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Abstract

Magnetism in recently discovered van-der-Waals (vdW) materials such as CrI3 has

opened new avenues in the study of fundamental spin interactions in two dimensions

(2D). Such developments allow us to assess whether magnetism in 2D is a smooth con-

tinuation from low-dimensional magnetic materials, or if new physics and magnetic

behaviour arise due to the reduced dimension.

In this thesis, we present an investigation of 2D magnetism through the use of a multi-

scale approach involving atomistic scale models with Hubbard-U corrected Density

Functional Theory (DFT+U) and mesoscale models with Monte-Carlo (MC) simula-

tions. Firstly, we performed a high throughput screening over 150 compounds, iden-

tifying 59 potential two-dimensional magnets. To computed their critical temperature

Tc, we parametrised the generalised Heisenberg model (XXZ) using DFT+U, and then

we ran MC simulations. Most of the materials have a critical temperature below 100

K, but two of them, i.e. VPS3 and VSe2, may potentially show magnetism at room tem-

perature. Some of these materials also stabilise vortex-antivortex spin texture at low

temperatures. These vortex structures are similar to those from the XY model. We find

that the XXZ model can not reproduce the magnitude of the experimental Tc of CrI3

if only first-nearest neighbour interactions are included. We thus extended the XXZ

model to include more neighbour interactions as well as higher-order exchange terms

and Dzyaloshinskii-Moriya interactions. This extended model gives a better estima-

tion of the critical temperature for several materials, including the chromium trihalides

family (CrX3, X=F, Cl, Br, I). Modeling the magnon spectra using this model within
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the linear spin-wave theory gives good agreement with the experimental results. In

particular, we show that for CrI3 the quantum effects are essential when it comes to

describing the critical exponent in a Curie-Bloch law, and the shape of magnetisation

versus temperature curve. We present a study of the magnetic domain in CrI3 mono-

layer and show that the domains are metastable. The boundary between the magnetic

domains called the domain walls (DW) is in the majority of Néel type (97 %), with the

rest being either Bloch type or hybrids. Finally, we show the nucleation of topological

spin texture (TST) in CrCl3. We identify these TSTs as merons and anti-merons. The

TSTs are stabilised through the dipole-dipole interaction. They are dynamic and can

annihilate through non-trivial processes.
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Chapter 1

Introduction

Magnetism in natural magnets (as opposed to electromagnets) is one of the oldest

phenomena purely of quantum nature discovered. This phenomenon was discovered

during antiquity, where they realised that some piece of a mineral called lodestone

could attract iron, and it was not until the beginning of the 20th century and the advent

of the quantum theory that we started to understand how natural magnets worked. The

magnetic field of these materials originates from the spin of electrons, which induces a

magnetic moment. The behaviour of this spin magnetic moment (that will be referred

to as spin or magnetic moment later in this work) gives rise to four big groups of

magnetic behaviour :

Diamagnetism: A well-known feature of electromagnetism is that if one applies mag-

netic field B1 to an electronic system, the latter will create a magnetic field of its own

in the opposite direction as to counteract B1 (c.f. figure 1.1 a), e.g. a magnet that is

falling into a copper coil will slow down due to this counteracting magnetic field. Since

all matter is made out of atoms and atoms have electrons (i.e. electric charge and cur-

rent), all matter has that counteractive magnetic property that we call diamagnetism,

and we call diamagnetic materials the materials showing only diamagnetism. It is im-
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portant to note that the diamagnetic response is feeble and negligible in everyday life

to the paramagnetic and ferromagnetic contribution. Superconductors are an example

of perfect diamagnetic materials thanks to the Meissner effect[1].

Paramagnetism: Paramagnetic materials are attracted (albeit weakly) by an exter-

nal magnetic field. This attraction is due to the presence of unpaired electrons in the

materials. The spin of these electrons tends to align with the applied magnetic field

(see figure 1.1 b), thus making an attractive contribution that competes with the dia-

magnetic contribution. The paramagnetic contribution is orders of magnitude more

significant than of diamagnetism, thus completely masking its effect. An example of

paramagnetic material is liquid oxygen.

Ferromagnetism: The ferromagnetic (FM) state is an ordered state, i.e. the spin of

the electron are all aligned in the same direction (ordered), giving a net magnetic mo-

ment in the absence of a magnetic field, as shown in figure 1.1 c. This net magnetic

moment is often called magnetisation. The ferromagnetic state’s critical temperature is

called the Curie temperature TC , and if the temperature of a ferromagnetic materials

goes above TC , it loses its magnetisation. It is important to note that this phase tran-

sition is reversible, i.e. if the temperature goes below TC , the materials regain their

ferromagnetic properties (but it might need an external magnetic field to regain its

magnetisation). An example of ferromagnetic materials is refrigerator magnets.

Antiferromagnetism: Antiferromagnetic (AFM) materials are compounds whose elec-

trons spin are ordered antiparallelly (neighbouring spins point in opposite directions)

see figure1.1 d, giving a net magnetisation of zero. Louis Néel [2] was the first to iden-

tify this type of magnetic ordering. The critical temperature of these materials is called

the Néel temperature TN . Above this temperature, the materials are typically paramag-

netic. If the opposing moments are unequal, there will be a remaining magnetisation,

and this class of materials is called ferrimagnet.

The diamagnetic and paramagnetic behaviours only show if an external magnetic

field is applied, unlike the ferromagnetic and antiferromagnetic. So from this point, we
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B

a b

c d

Figure 1.1: Schematic representation of the different magnetic behaviour. The black ar-
rows are the spins, and the red arrows are the applied magnetic field. a diamagnetism,
b parramagnetism, c ferromagnetism and d antiferromagnetism
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will consider materials showing diamagnetism or paramagnetism non-magnetic and

those showing either FM or AFM behaviour magnetic.

1.1 Data storage

Magnetic compounds are at the core of modern data storage devices such as hard

disk drive (HDD), and there is a wide interest in novel magnetic materials that could

reduce the size and energy consumption of the devices. The use of magnetic solids to

store data in the broader term goes back to the end of the 1880s were the principles

of the magnetic recording were described by Oberlin Smith [3]. It occurred to Smith

that sound can be recorded as differents region of magnetisation on the surface of steel

wire. He even went a step further by proposing to separate the magnetic domains [3]

to avoid the magnets affecting each other. Nonetheless, he could not make the device

as he said in his paper: "The writer has not worked out the details [...]. He has not

the time, to say nothing of a properly equipped laboratory to carry the ideas suggested to

their logical conclusion of success or failure, and, therefore, makes them public". The first

device using these principles was made by Valdemar Poulsen in 1898 and were used

as sound recorders. The first magnetic recorders were developed before any practical

methods to amplify the electrical signals existed. Thus, the sounds they produced in

the earphone were almost inaudible. It was not until the 1910s and 1920s that the

faint sounds of the magnetic recorders could be made distinct with the coming of the

vacuum tube amplifier. After that slow start, magnetic recorder usage expanded rapidly

and diversified. From its first applications in sound recording with magnetic tape as the

main format developed in the 30/40’s, it was adapted to video recording in the early

’50s (using magnetic tape as the main format) and data recording in the late ’50s with

the RAMAC disk file1. IBM developed the RAMAC in 1956 because new data storage

devices had faster access time than magnetic tape was urgent after introducing elec-

tronic computers. The access time is the time needed to reach the location where the

desired data is stored in the memory and writing and reading the data. The RAMAC

disk was the first hard drive disk (HDD), and it established the format for all HDD: a

reading/writing head fly close to the surface of a high speed rotating disk that can be

1Random Access Methods and Accounting and Control
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moved to any radial location. The RAMAC disk had an areal density of about 2kb · in−2

[4], in 2007 the average areal density was around 200 Gb · in−2 (108 increase of the

magnetic recording density), and up to 1.3Tb · in−2 in 2015. It corresponds to an in-

crease of around 7 × 108. A graph of the evolution of the areal density since 1990

is shown in figure 1.2 with the big technological advances leading to an increase in

areal density. This impressive evolution is due to two main technological advances: the

advent of the magnetic (ultra)thin-film technology [5], and the discovery of the giant

magnetoresistance (GMR) effect[6, 7] (2007 Nobel prize in physics). It took only ten

years between discovering the GMR effect and its first application in reading head tech-

nology. The head is divided into two parts, one part with the GMR read sensor and one

part with an inductive element used to write the data. A schematic structure is shown

in figure 1.3. GMR reading heads allowed the increase in areal density because the

resulting heads are flux-sensing, i.e. it senses the recorded magnetisation directly by

measuring the variation in resistance in the GMR sensor in the presence of a magnetic

field. Reading inductive heads response depends on the medium velocity. If we increase

the areal density, i.e. reduce the area in which a bit is stored, one needs to increase

the speed of the medium the keep a satisfactory response, whereas the response of a

magnetoresistive head (and by extension GMR head) does not depend on the medium

velocity [8]. Thin films are used for the inductive writing head and as a magnetic

layer for the hard disk drive platter (disk). This film is divided into small magnetic

regions used as bits. Nowadays, new kinds of magnetic data storage are investigated,

like magnetic random access memory (MRAM) [9]. MRAM is a technology that could

close the gap performance between RAM that are capable of nanosecond (ns) access

time in reading and writing like Dynamic Random Access Memories (DRAM) but are

volatile, and technology that is non-volatile like Flash but have a slow writing access

time. MRAM is based on a technology called magnetic tunnel junction (MTJ) [10–

13] which is simply a stack of two ferromagnetic layers separated by an insulating

layer. The size of these MTJ can be drastically reduced by using a novel kind of mate-

rials called two-dimensional materials and the different novel compounds made out of

stacked two-dimensional materials, the so-called Van der Waal (vdW) heterostructure

[14].
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Figure 1.2: Graph showing the evolution of the areal density of HDD and flash drive
storage. Reproduced from [15]

Figure 1.3: Schematic structure of a magnetoresistive head. A magnetic sensor based
on GMR is on the left and an inductive ring-type head use for writing is on the right.
Reproduced from [16].
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1.2 Two Dimensional Magnetism

The idea of magnetism in the 2D limit is not new. In 1944, Onsager demonstrated

that the 2D Ising model [17] develops a ferromagnetic phase transition at finite tem-

perature [18]. However, the spins Si in the Ising model can not rotate freely, i.e. they

can only point up or down along one crystal axis, e.g. ±Sz. This means the spin di-

mension in the Ising model is n = 1 (Fig 1.4 a). The fact that the spins are confined

in one dimension is not satisfying, as it is equivalent to the system having an infinite

uniaxial anisotropy. Nonetheless, the 2D Ising model can be useful as a toy model since

it was the first step to study magnetism in the 2D limit, e.g., the ferromagnetic phase

transition’s critical exponents. In 1966, N.D. Mermin and H. Wagner demonstrated[19]

that:

Theorem 1 For the quantum Heisenberg model

HQH = 1
2
∑
i,j

JijSi ·Sj − h
∑
i

Szi e
−iq · ri

with short-range interaction obeying the relation

J = 1
2N

∑
ij

|Jij ||ri − rj |2 <∞

there can be no spontaneous magnetisation or sublattice magnetisation at finite tempera-

ture in one and two dimension

Where q = 0 for the FM case, and eiq · ri = ±1 for the AFM case[19]. This argument

holds for any magnitude of S. Therefore it holds for classical (S → ∞) spin systems.

The spin dimension in the isotropic Heisenberg model is n = 3 (Fig 1.4 c), thus the

Mermin-Wagner theorem does not contradict the results from Onsager[18] as it does

not gives any restrictions for n = 1. The case where n = 2 in two dimensions (cf Fig.

1.4 b) is often called the XY model. This model only allows the spin to rotate in a plane

(e.g. the XY-plane), and it should not have any long-range order. Nonetheless, this sys-

tem undergoes the Kosterlitz-Thouless transition [20] where the spins form topological

defects instead of perfectly aligned in the same direction. Thus even below the critical
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Figure 1.4: Spin dimension: a, n = 1, the only accessible states are up or down rep-
resented by the two small red circles. b, n = 2 the spins can rotate freely in a plane.
The red circle represents the accessible states. c, n = 3 the spins can rotate freely in 3
dimensions. The sphere represents the accessible states.

temperature, there is no net magnetisation. To stabilise the magnetisation in the two-

dimensional limit, we either need to have long-range interactions [21], or we need an

anisotropic model. The uniaxial anisotropic Heisenberg model, with the easy axis nor-

mal to the plane, exhibits a ferromagnetic phase transition at finite temperature [22].

This phase transition is observed for arbitrary small anisotropy, and it has the same

critical exponent than the Ising phase transition [22]. Qiu et al. [23] postulated that

the critical exponent of thin-film and 2D magnets could be classified into two classes:

• If the material has a uniaxial anisotropy, then its critical exponents will be the

same as the 2D Ising model. Therefore phase transition of materials with uniaxial

anisotropy has a universal character

• If the uniaxial anisotropy is absent in the material, then its phase transition does

not have a universal character.

A review of thin-film experimental work by H-J. Elmers [24] shows that the classifi-

cation holds in most cases. The review also explains that finite-size effects can account

for some exception to the classification. That is because finite-size effects can increase

or decrease the critical exponent compared to the theoretical predictions. Ultrathin

magnetic films were studied during the period 1980-2000, and a regain of interest

appeared after the discovery of free-standing monolayers.
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1.3 New Search For Two Dimensional Magnets: van der Waals

Magnets

Free standing two-dimensional materials were first discovered by Novoselov et al.

[25] in 2004. They were able to isolate a single layer (also called monolayer) of

graphite called graphene. This monolayer is made out of carbon, is only one atom

thick and is electrically isolated from its substrate. This discovery leads to a new field

in condensed matter physics due to its broad range of properties and applications.

There is semiconductors[26], superconductors[27], or have other interesting collective

behaviour like charge density waves (CDW). Some materials, e.g. NbSe2, even have the

CDW and the superconducting phase coexisting at low temperature[27, 28]. This wide

range of properties allows 2D materials to be used in lots of different application. 2D

materials can be used to make photonic devices [29], energy storage devices [30, 31],

as well as different kinds of sensors [32–34]. Another application of novel magnetic

materials could be in magnetic refrigeration through the magnetocaloric effect[35, 36].

The latter could be a prominent environmental friendly technology and has generated

a growing interest among scientist. To increase the heat exchange rates (hence the

efficiency), we need to enhance the surface to volume ratio [36], and so 2D magne-

tocaloric materials would be exciting due to their low dimensionality. Nonetheless,

magnetism in 2D was yet to be found.

A relatively easy method to search for novel 2D magnets is to start from a layered

compound that shows a magnetic ordering (either FM or AFM) and isolate a mono-

layer. Nonetheless, even if we can successfully obtain a monolayer from the magnetic

compound, the magnetic order in the 2D limit may be removed if the sample is not of

excellent quality, e.g. too many defects or impurities. For this reason, the engineering of

2D magnets by doping non-magnetic single layer with magnetic atoms [37] was done

with more[38, 39] or less [40, 41] success. In this case, if the monolayer is magnetic,

the magnetic moment is localised around the doping atoms/defects/impurities, which

to our knowledge, makes these compounds difficult to use in functional materials. The

doping atoms are distributed randomly in the crystal, and the magnetic properties are

dependent on the doping percentage (too much or too little can kill the magnetic prop-

erties). Thus, even though materials with intrinsic magnetism might be harder to make
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experimentally, they would be more easily made into functional materials. Finally, two

independent teams were able to overcome all these difficulties and synthesized two

different 2D magnets: CrI3[42] and CrGeTe3[43]. This discovery opens doors to test

the fundamental theory of magnetism in 2 dimensions.

1.4 Methods for material creation

Since the discovery of the first 2D materials with intrinsic magnetism, tens of mate-

rials are now synthesised [44–50]. There are different methods to grow and isolate the

materials, each with its pros and cons.

1.4.1 Mechanical exfoliation

Mechanical exfoliation is at the origin of the discovery of graphene in 2004 [25]. The

method is very straightforward: one starts from a bulk van der Waals layered materials

and exerts a force such that one cleaves the layers. For micro-mechanical cleavage, the

force is normal to the layer and is usually applied through the Scotch tape as shown in

Fig. 1.5. The Scotch tape method allows the preparation of large-area and high-quality

sample and was used to exfoliate the first 2D magnets namely, CrI3 [42] and CrGeTe3

[43]. CrBr3 monolayer was also isolated with mechanical exfoliation[44]. However,

the Scotch tape method is very labour intensive, and it does not seem easy to scale up

for industrial production. Other mechanical exfoliation set-ups, e.g., three-rolls mill

[51], or ultrasharp single-crystal diamond wedge [52], improved from the Scotch tape

method to obtain better efficiency and less labour, but they still have shortcomings that

need to be addressed before industrial production [53].

Mechanical exfoliation can also be done in liquids [54, 55]. The liquid phase exfoli-

ation procedure involves the exposure of powder of the bulk material to solvents, and

agitation, e.g., sonication (sound waves) to disperse the layers. The solvent choice is

of particular importance as it can help remove the reaggregation of the layers [56]. Fi-

nally, monolayer production from liquid phase exfoliation should be easily scalable but

reaching industrial production of the defect-free monolayer is still a far-off goal[55].
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Figure 1.5: An illustrative procedure of the Scotch-tape based micromechanical cleav-
age of highly ordered pyrolytic graphite. Reproduce from [53]

1.4.2 Chemical vapor transport

Chemical vapor transport (CVT) [57, 58] is another method used to grow thin ma-

terials. It consists of a sealed ampoule that includes the reactant (often called the pre-

cursor) the transport agent (a gaseous reactant). The precursor (usually a powder or

amorphous phase of the material one wants to grow) will be volatilised in the transport

agent’s presence and will be deposited in another region of the ampoule as a crystal.

The set-up is composed of two zones: the source (at temperature T1) with the pre-

cursor and the sink (at temperature T2) where the deposition happens, i.e., where the

crystal grows. The optimisation of the growth temperature, choice of transport agent,

rate of mass transport, and the reaction’s free energy is of paramount importance for a

successful CVT. The reaction’s free energy also determines the transport direction, i.e.,

from hot to cold or vice versa, and thus will determine T1 and T2. CVT was used to

grow the 2D magnets MnPS3[45] and FePS3[46]. It can also be used to grow a crystal

that will then be exfoliated [42]. A similar method to CVT is chemical vapour deposi-

tion (CVD). In the latter, the crystal is grown directly on a substrate instead of on the

ampoule. CVD was used to synthesised 2D FeTe[47] and 1T-CrTe2[48].
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1.4.3 Molecular beam epitaxy

Molecular beam epitaxy (MBE) is a technique used to grow a thin layer of materials

on top of a substrate. We first heat the substrate, at which one fires beams of heated

atoms or molecules (so they are in the gas phase) from sources called effusion cells.

The whole procedure is done in an ultra-high vacuum chamber to ensure that other

elements do not contaminate the grown material. Shutters can be placed in front

of the sources to control the film growth better, and the substrate can be rotated so

that the growth is homogeneous. Finally, the use of electron diffraction apparatus,

such as low-energy electron diffraction (LEED) [59], or reflection high-energy electron

diffraction (RHEED) [60], allows for real-time and atomically detailed monitoring of

the film growth. Fig. 1.6 [61] presents a schematic of the MBE apparatus. The growth

procedure is slow, a few microns per hour, but this slowness is also a strength as it

allows precise control of impurities incorporation [62].

MBE is used to grow 2D magnetic materials such as MnSe2 [49], Fe3GeTe2[50], and

materials whose magnetic properties are more controversial such as VSe2 [63, 64].

However, the main appeal of MBE is that the synthesis of magnetic materials is not

restricted to layer material and thus expend the set of potential 2D materials that can

be investigated. Furthermore, MBE has immense potential for synthesising novel 2d

magnetic materials [65, 66].

Unfortunately, 2D magnetic materials usually show poor environmental stability[42,

47, 67] and can even rapidly degrade when exposed to air [42]. Therefore, the materi-

als are often encapsulated [44–50], which can apply mechanical train to the layer, and

might changes its magnetic properties [5, 68]. Therefore, when comparing experimen-

tal and theoretical results, one needs to be cautious.

1.5 Thesis overview

The key research questions we wanted to investigate in this thesis are:



1.5. Thesis overview 13

Figure 1.6: Schematic of the growth of Bi2O2Se on top of SrTiO3 substrate using molec-
ular beam epitaxy. Reproduced from [61]

• Are two-dimensional magnetic materials common or rare?

• What model can be used to describe magnetism in truly 2D?

• Are magnetic domains stable in 2D magnets?

The thesis is organised to give some possible answers to the above questions. We

used a multiscale approach consisting of Density Functional Theory (DFT), including

Hubbard-U corrections to identify potential magnetic materials; and then Monte-Carlo

simulations on a mesoscale system to estimate their critical temperature using the sim-

plest model for 2D magnetism:

H = −D
∑
i

(Szi )2 − J
∑
〈ij〉
Si ·Sj − λ

∑
〈ij〉

Szi S
z
j (1.1)

This model is called the XXZ model, where the parameters are: D for the single-ion

anisotropy (SIA), J for the isotropic exchange (also called the Heisenberg exchange),

and λ is the anisotropic exchange. The sum 〈ij〉 is undertaken on the first nearest neigh-

bour only. The critical temperatures we obtained agreed well with the state-of-the-art

measurements available in the literature, even though several ongoing discussions state

that it is not clear what model describes best 2D magnets. To that end and to answer
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the second question, we decided to develop a model using eq. (1.1) as a basis, and

to use CrI3 as a benchmark material by trying to reproduce the experimental critical

temperature. Finally, we used the model to study magnetic properties and behaviour,

e.g. magnetic domains and magnon spectra.

This thesis is organised as such: in Chapter 2 we present the physical origins of

exchange interactions, anisotropic exchange, and how a magnetic system can be mod-

elled using an effective spin model. Then we show how one can extract the parameters

of a model, e.g. eq. (1.1), using DFT, and we present the method we used for the

computation of the critical temperatures and the spin dynamics.

In Chapter 3, we undertake a high-throughput screening, which leads to creating

a dataset of 59 2D magnets. Thus these compounds seem to be relatively common.

We show that the identified compounds can be arranged as a Slater-Pauling curve. This

behaviour can be understood through an electron counting argument. We then use DFT

to parametrise eq. (1.1) to estimate their critical temperature, and we identified two

materials (VPS3 and VSe2) as being good candidates for a room temperature magnet.

Nonetheless, discrepancies between the measure and simulated critical temperature for

CrI3 suggest that the XXZ model needs to be extended.

In Chapter 4, we show that to reproduce the experimental critical temperature of

CrI3 we need to add more neighbours as well as higher-order contributions such as the

biquadratic exchange to eq. (1.4). We then perform the Holstein-Primakoff transfor-

mation to our model to extract the magnon dispersion relation ω(k) within the linear

spin-wave theory. ω(k) can also be used to estimate the critical temperature. How-

ever, we find discrepancies between the predictions (both magnon spectra and critical

temperature) and the experimental results. We expect that going beyond the linear

spin-wave theory will give a better agreement with the experiment.

In Chapter 5, we used the model developed in chapter 4 to study the critical be-

haviour of CrI3. This study is done in collaboration with two experimental groups:

Prof. Kostya Novoselov and Dr Efrén Navarro Moratalla group from Manchester (UK)
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and Valencia (Spain), respectively. The Monte-Carlo simulations hint that CrI3 mono-

layer does not have a ferromagnetic transition with a universal character (i.e. Ising)

even though a uniaxial anisotropic model with short-range interactions describes it.

However, the experimental data gives a critical exponent compatible with the Ising

exponent, hinting that CrI3 is in the Ising universality class. We checked the Monte-

Carlo results’ reliability by performing the analysis on bulk CrI3 and comparing it with

experimental data. We find that the calculated critical exponents agree with the exper-

imental ones. We find that we need to take quantum effects into account to reproduce

the experimental data in 2D. We introduce two methods: one phenomenological for

the Monte-Carlo simulations and one purely quantum by using linear spin-wave the-

ory. We find that the magnetic domains are metastable, and the domain walls show

hybrid features of the standard Bloch and Néel walls.

In Chapter 6 we find that topological spin textures (TST) appear in CrCl3. We identify

these TST to be either merons or anti-merons with a topological number (Q = ∓1/2),

respectively. These TSTs are not static, and they end up colliding. The collisions kill

the TSTs. We find two different regimes during the collision: the collision between

a meron and anti-meron and the collision between two merons or two anti-merons.

The former shows a smooth collision with a smooth decay, while the latter shows a

collision ending in a burst-like emission of spin waves. This collision between two

merons or two anti-merons also does not conserve the topological number. Thus we

expect it to be mediated by a Bloch point. It also appears that the dipolar interactions

(i.e. demagnetisation field) play an important role to stabilise the TST. Finally, Chapter

7 will summarise the results and present perspectives.



Chapter 2

Quantum theory of magnets and nu-

merical methods

The description of natural magnetism needs the inclusion of quantum effects such

as the spins to be consistent with the observations. Indeed, it was shown by Niels

Bohr[69] and a few years later by Hendrika Johanna van Leeuwen[70] that as long

as one uses statistical mechanics consistently, a classical system cannot have a finite

magnetisation even in the presence of a magnetic field. This is called the Bohr-van

Leeuwen theorem. Furthermore, even though the dipolar interaction (which consider

atomic magnetic moments, electronic motion and magnetostatic interactions) can al-

low the existence of long-range magnetic order at zero-field, it can not explain the

observed high Curie temperature of magnets like iron (Tc ∼ 1000 K)[71]. Therefore,

to correctly describe magnetism, we need a coupling mechanism derived from funda-

mental properties of the electron such as:

• The spin of the electron,

• The Coulomb repulsion between electrons,

• The Pauli exclusion principle,
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• The electron kinetic energy.

We call this coupling mechanism the exchange interaction. This interaction will lead

to different spin ordering, e.g. ferromagnetic (FM), antiferromagnetic (AFM), depend-

ing on which energy contribution minimises the total energy. As we will see shortly,

a net gain in potential energy will favour a ferromagnetic ordering, while a net gain

in kinetic energy will favour an antiferromagnetic ordering. This magnetic ordering

can be more complex like, e.g. helical ordering[72–74], frustrated systems[75, 76],

spin glass[77, 78], and they are entirely determined by the exchange interactions. The

estimation of these exchange interactions plays a substantial role in this thesis. There-

fore, it is important to introduce them. Section 2.1 aims to explain what are these

exchange interactions, the different kind of exchanges, and how we can explain mag-

netism through an effective Hamiltonian with the exchanges as the primary physical

parameter, e.g. the Heisenberg Hamiltonian. Section 2.2 will explain how we can com-

pute the model’s parameters using density functional theory. Finally, the third part will

show how we computed the critical temperatures and the spin dynamics from these

exchanges using an atomistic spin simulator.

2.1 Exchange interactions

To understand the origin of the exchange interactions, let us introduce a simple

model with exactly N electrons occupying N different orthogonal orbital states φn, and

each orbital containing one electron. The Hamiltonian is:

H =
∑
i

(
p2
i

2m + V (ri)
)

+ 1
2
∑
i 6=j

e2

|ri − rj |
(2.1)

Where the first term is the kinetic energy, V (ri) is any interactions the can enter

the Hamiltonian, e.g. the interaction between the electrons and the nucleus. An ex-

tensive description of the magnetic interactions that may enter V (r) can be found in

[79]. The last term is the Coulomb interaction HCoulomb between the electrons. This

N body problem can be solved in different ways. For instance, one can construct wave

functions as a normalized Slater determinant such that they are antisymmetric as re-
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quired by the Pauli exclusion principle. This is relatively easy with few electrons, but

it becomes challenging when the number of electrons is large. In that situation, the

second quantization formalism is prefered and will be the one we use in this thesis. We

can rewrite the Hamiltonian in its second quantized form as[80]:

H =
∑
σ

∫
drψ†σ(r)

(
− h̄

252

2m + V (r)
)
ψσ(r)

+1
2
∑
σ,σ′

∫
drdr′ψ†σ′(r

′)ψ†σ(r) e2

|r− r′|ψσ(r)ψσ′(r′) (2.2)

Where the ψ(r) are the electron field operators and σ =↑, ↓. Here ψ†σ(r) creates

an electron at position r with spin σ, and ψ(r) is the annihilation operator. We can

expand our field operators in terms of the orthogonal orbital functions φnm localized

at the magnetic ions. Assuming the ions are distributed on a regular lattice, we have:

ψ(r) =
∑
nmσ

cnmσφnm(r), ψ†(r) =
∑
nmσ

c†nmσφ
?
nm(r) (2.3)

Here φnm is the one-electron Wannier functions, occupying the nth lattice point with

angular momentum m; and the cnmσ are Fermi operators following the commutation

relations:

{cnσ, c†n′σ′} = δnn′δσσ′

{cnσ, cn′σ′} = 0

{c†nσ, c
†
n′σ′} = 0

c†nσcnσ = nnσ (2.4)

Plugging (2.3) into (2.2) and focusing only on the Coulomb term one gets:

HCoulomb = 1
2
∑
nmσ

〈
n1m1, n2m2

∣∣∣∣∣ e2

r− r′

∣∣∣∣∣n3m3, n4m4

〉
×c†n1m1σ′

c†n2m2σcn3m3σcn4m4σ′ (2.5)
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Where:

〈
n1m1, n2m2

∣∣∣∣∣ e2

r− r′

∣∣∣∣∣n3m3, n4m4

〉
=
∫ ∫

drdr′φ?1(r′)φ?2(r) e2

|r− r′|φ3(r)φ4(r′)

(2.6)

2.1.1 Potential exchange

From the last two equations, we can understand and describe different kinds of po-

tential exchange behaviour (sometimes called direct exchange). Assuming all the n’s

are equal, i.e. ni = n leads to focusing on the Coulomb interaction of electrons on the

same ion. Restricting ourselves to only two different angular moments m and m′, we

can say two things according to whether m1 = m4, m2 = m3 and m1 = m3, m2 = m4.

In the former case, we describe the Coulomb repulsion Urep between electrons when

they are on the same ion. This quantity will be important to derive the kinetic exchange

in Sec. 2.1.2. We have:

Urep = 1
2
∑
σ

∑
n,m,m′

〈
nm′, nm

∣∣∣∣∣ e2

r− r′

∣∣∣∣∣nm, nm′
〉
c†nm′σ′c

†
nmσcnmσcnm′σ′ (2.7)

Where:

〈
nm′, nm

∣∣∣∣∣ e2

r− r′

∣∣∣∣∣nm, nm′
〉

=
∫ ∫

drdr′|φnm′(r′)|2|φnm(r)|2 e2

|r− r′|
≡ Um′m (2.8)

The coefficients Um′m do not depend on m, m′ to a rough approximation. The depen-

dence, if any, is given by Slater integrals and will not be discussed in this manuscript.

So we will consider Um′m = U . This parameter tells how much energy one has to pay

to put a new electron on an already occupied orbital. Assuming that our N sites have

each m electrons, the total repulsion energy felt by each electron and correcting the

double counting is:

N
m(m− 1)

2 U (2.9)



2.1. Exchange interactions 20

Now, if one site has m+1 electrons and another site m-1 electrons, the difference in

energy between this configuration and the previous one is:

∆E =
[
m(m+ 1)

2 + (m− 1)(m− 2)
2 −m(m− 1)

]
U = U (2.10)

This means that every state where there is not the same number of electrons on

each ion are excited states, and the lowest energy state is one where the electrons

are equally shared between the ions. Thus, the U also has the effect of localizing the

electrons around the ions. Now if we consider m1 = m3, m2 = m4, we have the

Coulomb repulsion of the overlap charge:

Uex = 1
2
∑
σ

∑
n,m 6=m′

〈
nm′, nm

∣∣∣∣∣ e2

r− r′

∣∣∣∣∣nm′, nm
〉
c†nm′σ′c

†
nmσcnm′σcnmσ′(2.11)

Where:

〈
nm′, nm

∣∣∣∣∣ e2

r− r′

∣∣∣∣∣nm′, nm
〉

=
∫ ∫

drdr′φ?nm′(r′)φ?nm(r) e2

|r− r′|φnm
′(r)φnm(r′)

≡ Jm′m (2.12)

Jm′m is called the exchange integral. It can be shown that this integral is always

positive. Substituting the expectation value by Jm′m in eq.(2.11) and summing on the

spins we can rewrite Uex as:

Uex = −1
2

∑
n,m 6=m′

[1
2
(
nm′↑ + nm′↓

)
(nm↑ + nm↓) + 1

2
(
nm′↑ − nm′↓

)
(nm↑ − nm↓)

+c†m′↑cm′↓c
†
m↓cm↑ + c†m′↓cm′↑c

†
m↑cm↓

]
(2.13)

Using the relations:

nm↑ + nm↓ = 1

nm↑ − nm↓ = smz

c†m′↑cm′↓ = smx + ismy

c†m′↓cm′↑ = smx + ismy (2.14)
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We can rewrite Uex as:

Uex = −1
2

∑
n,m 6=m′

Jm′m

(1
2 + 2sm′n · smn

)
(2.15)

Where smn is the spin vector of the electron on orbital m. Since Jm′m is positive, Eex

will be negative and lower the total energy if the spins are aligned i.e. snm′ · snm > 0.

Thus Eex will make the spins align between the orbitals on the same ion and therefore

favour a ferromagnetic ordering. Going back to eq. (2.5) we can now look at the

effect of the Coulomb interaction if electrons are on different ions i.e. if we have two

different sites n1, n2. This time we also have two different effects whether we take

n1 = n4, n2 = n3 or n1 = n3, n2 = n4. In the former case we obtain the Coulomb

repulsion between electrons on different ions:

Vrep = 1
2
∑
σ

∑
n1,n2,m,m′

V mm′
n1,n2c

†
n1m′σ′

c†n2mσcn2mσcn1m′σ′ (2.16)

Where:

V mm′
n1,n2 =

〈
n1m

′, n2m

∣∣∣∣∣ e2

r− r′

∣∣∣∣∣n2m,n1m
′
〉

=
∫ ∫

drdr′|φn1m′(r′)|2
e2

|r− r′| |φn2m(r)|2 (2.17)

V mm′
n1,n2 is obviously the biggest for neighbouring ions and does not depend much on

m and m′ as the distance between the ions is the main driving force i.e. the closer the

ions the bigger the repulsion. Since all the electrons are uniformly distributed in the

lowest energy state, Vrep will lower the energy cost U to transfer an electron from n1

to n2 [81] i.e. U 7→ Uon−site = U − Vnn′ .

The next and last Coulomb interaction we will explain is usually considered the

actual direct exchange. It arises by taking n1 = n3, n2 = n4, which gives the Coulomb

repulsion of the overlap charge between two ions:

Eex = 1
2
∑
σ

∑
n1,n2,m,m′

Jmm
′

n1,n2c
†
n1m′σ′

c†n2mσcn1m′σcn2mσ′ (2.18)
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With:

Jmm
′

n1,n2 =
〈
n1m

′, n2m

∣∣∣∣∣ e2

r− r′

∣∣∣∣∣n1m
′, n2m

〉

=
∫ ∫

drdr′φ?n1m′(r
′)φ?n2m(r) e2

|r− r′|φn1m′(r)φn2m(r′) (2.19)

This exchange integral is always positive. Using the relations eq.(2.14) we can

rewrite Eex as:

Eex = −1
2

∑
n1,n1,m,m′

Jmm
′

n1,n2

(1
2 + 2sm′n1 · smn2

)
(2.20)

As for Uex, Eex will lower the energy if the spins are aligned and therefore also

favours a ferromagnetic ordering. Now that we have describe the main potential inter-

actions and exchanges and explained how the latter favours ferromagnetic ordering,

we now introduce the kinetic exchange1.

2.1.2 Kinetic exchange

As seen previously, the potential exchange depends on the overlap charge between

the ions. Hence the farther the ions are from one another, the smaller the potential ex-

change. However, magnetic order is observed in MnO compounds, where the magnetic

ions are too far from each other to have a significant charge overlap to stabilise the spin

ordering. Such a long-range exchange or superexchange is due to a non-magnetic ion

acting as a bridge so that a transfer of electrons between magnetic ions can happen. An

example of superexchange is shown in Fig. 2.1. Here the orbitals of two magnetic ions

MA and MB overlap with the orbital of the same non-magnetic ion X, allowing the

electrons to go from one magnetic ion to the other. This overlap is not so easy to take

into account. This lead to the apparently very different schemes as proposed in[82–85]

to describe the mechanism. However, P. W. Anderson suggests in his seminal paper[81]

that all these schemes represent various ways to look at the same physical mechanism.

In this chapter, we will use the scheme introduced in Ref.[81] as it is the most accepted

to understand superexchange. The idea of Anderson is to separate the problem into

two-part. The first part (a) consist of obtaining a wave function of a magnetic ion sur-
1Also called superexchange.
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Figure 2.1: Example of superexchange between two 3d magnetic ions using two np
non-magnetic ions as a bridge.

rounded by a lattice of diamagnetic ions while excluding the exchange interaction with

other magnetic ions. The second part (b) consists of the interaction between two mag-

netic ions as defined in the first part. This separation between the diamagnetic lattice

and the exchange effects is only possible if the latter do not disturb the diamagnetic

lattice wave function, which is demonstrated experimentally [86–90]. How to obtain

the wave function of the magnetic ion is described in [81]. Nevertheless, since we

only want to show the origin and effect of exchanges qualitatively, we can go for a less

rigorous approach. The magnetic ion is affected by the surrounding diamagnetic ions,

which is usually called the crystal field effect. Because the separation between (a) and

(b) is justified, we can lump all the interactions between the electrons of magnetic ions

and the diamagnetic lattice (minus exchange interactions) into the V (r) term of eq.

(2.1) that will be called V(r). Then we can rewrite the first term in eq. (2.2) as

Hhopping =
∑

n,m,n′,m′,σ

tmm
′

nn′ c
†
nmcn′m′ (2.21)

Where

tmm
′

nn′ =
∫
drφ?nm(r)

(
− h̄

252

2m + V(r)
)
φn′m′(r) (2.22)
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is the transfer integral and contains all the complicated interactions, orbital admix-

tures between the magnetic ion and diamagnetic lattice and the kinetic energy of the

magnetic electrons. This is a parameter of the model and is specific to each materials.

This transfer integral depends on the distance between the two magnetic ions n and

n′ as well as the symmetry of the orbital m and m′. Therefore the kinetic exchange

depends on the positions of the magnetic ions relative to the ligand position. Adding

the main Coulomb repulsion (i.e. eq. (2.7)) to eq. (2.21) one gets:

H =
∑
n,m,
n′,m′,
σ

tmm
′

nn′ c
†
nmcn′m′ + U

∑
n,n′,
m,m′,
σ,σ′

nnm′σ′nnmσ (2.23)

When the Coulomb repulsion U is large compared to the transfer integral t i.e.

U >> t the system is insulating. In the perturbation theory U will be included in

the unperturbed Hamiltonian while the kinetic energy given by the transfer integral

is treated as perturbation. Expanding the energy through perturbation theory up to

second order, we get the process of one electron on ion n and orbital m transferring

to a neighbouring ion n′ on orbital m′, and one of the two electron on ion n′,m′ then

returning to ion n,m. Due to Pauli exclusion principle, this process is only possible if

the spins are anti-parallel and prohibited for parallel spins. This process is given by:

E(2) = −
∑
nn′,
mm′,
σσ′

|tmm′nn′ |2

U
c†nmσ′cn′m′σ′c

†
n′m′σcnmσ (2.24)

And using the relations (2.14) we can rewrite the previous equation as:

E(2) = −
∑
nn′,
mm′

|tmm′nn′ |2

U

(1
2 − 2smn · sm′n′

)
(2.25)

If the spins are aligned the previous equation is zero and does not contribute to

the energy. Which is expected as the process described by eq. (2.25) is forbidden for

parallel spin. If the spins are anti-parallel, the energy will be lowered. Hence eq. (2.25)

which gives the kinetic contribution to the exchange favours the antiferromagnetic
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configuration2. Assuming the total spin on the magnetic ion is given by S, which

following Hund’s first rule, resulted in [91]:

sm = 1
2SS (2.26)

into eq.(2.18) and (2.25) and adding both we obtain:

Hexchange = C −
∑
nn′

Jnn′Sn ·Sn′ (2.27)

Where

Jnn′ = 1
(2S)2

∑
mm′

(
Jmm

′
nn′ −

2|tmm′nn′ |2

U

)
(2.28)

is the effective exchange. As we can see in the previous equation, the kinetic exchange

and potential exchange compete. For Jnn′ > 0, the effective exchange is ferromagnetic

because it means the potential exchange dominates, and for Jnn′ < 0, the effective

exchange is antiferromagnetic as it means the kinetic exchange dominates. However,

this effective exchange is only valid for insulators or semiconductors since, for metals,

the approximation U >> t is not valid. For metals, we need to consider the other

limiting case, i.e. t >> U .

2.1.3 Exchange in metals

In metals, the kinetic term t is dominating in eq. (2.23). Therefore, the electrons

are itinerant and using a description with localised orbital is not relevant anymore. To

describe itinerant electrons, it is better to use plane wave (if it is a free electron) or

Bloch functions if there is strong interaction between the electrons in a crystal poten-

tial. Bloch functions are plane waves modulated by a periodic function that has the

periodicity of the crystal. This time we expand the electron wave functions in term of

Bloch orbitals:

ψσ(r) =
∑
km

ckmσukm(r), ψ†σ(r) =
∑
km

c†kmσu
?
km(r) (2.29)

2Keeping in mind that we are in the approximation U >> t, giving an insulating phase
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Where ukm(r) is the wave function for the Bloch orbital with d-orbital m and wave

vector k, and c†kmσ creates an electron with wave vector k and spin σ on band m.

Plugging eq. (2.29) in the second term of eq. (2.2) one gets:

HCoulomb = 1
2
∑
σσ′

∑
k1,k2,
k3,k4

∑
m1,m2,
m3,m4

∫
drdr′u?k1m1(r)u?k2m2(r′) e2

|r− r′|uk3m3(r′)uk4m4(r)

×c†k1m1σ
c†k2m2σ′

ck3m3σ′ck4m4σ (2.30)

Taking k1m1 = k3m3 = km and k2m2 = k4m4 = k′m′ and using the relations (2.14)

we obtain the exchange contribution:

Vex = −1
2

∑
k,k′,m,m′

Imm
′

kk′

(1
2 + 2smk · sm′k′

)
(2.31)

This exchange contribution once again lower the energy if the spins are aligned and

thus favours ferromagnetic configurations. Another critical effect for exchange in met-

als is the so-called Ruderman-Kittel-Kasuya-Yosida (RKKY) interactions[92–95]. This

interaction is used to describe the interaction between magnetic impurities in metals.

When the impurity has a spin S, it interact with the spins of conduction electrons. This

interactions is written as:

Hex = −2Jv
∑
i

δ(ri)(si ·S) = −2J
N

∑
iq

e−iq · ri(si ·S) (2.32)

Where J is the exchange integral between the electrons localised at the impurity and

the conduction electrons, v is the volume of the lattice point, si and ri are the spin

and the position vector of the conduction electron; and the delta function is introduce

to make the interaction local3. So the interaction between conduction electrons and

the localised electrons of the impurity only works when the conduction electrons are

the position of the impurity. A spin polarisation of the conduction electron is thus

induced by the spin S of the impurity, through the interaction (2.32). Now if there is

3The impurity ion is put at the origin
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two localised spin Sn and Sm i.e. two impurity situated at Rn and Rm, an interaction

between the two spins mediated by the conduction electrons is found:

HRKKY = −
(3Ne

N

)2 2π
EF

J
∑
n6=m

F (2kF |Rn −Rm|)Sn ·Sm (2.33)

With:

F (x) = −x cos(x) + sin(x)
x4 (2.34)

Where EF is the Fermi energy of the unpolarised system, Ne is the number of elec-

tron and kF is the Fermi wavevector. Eq. (2.34) is plotted in Fig. (2.2). As we can see

eq. (2.34) is an oscillatory damped function that diverges for small x. This divergence

is due to the approximation of treating the interaction in eq. (2.32) as a δ function.

If the interaction is extended over the atomic radius, the divergence will disappear.

Due to the oscillatory behaviour of eq. (2.34), the effective exchange Jeff ∝ JF (x)

will be either positive or negative depending on the distance and will therefore favours

ferromagnetic ordering or antiferromagnetic ordering depending of the relative posi-

tion of the impurities. Eq. (2.32) was first derive by Ruderman and Kittel [92] for the

interaction between nuclear spins mediated by conduction electron through hyperfine

interaction. It was later refined by Kasuya [93] and Yoshida [94] to describe d-electron

spins Sn ·Sm, nuclear spins In · Im and d-electron/nuclear spins Sn · Im interactions.

For the 4f-spins in rare-earth metals, the 4f-orbitals are extremely localised and the

direct exchange is very small even for first nearest neighbours. It is considered that

the RKKY interactions is the origin of the spin ordering in these metals, with the trans-

formation S −→ J = L + S as the total angular momentum J is a better quantum

number due to the strong LS coupling.

It is as much as we need for the exchange interaction originating from the Coulomb

interaction. All these interactions are isotropic. We have seen in Chap. 1 that we

need magnetic anisotropy to stabilise long-range magnetic order in 2D magnets. This

magnetic anisotropy can have different flavours:

• The magnetocrystalline anisotropy also called the single-ion anisotropy (SIA): It

arises when the structure of the crystal introduces a favoured direction for the

magnetisation;
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Figure 2.2: Plot of modulation function eq. 2.34. The oscillations in the modulation
function give an oscillating nature to the RKKY exchange.

• The shape anisotropy: it appears when the crystal is not perfectly spherical. It

leads to the demagnetisation field4 not to be equal in all direction, again creating

a favoured direction for the magnetisation;

• The exchange anisotropy: it arises when the exchange integral depends on the

direction of the spins;

• The magneto-elastic anisotropy. It emerges when tension is applied to the crystal,

which may alter the magnetic behaviour.

2.1.4 Single ion anisotropy and anisotropic exchange

The spin-orbit coupling 5 is the primary origin of the SIA and the anisotropic ex-

change. The LS coupling will make the orbital moments dependent on the spins’ direc-

4Also called dipole field
5which will be referred to as either LS coupling or SOC later in the text
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tion with respect to the crystal axes. This lead to a new contribution to the total energy

of the system. The Hamiltonian for the SOC and the Zeeman effect is:

HLS+Z = λL ·S + µBH · (2S +L) (2.35)

Where λ is a coefficient positive for the less than half-filled case and negative for

the more than half-filled case. L is the orbital angular momentum operator, S is the

spin angular momentum operator, H is the external magnetic field, and µB is the Bohr

magneton. Considering the Zeeman effect as the perturbation, we can use perturbation

theory up to second order:

HS = 2µBH ·S −
∑
n

| 〈n |µBH ·L+ λL ·S | 0〉 |2

En − E0
(2.36)

Expanding the square one gets

HS =
∑
µ,ν

µBHµ 2 (δµν − λΛµν)︸ ︷︷ ︸
gµν

Sν − λ2SµΛµνSν − µ2
BHµΛµνHν

 (2.37)

Where

Λµν =
∑
n

〈0 |Lµ |n〉 〈n |Lν | 0〉
En − E0

(2.38)

and gµν is the g tensor. The first term is the coupling between the external magnetic

field and the spins, i.e. the latter will align with the external magnetic field. The third

term in eq. (2.37) comes from the second-order perturbation of the Zeeman term. The

second term in eq. (2.37) is the single ion Hamiltonian. Λµν has the symmetry of the

crystal e.g. for a cubic crystal Λxx = Λyy = Λzz. For a more general case, the single ion

Hamiltonian can be written as:

HSIA = C − λ2
{[

Λzz −
1
2 (Λxx + Λyy)

]
S2
z + 1

2 (Λxx − Λyy)
(
S2
x − S2

y

)}
= C −DS2

z − E
(
S2
x − S2

y

)
(2.39)
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For uniaxial symmetry Λxx = Λyy = Λ|| and Λzz = Λ⊥ thus:

E = 0

D = λ2
(
Λ⊥ − Λ||

)
HSIA = −DS2

z + C (2.40)

Here, the system has a uniaxial anisotropy along the z-direction for D > 0 and an

easy plane for D < 0. The effect from which the SIA arises also adds an anisotropic

part to the isotropic exchange interaction. For simplicity, we consider two magnetic ions

with a non-degenerated ground state |0〉. The Hamiltonian will have the LS coupling

for each ion as well as the exchange interaction, Vex, between the two ions:

H = λ (L1 ·S1) + (L2 ·S2) + Vex (2.41)

Here, we will treat the exchange interaction as the perturbation Hamiltonian. Taking

the second-order perturbation theory of Hamiltonian (2.41), one obtains the antisym-

metric exchange interaction, the so-called Dzyaloshinskii-Moriya (DM) interaction[96,

97]:

HDM = D · (S1 × S2) (2.42)

D = −2iλ
[∑
n1

〈g1 |L1 |n1〉
En1 − Eg1

J(n1g2, g1g2)

−
∑
n2

〈g2 |L2 |n2〉
En2 − Eg2

J(g1n2, g1g2)
]

(2.43)

Note thatD is antisymmetric under the change 1↔ 2. Since the cross product in eq.

(2.42) is also antisymmetric under the transformation 1↔ 2, the Hamiltonian HDM is

symmetric under that transformation. For N ions, eq. (2.42) becomes:

HDM =
∑
ij

Dij · (Si × Sj) (2.44)
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Now if we go up to the third order in perturbation theory for Hamiltonian eq.(2.41),

we get the pseudodipolar interaction:

HΓ = −
∑
µν

(
S1µΓ(1)

µν (S1 ·S2)S1ν + S2µΓ(2)
µν (S1 ·S2)S2ν

)
(2.45)

Where

Γµν = 2λ2 ∑
n1,n′1

〈g1 |Lµ |n1〉 J(n1g2, n
′
1g2) 〈n′1 |Lν | g1〉

(En1 − Eg2)
(
En′1 − Eg2

) (2.46)

J(n1g2, n
′
1g2) =

〈
n1g2

∣∣Vex ∣∣n′1g2
〉

The Hamiltonian in eq. (2.45) describes a process where the LS coupling excites S1

into the state n1, then this ion 1 in the excited state interact with ion 2 via the exchange

interaction, and finally, the LS coupling returns ion 1 to the ground state. This process

does not include all the off-diagonal terms possible. However, because it includes a

diagonal term, it is usually the dominant contribution. The exact form eq. (2.45) will

take depends on the value of S (e.g. 1
2 ,1, ....). We can rewrite all these anisotropic

exchanges (not including the DM interaction) in a simpler form:

Hani = −
∑
ij

∑
µν

γµνSiµSjν (2.47)

where γµν ∝ (Γµν + Γνµ) is the symmetric anisotropic exchange. Note that γµν is

sometimes written as Γµν6 in some models [98, 99]. To summarise, the exchange

parameters come from the Coulomb interaction and the spin-orbit coupling. Usually, to

describe the magnetic properties, e.g. ground state, it enough to use an effective model,

i.e. an effective spin Hamiltonian in which only the exchange interactions, anisotropies

and applied magnetic field are considered. A few examples of such models are the

Heisenberg model:

H = −J
∑
〈ij〉
Si ·Sj (2.48)

Where the sum is done on all nearest neighbours. The spins in the Heisenberg model

can rotate freely in three dimensions, i.e. the spin dimensionality is n = 3. Another

6Not to be confused with eq.(2.46)
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example is the XY model:

HXY = −J
∑
〈ij〉

(
Sxi S

x
j + Syi S

y
j

)
(2.49)

This model is considered the limit of eq. (2.48) for large transverse components,

i.e. n = 2. To describe magnetism in two dimension, we need anisotropies in the

Hamiltonian. Otherwise, there will be no net magnetisation. The two main anisotropy

contributions are the uniaxial anisotropyD, and anisotropic exchanges. The XXZ model

extend the Heisenberg model (cf eq. (2.48)) by adding the uniaxial anisotropy and an

anisotropic exchange such that Jx = Jy = J, Jz = J + λ:

HXXZ = −D
∑
i

(Szi )2 − J
∑
〈ij〉
Si ·Sj − λ

∑
〈ij〉

Szi S
z
j (2.50)

Eq. (2.50) is our starting point to study magnetism in 2D. Once one has the correct

model to describe the magnetic system, one needs to find the model’s parameters. We

used the density functional theory (DFT) with Hubbard U corrections to parametrise

the model for this work.

2.2 Density functional theory

The density functional theory allows us to find the ground state density of a crys-

tal/molecule. This method originated from two seminal papers: one by P. Honenberg

and W. Kohn [100], and one by W. Kohn and L.J. Sham [101]. From these two paper,

a method to find the ground state of a system was developed. This method, called the

Kohn-Sham (KS) formulation, is a self-consistent method involving independent parti-

cles and interactive density. It assumes that an interacting system’s ground state density

is equal to suitably chosen non-interacting system density. It leads to independent-

particle equations, called the KS equations, that are exactly solvable by numerical

means, while all the many-body interaction terms are in an exchange-correlation func-

tional of the density called Eχc[n]. If Eχc[n] is perfectly known, then the KS method

is exact. However, in practice, the KS method is approximate because the exchange-
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Figure 2.3: Energy of the system for different lattice parameter, comparing two differ-
ent spin configurations: FM (purple) anf AFM (green). Left: CoPTe3. Right: CrTe2.
The calculation for CrTe2 were done with a two by two supercell to account for the
AFM ordering. On the right panel we can see that the ground state spin configuration
changes for different lattice parameter, while it does not on the left panel.

correlation Eχc[n] is unknown and have to be approximated. Assuming we have a good

approximation, solving the KS equations will give a ground state very close to the exact

ground state.

In magnetic systems, the ground state energy will depend on the spins’ orientation.

Fig. 2.3 shows the energy of the system at different values of the lattice parameter, for

ferromagnetic (purple) and antiferromagnetic (green) configuration; for two materials:

CoPTe3 (left panel) and CrTe2 (right panel). We can see that the two spin configurations

have different energies, and one should be careful when searching the ground states.

This ground state spin configuration can also change if the material is under a constrain

that changes the lattice parameter, as illustrated in Fig. 2.3 right panel.

Obviously, all these results (e.g. difference in energy between FM and AFM) will

depend on the choice of the exchange-correlation functional. Moreover, there is a sub-

stantial amount of choices for the functional, from the standard ones such as the local

density approximation (LDA) and generalised gradient approximation (GGA) function-

als to more complex ones such as, e.g. hybrid functionals. Sadly, there no systematic

way to choose the best functional for a chosen system. For instance, the standard and

simpler functional such as GGA can give better results than the hybrid functionals. The
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only way to know is to try the different functionals, and compare them with the ex-

periments when it is possible. For magnetism, in which correlations are important, we

need a functional for which the correlations are well taken into account. LDA/GGA

are a priori not good candidates, as the on-site Coulomb repulsion U (c.f. eq. (2.8)) is

not well accounted for. Thus they are unable to reproduce some correlated phenom-

ena, e.g. Mott insulation. Hybrid functionals would be better candidates, but they are

costly, especially with SOC. SOC is mandatory in our simulations as it is the origin of the

anisotropies which stabilise the magnetic order in 2D. Another issue with hybrid func-

tional is that there are a few free parameters (usually three or four), accounting for the

correlation differently depending on their value. Some hybrid functionnal such as e.g.,

B3LYP [102, 103], PBE0 [104, 105] or HSE[106] are well established and accurate, but

they are still costly. A good compromise is the DFT+U method. This method includes

a new term to the regular DFT energy to better account for the on-site Coulomb re-

pulsion. There are two main approaches, one introduced by Liechtenstein et al. [107]

and one introduced by Dudarev et al. [108]. I will use the latter as it only introduce

one new parameter: Ueff = U − J where U and J are respectively the on-site Coulomb

interaction (c.f. eq. (2.8)) and the on-site exchange interactions (c.f. eq. (2.12)) pa-

rameters. This method is less costly and faster than the hybrid functionals (even with

the SOC included), but Ueff is still arbitrary. Thankfully we can compare the results of

calculations with different Ueff , which will give some context to our results and ease

the interpretation. Finally, to account for the anisotropic exchange originating from

spin-orbit coupling, we need to include an additional term HLS ∝ L ·S in the Hamil-

tonian, which will add a new energy contribution depending on the orientation of the

magnetisation. In this thesis, we will use the standard GGA functionals with the Du-

darev DFT+U correction, and we will use the Vienna ab initio simulation package[109]

(VASP) to perform the simulations.

2.3 Extraction of the exchange parameters: a simple model

The method consists of mapping the energy given by a DFT calculation for a given

spin configuration (e.g. ferromagnetic) to the energy given by the spin model for the

same spin configuration. This DFT based method to extract the exchange is simple and



2.3. Extraction of the exchange parameters: a simple model 35

fast, yet not perfect. Indeed, while the high spin (HS) state |↑↑〉 is usually well de-

scribed by the Kohn-Sham determinant, the low spin (LS) states (|↑↓〉 − |↓↑〉) are not.

Typically DFT calculations of the LS configuration result in solution closer to |↑↓〉 or

|↓↑〉 state than the real LS state. These solutions are called "broken symmetry" (BS)

solution because they are not spin eigenfunctions. Yet they can still be used to compute

the exchange parameters[110, 111] even for various BS configuration e.g. |↑↓↑↑〉, as-

suming the DFT gives the correct energies. For simplicity, we will use the Heisenberg

Hamiltonian eq. (2.48) on a square lattice within the semiclassical approximation. In

that case, we can approximate the spins as classical vectors instead of operators. The

HS and BS configurations are shown in Fig. 2.4. The dashed squares show the unit cell

used for DFT calculations. There is a periodic condition in DFT, meaning all four sites

have four nearest neighbours. Let us call the DFT energy EHS and EBS for the HS and

BS configuration, respectively. Then we map these energies to the energy given by the

model eq. (2.48):

EHS 7→ EHS = −JNZS2 (2.51)

EBS 7→ EBS = JNZS2 (2.52)

For the square lattice, the number of nearest neighbours Z = 4, the number of site

in the unit cell is N = 4, and S is the spin number of the site. However, DFT’s total

energy is not physical; only the difference between energies has a physical meaning.

Thus we need to take an energy difference between the two configurations to extract

the exchange J:

J = EBS − EHS
32S2 (2.53)

This works well for semiconductors as, in the Heisenberg model, the spins are consid-

ered localised on the sites. However, for metals, we need to use the model for itinerant

electrons c.f. eq (2.31), model in which the spins are delocalised. It makes the mapping

to DFT energy appears impossible. Nevertheless, the mapping can still be done because
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HS = FM BS = AFM

=spin down =spin up

Figure 2.4: Representation of the high spin (HS) and broken spin (BS) configuration
(see text) used to extract exchange parameters. The dashed square represent the unit
cell of the DFT calculations.

there exists an equivalence between itinerant magnets and a Heisenberg model [112].

To use a Heisenberg model for itinerant magnet and therefore for metallic materials,

we need the effective exchange in the Heisenberg model to be long-range and with

an oscillatory sign, just like the RKKY exchange. Due to the effective exchange’s long-

range nature, one needs to include more than the nearest neighbour interaction for

magnetic metals. This method can also be used to extract the DM spin exchange in

eq. (2.42)[113] and other anisotropic exchanges[114, 115]. It is not the only method

to extract the exchange parameters using DFT. One can also use constrained density

functional theory [116], or use an approach based on the local force theorem and

Green’s function developed by Katsnelson and Lichtenstein [117, 118]. In atomistic

spin models, the exchange parameters will determine all the system’s magnetic proper-

ties and dynamics. Thus, once the spin model has been parametrised, one can compute

or derive all the system’s magnetic properties and response. In the next section, we

will explain the method to compute magnetic properties, such as the magnet’s critical

temperature and the spin dynamic.
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2.4 Spin dynamic and Monte-Carlo simulations

To estimate the critical temperature of the materials from the exchange parame-

ters and to model the spin dynamics, we used the classical atomistic spin simulator

VAMPIRE[119]. This kind of atomistic spin model is the natural limit of two ap-

proaches: the ab-initio models and micromagnetics. The formers describe the elec-

tronic structure, and the latter describes magnetic materials composed of small mag-

netic domains with the magnetisation fully ordered and continuous within. The spin

Hamiltonian used in the simulator is:

Hspin = −
∑
ij

JijSi ·Sj −D
∑
i

(Szi )2 − µS
∑
i

Bapp ·Si (2.54)

Where Jij is the Heisenberg exchange, D the anisotropy constant, µS the atomic

spin moment, Bapp the applied magnetic field and S is a unit vector describing the

orientation of the local spin.

2.4.1 Estimation of the curie temperature

In atomistic spin simulator, there is an implemented way to compute the magnetisa-

tion versus temperature (M vs T) curve from which we can extract the critical tempera-

ture of the magnet. It computes the thermodynamic average of the magnetisation after

some equilibration time7 for different temperature. The calculation is done using the

Monte-Carlo method as they are excellent for equilibrium properties. The Monte Carlo

algorithm, as implemented in VAMPIRE, is:

• Start from a random spin configuration;

• Pick a new move by rotating one or more spins;

• Evaluate the energy E1 of the first configuration and E2 after the rotation;

• Evaluate the difference in energy ∆E = (E2 − E1);

• Accept the move if ∆E < 0;
7enough to reach equilibrium



2.4. Spin dynamic and Monte-Carlo simulations 38

• Accept the move with a probability P = exp
(
− ∆E
kBT

)
if ∆E ≥ 0

Then, we compute the total magnetisation for each accepted moves and take the

average to obtain the magnetisation for a given temperature. We repeat this procedure

for each temperature increment to obtain the M vs T curve. Once we have the M vs T

curve, we can fit it using the equation:

M(T ) =
(

1− T

Tc

)β
(2.55)

Where Tc is the critical temperature and β is the critical exponent. Fig. 2.5 shows the

M vs T curve of a ferromagnetic toy model. The simulation data is the blue triangles,

and its fit is the solid red line. As we can see, there is a good agreement between the

fit and the simulation before the critical temperature is reached, but the decrease in

the magnetisation is not sharp enough in the simulation as there is a tail. This tail

can be reduced when we increase the simulated system’s size, but it will lead to some

uncertainties in the estimation of the critical temperature.

2.4.2 Spin dynamic simulations

To model the spin dynamics of the spin we use the atomistic Landau-Lifshitz-Gilbert

equations:
∂Si
∂t

= − γe
(1 + λ2)

[
Si ×Bi

eff + λSi ×
(
Si ×Bi

eff

)]
(2.56)

Where:

Bi
eff = ζi(t)−

∂Hspin
∂Si

(2.57)

and i is the local atomic site index, Si is a unit vector describing the local spin direction,

γe = 1.76 × 1011 rad s−1T−1 is the gyromagnetic ratio and λ is a coupling to the

heat bath. For comparison with experiments, we are interested in quasi-equilibrium

properties; thus, we assume critical damping of λ = 1 to allow the system to relax

quickly. The effective field is augmented by a stochastic thermal Langevin field ζi(t)

which simulates the effects of thermal spin fluctuations at the atomic level. A significant

interaction for the spin dynamics is the dipole-dipole interaction. This interaction is not
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Figure 2.5: Reduced magnetisation (M/Mz) versus temperature of a toy ferromagnetic
material. The blue triangles show the Monte-Carlo simulation data, and the solid red
line is the fit.
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included in our spin Hamiltonian, but different methods to compute the dipole field are

implemented within the simulator. Considering an atomic dipole moment mi at atomic

site i embedded in a ferromagnetic material, it experiences a dipole field Bi from all

other dipole moments j given by

Bi = µ0
4π
∑
j

[
3r̂ij(r̂ij ·mj)−mj

|rij |3

]
(2.58)

where rij is the distance between magnetic moments i and j, r̂ij is a unit vector from

site i to j, mj is the magnetic moment at site j, and µ0 := 4π × 10−7 H/m.

The dipole-dipole interaction is proportional to |rij |3. Therefore, it is a long-range

interaction. This long-range nature of dipole-dipole fields means all magnetic moments

contribute to the local magnetic field acting on each spin. For a N atoms system, each

spin is interacting with N − 1 spins and, thus, an atomistic calculation would lead to a

complexity proportional to N(N − 1) ∼ N2. To make such calculations feasible, a dual

approach combining coarse-grained micromagnetic calculation using the dipole tensor

[120] and a massively parallel and scalable calculation of the atomistic dipole-dipole

field is implemented within the VAMPIRE code. This dipole-dipole field is then added to

eq. (2.57).

2.5 Conclusion

In this chapter, we have given a general view of the methods that will be used

throughout this thesis. A detailed description of the simulations will be done in each

chapter, where additional information will be included. The next chapter will present

a high throughput screening of 2D magnets.



Chapter 3

Two Dimensional Magnet Database

The search for two-dimensional (2D) magnets is done primarily through density

functional theory (DFT) simulations of materials. Indeed, with simulations, one can

test hundreds of materials relatively easily, whereas blind experimental search is much

more difficult, e.g., synthesising the material and performing the experiments. Nonethe-

less, these experiments are needed to confirm whether the material is magnetic or not.

This need for experimental confirmations is due to the arbitrary choices (e.g. choice of

the functional, level of theory) one makes for the simulations. These choices can lead to

wrong predictions that only the experiments can exhibit. Nonetheless, explaining why

there is a discrepancy between the prediction and experimental results often increase

our understanding of the phenomena. This necessity to confirm the simulations, cou-

pled with the inherent difficulties to perform the experiments, leads to a specific com-

putational method for searching for materials exhibiting specific properties, e.g., mag-

netism. Through such methods, one will try to isolate the most promising candidates so

that experiments are done on only these few first and not the whole set. This method

is called high-throughput screening (HTS) which is used in e.g., chemistry[121], drug

testing [122] and material science [123]. HTS were also done searching for stable

2D materials [124] from known compounds. Mounet et al. [124] isolated 1825 ma-



42

terials that are either easily or potentially exfoliable, 56 of which are ferromagnetic

and antiferromagnetic. Other HTS by Ataca et al. [125] and Haastrup et al. [126]

predicted 2D magnets while investigating the thermodynamic stability of the 2D com-

pounds. They computed the formation energy, phonon spectra (T = 0)[125, 126] and

molecular dynamic (T 6= 0)[125]. These two HTS predict 19 [125] and 566 [126]

2D magnetic compounds. The three studies have overlapping materials. This overlap

means there is at the very least 566 (assuming a 100% overlap) potential 2D magnets.

It is a substantial number, and it justifies the inclusion of new criteria to discriminate

the most interesting materials within the 566 already identified. The criteria will be re-

lated to magnetic properties and will depend on the applications as it will define what

properties one is studying. Interesting properties already investigated are:

• Tunability of the magnetic ground state with strain [127–129] or electric field[130,

131]

• Tunability of the magnetic moment with strain [127]

• Tunability of the critical temperature [132]

• Anisotropic properties[133]

Since technological applications, e.g. data storage or batteries[134, 135] would prefer

a material showing magnetism at room temperature, the critical temperature appears

as a natural descriptor to discriminate between the >500 potential 2D magnetic mate-

rials. Torelli et al.[136] computed the critical temperature of materials from ref.[126].

However, the method they used only worked for S 6= 1/2 and materials showing out-of-

plane uniaxial anisotropy[136]. The last criterium is quite restricting, as ferromagnetic

order in a 2D magnet exhibiting an easy-plane was found experimentally in CrCl3[137].

More generally, a 2D magnet with an easy-plane anisotropy (e.g. XY model) may ex-

hibit magnetic ordering, as long as finite-size effects or long-range interaction such as

dipole-dipole interaction are present. To include materials with either S = 1/2 or easy-

plane anisotropy in the calculations of critical temperature, we started a 2D magnetic

database doing calculations on 150 different materials at different levels of theory (c.f.

Sec. 3.1), and we computed the 1st nearest neighbour exchange parameter for the

magnetic materials. We computed the critical temperature for the anisotropic Heisen-
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berg model (whether the materials are showing an easy-plane or a uniaxial anisotropy)

using Monte-Carlo simulations. We identify 59 potential 2D magnets, and we will show

these materials follow a Slater-Pauling curve.

3.1 High Throughput Screening

The database began with the choice of 150 2D materials searching for magnetic prop-

erties. We chose a wide range of materials from the transition metal dichalcogenides

(TMD) MX2 with M = Sc, Ti, V, Cr, Mn, Fe, Co, Ni, Cu, Zn, Nb, Ta and X= O, S, Se,

Te; transition metal dihalides MX′2 (M = V, Cr, Mn, Fe, Co, Ni, Co and X′ = Cl, Br,

I), transition metal trihalides (TMTH) MX′3 (M = Sc, Ti, V, Cr, Mn, Fe, Co, Ni, Cu, Zn

), transition metal monochalcogenides MX (M=Sc, Y, La, Fe and X = S, Se, Te), and

materials such as MAX3 (M = Ti, V, Cr, Mn, Fe, Co, Ni, Cu; A = Si, P, Ge and X=

S, Se, Te ). All the elements we considered and the geometries are shown in Figure

3.1. Materials in different phases were also studied, i.e. (1T,1H)-MS2(M = Mn, Fe,

Ni, Co), which are found in the pyrite or marcasite bulk[138] and therefore are not

layered materials. Nonetheless few groups did calculations on 2D 2H-FeS2 [125, 139],

and others looked at the possible phase of 2D FeS2 that can be made by cleaving the

pyrite FeS2 [140]. The latter study was base on the reported synthesis of ZnSe mono-

layer out of non-layered bulk [141], and the synthesis of the 1T-NiSe2 on Ni (111), as

well as the growth of other 2D materials, were reported [142, 143]. From this study,

we considered it would be interesting to do the calculations of the monolayer of the

2D(T, H)-MX2, M = Mn, Fe, Ni, Co and X= S, Se, Te, as our calculations can be verified

experimentally.

The high-throughput screening starts from the materials’ geometries, which are either

taken from the bulk, material database (e.g. NOMAD) or estimated, e.g. 1T-FeS2. We

then perform a relaxation and optimisation of the crystal structure. The optimisation

is needed because the relaxation might give local minima the crystal structure and not

the ground-state. Both the relaxation and optimisation are spin-polarised calculations,

giving the crystal structure and the magnetic ground state, i.e. ferromagnetic or anti-

ferromagnetic. This magnetic ground state is always compared to a non-spin polarised

calculation, and the material is considered magnetic only if the magnetic calculation
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MnS2 FeS2 NiS2
Bulk Magnetic Non-magnetic Magnetic
↓ ↓ ↓ ↓

Monolayer (1T) Magnetic Magnetic Non-magnetic

Table 3.1: Magnetic ground state of MnS2, FeS2 and NiS2 for their bulk [138] and
monolayer (1T) phases (this work).

has lower energy than the non-magnetic one. The metal we considered has valence

electron mainly in the 3d orbital, meaning they are subject to strong electron-electron

interactions that have to be taken into account. Therefore, we performed the previous

procedure with different Hubbard U value (U = 0 eV, 1.8 eV and 3.6 eV) as describe in

chapter 2. Finally, we include the spin-orbit coupling, which allows the computation of

the magnetic anisotropy energy and the easy-axis or easy-plane. The material is stored

in our database only if the magnetic ground state’s energy (with all level of theory in-

cluded) has lower energy than the non-magnetic calculation (with all level of theory

included). Fig. 3.2 shows the workflow we explained. Tab. 3.1 show the magnetic

ground states of three materials: MnS2, FeS2 and Ni2 in bulk and 1T monolayer phase.

MnS2 is magnetic in both cases. Meanwhile, FeS2 is not magnetic in bulk but magnetic

in the monolayer, whereas it is the opposite for NiS2. Because FeS2 and NiS2 are not

layered materials in bulk, the change in the magnetic ground state is likely to be due

to a rearrangement of the electrons [125, 139].

It is usual when one study different magnetic compounds with different 3d metal

to plot the magnetisation of the metal versus the valence. This plot is called a Slater-

Pauling (SP) curve, and it allows us to find a scaling relationship between the valence

and the magnetisation, thus making it simple to predict the magnetisation of alloys.

Our SP curve for U = 1.8 eV is shown in Figure 3.3 A. Each point is a compound. It

is surprising to see that all the different compounds follow the SP curve as we would

expect that compounds with the same metal, e.g., Vanadium compounds, have similar

valence and, therefore, to be distributed along an almost vertical line or a small cluster.

It means there is an important charge transfer from the X ions to the metal. The

charge transfer is bigger for a compound with chalcogens than the compound with

halogens, as expected since the halogens are more electro-negative. The relationship

between the valence and the magnetisation is found by fitting our SP curve (magenta
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Figure 3.1: All the elements we considered in our study are highlighted in the periodic
table: blue for the metals, orange for ligand, red for the chalcogens and pink for the
halogens; and all the different geometries are also shown: the 1T (MnSe2) and (2H
VSe2) phases of the transition metal dichalcogenides. The crystal structure of CrI3 is
the structure used for all the transition metal trihallides calculations, the Cr2Ge2Te6
geometry was used for all MAX3 calculation, and the FeSe geometry is used for the MX
calculation.
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U = 0 eV

Starting
geometry

Spin polarised
optimisation

U = 1.8 - 3.6 eV

Spin polarised
optimisation

SOC

SOC

E < E ?
mag NM

No

Discard
compound

Yes

Keep structure

Compute exchanges,
SIA and Tc

Store results in
database

mag nm

Figure 3.2: Flowchart of the method we used to compose the database. We start from
the geometry of a compound. We then perform relaxation and optimisation of the
crystal structure at U = 0 eV, and then at U = 1.8 and 3.6 eV. Once we have optimised
the geometry for the three U values, we include the SOC, and we test if the total energy
of the spin-polarised system is lower than the total energy of the non-magnetic system.
If not, we discard the compound. If yes, we compute the exchange parameters, SIA
and Tc, and we store the results in the database.
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line in Figure 3.3 A). We have done the fit on two different domains: the domain of

the weak magnets (positive slope) and the domain of the strong magnets (negative

slope). We obtain M1 = 0.834569 × Z − 1.15003 (R2 = 0.96) for the weak magnets

and M2 = 9.27773 − 0.871758 × Z (R2 = 0.90) for the strong magnets. In Fig. 3.3

B, we show the predicted magnetisation given by our model M1 and M2 versus the

magnetisation given by DFT calculations to see the accuracy of our model. All points

represent a compound, and the black line is the fit. If the fit’s slope were equal to one, it

would mean our model gives the same results as DFT calculations, which is the perfect

case. So the closer the slope is to 1, the better our model is. We obtain a slope of

around 0.85, which is not that good. Nonetheless, we can improve the accuracy of our

model by separating the different families as it is shown in Fig. 3.3 panel C through

F, for the families that have enough points. It works especially well for the MAX3

family as the slope is 1.00644. To explain the behaviour of increasing or decreasing the

magnetisation by increasing the number of electron on the metal, we show in Fig. 3.4

the d-electron density of states (DOS) for six materials: MPTe3 (M = V, Cr, Mn, Fe, Co,

Ni). For M = V, Cr, and Mn, the majority spin DOS (red line in Fig. 3.4) decreases in

energy when the metal is changed from V to Cr and Cr to Mn, while the minority spin

DOS barely changes. It leads to a bigger and bigger difference between the majority

and minority DOS, which lead to a bigger magnetisation. For M = Mn, Fe, Co, and Ni,

the majority spin DOS stay at an energy close to -4 eV when the metal ion is changed,

but the minority spin DOS decreases in energy when going from Mn to Fe, Fe to Co, and

Co to Ni until the majority and minority spin DOS are almost symmetrical in NiPTe3.

Thus the difference between the majority and minority DOS decreases, leading to a

smaller and smaller magnetisation. Changing the metal ion is equivalent to adding

(removing) an electron. Going from V to Mn will add two electrons in the d-electron

band until it is filled with electrons with the same spin (Hund’s first rule) when M =

Mn. From that point, when we change the metal ion from Mn to Ni, the d-electron

band will be filled with electron with opposite spins, i.e. the minority spin DOS will

decrease in energy. Therefore a simple electron counting argument is enough to explain

the change in magnetisation when the metal ion is changed.
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Figure 3.3: Panel A shows the magnetisation of the metal atom of different compounds
versus the valence of this metal. Each point is a compound, and we observe that they
are distributed along a Slater-Pauling curve. So the compound can be separated into
two groups: the weak magnets whose magnetisation increase with increasing valence;
and the strong magnets whose magnetisation decrease when the valence increase. Both
regions can be fitted by a linear function, giving a linear scaling relationship between
the valence and the magnetisation. The fit (magenta) is done considering all com-
pounds and not separating by family. Panel B shows the magnetisation estimated from
our model (the fit of the Slater-Pauling curve) versus the magnetisation from the DFT
calculations. We also performed a fit whose result is shown on the top left corner.
Ideally, the slope should be close to 1 as the DFT and model should give close results.
Panel C through F show the same thing as panel B but for the different family: panel
C) transition metal dichalcogenides, D) transition metal dihalides, E) transition metal
trihalides and F) transition metal tri-chalcogenides.
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Figure 3.4: d-orbital DOS of a few MPTe3 (M = V, Cr, Mn, Fe, Co, Ni) materials. The
red line is the majority spin (up), and the blue line the minority (down). The Fermi
level is at E = 0 eV. Changing the metal ion from V to Ni is equivalent to adding one
electron to the system. Going from V to Mn, new electrons with the same spins are
added to the d-orbital. Thus the DOS of the majority spins decrease in energy. Then
going from Mn to Ni, we have to add electrons with opposite spins to fill the d-orbital.
Thus the minority DOS decrease in energy while the majority DOS energy does not
change.
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3.2 Critical Temperature Estimations

The model Hamiltonian we used is the classical anisotropic Heisenberg Hamiltonian:

H = −D
∑
i

(Szi )2 − J
∑
〈ij〉
Si ·Sj − λ

∑
〈ij〉

Szi S
z
j (3.1)

Where D is the single-ion anisotropy, J the first nearest neighbour symmetric ex-

change and λ the anisotropic exchange. The sign of D will determine whether the

ground state has the spins pointing out-of-plane (OOP) of the layer (D> 0) or in-plane

(IP) of the layer (D< 0). If J> 0 (J< 0) the spins have a ferromagnetic (antiferomag-

netic) ordering. We use the methodology in chapter 2 to parametrise eq. (3.1), but

adapted to the honeycomb and hexagonal lattice. The new high spin (HS) and broken

spin (BS) configuration for both lattices are in Fig. 3.7. For the honeycomb lattice,

there are two ions per unit cells and three nearest neighbours. We need four atoms per

cells for the hexagonal lattice to account for the antiferromagnetic configuration (2x2

supercell) in DFT. There are four AFM neighbour and two FM neighbour that cancel in

the sum (cf eq. (3.1)), leaving only the contribution of two AFM neighbour. Because

the Hamiltonian (3.1) is anisotropic we need the configuration in Fig. 3.7 for the spins

orientated along the z-axis and the x-axis. The energy’s equations for the honeycomb

lattice are thus:

EFx = −6JS2 (3.2)

EAx = +6JS2 (3.3)

EFz = −2D2 − 6(J + λ)S2 (3.4)

EAz = −2S2 + 6(J + λ)S2 (3.5)
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And for the hexagonal lattices:

EFx = −24JS2 (3.6)

EAx = +8JS2 (3.7)

EFx = −4DS2 − 24(J + λ)S2 (3.8)

EAx = −4DS2 + 8(J + λ)S2 (3.9)

We then arrange eq. (3.2)-(3.9) to obtain the exchange parameters:

JHoney = EAx − EFx
12S2 , JHexa = EAx − EFx

32S2 (3.10)

λHoney = (EAz − EFz )− (EAx − EFx )
12S2 , λHexa = (EAz − EFz )− (EAx − EFx )

32S2 (3.11)

DHoney = (EFx − EFz ) + (EAx − EAz )
4S2 , DHexa = (EFx − EFz ) + 3(EAx − EAz )

16S2

(3.12)

We use these exchange parameters in our Monte-Carlo simulations to compute the

critical temperature of the magnetic compounds we found. Tab. 3.2 shows the critical

temperature of 51 materials for the three different values of the Hubbard U: 0, 1.8,

and 3.6 eV1. The inclusion of the electrons’ interactions via a Hubbard U is mandatory

for 20 materials, as they are not magnetic (NM) for U = 0 eV and are magnetic for U

= 1.8 or 3.6 eV. All the other materials show magnetic ground states even for U = 0,

but the critical temperature is still highly dependent on the value of U . At U = 0 eV,

the lowest critical temperature we obtain is 10 K for CrCl3 and 245 K for VPS3. At

U = 1.8 eV, the material with the lowest critical temperature is TiCl3 with 3.75 K, and

the compound with the highest is VSe2 with 336 K. Finally, for U = 3.6 eV, the highest

temperature is for FeS2 with 199 K, and the lowest is for FeBr3 with 1.5 K. If we include

the dipole-dipole interaction in the MC simulations, we observe minimal changes in the

critical temperature for most of the materials (cf Tab. 3.3). At U = 3.6 eV the dipole-

dipole interactions have an essential effect on only two materials: CrPS3 and CrPTe3,

whose critical temperature decrease by around 20 K. For U = 1.8 eV, two materials

1The calculations at U = 0 eV were done by Deepak Kumar Singh, a fellow PhD student
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have drastic differences: CrI3 has its critical temperature change from 25 K without the

dipole-dipole interaction to 9 K once it is included. Out of all of the materials, only

VSe2 shows a critical temperature above room temperature (300 K) for at least one

value of U. Thus, VSe2 is a suitable candidate for room-temperature magnetism in 2D.

For CrI3 the difference between the critical temperature with U = 0 eV and U = 1.8 eV

is about 10 % and between U = 1.8 eV and U = 3.6 eV is also about 4%. Even though

the Hubbard U value appears important for an accurate description of the magnetic

properties, it can not explain the difference between the prediction (25 K for U = 1.8

eV) and the experimental measurement (45 K[42]) of the critical temperature in the

case of CrI3. Since eq. (3.1) is the simplest model for magnetism in 2D, i.e. first

nearest neighbour Heisenberg term with anisotropies, we need to extend the model

(this is done in chapter 4). Such an extension was expected for the metallic materials

for reasons given in chapter 2. This need for a model extension means that all the

computed temperatures are likely to be the lower bound critical temperatures, and the

real Tc should be higher.

We also observe an intriguing feature in some material with MX3 formula (M = Mn,

Ni, Ti and X = Br, I) 2. Their M vs T curve show a relative magnetisation near zero

at 0 K, instead of the expected relative magnetisation of 1 as shown in Fig 3.5 a for

MnBr3, MnI3, NiBr3, NiI3 and TiBr3. All the material showing this decrease in the low

temperature magnetisation either have both the exchange interactions (J and λ) and

SIA (D) favouring an IP spin orientation, or have a competition between the exchange

interaction and SIA leading to the IP orientation (see Tab. 3.4, 3.5, 3.6 and 3.7). The

drop in magnetisation is observed whether or not the dipole interaction is included,

which indicates the effect is intrinsic to the system. To test if the drop is not some

simulation’s artefact, we have done M vs T simulations with different system sizes for

MnBr3. Fig. 3.5 b shows the results with the dipole interaction. When we increase the

system’s size, we can still observe the feature at low temperature (0 - 10 K), and the

magnitude of the magnetisation in the temperature range 10 to 50 K is reduced for the

bigger systems. However, the feature is lost when the system is tiny (black squares in

3.5 b). We observe the same magnetisation behaviour when the dipole interaction is

not included. We expect that the magnetisation will vanish completely if the system is

2The following results are preliminary; the analysis was not finished by the time this thesis was written
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Figure 3.5: Monte-Carlo simulations of MX3 (M = Ti, Mn, Ni and X = Br, I). a, Mag-
netisation versus temperature (M vs T) for different compounds: MnBr3 in red, MnI3
in green, NiBr3 in yellow, NiBr3 in blue on a 0.0025 µm2 sample, and TiBr3 on a 0.01
µm2 sample in orange. The next three panels are focusing on MnBr3. b M vs T curves
at different system sizes with dipole interactions. The bigger the system is, the more
the magnetisation vanishes, even at 0 K. c Three quantities versus temperature: spe-
cific heat cs in green, magnetic susceptibility χm in blue and the relative magnetisation
M (x5 so that it is comparable with the other two quantities) in red. The magnetic
susceptibility has a puzzling behaviour: between zero and 50 K, it has random values
(not shown for clarity), there is divergence at 50 K, and it decays quickly onwards. d
The magnetic susceptibility χm versus temperature for different system sizes: 0.0025
µm2 in red, 0.01 µm2 in green, 0.04 µm2 in yellow, 0.36 µm2 in blue and orange. χm
appears to have random values in the 0 - 50 K temperature range, diverges around 50
K and vanishes for T > 50 K. The two runs at 0.36 µm2 are done with the same input
parameter. However, the values of χm in the 0 - 50 K region are completely different.
It strengthens our interpretation that the values are random.



3.2. Critical Temperature Estimations 54

large enough, resulting in MnBr3 and the other materials showing the drop in 3.5 a not

to undergo a magnetic phase transition.

Interestingly, we observe a peak in the specific heat at around 50 K as Fig.3.5 c shows

for MnBr3. The peak in the specific heat coincides with the final decay of the magneti-

sation. Fig. 3.5 c shows that the specific heat also diverges around 8 K. The magnetic

susceptibility χm shown in 3.5 c diverge around 50 K and it decays quickly afterwards

for T > 50 K, while in the region between 0 - 50 K χm appears random as shown in 3.5

d. The behaviour of χm we observe in the 50 K→∞ is common to all the simulations

at different sizes we have done for MnBr3, while the values of χm in the 0 - 50 K region

have drastic changes depending on the simulation except for the 0.000025 µm2 case,

where we obtain the expected profile for a magnetic transition. The values change even

between two simulations with the same parameters (blue and orange squares in 3.5 d).

This strengthened our interpretation that χm has random values in the 0 - 50 K region.

If we assume only the region T ≥ 50 K is physical for χm, i.e. the region with ran-

dom values is an artefact of the simulation, then the behaviour of χm and cs is similar

to what happens in the 2D XY model eq.(2.49) near the transition to a quasi-ordered

state[20, 144]. The apparition of vortices characterises this quasi-ordered state. Fig.

3.6 shows the in-plane spin orientation of MnBr3 at different temperature. At 0 K (Fig.

3.6 a) we observe a high density of vortices. This density decreases rapidly when the

temperature increases as shown in Fig. 3.6 a-c. At 10 K there is only one vortex in

the 20 x 20 nm2 sample presented in Fig. 3.6 c, and only four vortices in the whole

50 x 50 nm2 sample. At 35 K, the spins are less organised, but we can still distinguish

vortices as shown in the red circle of Fig. 3.6 d. We only observe two vortices in the

whole sample at 35 K, and we were not able to observe any vortices for T ≥ 40K. If

the divergence of χm around 50 K represents a transition to a quasi-ordered state as in

the 2D XY model, we should observe vortices up to 50 K. More research is needed to

understand why the temperature at which the vortices disappear, and the temperature

at which χm diverges, are different. We also need to understand why cs diverges at low

temperature and if the divergence is related to vortices’ density in the system.
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a b

c d

a b

c d

0 K 5 K

35 K10 K

Figure 3.6: In-plane spin orientation (green arrows) of MnBr3 at different temperature:
a 0 K, b, 5 K, c 10 K and d 35 K. We did not observe any vortices for T ≥ 40 K.
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Up Down

J

Honeycomb FM Honeycomb AFM

Hexagonal FM Hexagonal AFM

Figure 3.7: Spin configurations used to compute the exchange parameter from DFT.
The red circles represent the up spins and the blue circle represent the down spins.
Top left (right): ferromagnetic (antiferromagnetic) configuration for the honeycomb
lattice. Bottom left (right): ferromagnetic (antiferromagnetic) configuration for the
hexagonal lattice.
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Material TU=0
c (K) TU=1.8

c (K) TU=3.6
c (K)

VPS3 245 215 153
VPSe3 140 103
VPTe3 97.5 73
CrPS3 NM 148
CrPSe3 142.5 140
CrPTe3 112.5 147
MnPS3 45 29
MnPSe3 37.5 W
MnPTe3 32 47.5 20
FePS3 NM 115 175
FePSe3 NM 75
FePTe3 NM 20
CoPS3 NM 20
CoPTe3 NM 67
NiPS3 NM 57 33
NiPSe3 NM 67.5 33
NiPTe3 NM 17.5 41
TiCl3 82 3.75
TiBr3 68 19
TiI3 17
VCl3 48
VBr3 57
VI3 129 25 17
CrCl3 10 13 13
CrBr3 NM 17 17
CrI3 18 25 24

Material TU=0
c (K) TU=1.8

c (K) TU=3.6
c (K)

MnCl3 11 37
MnBr3 46 49 59
MnI3 46 41
FeCl3 47 9
FeBr3 1.5
FeI3 75 3.2
NiCl3 31.5 67.5
NiBr3 68 60
NiI3 56 59 45
CuCl3 23 32
CuBr3 31 9
VS2 137 170
VSe2 336 141
VTe2 161
CrS2 182 121
CrSe2 102 114
CrTe2 95
1T-MnSe2 NM 121 173
1T-MnTe2 90 83
1H-MnS2 NM 215 137
1H-MnSe2 NM 48 130
1H-MnTe2 43 163
FeS2 NM 125 199
FeSe2 NM 165
FeTe2 NM 179 112

Table 3.2: Calculated critical temperature for the materials found magnetic in our cal-
culations. The critical temperature were computed from the first nearest neighbour
exchange. NM stands for non magnetic. We included only the materials for which the
critical temperature was computed at the time this thesis was written.
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Material TU=0
c (K) TU=1.8

c (K) TU=3.6
c (K)

VPS3 203 148
VPSe3 138 103
VPTe3 102 69
CrPS3 72 127
CrPSe3 140.5
CrPTe3 107 121
MnPS3 43 29
MnPTe3 34 21
FePS3 107 167
CoPS3 20 18
NiPS3 46 33.5
NiPSe3 66 33
NiPTe3 54 40
TiCl3 4
TiBr3 19
VBr3 56
VI3 20 15
CrCl3 13 12
CrBr3 15 15
CrI3 9 23
MnCl3 5 36
MnBr3 52 60

Material TU=0
c (K) TU=1.8

c (K) TU=3.6
c (K)

MnI3 59 40
FeCl3 45 10
FeBr3 1.5
FeI3 85 3
NiCl3 67
NiBr3 62 69
NiI3 67 47
CuCl3 22 35
CuBr3 5
VS2 136 172
VSe2 328 147
VTe2 159
CrS2 184 121
CrSe2 100 114
1T-MnSe2 121 167
1T-MnTe2 90 82
1H-MnS2 213 136
1H-MnSe2 48 129
1H-MnTe2 44 160
FeS2 117 200
FeSe2 163
FeTe2 176 112

Table 3.3: Calculated critical temperature for the materials found magnetic in our cal-
culations. The critical temperature were computed from the first nearest neighbour
exchange and including the dipole-dipole interactions in the MC simulations. We in-
cluded only the materials for which the critical temperature was computed at the time
this thesis was written.
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Material JS2 λS2 DS2

VPS3 -44.8974166666 -0.0375 -0.121
VPSe3 -30.8695833333 0.083333 -0.157
VPTe3 -19.8263333333 -0.0750833 -1.89475
CrPSe3 28.5445833333 0.0108333333 -0.536
CrPTe3 20.2546666666 0.5098333333 -3.1
MnPS3 -8.4892499999 -0.0170833333 -0.64774999
MnPSe3 -7.0011666667 -0.02875 -0.42475
MnPTe3 -5.0948333333 -0.96625 -4.77175
FePS3 -21.779166666 0.4195 -0.0845
FePSe3 -26.266 -10.71241666 -80.85675
FePTe3 -3.79933333 1.97183333 5.9155
CoPS3 -5.4330833 -23.4346666 -70.2809
CoPTe3 -13.9423333 0.358 0.77175
NiPS3 -11.42483333 0.0159166667 -0.09975
NiPSe3 -11.97733333 0.128245 -1.92725
NiPTe3 -2.727916 0.17775 -1.78075
TiCl3 0.6361666666 0.0814166667 0.01775
TiBr3 3.6086666666 0.0665 -0.371999999
TiI3 2.8836666666 -0.4390833333 0.82325
VCl3 -6.8695833333 9.7527499999 30.12725
VI3 -3.55233333 -0.212 -0.18199999
CrCl3 2.2433333 -0.0311666 -0.2395
CrBr3 3.03299999 0.0354166 0.07725
CrI3 3.4996667 0.187335 0.18468
MnCl3 0.7025 -0.00775 -0.70175
MnBr3 8.421333333 -1.069166666 -2.9675

Table 3.4: Exchange parameters in meV computed from DFT with U = 1.8 eV (1/2).
We included only the materials for which the parameters were computed at the time
this thesis was written.
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Material JS2 λS2 DS2

MnI3 8.584416666 -4.5111666666 -6.879
FeCl3 -9.1613333333 0.0065 0.048
FeBr3 -0.3358333333 0.07725 0.02625
FeI3 -4.7280833333 -3.10825 17.29475
NiCl3 12.19566666 0.08449 -2.459
NiBr3 9.787916666 -1.1621666666 -4.3085
NiI3 9.711083333 -2.4014166666 -9.71525
CuCl3 4.547166666 -0.00325 0.03075
CuBr3 0.006 0.59725 0.96325
2H-VS2 6.71115625 -0.0698 1.1623
2H-VSe2 14.44746875 0.03459375 -2.322937
2H-CrS2 -9.9101666667 0.0164166667 -0.0285
2H-CrSe2 -4.9109791666 -0.0198125 -1.917124999
2H-CrTe2 -4.7286458333 0.3720416666 2.006249999
2H-MnS2 -11.2425625 -0.016625 -0.60175
2H-MnSe2 -2.069333333 -0.3226041667 -3.903875
2H-MnTe2 1.5367708333 -1.3877291666 -18.428625
1T-MnS2 4.7435833333 0.0044791666 -0.0463749999
1T-MnSe2 5.4846459333 0.0794583333 1.0692499999
1T-MnTe2 3.8489583333 0.0647291666 1.332625
2H-FeS2 6.2936875 0.0181458333 -0.370375
2H-FeTe2 7.77375 -0.8740416666 -8.23825

Table 3.5: Exchange parameters in meV computed from DFT with U = 1.8 eV (2/2).
We included only the materials for which the parameters were computed at the time
this thesis was written.
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Material JS2 λS2 DS2

VPS3 -31.2899166667 0.2001666667 -0.638
VPSe3 -21.4534166667 -0.0206666667 0.226
VPTe3 -14.4931666667 -0.0233333333 0.117
CrPS3 -21.7699166667 -0.4618333333 1.319
CrPSe3 29.3233333333 0.1895833333 -0.92725
CrPTe3 23.5226666667 0.3429166667 -2.30325
MnPS3 -5.97025 0.0505 -0.1915
MnPSe3 -4.5175 -0.018 -0.333
MnPTe3 -3.1669166667 -0.56925 -3.14075
FePSe3 -6.5575833333 5.4835 -4.3165
CoPS3 2.3119166667 3.2135 -9.7175
NiPS3 -6.59775 -0.0510833333 0.04125
NiPSe3 -6.838 -0.0278333333 0.0625
NiPTe3 -8.19875 0.23125 0.10225
TiCl3 0.5423333333 -0.00575 -0.25925
TiI3 -4.3400833333 -5.2453333333 -8.4565
VBr3 9.8103333333 -10.4896666667 4.42
VI3 -1.9641666667 4.4995 -15.1275
CrCl3 2.3339166667 0.0463333333 0.092
CrBr3 3.2049166667 0.03825 0.04625
CrI3 3.9516666667 0.2146666667 0.0955
MnCl3 9.0666666667 -6.3354166667 18.38025
MnBr3 10.413 -2.68725 0.73175

Table 3.6: Exchange parameters in meV computed from DFT with U = 3.6 eV (1/2).
We included only the materials for which the parameters were computed at the time
this thesis was written.
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Material JS2 λS2 DS2

MnI3 5.8105833333 -2.0138333333 -7.3095
FeCl3 -1.6044166667 0.1189166667 -0.21825
FeBr3 0.1739166667 0.0316666667 0.145
FeI3 0.3463333333 0.26225 -0.34675
CoCl3 1.3784166667 3.833 -18.4295
CoBr3 3.01725 -4.1550833333 -108.54025
NiBr3 10.71925 -1.2169166667 -4.18725
NiI3 7.0254166667 0.2845833333 -5.68425
CuCl3 7.1255 -0.0014166667 0.02575
CuBr3 -0.1305 9.4604166667 -27.16525
2H-VS2 13.7859375 -0.02775 -0.04225
2H-VSe2 12.0425 -0.27815625 1.0069375
2H-VTe2 -12.46925 1.515625 3.85175
2H-CrS2 -9.25375 0.901625 1.40825
2H-CrSe2 -8.713375 0.04196875 -1.2913125
2H-CrTe2 0.36515625 0.6530625 -1.525125
2H-MnS2 -10.8885 -0.0194375 -0.350625
2H-MnSe2 -10.19715625 -0.2330625 -0.775375
2H-MnTe2 -12.88875 -0.903625 -3.4685
1T-MnS2 11.57028125 0.01565625 -0.0494375
1T-MnSe2 13.175125 0.18984375 -1.3855625
1T-MnTe2 5.90646875 0.980625 -4.57175
2H-FeS2 -15.98434375 0.3268125 0.803375
2H-FeSe2 -13.09121875 0.55675 1.724
2H-FeTe2 -7.029625 7.17028125 -10.7306875

Table 3.7: Exchange parameters in meV computed from DFT with U = 3.6 eV (2/2).
We included only the materials for which the parameters were computed at the time
this thesis was written.
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Conclusion

An extensive amount of research has been done to study the stability of 2D magnets.

More than 500 candidates were found in the literature[124–126], and our work iden-

tify 59 new compounds. The critical temperature is a natural descriptor to isolate the

most promising candidates. Therefore, we computed 59 potential 2D magnets’ critical

temperature to identify promising magnetic materials at room temperature. We have

done the simulations taking three values for the Hubbard U to study the effect of the

electrons’ correlations on the ground state and critical temperatures. We show that

the inclusion of a Hubbard U is essential to describe layered materials’ magnetic prop-

erties. We showed that the 2D magnetic materials arrange in a Slater-Pauling curve,

and we gave a counting argument explaining this behaviour. Finally, we included the

dipole-dipole interactions in the MC simulations, as it can make materials with easy-

plane anisotropy show long-range order. We found that it has a small effect on the

Tc for most of the systems. We also identified compounds such as MnBr3 that show

size-dependence on its magnetic properties. We observed vortices at low temperatures

as the system size increases. This is followed by divergence in the specific heat and

magnetic susceptibility around 50 K. Additional simulations are underway to clarify

these features close to an XY model (e.g. Kosterlitz-Thouless transition).

Nonetheless, our work shows that the model we used, i.e. XXZ with the first nearest

neighbour, can not reproduce the correct critical temperature for CrI3, since its calcu-

lated magnitude is too small for all three values of U. This suggests it is likely that the

critical temperature we computed are smaller than the true Tc, and can be treated as a

lower bound. Because the temperatures are likely to change if the model is refined, we

identify two potential room-temperature 2D magnets: VPS3 and VSe2. What would be

interesting to investigate next is the van der Waals heterostructures one can make with

2D magnets and see if they can be used in MTJ[145, 146]. We also need to investi-

gate if our results for MBr3 holds when we extend the XXZ model with the first nearest

neighbour.



Chapter 4

Extended model on the spin inter-

actions of 2D materials: CrI3 as a

sample case.

As we have seen in the previous chapter, there are some discrepancies between the

measured and calculated critical temperature for the materials for which there is an

experimental critical temperature, e.g. CrI3. Likely, the XXZ model does not include

all features required for a thorough description of the spin interactions in layered ma-

terials. In this chapter, we will extend the bilinear Heisenberg model to higher-order

exchange interactions, such as biquadratic, and apply this model to the first mechani-

cally exfoliated material on the halide family, that is, CrI3[42, 147, 148]. These differ-

ent extensions will lead to a good agreement between our model’s critical temperature

and the experimental one, but we observe some discrepancies between the experimen-

tal magnon spectra and the one predicted using DFT exchanges. We will explain the

different extension we considered and their effect on magnetic properties. The most

natural extension is also the simplest; we consider higher neighbour interactions.
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4.1 More nearest neighbours

The inclusion of more neighbours in our Hamiltonian is very straightforward. We

start from the Hamiltonian we use in the previous chapter i.e. eq. 3.1. For simplicity

we rewrite it in its tensorial form:

H = −D
∑
i

(Si · ei)2 −
∑
〈ij〉
Si ·Jij ·Sj (4.1)

where the sum 〈ij〉 is done on the first nearest neighbours, ei is the orientation of the

anisotropy axis and Jij is the exchange tensor defined as such:

Jij =


J 0 0

0 J 0

0 0 J + λ

 (4.2)

To include more neighbours we just have to allow the sum to go on as much neigh-

bour as we want. Obviously the exchange tensor will change depending on the order

of neighbour interactions. It can be written as such:

J ijl=1,2,3.... =


Jl 0 0

0 Jl 0

0 0 Jzl

 (4.3)

where l is the lth neighbour and Jzl = Jl + λl. And so our extended Hamiltonian is:

H = −D
∑
i

(Si · ei)2 −
∑
l

∑
〈ij〉l

Si ·J ijl ·Sj (4.4)

4.1.1 Extraction of parameters from ab initio simulations

There is no limit to the number of neighbours the model can consider. Nonetheless,

because we are using ab-initio simulations to parametrise the model, we are limited
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by the calculation time and hence the number of ions in our simulations. Since CrI3 is

a semi-conductor, we expect the exchange interaction to decrease quickly with neigh-

bours’ number. Tab. 4.1 shows that the interactions are dying quickly. Therefore we

choose to stop the sum at the third nearest neighbour interaction. Including more

neighbours in the model means we need more spin configuration to extract all the pa-

rameters. Including up to the third neighbour in CrI3 means, we need four (eight) spin

configurations for the isotropic (anisotropic) model. Fig.4.1 shows the different spin

configurations we used to parametrise the Hamiltonian. There are the ferromagnetic

(FM), Neel antiferromagnetic (AFM), strippy-antiferromagnetic (sAFM) and zigzag an-

tiferromagnetic (zAFM) configurations. Taking these configurations for an out-of-plane

(OOP) and in-plane (IP) spin orientation gives the eight different spin configurations

we need to extract all the parameter in our 3rd NN Hamiltonian.

Based on the discussion of Section 3, we can map the energy of our model for each

spin configurations:

EzFM = −NDS2 − (J1 + λ1)NZ1S
2 − (J2 + λ2)NZ2S

2 − (J3 + λ3)NZ3S
2

ExFM = −J1NZ1S
2 − J2NZ2S

2 − J3NZ3S
2

EzAFM = −NDS2 + (J1 + λ1)NZ1S
2 − (J2 + λ2)NZ2S

2 + (J3 + λ3)NZ3S
2

ExAFM = J1NZ1S
2 − J2NZ2S

2 + J3NZ3S
2

EzsAFM = −NDS2 + (J1 + λ1)NS2 + 2(J2 + λ2)NS2 − (J3 + λ3)NZ3S
2

ExsAFM = +J1NS
2 + 2J2NS

2 − J3NZ3S
2

EzzAFM = −NDS2 − (J1 + λ1)NS2 + 2(J2 + λ2)NS2 + (J3 + λ3)NZ3S
2

ExzAFM = −J1NS
2 + 2J2NS

2 + J3NZ3S
2 (4.5)

where N is the number of atom in the cell used in the DFT simulation, S is the spin

quantum number and Zi is the number of ith nearest neighbours. Here, on the hon-

eycomb lattice Z1 = Z3 = 3 and Z2 = 6. As we said previously, only the difference in

total energy is meaningful in DFT. Therefore our mapping becomes as such:
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FM AFM

zAFM sAFM

J1
J2

J3

Up Down

Figure 4.1: The different spin configurations we use to extract the exchange parameter
of our model from DFT. a) FM configuration, b) AFM configuration, c) sAFM con-
figuration and d) zAFM configuration. These configuration are used with two spin
orientation: OOP and IP giving a total of eight spin configurations
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J1S
2 J2S

2 J3S
2 λ1S

2 λ2S
2 λ3S

2 DS2

U = 1.8 eV 3.306 0.608 0.092 0.352 0.004 -0.141 0.383
U = 2.8 eV 3.486 0.601 0.128 0.342 -0.006 -0.145 0.365
U = 3.8 eV 3.639 0.589 0.157 0.363 -0.003 -0.151 0.378

Table 4.1: CrI3 exchange parameters in meV computed from DFT. The parameters are
computed for three different Hubbard U values: 1.8 eV, 2.8 eV, 3.6 eV.

∆Ex1 = ExAFM − ExFM = 2J1Z1NS
2 + 2J3Z3NS

2

∆Ex2 = ExzAFM − ExsAFM = −2J1NS
2 + 2J3Z3NS

2

∆Ex3 = ExsAFM − ExFM = J1(Z1 + 1)NS2 + J2(Z2 + 2)NS2

∆Ex4 = ExAFM − ExzAFM = J1(Z1 + 1)NS2 − J2(Z2 + 2)NS2

∆Ez1 = EzAFM − EzFM = 2(J1 + λ1)Z1NS
2 + 2(J3 + λ3)Z3NS

2

∆Ez2 = EzzAFM − EzsAFM = −2(J1 + λ1)Z1NS
2 + 2(J3 + λ3)Z3NS

2

∆Ez3 = EzsAFM − EzFM = (J1 + λ1)(Z1 + 1)NS2 + (J2 + λ2)(Z2 + 2)NS2

∆Ez4 = EzAFM − EzzAFM = (J1 + λ1)(Z1 + 1)NS2 − (J2 + λ2)(Z2 + 2)NS2

Furthermore, after some algebra, one can obtain formulas for the exchange parameters:

J1 = ∆Ex1 −∆Ex2
2N(Z1 + 1)S2

J2 = ∆Ex3 −∆Ex4
2N(Z2 + 2)S2

J3 = ∆Ex1 + Z1∆Ex2
2N(Z1 + 1)Z3S2

λ1 = (∆Ez1 −∆Ez2)− (∆Ex1 −∆Ex2 )
2N(Z1 + 1)S2

λ2 = (∆Ez3 −∆Ez4)− (∆Ex3 −∆Ex4 )
2N(Z2 + 2)S2

λ3 = (∆Ez1 − Z1∆Ez2)− (∆Ex1 − Z1∆Ex2 )
2N(Z1 + 1)Z3S2

D = (ExFM − EzFM ) + (ExAFM − EzAFM )
2NS2 − λ2Z2 (4.6)

The values we obtain are summarized in Tab. 4.1. It is important to note that the values

in Tab. 4.1 are multiplied by S2 because JS2 (and not only J) are the parameters we

input in the atomistic spin model simulator. These parameters are used to compute the
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critical temperature for different NN and different Hubbard U values. As expected, the

first NN exchange parameter is the biggest one with a magnitude of 3.31−3.64 meV. The

second NN exchange parameter is around one order of magnitude lower than the first

NN with a magnitude of 0.59−0.61 meV and around the same order of magnitude as the

third NN exchange parameter (0.09− 0.16 meV). The second NN anisotropic exchange

is two order of magnitude lower than the isotropic exchange. Unexpectedly, the second

NN anisotropic exchange sign changes from positive to negative for U = 2.8 − 3.8 eV.

Surprisingly, the third NN anisotropic exchange is of the same order of magnitude as

the isotropic exchange, with a bigger magnitude for U = 1.8 and U = 2.8 eV, and

opposite sign. It means that for the third NN exchange, the IP exchanges Jx, Jy will be

FM and the OOP exchange Jz will be AFM.

4.1.2 Comparison with experimental results

The resulting M vs T curves are shown in Fig. 4.2. We also compare the prediction for

the Heisenberg in Fig.4.2a-c and Ising model in Fig.4.2d-f. In the Heisenberg case, the

second NN’s inclusion increases the critical temperature by around 15 K for U = 1.8, 2.8

eV and around 12 K for U = 3.8 eV compared to the critical temperature with only the

first NN. The critical temperature that is small with only the first nearest neighbour

becomes much closer to the experimental critical temperature (T expc = 45 K) when we

include the second and third neighbour (Tc = 37 K). Moreover, with the Heisenberg

model, the third NN’s inclusion decreases the critical temperature compared to the

situation when there is only the first and second NN. It is due to the negative λ3. In

the Ising case, we see that even at the lowest U and only with the first NN included,

the predicted critical temperature is much above the experimental one (around 70 K

for the Ising temperature and 45 K for the experimental one). The difference is even

bigger whether we increase the U value or include the second and third NN. The Ising

model is thus not a good model for our magnets.

The inclusion of more neighbour in our Hamiltonian allowed the theoretical critical

temperature to get closer to its experimental magnitude. However, we are at the limit

with the third NN. Including the fourth neighbour would mean we need a bigger cell

for the DFT simulation for a contribution smaller than the third NN. This minor contri-
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Figure 4.2: Comparison between a-b, Heisenberg (without including biquadratic ex-
change interactions) and d-f, Ising models at different magnitudes of Hubbard U =
1.8, 2.8, 3.8 eV. The number of nearest-neighbor (NN) included in each simulation is
shown in each panel: black (1st NNs), red (1st+2nd NNs) and blue (1st+2nd+3rd
NNs). The Curie temperature (TC) obtained at each level of accuracy is included. Ver-
tical bars at the x-axis shows the position of TC in the temperature range. Note that
even with the inclusion of up 3rd NNs in a Heisenberg model the calculated TC does
not reach the experimental value of 45K for monolayer CrI3.

bution is unlikely to improve the agreement between theory and experiment. To obtain

a closer comparison between theory and experiment, we will include higher-order ex-

change interactions in our Hamiltonian.

4.2 Biquadratic exchange

Non-Heisenberg interactions are all the terms not included in the Heisenberg model

(Eq.2) or the anisotropic Heisenberg model, more commonly known as the XXZ model.

The non-Heisenberg couplings can have a different nature. They can be from a more

general form of anisotropy as in the Kitaev model[149, 150], antisymmetric exchange

such as the Dzyaloshinskyi-Moriya interaction, or higher-order exchanges. The latter

is the category in which falls the biquadratic (BQ) exchange, the following extension

we will consider. Higher-order exchanges are terms involving the hopping or exchange

of two or more electrons. They are generally neglected since the corrections on the
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energy they give are fairly small [151]. Nonetheless, BQ exchange is critical to describe

the magnetic features of several systems [151–156] and higher-order exchange are

expected to play an important role in materials where the dimensionality determines

the spin ordering [157–159] (i.e. the spin ordering in bulk differs from the ordering in

the low dimensional case).

We shown in chapter 2 that the kinetic exchange J = t2eff/U can be obtained by

taking the second order perturbation theory of eq. (2.24). By going to the fourth

order perturbation new interactions arise[160]. The one of interest i.e. the biquadratic

exchange is a four spin interaction coming from the process 1→ 2→ 1→ 2→ 1:

H4−spins = −K
∑
〈ij〉

(Si ·Sj)2 (4.7)

K = |tmm′nn′ |4

U3

Thus the model we should consider is:

H = −J
∑
〈ij〉
Si ·Sj −K

∑
〈ij〉

(Si ·Sj)2 (4.8)

Where J is the standard Heisenberg exchange (cf. eq. (2.28)) also called the bilinear

(BL) exchange and the sums are done on the first nearest neighbour. Assuming the

spins are classical vectors, the model becomes:

H = −J
∑
〈ij〉
|Si||Sj | cos(α)−K

∑
〈ij〉
|Si|2|Sj |2 cos2(α) (4.9)

Where |S| is the norm of the spin vector, and α is the relative angle between Si and

Sj . This means that the energy of the system will depend on the angle between spins.

This dependence will be linear in cos(α) for the BL exchange and quadratic for the BQ

exchange. Using DFT, we can give an angle θ ∈ [0, π] to the simulated spins as shown

in Fig 4.3 a. Thus we have α = 2θ, and with our boundary conditions, all spins will

have a relative angle of 2θ between one another. Making sure there is a relative angle

between the spins at the end of the simulation, we extract the energy for different
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Figure 4.3: a) Spin rotation used to extract the biquadratic exchange parameter. The
pale yellow diamond shows the unit cell. The spins are rotated by an angle θ with a
relative angle of 2θ between both spins. b) The energy of the system versus cos(θ) using
the rotation in a). The red squares are the energies obtained from DFT; the solid blue
line is a quadratic fit of the data, and the solid green line a linear fit. c) Spin rotation
used to extract the BQSIA. Both spins are rotated by the same angle. d) The energy
of the system versus cos(θ) using the rotation in c). The red squares are the energies
obtained from DFT, and the solid blue line is the fit.

relative angles; and look for a cos2(2θ) behaviour. The E vs cos(2θ) Fig. 4.3 b is done

for the rotation of the spins in the x-z plane. We plotted the energy against cos(2θ), not

simply θ because it is easier to see the difference between a line and a parabola than

the difference between cos(2θ) and a cos2(2θ). The curve is not a line as it has some

curvature, and thus some cos2(2θ) dependency. By fitting our data with an equation of

the form:

E1(θ) = A0 +A1 cos(2θ) +A2 cos2(2θ) (4.10)

We can extract the coefficient A2 ∼ 6 meV which is directly related to the BQ ex-

change, the number of atom in the simulations, the number of nearest neighbour and

a power of S (S4 for |S|j = |S|j = S). It is also possible for A2 to hide other contri-

butionsâĂŤfor instance, some higher-order single-ion anisotropy. Since we made the

x-z plane rotation, we have to pay energy to overcome the single-ion anisotropy. If we
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have a higher-order single-ion anisotropy, let us call it DBQ(the biquadratic single-ion

anisotropy), it can have a cos2(θ) dependency and explain what we observe in Fig. 4.3

b. To have a clear estimate of this biquadratic single-ion anisotropy (BQ-SIA), we can

rotate the spins such that there is no relative angle between them, as shown in Fig 4.3

c. This gives the energy dependency on the rotation angle θ in Fig. 4.3 d. We can fit

the data to extract the BQ-SIA contribution using the following fitting equation:

E2 = B0 +B1 cos2(θ) +B2 cos4(θ) (4.11)

We extract B2 ∼ 33 µeV which is two order of magnitude smaller than A2. From

the relation 2cos2(θ) = 1 + cos(2θ), we can see that the BQ-SIA contributes only up to

B2/4 ∼ 8µeV for the value of A2. So we can rule out the BQ-SIA to explain the cos2(θ)

dependency we observe in Fig. 4.3 b. It is very likely to be a biquadratic exchange. To

estimate the magnitude of this exchange we need to know what contribution are in all

the parameters in Eq. 4.10-4.111. Starting from the following Hamiltonian:

H = −D
N∑
i

(Szi )2 −DBQ
N∑
i

(Szi )4 −K
∑
〈ij〉

(Si ·Sj)2

−J1
∑
〈ij〉
Si ·Sj − J2

∑
〈〈ij〉〉

Si ·Sj − J3
∑
〈〈〈ij〉〉〉

Si ·Sj

λ1
∑
〈ij〉

Szi S
z
j − λ2

∑
〈〈ij〉〉

Szi S
z
j − λ3

∑
〈〈〈ij〉〉〉

Szi S
z
j (4.12)

whereD andDBQ are respectively the bilinear and biquadratic single-ion anisotropy.

Doing a rotation in the x-z plane with a relative angle of 2θ between the spins means

that Si = (−S sin(θ), 0, S cos(θ)) and Sj = (S sin(θ), 0, S cos(θ)). Substituting Si,j in

the previous equation with its new value, taking N=2, Z1 = Z3 = 3 and Z2 = 6 we

obtain:

Erot(θ) = −12(J2 + λ2)S2 − 2DS2 cos2(θ)− 2DBQS4 cos4(θ)− 6KS4 cos2(2θ)

−6(J1 + J3)S2 cos(2θ)− 6(λ1 + λ3)S2 cos2(θ)

= −12(J2 + λ2)S2 − 2[D + 3(λ1 + λ3)]S2 cos2(θ)− 2DBQS4 cos4(θ)

−6KS4 cos2(2θ)− 6(J1 + J3)S2 cos(2θ) (4.13)

1Except A0 and B0 that are reference energies in the simulations
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Substituting 2 cos2(θ) = (1 + cos(2θ)) in the previous equation, one gets:

Erot(θ) = −
(
6(J1 + J3)−D + 3(λ1 + λ3)−DBQS2

)
S2 cos(2θ)−

(
6K + DBQ

2

)
S4 cos(2θ)+C

(4.14)

Comparing Eq. (4.10), and (4.14) we can say that:

A1 = −
(
6(J1 + J3)−D + 3(λ1 + λ3)−DBQS2

)
S2

A2 = −
(

6K + DBQ

2

)
S4 (4.15)

Using the same method when both spins are rotated by the same angle, we can

extract B1 and B2:

B1 = −2[D + 3(λ1 + λ3)]S2

B2 = −2DBQS4 (4.16)

Thus we find:

K =
B2
4 −A2

S4 ∼ 0.22 meV (4.17)

Now that we have extracted the BQ exchange from DFT simulations, we can include

it in the Monte-Carlo simulations and see its effect on the critical temperature. The

results are shown in Fig. 4.4, where simulations without the BQ exchange for compari-

son are also shown. We can see the BQ exchange (purple and green curve) increase the

critical temperature by a few K compared to the simulations without the BQ exchange

(red and blue curves). If the BL exchanges up to the third NN and the BQ exchange

are included, we obtain a critical temperature of around 44K, which is very close to the

experimental temperature of 45K.
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Figure 4.4: Magnetisation versus temperature plot of CrI3 at different level of theory
using the parameters from DFT. The red diamonds, purple circles, blue circles and
green pentagons show the M vs T curve using the first NN bilinear, up to the third NN
bilinear, first NN bilinear + BQ and up to the third NN bilinear + BQ, respectively.

4.3 Dzyaloshinskii-Moriya interaction

The origin from the spin-orbit coupling of the Dzyaloshinskii Moriya interaction

(DMI) is explained in Chapter 2. However, this does not mean that DMI is always

present. T. Moriya gave few rules from which one can determine the strength and ori-

entation of D (cf eq (2.43))[96]. These rules are due to the symmetry of the crystal.

In our case, three rules are important. Considering A and B, two ions of the crystal,

and C, the point bisecting AB:

• When a centre of inversion is located at C, then D = 0

• When a mirror plane perpendicular to AB passes through C, then D ‖ to the

mirror plane or D ⊥ to AB

• When a two-fold rotation axis perpendicular to AB passes through C, then D ⊥

to the two-fold axis
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The crystal geometry of CrI3 with two-segment AB and A′B′ for respectively the

distance between first and second nearest neighbour are shown in fig 4.5. The blue

spheres are the Cr ions. These ions are sandwiched between two layers of iodine ions.

The iodine ions are represented by red (purple) spheres for the upper (lower) layer. The

green circle represents the centre of AB (which is the distance between the first nearest

neighbour). This circle is a centre of inversion of the lattice. Each metal ions is an image

of other metal ions with respect to this inversion centre. Furthermore, each iodine ion

from the upper layer is an iodine ion image from the lower layer and reciprocally. This

means there is no DMI from the first nearest neighbour. The orange circle in fig. 4.5

represent the center of A′B′. There is a two-fold rotation axis perpendicular to A′B′

passing through the orange circle. This means the DMI can exist at the second nearest

neighbour level in honeycomb materials. If only the metal lattice is important for the

magnetic properties, we can neglect the para/diamagnetic lattice, then there is also a

mirror plane perpendicular to A′B′ and passing through the orange circle. This means

D ⊥ to two-fold axis andD ⊥ A′B′, thusD ‖ c; with c the lattice vector. This DMI was

observed experimentally in bulk CrI3 [147]. Ref. [147] only considered the intralayer

DMI and not the DMI between layer. Thus, we should expect to have DMI in the 2D

case. To estimate the critical temperature with the inclusion of the DMI, we need the

exact orientation of the DM vector that we do not know. So we choose to consider

two limiting cases: one case where the DM vector is entirely OOP and one case where

the DM vector is entirely IP (perpendicular to the two-fold axis), taking the value for

the DMI from [147]. The first case is shown in the left panel of Fig. 4.6, the second

is shown in the right panel of Fig. 4.6, and the case without DMI is shown in both

panel as a comparison. As we can see in Fig 4.6, there is no apparent effect on the

critical temperature when the DMI are purely OOP. However, when the DMI is purely

in-plane, the critical temperature decrease by around 4K. According to [147], only the

OOP component of the DMI contributes to the magnon spectra, so the purely IP DMI is

very unlikely.
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Figure 4.5: Top view of the CrI3 geometry. The blue spheres represent the Cr ions,
which are sandwiched between two layers of I ions. The red spheres represent the I
ions in the upper layer, and the purple spheres represent the I ions in the lower layer.
The solid lines show the unit cell. The dashed segment shows the distance between the
first and second nearest neighbour. The green circle represents the lattice’s centre of
inversion, and a two-fold rotation axis or a mirror plane pass through the orange circle.
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Figure 4.6: Left panel: comparison between the M vs T curve for with no DMI (red
square) and with pure OOP DMI (yellow diamond) and a fit of the data without DMI
in the solid blue line. We see that the two curves are almost identical, so the OOP DMI
barely affects the critical temperature. Right panel: comparison between the M vs T
curve with no DMI (red square) and with pure IP DMI (yellow diamond). The solid
blue line is the fit of the data without DMI, and the solid green line is the fit of the data
with IP DMI. We can see that the critical temperature when the IP DMI is included is
smaller than when it is not included.

4.4 Magnon spectra

We consider the XXZ spin model with the inclusion of the BQ exchange and DMI on

the second nearest neighbours as there is no DMI for the first nearest neighbours due

to symmetry. Since the magnetic ordering in CrI3 is along z and only the component

of the DMI collinear to the magnetisation can influence the Dirac gap, we choose the

DM vector as A = νijA
zz, with νij = ±1 for hopping from a site i to j and j to i

respectively. It means the DM vector is purely out-of-plane.

H = −D
∑
i

(Szi )2

︸ ︷︷ ︸
HD

−J1
2
∑
〈ij〉

(S+
i S
−
j + S−i S

+
j )

︸ ︷︷ ︸
HI

1

−(J1 + λ1)
∑
〈ij〉

Szi S
z
j︸ ︷︷ ︸

HA
1

−K
∑
〈ij〉

(1
2(S+

i S
−
j + S−i S

+
j ) + Szi S

z
j

)2

︸ ︷︷ ︸
HBq

−J2
2
∑
〈〈ij〉〉

(S+
i S
−
j + S−i S

+
j )

︸ ︷︷ ︸
HI

2

−(J2 + λ2)
∑
〈〈ij〉〉

Szi S
z
j︸ ︷︷ ︸

HA
2

−J3
2

∑
〈〈〈ij〉〉〉

(
S+
i S
−
j + S−i S

+
j

)
︸ ︷︷ ︸

HI
3

−(J3 + λ3)
∑
〈〈〈ij〉〉〉

(
Szi S

z
j

)
︸ ︷︷ ︸

HA
3

+Az
∑
〈〈ij〉〉

νijz · [Si × Sj ]︸ ︷︷ ︸
HDMI

(4.18)
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Figure 4.7: Schematic of the BL exchanges at first (J1), second (J2) and third (J3)
nearest neighbours (NN), and BQ exchange (Kbq) at first NN. Single and double line
diagrams represent BL and BQ exchanges, respectively. The two inequivalent magnetic
sites in the honeycomb lattice are shown by faint blue (MA) and faint red (MB) dots.
The blue orbits inside of the hexagons represent the magnetic flux φ generated by
the second-NN Dzyaloshinskii-Moriya interactions (DMI), which breaks the inversion
symmetry of the lattice. The dashed lines show the magnon hopping between second
NN as the magnons gain a phase given by φ (see text). The lattice vectors ui (i = 1, 2)
and τj (i = 1, 2, 3) show the first and second NN on the lattice, respectively.

Where HD is the on-site anisotropy part with D the on-site anisotropy, H i=1,2,3
I is the

in-plane isotropic part for the first, second and third nearest neighbour (NN) with J1,2,3

the isotropic exchange, H i=1,2,3
A is the anisotropic part for the first, second and third

nearest neighbour with λ1,2,3 the anisotropic exchange, HBq is the biquadratic part with

K the biquadratic exchange and finally, HDMI the Dzyaloshinskii-Moriya part with Az

the DM exchange. We are considering the honeycomb lattice. Therefore we have two

different sites A and B. The first and third nearest neighbour exchange is between the

two different sites, whereas the second nearest neighbour exchange is between the

same sites. To study the magnons spectra, we perform the linear Holstein-Primakoff

(HP) transformation[161] for Ji > 0:
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For i ∈ A sublattice:

Szi = (S − a†iai)

S+
i ∼

√
2Sai

S−i ∼ a†i
√

2S

For i ∈ B sublattice:

Szi = (S − b†ibi)

S+
i ∼

√
2Sbi

S−i ∼ b†i
√

2S

Where a†i and b†i (ai and bi) are the magnons creation (annihilation) operators on

site A and B respectively. Keeping only quadratic contributions one obtains:

HD = −2DS2 + 2DS
N/2∑
i

(
a†iai + b†ibi

)
(4.19)

HI
1 = −J1S

∑
<ij>

(
b†jai + a†ibj

)
(4.20)

HA
1 = −6(J1 + λ1)S2 + (J1 + λ1)S

 N∑
〈ij〉

(
a†iai + b†jbj

)
︸ ︷︷ ︸

Z1

[∑N/2
i∈A

(
a†iai

)
+
∑N/2

i∈B

(
b†i bi
)]

(4.21)

HI
2 = −J2S

 N/2∑
〈〈ij〉〉∈A

(
a†jai + a†iaj

)
+

N/2∑
〈〈ij〉〉∈B

(
b†jbi + b†ibj

) (4.22)

HA
2 = −6(J2 + λ2)S2 + (J2 + λ2)S

 N/2∑
〈〈ij〉〉∈A

(
a†iai + a†jaj

)
+

N/2∑
〈〈ij〉〉∈B

(
b†ibi + b†jbj

)
︸ ︷︷ ︸

2Z2

[∑N/2
i∈A

(
a†iai

)
+
∑N/2

i∈b

(
b†i bi
)]

(4.23)

HI
3 = −J3S

∑
〈〈〈ij〉〉〉

(
b†jai + a†ibj

)
(4.24)
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HA
3 = −6((J3 + λ3)S2 + (J3 + λ3)SZ3

N/2∑
i∈A

(
a†iai

)
+
N/2∑
i∈B

(
b†ibi

) (4.25)

HBq = −12KS4 − 2KS3


∑
<ij>

(
b†jai + a†ibj

)
−

 N∑
〈ij〉

(
a†iai + b†jbj

)
︸ ︷︷ ︸

Z1

[∑N/2
i∈A

(
a†iai

)
+
∑N/2

i∈B

(
b†i bi
)]


(4.26)

HDMI = −Az2
∑
〈〈ij〉〉

([Si × Sj ]− [Sj × Si])

= −Az2i

 N/2∑
〈〈ij〉〉∈A

(
S−i S

+
j − S

+
i S
−
j

)
+

N/2∑
〈〈ij〉〉∈B

(
S−i S

+
j − S

+
i S
−
j

)
= iAzS

 N/2∑
〈〈ij〉〉∈A

(
a†iaj − a

†
jai
)

+
N/2∑

〈〈ij〉〉∈B

(
b†ibj − b

†
jbi
) (4.27)

Where Z1,2,3 is the number of 1st, 2nd and 3rd nearest neighbour respectively. Since

the 2nd NN exchange and the DMI are both at the second NN level, we can rewrite

them under the same sum:



4.4. Magnon spectra 82

H int
2 = HI

2 +HDMI

= −

 N/2∑
〈〈ij〉〉∈A

(J2S + iAzS) a†jai + (J2S − iAzS) a†iaj

+
N/2∑

〈〈ij〉〉∈B
(J2S + iAzS) b†jbi + (J2S − iAzS) b†ibj


= −

√
(J2S)2 + (AzS)2

 N/2∑
〈〈ij〉〉∈A

eiφija†jai + e−iφija†iaj

+
N/2∑

〈〈ij〉〉∈B
eiφijb†jbi + e−iφijb†ibj

 (4.28)

The 2nd NN DM interaction breaks the inversion symmetry of the lattice. This gen-

erate a magnetic flux φ = arctan(Az/J2)[162] (See Fig. 4.7) leading the hopping

magnons to accumulate a phase φij = µijφ similar to the Haldane model[163], with

µij = ±1 if the hopping follows or goes against the flux. To find the eigenvalues of the

Hamiltonian, we perform the Fourier transform of the operator:

a†i =
√

1
N

∑
k

a†ke
ik · ri

ai =
√

1
N

∑
k

ake
−ik · ri (4.29)

It is the same for the bi’s operators, and the normalization factor
√

1
N becomes

√
2
N

for the sum over N/2. Thus one gets:

HD = −2DS2 + 2DS
∑
k

(
a†kak + b†kbk

)
(4.30)

HI
1 = −J1S

∑
k

(
γkb
†
kak + γ?ka

†
kbk
)

(4.31)

HA
1 = −3(J1 + λ1)S2 + (J1 + λ1)Z1S

∑
k

(
a†kak + b†kbk

)
(4.32)

HA
2 = −6(J2 + λ2)S2 + 2(J2 + λ2)Z2S

[∑
k

(
a†kak + b†kbk

)]
(4.33)
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HI
3 = −J3S

∑
k

(
ξkb
†
kak + ξ?ka

†
kbk
)

(4.34)

HA
3 = −3J3S

2 + J3Z3S
∑
k

(
a†kak + b†kbk

)
(4.35)

HBq = −12KS4 − 2KS3∑
k

(
γkb
†
kak + γ?ka

†
kbk
)

+ 2KZ1S
3∑
k

(
a†kak + b†kbk

)
(4.36)

H2
int = −

√
(J2S)2 + (AzS)2

∑
k

a†kak 6∑
j=1∈A

(
e−iµjφe−ik ·uj + h.c.

)
+
∑
k

b†kbk 6∑
j=1∈B

(
e−iµjφe−ik ·uj + h.c.

) (4.37)

Where γk =
∑3
j=1 e

ik · τj =
∑3
j=1 cos(k · τj) + isin(k · τj), ξ(k) =

∑3
j=1 cos(k · (uj +

τj)) + isin(k · (uj + τj)) and with τj and uj the vector between 1st and 2nd nearest

neighbour respectively as shown in Fig. 4.7. For simplicity later on we define u3 =

−(u1 + u2), and so we have u1 = −u5, u2 = −u4, u3 = −u6. Therefore:

6∑
j=1∈A

(
e−iµjφe−ik ·uj + h.c.

)
= 4

cos(φ)
3∑
j=1

cos(k ·uj)︸ ︷︷ ︸
C(k)

− sin(φ)
3∑
j=1

sin(k ·uj)︸ ︷︷ ︸
S(k)


6∑

j=1∈B

(
e−iµjφe−ik ·uj + h.c.

)
= 4 [C(k) + S(k)] (4.38)

And thus putting everything together:

H = H0 +
∑
k

(
a†k b†k

) h0(k) + hz(k) hx(k)− ihy(k)

hx(k) + ihy(k) h0(k)− hz(k)


ak
bk

 (4.39)
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Where:

H0 = −2DS − 3(J1 + λ1)S2 − 6(J2 + λ2)S2 − 12KS4

h0(k) = ε0 − 4
√

(J2S)2 + (AzS)2C(k) (4.40)

ε0 = 2DS + (J1 + λ1)Z1S + 6KS3 + 12(J2 + λ2)S + 3J3S

hx(k) = −(J1 + 2KS2)S
3∑
j=1

cos(k · τj)− J3S
3∑
j=1

cos(k · (uj + τj)) (4.41)

hy(k) = −(J1 + 2KS2)S
3∑
j=1

sin(k · τj)− J3S
3∑
j=1

sin(k · (uj + τj)) (4.42)

hz(k) = 4
√

(J2S)2 + (AzS)2S(k) (4.43)

Therefore we find the eigenvalues of eq. (4.39) which are the magnon bands:

E±SW = h0(k)±
√
hx(k)2 + hy(k)2 + hz(k)2 (4.44)

Where E±SW is the energy for the lower (-) and upper band(+) respectively. Eq.

(4.44) is used to predict the energy dispersion of the magnon at different level of

theory. Hence we can isolate the effect a specific quantity has on the magnon spectra,

e.g. J1, Az. Fig. 4.8 a-e shows the energy dispersion at different level of theory:

• XXZ with only the first NN in Fig. 4.8 a. The value of J1 varies between 0 - 3.50

meV, and is represented by the color map;

• XXZ up to the third NN in Fig. 4.8 b. J1 and J3 are fixed and only J2 varies

between 0 - 0.30 meV, and the different values are represented by a color map.

In the other panels, all the parameters are fixed except for J2, which varies;

• XXZ up to the third NN and with the BQ exchange in Fig. 4.8 c;

• XXZ up to the third NN with the DMI in Fig. 4.8 d;

• XXZ up to the third NN + DMI + BQ in Fig. 4.8 e;

Fig. 4.8 f shows the experimental data collected from [147], with a fit from our

model. As we can see from Fig. 4.8 a-c, the XXZ model without any DMI does not
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Figure 4.8: Magnon spectra ω(meV) at different levels of theory for monolayer
CrI3. a, ω(meV) versus k at the first Brillouin zone (Γ − K − M − K − Γ) using a
XXZ model. J1 varies within 0 − 3.50 meV in steps of 0.5 meV from each curve (color
map). b, Similar as a, but with a fixed J1 = 2.01 meV and varying J2 within 0 − 0.30
meV (color map) in steps of 0.05 meV. c-e, ω(meV) versus k for different models: XXZ
including BQ exchange (XXZ+BQ), XXZ including DMI (XXZ+DMI), and XXZ including
both BQ exchange and DMI (XXX+BQ+DMI). In these plots, J1 = 2.01 meV, Az = 0.31
meV[147] (on d and e) and J2 varies within 0 − 0.30 meV. f, Comparison between
the XXZ+BQ+DMI model and the experimental data[147] recently measured for bulk
CrI3. We used as parameters: J1 = 1.01 meV, J2 = 0.10 meV, Kbq = 0.22 meV.
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open the gap at the K point, as observed in the experimental results. With only the

first nearest neighbour J1, the lower and upper bands are symmetric. This symmetry

is lost when the second nearest neighbour J2 is included, as shown in Fig. 4.8 b. The

upper band E+
SW is squeezed, while the lower band E−SW is stretched. J2 does not

affect the energies at the Γ point. What affects the energy at Γ is the first NN J1, and

more accurately, the renormalised first NN exchange J̃1 = J1 + 2KS2. Including the

BQ into the model will renormalise the first NN and increased the energy level of the

upper band at Γ (Fig. 4.8 c). However, there is no way to separate the contribution

of the BQ on the magnon spectra from the contribution of J1, as they only appear in

the renormalised exchange J̃ . If we include DMI in the model instead of BQ, we open

a gap at the K point (Fig. 4.8 d). The size of the gap only depends on the value of

the DMI. For a fixed value of the DMI, the size of the gap will be fixed. This is why

the upper band E+
SW is flattened in Fig. 4.8 d for high value of J2. The energy at

point K for the lower band E−SW increase for increasing J2, and because the gap has

to stay constant, E+
SW end up flattened. This is a little bit corrected when the BQ is

included as it raises the energy at Γ. Nonetheless, E+
SW is flattened for high values of

J2. Our model can reproduce the experimental results, as shown in Fig. 4.8 f, but we

overestimate the energy at Γ if we use the exchanges obtained from DFT. This might be

due to the lack of in-plane DMI. The in-plane DMI will contribute with an odd number

of magnon operators (mainly one and three depending on the expansion order). These

odd operator contributions may lower the energy at Γ and give a better agreement with

the experiment while using the DFT exchanges. Interestingly, the DMI does not affect

the E−SW gap at Γ. So in first approximation, the DMI included in our model (which is

OOP) should not contribute to the magnon spectra’s critical temperature. This would

corroborate the results from the Monte-Carlo estimation of the critical temperature

(Fig. 4.6).

4.4.1 Estimation of the critical temperature using spin-wave theory

The magnetisation per magnetic ions within the spin-wave theory framework is de-

fined as:

M = 〈Sz〉 = N−1
N∑
i∈A

(S −
〈
a†iai

〉
) = S −N−1∑

k

〈n(ω(k))〉 (4.45)
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Using Bose-Einstein distribution:

〈n(ω)〉 = 1
exp(h̄ω/kBT )− 1 , (4.46)

and using β−1 = kBT , we can rewrite the magnetisation as:

M = S − 1
N (2π)2

∫
BZ

d2k

eβh̄ω(k) − 1
(4.47)

where BZ means the integration is done on the first Brillouin zone, and h̄ω(k) =

ESW . The integral in eq. (4.47) is mainly controlled by the low energy magnons, i.e.

the magnons described by E−SW near Γ. Taking the expansion of E−SW near Γ, i.e. near

k = 0:

E−SW |k→0 ∼ ∆ + ρ|k|2 (4.48)

= E(k)

ρ = (J1 + 2KS2)S
4 + 3J2S + J3S

∆ = 2DS + 3λ1S + 12λ2S + 3λ3S

At Tc, eq. (4.47) is expected to go to zero. Thus to to compute the critical tempera-

ture, we need N and to perform the integration. N comes from the sum in eq. (4.45),

which is done over all sites in sublattice A. This represent half of the total number of

sites. Considering only a unit cell, we have N = 1. Finally, we simplify the integra-

tion by upon it upon a circle of radius kc, instead of the hexagonal Brillouin zone. We

choose kc so that we have the magnon density is normalised as follow:

1
2π

∫ kc

0
|k|d|k| = 2

kc =
√

8π (4.49)

Substituting eq. (4.49) and (4.48) into eq. (4.47) and using d2k = |k|d|k|dθ one

finds:

M = S − 1
2π

∫ kc

0

|k|d|k|
eβ(∆+ρ|k|2) − 1

(4.50)
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Figure 4.9: Magnetization vs temperature curves of CrI3 from magnon spectra. Left
panel: M vs T curves computed from eq. (4.50), without the magnon-magnon inter-
action. The red square data, purple diamond, turquoise circles and green triangle are
obtained using only the first NN exchange, first NN + BQ, up to third NN, up to third
NN +BQ respectively. Right panel: M vs T curves computed from eq. (4.66). It is using
the same colour code as the left panel, and the dashed lines are the fits. The curves
stop before reaching zero because of eq. (4.66) does not have solutions above a certain
temperature.

The integral in the previous equation can be done numerically, and thus we can com-

pute the M vs T curve. It is known[164] that eq. (4.50) will overestimate the critical

temperature as we can see in Fig. 4.9 left panel. Including the magnon-magnon inter-

actions will give better results [164]. In ferromagnets, the magnon-magnon interaction

is relatively weak[165] even at a temperature above the critical one and can be treated

as a renormalisation of the magnon energy. To derive the renormalisation I used the

Hamiltonian (4.18), but here we will not show the derivation for the second, third NN

and the DMI as the method is the same as for the first NN derivation. Thus we have:

H = −D
∑
i

(Szi )2

︸ ︷︷ ︸
HD

−J2
∑
<ij>

(S+
i S
−
j + S−i S

+
j )

︸ ︷︷ ︸
HI

−(J + λ)
∑
<ij>

Szi S
z
j︸ ︷︷ ︸

HA

−K
∑
<ij>

(1
2(S+

i S
−
j + S−i S

+
j ) + Szi S

z
j

)2

︸ ︷︷ ︸
HBq

(4.51)
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To account for the magnon-magnon interactions, we need a higher-order expansion

of the H.P. transformation:

Szi = (S − a†iai)

S+
i ∼

√
2S
(

1− a†iai
4S

)
ai +O

( 1
S2

)

S−i ∼ a+
i

√
2S
(

1− a†iai
4S

)
+O

( 1
S2

)
(4.52)

We have the same transformation for the sites in sublattice B with ai ↔ bi. Substi-

tuting the H.P. transformation (4.52) into eq. (4.51) one obtains:

HD = −2DS2 + 2DS
N/2∑
i

(
a†iai + b†ibi

)
−D

N/2∑
i

(
a†iaia

†
iai + b†ibib

†
ibi
)

+O
( 1
S2

)
(4.53)

HI = −JS
∑
<ij>

(
b†jai + a†ibj

)
+J

2
∑
<ij>

(
b†jb
†
jaibj + a†ib

†
jaiai + a†ib

†
jbjbj + a†ia

†
iaibj

)
+O

( 1
S2

)
(4.54)

HA = −6(J + λ)S2 + (J + λ)S
∑
<ij>

(
a†iai + b†jbj

)
− (J + λ)

∑
<ij>

(
a†iaib

†
jbj
)

+O
( 1
S2

)
(4.55)

HBQ = −12KS4 − 2KS3 ∑
<ij>

(
b†jai + a†ibj − a

†
iai − b

†
jbj
)

−KS
2

2
∑
<ij>

(
aib
†
jb
†
jbj + a†iaiaib

†
j + a†ib

†
jbjbj + a†ia

†
iaibj

)
+KS2 ∑

<ij>

(
a†iaia

†
iai + 4a†iaib

†
jbj + b†jbjb

†
jbj + aib

†
jaib

†
j + aib

†
ja
†
ibj + a†ibjaib

†
j + a†ibja

†
ibj

−aib†ja
†
iai − aib

†
jb
†
jbj − a

†
ibja

†
iai − a

†
ibjb

†
jbj − a

†
iaiaib

†
j − a

†
iaia

†
ibj − b

†
jbjaib

†
j − b

†
jbja

†
ibj
)

+O
( 1
S2

)
(4.56)
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These kinds of four operator product can not be solved exactly analytically, so we

used the mean-field approximation for distinguishable particles:

a†αaα′ = 〈a†αaα′ 〉+ a†αaα′ − 〈a
†
αaα′ 〉

= 〈a†αaα′ 〉+ δA (4.57)

b†βbβ′ = 〈b†βbβ′ 〉+ b†βbβ′ − 〈b
†
βbβ′ 〉

= 〈b†βbβ′ 〉+ δB (4.58)

where δA and δB are quantum fluctuations, and we assume the fluctuation2 as

negligible. Thus the four operator product can be approximated as:

a†iaib
†
jbj = a†iai 〈b

†
jbj〉+ 〈a†iai〉 b

†
jbj − 〈a

†
iai〉 〈b

†
jbj〉 (4.59)

For simplification we will assume 〈b†jai〉 = 〈a†ibj〉 = 0 and 〈a†iai〉 = 〈b†jbj〉. Substitut-

ing eq. (4.59) into eqs. (4.53)-(4.56) we obtain:
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HBQ = −12KS4 − 2KS3 ∑
<ij>

(
b†jai + a†ibj − a

†
iai − b

†
jbj
)

−5KS2 ∑
<ij>

〈a†iai〉
(
b†jai + a†ibj

)
+ 6KS2 ∑

<ij>

〈a†iai〉
(
a†iai + b†jbj

)
(4.60)

= −12KS4 − 2KS2 ∑
<ij>

(
S − 〈a†iai〉

) (
b†jai + a†ibj − a

†
iai − b

†
jbj
)

−3KS2 ∑
<ij>

〈a†iai〉
(
b†jai + a†ibj

)
+ 4KS2 ∑

<ij>

〈a†iai〉
(
a†iai + b†jbj

)
(4.61)

HD = −2DS2 + 2DS
N/2∑
i

(
a†iai + b†ibi

)
− 2D

N/2∑
i

〈a†iai〉
(
a†iai + b†ibi

)

= −2DS2 + 2D
N/2∑
i

(
S − 〈a†iai〉

) (
a†iai + b†ibi

)
(4.62)

HI = −JS
∑
<ij>

(
b†jai + a†ibj

)
+ J

∑
<ij>

〈a†iai〉
(
b†jai + a†ibj

)
= −J

∑
<ij>

(
S − 〈a†iai〉

) (
b†jai + a†ibj

)
(4.63)

HA = −6(J + λ)S2 + (J + λ)S
∑
<ij>

(
a†iai + b†jbj

)
− (J + λ)

∑
<ij>

〈a†iai〉
(
a†iai + b†jbj

)
= −6(J + λ)S2 + 3(J + λ)

∑
i

(
S − 〈a†iai〉

) (
a†iai + b†ibi

)
(4.64)

Here
(
S − 〈a†iai〉

)
= M(T ), where M(T ) is the magnetization. For simplicity to

solve the model, we will consider all the term with 〈a†iai〉 that are not involved in M(T)

as negligible. This effectively changes S into M(T) in all the equations. As a summary,

each exchange transform as:

JiS → Ji
(
S −

〈
a†iai

〉)
= JiM(T )

λiS → λi
(
S −

〈
a†iai

〉)
= λiM(T )

KS3 → KS2
(
S −

〈
a†iai

〉)
= KS2M(T )

AzS → Az
(
S −

〈
a†iai

〉)
= AzM(T )

To obtain the renormalised magnon dispersion E±RSW we have to do the transforma-

tion S → M(T ). Interestingly it also means we can express the renormalised magnon



4.5. Conclusion 92

energies as a function of eq. (4.44):

E±RSW = M(T )
S

E±SW (4.65)

We can express the magnetisation as a function of E±RSW :

M = S − 1
2π

∫ kc

0

|k|d|k|
eβE

−
RSW − 1

= S − 1
2π

∫ kc

0

|k|d|k|
eβ

M
S
E−SW − 1

= 1
2π

∫ kc

0

|k|d|k|
eβ

M
S

(∆+ρ|k|2) − 1
(4.66)

Eq. (4.66) can be solved self-consistently to obtain the M vs T curve. Remarkably, no

solution to eq. (4.66) exist above a temperature that should be around of few per cent

of the critical temperature[164]. The calculated M vs T curve from the renormalised

magnon energy is shown in Fig. 4.9 right panel. The square, diamond, circle, triangle

are the computed values of the reduced magnetisation (M/Mz) from eq. (4.66), and

the dashed lines are the fits using eq. (2.55). The critical temperatures are extracted

from the fits. We can see that if only the first NN exchange is included, the critical

temperature is underestimated: 25.7K for the first NN and 32.5 K for the first NN +

BQ. If we include the interaction up to the third NN, the critical temperature increase

to 47.4 K and increases to 53 K if the BQ is included. Thus the critical temperature is

overestimated. This overestimation can be due to the BQ. Many 4-operator products

are coming from the BQ contribution (eq. (4.56) ), which represent the magnon-

magnon interaction. These interactions are maybe stronger than first assumed. If that

is the case, we might need to diagonalise the Hamiltonian without using the mean-field

approximation. This is not doable analytically but can be achieved with green functions

and spectral functions [166].

4.5 Conclusion

In this chapter, we introduced different model extensions of the XXZ model to have a

better description of the critical temperature, using CrI3 as a benchmark material. The
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first extension includes more neighbour exchanges in the model, and we checked how

the critical temperature was affected. We showed that the temperature increases by

tens of Kelvin, mostly because of the second nearest neighbour contributions. Nonethe-

less, this extension still underestimates the value of the critical temperature. The sec-

ond extension includes the biquadratic (BQ) exchange. It is a higher-order exchange,

but in CrI3 its contribution is still important. The BQ exchange increases the critical

temperature and leads to a good agreement between the predicted Tc and the experi-

mental. Then we included the DMI in the model, as it was observed experimentally in

bulk [147]. However, if the DMI is purely out-of-plane, then it does not affect the criti-

cal temperature. If it is purely in-plane, the DMI will decrease the critical temperature.

Then we studied the magnon spectra given by eq. 4.18 to see the effect of each term.

The BQ exchange renormalises the first NN, and this renormalised exchange mainly af-

fect the overall energy level. The second NN breaks the magnon bands’ symmetry, and

the DMI opens a gap at K. Finally, we used the magnonic model to estimate the critical

temperature and found that it overestimates Tc. This might be due to the approaches

we used, i.e. the linear spin-wave theory. Using Green functions formalism [166] to

account for the magnon-magnon interactions should give more reliable results.



Chapter 5

Magnetic domains in CrI3

Chapter 4 presented a model giving accurate results for the critical temperature, but

there are other properties, e.g. critical exponents, magnetic domains, that we have not

looked upon yet. Investigating the critical nature of the 2D magnets is important to

understand spin interactions at the ultimate limit of few atom-thick materials[42, 43,

67, 167–173], and may unveil novel physical phenomena not realisable in conventional

magnetic compounds. Magnetic domains are an essential feature of ferromagnetic

materials, i.e. the material is separated in different regions of different spin orientation,

where all the spins in the same region are aligned. There is an interface between

the different domains called a domain wall (DW). In this interface, the spins rotate

gradually over a finite distance. The DW is categorised by the way the spins rotate, i.e.,

a rotation out of the DW plane means it is a Bloch wall and a rotation in the plane of

the DW means it is a Néel wall. If we have control over DWs in a given material, we

may use them [174] in technological applications. Domain walls were thought of to be

used in data storage within a technology called racetrack memories[175–177] in which

the data bits are the domain walls that are moved along a racetrack to intersect with

reading and writing element. DW can also be used to build domain walls ratchet [178]

and even used in logic gate [179–182]. DW in bulk and thin-film materials have a lot
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of exciting applications already investigated, but now there is a new kind of magnets

available: two dimensional (2D) magnetic materials [42, 43, 134, 183, 184]. In these

2D materials, the DW will be an effective 1D interface which might be very interesting

for all the DW application listed before.

Therefore, we investigated the critical character, the magnetic domains and the domain

walls of the CrI3 monolayer. The study of the critical character will be done using

a comparison between simulations and experiments, and the study of the magnetic

domains will be done through spin dynamics simulations. This work will focus on

basic, albeit essential questions, i.e. the universality class of 2D CrI3, the stability

of the magnetic domains, the nature of the DW and their width, and finally, we will

look at the effect of external magnetic field on the magnetic domains. We show in

this chapter that CrI3 monolayer is likely to fall under the Ising universality class and

that quantum effects appear essential to have a good agreement with the experimental

results. However, we need more experimental data to reach a more reliable answer.

We show that the magnetic domains to be metastable and the interfaces between these

domains are in big majority Néel walls with a minority of hybrid of the standard Néel

and Bloch domain walls.

5.1 Collaboration

The results presented in this chapter were obtained during a research project done

in collaboration with three other groups: Richard F. L. Evans and Sarah Jenkins from

the University of York (UK), Efrén Navarro Moratallas, Eugenio Coronado and Samuel

Manas Valero from the Universidad de Valencia (Spain) and Ivan J. Vera-Marun, Wen-

jun Kuang and Kostya S. Novoselov from the University of Manchester (UK). Richard

F. L. Evans implemented the biquadratic exchange interactions in VAMPIRE and also

undertook Monte-Carlo (MC) simulations. Sarah Jenkins implemented the atomistic

dipole-dipole solver to verify the computed domain wall profiles. Efrén Navarro Moratal-

las, Eugenio Coronado and Samuel Manas Valero fabricated, characterised the samples

and performed the magnetic force microscopy measurements to image the magnetic do-

main structure. Ivan J. Vera-Marun, Wenjun Kuang and Kostya S. Novoselov measured

the samples using SQUID to measure the magnetisation versus temperature curves.
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Our group, i.e. Mathias Augustin, Dina Abdul-Wahab and Elton J.G. Santos, have per-

formed the ab initio and MC simulations. Mathias Augustin derived the equations to

extract the monolayer and bulk exchanges, did some ab-initio and MC calculations

for the monolayer, and helped Dina Abdul-Wahab derive the equations to extract the

biquadratic exchange in bulk. Dina derived the equations to extract the biquadratic

exchange in bulk and did ab initio and MC simulations for monolayer and bulk.

Our starting point is the following spin Hamiltonian:

H = −
∑
ij

Jij(Si ·Sj)−
∑
i,j

λijS
z
i S

z
j −

∑
i

Di (Szi )2 −
∑
ij

Kij (Si ·Sj)2 (5.1)

where Si is the localised magnetic moment on Cr atomic sites i, which are coupled by

pair-wise exchange interactions. Jij and λij are the isotropic and anisotropic bilinear

(BL) exchanges, respectively, and Di is the onsite magnetic anisotropy. We used up to

third-nearest neighbours on both Jij and λij . The fourth term represents a biquadratic

(BQ) exchange which occurs due to the hopping of more than one electron between

two adjacent sites[157]. The model was parametrised using DFT, in the same manner

as described in Chapter 41.

5.2 Critical character of CrI3 monolayer

As explained in Chapter 1, the two dimensional uniaxial anisotropic Heisenberg

model should have the same critical exponents as the Ising model [22]. Eq. (5.1)

includes more than the first nearest neighbour exchange, and it also has higher-order

interactions. Nonetheless, all these interactions are short-range. Therefore we expect

the critical exponent for CrI3 to be the same as the Ising exponents (up to the fitting

errors). Fig. 5.1 a compares the M vs T curve for the Ising model, eq. 5.1 and ex-

perimental data. As expected, the Ising model overestimates the critical temperature,

while the curve obtains from eq. 5.1 is in a better agreement with the experimental

one. However, there is a discrepancy between the critical exponents β. Our simulations

gives βsim = 0.2 while the experimental measurements done by our collaborators (cf

1We have used different pseudo-potential in Chapter 4 and Chapter 5. Thus we end up with different
exchange parameters.
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Sec. 5.1) gives βexp = 0.129 − 0.145. These values of βexp are the lowest and high-

est we obtain from fitting the data in Fig. 5.1 a. Because the experimental data is

scarce and the tail is noisy, the fitting results depend on the initial guess for Tc. The

difference between βexp and βIsing = 0.125 is likely due to finite-size effects [24] as

that would corroborate what Novoselov’s group (cf Sec. 5.1) measured, i.e. the value

of βexp is highly dependent on the sample. To test this hypothesis, we performed MC

simulations on monolayer samples of 0.025, 0.01, 0.09, and 0.64 µm2. Because all the

simulations are done with the same exchange parameters, they should have the same

critical temperature. Therefore we use the following method to extract beta:

• First, we fit eq. 2.55 using our data and extract Tsim and βsim;

• Second, we compute the average temperature Tavg from the previous step;

• Third, we fit eq. 2.55 fixing T = Tavg and extract βsim

Fig. 5.2 shows the M vs T curves for the four cases using only the first nearest neigh-

bour (NN) interactions and no biquadratic interactions. We see that the value of βsim

decreases when the system size increases, confirming that our hypothesis is a sound

explanation. Nonetheless, that does not explain why βsim is so different. To see if our

simulations are reliable to estimate the critical exponent β, we studied bulk CrI3.

To model the bulk CrI3 we need to account the interactions between magnetic atoms

in adjacent layers. They can be included in the spin Hamiltonian for the bulk material

as follow:

H = −J1

intralayer∑
〈ij〉

Si ·Sj − I1

interlayer∑
〈ik〉

Si ·Sk − I2

interlayer∑
〈〈il〉〉

Si ·Sl − I ′2
interlayer∑
〈〈im〉〉

Si ·Sm

(5.2)

where J is the nearest neighbour (NN) intra-layer exchange parameter, In are the nNN

(nth NN) interlayer exchange parameters for equivalent site and I′n are the nNN ex-

change parameters for non equivalent sites (Fig. 5.3a). In the following equations, FM

will be referred to as F and AFM as A. We can obtain the energy of the six spin configu-

rations in Fig. 5.3 from Eq. 5.2. The energy for each configuration given in Fig. 5.3 can

be split into the nearest intra-layer exchange parameter J (only J1 is considered here)
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Figure 5.1: a) Detailed comparison of the classical non-Heisenberg simulation and
the experimental data for bulk CrI3 at a magnetic field of Bz = 1.0 T. The linear be-
haviour of the magnetisation at low temperatures is a well-known deficiency of a clas-
sical Heisenberg model. Applying spin temperature rescaling to include the heat bath’s
quantum nature gives a quantitative agreement with the experimental data at the low-
temperature regime. At elevated temperatures, the differences arise due to an external
magnetic field, which resulted in values of Tc of 69 K from simulations and 63 K from
experiments. b) Comparative simulations of the temperature-dependent magnetisation
for bulk CrI3 in different applied magnetic fields, including temperature rescaling and
normalised to Tc. The simulations show a good agreement with the experimental data
at temperatures less than Tc, while above Tc, the apparent paramagnetic susceptibil-
ity is lower in the simulations due to an absence of quantum effects above the Curie
temperature.
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Figure 5.2: Comparison of the critical parameter βsim’s magnitude between different
monolayer sizes (in µm2): a, 0.0025 , b, 0.01, c 0.09 and d 0.64. Because the power
law in eq. 2.55 is valid near Tc. we have done the fitting near the critical temperature
i.e., the 18 K to 25 K region.
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and the interlayer exchange parameters I1, I2 and I ′2. Each component of the equation

is summed over the total number of interactions for a particular exchange parameter

for a 1x1x3 (6 magnetic atoms) unit cell.

EF,F,F = −18J1S
2 − 6I1S

2 − 36I2S
2 − 18I ′2S2

EF,−F,−F = −18J1S
2 + 2I1S

2 + 12I2S
2 + 6I ′2S2

EF,A,F = −6J1S
2 − 2I1S

2 + 12I2S
2 + 18I ′2S2

EF,−A,−F = −6J1S
2 + 6I1S

2 + 12I2S
2 − 6I ′2S2

EA,A,A = 18J1S
2 − 2I1S

2 + 12I2S
2 − 6I ′2S2

EA,−A,−A = 18J1S
2 + 6I1S

2 − 36I2S
2 + 18I ′2S2 (5.3)

where S is the spin number. To obtain the exchange parameters, one needs to make

the difference between the energies:

J = 2(EA,A,A − EF,F,F + EA,−A,−A − EF,−F,−F )− (EA,−A,−A − EF,F,F − (EA,A,A − EF,−F,−F ))
144S2

I1 = (EA,−A,−A − EF,F,F )− (EA,A,A − EF,−F,−F ) + 2(EF,−A,−F − EF,A,F )
32S2

I2 = (EF,−F,−F − EF,F,F )− (EA,−A,−A − EA,A,A)
96S2

I ′2 = (EA,−A,−A − EF,F,F )− (EA,A,A − EF,−F,−F )− 2(EF,−A,−F − EF,A,F )
96S2 (5.4)

The values of the exchanges are summarised in Tab. 5.1. The biquadratic interaction

between the layers can also be included in the Hamiltonian :

HBiQ = −
intralayer∑
〈ij〉

K1(Si ·Sj)2 −
interlayer∑
〈ij〉

K2(Si ·Sj)2 −
interlayer∑
〈ij〉

K3(Si ·Sj)2 (5.5)

whereK1 is the nearest neighbour (NN) biquadratic exchange parameter, (Fig. 5.4a),

K2 are the nNN (next NN) biquadratic exchange parameters (Fig. 5.4b) and K3 are

the nnNN biquadratic exchange parameters (Fig. 5.4c). The three configurations BQ1,

BQ2 and BQ3 given in Fig.5.4 are used to calculate K1,2,3. They were selected to

isolate specific contributions of the exchange interactions into the total energy. For in-

stance, the BQ1 configuration includes K1 (the in-plane component of the biquadratic
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J

I1 I2

I'2

F,F,F F,-F,-F

F,A,F F,-A,-F

A,-A,-AA,A,A

Figure 5.3: The six spin configurations in a bulk unit cell of CrI3 required to calculate J ,
I1, I2 and I ′2. Top panel left shows the F,F,F configuration and the interactions related
to the previous parameters given in pink, green, blue and orange respectively. The
other panels show top panel right) F,-F,-F; middle left) F, A, F; middle right) F, -A, -F;
bottom left) A,A,A and bottom right) A,-A,-A configurations. Chromium atoms in blue,
iodine atoms in grey and red arrows indicate chromium spin orientation pointing out
of the crystal plane.
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Material Nearest-Neighbours J(meV) λ(meV) D(meV) K(meV)
1L 1NN 1.47 0.16 0.17 0.21

2NN 0.27 0.002 - -
3NN 0.04 -0.063 - -

Bulk 1NN 1.46 -0.022 0.17 -
1NN’ (I1) 1.01 0.05 - K1 =0.21
2NN’ (I2) 0.24 0.02 - K2 =0.06
2NN” (I ′2) 0.14 0.0075 - K3 =0.04

Table 5.1: Calculated exchange parameters for bulk and monolayer CrI3. We con-
sidered up to 3rd nearest neighbours (NN) for the calculation of the isotropic J and
anisotropic λ exchange interactions. D is the on-site magnetic anisotropy. Eqs.4.6
defined the ab initio simulations used to extract these quantities. For bulk, we also
calculated the interlayer exchanges, J and λ, following Eqs.5.4 and Fig.5.3: first NN
interlayer (1NN’ or I1), second NN at equivalent (2NN’ or I ′2) or inequivalent sites
(2NN” or I2). K is the biquadratic exchange calculated for the first NN (1NN) in
monolayer and bulk CrI3. For the latter, we considered interlayer contributions follow-
ing the definitions of Eq.5.9 and Fig.5.4: first NN interlayer (1NN’ or K1), and second
NN at different sites (2NN’ or K ′2, and 2NN” or K3).

interactions) and K3 (an interlayer interactions generated by the rotations of the spins

in one of the layers). Similar analysis also applies for BQ2 and BQ3. The total number

of each biquadratic interaction in each configuration in a 1x1x3 (six magnetic atoms,

N = 6) unit cell is summarized in the following equations:

EBQ1 = −18K1S
4 − 2K2S

4 − 30K3S
4 + ξ2

4

EBQ2 = −18K1S
4 − 6K2S

4 − 18K3S
4 + ξ2

4

EBQ3 = −4K2S
4 − 36K3S

4 + ξ2
4 (5.6)

where EBQ1,2,3 are the quadratic coefficients extracted of the fit of the total energy

versus 2θ for the corresponding spin configurations, and ξ2 is the biquadratic on-site

anisotropy contribution to the fit. We follow a similar procedure as in the monolayer

(cf Chapter 4) for the fitting procedure. The biquadratic coefficients K1,2,3 can then be

isolated and calculated as shown:

K3 = −4NK2S
4 − EBQ3 + 0.25ξ2
36NS4 (5.7)
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BQ 1 BQ 2

K2 K3

a) b)

BQ 3

K1
c)

Figure 5.4: The three biquadratic spin configurations in a bulk unit cell of CrI3 required
to calculate K1, K2 and K3. a) Shows configuration BQ1 and interaction K1. b) Shows
configuration BQ2 and interaction K2. c) Shows configuration BQ3 and interaction
K3. Chromium atoms in blue, iodine atoms in gray, red arrows indicate fixed chromium
spin orientation and green arrows indicate rotating chromium spins.

Substituting K3 in EBQ2:

K2 =
−18K1S

4 + ξ2
8 + EEQ3

2 − EBQ2

4S4

K3 =
18K1S

4 + ξ2
8 −

3EBQ3

2 + EBQ2

36S4 (5.8)

Finally, substituting K2 and K3 in EBQ1 we get K1 that is function only of EBQ1,

EBQ2, EBQ3. Substituting K1 in the previous two equations, one gets:

K1 = 3EBQ3 − 3EBQ1 − EBQ2 + 0.25ξ2
72S4

K2 = 3EBQ1 − 3EBQ2 − EBQ3 + 0.25ξ2
16S4

K3 = EBQ2 − EBQ1 − EBQ3 + 0.25ξ2
48S4 (5.9)

The values are in Tab. 5.1. Using these values in Monte-Carlo simulations, we ob-

tain the M vs T curves in Fig 5.1 b. We obtain TModel = 65.55 K, βModel = 0.25,

T experimental = 62.51 and βexperimental = 0.25. The fitting for the experimental data

was done in the range 0-50 K. It is due to the large field needed for the measurement.

We thus need to avoid the region near Tc. Our simulations for bulk CrI3 are in good
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agreement with the experimental data from our collaborators. Nonetheless, the shape

of the experimental and model curves are distinct at low temperature. It is because our

semi-classical model does not take quantum effects into account. It can be corrected

using a phenomenological temperature rescaling method [185]. Physically, the temper-

ature rescaling represents the quantum nature of the heat bath, consisting of discrete

electron-spin and phonon-spin scattering processes. The spin directions are dominated

by exchange interactions at low temperatures, preferring ferromagnetic alignment of

localised Cr spins. In the case of electron-spin scattering, only energetic electrons are

inelastically scattered, causing a local spin-flip, while low energy electrons are elasti-

cally scattered, and no spin-flip occurs. Macroscopically this significantly reduces the

average strength of the thermal spin fluctuations within the simulation, which we ap-

proximate by applying a simple temperature rescaling of the form [185]:

Tsim/Tc = (Texp/TC)1/α (5.10)

where α is a phenomenological rescaling exponent extracted from the experimental

data. The fitting assumes a simple Curie-Bloch interpolation of the form:

Mexp =
(

1−
(
Tsim
Tc

)α)β
(5.11)

and is seen to fit a wide range of ferromagnetic and antiferromagnetic materials,

including the current material of interest, CrI3. Practically our rescaling approach is

only applicable over an ensemble average of hundreds of spins as individual scattering

events are not directly simulated within our semi-classical method but effectively intro-

duce the quantum nature of the heat bath within a classical model. To extract alpha, we

first fit the standard equation M = (1 − T/Tc)β to the simulation data to extract T simc

and βsim, and we then fit eq. (5.11) to the experimental data while fixing Tc and β to

T simc and βsim respectively. This procedure gives α = 1.70. Fig 5.5 a shows the clas-

sical simulation in purple, the rescaled simulation in beige and the experimental data

in solid black line. It clearly shows that our rescaling method corrects the shape at low

temperature and lead to an excellent agreement between simulations and experiment

at low temperature. The differences at higher temperature are due to the magnetic
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Figure 5.5: a, Detailed comparison of the classical non-Heisenberg simulation and the
experimental data for bulk CrI3 at a magnetic field of Bz = 1.0 T. Applying spin tem-
perature rescaling to include the quantum nature of the heat bath gives a quantitative
agreement with the experimental data at the low-temperature regime. At elevated tem-
peratures, the differences arise due to the presence of an external magnetic field. b,
Comparative simulations of the temperature-dependent magnetisation for bulk CrI3 in
different applied magnetic fields, including temperature rescaling and normalised to
Tc. The simulations show a good agreement with the experimental data at tempera-
tures less than Tc, while above Tc, the apparent paramagnetic susceptibility is lower in
the simulations due to an absence of quantum effects above the Curie temperature.

field of 1T in the experimental results. Fig. 5.5 b compares the rescaled simulations

at different magnetic field (ranging from 0 T to 2 T) with the experimental data. Our

rescaled simulations were in excellent agreement with the experimental results when

we included an external magnetic field, but we need 2 T to reproduce the experimental

tail instead of 1 T.

The rescaling procedure can quantitatively improve the agreement between the ex-

periment and the simulations by taking quantum effects into account phenomenolog-

ically, but it can not change the critical exponent β. Quantum effects should explain

the discrepancies between βsim and βexp at the monolayer level. The magnon model

developed in Chapter 4 is purely quantum, hence the M vs T curve computed from eq.

(4.66) will take the quantum effects into account. We know that eq. (4.66) overesti-

mates the critical temperature, but the critical exponents of a ferromagnet should not

depend on the values of the exchange parameters. Using the parameters from Tab. 5.1

in eq. (4.66), we obtain the two curves in Fig 5.6. The green diamonds show the result

without including the BQ, and the red squares show the results with the BQ included.

The two solid lines are the fits, which are done using the data near the transition and
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Figure 5.6: M vs T curve obtained from eq. (4.66) with the parameters from Tab. 5.1.
The red squares are the data including the BQ interaction and the green diamond are
the data without the BQ interaction. The solid green and red lines are their respective
fit. As seen in Chapter 4 the critical temperature predicted by the magnon model is
overestimated.

not the whole set. We obtain βmagnon,BL = 0.129 and βmagnon,BQ = 0.133. Both value

are close to β ∼ 0.13, and are compatible with the experimental βexp = 0.129 − 0.145.

We also apply the rescaling method to the monolayer simulations. However, the mono-

layer’s experimental data is too noisy to extract the α parameter reliably. Therefore, we

assume that the rescaling exponent is independent of the dimension. Fig. 5.7 shows a

comparison between the experimental data (blue triangles), the fit of the experimental

data (solid red line), a fit where β = 0.133 (fixed and extracted from the magnon model

cf Fig. 5.6) in solid blue line and the rescaled model in solid orange line. All three solid

lines are in good agreement with the experimental data. These results show that the

quantum effects are essentials to describe the critical behaviour of CrI3 monolayer.
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Figure 5.7: The blue triangles are the experimental data for CrI3 monolayer.The solid
red line is the fit of the experimental data, giving βfit = 0.145, the solid green line fits
the temperature using the critical exponent from the magnon M vs T data (cf Fig. 5.6)
i.e. β = 0.133, and finally the solid orange line is obtained using the rescaling method.
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5.3 Magnetic domains

An outstanding question raised by the experiments is why a macroscopic magnetic

moment exists in a 2D system after zero-field cooling. It is known that magnetic

anisotropy overcomes the limit of the Mermin-Wagner theorem by symmetry break-

ing, but one would ordinarily expect that magnetic domains are stable in the system,

particularly in high-anisotropy materials such as CrI3. To investigate this, we simulated

the zero-field and field cooling processes for a large square nano-flake of monolayer

CrI3 of dimensions 400 nm×400 nm using atomistic spin dynamics. The system is ther-

mally equilibrated above the Curie temperature and then linearly cooled to 0 K in a

simulated time of 2 ns for different values of an applied external magnetic field, as

shown in Figure 5.8. From the simulations, we extract the time evolution of the spins

and the formation of magnetic domains extracting snapshots of the spin configurations

during the zero-field cooling process. For zero magnetic field shown in Fig. 5.8a-c we

find that the magnetic domains are metastable: the domains persist until the end of

the simulation but show a continuous evolution in time at 0 K. The formation of the

domains is also intriguing. Right after Tc, the magnetic domains have a fractal struc-

ture (Fig. 5.8a). As the cooling down continues, the system converges toward clearly

defined magnetic domains (Fig. 5.8b-c). The cooling down process has two possible

outcomes in our simulations: either the metastable domains continue to evolve, or one

type of domains (i.e. up or down) disappear, leaving only the system with a single

domain. For a small field of Bz =10 mT the same evolution pattern happens, but the

domains are mostly removed during the 2 ns cooling process (Fig. 5.8d-f), and as the

field increases to 50 mT the domains are flushed out with a homogeneous magnetisa-

tion being observed over the entire simulation area (0.4 µm × 0.4 µm) after 2 ns. Our

observations suggest that magnetic domains are not intrinsically stable in CrI3, which

indicates a macroscopic magnetisation throughout the surface, even in zero magnetic

fields. We observed magnetic domains as large as 0.57 µm. Moreover, the interplay be-

tween metastability and large magnetic anisotropy could give the physical ingredients

for the coexistence of different domain wall types in CrI3, e.g. Bloch and Néel walls

(Fig. 5.9). This effect could be intrinsic to 2D vdW magnets with broad implications

for device developments and real applications.
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Figure 5.8: Magnetic domains in monolayer CrI3 a-c, and d-f, Magnetic domain
configurations obtained during field cooling at 0 mT and 10 mT, respectively. Bright
and dark areas at T≤ 16 K correspond to spins pointed along the easy-axis in different
spin polarisations (e.g. up or down). Purple corresponds to the spins being oriented
in-plane. As the system cools down, the magnetic domains coalesce to form a cir-
cular shape to minimise the domain wall energy. Domains anti-parallel to the field
direction are unstable and eventually reverse, leaving a saturated domain state at low
temperatures. g, Analysis of the domain walls from c, at different parts of the crystals
undertaking an in-plane projection of the magnetisation ~M according to its colour ori-
entation at the domain walls. A coexistence of several domain wall types is observed
through h, Néel, i, Bloch, j, hybrid, and k, mixed domain walls. A continuous rotation
of the spins is observed in the hybrid domains, which extends from few tens of Å up to
a few nm.



5.3. Magnetic domains 110

Figure 5.9: Left: representation of a Bloch wall. The spins are rotating perpendicularly
to the domain wall propagation vector. Right: representation of a Neel wall. The spins
are rotating parallel to the wall propagating vector.

A projection of the magnetisation M over the domain walls at 0 K and zero fields (Fig.

5.8g where the white domains are black so there is a better contrast) shows that such

unstable magnetic domains can be of several types (Fig. 5.8h-k). We do observe the

Bloch (BW) and Néel walls (NW) (Fig. 5.8h-i), but there is also unexpected structure

such as a hybrid between BW and NW (Fig. 5.8j) and some mixed structures (Fig.

5.8h). It is particularly acute near the middle of the sample, where quenching leads to

a frustrating set of domains, and the in-plane direction of the magnetisations rotates

repeatedly. This effect is also observed closer to the edge, where it is possible to observe

the spins taking all the values for the in-plane magnetisation on a short section: using

our colour code, the in-plane orientation goes through green-yellow-orange-red-purple-

blue-cyan-green. This cycle means the in-plane spin orientation rotated by 2π(Fig.5.8g,

k) over short lengths of the wall. For the few domain walls that can be stabilised at a

specific magnetisation direction, we find that the majority of the magnetic domain walls

in CrI3 (around 97%) are Néel-type (Fig. 5.8h) but with some significant proportion of

a new hybrid type (Fig. 5.8j) with characteristics between Bloch (Fig. 5.8i) and Néel

walls. A minor amount of domains, less than 3%, stabilised at Bloch type over the

entire system. These domains were obtained from different stochastic realisations of

the zero-field cooling simulations.

To determine whether such diverse domain walls have additional characteristics in

monolayer CrI3, we project the total magnetization at the wall over in-plane (mx, my)

and out-of-plane (mz) components (Fig. 5.10a, c e). While mz does not change appre-

ciably through Bloch, hybrid and Néel domains walls, both mx and my show different
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behaviour characterising a specific kind of domain wall with its specific spin orienta-

tions (Fig. 5.10). Fig. 5.10a-b shows the projection of the spins’ orientation through

a Bloch domain wall and its representation. As expected, during the rotation from

mz = −1 to mz = +1 the spins rotate perpendicularly, in this case along the x-axis. Fig.

5.10c-d shows the spin projections and the representation of a hybrid domain wall.

This time during the rotation from mz = −1 to mz = +1, the spins rotate by the same

amount along the x-axis and y-axis. It leads to a rotation that is not purely perpendic-

ular or parallel to the domain wall. Finally, Fig. 5.10e-f shows the spin projections and

representation of a Néel wall. During the rotation from mz = −1 to mz = +1, the spins

rotate mainly parallel to the domain wall, but because the latter is oblique, the spin ro-

tation is mainly along the x-axis with a slight rotation along the y-axis. We can extract

the domain wall width δ by fitting the different components of the magnetization (mx,

my, mz) to a standard equation profile of the form:

m(r) = tanh(π(r − r0)/δ) (5.12)

where r0 is the domain wall position at a specific orientation (x, y, z). All types of

wall have a very narrow domain wall width of around δ ∼ 3.8 − 4.8 nm (Fig. 5.10a,

c e). Such small domain walls are typically only seen in permanent magnetic mate-

rials due to the exceptionally high magnetic anisotropy[186]. For such materials, the

magnetic domains are stabilised in a zero-remanence state after zero-field cooling due

to the long-ranged dipole-dipole interactions, which are also taken into account in our

calculations (see Chapter 2). Nevertheless, we find that this is not the case for mono-

layer CrI3, which suggests that this material reunites features from a soft-magnet (e.g.

easy movement of domain walls, small area hysteresis loop) and a hard-magnet (e.g.

relative high magnetocrystalline anisotropy, narrow domain walls).

Indeed, Moratalla’s group (cf Sec. 5.1) have extracted some qualitative information

about the magnetic behaviour of the domains in CrI3 regarding stability and domain

size using magnetic force microscopy (MFM) experiments2. Figure 5.11 shows a zero-

field cooled CrI3 thick flake (0.04 µm) with lateral dimensions of approximately 4 µm

2For the method they used, see our soon to be published paper "Quantum rescaling, domain metasta-
bility and hybrid domain-walls in two-dimensional CrI3 magnets" in Advanced Materials
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Figure 5.10: Domain-walls in monolayer CrI3. Plot of the domain wall profiles for
metastable domain walls at T = 0 K for two different stochastic realizations in mono-
layer CrI3. Three characteristic shapes are seen: a-b, Bloch type, where the in-plane
magnetization (mx, my) is parallel to the domain wall. c-d, hybrid type, where the in-
plane magnetisation is between Néel and Bloch type and lies at some angle to the wall
direction. e-f, Néel-Néel-type where the in-plane magnetisation is perpendicular to the
domain wall. The schematics on the right show a visualisation of the individual spin
directions in the domain wall. Note that the different sign of the x and y components
indicates a different domain wall chirality. The out of plane magnetisation (mz) does
not show significant modifications over the three domains observed. The calculated
domain wall width is very narrow in the range of 3.8-4.8 nm. Such small domain wall
widths are typically only found in permanent magnets such as L10-FePt nanoparticles
or Nd2Fe14B crystals[186].
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× 2 µm at 4.2 K where magnetic domains of about 2 µm persist to base temperature

(Fig. 5.11a-b). Even though the measurements were undertaken at a sample area one

order of magnitude larger than that utilised in the simulations (e.g. 0.16 µm2), the

magnetic domains formed in both theory and experiments still keep the same scale

relative to the domain size created. It indicates that mostly a mono-domain is created

over the entire surface, as suggested by the simulations. Upon applying a small external

magnetic field of 10 mT (Fig. 5.11c-d), the magnetic domains pointing in the opposite

direction to the external field switch slowly to the stable co-parallel configuration. The

process completes throughout the first scan (ca. 3 hours), and a large and uniform

magnetisation area is prominent throughout the CrI3 surface as the flake is scanned

back the second time with a persistent external magnetic field. An external field of

opposite orientation (-10 mT) was unable to switch the bottom domain of the flake

completely under study (Fig. 5.11e). It is probably due to a strong coercivity of bottom

domains in comparison with the top one in good agreement with the high dispersion

of coercive fields in the samples previously observed by MOKE microscopy[42]. The

topography of the domains extracted from frequency shift profiles (Fig. 5.11f-i) clearly

show sharp domain walls (e.g. smaller than 20 nm), but the resolution limitation of the

MFM technique (50 nm diameter of an average Cr coated MFM tip) prevent the direct

comparison with the sub-10 nm prediction extracted from theory. Such limitation (∼60

nm) was also observed in a recent study using a scanning single-spin magnetometry us-

ing a Nitrogen-Vacancy (NV) centre spin in the tip of an atomic force microscope[187].

It indicates that further developments on the experimental side are needed to confirm

the simulation predictions further.

5.4 Conclusion

In this chapter, we studied the critical character of CrI3 monolayer using the model

developed in Chapter 4. This model is an extended uniaxial anisotropic Heisenberg

model, where all the interactions are short range. Therefore, we expect the model

to have the same critical exponent (e.g. β) as the Ising model i.e. βIsing = 0.125.

We showed that our semi-classical simulations give βsim ∼ 0.2 while the experimental

curve gives βexp = 0.129 − 0.145 depending on the initial fitting parameters which is
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Figure 5.11: Resolving magnetic domain structures in CrI3 Magnetic force mi-
croscopy (MFM) images of a zero-field cooled CrI3 thick flake at 4.2 K and zlift = 50 nm
for an external applied magnetic field of (a, b) 0 T, (c, d) +10 mT and (e) -10 mT.
b to e correspond to the area marked by a dashed box in a. Images in c and d were
taken under a persistent external magnetic field of +10 mT with a difference of 3 hrs
in time. The frequency shift profiles corresponding to the marked dashed lines in the
MFM images are shown in f-i. Each individual trace is extracted from the average of
the 5 pixel lines with the standard deviation shown by the shaded area. The scale bars
are 2 µm and 1 µm in a and b, respectively.

very close to βIsing. Nonetheless, βsim gives a value completely different from βIsing.

Hence, to test the reliability of our simulations, we studied bulk CrI3. Thus we added

the bilinear and biquadratic interlayer interactions in our Hamiltonian, and we found

βsim = βexp = 0.25. However, the two curves had some discrepancies at low tem-

peratures, which can be corrected phenomenologically by including a new exponent

α = 1.70 in our fitting equation. This phenomenological exponent is interpreted as

the quantum nature of the heat bath. Using this critical exponent for the monolayer,

we can obtain a good agreement between our simulations and the experimental results

hinting at important quantum effects in the monolayer limit. Then we studied the spin

dynamic, magnetic domains and domain walls in CrI3. We show that the magnetic

domains are metastable, that the domain walls are at 97% Néel walls, and the rest

is distributed between hybrid walls and Bloch walls. Besides, the magnetic domains’

metastability in CrI3 induces a homogeneous magnetisation or even a single domain.

This behaviour associated with the out-of-plane anisotropy and the higher coercivity

of CrI3 indicates a potential magnetic media for perpendicular recording. However, it

is still unclear which kind of domain motion can be foreseen in such a thin layered
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compound and how the coexistence of different domain types can affect device ar-

chitectures. This suggests new routes for magnetic-domain engineering at the atomic

limit.



Chapter 6

Topological spin textures in CrCl3

The metastability of the magnetic domains and domains walls in CrI3 was an unex-

pected result. To see if this was specific to CrI3 or a general trend of the CrX3 (X =

Cl, Br, I) family, we performed the same study with CrCl3. We obtained even more

surprising results: we found topological spin excitations. Spin excitations, also called

spin texture (ST), are localised regions in magnetic materials in which the spins rotate

smoothly, giving the region a typical texture. The latter can either be trivial, e.g., mag-

netic droplet solitons[188–190], or topological e.g. magnetic skyrmions [191–193].

The STs were observed in bulk as well as (ultra)-thin films [188, 189, 191–193]. Such

spin excitations are of particular interest in magnetic materials [191, 194], as they can

be potentially used in information technologies[194] and are also related to funda-

mental problems of chiral magnets[195]. The inclusion of magnetic two dimensional

(2D) van der Waals (vdW) materials in device heterostructure is a reality[196], and

having topological STs in 2D magnets can open new doors for devices. This chapter

demonstrates that the 2D magnet CrCl3 hosts magnetic STs, which are created natu-

rally during the cooling process of the system without any applied magnetic field but

at low temperatures. We found that the STs are merons and anti-merons, i.e. topo-

logical spin texture with topological charge Q = ±1/2. We provide a systematic study
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of the creation, dynamics and annihilation of such quasi-particles using ab initio and

micromagnetic approaches.

6.1 Cooling process

As a starting point, we used the atomistic spin model with isotropic exchanges Ji=1,2,3

and anisotropic exchange λi=1,2,3 up to the third nearest neighbour (NN), the single-

ion anisotropy D and the biquadratic (BQ) exchange K with an applied magnetic field

Bapp
i = Bext

i +BDip
i :

H = −D
N∑
i

(Szi )2 − J1
∑
〈ij〉
Si ·Sj − λ1

∑
〈ij〉

Szi S
z
j − J2

∑
〈〈ij〉〉

Si ·Sj

−λ2
∑
〈〈ij〉〉

Szi S
z
j − J3

∑
〈〈〈ij〉〉〉

Si ·Sj − λ3
∑
〈〈〈ij〉〉〉

Szi S
z
j −K

∑
〈ij〉

(Si ·Sj)2

−
∑
i

µiSi ·Bapp
i (6.1)

Where Si are the localised magnetic moments on Cr site i, µi = 3 µB is the atomistic

spin moment,Bext is the external magnetic field, andBDip
i is the magnetic field felt on-

site i made by all the other magnetic dipole in the lattice. We used DFT to parametrise

the model in eq. (6.1) following the steps in Chapter 4. The calculated parameters are

shown in Table 6.1. The simulation for the domain evolution is done on a 400 nm x

400 nm sample. We cool down the system from 30 K to 0 K to observe the transition to

the ordered state. The cooling process is done in 1.5 ns, and the whole simulation last

25 ns. The time evolution of the spins is determined by the stochastic Landau-Lifshitz-

Gilbert equation [197]:

∂Si
∂t

= − γ

(1 + λ2) [Si ×Bi
eff + λSi × (Si ×Bi

eff)] (6.2)

Where γ = 1.76 T−1s−1 is the gyromagnetic ratio, and Bi
eff = ζi(t) − ∂H

∂Si
is the

effective field augmented by a stochastic thermal Langevin field ζi(t) which simulates

the effects of thermal spin fluctuations at the atomic level. The simulations from 30

K to 19 K (Tc) are only random thermal fluctuations of the spins without any order.

We show several snapshots at 10K, 5K and 0K in Fig. 6.1 a-c respectively. The black
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J1 (meV) J2 (µeV) J3 (µeV) λ1 (µeV) λ2 (µeV) λ3 (µeV) D (µeV) K (meV)
1.28 72.03 -25.18 20.07 -9.74 -0.51 12.67 0.22

Table 6.1: Exchange parameters obtained from DFT.

colour in Fig. 6.1 represents the spins up, i.e. pointing towards outside the plane. The

white colour represents the down spins, i.e. pointing towards the plane along z, and

the purple colour represents the in-plane (IP) spins. At 10 K (Fig. 6.1 a), there is still

substantial noise, and there is very few structures or magnetic domains that can be

seen. At 5 K (Fig. 6.1 b), the system is less noisy, and we start to distinguish some very

small out-of-plane (OOP) domains (black and white), while the majority of the spins

align IP. At 0 K (Fig. 6.1 c), the noise disappears, and we can see clean OOP magnetic

domains that will be called spin textures (ST), and the majority of the spins align IP.

This is unexpected as the SIA (D) is positive, i.e. favours OOP spin orientations. This

IP spin orientation will be explained further in Sec. 6.4. Interestingly, the STs are not

static but dynamic, i.e. they can move, collide, and disappear after a collision. These

STs are quite robust against a positive (up) OOP external magnetic field, as they still

form under 150 mT. Snapshots at an external field at 50 mT are in Fig. 6.1 d-f. The

three snapshots are at 10 K, 5 K and 0 K for Fig. 6.1 d-f, respectively. The STs are still

forming, but there are more black STs than the case without external field, where there

were as many black STs as white STs. Interestingly at 50 mT, the background spins are

not IP but have a none zero OOP component. To switch all the IP spins to OOP spins,

we need to apply an external magnetic field of around 200 mT, as we can see on the

partial hysteresis in Fig. 6.2.

6.2 Characterisation of the spin textures

We started the characterisation of the STs by estimating their radius and their full

width at half maximum (FWHM). For that, we first extract the z component of the spin

vector (Sz) along a line passing through the centre of an STs as shown by the white

dashed line in Fig. ?? a, for four STs called B1, B2, B3 and B4. The Sz profile of the

four STs is in Fig. 6.3 b. The profiles are centred at zero. B3 and B4 have only one

peak, whereas B1 and B2 have a second smaller peak. These second peaks are present

because B1 and B2 are about to collide (?? a), and thus the path we choose is going
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Figure 6.1: Nucleation of merons and antimerons during cooling process. a-c, Dynami-
cal spin configurations obtained at different temperatures (T) showing the evolution of
the domain structure and the formation of merons and antimerons during field cooling
in an external field of 0.0 mT. The Sz component is used to follow the evolution of the
different spin textures across the crystal surface (colour map). Strong spin fluctuations
are observed at temperatures below the critical temperature (Tc =19.07 K) which in-
cidentally vanished as the system cools down. Localised small areas within 0 K ≤T≤ 5
K correspond to spins pointed perpendicular to the easy-plane of CrCl3 with different
spin polarizations (e.g. +1 or −1). At 0 K, most of the magnitudes of Sz are zero
throughout the crystal, except at well defined small spots with Sz = ±1 in their cores.
The formation of merons and anti-merons coincide during the time evolution without
a clear preference over the nucleation site. That is, boundaries, defects or edges are
not considered. d-f, Similar as a-c but at an external field of 50 mT. The applied field
polarises the spin configurations resulting in fewer fluctuations along Sz even though
we observe similar domain dynamics. At T≤ 5 K, the merons and anti-merons are still
formed but with a more preferential spin polarisation, e.g. darker spots. If larger mag-
netic fields beyond 50 mT are applied (e.g. 100 mT), a complete polarisation of the
topological spin textures is observed with a totality of just one kind of spin polarisation.
For fields above 150 mT, there is no nucleation of merons and anti-merons throughout
the crystal. The scale bar is 50 nm.
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Figure 6.2: We estimated the critical magnetic field for monolayer CrCl3 performing
simulations on the hysteresis curve on one side of the full loop. The simulation were
done with a starting field of 0 mT to a final 0.235 mT with an increment of 0.0005mT.
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through both STs B1 and B2. The estimation of the radius and FWHM is done by fitting

a Pearson type VII function with m = 3 to our Sz data profile:

f(x) = Imax

[
1 + 4

(
2

1
3 − 1

)(x− x0
wF

)2
]−3

(6.3)

where Imax is the maximum value of the peak, x0 is the centre of the peak, and wF

is the FWHM. The fitting immediately gives the FWHM but to extract the radius of the

ST, we have to find the xlim s.t. f(x < xlim) < α, with α an arbitrary small value (we

choose α = 10−2). Thus we need to solve the equation:

α = Imax

[
1 + 4

(
2

1
3 − 1

)(xlim − x0
wF

)2
]−3

⇒ w2
F + (xlim − x0)2 = α−

1
3w2

F I
1
3
max

⇒ 0 = x2
lim − 2xlimx0 + x2

0 + w2
F

(
1− α−

1
3 I

1
3
max

)
(6.4)

and thus we find:

x±lim = x0 ± wF
√
α−

1
3 I

1
3
max − 1 (6.5)

R = x+
lim − x

−
lim

2 = wF

√
α−

1
3 I

1
3
max − 1 (6.6)

Using the previous method onto around 20 ST, we get the average FWHM and radius:

• FWHMx ∼ 7.7 nm

• FWHMy ∼ 8.4 nm

• Rx ∼ 14.5 nm

• Ry ∼ 15.7 nm

There are some slight differences between the average radius and FWHM of the STs,

whether it is measured along the x or y direction, making the STs elliptic. This differ-

ence can be due to the orientation of the system, shown in Fig. 6.4. The elongation
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Figure 6.3: Characterizing the spin features of merons and antimerons. a, Snapshot of
a spin configuration projected along the Sz component (colour map) at a selected time
with the formation of merons and antimerons at zero magnetic field and 0 K. Some
of the topological spin textures are marked as B1−B4 to highlight their features. b,
Profile of Sz along the dashed lines in a over the distinct spin quasiparticles (B1, B2,
B3, B4) showing their widths in Å’s. B1 and B2 are close enough to feel the opposite
spin polarisation from each other. The most prominent peak at 0 Åis centred at the
centre of the meron or anti-meron. B2 and B4 have both positive spin polarisation with
similar peak magnitude at 0 Å(Sz = +1), which is the opposite of B1 and B3. c-f, Spin
textures of the different quasi-particles stabilized in monolayer CrCl3. Merons (c, d)
and antimerons (e, f) can be determined by the topological charge Q (Eq.6.8). Small
arrows (green) indicate the direction and magnitude of the in-plane magnetisation
relative to the core (zero value). The underneath colour gradient shows the variation
of Sz around the spin textures. It reaches its maximum magnitude at the core of the
merons and antimerons. Large arrows (orange and green) give the general behaviour
observed around the vortex core by the in-plane magnetisation.
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of the hexagons is bigger along y than x. We then zoom on the STs to study the spin

orientation near the ST. The results are shown in Fig. 6.3 c-f for B1-B4 respectively.

The heatmap represents (Sz/|S|) the normalised z component of the spin vector. It

goes from -1 (dark blue) to +1 (dark red). The green arrows represent the IP spin

orientation. The smaller the arrows, the smaller the IP components. It goes to zero at

the centre of the ST. The big green and orange arrows represent the general trend of

the IP orientation, which are spin textures. There are two big trends:

• A vortex being either clockwise (CW) for B1 and B4 or anticlockwise (ACW) in

Fig. 6.6;

• An anti-vortex for B2 and B3.

These spin textures are very similar to the ones in magnetic skyrmions [198–201].

Magnetic skyrmions are topological spin texture [198–201], and are therefore ex-

tremely stable against external perturbation due to topological protection. Since the

spin texture of the magnetic STs and the magnetic skyrmions are similar, it is possible

that the former also has a topological nature. To investigate the topological nature of

our magnetic ST, we decided to compute the topological chargeQ of a few ST. IfQ = 0,

the STs are not topological entities, and if Q 6= 0, they have topological properties. In

the continuum case, the topological charge Q is:

Q = 1
4π

∫
d2r

(
∂s

∂x
× ∂s

∂y

)
· s (6.7)

where s is the three-component spin field. This charge can also be defined for a lattice

spin field S :

Q = 1
4π
∑
Ω

[Ω(S1,S2,S3) + Ω(S1,S3,S4)] (6.8)

with Ω(S1,S2,S3) denoting the signed area of the spherical triangle with corner

S1,S2,S3. The convention we used for the signed area is shown in Fig. 6.4 with

the blue and red triangle. The topological charge is obtained by gluing together all

elementary triangles (the blue and red triangles in Fig. 6.4 are elementary triangles).
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The formula to compute the signed area Ω with unit spin vectors1 is [203]:

exp
(
i
Ω(S1,S2,S3)

2

)
= ρ−1 [1 + S1 ·S2 + S2 ·S3 + S3 ·S1 + iS1 · (S2 × S3)] (6.9)

where

ρ = [2 (1 + S1 ·S2) (1 + S2 ·S3) (1 + S3 ·S1)]
1
2

The previous equation can be written as:

tan
(Ω(S1,S2,S3)

2

)
= S1 · (S2 × S3)

1 + S1 ·S2 + S2 ·S3 + S3 ·S1
(6.10)

This topological charge computation on honeycomb/hexagonal lattice using eq. (6.8)

was done in [200] and it gives the expected results for skyrmions/antiskyrmion i.e.

Q = ∓1 respectively. Thus it should gives reliable results in our case. To compute the

topological charge of our STs we used the following algorithm:

• First, we create a file containing only one ST with the coordinate order in x. This

gives a number of rows with the same x and different y coordinates as shown in

Fig. 6.4 (the i, i+1, ...).

• Then we choose a spin called S1 by taking the first row in the file (then the

second, third,ith). From there, we need to make sure to always keep the same

convention for all triangles, i.e., for a chosen S1 the associated S2,S3,S4 will

always have the same relative position. Our convention is shown in Fig 6.4.

• To obtain S2 we check that the distance d between S1 and S2 is equal to the

lattice parameter l0 of CrCl32, and we make sure that the y coordinate of both

spins is the same. Because we look for S2 only in rows after the row of S1, our

criteria make S2 unique.

• For S4 we use the criteria: d (S1,S4) = l0 , d (S2,S4) = l0 and the y component

of S4 is bigger than the y component of S1. Again, these criteria make S4 unique.

1We use this formula because vampire outputs unit vectors, one can find a more general formula in
[202]

2S1 and S2 are second nearest neighbour in a honeycomb lattice
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k+4

y

x
Figure 6.4: Honeycomb lattice showing spins Si (i = 1, 2, 3, 4) following a counter-
clockwise order on each triangle grid. The different sites are denoted by j, k and i
indexes.
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• Finally, for S3 we want d (S2,S3) = l0 , d (S4,S3) = l0 and d (S1,S3) =
√

2l0
angstroms, making S3 unique.

This method gives a topological chargeQ = ±1
2 for the ST. This fractional topological

charge is unexpected, but some entities with Q = ∓1
2 exist and are called merons and

anti-merons [195, 204, 205] respectively. Meron and anti-meron are characterised by

their winding number w (+1 for vortex and -1 for anti-vortex) and their polarity p,

i.e. the sign of the spin at the centre of the ST. These two quantities are related to the

topological charge3 via Q = 1
2pw. The STs have a topological charge, and therefore

they are topologically protected. However, we have seen in our simulations that the

STs disappear after a collision.

6.3 Dynamics of the Spin Textures

The disappearance of the STs after a collision is puzzling, so we need to investigate

the STs’ dynamics during the collision. Interestingly, the only collisions we observed are

between vortex (V) and antivortex (AV) spin texture. We have not seen V-V or AV-AV

collisions. Fig. 6.5 shows a collision between an up V (black arrows) and down AV

(white arrows). The big red and green arrows in Fig. 6.5 a-b show the general trend

of the IP spins of the ST. Fig. 6.5 a-b shows the beginning of the collision, the STs

get closer to one another, and their sizes become smaller than the previous panel. Fig.

6.5) c-d shows the STs cores are getting sharper and sharper the more we advance in

the collision, with the STs’ radius spanning only a few lattice parameters, until they

disappear in a burst-like emission of spin waves (Fig. 6.5 e-f). The collision ends with

all the spins aligned IP once the spin wave passed. The STs never merged during the

whole process. The collision for same sign ST, e.g. down V and down AV in Fig. 6.6,

is very different. This time we see the two STs merge into a spin texture with a larger

extension over the surface (central panel of Fig. 6.6), which then smoothly dissolves

to an IP spin orientation. The collisions when the V and AV are of opposite polarity

is mediated by a propagating Bloch point (BP)[206] whose expulsion is the source

of the spin-wave emission [207]. A BP is a magnetic singularity in a ferromagnet

3For skyrmions, it is Q = pw
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where the magnetisation vanishes [208, 209]. Interestingly, the injection or expulsion

of BPs leads to processes where the topological charge is not conserved [210–212].

This property of BPs explains an a priori puzzling results: the disappearance of the

STs after a V-AV collision with opposite polarity. In Fig. 6.5 a, the two STs are in fact

two anti-merons with Q = +1
2 . This collision should a priori conserve the topological

number and thus either ends up with a scattering of the two anti-merons or a merging

into a topological texture with Q = +1. Nevertheless, this collision is mediated by

a BP and does not conserve the topological charge. In the V-AV collision where the

STs have the same polarity, the STs always end up with opposite Q, i.e. a collision

between a meron and anti-meron with a total Q = 0. So the disappearance of the ST,

in that case, is trivial. It is worth mentioning that merons and anti-merons dynamic

are intrinsical to the domain structure present in CrCl3. Fig. 6.7 a-d show a broad

perspective of the magnetic domains as the collisions happen involving different spin

textures (small green and gold dots). Both merons and anti-merons are localised at

the boundary between magnetic domains with opposite magnetization (Sy = +1 in

red, Sy = −1 in blue and Sy = 0 in white). The displacement of the STs follows

the boundaries’ motion. Similar configurations are also observed at another in-plane

component of the magnetisation, i.e. Sx = 0, where the topological spin textures

are localised. This indicates that the intersections where both in-plane components of

the magnetisation (Sx,Sy) converge to zero are an efficient environment to localise

non-trivial topological spin textures. Such localisation of magnetic vortices is typically

seen in singly connected samples where magnetic flux-closure patterns occurred at the

junctions of magnetic domains. For instance, in permanent magnets[213–215] due to

strong cross-tie domain wall structure and in soft-magnetic nanodisks [216] where the

circular geometry plays a critical role in the generation of the vortices. Nevertheless,

we find that this is not the case for monolayer CrCl3 where no structural constraints in

the stabilisation of the magnetic domains are present, and the low magnetic anisotropy

would orientate the spins more freely without a preferential orientation within the

easy-plane [217]. Therefore, such spontaneous formation of merons and anti-merons

is an astonishing, previously unreported phenomena in the magnetism of any 2D vdW

magnet.
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a b

c d

e f

Figure 6.5: a-d, Collision process of two STs with opposite polarity. The closer the
ST, the shaper their core and the smaller their radius. e-f, spin-wave emission after
the collision. This collision is mediated by a Bloch point and does not conserve the
topological charge. The red and green arrows in panel a and b represent the general
trend of the in-plane component of the spins around the arrows.

Figure 6.6: Collision process of two STs with the same polarity. The two STs merge
during the collision (central panel) and then smoothly dissolve into in-plane spin ori-
entation (right panel). The red and green arrows represent the general trend of the
in-plane spin component around the arrows.
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Figure 6.7: a-d, Macroscale magnetic domains (blue and red) at different times show-
ing the evolution of the merons and antimerons (small circles in green and orange) at
the boundary between magnetic domains. The Sy component (colour map) of the mag-
netisation is utilised to show the magnetic domain structure, whereas Sz for the vortex
and antivortex textures. The white boundary near where the merons and anti-merons
are localised have Sy = 0 and Sx = 0. Sz reaches its maximum magnitude at the centre
of the spin textures (inset colour map in a). The dynamics of the domains is directly
coupled to the motion of the merons and anti-merons, and vice-versa. At sufficient
longer times, the entire system results in a mono-domain throughout the surface.

6.4 Origin of the Merons and Anti-Meron

An intriguing question is the physical origin of the meron and anti-merons. Such

spin texture can be created from the interplay between long-range interaction, e.g.

the demagnetisation field, also called dipole field, and short-range interaction, e.g.

exchange and single-ion anisotropy [201, 208, 218]. Fig. 6.8 a shows a snapshot of

the system, where the colour map represents the out of plane magnetisation. Fig. 6.8

b is the same as Fig. 6.8 but the colour map represent the out-of-plane component of

the dipole field. The field in panel b is the dipole field applied on site i originating

from all other sites in the simulation. There are no supercell approximations, even for

the farthest sites. The only regions with non-zero out-of-plane dipole field in Fig. 6.8

b are the merons and anti-merons. The dipole field can reach up to ±300 mT at the

core of the STs and helps stabilise a strong Sz. There are little differences between the

projection perpendicular to the surface of the magnetisation and dipole field, indicating

a close relationship between both in CrCl3. Fig. 6.8 c-d show the dipole field along the

x and y direction, respectively. In both cases, the dipole field is weaker (±200 mT) than

the out-of-plane one, yet it is still strong. This strong in-plane dipole field has the same

magnitude as the external magnetic field Bz we need to apply to have all the spins

aligned out-of-plane (cf. Fig 6.2 c). We have to overcome this in-plane dipole field to
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50 nm

a

c

b

d

Figure 6.8: Dipolar interactions driven the formation of merons and antimerons. a,
Snapshot of one of the spin dynamics at 0 K and zero magnetic field showing the out-of-
plane spin component Sz (color map) throughout the surface of monolayer CrCl3. b-d,
Projection of the dipole-dipole interactions along of z, x and y directions, respectively,
on the snapshot in a. The dipole fields are quantified in mT with positive (red) and
negative (blue) magnitudes in the colour scale. The scale bar of 50 nm is common to
all panels.

rotate all spins out-of-plane, so the applied magnetic field Bz has to be at least equal

to the dipole field. The dipole field’s x and y components are zero at the position of the

spin texture in the same manner as the magnetisation (cf Sec. 6.3).

Referring to Tab. 6.1 the SIA (D) orients the spin perpendicular to the surface, while

the dipole field orients the spins parallel to the surface. The magnetic anisotropy is

small in CrCl3, which allows the spin to align with the dipole field. It is important

to note that the dipole field at the core of the STs is perpendicular to the surface and

enhances the magnetic anisotropy. Interestingly, no transition between a previously sta-

bilised magnetic configuration, such as stripes, into the non-trivial magnetic textures is
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noticed in the spin dynamics with or without an applied field as it has been suggested as

a potential origin of STs or skyrmions[219–221]. Moreover, the Dzyaloshinskii-Moriya

interactions were not included in our simulations, ruling out mechanisms originating

from relativistic effect[201]. Fig. 6.9 a-d show simulations without the inclusion of

the dipole field. In these simulations, the magnetisation is consistently out-of-plane

throughout the whole crystal; and there is no non-trivial topological spin texture. The

magnetisation aligns with the single-ion anisotropy. Experimentally, CrCl3 has an easy-

plane [217] and not an easy axis. Therefore, the inclusion of dipolar interactions plays

a key role in the description of the magnetic properties of CrCl3 opening the door for

topological properties as well as to elucidate fundamental electronic features.

6.5 Conclusion

In this chapter, we presented the investigation of the magnetic domains in CrCl3.

We observed the nucleation of unexpected out-of-plane domain STs in an in-plane spin

background. These STs are very resilient against an applied magnetic field perpendicu-

lar to the surface. We need a field of ∼ 150 mT to make the magnetic STs disappear and

a magnetic field of ∼ 200 mT to align all the spins out-of-plane. These STs were moving

and colliding, leaving no out-of-plane domains after the collision. We showed the STs

have a topological charge Q = ±1/2, indicating merons and anti-merons. These topo-

logical spin textures appear more elongated along the y-direction than the x-direction,

probably due to the orientation of the crystal. We expected the topological charge to

be conserved. Thus the disappearance of the STs after a collision lead to a detailed

analysis of the dynamic. We found the collisions only happen between a vortex and

antivortex texture and between STs with the same or opposite polarisation. A collision

between the same polarity STs is a collision between a meron and anti-meron, where

the total topological charge is conserved. Nevertheless, a collision between STs with

opposite polarisation is a collision between either two merons or two anti-merons and

is, therefore, violating the conservation of the topological charge. This violation is due

to the nucleation of a Bloch point mediating the annihilation. Such Bloch point can lead

to processes violating the topological charge. Finally, we discussed the physical origin

of the STs and showed that the dipole field is an excellent candidate. It is mandatory
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Figure 6.9: a)-d) Spin dynamics of monolayer CrCl3 without taking into account dipole-
dipole interactions at zero field and different temperatures. As the system cools down,
there is no appearance of topological spin-textures over the surface. The small STs
observed in d) disappeared at longer times. Interestingly, the magnetic domains have
out-of-plane magnetisation following the single-ion anisotropy. Only the Sz component
is showed similarly as in Figure 6.1.
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to obtain the experimental easy-plane, but more research is needed to see if the dipole

field is enough by itself or if there are more phenomena at play.



Chapter 7

Conclusion and Perspectives

The field of free-standing two-dimensional magnets seems a natural extension of

the magnetic thin film used in today’s electronics. The use of atomically thin mag-

nets could drastically reduce the size of our data storage or electronic device based on

magnetic materials and reduce their energy consumption. The initial research ques-

tions (Chapter 1) have driven us to develop new models that would provide a better

description of the magnetic properties of 2D vdW magnets, e.g. magnetic domains.

To that end, we performed a high throughput screening of two-dimensional materials

using density functional theory (DFT) to identify new compounds at different temper-

ature ranges. It appears that 2D magnets are relatively common to be found at low

temperatures but hard to develop magnetic temperatures at ambient conditions. Then

we computed the exchange parameter of the XXZ model using DFT+U and calculated

their critical temperature using Monte-Carlo simulations. We found two candidates

for room-temperature magnetism: VPS3 and VSe2. However, the XXZ model is inca-

pable of reproducing the experimental critical temperature of CrI3 using only 1st NN.

We thus extended the XXZ model to include up to the third neighbour interaction, the

biquadratic exchange and the Dzyaloshinskii-Moriya interaction (DMI). This extended

model gives an excellent agreement between the predicted and experimental temper-
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ature of CrI3. However, the agreement can worsen depending on the strength and

directions of the DMI. We then used the Holstein-Primakhoff (HP) transformation on

the extended model to study the magnon spectra within the linear spin-wave theory

framework. This magnon model only includes out-of-plane DMI as a first approxima-

tion. It can reproduce the shape of the experimental magnon spectrum of CrI3, but the

energy levels are too high if we use the DFT+U parameters. The critical temperature

is also overestimated by around 10 K. This is likely due to the in-plane DMI that we

have not included, or we might need to use the non-linear spin-wave theory. To test

the model further, we studied the critical character and magnetic domains in CrI3 us-

ing Monte-Carlo simulations for the former and atomistic spin dynamics for the latter.

We focused on the critical exponent β, and we showed the importance of the quantum

effect to reproduce the experimental data. We also showed that the magnetic domains

in CrI3 are metastable, the majority of the domain walls are Néel walls (97%), and

the rest is distributed between Bloch and hybrid domain walls. To investigate if the

metastability of the magnetic domains is unique to CrI3 or a more common feature to

2D magnets, we studied another material, namely CrCl3. We showed that CrCl3 has

an in-plane magnetisation due to the dipolar interactions and that topological spin tex-

tures (TST) also spontaneously formed at low temperature. These TSTs are dynamic

and short-lived (20 ns) in the system due to annihilating when they collide.

We showed in this thesis that 2D magnets are relatively common and that they have

exciting features such as higher-order exchanges, strong quantum effects, metastable

magnetic domains, and the possibility to host TST. The natural continuity of the thesis

is to increase the size of the database and compute the critical temperature using the

extended model. Having more material in the dataset will allow the use of machine

learning, which might predict room temperature 2D magnets. Then we can try to

improve our extended model by including more contributions, e.g. the Kitev model

[149]. The latter is a generalisation of anisotropic exchange, which introduce a bond

dependency. This model is already used to explain some magnetic behaviour in CrI3

[150]. Another research perspective would be to investigate the effect of magnon-

magnon interactions on the magnon spectrum. These interactions arise in the non-

linear spin-wave theory as three and four operators product, of which a substantial

number comes from the DMI and biquadratic exchange. Since the magnitudes of DMI
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and BQ are substantial in CrI3, they might have an effect worth investigating. Finally,

the last research perspective is investigating external driving forces to stabilise and

control the TST present in CrCl3. Such TSTs are exciting for spintronics applications if

they are stable and controllable. A potential driving force is an in-plane electric field.

This investigation can be completed by looking for more 2D material hosting TST.
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antiferromagnetics. Journal of Physics and Chemistry of Solids, 4(4):241 – 255,

1958.

[98] Johannes Knolle, Subhro Bhattacharjee, and Roderich Moessner. Dynamics of a

quantum spin liquid beyond integrability: The kitaev-heisenberg-Γ model in an

augmented parton mean-field theory. Phys. Rev. B, 97:134432, Apr 2018.

[99] R. L. Smit, S. Keupert, O. Tsyplyatyev, P. A. Maksimov, A. L. Chernyshev, and

P. Kopietz. Magnon damping in the zigzag phase of the kitaev-heisenberg-Γ

model on a honeycomb lattice. Phys. Rev. B, 101:054424, Feb 2020.

[100] P. Hohenberg and W. Kohn. Inhomogeneous electron gas. Phys. Rev., 136:B864–

B871, Nov 1964.

[101] W. Kohn and L. J. Sham. Self-consistent equations including exchange and cor-

relation effects. Phys. Rev., 140:A1133–A1138, Nov 1965.

[102] K. Kim and K. D. Jordan. Comparison of density functional and mp2 calcu-

lations on the water monomer and dimer. The Journal of Physical Chemistry,

98(40):10089–10094, 1994.

[103] P. J. Stephens, F. J. Devlin, C. F. Chabalowski, and M. J. Frisch. Ab initio cal-

culation of vibrational absorption and circular dichroism spectra using density

functional force fields. The Journal of Physical Chemistry, 98(45):11623–11627,

1994.

[104] John P. Perdew, Matthias Ernzerhof, and Kieron Burke. Rationale for mixing

exact exchange with density functional approximations. The Journal of Chemical

Physics, 105(22):9982–9985, 1996.

[105] Carlo Adamo and Vincenzo Barone. Toward reliable density functional meth-

ods without adjustable parameters: The pbe0 model. The Journal of Chemical

Physics, 110(13):6158–6170, 1999.

[106] Jochen Heyd, Gustavo E. Scuseria, and Matthias Ernzerhof. Hybrid function-

als based on a screened coulomb potential. The Journal of Chemical Physics,

118(18):8207–8215, 2003.



REFERENCES 147

[107] A. I. Liechtenstein, V. I. Anisimov, and J. Zaanen. Density-functional theory and

strong interactions: Orbital ordering in mott-hubbard insulators. Phys. Rev. B,

52:R5467–R5470, Aug 1995.

[108] S. L. Dudarev, G. A. Botton, S. Y. Savrasov, C. J. Humphreys, and A. P. Sut-

ton. Electron-energy-loss spectra and the structural stability of nickel oxide: An

lsda+u study. Phys. Rev. B, 57:1505–1509, Jan 1998.

[109] Georg Kresse and Jürgen Furthmüller. Efficient iterative schemes for ab ini-

tio total-energy calculations using a plane-wave basis set. Physical review B,

54(16):11169, 1996.

[110] Dadi Dai and Myung-Hwan Whangbo. Spin-hamiltonian and density functional

theory descriptions of spin exchange interactions. The Journal of Chemical

Physics, 114(7):2887–2893, 2001.

[111] Louis Noodleman. Valence bond description of antiferromagnetic coupling in

transition metal dimers. The Journal of Chemical Physics, 74(10):5737–5743,

1981.

[112] R. E. Prange and V. Korenman. Local-band theory of itinerant ferromagnetism.

iv. equivalent heisenberg model. Phys. Rev. B, 19:4691–4697, May 1979.

[113] Hongjun Xiang, Changhoon Lee, Hyun-Joo Koo, Xingao Gong, and Myung-Hwan

Whangbo. Magnetic properties and energy-mapping analysis. Dalton Trans.,

42:823–853, 2013.

[114] H. Sims, S. J. Oset, W. H. Butler, James M. MacLaren, and Martijn Marsman. De-

termining the anisotropic exchange coupling of cro2 via first-principles density

functional theory calculations. Phys. Rev. B, 81:224436, Jun 2010.

[115] Changsong Xu et al. Interplay between kitaev interaction and single ion

anisotropy in ferromagnetic cri3 and crgete3 monolayers. 2018.

[116] Indranil Rudra, Qin Wu, and Troy Van Voorhis. Accurate magnetic exchange cou-

plings in transition-metal complexes from constrained density-functional theory.

The Journal of Chemical Physics, 124(2):024103, 2006.



REFERENCES 148

[117] A.I. Liechtenstein, M.I. Katsnelson, V.P. Antropov, and V.A. Gubanov. Local spin

density functional approach to the theory of exchange interactions in ferromag-

netic metals and alloys. Journal of Magnetism and Magnetic Materials, 67(1):65

– 74, 1987.

[118] M. I. Katsnelson and A. I. Lichtenstein. First-principles calculations of magnetic

interactions in correlated systems. Phys. Rev. B, 61:8906–8912, Apr 2000.

[119] R F L Evans, W J Fan, P Chureemart, T A Ostler, M O A Ellis, and R W Chantrell.

Atomistic spin model simulations of magnetic nanomaterials. Journal of Physics:

Condensed Matter, 26(10):103202, feb 2014.

[120] G J Bowden, G B G Stenning, and G van der Laan. Inter and intra macro-cell

model for point dipole-dipole energy calculations. Journal of Physics: Condensed

Matter, 28(6):066001, 2016.

[121] James Inglese and Douglas S. Auld. High Throughput Screening (HTS) Tech-

niques: Applications in Chemical Biology, pages 1–15. American Cancer Society,

2008.

[122] R. et al. Macarron. Impact of high-throughput screening in biomedical research.

2011.

[123] Xiao-Dong Xiang. High throughput synthesis and screening for functional mate-

rials. Applied Surface Science, 223(1):54 – 61, 2004. Proceedings of the Second

Japan-US Workshop on Combinatorial Materials Science and Technology.

[124] N. Mounet et al. Two-dimensional materials from high-throughput computa-

tional exfoliation of experimentally known compounds. 2018.
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