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___________________________________________________________________________________ 

Abstract 

Identification of the boundary between failure by buckling, collapse and material failure in cylindrical 

tubes under axial compression is still challenging. The focus of this research is to investigate the 

response of carbon/epoxy filament wound cylindrical tubes under axial compression. Three approaches 

have been studied: (i) linear buckling; (ii) nonlinear buckling; and (iii) progressive damage modeling 

(PDM). For that, analytical, numerical and experimental approaches have been followed. Key results 

show that thinner tubes fail by buckling followed by a post-buckling field, whereas material failure due 

to transverse compression and in-plane shear stresses occur for thicker tubes. Both analytical and linear 

numerical models predicted very well the critical buckling load for all [±α] tubes, and nonlinear 

buckling model satisfactorily predicted axial displacement over the loading history. For multilayered 

tubes, the developed damage model provided better predictions compared to the nonlinear buckling 

model. Furthermore, for thicker tubes, a hoop layer at the outermost, instead of middle or innermost, 

improves buckling/compressive resistance. 

Keywords: buckling; progressive damage; finite element modeling; analytical modeling; composite 

tube; filament winding.  
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Notation: 

[𝐴ij]: Laminate membrane stiffness matrix 

[𝐵𝑖𝑗]: Laminate coupling stiffness matrix 

[𝐷𝑖𝑗]: Laminate bending/torsion stiffness matrix 

𝑑𝑖, 𝑖=1, 2, 6: parameters of degradation 

𝑑𝑓: fiber degradation parameter 

𝑑𝑚: matrix degradation parameter 

𝑒𝑘: Thickness of a ply 

𝐸110
: Original elastic modulus in 1-direction (aligned to the fibers) 

𝐸220
: Original elastic modulus in 2-direction (normal to the fibers)  

𝐸11: Current elastic modulus in 1-direction (aligned to the fibers) 

𝐸22: Current elastic modulus in fiber 2-direction (normal to the fibers) 

𝐹: Force 

𝑓: Damage limit surface 

𝐺12: In-plane shear modulus 
[𝐾]: Linear stiffness matrix 
[𝐾𝑑]: Differential stiffness matrix 

𝐿: Length 

𝐿𝑒: Effective element size 

𝑚: Longitudinal buckle half waves 

𝑀𝑥, 𝑀𝑦, 𝑀𝑥𝑦: Moment resultants/unit length 

𝑛: Circumferential buckle waves 

𝑁𝑥, 𝑁𝑦, 𝑁𝑥𝑦: In-plane force resultants/unit length 

�̅�𝑥, �̅�𝑦: Applied axial and circumferential forces/unit length 

𝑅: Cylinder inner radius 

𝑆12𝑦
: In-plane shear linear elastic limit 

𝑡: Total thickness 

𝑢, 𝑣, 𝑤: Axial, circumferential, and radial displacements 

𝑥, 𝑦, 𝑧: Axial, circumferential, and radial coordinate directions 

𝑋𝐶: Compressive strength in 1-direction 

𝑋𝐶0: Compression linear elastic limit in 1-direction 

𝑋𝑇: Tensile strength limit in 1-direction 

𝑌2: Thermodynamic force related to 𝑑2 

𝑌6: Thermodynamic force related to 𝑑6 

𝑌𝐶: Compressive strength in 2-direction 

𝑌𝐶0: Compression linear elastic limit in 2-direction 

𝑌𝑇: Tensile strength limit in 2-direction 

𝑧𝑘: Distance from the mid-plane to the edge of the kn ply 

𝐿𝑒: Effective element size 

 

Greek: 

𝚽: Eigenvector (buckling mode) 
〈𝜎11〉: Equivalent normal stress in 1-direction 
〈𝜎22〉: Equivalent normal stress in 2-direction 

𝛾12: In-plane shear strain 

𝛾0
𝑓
: Effective fiber strain at damage initiation 
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𝛾0
𝑚: Effective matrix strain at damage initiation 

𝛾𝑓: Effective fiber strain at final failure 

𝛾𝑓
𝑓
: Effective fiber strain at full fiber degradation 

𝛾𝑓
𝑚: Effective fiber strain at full matrix degradation. 

𝛾𝑚: Effective matrix strain 

휀11: Strain in 1-direction 

휀22: Strain in 2-direction 

휁𝑚: Effective stress 

𝜈12: Major Poisson’s ratio 

𝜈21: Minor Poisson’s ratio 

𝜍0: Effective stress in the matrix or fiber at failure initiation 

𝜎22𝑦: Linear elastic limit for stress in 2-direction 

𝜆: Critical buckling load or Eigenvalue 

𝛼: Winding angle 

𝜌: Radius of curvature 

___________________________________________________________________________________ 

1. Introduction 

Cylindrical composite tubes have numerous applications in space, aeronautical and marine 

structures [1], mainly due to their ability to carry high levels of axial and/or transverse compressive 

loads, where most of the structure is loaded in a membrane state [2]. From a design point of view, local 

or global instability due to pressure, axial or radial loads often represents the limiting load condition 

[3].  

Specific properties can be further exploited if operation is extended to the post-buckling range, 

i.e. when the structure is able to support a portion of the load after buckling. However, prediction of 

buckling in thin-walled composite structures is very complex and not yet fully understood, being 

strongly dependent on factors such as stacking sequence [4], wall thickness, boundary conditions, 

geometrical parameters or manufacturing imperfections [5]. Some scientific contributions can be found 

in this area. For instance, Tafreshi [6] developed a numerical model to predict buckling and post-

buckling of imperfect composite cylinders under external pressure and axial compression. White et al. 

[7] performed post-buckling analysis of variable-stiffness cylindrical tubes under axial compression 

through linear and non-linear analysis, where the latter predicted better the final postbuckled behavior. 

Harte and Fleck [8] studied braided composite tubes under axial compression and torsion and 
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successfully predicted different failure modes using models. Namdar and Darendeliler [9] performed 

buckling, post-buckling and progressive failure analysis (PFA) in composite plates under compression. 

Powerful numerical models have been developed to partially replace expensive experimental 

campaigns [10]. A robust computational tool based on analytical and/or numerical models may predict 

linear or non-linear buckling response of composite tubes. In the case of linear analysis, stability of a 

structure is determined by calculating its critical buckling load, i.e. a perturbation of the strain state that 

does not disturb the equilibrium between external and internal forces. This critical load is usually an 

Eigenvalue, and the buckling mode is determined through the respective eigenvectors [11]. On the 

other hand, nonlinear analysis can account for post-buckling, complementing the linear analysis. 

Geometrically nonlinear stability problems may either involve buckling or collapse behavior, 

since the mechanical response (load vs. displacement) has negative stiffness and the structure must 

release strain energy to remain in equilibrium [12]. Riks method [13] considers load magnitudes as 

additional unknowns, solving simultaneously for loads and displacements by using Newton’s iteration 

method. Crisfield [14] modified Riks’ approach developing another non-linear constitutive model to 

predict post-buckling behavior based on the arc-length method, which is an incremental approach to the 

solution of buckling and snap-through problems. Almeida Júnior et al. [15] followed those steps, 

combining suitable increment size with refined load increment to explore the buckling behavior of 

carbon/epoxy filament wound (FW) composite tubes under external pressure and under radial 

compression [16], reaching a deviation lower than 9% between numerical predictions and experimental 

results. Similarly, Bisagni [17] performed a numerical study based on finite element (FE) method for 

thin-walled carbon/epoxy composite tubes [0/45/−45/0] under axial compression and found a buckling 

load of 248 kN and 251 kN for linear and nonlinear (Riks method) analysis, respectively. 

Considering that carbon/epoxy composite tubes are very stiff, they may fail either by buckling 

or material failure, depending upon the geometric characteristics. A buckling model, which addresses 
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stability predictions, and a material model, that predicts initiation and propagation of damage, may be 

complementary, providing a more complete understanding of composite tubes behavior under 

compression loads. However, there are only a few reports in the literature correlating progressive 

failure with linear and nonlinear buckling behavior of tubes under axial compression, which is also 

related to the difficulty in conducting such tests. Besides, most studies present limited validation. 

In this context, the main focus of this study is to assess the mechanical response of 

carbon/epoxy filament wound tubes subjected to axial compression by means of analytical, numerical, 

linear and non-linear, and experimental analyses. [±𝛼] and multilayered cylindrical tubes are studied. 

Extra goals are to assess the influence of the hoop layer position in multilayered tubes and to evaluate 

progressive damage of the tubes. 

 

2. Experimental analysis 

Towpregs from TCR Composites based on Toray T700-12K-50C carbon fiber and UF3369 

epoxy resin system were used. Filament winding was carried out using a KUKA robot KR 140 L100 

and a 1020 stainless steel cylindrical mandrel (diameter: 136 mm). After winding, the system is cured 

in an oven with air circulation at 105 °C for 24 h. Considering that failure by crushing was not the 

scope of the current investigation, four hoop layers (131 mm long and 1.84 mm thick) were wound at 

the ends of the cylinders (see Figure 1) to prevent crushing of the edges of the specimens. 

The characteristics of the composite tubes are presented in Table 1, along with stacking 

sequence and pattern number for each laminate. The FW mosaic pattern was different for each winding 

layer in order to increase the resistance to crack propagation along the thickness direction, but all 

patterns kept a degree of covering of 100%. The turnaround zones were cut off from the tubes. 
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Figure 1. Winding of the hoop reinforcement at the specimen ends. 

 

Table 1. Studied stacking sequences and geometrical characteristics of each cylinder. 

Stacking sequence 
Mean thickness 

(mm) 

Outer radius* 

(mm) 
𝑅

𝑡⁄  ratio Pattern number 

[±55]FW 0.56 68.56 121 −4/1 

[±75]FW 0.54 68.54 126 1/1 

[±89.6]FW 0.46 68.46 148 1/1 

[±89.6/±55/±75]FW 

1.56 69.56 44 

1/1 > −4/1 > 1/1 

[±55/±89.6/±75]FW −4/1 > 1/1 > 1/1 

[±75/±55/±89.6]FW 1/1 > −4/1 > 1/1 

*measured in the gage section. 

 

The axial (longitudinal) compressive loading of the tubes was performed in an Instron 

Universal machine model 3382 at a crosshead speed of 2 mm/min. Four samples (free of burrs and 

jagged edges) of each family were tested. To evaluate deformation of the structure throughout the test, 

two strain gages were bonded in the mid-length of the specimen, at 0° (axial) and 90° (hoop) directions. 

Failure of the cylinders was analyzed with the aid of a Dino-Lite digital microscope. 

 

2.1 Experimental results 

The results of the axial compression tests of the composite tubes are presented in Figure 2. The 

average buckling loads for the [±55]FW, [±75]FW and [±89.6]FW cylinders were 18.2 kN, 17.1 kN and 
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14.4 kN, respectively. And the comparatively lower axial stiffness of the [±89.6]FW tube is a direct 

consequence of the low stiffness along cylinder axis. Nonlinearities are early seen in all [±𝛼]FW tubes, 

followed by final failure without further considerable changes in stiffness. 

 
Figure 2. Representative load vs. displacement experimental curves for the [±α]FW (a) and multi-layer 

(b) cylindrical tubes. 

 

A change in rigidity of the [±55]FW shell is observed at ≈3.5 kN load and ≈0.8 mm displacement 

(see filled black square named 𝐾1), where the structure becomes stiffer. The same trend is observed for 

the other two specimens in Figure 2a. For the [±75]FW specimen, the bifurcation point (𝐾2) occurs at 

≈7.4 kN and ≈1.6 mm. The curves for [±55]FW and [±75]FW tubes are bi-linear, and after the bifurcation 

point, they become stiffer and able to support the applied load, i.e. a typical response of a cylindrical 

shell case. For the [±89.6]FW tube, a bifurcation point (𝐾3) was also identified at ≈2.4 kN and ≈1.1 mm, 

and it also becomes stiffer after that. 

The primary equilibrium path of the tubes corresponds to axisymmetric deformation in which 

an elastic-plastic buckle develops along the specimen, but mainly near the ends of the shells as 

observed during the tests. For thinner tubes presented in Figure 2a, at the 𝐾𝑛 points, a singular change 

in stiffness takes place, when bifurcation of equilibrium states initiates. In that case, the shell jumps to a 

new state of equilibrium, where the axial shortening remains constant and the new state of equilibrium 
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is very rapidly formed, with elastic strains and shallow buckles as verified during the tests [18,19]. 

Based on classic literature, the point on the primary path at which the stability determinant first equals 

zero (non-uniqueness of equilibrium) is the bifurcation point (nonlinear buckling load). At these 

bifurcation points, the non-axisymmetric component of the total deformation has infinitesimal 

amplitude and its shape is the eigenvector. After the post-bifurcation, the equilibrium path would only 

be predicted numerically by a new nonlinear analysis [7,10]. 

The experimental mean maximum loads supported for the [±75/±55/±89.6]FW, 

[±89.6/±55/±75]FW, and [±55/±89.6/±75]FW tubes are 127.6 kN, 121.6 kN, 107.5 kN, respectively. The 

load vs. displacement curves for these thicker tubes (shown in Figure 2b) do not characterize buckling, 

since they are linear up to final rupture, indicating material failure. The governing phenomena for these 

thicker tubes (Figure 2b) are similar to those for thinner ones. However, the bifurcation points are the 

maximum load-carrying points, given the linearity of the end shortening response followed by an 

abrupt drop of load. Similarly to the thin tubes, non-axisymmetric buckles occur before axisymmetric 

collapse. The buckled areas are small because of the low “effective” axial bending stiffness of the shell 

wall [18]. 

As shown in Figure 3, axial and circumferential strain measurements were carried out using 

strain gages. Stress (𝜎 = 𝐹
2𝜋𝑅𝑡⁄ ) is reported instead of load to take into account the variable wall 

thickness. All tubes compress in the axial direction and stretch in the hoop direction, as expected. The 

nonlinear behavior of the [±𝛼]FW tubes can indicate buckling and post-buckling and/or material 

damage, but similar observation may not be made for the [±𝛼/±𝜃/±𝜑]FW tubes, which present a more 

linear behavior. However, those phenomena can only be confirmed through analytical or numerical 

analyses. A non-linear buckling model can provide reasonable predictions, but cannot identify failure 

modes, or how they affect structural behavior. That is in fact a motivation for using a material 
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degradation model. For instance, a progressive damage model can identify material failure along the 

loading history. 

Figure 3. Experimental stress vs. strain curves for the [±α]FW (a) and multi-layer (b) cylindrical tubes 

(filled symbols: axial; hollow symbols: circumferential). 

 

Global (Figure 2) and local (Figure 3) approaches yield complementary results. The local 

measurements also show that bending may occur on thin specimens (see Figure 3a – filled symbols), 

given the nature of the test set-up [19]. This is observed only for thinner, less stable, tubes. Such small 

strain variations may only be detected with strain gages. The bifurcation points can also be seen in the 

local analysis (see Figure 3a), followed by stiffening of the curve and subsequent final failure. 

However, these could only be confirmed by using analytical or numerical analyses or more elaborated 

experimental tehniques. 

 Macro cracks propagated mostly along the winding direction in all tubes (Figure 4). The cracks 

perpendicular to the fiber direction were inhibited by the fibers, and crushing was not seen in any 

specimen. In the [±𝛼]FW and the [±75/±55/±89.6]FW tubes, kink-bands were noticed near the failed area 

and fracture analysis mainly shows delaminations and transverse shear failure. For [±55]FW, transverse 

shear failure and kink-bands are noticed (Figures 4a and 5a), and for [±75]FW, kink bands and through-

the-thickness cracks are observed at the top of the gage section (Figure 4b and 5b). Kink bands initiate 

due to misaligned fibers subjected to buckling load, and they undergo rotation within a band, which 



10 
 

results in high shear stresses in the matrix, local yielding and subsequent fiber rotation [3,20]. Failure 

of the [±89.6]FW specimen was dominated by brooming near the middle of the tube (Figure 4c). For 

multilayer-wall tubes, in-plane and transverse shear failures and delaminations are shown in Figures 

4d-f and 5d-f, and only the [±89.6/±55/±75]FW tube showed some kink bands. Some fiber bridging and 

fiber pullout, characteristic of failed composite shells under pure axial compression, were found in 

Figures 5e-f. It is important to highlight that only for [±𝛼]FW tubes, buckled regions (local buckling) 

were observed along the gage section (Figure 4a-c). 

 

Figure 4. Photographs of fractured specimens: [±55]FW (a), [±75]FW (b), [±89.6]FW (c), 

[±89.6/±55/±75]FW (d), [±55/±89.6/±75]FW (e), and [±75/±55/±89.6]FW (f). 

 

Some works in the literature can support these findings. According to Weaver [21], a tubular 

composite specimen loaded in axial compression, sufficiently long and thin, firstly fails by elastic 

buckling. The buckling load should increase if the diameter of the tube is increased and the wall 

thickness correspondingly reduces. Nevertheless, there is a limit to how much the load-bearing capacity 

can be increased; which is determined by the onset of local buckling or by material failure. As a 

consequence, three failure modes are possible: global and local buckling and material failure. 

Additionally, according to Orefice et al. [22], who studied composite annular tubes loaded in tension, 

failure might also occur in the presence of interfacial damage. 
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Figure 5. Digital micrographs of the following specimens: [±55]FW (a), [±75]FW (b), [±89.6]FW (c), 

[±89.6/±55/±75]FW (d), [±55/±89.6/±75]FW (e), and [±75/±55/±89.6]FW (f). 

 

3. Buckling models 

3.1 Analytical model 

Buckling behavior of the tubes was first analyzed through an analytical model implemented in 

MatLab R2012a platform, which takes into account the winding architecture, with angle-ply layers, as 

depicts Figure 6, similarly to the modeling approach carried out by Herna´ndez-Moreno et al. [23]. 

Each ply is composed of two balanced laminas, oriented at –𝛼 and +𝛼. 

A suitable procedure to predict buckling behavior of orthotropic cylindrical tubes was derived 

by Jones [24] and later modified by Perry et al. [25]. The expressions are obtained for the variation in 

stresses during buckling in the 𝑘𝑡ℎ layer of a multilayered shell, which are integrated over the shell to 

obtain variations in forces and moments. These variations are then replaced in Donnell-type stability 

differential equations and solved to yield a closed-form stability criterion in terms of geometric and 
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material properties of the cylindrical shell. Perry et al. [25] derived a classical solution for multi-

layered orthotropic shells where both force and moment resultants from Classical Laminate Theory 

were inserted including stability differential equations for cylindrical shells under combined axial 

compression (𝑁𝑥) and lateral pressure (𝑁𝑦) (Eqs. 1-4). 

 

Figure 6. Macrostructure of the composite cylinder (a) detailing the stacking sequence configuration 

(b), unit cell components decomposition (c) and force equilibrium acting on the shell (d). 

 

[
𝑁
𝑀

] = [
𝐴 𝐵
𝐵 𝐷

] [
휀
𝜅

]      (1) 

𝛿𝑁𝑥,𝑥 + 𝛿𝑁𝑥𝑦,𝑦 = 0      (2) 

𝛿𝑁𝑥𝑦,𝑥 + 𝛿𝑁𝑦,𝑦 = 0      (3) 

𝛿𝑁𝑦

𝑅
− 𝛿𝑀𝑥,𝑥𝑥 + 𝛿𝑀𝑥𝑦,𝑥𝑦 − 𝛿𝑀𝑥𝑦,𝑥𝑦 − 𝛿𝑀𝑦,𝑦𝑦 + 𝛿�̅�𝑥𝑤,𝑥𝑥 + 𝛿�̅�𝑥𝑦𝑤,𝑦𝑦 = 0      (4) 

where 𝐴𝑖𝑗, 𝐵𝑖𝑗 and 𝐷𝑖𝑗 elements are summations from the lamina stiffness matrix, which are previously 

calculated, and 𝑁𝑦 and 𝑁𝑥 are force resultants for �̅�𝑦 and �̅�𝑥 applied forces, respectively. 

The resulting equations are then solved by applying the following buckling displacement 

functions, which satisfy the boundary conditions (BCs) set in the present study. Although the 
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experiments do not strictly follow a clamped-free condition idealized in the analytical model, they were 

used for comparison purposes. This way, from Eq. 4, the following assumptions can be made:  

𝛿𝑁𝑥 = 𝑣 = 𝑤 = 𝛿𝑀𝑥 = 0     (5) 

where: 

𝑣 = ∑ ∑ �̅�𝑚𝑛
∞
𝑛=1

∞
𝑚=1 sin (

𝑚𝜋𝑥

𝐿
) sin (

𝑛𝑦

𝑅
)     (6) 

𝑤 = ∑ ∑ �̅�𝑚𝑛 sin (
𝑚𝜋𝑥

𝐿
)∞

𝑛=1
∞
𝑚=1 cos (

𝑛𝑦

𝑅
)     (7) 

and the axial displacement can be obtained from: 

𝑢 = ∑ ∑ �̅�𝑚𝑛 cos (
𝑚𝜋𝑥

𝐿
)∞

𝑛=1
∞
𝑚=1 cos (

𝑛𝑦

𝑅
)     (8) 

where �̅�𝑚𝑛, �̅�𝑚𝑛 and �̅�𝑚𝑛 are the buckling displacement amplitude coefficients. Jones [24] treated 

these displacement functions independently as pure modes for a particular 𝑚 (longitudinal buckle half 

waves) and 𝑛 (circumferential buckle waves), removing the summation signs and ignoring coupled 

mode shapes. 

Once at buckling, the displacements are arbitrary, and a non-trivial solution requires the 

determinant of the resulting typical equation to be zero [24]. The following derived solution for a 

clamped-free composite cylinder is given by: 

𝜆 =
1

𝑘1(
𝑛

𝑅
)

2
+𝑘2(

𝑚𝜋

𝐿
)

2 −

|

𝐹11 𝐹12 𝐹16
𝐹21 𝐹22 𝐹26
𝐹61 𝐹62 𝐹66

|

|
𝐹11 𝐹12
𝐹21 𝐹22

|
      (9) 

where, 

�̅�𝑦 = 𝑘1𝜆   and   �̅�𝑥 = 𝑘2𝜆   (10) 

𝐹11 = 𝐴11 (
𝑚𝜋

𝐿
)

2

+ 𝐴66 (
𝑛

𝑅
)

2

      (11) 

𝐹12 = 𝐹21 = (𝐴12 + 𝐴66) (
𝑚𝜋

𝐿
) (

𝑛

𝑅
)         (12) 

𝐹16 = 𝐹61 =
𝐴12

𝑅

𝑚𝜋

𝐿
+ 𝐵11 (

𝑚𝜋

𝐿
)

3

(
𝑛

𝑅
)

2

          (13) 
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𝐹22 = 𝐴22 (
𝑛

𝑅
)

2

+ 𝐴66 (
𝑚𝜋

𝐿
)

2

      (14) 

𝐹26 = 𝐹62 = 𝐴22 (
𝑛

𝑅2) + (𝐵12 + 2𝐵66) (
𝑚𝜋

𝐿
)

2

(
𝑛

𝑅
) + 𝐵22 (

𝑛

𝑅
)

3

   (15) 

𝐹66 = 𝐷11 (
𝑚𝜋

𝐿
)

4

+ 2(𝐷12 + 2𝐷66) (
𝑚𝜋

𝐿
)

2

(
𝑛

𝑅
)

2

+ 𝐷22 (
𝑛

𝑅
)

4

+
𝐴22

𝑅2
+

2𝐵22

𝑅
(

𝑛

𝑅
)

2

+
2𝐵12

𝑅
(

𝑚𝜋

𝐿
)

2

(16) 

The buckling load for a cylinder under axial compression is obtained from Eq. 9, where 𝑘1 is 

kept null, and hence, �̅�𝑦 is equal to zero, neglecting the effect of lateral pressure, and solving only �̅�𝑥. 

Analogously, if the problem demands the buckling load for the shell under lateral pressure, �̅�𝑥 should 

be equal to zero, and then �̅�𝑦 is solved. A combination of them would also be possible in case of a 

cylinder under combined axial compression and lateral pressure. Since this solution is based on CLT, 

which is based on thin-shell theory, the results are valid for cylinders with R/t ratio > 20/1. Thicker 

tubes would require a higher order theory for comprehensive results. 

 

3.2 Numerical models 

 All numerical models herein presented were built up in Abaqus™ 6.14 FE package by using a 

S4R 4-node, quadrilateral, stress/displacement shell element using Equivalent Single Layer formulation 

with reduced integration, hourglass control and large-strain formulation. The material properties of the 

carbon/epoxy laminates used as input in the numerical models were experimentally measured and can 

be found in a previous work of the group [26]. 

 

3.2.1 Linear Eigenvalue analysis 

 The linear buckling FE model is based on Eigenvalue analysis, which demands low 

computational time and yields the theoretical buckling strength (bifurcation point) of a structure as 

output to be used in a more accurate non-linear analysis. In a linear buckling analysis, deflections must 

be small, and the stress state in the finite elements has to remain elastic, the distribution of internal 
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forces remains constant and the resulting force effect is not included in the differential stiffness [17]. 

The problem is addressed by including the effect of the differential stiffness into the linear stiffness 

matrix. The differential stiffness is a function of element type, geometry and applied loads. 

Mathematically, linear buckling analysis requires the solution of an eigenvalue problem, as shows Eq. 

17. In such case, the eigenvector {𝚽} represents the buckling mode shapes and the associated 

eigenvalues (𝜆) indicate the multiple of the linear stiffness matrix necessary to make singular the 

equation, causing buckling. 

([𝐾] + 𝜆[𝐾𝑑]){𝚽} = {0}     (17) 

The BCs are the same used in the analytical model (see Figure 7a). A mesh sensitivity analysis 

is preliminary performed, since an eigenvalue analysis is highly dependent on the mesh density [27]. 

As will be seen later, critical buckling load results converged well for a mesh with 108 × 45 elements 

(in axial and hoop directions, respectively), and this mesh (Figure 7a) is also applied to the non-linear 

and damage models. 

 

Figure 7. Illustration of the linear Eigenvalue model (a); assembly of the non-linear buckling model 

with boundary conditions (b); and typical mesh (c). 

 

3.2.2 Nonlinear buckling analysis 
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 The buckling behavior of the tubes has also been analyzed employing the modified Riks method 

[13,14]. The computation of nonlinear equilibrium paths, with continuation through limit points and 

bifurcation points, is defined by nodal variables and the loading. The procedure is applied in 

combination with the modified Newton-Raphson method in both its original and accelerated forms. The 

resulting technique not only permits limit points to be overcome, but also improves convergence 

characteristics of unconstrained iterative procedures. Considering that most structures have a path-

dependence response, it becomes essential to control the increment size. The critical load is determined 

by increasing the load to reach the limit point at which the load-displacement curve reaches a 

maximum. A fine load increment is applied near the limit point, and the automatic load stepping and 

bisection functions are activated [27]. 

The same mesh used for the Eigenvalue analysis was herein used. However, for a realistic 

simulation, the steel-based compression plates have been also included (Figure 7b) in the model (which 

is not allowed in the linear Eigenvalue analysis). Initial simulations involving loss of contact for 

determining post-buckling behavior of the tubes were not successful. Thus, both compressive plates 

were modeled using linear quadrilateral elements of R3D4 type (Figure 7c). The cylindrical shell was 

submitted to an axial compressive load by contact with the compression plates, which were simulated 

as rigid bodies, and where the boundary conditions (BC) were imposed. A node-to-surface contact 

algorithm was used to model plate-tube interaction by using small sliding formulation with a friction 

coefficient of 0.01 between the plates and the composite specimen. 

All translations and rotations of the lower plate were restricted in all directions with respect to a 

cylindrical coordinate system (𝑟, 𝜃, 𝑧), whereas displacement of the upper plate in the axial direction 

was allowed (Figure 7b). Translation of the upper plate was continuously monitored and the reaction 

force of the upper reference point was collected. 
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Two models were used for damage analyses of the tubes under axial compression, one based on 

Multi-Continuum Theory (MCT) [28,29] and another previously developed by the group and described 

in [30]. The MCT criterion [31] was used for fiber and matrix failure modeling. Degradation law is 

used to determinate damage evolution after constituent failure. For each failure mode, total energy 

dissipated (G) represents the area under the curve (effective stress vs. effective strain), given by: 

G =
1

2
𝜍0𝛾𝑓𝐿𝑒      (18) 

To predict damage evolution within the matrix, the effective stress (휁𝑚) and strain (𝛾𝑚) can be 

defined as: 

휁𝑚 = (𝜎22
2 + 𝜎12

2 )1/2      (19) 

𝛾𝑚 = (휀22
2 + 휀12

2 )1/2      (20) 

 In order to predict damage evolution within the fiber, the effective stress (휁𝑓) and strain (𝛾𝑓) are 

defined as: 

휁𝑓 = (𝜎11
2 )1/2      (21) 

𝛾𝑓 = (휀11
2 )1/2      (22) 

Damage evolution is then expressed in terms of effective strains, where fiber damage 

(0 < 𝑑𝑓 < 1) is given by: 

𝑑𝑓 =
𝛾0

𝑓
(𝛾𝑓−𝛾0

𝑓
)

𝛾𝑓(𝛾𝑓
𝑓

−𝛾0
𝑓

)
          (23) 

 Damage evolution on the matrix (0 < 𝑑𝑚 < 1) is given by: 

𝑑𝑚 =
𝛾0

𝑚(𝛾𝑚−𝛾0
𝑚)

𝛾𝑓(𝛾𝑓
𝑚−𝛾0

𝑚)
          (24) 

where 𝛾0
𝑚 and 𝛾𝑓

𝑚 are effective strain at damage initiation and at full matrix degradation, respectively. 

The damage variables in both constituents serve as stiffness reduction factors for the laminate 

elastic moduli, as follows: 
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𝐸11 = (1 − 𝑑𝑓)𝐸11
0           (25) 

𝐸22 = (1 − 𝑑𝑓)(1 − 𝑑𝑚)𝐸22
0      (26) 

𝐺12 = (1 − 𝑑𝑓)(1 − 𝑑𝑚)𝐺12
0      (27) 

where the superscript “0” refers to undamaged material properties. 

The parameters 𝑑𝑓and 𝑑𝑚 are calculated in terms of effective strain at damage initiation and at 

full degradation for fibers and matrix, respectively, but it is a complex task to identify them. 

Determination of damage initiation for fibers depends on many variables such as distance between 

fibers, variation of fiber diameter, etc., which need to be approached using statistics models. And, for 

the matrix, effective strain at damage initiation may be determined by micromechanics and using 

Fracture Mechanics for a uniaxial stress state. However, for multiaxial stress state, a 3D 

micromechanical model via FE model is required, which is out of the scope of the present manuscript. 

Thus, the parameters of MCT model were taken from the literature [28,29,31]. 

The second damage model used [30] was based on Continuum Damage Mechanics (CDM) 

where the hypothesis of effective stress links the damage variables to the stresses [32]. Thus, the 𝑑2 and 

𝑑6 parameters (shown in Table 2) are related to the degradation of homogenized orthotropic lamina. 

Therefore, d2 is related to the behavior of an orthotropic lamina in the 2-direction. Then, there is a 

direct relation between equivalent normal stress (〈𝜎22〉) and normal stress component (𝜎22) in 2-

direction by using d2. Analogously, there is a direct correlation between equivalent in-plane shear stress 

and in-plane shear stress component by using 𝑑6. In other words, it is possible to write a constitutive 

matrix for a damage homogenized ply where 𝑑2 and 𝑑6 degrades the material properties of a 

homogenized lamina. In the present work, the d2 and d6 parameters were obtained from experimental 

tests carried out by Ribeiro et al. [30,34], who observed the main failure mechanisms. These authors 

reported that when the curve 𝜎22 vs. 휀22 was obtained for tension, fiber failure was not verified, and 

that when the curve 𝜎12 vs. 𝛾12 was obtained for tension, again fiber failure was not verified. Thus, in 
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this model, the homogenized orthotropic lamina was assumed to have matrix damage under 𝜎22 

combined or not to 𝜎12. For compression in directions 1 and 2, Ribeiro et al. [30,34] found non-linear 

behavior, which was simulated using non-linear equations that interpolated the stress-strain curves. It is 

important to highlight that considering this model with the Finite Element Analyses, if a modification 

in 𝑑2 and/or 𝑑6 is detected, it indicates matrix failure. This damage model has been successfully 

applied for carbon/epoxy filament wound composite tubes considering different load cases, such as 

under hydrostatic external pressure [15], under internal pressure [33] under radial compression [16], 

and for flat laminates under 3-point bending [34]. In Table 2, ℎ(휀11) is obtained from the fitting of 

stress-strain plots for 0° specimens under compressive loading, where 𝑓 is shown in Eq. 28. Besides, it 

is shown that 𝑑2 and 𝑑6 are written in terms of the functions 𝐴, 𝐵, 𝐶 and 𝐷, that depend on 𝜃 (the 

winding angle α for the ply), as shown in details in [30,34]. 

𝑓 = √𝜎22
2 + 𝜎12

2 − (−𝑆12𝑦
+

2𝑆12𝑦

1+(
|𝜎22|

𝜎220
⁄ )

3)    (28) 

This damage model was implemented as a user material subroutine (UMAT) in Fortran 

programming language, which is then linked to the FE Abaqus™ package. First, UMAT identifies the 

state variables and strain tensor, then the Jacobian matrix (∂𝜎
∂휀⁄ ) is calculated and the stress state is 

predicted. If failure occurs, the damage variables are updated, as well as the state variables, which 

proceed to the next step in order to update the stress tensor. If failure does not occur, prediction of 

stress state is considered valid. The characteristics of the FE model that accounts for damage are the 

same described in Figure 7b-c. 

 

Table 2. Summary of failure criteria and degradation laws for the damage model. 

Loading type Failure criteria Degradation law 

𝜎11 > 0 
𝜎11

𝑋𝑡
≤ 1 𝐸11 = 0 
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𝜎11 < 0 
|𝜎11|

𝑋𝐶0
≤ 1 𝐸11 =

𝑋𝐶0

|휀11|
(1 − ℎ(휀11)) + ℎ(휀11)𝐸110

 

𝜎22 > 0; 𝜎12 ≠ 0 𝑓 > 0 𝑑2 = 𝐴(𝜃)𝑌2 + 𝐵(𝜃) 

𝜎22 <; 𝜎12 ≠ 0 𝑓 > 0 𝐸22 =
𝜎22𝑦

|휀22|
(1 − 𝑓(휀22)) + 𝑓(휀22)𝐸220

 

𝜎22 > 0; 𝜎12 ≠ 0 𝑓 > 0 𝑑6 = 𝐶(𝜃)𝑌6 + 𝐷(𝜃) 

 

3.3 Numerical results 

Figure 8 presents the mesh sensitivity analysis for the angle-ply [±55]FW composite tube, where 

only the first Eigenvalue is considered. Critical buckling load is very sensitive to mesh density since 

buckling is a local phenomenon and may happen suddenly at any point of the structure. Critical 

buckling load converged well for all composites for meshes with a minimum resolution of 108 × 45 

elements. The overall results for the selected mesh are presented in Table 3, along with the analytical 

predictions of critical buckling load and buckling modes (𝑚 and 𝑛). For [±α]FW tubes, the analytical 

and numerical predictions were very close, with differences within 1.3-4.0%, and for multi-layered 

tubes, they were within 1.9-6.1%. The predicted analytical and linear numerical eigenvalues were also 

very close, and their difference in relation to the experimental results was lower for [±α]FW tubes than 

for multi-layered ones. This is an indication that, above the critical buckling load, the specimens reach 

post-buckling field, where neither analytical nor linear buckling predict the behavior of the structure. 

The analytical predictions of buckling loads for [±89.6/±55/±75]FW and [±75/±55/±89.6]FW 

were similar. Contrarily, the numerical predictions were sensitive to layer positioning, and the structure 

behaved better with an outermost hoop layer. Therefore, a hoop layer positioned between the helical 

ones improves the critical load for both analytical and numerical models, although the difference is not 

that relevant. However, the experiments showed a more pronounced influence of the hoop layer 

positioning on the maximum supported load. 
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Figure 8. Mesh sensitivity for the [±55]FW. 

 

 Table 3 also shows that the predicted numbers of lobes in both axial and circumferential 

directions for analytical and numerical predictions are similar. For better visualization of the buckling 

shapes, the numerical Eigenvectors (only first Eigenvector and Eigenvalue are considered – related to 

Figure 9 and Table 3) are shown in Figure 9. The Eigenvectors for multi-layered cylinders (Figures 9d-

f) are not representative since these thicker tubes showed material failure (transverse shear) in the 

experiments. 

 

Table 3. Analytical and numerical critical buckling loads obtained from linear analysis. 

Stacking sequence 
Buckling load (kN) m n 

Analyt. Num. Exp. Analyt. Num. Analyt. Num. 

[±55]FW 18.06 18.30 18.23 ± 1.80 7 7 5 5 

[±75]FW 16.39 17.05 17.14 ± 2.10 6 5 8 8 

[±89.6]FW 14.01 14.40 14.17 ± 2.23 6 6 7 7 

[±89.6/±55/±75]FW 100.39 105.06 121.61 ± 2.44 9 10 5 5 

[±55/±89.6/±75]FW 104.82 106.83 107.47 ± 2.75 8 8 5 5 

[±75/±55/±89.6]FW 100.39 106.48 127.59 ± 2.69 9 9 5 5 

 

Figure 10 shows the load vs. displacement curves related to the nonlinear buckling analyses. All 

multi-layered tubes present linear load increase followed by brittle and complete failure after the 

maximum load. Nonlinearities are seen in all thin samples, where these curves (Figure 10a-c) present a 
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bifurcation point along the load history. When the displacement of the tube evolves up to the 

equilibrium state, the gradient of the equilibrium path becomes positive, and then the structure has the 

ability to keep supporting load.  

 

Figure 9. Buckling shapes of the tubes: [±55]FW (a), [±75]FW (b), [±89.6]FW (c), [±89.6/±55/±75]FW (d), 

[±55/±89.6/±75]FW (e), and [±75/±55/±89.6]FW (f). Deformation scale factor: 10×. 

 

For the [±α]FW tubes, maximum buckling load decreases for higher winding angles. And for the 

multi-layer tubes, the specimen with the outermost hoop layer supports the highest compressive load. 

This was not predicted by the MCT damage model only. The curve profiles for the multi-layered 

cylinders (Figure 10d-f) are generally linear up to rupture, and compressive strength of these tubes is 

strongly dependent on the stacking sequence, i.e. hoop layers are important for stability even for 

composite tubes under pure axial load. In general, the nonlinear results were in agreement with the 

Eigenvalue analysis, since the [±55]FW supports the highest load amongst [±α]FW specimens. 

Analyzing nonlinear buckling results, the curves present two main shapes. In Figures 10a,b,d, 

there is a continuation of the arc-length beyond the critical point, since it is desirable to extend the 

computation of the basic equilibrium path beyond critical states. This incremental method is sensitive 

to a bifurcation point where the Jacobian matrix becomes singular. If during the equilibrium path being 

computed a successive number of possible solutions around the bifurcation point can be avoided, 

finding this path becomes feasible [35]. Indeed, it is clear that [±55]FW, [±75]FW and [±89.6/±55/±75]FW 

present a snap-through behavior, characterizing the load-displacement mode. Similar results were 
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found by Tsai and Palazotto [36] and Bisagni [27], who also employed a modified Riks algorithm and 

the Newton-Raphson method to predict post-buckling. 

 

Figure 10. Load vs. axial displacement curves for the composite tubes: [±55]FW (a), [±75]FW (b), 

[±89.6]FW (c), [±89.6/±55/±75]FW (d), [±55/±89.6/±75]FW (e), and [±75/±55/±89.6]FW (f). 

 

The other curves (Figure 10c,e,f) displayed a distinct behavior, without an equilibrium path 

after the bifurcation point, since convergence was found as the next point where the stiffness matrix is 
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almost fully degraded. Such behavior is also possible according to Riks [35], who characterizes this 

phenomenon as “continuation onto a branch”, i.e. computation of a branch of a bifurcation point, which 

is previously determined. Bisagni [27] found a similar curve profile for cylindrical tubes under axial 

compression. Besides, Kyriakides et al. [37] attributed a snap-though behavior for CFRPs under axial 

compression to kink bands formation, which is very similar to the curves in Figure 10a,b,d. 

Furthermore, predictions from the damage model were very accurate compared to the 

experiments. For thinner tubes (Figure 10a,b,c), slight changes in stiffness occurred, near those found 

on experiments, along with bifurcation points. The changes in the stiffness matrix, attributed to local 

damaged areas, may be monitored by the damage indexes (d1, d2 and d6). At those loading levels, local 

damage by transverse compression and in-plane shear occurred. Thicker tubes (Figure 10c,d,f) failed 

by material failure, without local buckling. 

In general, the predictions from the MCT damage model generated linear curves up to final 

failure, and no local damage was found in any specimen. This indicates that, with the parameters used 

in the FE analyses, this model was not suitable for analyzing buckling and post-buckling. For 

comparison, the final post-buckled shape of the tubes with the linear buckling analysis is shown in 

Figure 11. It is clear that buckling loads of the specimens are strongly dependent on the stacking 

sequence. The actual final shape is somehow similar to those presented in Figure 11, although greater 

displacements and nonlinearities along the tests are noticed, as expected due to the nature of the 

nonlinear buckling approach. Buckling loads for the multi-layered tubes were, in general, around 6 

times higher than those for the [±𝛼]FW ones. The thicker tubes change from the undeformed 

configuration just before ultimate failure load into a shape with a high number of small circumferential 

waves, characterizing high buckling modes, as discussed before. In addition, since thicker tubes failed 

by material failure, their post-buckling shapes (not shown here) are not representative. 
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In case of buckling of tubes under uniaxial compressive load, the wall of the shell undergoes 

bending, which means that the inner wall is under compression and the outer wall is under tension. For 

composite tubes in which the outer layers have fibers oriented in the loading direction, a compressive 

failure typically occurs because compressive strength is lower than tensile strength. In parallel, 

considering that the buckling modes were relatively high for these specimens (see Table 3), an 

inversion of bending moment takes place, mainly due to “rebounding” caused by structural instabilities 

and the significant effect of transverse shear. This helps justifying the increase in buckling strength 

when the hoop layer is positioned as the innermost layer. 

 

Figure 11. Post-buckling deformed shapes of the tubes: [±55]FW (a), [±75]FW (b), and [±89.6]FW (c). 

 

4. Discussion 

 The buckling resistance for all approaches was normalized and shown in Figure 12. The 

[±55]FW tube is slighter stiffer than the [±75]FW, and both are more buckling resistant than the 

[±89.6]FW. The difference in strength is lower than that of the maximum load due to their distinct 

thicknesses. Among the multi-wall tubes, variation in compressive strength is similar since only the 

stacking sequence changes. Taking into account that the hoop layer is more susceptible to buckling, 

when that is the outermost layer, it starts damaging one step further than the other two tubes, and the 

helical layers keep supporting the applied load, as suggests the model. Combining the predictions from 

nonlinear buckling and damage model with fractography, the final failure occurred between the +75° 

and −75° layers, i.e. last-ply failure (LPF) approach is suitable for the evaluation of these structures. 
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The analytical model, which is very fast and relatively straightforward, provided good 

predictions for [±α]FW specimens. Nevertheless, the nonlinear buckling and authors’ damage models 

(prog_damage_authors) provided excellent results compared to experimental observations, especially 

for thinner tubes. The MCT damage model (prog_damage_mct) did not provide good predictions 

mainly because it neglects damage by in-plane shear and also due to a non-proper calibration of the 

energy dissipation factor (G), which was estimated based on theoretical analysis. Besides, the strain 

measurements 𝑑𝑓 and 𝑑𝑚 are not easily determined via experimental analyses, requiring numerical 

models or the use of available literature data. 

 
Figure 12. Compressive strength for all cylinders from analytical, numerical and experimental 

approaches. 

 

Regarding failure mode of the [±𝛼]FW tubes, a combination of progressive failure followed by 

local buckling was observed, and the process was initiated by matrix cracking followed by transverse 

shearing. Shear stress was noticed to increase faster in the hoop direction. In both nonlinear buckling 

and authors’ damage model, transverse compression was also evident. In fact, with the damage model, 

it was possible to verify a faster evolution of 𝑑2 and 𝑑6 that are related to normal stress in 2-direction 

and in-plane shear stress. 
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 For multi-layered tubes, the developed damage model provided the best predictions. The major 

failure occurs at the specimen’s top end, and all of them presented extensive matrix deformation and 

fragmentation, seen in both model and experiments. Fiber microfracture in specific buckled zones that 

progressed through the cylinder was also observed in this mode (see Figures 4 and 5). And through-the-

thickness kinking-bands were seen for the [±75/±55/±89.6]FW sample. 

The stress states on the failed area just prior to final failure as predicted via progressive damage 

models are presented in Table 4. The MCT model predicted the highest maximum loads for single-wall 

cylinders. Stress levels in the MCT model are higher than the authors’ model. The former uses 

maximum strength limits to obtain failure and the latter uses maximum non-linearity limit. Therefore, 

the MCT model is assumed to present compression failure in the matrix, which increases failure load. 

For the authors’ model, low longitudinal, transverse and in-plane shear stresses confirm that the 

[±𝛼]FW tubes buckled, and the stress state also confirms that the thicker tubes failed by material failure 

transversely to the loading direction, since 𝜎22 and/or 𝜎12 stresses surpassed the strength limits. As 

mentioned earlier, the parameters related to the authors’ model were identified via experimental 

analyses carried out in previous works. However, the parameters of the MCT model were taken from 

the literature, what can partly explain the deviation in buckling loads. 

Table 4. Stress states on the failed area just prior to final failure as predicted via progressive damage 

models. 

Stacking sequence 
𝜎11 (MPa) 𝜎22 (MPa) 𝜏12 (MPa) 

_authors _mct _authors _mct _authors _mct 

[±55]FW 259.1 193.4 24.2 60.1 38.2 58.2 

[±75]FW 316.0 17.9 32.1 127.6 28.0 44.1 

[±89.6]FW 301.4 12.7 36.8 132.2 21.7 1.1 

[±89.6/±55/±75]FW 688.2 394.1 150.1 70.8 59.1 56.6 

[±55/±89.6/±75]FW 581.2 362.4 156.6 63.1 47.9 58.1 

[±75/±55/±89.6]FW 504.0 486.8 142.1 76.1 45.2 52.9 

 

In order to capture those nonlinearities found on the experimental curves, a deeper analysis of 

the results from the authors’ model indicates that local damage evaluation (Figure 13) throughout the 
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displacement history is crucial to understand the change in the stiffness matrix along the simulation, 

which causes nonlinearities for thinner tubes. Interestingly, both 𝑑2 and 𝑑6 damage indexes were 

activated near the experimental bifurcation points (𝐾1, 𝐾2 and 𝐾3) (see Figure 2), as can be seen in 

Figure 13. 

 

Figure 13. Damage parameters of the authors’ model calculated in bifurcation points of the FE 

analyses of thinner tubes. 

 

5. Conclusions 

 In this study, stability of carbon/epoxy composite tubes manufactured by filament winding 

under axial compression was theoretically and experimentally assessed. The theoretical methods used 

were: analytical, linear FE buckling model, nonlinear buckling model based on a modified arc-length 

method and progressive failure analysis based on two damage models (one developed by the authors 
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based on CDM theory and the other based on MCT theory). Composite tubes were manufactured and 

experiments were performed for comparison purposes. Six types of composite tubes were evaluated: i) 

[±𝛼]FW: [±55]FW, [±75]FW and [±89.6]FW, and ii) multi-layered: [±89.6/±55/±75]FW, [±55/±89.6/±75]FW 

and [±75/±55/±89.6]FW. 

 The [±55]FW tube was the most buckling resistant among the [±𝛼]FW laminates, whereas the 

[±75/±55/±89.6]FW had the best performance among the multi-angle tubes, i.e. the hoop layer located as 

the outermost layer delayed the damage onset. The analytical formulation and the linear FE model 

generated accurate results for [±𝛼]FW tubes. The nonlinear FE model provided good predictions for 

both [±𝛼]FW and multi-layered tubes. The [±55]FW, [±75]FW, and [±89.6/±55/±75]FW tubes presented a 

snap-though path after the peak load followed by softening and load stabilization. This was associated 

with kinking band formations and only the nonlinear buckling FE model was able to predict this 

behavior. The progressive damage model based on CDM developed by the authors provided the best 

predictions for all tubes. The predictions of geometric nonlinearities for thinner [±𝛼]FW tubes were very 

accurate compared to experimental observations. Thicker tubes presented a more linear behavior up to 

final failure. The damage model based on MCT theory did not agree with experimental results and was 

not able to predict nonlinearities. 

 In all, thinner [±𝛼]FW tubes failed by buckling, and thicker tubes failed by material failure. That 

was consistently found based on observations of stress state prior to final failure, failure mode 

(transverse compression and in-plane shear), and load vs. displacement curve shape. Experimental post-

mortem analyzes confirmed the presence of kinking bands and through-the-thickness transverse cracks. 

 

Acknowledgments 

J.H.S. Almeida Jr. is grateful to CAPES and Alexander von Humboldt-Stiftung; M.L. Ribeiro 

thanks FAPESP (project 2015/13844-8); V. Tita acknowledges CNPq (projects 401170/2014-4 and 



30 
 

310094/2015-1) and Air Force Office of Scientific Research (award number FA9550-16-1-0222); and 

S.C. Amico thanks CNPq (project 424426/2016-1). The authors are also grateful to Leonardo Silveira 

and Frederico Eggers for their assistance with samples preparation. 

 

References 

 

1. Kubiak T, Kolakowski Z, Swiniarski J, Urbaniak M, Gliszczynski A. Local buckling and post-

buckling of composite channel-section beams – Numerical and experimental investigations. Compos 

Part B Eng 2016;91:176-188. 

2. Sessa S, Serpieri R, Rosati L. A continuum theory of through–the–thickness jacketed shells for the 

elasto-plastic analysis of confined composite structures: Theory and numerical assessment. Compos 

Part B Eng 2017;113:225-242. 

3. Jia X, Chen G, Yu Y, Li G, Zhu J, Luo X, Duan C, Yang X, Hui D. Effect of geometric factor, 

winding angle and pre-crack angle on quasi-static crushing behavior of filament wound CFRP cylinder. 

Compos Part B Eng 2013;45(1):1336-1343. 

4. Hu H-T and Chen H-C. Buckling optimization of laminated truncated conical shells subjected to 

external hydrostatic compression. Compos Part B Eng 2018;135:95-109. 

5. Burgueño R, Hu N, Heeringa A, Lajnef N. Tailoring the elastic postbuckling response of thin-walled 

cylindrical composite shells under axial compression. Thin Wall Struct 2014;84:14-25. 

6. Tafreshi A. Efficient modelling of delamination buckling in composite cylindrical shells under axial 

compression. Compos Struct 2004;64(3-4):511-520. 

7. White SC, Weaver PP, Wu KC. Post-buckling analyses of variable-stiffness composite cylinders in 

axial compression. Compos Struct 2015;123:190-203. 

8. Harte A-M and Fleck NA. Deformation and failure mechanisms of braided composite tubes in 

compression and torsion Acta Mater 2000;48(6):1259-1271. 

9. Namdar O and Darendeliler. Buckling, postbuckling and progressive failure analyses of composite 

laminated plates under compressive loading. Compos Part B Eng 2017;120:143-151. 

10. Bisagni C and Cordisco P. Post-buckling and collapse experiments of stiffened composite 

cylindrical shells subjected to axial loading and torque. Compos Struct 2006;73(2):138-149. 

11. Stedile Filho P, Almeida Jr. JHS, Amico SC. Carbon/epoxy filament wound composite drive shafts 

under torsion and compression. J Compos Mater 2018;52(8):1103-1111. 

12. Tafreshi A. Delamination buckling and postbuckling in composite cylindrical shells under 

combined axial compression and external pressure. Compos Struct 2006;72(4):401-418. 

13. Riks E. An incremental approach to the solution of snapping and buckling problems. Int J Solids 

Struct 1979;15(7):529-551. 

14. Crisfield MA. A Fast incremental/iteration solution procedure that handles “snap-through”. Comput 

Struct 1981;13(1-3):55–62. 

15. Almeida Jr. JHS, Ribeiro ML, Tita V, Amico SC. Damage and failure in carbon/epoxy filament 

wound composite tubes under external pressure: Experimental and numerical approaches. Mater Des 

2016;96:431–438. 

16. Almeida Jr. JHS, Ribeiro ML, Tita V, Amico SC. Damage modeling for carbon fiber reinforced 

epoxy filament wound composite tubes under radial compression. Compos Struct 2017;160:204–210. 



31 
 

 

17. Bisagni C. Dynamic buckling of fiber composite shells under impulsive axial compression. Thin 

Wall Struct 2005;43(3):499-514. 

18. Singer J, Arbocz J, Weller T. Buckling Experiments: Experimental Methods in Buckling of Thin-

Walled Structures: Shells, Built-Up Structures, Composites and Additional Topics – Volume 2. John 

Wiley & Sons, 2002. 

19. Silvestre N. Buckling behaviour of elliptical cylindrical shells and tubes under compression. Int J 

Solid Struct 2008;45(16):4427-4447. 

20. Pimenta S, Gutkin R, Pinho S, Robinson P. A micromechanical model for kink-band formation: 

Part I experimental study and numerical modelling. Compos Sci Technol 2009;69(7-8):948–955. 

21. Weaver PM. Design of laminated composite cylindrical shells under axial compression. Compos 

Part B Eng 2000;31(8):669-679. 

22. Orefice A, Mancusi G, Feo L, Fraternali F. Cohesive interface behaviour and local shear strains in 

axially loaded composite annular tubes. Compos Struct 2017;160:1126-1135. 

23. Hernández-Moreno H, Douchin B, Collombet F, Choqueuse D, Davies P. Influence of winding 

pattern on the mechanical behavior of filament wound composite cylinders under external pressure. 

Compos Sci Technol 2008;68(3-4):1015-1024. 

24. Jones R. Buckling of circular cylindrical shells with multiple orthotropic layers and eccentric 

stiffeners. AIAA Journal 1968;6(12):2301-2305. 

25. Perry TG, Douglas CD, Gorman JJ. Analytical design procedures for buckling-dominated 

graphite/epoxy pressure hulls. SNAME Transactions 1992;100:93-115. 

26. Almeida Jr. JHS, Souza SDB, Botelho EC, S.C. Amico, Carbon fiber-reinforced epoxy filament-

wound composite laminates exposed to hygrothermal conditioning. J Mater Sci 2016;51(9):4697-4708. 

27. Bisagni C. Numerical analysis and experimental correlation of composite shell buckling and post-

buckling. Compos Part B Eng 2000;31(8):655-667. 

28. Hansen AC and Garnich MR. A multicontinuum theory for structural analysis of composite 

material systems. Compos Part B Eng 1995;5(9):1091-1103. 

29. Mayes JS and Hansen AC. Composite laminate failure analysis using multicontinuum theory. 

Compos Sci Technol 2003;64(3-4):379–394. 

30. Ribeiro ML, Tita V, Vandepitte D. A new damage model for composite laminates. Compos Struct 

2012;94 (2):635–642. 

31. Aidi B and Case SW. Experimental and numerical analysis of notched composites under tension 

loading. Appl Compos Mater 2015; 22: 837–855. 

32. Herakovich C. Mechanics of Fibrous Composites, Wiley Publisher, Vol. 1, 1998. 

33. Almeida Jr. JHS, Ribeiro ML, Tita V, Amico SC. Stacking sequence optimization in composite 

tubes under internal pressure based on genetic algorithm accounting for progressive damage. Compos 

Struct 2017;178:20–26. 

34. Ribeiro ML, Vandepitte D. Tita V. Damage model and progressive failure analyses for filament 

wound composite laminates. Appl Compos Mater 2013;20(5):975-992. 

35. Riks E. An incremental approach to the solution of snapping and buckling problems. Int J Solid 

Struct 1979;15(7):529-551. 

36. Tsai CT and Palazotto AN. A modified Riks approach to composite shell snapping using a high-

order shear deformation theory. Comput Struct 1990;35(3):221-226. 

37. Kyriakides S, Arseculeratne R, Perry EJ, Liechti KM. On the compressive failure of fiber 

reinforced composites. Int J Solids Struct 1995; 32(6-7):689-738. 


