where many copies or replicas of the same system are simulated at 

different temperatures and atomic coordinates are exchanged between replicas has been 

combined with metadynamics3.31. Each replica runs a metadynamics simulation at a different 

temperature with the same set of chosen CVs. In bias exchange metadynamics3.32, multiple 

replicas are simulated at the same temperature, but the set of chosen CVs for each replica 

are different. Multiple walkers metadynamics3.33 involves multiple instances of Gaussians 

being deposited in CV space simultaneously for a single system, which can be simulated in 

parallel. Metadynamics with adaptive Gaussians3.34 changes the shape of the deposited 

Gaussians over the course of a metadynamics simulation in order to adapt to features of the 

system’s free energy surface. Nevertheless, in this work, well-tempered metadynamics is the 

metadynamics variant I chose to use in tandem with my gas-liquid molecular dynamics 

simulations. 

3.4 Gas-Liquid Simulation Framework 

There are a number of crucial simulation parameters that must be taken into consideration 

and carefully selected as these parameters will have a significant effect on the calculated 

value of interfacial gas-liquid surface tension γGL. These significant parameters are the system 

temperature T, the cutoff radius rc for the interatomic Lennard-Jones potential, the interfacial 

surface area A and to a lesser extent the minimum density ρ0. All parameters I will mention 

below are given in reduced (dimensionless) Lennard-Jones units unless otherwise specified. 
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Energy is given in units of Lennard-Jones well depth ϵ and length is given in Lennard-Jones 

diameter σ. Standard values for ϵ and σ are used throughout for Lennard-Jones Ar in terms of 

SI units where ϵ = 120 K and σ = 3.4 Å. The Boltzmann constant is also set as kB = 1. For 

example, a temperature of T = 120 K is given as a reduced temperature of T* = 1.0 in reduced 

L-J units by the relation 

𝑇∗ =
𝑇𝑘𝐵

𝜖
 

Reduced distance r∗ can be defined by the relation  

𝑟∗ =
𝑟

𝜎
 

where r is distance. Reduced distances are generally given in multiples of σ, such as 

interatomic potential cutoff distance rc between an atomic pair, which can be chosen as rc = 5 

σ.  

In terms of initialising the simulation, I constructed the simulation cell as a cuboid that 

has a specific cross-sectional surface area A defined by the width of the y-axis Ly and height 

of the z-axis Lz and a variable cell length given by the x-axis Lx. The width Ly and height Lz 

remain fixed throughout the simulation. I set the length Lx at an initial value and a number of 

Lennard-Jones Ar atoms N are placed on an fcc lattice inside the simulation cell. This imposes 

an initial and maximum density ρmax on the system, which is chosen to be close to the liquid-

gas coexistence line for a chosen system temperature T. Having the system set up in 

conditions initially as a pure liquid but at a density ρmax close to gas-liquid coexistence ensures 

adequate sampling of both liquid and gas-liquid states over the course of production MD. The 

effect of changing interfacial surface area A on the gas-liquid surface tension γGL will be 

discussed in Section 4.3. 

 Since the system will operate under the NPxxT ensemble, the pressure tensor 

component along the x-axis Pxx will remain fixed at zero pressure. This allows the simulation 

(3.19) 

(3.18) 
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cell to expand along the x-axis in volume, gradually lowering the density of the system. The 

system will not expand in volume along the y-axis nor the z-axis so that the surface area 

remains fixed throughout the simulation. If the simulation only operated according to a 

standard isobaric NPT ensemble, in this case the simulation cell would shrink to a 

geometrically flat minimum along the yz plane due to surface tension when a surface is 

present3.21. This does not occur in the NPxxT ensemble which allows for the simulation cell to 

retain its cuboidal geometry upon expansion in cell length. 

 The atoms were placed on an fcc lattice and equilibrated in the NVT ensemble at the 

chosen system temperature T for a short MD simulation of 50 ps. This was carried out in order 

to generate an initial pure liquid configuration to be used in the subsequent well-tempered 

metadynamics simulations. The equations of motion are described by a set of Nose-Hoover 

style non-Hamiltonian equations outlined by Shinoda et al3.35. The timestep used to integrate 

these equations of motion was set as 0.001 ps. This timestep, along with the chosen algorithm 

for integrating the equations of motion gave negligible total energy drift from occurring over 

the course of any given simulation. Using a timestep of 1 fs was not detrimental to simulation 

runtime as simulations still completed within a reasonable computational walltime. A Nose-

Hoover thermostat and Nose-Hoover barostat were used alongside the equations of motion 

in order to regulate temperature and pressure respectively.  

Pairwise atomic interactions are governed by a 12-6 Lennard-Jones potential that is 

generally standard for MD simulations of this type, including an interaction cutoff radius rc. The 

energy of any atom-atom pairs that have an interatomic distance less than the chosen cutoff 

radius rc are explicitly computed and the energies of any pairs with interatomic distances that 

exceed rc are not computed. In other words, any chosen atom has a sphere with radius rc 

centred on the atom. Other atoms that reside inside this sphere will have their interactions 

accounted for and atoms that reside outside this sphere will be ignored. Typical rc values are 

chosen as multiples of σ e.g. 2.5 σ, 5 σ, 7 σ. A more rigorous discussion of the choice of rc and 

how changing rc affects the calculated surface tension γGL will be given in Section 4.2. 
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 The production MD run involves LAMMPS3.36 interfacing with PLUMED3.37, an open-

source library that provides enhanced sampling algorithms and free energy methods. In 

particular, well-tempered metadynamics3.29 is utilised in tandem with the production MD run. 

After equilibration, the system is setup in the NPxxT ensemble and a production MD is set to 

run for 50 ns. The x-axis simulation cell length Lx is chosen as the CV to be used in the well-

tempered metadynamics simulation. Through the bias potentials deposited in the form of 

gaussians by the well-tempered metadynamics algorithm, the simulation cell is biased to 

expand along the x-axis, corresponding to a decrease in density. The system is enabled to 

move away from the energy minimum of the pure liquid region towards the gas-liquid 

coexistence region. Over the course of a typical well-tempered metadynamics simulation, 

eventually sufficient gaussians are placed so that the free energy surface is modified to a “flat” 

free energy surface. Subsequent recrossings between pure liquid and gas-liquid coexistence 

require minimal work to transition compared to the system’s initial state which was trapped by 

a large energy barrier in the pure liquid minimum. This allows for both regions to be sampled 

adequately so that a converged free energy surface can be reconstructed post-simulation. 

Typical snapshots of configurations that appear during the well-tempered metadynamics 

simulations are shown in Figure 3.6 below. 

 

 

 

Figure 3.6. Snapshots of (a) pure liquid and (b) and (c) gas-liquid coexistence configurations taken 

from well-tempered metadynamics simulation trajectories, visualised using VMD3.38. The boundaries of 

the simulation cells are illustrated with the blue outlines. The 3D orientation of the cells are denoted by 

the 3D axis given on the bottom-left. Snapshot (a) shows a fully compressed configuration as a pure 

liquid at maximum density ρmax .Snapshot (b) shows a central stable liquid cluster with gas cavitation 

occurring at either end of the simulation cell. Snapshot (c) is functionally identical to (b), where the 

structure of the liquid cluster is conserved across periodic images due to periodic boundary conditions.  

y 
z 

x 
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In terms of the specific values for the well-tempered metadynamics parameters, the gaussian 

width σM was set as 0.5 as this was the average fluctuation in Lx for an unbiased MD simulation 

for any given reduced temperature T*. The gaussian height h0 was chosen as 0.5 as generally 

the value for h0 should be <kT (= T*). Across all simulations, the minimum chosen value of T* 

was 0.9. The bias factor γ was tested for multiple values (γ = 20, 30, 60, 90, 120), but ultimately 

values of γ = 60 and γ = 90 were chosen for T* = 0.95, 1.0 and T* = 0.9 respectively. These 

values provided the best balance between computational runtime and sampling efficiency with 

many recrossings relative to lower bias factors. The gaussian deposition rate (pace) τ was 

chosen as 500 steps as it provided a reasonable compromise between filling the pure liquid 

energy minima slowly and reaching a converged free energy surface within an acceptable 

simulation time. MD quantities such as temperature T, pressure P, x-axis pressure tensor Pxx, 

volume V, density ρ and total energy E were written to a LAMMPS log file every 1000 timesteps. 

In terms of well-tempered metadynamics quantities, CV Lx, gaussian height h0, instantaneous 

deposited bias potential from well-tempered metadynamics and bias from a restraining 

potential wall were outputted every 500 timesteps i.e. every τ.  

Importantly, a restraining potential (UPPER_WALLS within the PLUMED software) 

placed on a maximum value of the CV Lx prevents the simulation cell from overexpanding. For 

any given temperature T, this restraining potential is placed at a minimum density ρ0 just before 

the coexistence boundary between the liquid-gas coexistent region and the pure gas region. 

This prevents the simulation from entering a fully gaseous state where it would be difficult to 

return to gas-liquid coexistence. The difficulty comes from the fragmentation of the pure liquid 

cluster upon the transition to pure gas; to recover the liquid cluster and gas-liquid coexistence 

after this transition involves full contraction to the pure liquid state. By restricting this 

overexpansion into the pure gas state, the well-tempered metadynamics simulation is more 

readily able to recross multiple times between the pure liquid region and the gas-liquid 

coexistent region. Consequently, configurations are sampled sufficiently from both regions 



49 
 

and a quasi-planar surface between the liquid cluster and cavitated gas remains stable and 

unbroken.   

Although the chosen CV during the runtime of the well-tempered metadynamics 

simulations is the x-axis simulation cell length Lx, this quantity is converted into the number of 

liquid-like atoms Nliq. Using Nliq as a CV instead of Lx gives a similar qualitative shape of the 

free energy profile for a solid-liquid system where the number of solid atoms Ns is used as the 

CV. More useful physical information can be gleaned from a FES that spans over the number 

of liquid atoms Nliq compared to a FES using Lx as knowing Nliq is more relevant and physically 

meaningful to obtaining the gas-liquid interfacial surface tension γGL. This transformation is 

achieved through two conservation relations3.21  

Φ = 𝜙𝑙𝑛𝑙 + 𝜙𝑔𝑛𝑔 

N = 𝑛𝑙 + 𝑛𝑔 

where Equation (3.20) refers to the conservation of total volume Φ occupied by both liquid and 

gas particles. ϕl is the volume per-particle for liquid atoms, ϕg is the volume per-particle for 

gas atoms, nl is the total number of liquid atoms and ng is the total number of gas atoms. 

Volume per-particle can be thought of simply as a quantity of inverse density for a given 

species of atom. Equation (3.21) refers to the conservation of total atoms N in the system. By 

combining these conservation relations, we can rearrange these equations in terms of nl (Nliq), 

Nliq =
Φ − 𝑁𝜙𝑔

𝜙𝑙 − 𝜙𝑔
  

ϕl is calculated from the simulation cell volume at maximum compression and therefore 

maximum density ρmax where all particles are considered liquid 

𝜙𝑙 =
𝐿𝑥 ∙ 𝐴

𝑁
=

1

𝜌𝑚𝑎𝑥
  

ϕg is calculated from the simulation cell volume at maximum expansion i.e. the maximum cell 

length Lx before overexpansion occurs. For the reduced temperatures T* = 0.9, 0.95, 1.0, the 

(3.20) 

(3.21) 

(3.22) 

(3.23) 
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corresponding minimum densities are ρ0 = 0.02, 0.035, 0.05  respectively as these densities lie 

just before the pure gas region. The volume per-particle for gas atoms becomes 

𝜙𝑔 =
1

𝜌0
 

For example, a simulation cell with the parameters A = 16 σ x 16 σ and N = 2944 has a ϕl = 

1.25 for all reduced temperatures. The values of ϕg for reduced temperatures T* = 0.9, 0.95, 1.0 

are ϕg = 50.0, 28.6, 20.0 respectively. Since Lx is outputted every 500 timesteps and N remains 

constant, Lx can be converted to Nliq by using Equations (3.22-3.24) during post-processing. 

Nliq then becomes the CV to be used as the free energy surface descriptor instead of Lx. The 

free energy profile for any given well-tempered metadynamics gas-liquid simulation is 

constructed using Nliq as the x-axis during post-processing. A typical free energy profile for 

these simulations is illustrated in Figure 3.7.  

 

 

 

(3.24) 
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Figure 3.7. The free energy profile for a single well-tempered metadynamics gas-liquid simulation run, 

shown as a function of the number of liquid atoms Nliq. The conditions for this particular example are N 

= 2944, T* = 0.95, A = 16 σ x 16 σ, rc = 6 σ. The sloped region of the profile corresponds to configurations 

in the gas-liquid coexistent region. The value of the gradient is equal to the change in chemical potential 

Δμ. The solid black line extrapolates this slope in order to determine the free energy change ΔG 

associated with the energy cost of formation for a gas-liquid interface. Since ΔG = γGLA, the gas-liquid 

interfacial surface tension in reduced units is readily obtained by dividing ΔG by 2A. The additional factor 

of 2 refers to the fact that there are two gas-liquid interfaces for the stable liquid cluster. All quantities 

are given in L-J units. 

In general, each simulation starts with the system initially prepared in a pure liquid state, which 

corresponds to the free energy minimum that exists around N ≈ 2925 in Figure 3.7. It is 

energetically favourable for the simulation to remain as a pure liquid and energetically 

unfavourable for the simulation to create a gas-liquid interface in this initial configuration. As 

bias potentials are deposited over the course of a well-tempered metadynamics simulation, 

the system will gradually move out of the pure liquid energy minimum and create a gas-liquid 

interface as the gas-liquid interface is now energetically preferred to a pure liquid. The slope 

in Figure 3.7 corresponds to gas-liquid coexistence configurations. Obtaining ΔG from free 

energy profiles such as the profile illustrated in Figure 3.7 is the key quantity to be used in 

calculating the value for γGL. In section 4.2, I will outline how the calculated γGL value changes 

with increasing potential cutoff radius rc using the above simulation framework.  

ΔG  =  γGLA 
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4 Results and Discussion 

4.1 Introduction 

In this chapter, I will explain how the interfacial gas-liquid surface tension γGL of the Lennard-

Jones gas-liquid configuration was determined via molecular dynamics coupled with the 

enhanced sampling method of well-tempered metadynamics. I will outline the reasoning and 

justification for choosing molecular dynamics and well-tempered metadynamics parameters 

that have a significant effect on the calculated surface tension γGL. In particular, I have 

calculated values for the gas-liquid surface tension γGL by making changes to two different 

parameters; namely interfacial area A and pairwise cutoff radius rc. In general, for a single 

given simulation, one of these parameters was held fixed at a constant value while the other 

was altered. For example, the interfacial area A can be kept constant while changing the value 

of cutoff radius rc. In this example, one is able to ascertain if the value of the gas-liquid surface 

tension γGL  converges to a fixed value as the cutoff radius rc increases.  

More details for this specific example can be found later in Section 4.2 and changing 

interfacial area A is detailed in Section 4.3. The dependence on reduced temperature T* will 

be discussed in Section 4.4. I have selected values of rc and A from Sections 4.2 and 4.3 

according to the largest rc and A that allow collection of reliable statistics in simulations. This 

selection produces values of gas-liquid surface tensions γGL that have converged sufficiently 

as a function of rc  and A. These values remain fixed and inform the surface tension γGL  values 

with changing reduced temperature T*, as outlined in Section 4.4.   

4.2 Convergence of Gas-Liquid Surface Tension γGL with cutoff size rc 

There are many factors associated with the chosen potential that can significantly affect the 

calculated value for the gas-liquid surface tension γGL. These factors include the choice of 

cutoff scheme, cutoff distance, tail corrections and the tail correction scheme. Tail corrections 

are generally included to a potential model in order to account for long range contributions in 
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MD simulation. For the purposes of this work, I have not accounted for tail corrections to keep 

the potential model as simple as possible. Additionally, tail corrections have more of an impact 

on simulations that evaluate the mechanical definition of the surface tension through 

calculation of pressure tensors. The calculated pressure tensors are intrinsically linked to the 

intermolecular forces that depend on the details of the chosen potential, especially tail 

corrections4.1.  Instead, I will focus primarily on how increasing the cutoff radius rc affects the 

value of the gas-liquid surface tension γGL.  

 It is crucial that the planar interface remains intact throughout the course of the well-

tempered metadynamics simulations. Using a cutoff radius rc value that is too short e.g. rc < 

2.5 σ can cause the liquid cluster to break apart, especially with larger surface areas A (A > 

14 σ x 14 σ). Interactions that are ignored where r > 2.5 σ can therefore destroy the structural 

integrity of the planar gas-liquid interface and obtaining a reliable value for γGL becomes 

dubious. For higher values of cutoff radius rc, there is a compromise between computational 

efficiency while still maintaining a stable planar interface. More pairwise interactions will be 

computed for larger values of rc, which can add significantly to the simulation runtime. 

Furthermore, in theory the value of gas-liquid surface tension γGL should converge to a limiting 

value at an rc value equivalent to half of the minimum box dimension4.1. In this work, for a 

cuboidal box that expands in length, the minimum box dimension will be either component of 

the transverse area A along the y- and z-axis.  

 The range of rc values that were examined are rc = 5 σ, 6 σ, 7 σ, 8 σ. The interfacial 

surface area A was held constant at A = 16 σ x 16 σ and each rc was tested for reduced system 

temperatures T* = 0.9, 0.95, 1.0. The number of atoms N in the system was N = 2944 for all rc 

values. The well-tempered metadynamics parameters were mostly the same as described in 

Section 3.4 (σM = 0.5, h0 = 0.5, τ = 500). However, the bias factor γ was set as γ = 90 for all 

temperatures and rc values, except for T* = 1.0 in which it was set as γ = 60. The maximum x-

axis cell length was set as Lx = 50 σ, corresponding to a minimum density of ρmin = 0.23 for all 

temperatures. The obtained gas-liquid surface tensions γGL for the range of aforementioned rc 
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values for each reduced temperature were plotted relative and compared to experimental 

values of γGL for Ar4.2,4.3  in Figure 4.1 with the corresponding data in Table I below. 

Figure 4.1. The change in gas-liquid interfacial surface tension γGL obtained from well-tempered 

metadynamics simulations with cutoff radius rc = 5 σ, 6 σ, 7 σ, 8 σ at 3 reduced temperatures T* = 0.9 

(crosses, dotted line), 0.95 (triangles, dashed line) and 1.0 (squares, solid line). The horizontal lines 

refer to experimental values of γGL at each temperature4.2,4.3 . The interfacial surface area A was held 

constant at 16 σ x 16 σ. The bias factor used from the well-tempered metadynamics simulations was γ 

= 90 for T* = 0.9, 0.95 and γ = 60 for T* = 1.0. The production MD runtime for these simulations was 50 

ns. 
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Table I. Gas-liquid interfacial surface tensions γGL in reduced L-J units obtained using well-tempered 

metadynamics simulations for changing cutoff radius rc given in multiples of σ and for 3 reduced 

temperatures T*. The interfacial area A for this work is set as 16 σ x 16 σ. 

T* Bias factor rc γGL (this work) γexpta γlitb 

0.9 90 5 σ  0.67 0.73 0.70 ± 0.01c 
0.9 90 6 σ 0.68 0.73 0.42d 

0.9 90 7 σ 0.75 0.73  

0.9 90 8 σ 0.73 0.73  

0.95 90 5 σ  0.47 0.60  

0.95 90 6 σ 0.53 0.60 0.57 ± 0.01c 

0.95 90 7 σ 0.59 0.60  

0.95 90 8 σ 0.62 0.60  

1.0 60 5 σ  0.48 0.48  
1.0 60 6 σ 0.53 0.48 0.46 ± 0.01c 

1.0 60 7 σ 0.51 0.48  

1.0 60 8 σ 0.46 0.48  
 

a Experimental gas-liquid surface tension for Ar from the NIST database4.2,4.3  

b Computational gas-liquid surface tension values from various literature 

c Values from mechanical gas-liquid surface tension using explicit interfacial MD simulation  

[rc = 6 σ, A = 12 σ x 12 σ for T* = 0.9, 0.95, 1.0]4.1  

d Value from area sampling MC simulations [rc = 2.5 σ, A = 7 σ x 7 σ for T* = 0.9]4.4  

The surface tension values γGL obtained in this work as seen in Table I are in reasonably good 

agreement with the described literature values and in very close agreement with experimental 

values across all temperatures, especially for rc = 7 σ, 8 σ. All the methods employed in 

literature calculate surface tensions in a variety of ways, including MC simulations, test area 

sampling and explicit interface MD simulations that calculated γGL by mechanical means. In 

this work I have instead calculated γGL by way of the thermodynamic definition using well-

tempered metadynamics simulations to construct a free energy profile of gas-liquid interface 

formation with respect to the number of liquid particles Nliq.  

The convergence of γGL towards a limiting value with increasing rc appears to vary with 

each reduced temperature as per Figure 4.1. In this case, the maximum rc value attainable 

corresponds to half the cell width Ly or half the cell height Lz. Values of rc that exceed this 

maximum will contribute towards unwanted finite-size effects. Furthermore, increasing the 

cutoff radius rc by an addition of 2 σ will double the simulation runtime required to complete 50 
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ns MD production. The average deviation for γGL compared to experimental values for each 

temperature T* = 0.9, 0.95, 1.0 for cutoff radius rc = 7 σ was 2.7%, 2.0% and 5.8% respectively. 

Ultimately, the cutoff radius rc = 7 σ was selected due to the balance between producing 

reasonable γGL values compared to literature and experiment and relatively fast simulation 

runtimes compared to higher rc values. All simulations in Section 4.4 will therefore use this 

cutoff radius of rc = 7 σ. I will now discuss in Section 4.3 the implications of changing the 

interfacial surface area A at a fixed cutoff radius and temperature as to how the surface tension 

γGL is affected. 

4.3 Convergence of Gas-Liquid Surface Tension γGL with surface area A 

Similarly to the cutoff radius rc, the interfacial surface area A is also a crucial parameter in 

calculating gas-liquid surface tension γGL. The relevant factors pertaining to the interfacial 

surface area A include the geometry of the interface which can in theory be any shape but 

generally interfaces are considered as either planar or spherical for ease of simulation. In this 

work, I have constructed all simulations to have planar interfaces. Additionally, the size of the 

surface area A is an explicit term used in calculating the thermodynamic definition of the gas-

liquid surface tension γGL i.e. γGL = ΔG/2A, where ΔG is the free energy change associated with 

gas-liquid interface formation. Consequently, the surface tension γ will converge at some 

sufficiently large surface area A equivalent to the thermodynamic limit where finite-size effects 

for γ are negligible. Conversely, if the surface area A is too small, finite-size effects will be 

large enough to adversely affect the value of γ. 

 Within the context of a well-tempered metadynamics simulation, the interfacial surface 

area A must be chosen so that the simulation cell is large enough to eliminate finite-size effects 

while ensuring a relatively fast simulation runtime. Furthermore, in keeping with the fixed cutoff 

radius rc of 5 σ, having an especially large surface area A can lead to vertical breakup of the 

pure liquid cluster as previously mentioned in Section 4.2 for small rc values. Consequently, 

the range of interfacial surface area A values were chosen as A = 10 σ x 10 σ, 12 σ x 12 σ, 14 
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σ x 14 σ, 16 σ x 16 σ. These areas A correspond to N = 1000, 1440, 1960, 2944 respectively. 

These values of N relate to a maximum density ρmax = 0.8 for a given area A at full cell 

contraction. The cutoff radius rc remained fixed at rc = 5 σ and each surface area A was tested 

at reduced temperatures T* = 0.9, 0.95, 1.0. The well-tempered metadynamics parameters 

were chosen as σM = 0.5, h0 = 0.5, τ = 500, γ = 60. Since changing the surface area A will in 

turn change the volume and density with increasing x-axis cell length Lx, minimum densities 

are imposed at ρmin = 0.02, 0.035, 0.05 for T* = 0.9, 0.95, 1.0 respectively. To ensure that the 

density of the simulation for each temperature T* does not decrease past these minima, a 

maximum value of Lx = 50 is chosen for each surface area A. A restraining potential is placed 

at these Lx values to prevent overexpansion. The obtained gas-liquid surface tensions γGL for 

the range of interfacial surface area A values for each reduced temperature are plotted relative 

to experimental values of γGL for Ar4.2,4.3  in Figure 4.2 with the corresponding data in Table II 

below. 
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Figure 4.2. The change in gas-liquid interfacial surface tension γGL obtained from well-tempered 

metadynamics simulations with surface areas A = 10 σ x 10 σ, 12 σ x 12 σ, 14 σ x 14 σ and  

16 σ x 16 σ at 3 reduced temperatures T* = 0.9 (triangles, dotted line), 0.95 (circles, dashed line) and 

1.0 (squares, solid line). Ly and Lz refers to the transverse simulation cell width and height. The 

horizontal lines refer to experimental values of γGL at each temperature4.2,4.3 . The cutoff radius rc was 

held constant at 5 σ. The bias factor used from the well-tempered metadynamics simulations was γ = 

60 for all temperatures. The production MD runtime for these simulations was 50 ns. 
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Table II. Gas-liquid interfacial surface tensions γGL in reduced L-J units obtained using well-tempered 

metadynamics simulations for changing interfacial area A given in multiples of σ and for 3 reduced 

temperatures T*. The cutoff radius rc for this work is set as 5 σ. 

T* A γGL (this work) γexpta γlitb 

0.9 10 σ x 10 σ 0.58 0.73 0.42d 

0.9 12 σ x 12 σ 0.60 0.73 0.70 ± 0.01c , 0.41d 

0.9 14 σ x 14 σ 0.65 0.73  

0.9 16 σ x 16 σ 0.67 0.73  

0.95 10 σ x 10 σ 0.58 0.60  

0.95 12 σ x 12 σ 0.56 0.60  

0.95 14 σ x 14 σ 0.51 0.60  

0.95 16 σ x 16 σ 0.47 0.60 0.57 ± 0.01c 

1.0 10 σ x 10 σ 0.43 0.48  
1.0 12 σ x 12 σ 0.44 0.48 0.46 ± 0.01c 

1.0 14 σ x 14 σ   0.41 0.48  

1.0 16 σ x 16 σ 0.48 0.48  
 

a Experimental gas-liquid surface tension for Ar from the NIST database4.2,4.3  

b Computational gas-liquid surface tension values from various literature 

c Values from mechanical gas-liquid surface tension using explicit interfacial MD simulation  

[rc = 6 σ, A = 12 σ x 12 σ for T* = 0.9, 0.95, 1.0]c 

d Value from area sampling MC simulations [rc = 2.5 σ, A = 7 σ x 7 σ, 10 σ x 10 σ, 12 σ x 12 σ for T* = 

0.9]4.4  

The surface tension values γGL obtained in this work as seen in Table II are generally in close 

agreement with the described literature values and in reasonable agreement with 

experimental values, particularly for A = 14 σ x 14 σ, 16 σ x 16 σ at all temperatures. It is difficult 

to conclude that convergence in γGL has been reached for any temperature as the interfacial 

surface area A increases. The temperatures T* = 0.9, 1.0 get relatively close to the expected 

experimental value of γGL, but temperature T* = 0.95 instead diverges away from the expected 

γGL value. All temperatures should in theory converge to a fixed γGL value with minor fluctuations 

with increasing A4.1.  

On balance, the interfacial area A = 16 σ x 16 σ appears to be the functional choice in 

terms of preventing finite-size effects and ensuring that sufficient sampling of both pure liquid 

and gas-liquid regions occur while maintaining a reasonable computational speed. The 
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average deviation for γGL compared to experimental values for each temperature T* = 0.9, 0.95, 

1.0 for surface area A = 16 σ x 16 σ was 8.2%, 21.6% and <0.1% respectively. Section 4.4 will 

use this value of A = 16 σ x 16 σ as well as cutoff radius rc = 7 σ in order to test how accurate 

the value of gas-liquid surface tension γGL is for well-tempered metadynamics simulations of 

this type compared to other literature and experiment. The reduced temperatures covered will 

include T* = 0.9, 0.95, 1.0. 

4.4 Gas-Liquid Surface Tension γGL with changing reduced L-J temperature T* 

By selecting the most suitable parameters of the cutoff radius rc = 7 σ and the interfacial 

surface area A = 16 σ x 16 σ, the robustness of this new method for determining γGL can now 

be tested over a range of reduced temperatures T* = 0.9, 0.95, 1.0. For each reduced 

temperature T*, 5 independent well-tempered metadynamics simulations were carried out. As 

described previously, an equilibration of 50 ps and a production time of 50 ns was set for all 

simulations. The number of atoms N remained fixed at N = 2944 across all simulations. The 

same metadynamics parameters of σM = 0.5, h0 = 0.5, τ = 500 were used for all temperatures. 

However, a higher value of the bias factor γ = 90 was used at temperature T* = 0.9, and a bias 

factor γ = 60 was used for temperatures T* = 0.9, 0.95. Higher values of γ were to accommodate 

convergence of the modified free energy surfaces as detailed before, especially at lower 

temperatures. The maximum density ρmax of the system for all temperatures did not exceed 

ρmax = 0.85, corresponding to a pure liquid state. The minimum density ρmin was controlled by 

a restraining potential to not be less than ρmin = 0.2 to prevent overexpansion into the pure gas 

region. The configurational space that each simulation can occupy in terms of temperature 

and density for each reduced temperature is illustrated in Figure 4.3. 
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Figure 4.3. Figure adapted from J. Ge, B. Todd, G. Wu, R. J. Sadus: Scaling behavior for the 

pressure and energy of shearing fluids4.5. Phase diagram in terms of reduced temperature T* and 

density ρ for a Lennard-Jones fluid. The pure gas, gas-liquid and liquid regions are denoted by G, V+L 

and L respectively. The vertical red lines correspond to the lower limit (ρmin = 0.2) and upper limit (ρmax 

= 0.85) of densities allowed. This is accommodated by a restraining potential placed on the maximum 

system cell length Lx in gas-liquid well-tempered metadynamics simulations. The horizontal green lines 

correspond to the region of phase space in terms of density ρ and reduced temperatures T* = 0.9, 0.95, 

1.0 that each simulation is allowed to occupy.  

After all well-tempered metadynamics simulations for all temperatures had concluded, 

averaged free energy profiles in terms of Nliq were constructed during post-processing via 

PLUMED4.4. The converged free energy profiles as well as their statistical errors for each 

reduced temperature T* are shown in Figure 4.4. From these free energy profiles, averaged 

values for gas-liquid surface tension γGL are plotted in terms of changing temperature T* 

alongside experimental values for γGL and mechanical values for γGL from literature4.6,4.7 in 

Figure 4.5. Corresponding data can be found in Table III. 
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Figure 4.4. Free energy profiles averaged from 5 independent well-tempered metadynamics runs for 

each reduced temperature T* = (a) 0.9 (b) 0.95 (c) 1.0.The light red region that surrounds the averaged 

free energy profile refers to the associated standard deviation in G for each corresponding value of Nliq. 

(c) 
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Figure 4.5. Interfacial gas-liquid surface tensions γGL for planar interfaces with changing reduced 

temperature T*. γGL
LJT

 (blue inverted triangles) refers to a two-body truncated Lennard-Jones potential 

using the Kirkwood-Buff definition of mechanical surface tension4.6. γGL
BFW (green triangles) and γGL

NLD 

(yellow diamonds) refer to three-body interactions using a modified Kirkwood-Buff definition4.6. γGL
LJTC

 

(purple hexagons) refers to a two-body truncated and corrected LJ potential using the Irving-Kirkwood 

definition of mechanical surface tension4.7. The dotted line refers to experimental γGL
4.2,4.3. The red 

circles refer to the obtained γGL values from this work. All error bars refer to standard deviations. 
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Table III. Gas-liquid interfacial surface tensions γGL in reduced L-J units obtained using well-tempered 

metadynamics simulations for rc = 7 σ, A = 16 σ x 16 σ at 3 reduced temperatures T*.  

T* γGL (this work) γexpta γlitb Deviationc (%) 

0.90 0.70 ± 0.01 0.73 0.71 ± 0.01d − 4.1 
0.95 0.59 ± 0.01 0.60 0.59 ± 0.01e − 1.6 

1.00 0.48 ± 0.01 0.48 0.50 ± 0.01d, 0.51 ± 0.02e < 0.1 
 

a Experimental gas-liquid surface tension for Ar from the NIST database4.2,4.3  

b Computational gas-liquid surface tension values from various literature 

c Average deviation of γGL from this work relative to γexpt 

d Mechanical two-body Irving-Kirkwood gas-liquid surface tension γGL
LJTC

, Werth et al.4.7  

e Mechanical three-body Kirkwood-Buff gas-liquid surface tension γGL
NLD, Goujon et al.4.6  

The obtained values of γGL from this work appear to be in very good agreement with both 

experimental and literature values for reduced temperatures T* = 0.9, 0.95, 1.0. The values for 

γGL have average deviations of 4.1%, 1.6% and <0.1% respectively. The corresponding free 

energy profiles as seen in Figure 4.4 support the obtained values of γGL  as they appear to be 

well converged and have reasonable statistical errors. 

 In the final chapter, I will weigh up the benefits and costs of using the methods 

employed in this work and draw conclusions regarding the viability of well-tempered 

metadynamics for future work exploring gas-liquid interfaces. 
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5 Summary and Future Work 

5.1  Summary 

In this work, I have calculated the interfacial gas-liquid surface tension γGL of a coexistent gas-

liquid system of Lennard-Jones Ar5.1, utilising molecular dynamics (MD) with well-tempered 

metadynamics5.2. The gas-liquid surface tension γGL was determined through thermodynamic 

means instead of mechanical means as well-tempered metadynamics simulations allowed for 

the construction of a free energy surface. From this, values of the gas-liquid surface tension 

γGL were calculated. The obtained values of γGL  were then compared to both literature and 

experimental values of Ar to assess the accuracy and ultimately the viability of this work. The 

methodology in literature that yielded values of γGL included mechanical determination of γGL 

through direct computation of pressure tensors as well as thermodynamic determination of γGL 

through area sampling. 

 Chapter 4 explored the robustness and performance of the method I used in this work 

where certain critical parameters that can affect the accuracy of γGL were changed. In Section 

4.2, the range of pairwise potential cutoff distance values were rc = 5 σ, 6 σ, 7 σ, 8 σ, while 

keeping the surface area constant at A = 16 σ x 16 σ. Three reduced temperatures T* = 0.9, 

0.95, 1.0 were selected for each changing value of rc. The purpose of investigating changes in 

rc  was to ascertain whether finite-size effects were present or not as rc.  approached its 

maximum of rc = Ly/2 = Lz/2, which was rc = 8 σ in this case. Furthermore, lower rc  values were 

checked to observe whether or not breakup of the pure liquid in the y-axis and z-axis occurred. 

Overall, it appeared that there were no significant finite-size effects for higher rc and the 

structure of the pure liquid remained intact at lower rc. In terms of performance, it was found 

that in keeping all other parameters constant such as surface area A and reduced temperature 

T*, while increasing rc by an addition of 2 σ, roughly doubled the computational simulation 

runtime required for 50 ns production. 
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Section 4.3 involved changing the surface area A = 10 σ x 10 σ, 12 σ x 12 σ, 14 σ x 14 σ, 

16 σ x 16 σ while keeping the cutoff distance fixed at rc = 5 σ, for three reduced temperatures 

T* = 0.9, 0.95, 1.0. Increasing the surface area A also increased the total number of atoms N in 

the system, which in turn increased the number of liquid atoms Nliq that were present in the 

stable gas-liquid interface. Having an increased number of liquid atoms ensured the stability 

of the gas-liquid interface and provided a more accurate estimation of the free energy change 

ΔG associated with gas-liquid interface formation. Computational performance was not 

significantly affected in terms of walltime spent to execute 50ns production MD with increasing 

surface area A. As in Section 4.3, there were no observable finite-size effects as the chosen 

cutoff distance of rc = 5 σ ensured any given surface area A would not exceed the rc = Ly/2 = 

Lz/2 maximum. 

Finally, Section 4.4 used a cutoff distance of rc = 7 σ and a surface area of A = 16 σ x 

16 σ at three reduced temperatures T* = 0.9, 0.95, 1.0 for five independent simulations per 

reduced temperature. This was to ascertain the statistical variance across all independent 

simulations and the overall accuracy of the method in terms of the obtained values of gas-

liquid surface tension γGL compared to experimental values of γGL. For each reduced 

temperature T* = 0.9, 0.95, 1.0, the values for γGL had average deviations of 4.1%, 1.6% and 

<0.1% respectively when compared to experimental γGL. The associated statistical error for γGL 

was equal to ±0.01 reduced L-J units at each temperature T*. 

The chosen CV used for the well-tempered metadynamics simulations was the x-axis 

cell length Lx  and was converted to the number of liquid atoms Nliq  as per Equation (3.22).  

However, an alternative approach was attempted where Nliq was used as a CV directly, albeit 

with a different definition. This approach involved using a contact matrix, essentially an 

adjacency matrix of atomic nearest neighbours of size N x N for N atoms present in the system, 

illustrated in Figure 5.1.  
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Figure 5.1. Example of an NxN contact matrix for a simple system of N = 6 atoms. Atoms 1, 2 and 3 are 

interconnected to each other, atoms 4 and 5 are connected and atom 6 is not connected to any other 

neighbour. Any atom having a connection in the contact matrix is represented by an element being 

equal to 1, reflected along the main diagonal of the matrix to its neighbour. Elements that are equal to 

0 refer to no connectivity. 

Each element of the contact matrix switches smoothly between 0 or 1, according to the 

switching function 

𝑠(𝑟) =
1 − (

𝑟
𝑟0

)
𝑛

1 − (
𝑟
𝑟0

)
𝑚 = { 

1   for r ≤ r0

0   for r > r0
 

where r is the interatomic distance between two atoms, r0 is a chosen cutoff distance, n and 

m are integers chosen such that m = 2n. Values of n = 6, m=12 were used when testing the 

contact matrix method in well-tempered simulations. Summing each individual row or column 

of the contact matrix then gives the coordination number for a particular atom. Using the ten 

Wolde and Frenkel5.3 definition where any atom with 5 or more neighbours is considered to be 

liquid-like, all coordination numbers ≥ 5 can be summed and transformed to 1. This gives the 

total number of liquid atoms in the system Nliq. However, well-tempered metadynamics 

simulations that utilised this contact matrix approach were unsuccessful as there were 

inadequate recrossings between the pure liquid state and gas-liquid coexistent state of the 

system over 50 ns MD production. Understanding why there were inadequate recrossings 

(5.1) 
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within these simulations requires additional investigation. Furthermore, the time taken to 

complete these simulations due to the extra computation of the contact matrix was significantly 

increased.  

The version of PLUMED5.4 that I used in all well-tempered metadynamics simulations 

is an unofficial build, originally branched from version 2.4. The main differences to the official 

build are that deposited gaussians during metadynamics can be placed into discrete bins on 

a grid for improved computational efficiency and actions relating to the contact matrix were 

available. In using this unofficial PLUMED build with LAMMPS5.5, I encountered two critical 

bugs upon running well-tempered metadynamics simulations. Firstly, the virial pressures for 

PLUMED were not being computed when the equations of motion were evaluated. This meant 

that the simulation cell would never expand in the NPxxT ensemble. Virial pressures were 

disabled by default and were reenabled by adding a condition to enable them in the 

fix_plumed.cpp file within the LAMMPS distribution. Secondly, during a simulation, pressure 

values are passed from LAMMPS to PLUMED and after the well-tempered metadynamics has 

been applied, values are passed from PLUMED back to LAMMPS once more. Occasionally, 

the pressure value for the Pxx tensor would be set to exactly 0 instead of a value close to 0 

when the pressure value was being sent back to LAMMPS. This caused a division by zero 

error in LAMMPS and the simulation would crash. To correct this, the LAMMPS file fix_npt.cpp 

was edited to catch this division by zero case and the pressure value was set to 0.001 instead. 

This did not cause any unusual or unphysical effects over the course of a typical simulation 

when compared to a simulation that did not crash prior to fixing this bug. 

5.2 Future Work 

The results obtained in Section 4.4 are in very good agreement with both experimental and 

literature values, which would tend to suggest that the well-tempered metadynamics 

simulations that I have constructed are viable for calculating interfacial gas-liquid surface 

tensions γGL. However, certain aspects of the method can be explored further to fully test its 

stability and accuracy. Running the simulations at lower reduced temperatures T* = 0.8, 0.85 
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requires relatively high bias factors γ > 120 for the system to leave the pure liquid state and 

expand into the gas-liquid coexistent state. Furthermore, from preliminary simulations, few 

recrossing events took place over the course of a standard 50 ns simulation and thus more 

simulation time >100 ns was required to obtain sufficient recrossings and to ensure 

convergence of the resulting free energy profile. 

 Further scaling investigations in the cutoff distance rc could be carried out at higher 

values rc > 8 σ , with corresponding higher values of surface area A > 16 σ x 16 σ. This would 

provide additional insight into how γGL changes at higher rc . Surface area A scaling can also 

be tested with keeping the cutoff distance at the rc = Ly/2 = Lz/2 maximum. With increasing 

surface area A, the convergence of γGL can be extrapolated to a greater extent at higher values 

of A. An increased range of reduced temperatures T*  can also be considered when examining 

both scaling of rc  and A. 

 The potential model and atom type used in simulations can be changed from Lennard-

Jones Ar to one of increased complexity. A simple water model such as mW water5.6 could be 

utilised in well-tempered metadynamics simulations as a testbed instead of a L-J potential. 

Obtained interfacial gas-liquid surface tensions of mW water γGL could then be compared to 

literature and experimental values to further assess the viability and accuracy of these 

simulations. In addition, electrostatic charges can be added to the system to investigate if any 

structural changes to the gas-liquid interface will occur and if the value of γGL will change 

significantly or not. Adding charges could be a simple way to simulate nanobubbles which may 

depend on the existence of charges to explain their stability and longevity5.7,5.8,5.9. If using mW 

water as a potential is successful, then well-tempered metadynamics simulations could be 

extended to a more complex water model such as TIP4P/20055.10 or OPC5.11. 

 In all simulations in this work, I used a planar gas-liquid interface. However, other 

interface geometries can be constructed and explored. A spherical gas-liquid interface can be 

created by removing liquid slab atoms that lie outside a bounding sphere as demonstrated by 
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Vrabec et al5.12. The radius of curvature can be scaled by changing how large the bounding 

sphere is and how many liquid atoms are subsequently removed. A cylindrical gas-liquid 

interface can also be simulated as outlined for Lennard-Jones methane by Ghoufi and 

Malfreyt5.13 where cylindrical films are curved from a cubic bulk liquid NPT equilibration. This 

work and the aforementioned examples from literature refer to one component systems of a 

single atom or molecule type. Future work would also study two component systems such as 

CO2 gas in H2O liquid could also be studied. However, the change in chemical potential Δμ 

would have to be accounted for in the calculation for free energy changes ΔG associated with 

interface formation and the system would no longer be required to operate under coexistent 

conditions. 
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