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Abstract

In this Thesis, we discuss aspects of the simulation, characterisation, and control of the
dynamics of open quantum systems. The latter are systems governed by quantum mechanical
laws and interacting with an environment, which is typically much larger than the system
itself. According to the standard approach, one is usually able to perform a suitable average
over the environmental degrees of freedom, resulting in an effective description of the main
system dynamics, which accounts for the effects of the interaction with the surroundings.
In standard scenarios, usually studied within the so-called Born-Markov approximation,
the system-environment coupling is weak and such that we can perform a neat separation
of timescales: the environmental dynamics is assumed to be fast compared to the typical
evolution timescale of the system of interest. However, nowadays we are able to inspect
physical scenarios where the usual Born-Markov approximation breaks down: the interaction
between system and environment can be strong, likely leading to non-negligible memory
(non-Markovian) effects.

In this work, we discuss some instances in which we cannot work in the standard Born-Markov
regime. We introduce and analyse some numerical and analytical techniques to characterise
and simulate non-standard scenarios. We show that, even in the Markovian regime, the
traditional formulation of thermodynamic irreversibility shows flaws and inconsistencies. We
thus use phase-space methods to assess the role of initial correlations shared by the two parties
of a bipartite harmonic system in the entropy production rate, including non-Markovian
effects. Furthermore, we show that certain interactions enable to redraw the boundaries
between the system and the environment in an effective manner, resulting in a new picture
where the system degrees of freedom are augmented, while the residual environment is
rearranged in such a way that the Born-Markov approximation is recovered. This analytical
technique, known as reaction coordinate mapping approach, is employed in this work to
show that, upon an accurate choice of the parameter regime, a spin-boson model can serve
as a quantum analogue simulator of non-Markovian multiphoton Jaynes-Cummings models.
These systematic studies shed light on the thermodynamic characterisation of open quantum
systems, as well as on their numerical simulation.
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Chapter 1

Introduction

The traditional presentation of quantum mechanics delivers a picture in which dynamical
systems are usually regarded as perfectly isolated from their surroundings, and whose time
evolutions are governed by the Schrödinger equation — or equivalent versions thereof. Histori-
cally, this approach to the study of physical phenomena, albeit simplified, has been responsible
for unprecedented progress – both theoretical and experimental – in the understanding of
physical reality. However, it is clear that a closed system is a rather crude approximation:
more realistically, quantum systems are open, as they undergo the influence of the environment
interacting with them. According to this picture, systems governed by quantum-mechanical
laws always appear prima facie as many-body systems. This opens up a plethora of questions
regarding their characterisation, control, and numerical simulation.

In the last decades, open quantum systems have been deeply investigated within an elegant
and powerful paradigm, in which the features of the main system emerge after carefully
discarding the infinitely many environmental degrees of freedom (Breuer, 2002). The latter
procedure dramatically simplifies the problem: the influence of the surroundings on the
main system dynamics is automatically taken into account by the dynamical equations in
an effective manner. Such formalism is indeed able to capture the effect of the environment
without the need of explicitly accessing it, an operation that would be formidable in some
cases, but impossible in the vast majority of them. Besides, this theoretical picture is
corroborated by our ability to experimentally exercise control only over a limited part of a
quantum system.

The theory of open quantum systems was consistently formulated back in the 1970s by
eminent scholars such as Davies, Gorini, Kossakowski, Spohn, Sudarshan, and Lindblad,
among others (Chruściński, 2017). Such efforts led to the notion of quantum dynamical
semigroup, which relies on a set of physically reasonable assumptions such as the weak
coupling between the system and the environment, and a Markovian (memoryless) description
of the dynamics in terms of completely positive maps. This formal apparatus, although
restrictive, encompasses several interesting cases, and constitutes hitherto a reference scheme
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in the theory of open quantum systems. Physical phenomena of relaxation and dissipation
are naturally epitomised by this framework, as well as the genuine quantum phenomenon
of decoherence (Zurek, 2003). In this context, one can also study the thermodynamics of
quantum processes. At a fundamental level, the latter provides the natural language to phrase
the problem of irreversibility that is unavoidably entailed by the coupling of a system with an
environment. Such progress is not just relevant per se, but has also significantly contributed to
design and control several experimental platforms, mostly in quantum linear optics scenarios
(Scully, 1997). Over the last few decades, we have witnessed rapid advances in the ability
of controlling and manipulating systems at microscopic scales, in a wider class of physical
settings, ranging, e.g., from solid state devices to quantum biology (Huelga, 2013; de Vega,
2017). There are indeed novel scenarios where decoherence and dissipation occur. In many of
them, the system-environment interaction typically goes beyond standard approximations,
leading to previously inaccessible regimes, where memory and strong coupling effects are
brought about. Furthermore, the so-called second quantum revolution has been boosting the
interest towards such non-standard regimes, driven by potential technological applications
(MacFarlane, 2003; Binder, 2018).

In this Thesis, we investigate issues commonly encountered in the study of open quantum
systems, whenever one challenges the standard Born-Markov approximation. In these
scenarios, we do not always obtain dynamical equations – known as master equations – in
the so-called Lindblad form; under certain conditions, we can obtain equations that might be
non-local in time. There are general techniques to derive master equations in such cases, often
referred as projection operators techniques (Breuer, 2002). As, frequently, analytical solutions
are not available, one has to resort to several simulation methods that have been put forth
over the last few decades, depending on the specific physical regime of interest. Some of them
are said to be numerically exact, in the sense that they only require numerical approximations

— e.g., Hilbert space truncation. Examples of these methods are the hierarchical equations of
motion (HEOM) (Tanimura, 1989) or the time-evolving density operator with orthogonal
polynomials algorithm (TEDOPA) (Prior, 2010; Tamascelli, 2019). In some other approaches,
the system-environment interaction is remapped in such a way that the system of interest
is explicitly coupled to one or more auxiliary systems encoding the strong coupling and/or
memory effects, while dissipation is modelled through a Markovian damping undergone by
these auxiliary degrees of freedom. This is essentially the underpinning idea of the so-called
pseudo-mode approach (Garraway, 1997; Dalton, 2001), or the reaction coordinate mapping
(Garg, 1985; Martinazzo, 2011). The latter will be specifically employed in this work to show
that a spin-boson model can serve to simulate multiphoton interactions. Nonetheless, the
limitations of the traditional formulation of open quantum systems do not necessarily emerge
when we push the dynamics beyond the Born-Markov regime. For instance, in this Thesis
we discuss the drawbacks of the traditional formulation of the entropy production in terms
of von Neumann entropy. These difficulties can be overcome by using phase-space methods
borrowed from quantum optics (Santos, 2017; Landi, 2020). In particular, we will use this
alternative formulation of the entropy production to show that quantum correlations initially
shared by two parties of a given system affect the overall entropy production rate.
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Outline of the thesis

This Thesis is organised as follows. In Chapter 2 we introduce the mathematical notation used
throughout the Thesis, as well as the relevant notions of linear maps and their representation.
Particular emphasis is given to completely positive maps and entanglement, and their
respective characterisation. In Chapter 3, we introduce quantum dynamical maps; we
unveil the relation between the latter and the open systems dynamical equations, namely
master equations. The formal construction of the so-called quantum dynamical semigroup is
followed by Chapter 4, where, resorting to projection operators techniques, we provide an
overview about the microscopic derivation of quantum master equations. The considerations
presented are rather general and they apply either to a Markovian or a non-Markovian
description of the dynamics. We introduce some notions used to define, characterise, and
measure non-Markovianity; likewise we discuss the assumptions that lead to the Born-Markov
approximation. In Chapter 5, we provide some notions for thermodynamically characterising
open quantum systems. We discuss the theory of open quantum systems in terms of von-
Neumann entropy, stressing on the role played by quantum coherences. After highlighting the
inconsistencies and limitations of this approach, we introduce a theory of the irreversibility
based on phase space-methods, and Wigner (or, equivalently, Rényi-2) entropy. We make
use of this formalism to claim that, in a system of two harmonic oscillators undergoing a
non-Markovian dynamics, initial correlations shared by the two parties play a role in the
entropy production rate. In Chapter 6 we discuss the details of the reaction coordinate
mapping approach, and we apply it to the paradigmatic case of the spin-boson model. The
mapping is thereupon used to show that the spin-boson model, with a suitable choice of
the parameters, can serve as an analogue quantum simulator of non-Markovian multiphoton
Jaynes-Cummings models. In Chapter 7, we summarise the contents of the Thesis and our
main findings, and we briefly comment on possible directions to pursue in future.
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Chapter 2

Mathematical Prelude

Since the early days of quantum mechanics, a crucial issue has been to provide a consistent
mathematical framework of the theory (von Neumann, 1955). On a similar note, the first
question one needs to address writing about quantum mechanics is: how much mathematics
do we actually need? Having this question in mind, in this Chapter, we will review some
relevant mathematical concepts, whose importance is twofold: one hand, they are preparatory
for what we will discuss in the next Chapters; on the other hand, they help us to fix the
notation. The synthesis presented in this Chapter is mainly inspired by Refs. (Heinosaari,
2011; Smirne, 2012)

2.1 Trace-class operators

Let us consider a separable Hilbert space H, where, for any pair of ket |ψ〉 , |φ〉 ∈ H, we will
denote the scalar product as 〈φ|ψ〉, while the induced norm is given by ‖ψ‖ ≡

√
〈ψ|ψ〉. The

set of all linear operators defined on H is L(H). An operator A ∈ L(H) is bounded if the
operator norm

‖A‖ ≡ sup
‖ψ‖=1

‖A |ψ〉‖ (2.1)

is finite (Teschl, 2014). We will denote as B(H) the space of all bounded operators defined
on H.

Let us consider an operator A ∈ B(H) and an orthonormal basis {|ϕk〉}∞k=0 ⊂ H, the trace
of the operator A is defined as

Tr(A) =
∞∑

k=1

〈ϕk|A |ϕk〉 . (2.2)

In the general (infinite-dimensional) case, it is not guaranteed that the latter quantity is finite
and independent of the chosen basis. However, if we assume that A is a positive operator,
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i.e., 〈ψ|A |ψ〉 ≥ 0, for any |ψ〉 ∈ H, it is not difficult to show that the quantity defined by
Equation (2.2) is independent of the choice of the specific orthornormal basis {|ϕk〉}∞k=0 in
H. To this end, let us suppose that {|ψj〉}∞j=0 is another orthornormal basis for H; it is
immediate to see that

Tr(A) =
∞∑

k=1

〈ϕk|A |ϕk〉 =
∞∑

k=1

∥∥A1/2 |ϕk〉
∥∥2

=
∞∑

k=1

∞∑

j=1

∣∣〈ψj|A1/2 |ϕk〉
∣∣2

=
∞∑

j=1

∞∑

k=1

∣∣〈ϕk|A1/2 |ψj〉
∣∣2 =

∞∑

j=1

∥∥A1/2 |ψj〉
∥∥2

=
∞∑

j=1

〈ψj|A |ψj〉 , (2.3)

where, since all the terms are non-negative, we have interchanged the order of the two sums,
and we have used the so-called Parseval identity twice (Reed, 1980)1.

Given three positive operators A,B,C ∈ B(H), and α, β ∈ R, the following properties holds:

• linearity, i.e.,

Tr(αA+ βB) = αTr(A) + β Tr(B); (2.4)

• invariance under cyclic permutations, i.e.,

Tr(ABC) = Tr(CAB) = Tr(BCA). (2.5)

In particular, if U is a unitary operator, i.e., U †U = UU † = I, one has

Tr
(
U †AU

)
= Tr

(
UAU †

)
= Tr(A). (2.6)

We should notice that, on the right hand side of Equation (2.2), we have an infinite sum of
non-negative terms: it might be the case that the latter does not converge. Therefore, we
should define a proper subset of operators such that the sum given in Equation (2.2) is finite.

In general, given a (not necessarily positive) operator A ∈ B(H), we can construct the

positive operator |A| ≡
√
A†A; if Tr |A| <∞, A is said to be a trace-class operator. We will

denote by B1(H) ⊆ B(H) the set of all trace-class operators defined over the space H.

Moreover, B1(H) is a Banach space with respect to the norm

‖A‖1 ≡ Tr |A| = Tr
√
A†A, A ∈ B1(H), (2.7)

known as trace norm.

The space B1(H) is not only a linear subspace of B(H), but also a two-sided ideal in the
Banach algebra of bounded operators on H (Heinosaari, 2011), essentially meaning that, even

1Note that the existence and uniqueness of the square root of the operator A is guaranteed by the
assumption of being positive and bounded. In what follows, these assumptions are automatically satisfied, as
we will deal with trace-class operators. (Heinosaari, 2011)
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if Tr(B) is not well-defined (in the aforementioned sense) for an operator B ∈ B(H), the
operators AB and BA still belong to B1(H), provided that A is a trace-class operator.

There is actually a deeper connection between B(H) and B1(H): B(H) is the dual space
of B1(H), i.e., B∗1(H) = B(H). The duality between these two spaces can be expressed by
saying that, for any operator B ∈ B1(H), we can construct the linear functional ΨB such
that2:

ΨB : B(H)→ C
A 7→ ΨB(A) ≡ Tr(AB). (2.8)

Note that the definition above is well-posed: B1(H) is an ideal, therefore Tr(AB) is finite
and basis-independent. Besides, the following inequality holds:

|Tr(AB)| ≤ ‖A‖‖B‖1, (2.9)

with A ∈ B(H), B ∈ B1(H).

Let us consider a bounded operator A; as we have done in Equation (2.3), it is not difficult
to show that the quantity

∑∞
k=1 〈ϕk|A†A |ϕk〉 is basis-independent. If the latter is also finite,

then A is a Hilbert-Schmidt operator. The set B2(H) of all Hilbert-Schmidt operators on H
is a Banach space with respect to the Hilbert-Schmidt norm

‖A‖2 ≡
√

Tr (A†A), A ∈ B2(H). (2.10)

In addition to that, B2(H) is a Hilbert space, on which it is defined the so-called Hilbert-
Schmidt inner product

〈A,B〉HS ≡ Tr
(
A†B

)
, (2.11)

where A,B ∈ B2(H).

The space B2(H) is also a two-sided ideal of B(H), in the sense that, given A ∈ B2(H) and
B ∈ B(H), the operators AB, BA belong to the Hilbert-Schmidt class.

Let us suppose that A is self-adjoint trace-class operator A; the three different norms that
we have defined above can be straightforwardly calculated, once one knows the eigenvalues
{λk}k of A. Indeed, one has (Heinosaari, 2011):

‖A‖ = max
k
{|λk|} , ‖A‖1 =

∑

k

|λk|, ‖A‖2 =

√∑

k

|λk|2. (2.12)

One may verify that

‖A‖ ≤ ‖A‖2 ≤ ‖A‖1, (2.13)

2Strictly speaking, it is a isometric isomorphism (Conway, 1985).
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which holds also for non-self-adjoint trace-class operators. From Equation (2.13), we get that

B(H) ⊆ B2(H) ⊆ B1(H). (2.14)

Note that, in the finite-dimensional case, all the three norms are equivalent, therefore the
equal sign holds in Equation (2.14).

Example 2.1.1: Trace of a finite-dimensional operator

Let us consider the finite-dimensional case, i.e., H ∼= Cd. Under this hypothesis, the
trace an operator is always a meaningful quantity, as it is always basis-independent
and a real number.
Equation (2.2) tells us that the trace of an operator A ∈ B(Cd) can be obtained by
writing A as a d× d matrix, i.e., A ∈Md(C), in some orthornomal basis {|ϕk〉}1≤k≤d,
then summing up all its diagonal entries.
Besides, we know from linear algebra that Tr(A) is also given by the sum of the
eigenvalues of A. Let us consider a diagonalisable operator A; this means that there
exists an invertible matrix P ∈Md(C) such that P−1AP = D, where D is a diagonal
matrix, i.e., D = diag (λ1, . . . λd). Therefore, using property (2.5), one easily gets

Tr(A) = Tr
(
P−1AP

)
= Tr(D) =

d∑

k=1

λk. (2.15)

Note that, in general, we need to sum all eigenvalues of A, counting their multiplicity.
It is also immediate to calculate the trace norm of A

‖A‖2 =
d∑

k=1

|λk|. (2.16)

2.2 Statistical operators

In the standard presentation of quantum mechanics, a physical system is associated to a
separable Hilbert space H (Teschl, 2014). The ket |ψ〉 ∈ H is said to be a state if it is
normalised to one, i.e., ‖ψ‖ = 1.

Alternatively, we can express quantum states in terms of statistical (or density) operators. In
order to be representative of a certain quantum state, a linear operator ρ should fulfil the
following requirements:

(i) self-adjointness, i.e., ρ† = ρ;

(ii) semi-positiveness3, i.e., 〈ψ| ρ |ψ〉 ≥ 0, for all |ψ〉 ∈ H;

3For the sake of conciseness, we will often say that ρ is positive.
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(iii) Tr ρ = 1.

If the conditions (i),(ii),(iii) are met, then ρ is a statistical (or density) operator.

We can thus introduce the set of statistical operators

S(H) =
{
ρ ∈ B1(H) | ρ† = ρ, ρ ≥ 0, Tr ρ = 1

}
. (2.17)

The set S(H) is convex, in the sense that any convex combination of elements of S(H)
still belongs to the set, i.e., given a set of statistical operators {ρi}ni=1 ⊂ S(H), the linear
combination

n∑

i=1

λiρi ∈ S(H), (2.18)

where λi ≥ 0, for i = 1, . . . n, and
∑

i λi = 1. By rearranging Equation (2.18), i.e., by writing
∑n

i=1 λiρi = λ1ρ1 + (1−λ1)
(

λ2

1−λ1
ρ2 + . . . λn

1−λ1
ρn

)
, it is not difficult to see that we can indeed

consider mixtures of two elements only, i.e., the combination

λρ1 + (1− λ)ρ2 ∈ S(H), (2.19)

where ρ1, ρ2 ∈ S(H), and 0 ≤ λ ≤ 1. According to the general terminology of convex sets, an
element ρ is said to be extremal if it cannot be written as in Equation (2.19) (with 0 < λ < 1),
thus ρ1 = ρ2 = ρ. We label as trivial those decomposition for which ρ1 = ρ2. In particular,
any extremal element of the convex set S(H) is called a pure state, while any other element
of S(H) is a mixed state. Note that a mixed state has uncountably many (non-trivial) convex
decompositions.

Among all possible combinations, we will consider a specific form, the so-called canonical
convex decomposition for a statistical operator ρ ∈ S(H), according to which ρ reads as a
linear combination of one-dimensional projectors, i.e.,

ρ =
∑

k

λk |ψk〉〈ψk| , (2.20)

where λk ≥ 0 are the eigenvalues of ρ, such that
∑

k λk = 1, and |ψk〉 the corresponding
eigenstates. We should stress again that the canonical decomposition (2.20) always exists,
but it is unique only when the eigenvalues λk are all different.

2.2.1 Purity

In this Section, we would like to introduce a useful mathematical characterisation of pure states.
Let us first observe that if ρ ∈ S(H), then ρ2 is a positive trace-class operator and Tr ρ2 ≥ 0.
By using Equations (2.9) and (2.13), one easily obtains that Tr ρ2 ≤ ‖ρ‖Tr ρ = ‖ρ‖ ≤ Tr ρ = 1,
therefore we obtain the following bound:

0 ≤ Tr ρ2 ≤ 1. (2.21)
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Now, we would like to show that the following three conditions are equivalent (Heinosaari,
2011):

(i) ρ is a pure state;

(ii) ρ is a one-dimensional projector;

(iii) Tr ρ2 = 1.

Let us first prove that (i) =⇒ (ii). If we assume that the state ρ is expressed according
to the orthogonal decomposition (2.20), it immediate to conclude that, being ρ extremal by
definition, it must be in the form ρ = λ1 |ψ1〉〈ψ1|. Moreover, since ρ has unit trace, it follows
that λ1 = 1, hence ρ = |ψ1〉〈ψ1|, i.e., a one-dimensional projector.

It is trivial to prove that (ii) =⇒ (iii). A projector is idempotent, i.e., ρ2 = ρ, therefore
Tr ρ2 = Tr ρ = 1.

We also need to prove that (iii) =⇒ (i). Let us assume that the one-dimensional projector ρ
can be decomposed as |ψ〉〈ψ| = λρ1 + (1− λ)ρ2, for some 0 < λ < 1. Thus

1 = Tr ρ2 = λ2 Tr ρ2
1 + (1− λ)2 Tr ρ2

2 + 2λ(1− λ) Tr(ρ1ρ2) ≤ λ2

+ (1− λ)2 + 2λ(1− λ)|Tr(ρ1ρ2)| ≤ 1, (2.22)

where we have used the Cauchy-Schwarz inequality, i.e., |Tr(ρ1ρ2)| ≤
√

Tr ρ2
1

√
Tr ρ2

2. Since
we have obtained 1 at the end and at the beginning, Equation (2.22) reduces to a chain
of identities, and |Tr(ρ1ρ2)| = 1. This also means that the Cauchy-Schwarz inequality is
saturated, hence ρ1 = cρ2 for some constant c ∈ C. However, Tr ρ1 = 1 = Tr ρ2, thus c = 1,
which means that the convex decomposition of ρ is trivial.

This characterisation not only introduces a way to identify pure states, but also to quantify
the degree of mixedness for non-pure states. It naturally leads to the the definition of purity
P(ρ) of the state ρ:

P(ρ) ≡ Tr ρ2, (2.23)

such that 0 ≤ P(ρ) ≤ 1. If we assume that dimH = d < ∞, we can provide a finer lower
bound for purity, obtained by considering the totally mixed state ρ = I/d, where I is the
d× d identity matrix (Heinosaari, 2011). Therefore, 1

d
≤ P(ρ) ≤ 1.

2.2.2 Quantum Entropies

Historically introduced in the domain of thermodynamics and statistical mechanics, entropy
plays a crucial role in both classical and quantum information theory, where it is used to
measure the degree of uncertainty associated to the state of a physical system. In this Section,
we will review some basic concepts of quantum entropies, that will be employed in Chapter 5
to describe irreversibility in open quantum systems.
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Von Neumann entropy

Given a state ρ ∈ S(H), the von Neumann entropy is defined as (kB = 1):

S(ρ) ≡ −Tr(ρ ln ρ). (2.24)

Using the canonical decomposition (2.20), one obtains

S(ρ) = −
∑

i

λi lnλi, (2.25)

where {λi}i are the eigenvalues of ρ. Note that we assume the usual convention 0 · ln 0 ≡ 0.
Furthermore, we list some useful properties of S (Wehrl, 1978; Nielsen, 2010):

• Since 0 ≤ λi ≤ 1, we immediately have that the von Neumann entropy is a non-negative
quantity, i.e., S(ρ) ≥ 0.

• Specifically, S(ρ) = 0 when ρ is a pure state, as the latter would be given by a
one-dimensional projector with only one non-null eigenvalue, i.e., λ = 1.

• If we assume that dimH = d < ∞, then the entropy is bounded from above, i.e.,
S(ρ) ≤ ln d. It is immediate to check that the upper bound is attained by the
completely mixed state ρ = I/d, being I the d× d identity matrix.

• The von Neumann entropy is invariant under unitary transformations, i.e., S(UρU †) =
S(ρ).

Relative entropy

On a similar note, we can introduce the relative entropy, sometimes referred as Kullback-
Leibler divergence, as it is the quantum counterpart of the classical analogue quantity that
applies to two probability distributions (Kullback, 1951). In the quantum case, it is defined
as

S(ρ||σ) ≡
{

Tr[ρ(ln ρ− lnσ)] if supp ρ ⊆ suppσ

+∞ otherwise
, (2.26)

where ρ, σ ∈ S(H), and supp ρ (suppσ) is the support of the operator ρ (σ), i.e., the vector
space spanned by the eigenvectors of ρ (σ) corresponding to non-null eigenvalues.

For the relative entropy, the following properties hold:

• It is a non-negative quantity, i.e., S(ρ||σ) ≥ 0. This result is also known as Klein’s
inequality4. Specifically, S(ρ||σ) = 0 if and only if ρ = σ.

• Similarly to the von Neumann entropy, it is invariant under unitary transformations,
i.e., S(UρU †||UσU †) = S(ρ||σ).

4This is actually a specific application of the Klein inequality, that, for a pair of operators A,B, reads as
TrA(lnA− lnB) ≥ Tr(A−B) (Wehrl, 1978).
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The relative entropy is widely used in quantum information theory as a measure of dissimilarity
between quantum states, though, strictly speaking, it is not a proper mathematical distance.
This is due to the fact that it is not symmetric in its two arguments, i.e., S(ρ||σ) 6= S(σ||ρ),
and it does not satisfy the triangle inequality (Audenaert, 2014).

Example 2.2.1: Gibbs canonical state

We would like to introduce a state that plays an important role in open quantum system
dynamics. More precisely, we would like to find the state that answer the question:
given E ≡ Tr(ρH), what does the density matrix with maximal entropy look like?
By using variational calculus, it can be proven that such a state is given by the canonical
Gibbs state (Haag, 1996; Morandi, 2001):

ρβ ≡
e−βH

Z , (2.27)

where Z = Tr
(
e−βH

)
is the partition function of the system and β = 1/T the inverse

temperature, such that Tr(ρβH) = E.
It is not difficult to verify that any other state ρ such that Tr(ρH) ≤ E is characterised
by a smaller value of the von Neumann entropy. To this end, we can compute the
following quantities:

Tr ρ ln ρβ = −β Tr(ρH)− lnZ, (2.28)

Tr ρβ ln ρβ = −β Tr(ρβH)− lnZ. (2.29)

By assumption, we have

−Tr ρ ln ρβ ≤ −Tr ρβ ln ρβ, (2.30)

therefore, since S(ρ||ρβ) = Tr[ρ(ln ρ− ln ρβ)] ≥ 0, we get

S(ρ) = −Tr ρ ln ρ ≤ −Tr ρ ln ρβ ≤ −Tr ρβ ln ρβ = S(ρβ) (2.31)

whence we obtain S(ρ) ≤ S(ρβ), i.e., the Gibbs state is indeed the state with maximal
entropy (Wehrl, 1978).

2.3 State space for finite-dimensional systems

Let us specialise our discussion in finite-dimensional systems, i.e., the Hilbert space asso-
ciated to our system is given by H ∼= Cd, being d < ∞ the dimensionality of the system.
Under this hypothesis all linear operators are bounded, hence the three Banach spaces
B(H),B1(H),B2(H) coincide with the space of linear operators defined on Cd, i.e., L(Cd).
In addition, the Banach space L(Cd), equipped with the Hilbert-Schmidt inner product
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defined by Equation (2.11), is a Hilbert space.

2.3.1 Bloch representation of density matrices

We would like to introduce the so-called Bloch representation for d-dimensional systems, also
known as qudits. We can observe that a density operator ρ ∈ S(Cd) can be decomposed
in terms of a special basis, given by the orthogonal generators of the special unitary group
SU(N) (with N = d) (Byrd, 2003; Kimura, 2003). These generators are given by a set of
operators Gi (i = 1, . . . , d2 − 1), which satisfy the following properties

(i) Gi = G†i ,

(ii) TrGi = 0,

(iii) 〈Gi, Gj〉HS = dδij.

They are characterised by the structure constants fijk (completely anti-symmetric tensor)
and gijk (completely symmetric tensor) of the corresponding Lie Algebra su(N) (with N = d),
satisfying

[Gi, Gj] = ifijkGk, (2.32)

{Gi, Gj} =
2

d
δij I + gijkGk. (2.33)

There is a general procedure to systematically construct the SU(N) generators. Given a
complete orthonormal basis {|m〉}1≤m≤d ⊂ Cd, the generators are given by

{Gi}1≤i≤d2−1 = {ujk, vjk, wl}/
√

2, (2.34)

where

ujk = |j〉〈k|+ |k〉〈j| , (2.35)

vjk = −i (|j〉〈k| − |k〉〈j|) , (2.36)

wl =

√
2

l(l + 1)

l∑

j=1

(|j〉〈j| − l |l + 1〉〈l + 1|) , (2.37)

with 1 ≤ j ≤ k ≤ d and 1 ≤ l ≤ d− 1. Any other set of generators G
′ ≡ {G′i}1≤i≤d2−1 with

structure constants f
′

ijk and g
′

ijk are connected with the generators G ≡ {Gi}1≤i≤d2−1 by an

orthogonal matrix V ∈ O(d2 − 1), with G
′
i = VijGi and

f
′

ijk = VilVjmVkn flmn, g
′

ijk = VilVjmVkn glmn (2.38)

Note that, the set of generators G ≡ {Gi}1≤i≤d2−1 and the d-dimensional identity operator I
form a complete orthogonal basis for L(Cd), with respect to the Hilbert-Schmidt inner product.
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Therefore, given ρ ∈ S(Cd), it can be decomposed using the operator basis {Gα}0≤α≤1, where
G0 = I, while the remaining vectors are given by the set of generators G. We obtain

ρ =
1

d

d2−1∑

α=0

〈Gα, ρ〉HSGα =
1

d

d2−1∑

α=0

Tr(Gαρ)Gα =
1

d

d2−1∑

α=0

rαGα, (2.39)

with rα = Tr(Gαρ), whence

ρ =
1

d
(I + r ·G) , (2.40)

where r is the generalised Bloch vector, also known as coherence vector (Hioe, 1981). Using
this parametrisation – usually dubbed Bloch parametrisation – the set of quantum states
S(Cd) can be regarded as a convex subset of Rd2−1, denoted as B(Rd2−1).

If we impose the requirement regarding the purity of the state, i.e., Tr ρ2 ≤ 1, we immediately
get the constraint

|r| ≡

√√√√
d2−1∑

i=1

r2
i ≤
√
d− 1. (2.41)

Therefore, for pure states, the generalised Bloch vector has to fulfil the condition

|r| =
√
d− 1. (2.42)

In other terms, one can say that the state space is embedded in the hyper-sphere DR(Rd2−1),
whose radius is given by Equation (2.42). However, not all operators ρ satisfying the constraint
of Equation (2.41) represent physical state (i.e., are positive-definite); this means that (de
Vicente, 2007):

B(Rd2−1) ⊆ DR(Rd2−1). (2.43)

Example 2.3.1: Bloch representation of a qubit

Let us consider the case of a two-dimensional system, i.e., a qubit. In this case, we can
consider the orthonormal basis {|0〉 , |1〉} in H ∼= C2. By using the general formulas
given by Equations (2.35) to (2.37), we easily get the SU(2) generators

G1 = u12/
√

2 = (|0〉〈1|+ |1〉〈0|) /
√

2 ≡ σ1/
√

2, (2.44)

G2 = v12/
√

2 = −i (|0〉〈1| − |1〉〈0|) /
√

2 ≡ σ2/
√

2, (2.45)

G3 = w1/
√

2 = (|0〉〈0| − |1〉〈1|) /
√

2 ≡ σ3/
√

2, (2.46)

where ~σ = {σ1, σ2, σ3} is the vector containing the three Pauli operatorsa, whose
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standard matrix representation is:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (2.47)

being |0〉 =

(
1
0

)
and |1〉 =

(
0
1

)
.

It is easy to verify that [σ1, σ2] = 2i σ3, therefore, by comparing with Equation (2.32), we
have fijk =

√
2εijk, i.e., the Levi-Civita tensorb. Similarly, one can check that {σi, σj} =

0, if i 6= j, whereas {σi, σi} = 2I2, where i, j = 1, 2, 3; therefore, in Equation (2.33),
we have gijk = 0. It is worth mentioning that the Levi-Civita tensor is rotationally
invariant, therefore in Equation (2.38) one has VilVjmVkn εijk = detV εijk = ±εijk. Note
that this property holds specifically for SU(2), but not in general for SU(N), with
N ≥ 3 (Kimura, 2003).
For d = 2, Equation (2.40) gives the most general density operator ρ for a qubit, i.e.,

ρ =
1

2
(I2 + ~τ · ~σ) , (2.48)

where ~τ ≡ {τx, τy, τz} is the Bloch vector. Note that for d = 2, the condition Tr ρ2 ≤ 1
is both necessary and sufficient for the positivity of ρ. As a consequence, any ρ ∈ S(C2)
is uniquely characterised by a three-dimensional real vector ~τ ∈ R3; in other terms,
there is a one-to-one correspondence between states of a qubit and a point in the
so-called Bloch sphere (cf. Figure 2.1)c

B(R3) =
{
~τ = (τx, τy, τz) ∈ R3 : |~τ | ≤ 1

}
. (2.49)

This correspondence can be easily checked by determining the eigenvalues of the
statistical operator given by Equation (2.48). They are λ± = 1

2
(1 ± |~τ |), where

|~τ | ≡ (τ 2
x + τ 2

y + τ 2
z )1/2. Thus, ρ is positive if and only if |~τ | ≤ 1, which coincides

with the condition of Equation (2.42) for d = 2. This means that B(R3) = DR(R3).
Therefore, pure states are those represented by a point on the surface of the Bloch
sphere, i.e., those characterised by a unit Bloch vector.

aNote that we will use the notation ~σ = {σx, σy, σz} as well.
bdefined as

εijk =





+1 for even permutations of (1, 2, 3)

−1 for odd permutations of (1, 2, 3)

0 for repeated indices.

cWe should actually call it Bloch ball, as we consider points that do not lie on the surface as well.
Note that this also reminds the so-called Poincaré sphere of optics, the latter being a geometrical
representation of the so-called Stokes parameters for polarisation (Born, 1999).
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x

y

|0〉

|1〉

Figure 2.1: The Bloch sphere represents the state space for a two-dimensional quantum system
(qubit). Pure states are represented by points lying on the surface, while mixed states correpond to
interior points. Note that the two orthogonal states |0〉 , |1〉 are associated with two antipodal Bloch
vectors. This picture is realised using QuTip (Johansson, 2013).

Example 2.3.2: Bloch representation of a qutrit

A further example is provided by a three-dimensional system, i.e., a qutrit. In this
case, the corresponding Hilbert space is H ∼= C3. By resorting to Equations (2.35)
to (2.37) once more, we can construct the generators of SU(3) (Kimura, 2003). We
eventually get G1 = u12/

√
2 = λ1/

√
2, G2 = v12/

√
2 = λ2/

√
2, G3 = w1/

√
2 =

λ3/
√

2, G4 = u13/
√

2 = λ4/
√

2, G5 = v13/
√

2 = λ5/
√

2, G6 = u23/
√

2 = λ6/
√

2, G7 =
v23/
√

2 = λ7/
√

2, G8 = w2/
√

2 = λ8/
√

2, where λi (i = 1, . . . , 8) are the eight so-called
Gell-Mann operators.
If we consider the orthonormal basis

|0〉 =




1
0
0


 , |1〉 =




0
1
0


 , |2〉 =




0
0
1


 , (2.50)

we would obtain

λ1 =




0 1 0
1 0 0
0 0 0


 , λ2 =




0 −i 0
i 0 0
0 0 0


 , λ3 =




1 0 0
0 −1 0
0 0 0


 ,

λ4 =




0 0 1
0 0 0
1 0 0


 , λ5 =




0 0 1
0 0 0
1 0 0


 , λ6 =




0 0 0
0 0 1
0 1 0


 ,

λ7 =




0 0 0
0 0 −i
0 i 0


 , λ8 =

1√
3




1 0 1
0 1 0
0 0 −2


 , (2.51)

known as Gell-Mann matrices.
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If ρ ∈ S(C3), Equation (2.40) (with d = 3) gives the following Bloch representation:

ρ =
1

3
(I3 + r ·G) (2.52)

where r is an eight-dimensional real vector, while G is the vector containing the SU(3)
generators. The remark about the general case d ≥ 3 also applies in this specific case:
Equation (2.52) establishes a one-to-one correspondence between the possible density
matrices of a qutrit and a proper subset of the hyperball defined by the condition
|r| ≤

√
2, i.e.,

B(R8) ⊆ DR(R8). (2.53)

2.3.2 Linear maps representations

Let us consider the space of linear maps defined on L(Cd), denoted as LL(Cd). Given
Λ ∈ LL(Cd), Λ is said to be a self-adjoint operator if it equals its adjoint Λ†, defined as

〈
Λ†(χ), ω

〉
HS

= 〈χ,Λ(ω)〉HS , (2.54)

for all χ, ω ∈ L(Cd). Moreover, if Λ also fulfils the requirement

〈ω,Λ(ω)〉HS ≥ 0 (2.55)

for all ω ∈ L(Cd), then Λ is positive-definite.

It is worth mentioning that, in the general, infinite-dimensional case, besides the concept of
adjoint map there is also that of dual map. Given a linear map Λ, defined on L(H), one can
define the dual map Λ∗ through the relation

〈Λ∗(A), σ〉HS = 〈A,Λ(σ)〉HS , (2.56)

for all A ∈ B(H) and σ ∈ B1(H). However, the notions of adjoint and dual map coincide in
the finite-dimensional case that we are analysing here.

Now, we would like to introduce a matrix representation for a linear map. To this end, let
us consider a basis {σα}α=1,...,d2 in L(Cd), orthonormal with respect to the Hilbert-Schmidt
inner product, i.e.,

〈σα, σβ〉HS = Tr
(
σ†ασβ

)
= δαβ (2.57)

Given an operator ω ∈ L(Cd), the latter can be identified with a vector, whose components
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are ωβ = 〈σβ, ω〉HS = Tr
(
σ†β ω

)
. We can express the linear map as5

Λ(ω) =
d2∑

α,β=1

〈σα,Λ(σβ)〉HS 〈σβ, ω〉HS σα, (2.58)

hence, if we define the matrix (Λαβ)1≤α,β≤d2 , whose coefficients are

Λαβ ≡ 〈σα,Λ(σβ)〉HS = Tr
(
σ†αΛ(σβ)

)
, (2.59)

we eventually obtain

Λ(ω) =
d2∑

α,β=1

Λαβ ωβσα. (2.60)

Working along the same lines, one can obtain a similar decomposition for the adjoint map
Λ∗, i.e.,

Λ∗(ω) =
d2∑

α,β=1

Λ∗αβ ωασβ, (2.61)

where Λ∗αβ represents the complex conjugate of the entry Λαβ
6.

The representation (2.60) ensures remarkable advantages.

• The action of the map Λ on an operator ω can be regarded as a simple multiplication
between a matrix and a vector

(Λ(ω))α = Tr
(
σ†α Λ(ω)

)
= Tr

(
σ†α

d2∑

β,γ=1

Λβγ ωγσβ

)
=

d2∑

α,β=1

Tr
(
σ†αΛβγ ωγσβ

)

=
d2∑

α,β=1

Λβγ ωγ Tr
(
σ†ασβ

)
=

d2∑

γ=1

Λαγ ωγ. (2.62)

• The composition of maps is nothing but a product of matrices

(Λ ◦ Ξ)αβ = Tr
[
σ†α (Λ ◦ Ξ) (σβ)

]
= Tr

[
σ†αΛ (Ξ(σβ))

]

=
d2∑

δ,γ=1

Tr
[
σ†αΛγδ Tr

(
σ†δ Ξ(σβ)

)
σγ

]
=

d2∑

δ=1

Λαδ Ξδβ. (2.63)

5To catch the spirit of the decomposition in Equation (2.58), we can draw an analogy. Let us con-
sider a linear operator A acting on |ψ〉; given an orthonormal basis {|ψk〉}k, we easily obtain A |ψ〉 =∑
k,l 〈ψl|A |ψk〉 〈ψk|ψ〉 |ψl〉. In Equation (2.58), we are doing something similar, as far as we identify the

appropriate spaces and inner products.
6Note that, for the finite-dimensional case considered here, this decomposition holds also for the adjoint

map.
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Similarly, one can check that the linear map Λ ∈ LL(Cd) is positive (or Hermitian), if and
only if so is it the corresponding matrix (Λαβ)0≤α,β≤d2 .

In the Example 2.3.3, we consider the case of the Bloch representation of a linear map, while
in Example 2.3.4, we discuss the case of the so-called damping basis, that are sometimes
useful in the study of open quantum systems.

Example 2.3.3: Bloch representation of a linear map

Let us apply the decomposition given by Equation (2.60) using the operator basis given
by the SU(N) generators. Using the quantities defined in Section 2.3.1, and the Bloch
representation of a density matrix – cf. Equations (2.39) and (2.40) – one can obtain

Λ(ρ) =
d2−1∑

α=0

Λαβ rβGα ≡
d2−1∑

α=0

r′αGα, (2.64)

where Λαβ = Tr[GαΛ(Gβ)], r′α =
∑

β Λαβrβ, while we have suitably rescaled the coeffi-
cients rβ, such that rβ = Tr(ρGβ)/d. By requiring the map Λ to be trace preserving,
we get that r0 = r′0. Thus, in the parameter space a trace preserving linear map can be
represented by the affine transformation

r0 7→ r′0 = Λ00 r0 = r0,

rj 7→ r′j = Λjk rk + Λj0 r0, (2.65)

or, equivalently, by the matrix

Λ =

(
1 0
q A

)
, (2.66)

where A ∈ Md2−1(R), such that Aij = Λij, for all i, j = 1, . . . , d2 − 1, whereas q is a
(d2 − 1)−dimensional vector, such that qj = Λj0.

Example 2.3.4: Damping bases

The matrix representation of maps that we have put forward in Section 2.3.2 can
be employed to introduce the so-called damping (or bi-orthogonal) basis (Briegel,
1993; Chruściński, 2010; Megier, 2020). Specifically, we would like to see what the
decomposition given by Equation (2.60) looks like whenever we assume that the linear
map Λ is diagonalisable. According to the general representation given in Section 2.3.2,
the linear map Λ ∈ LL(Cd) is diagonalisable if so is the matrix MΛ ≡ (Λαβ)0≤α,β≤d2 ,
i.e., if there exists P ∈Md(C) such that PMΛP−1 = D, where D = diag {λα}α=1,...,d2 .
Equivalently, one can write

〈σα, D(σβ)〉HS = λαδαβ, (2.67)
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being {σα}α=1,...,d2 an orthonormal basis with respect to the Hilbert-Schmidt product.
As a result, one gets Λββ′ =

∑
α λα Pβα(P−1)αβ′ , thus Equation (2.60) yields

Λ(ω) =
d2∑

α=1

λα Tr
(
ζ†αω
)
τα, (2.68)

where ω ∈ L(Cd), and τα =
∑d2

β=1 Pβασβ, ζα =
∑d2

β′=1(P
−1)αβ′ . We have thus intro-

duced two families of operators {τα}α=1,...,d2 and {ζα}α=1,...,d2 , that, using the definitions
above and Equation (2.57), can be proven to be orthogonal, i.e.,

〈ζα, τβ〉HS = Tr
(
ζ†ατβ

)
δαβ. (2.69)

Equation (2.69) can also be read as a duality relation between {τα}α=1,...,d2 and
{ζα}α=1,...,d2 , the latter defined on the dual space. This justifies the name of bi-
orthogonal basis, as the damping basis is sometimes referred to as.
By using Equation (2.61), one can obtain decomposition for the dual map Λ∗, similar
to that in Equation (2.68),

Λ∗(ω) =
d2∑

α=1

λ∗α Tr
(
τ †αω
)
ζα. (2.70)

From Equations (2.68) and (2.70), one can see that the operators {τα}α=1,...,d2 and
{ζα}α=1,...,d2 are, respectively, eigenvectors of the maps Λ and Λ∗ with respect to the
complex conjugate eigenvalues. Indeed, by exploiting the orthogonality relation (2.69),
one immediately gets the following eigenvalue equations:

Λ(τα) = λατα, Λ∗(ζα) = λ∗αζα, α = 1, . . . , d2. (2.71)

2.4 Composite quantum systems

Let us consider the case of a composite quantum system, that is a system composed by two
quantum systems, SA and SB, that can either represent two different quantum objects or two
different degrees of freedom (Breuer, 2002). We will see that this mathematical formalism is
particularly suitable for studying the case in which a quantum system is interacting with its
surroundings.

2.4.1 Tensor product

Let us assume that HA and HB are the Hilbert spaces associated to SA and SB, respectively.
We can thus associate to the composite system S = SA +SB the tensor product Hilbert space
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H = HA ⊗ HB. If {|ψj〉}j ⊂ HA and {|ϕk〉}k ⊂ HB, orthonormal basis in the respective
spaces, then the set {|ψj〉 ⊗ |ϕk〉}jk constitutes an orthornomal basis for H. Therefore, a
generic ket |ψ〉 ∈ H can be decomposed as

|ψ〉 =
∑

j,k

αjk |ψj〉 ⊗ |ϕk〉 . (2.72)

If A and B are linear operators on HA and HB, respectively, one can define the tensor product
A⊗B by

(A⊗B) (|ψj〉 ⊗ |ϕk〉) ≡ (A |ψj〉)⊗ (B |ϕk〉) , (2.73)

and, by linear extension, to arbitrary states as in Equation (2.72). Therefore, a generic
operator O acting on H can be expressed as a linear combination of tenor products, i.e.,

O =
∑

α

Aα ⊗Bα. (2.74)

If IA and IB denote the identity operators in HA and HB, respectively, an operator acting
only on the subsystem SA takes the form A⊗ IB; analogously, IA ⊗B acts on the subsystem
SB only.

The set of states of the composite system S is given by S(H). If the two subsystem SA and
SB are uncorrelated, the total density operator is given by the following tensor product:

ρ = ρA ⊗ ρB, (2.75)

where ρA ∈ S(HA) and ρB ∈ S(HB).

2.4.2 Partial trace

As we are often interested in one of the two subsystems, i.e., either SA or SB, we would
like to formally address the issue of considering one system, e.g., SA, while we discard those
degrees of freedom that are associated to the other, e.g., SB. This intuitive operation can be
performed by applying the partial trace.

Let us define the partial trace over the system SB by the unique linear mapping7:

trB : B1(H)→ B1(HA)

T 7→ trB T, (2.76)

such that, for all A ∈ B(HA) and T ∈ B(H), it satisfies the condition

Tr [T (A⊗ IB)] = trA [(trB T )A] . (2.77)

7Note that, in principle, we could rephrase everything that follows swapping the roles of subsystem SA
and SB .
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Moreover, if we use the orthornomal basis {|ψj⊗ϕk〉 ≡ |ψj〉⊗|ϕk〉}jk ⊂ H, we obtain the
following decomposition:

T = IAB T IAB =
∑

jk

∑

m,n

〈ψj⊗ϕk|T |ψm⊗ϕn〉 |ψj〉〈ψm|⊗|ϕk〉〈ϕn| . (2.78)

Hence, since trB (|ψj〉〈ψm|⊗|ϕk〉〈ϕn|) = |ψj〉〈ψm| δkn, the partial trace yields

trB T =
∑

j,k,m

〈ψj⊗ϕk|T |ψm⊗ϕk〉 |ψj〉〈ψm| . (2.79)

Specifically, in the case of a factorised operator, i.e., T = TA ⊗ TB, we have

trB(TA ⊗ TB) = (trB TB) TA, (2.80)

therefore, in this special case, Equation (2.79) reads as

trB(TA ⊗ TB) =
∑

k

〈ϕk|TB |ϕk〉TA, (2.81)

providing a useful formula to compute the partial trace.

Reduced states

Now, we would like to apply the general formalism outlined above to density operators. Let us
consider a state ρ ∈ S(H) and check what happens if we trace out one of the two subsystems,
e.g., SB. In other words, we ask ourselves whether or not ρA ≡ trB ρ represents a physical
state.

In order to answer this question, we need to check that the partial trace preserves both trace
and positive-definiteness.

• Let us compute the trace of ρA

trA ρA = trA (trB ρ) = Tr [ρ(IA ⊗ IB)] = Tr ρ = 1, (2.82)

where we have resorted to Equation (2.77), with A = IA.
• Let us consider |ψ〉 ∈ HA and compute

〈ψ| ρA |ψ〉 = trA [trB(ρPψ)] = Tr [ρ(Pψ ⊗ IB)] = Tr [(Pψ ⊗ IB) ρ (Pψ ⊗ IB)]

= Tr
{

[ρ1/2(Pψ ⊗ IB)]†[(Pψ ⊗ IB)ρ1/2]
}
≥ 0, (2.83)

where we have introduced the one-dimensional projector operator Pψ = |ψ〉〈ψ| and
used Equation (2.77), with A = Pψ.

Therefore

ρA = trB ρ (2.84)

represents a state, i.e., ρA ∈ S(HA), and it is called reduced (or marginal) state. Analogously,
one can obtain the reduced state ρB = trA ρ, by tracing out the subsystem SA.
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2.4.3 Schmidt decomposition

Let us assume that ρA ∈ S(HA) and ρB ∈ S(HB) are two density operators describing the
states of the system SA and SB, respectively. We ask ourselves: how can be the possible joint
states ρ ∈ S(H) of the composite system expressed?

One possible answer is given by a product state, i.e., a state in the form

ρ = ρA ⊗ ρB, (2.85)

which physically correspond to the case to the case of two uncorrelated systems SA and
SB. In general, there are more possible answers, essentially meaning that, the knowledge of
the two subsystems does not enable us to specify the state of the corresponding composite
system.

In this regard, an important characterisation of the states of a composite system is provided
by the so-called Schmidt decomposition theorem (Breuer, 2002). Let us assume that,
given |ψ〉 ∈ H, can be expressed by Equation (2.72). For simplicity’s sake, let us suppose
that HA and HB are both d−dimensional systems, therefore the coefficients appearing in
Equation (2.72) define the square matrix A = (αjk)1≤j,k≤d. We can apply a singular value
decomposition of the matrix A, i.e.,

A = UDV, (2.86)

where U = (uij)1≤i,j≤d, V = (vij)1≤i,j≤d are unitary matrices, while D is a diagonal matrix
with non negative entries αi ≥ 0. Let us introduce αi ≡

√
λi, therefore, from Equation (2.72),

we get:

|ψ〉 =
∑

i,j,k

uji
√
λi vik |ψj〉 ⊗ |ϕk〉 . (2.87)

We can introduce the so-called Schmidt bases

|χi〉 ≡
d∑

j=1

uji |ψj〉 , |ξi〉 ≡
d∑

j=1

vki |ϕk〉 , (2.88)

orthogonal in HA and HB, respectively. Hence, we obtain the Schmidt decomposition

|ψ〉 =
d∑

i=1

√
λi |χi〉⊗ |ξi〉 , (2.89)

where
√
λi are called Schmidt coefficients. It is easy to check that the latter coincide with

the square root of the eigenvalues of the partial states, obtained by tracing out one of the
subsystems. By direct computation, one obtains indeed ρA = trB (|ψ〉〈ψ|) =

∑
i λi |χi〉〈χi|,

and ρB = trA (|ψ〉〈ψ|) =
∑

i λi |ξi〉〈ξi|. Thus, we recover the canonical decomposition of
Equation (2.20) for each reduced state. This justifies the identification αi ≡

√
λi: the
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latter quantities define a probability amplitude, therefore Equation (2.89) naturally encodes
the probabilistic interpretation of a density matrix. Note that, in the general case, d =
min{dA, dB}, with dA = dimHA, dB = dimHB.

The number of non-zero Schmidt coefficients is called Schmidt rank rS(ψ) and it is invariant
under unitary transformations UA and UB acting on HA and HB, respectively. As a result,
this also means that the Schmidt rank does not depend on the specific Schmidt bases chosen,
but it is a property uniquely determined by the state |ψ〉.
We will call separable those states that can be written in a tensor product form, as in
Equation (2.85). All other states are called entangled. Therefore, it is immediate to conclude
that the former are characterised by rS(ψ) = 1, while the latter by rS(ψ) > 1.

Furthermore, we will call maximally entangled those states that can be written in the form

|ψ〉 =
1√
d

d∑

i=1

|χi〉⊗ |ξi〉 , (2.90)

i.e., those states that are characterised by the fact that all nonzero Schmidt coefficients in
Equation (2.89) are equal to d−1/2.

Example 2.4.1: Bell States

To illustrate the concepts that we have just introduced, let us consider the case of
a pair of qubits, associated to the tensor product Hilbert space H ∼= C2 ⊗ C2. If
{|0〉A , |1〉A} and {|0〉B , |1〉B} are the two orthonormal bases in HA

∼= C2 and HB
∼= C2,

respectively, we can construct the so-called computational basis {|00〉 , |01〉 , |10〉 , |11〉}
in H ∼= C2 ⊗ C2, where |ij〉 ≡ |i〉A ⊗ |j〉B. It is easy to check that the elements of this
basis are eigenvectors of the tensor product operator σz ⊗ σz.
On the other hand, we can construct the following states:

∣∣φ±
〉

=
1√
2

(|00〉 ± |11〉) , (2.91)

∣∣ψ±
〉

=
1√
2

(|01〉 ± |10〉) , (2.92)

known as Bell states. These states are common eigenvectors of the commuting operators
σy ⊗ σy and σz ⊗ σz. Equations (2.91) and (2.92) define a basis of maximally entangled
states, called Bell basis (Benenti, 2007).

Example 2.4.2: Bloch representation of a bipartite system

In this example, we would like to generalise Equation (2.40) to bipartite systems. Let
us consider two systems living in the Hilbert spaces HA and HB, whose dimensions are
dA and dB, respectively. As in the case discussed in Section 2.3.1, we can resort to the
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SU(N) generators to obtain suitable operator bases.
Therefore, for each system we can consider the corresponding generators, i.e. rA ≡
{rAi }1≤i≤d2

A−1 and rB ≡ {rBj }1≤j≤d2
B−1, which serve as operator basis for density matrices

in S(HA) and S(HB), respectively.
A generic state of the composite system ρ ∈ S(HA ⊗HB) can be expressed as

ρ =
1

dAdB

(
IA ⊗ IB +

d2
A−1∑

i=1

τAi r
A
i ⊗ IB +

d2
B−1∑

j=1

IA ⊗ τBj rBj +

d2
A−1∑

i=1

d2
B−1∑

j=1

tij r
A
i ⊗ rBj

)
,

(2.93)

where τA and τB are generalised Bloch vectors corresponding to the reduced states ρA
and ρB, respectively, whereas tij is the so-called correlation tensor (de Vicente, 2007;
Sarbicki, 2020).
It is straightforward to see that we recover the form of Equation (2.40) for each of
the two reduced matrices by performing a partial trace with respect to one of the two
parties, i.e.,

ρA ≡ trB ρ =
1

dA
(IA + τA · rA) , (2.94)

ρB ≡ trA ρ =
1

dB
(IB + τB · rB) . (2.95)

Example 2.4.3: Fano form and Weyl states

Let us specialise the Example 2.4.2 by explicitly considering the case of a pair of qubits.
As a first example, let us consider the simplest case of a bipartite system made of
two qubits. In this case, H = HA ⊗ HB

∼= C2 ⊗ C2; by taking dA = dB = 2 and
r ≡ ~σ = {σx, σy, σz} in Equation (2.93), we eventually obtain the so-called Fano form
for the two-qubit density operator (Fano, 1983; Friis, 2017):

ρ̃ =
1

4

{
IAB + (~τA · ~σ)⊗ IB + IA ⊗ (~τB · ~σ) +

3∑

j,k=1

tjk σj ⊗ σk
}
. (2.96)

Moreover, the invariance properties of SU(2) provide a remarkable advantage: the
correlation tensor T ≡ (tjk)1≤j,k≤3 can be brought in a diagonal form by applying local
unitary operations (Luo, 2008). To this end, we can preliminarily resort to the singular
value decomposition theorem to get

T = OA diag (c1, c2, c3) OB (2.97)
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or, equivalently,

3∑

j,k=1

OA
jmtjk O

B
nk = δmncm, (2.98)

where OA =
(
OA
jm

)
1≤j,m≤3

and OB =
(
OB
jm

)
1≤j,m≤3

are orthogonal matrices in O(3).

Moreover, there always exist unitary matrices UA and UB such that

UAσjU
†
A =

3∑

m=1

OA
jmσm , (2.99)

UBσkU
†
B =

3∑

n=1

OB
nkσn . (2.100)

Now we would like to show that the correlation tensor T can be diagonalised by a local
unitary transformation acting on the state ρ̃ , i.e.,

ρ = UA ⊗ UB ρ̃ U †A ⊗ U †B, (2.101)

where UA, UB are unitary transformation respectively defined on HA and HB. It is
useful to apply the transformation to each term appearing in Equation (2.96):

(UA ⊗ UB) IAB
(
U †A ⊗ U †B

)
= IAB . (2.102)

The two local contributions transform as

(UA ⊗ UB) {(~τA · ~σ)⊗ IB}
(
U †A ⊗ U †B

)
=
∑

j

(~τA)j UAσjU
†
A ⊗ IB

=
∑

j,m

(~τA)j O
A
jmσm ⊗ IB =

∑

m

(
~τAO

A
)
m
σm ⊗ IB

=~a · ~σ ⊗ IB (2.103)

and

(UA ⊗ UB) {IA ⊗ (~τB · ~σ)}
(
U †A ⊗ U †B

)
= IA ⊗~b · ~σ, (2.104)

where ~a ≡ ~τAOA and ~b ≡ ~τA(OB)T. The last contribution comes from correlations:

(UA ⊗ UB)

{
3∑

j,k=1

wjk σj ⊗ σk
}(

U †A ⊗ U †B
)

=
3∑

jk

wjk

(
UAσjU

†
A

)
⊗
(
UBσkU

†
B

)

=
3∑

m,n=1

(
3∑

j,k=1

wjkO
a
jmO

B
nk

)
(σm ⊗ σn) =

3∑

1

cm (σm ⊗ σm) . (2.105)

27



Therefore, a generic two-qubit state can always be brought in the following form:

ρ =
1

4

{
IAB + (~a · ~σ)⊗ IB + IA ⊗

(
~b · ~σ

)
+

3∑

j=1

cj σj ⊗ σj
}
, (2.106)

where ~c is the correlation vector, while ~a and ~b are the transformed local Bloch vectors.
A special case is given by the so-called Weyl states (Friis, 2017), that are characterised
by null local Bloch vectors. For these states, Equation (2.106) reads as

ρ =
1

4

(
I4 +

3∑

j=1

cj σj ⊗ σj
)
. (2.107)

Note that the marginal states are given ρa = I/2 and ρb = I/2, representing maximally
mixed states, with I d-dimensional identity matrix.

2.5 Complete Positivity and Entanglement

In Section 2.4.3, we have introduced the notion of entangled and separable states for bipartite
systems. Entanglement is the non classical feature of quantum theory par excellence, that has
informed the debate about the foundations of quantum mechanics since its early days, while,
more recently, it has drawn a great deal of attention in relation to technological applications.
Since a full account of this fascinating aspect of the theory is beyond the scopes of this work,
we will just briefly discuss some of its main features, without going into details, that are
covered, for example, in the review paper (Horodecki, 2009) (and references therein).

In general, the main issues of quantum entanglement theory concern its definition, its
characterisation (in terms of suitable criteria), and its measure. For our purposes, it is
sufficient to rely on the definition given in Section 2.4.3, as will focus on the bipartite case
only. However, the definition given by Equation (2.89) is of very limited use, the latter
being difficult to check in practical cases. It is therefore desirable to have an alternative
characterisation of entanglement: this is, in general, a difficult problem to tackle, even in the
simplest case of bipartite systems.

In this regard, it can be shown that positivity and complete positivity of a linear map
constitute useful mathematical tools to infer properties about entanglement. Hence, besides
the notion of positive map, we need to specify what we mean when we talk about complete
positivity (Heinosaari, 2011). A linear map

Λ : B1(H)→ B1(H)

ω 7→ Λ(ω) (2.108)
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is completely positive (CP) if and only if the map

Λ⊗ In : B1(H⊗ Cn)→ B1(H⊗ Cn)

ω ⊗ σn 7→ Λ(ω)⊗ σn (2.109)

is positive for any n ∈ N, with In identity operator on Cn, and σn ∈ L(Cn).

It is not difficult to conclude that, if Λ is a positive map, and ρ is a product state, i.e.,
ρ = ω⊗χ, then (Λ⊗ IB)ρ = Λ(ω)⊗χ is positive, even if Λ is not CP, as it is a tensor product
of positive operators. By linearity, this can be naturally extended to all separable states.
Horodecki et al. have recognised that the latter property is essential to detect entangled states;
in other terms, it has been proven that the positivity of (Λ⊗ IB)ρ ≥ 0 is a necessary condition
for the separability of the state ρ, while its non-positivity is mathematically sufficient to
conclude that ρ is entangled (Horodecki, 1996).

Example 2.5.1: Partial Transposition

An example of map that is positive, but not CP, is provided by partial transposition.
Since, in order to define the partial transpose we need to fix a basis, we will consider
an explicit example. Let us consider a pair of qubits in the Bell state |φ+〉 ∈ C2 ⊗ C2,
defined by Equation (2.91). By using the computational basis, we can construct the
following density operator:

ρφ+ ≡
∣∣φ+
〉 〈
φ+
∣∣ =

1

2

(
|0〉〈0| ⊗ |0〉〈0|+ |1〉〈1| ⊗ |1〉〈1|
+ |0〉〈1| ⊗ |0〉〈1|+ |1〉〈0| ⊗ |1〉〈0|

)
(2.110)

If we adopt the standard representation |0〉 =

(
1
0

)
, |1〉 =

(
0
1

)
, we can represent ρφ+

as a matrix in M4(C)

ρφ+ =
1

2




1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1


 . (2.111)

The spectrum of this positive-definite matrix is given by {1, 0, 0, 0}. Moreover, by
using Equation (2.12), one obtains ‖ρφ+‖

1
= 1, as required by the definition of density

operator.
Let us apply the partial transposition with respect to the first qubit, i.e.,

ρTAφ+ ≡ (TA ⊗ IB) ρφ+ =
1

2

(
|0〉〈0| ⊗ |0〉〈0|+ |1〉〈1| ⊗ |1〉〈1|
+ |0〉〈1| ⊗ |1〉〈0|+ |1〉〈0| ⊗ |0〉〈1|

)
, (2.112)
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or, using the corresponding matrix representation,

ρTAφ+ =
1

2




1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


 . (2.113)

The spectrum of ρTAφ+ is given by {1
2
, 1

2
, 1

2
,−1

2
}, therefore we are left with a negative

object. Moreover, one has
∥∥∥ρTAφ+

∥∥∥
1

= 2.

Therefore, with the help of this example, we can conclude that partial transposition
is a positive, but not CP, map. As a byproduct, we have also shown an example of
non-trace-preserving map: the presence of negative eigenvalues for ρTAφ+ leads to the
increase of the trace norm.

The Example 2.5.1 can be considered as a sort of guiding line in our quest for entanglement
characterisation. Indeed, Peres proved that a strong necessary condition for separability is
provided by the Positive Partial Transpose (PPT) criterion (Peres, 1996). According to the
latter, if ρ ∈ S(HA ⊗ HB) is separable, then ρTA is a density operator itself, i.e., it has a
non-negative spectrum.

The PPT criterion can also be a sufficient condition for separability, depending on the
dimensions dA and dB of the two subsystems. Horodecki (Horodecki, 1997) proved that, if
dAdB ≤ 6 (i.e., if we deal with two-qubit or qubit-qutrit systems), states are separable if
and only if they are PPT. For these systems, the PPT – also known as Peres-Horodecki –
criterion provides a complete characterisation of separable states.

Entanglement negativity

As a result, the PPT criterion not only provides a necessary condition for separability of a
bipartite state, but its violation constitutes also a sufficient condition for entanglement. This
naturally suggests a computable measure of entanglement, based on the trace norm of the
partially transposed matrix. We can indeed define the entanglement negativity (or simply
negativity) of a bipartite state ρ in the following manner (Vidal, 2002):

N (ρ) ≡
∥∥ρTA

∥∥
1
− 1, (2.114)

that, in general, is given by the absolute value of the sum of the negative eigenvalues, i.e.,
N (ρ) = 2 |∑i µi|. The rationale behind this formula can be intuitively explained as follows:
N (ρ) essentially measures the degree to which ρTA fails to be positive. Indeed, if ρ is separable,
then ρTA is itself a state, thus

∥∥ρTA
∥∥

1
= 1, and N (ρ) = 0; by contrast, if ρ is entangled, the

condition trA
(
ρTA
)

= 1 still holds, but N (ρ) 6= 0.

In particular, N (ρ) can be employed as a good measure of entanglement for two-qubit systems,
i.e., H = C2 ⊗ C2. If µmin is the smallest eigenvalue of ρTA , the entanglement negativity is
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given by

N (ρ) = 2 max{−µmin, 0}. (2.115)

Example 2.5.2: Werner states

A Werner state is given by (Werner, 1989; Benenti, 2007):

ρW =
1

4
(1− c) I + c

∣∣ψ−
〉〈
ψ−
∣∣ , (2.116)

where 0 ≤ c ≤ 1, and |ψ−〉 is defined by Equation (2.92), and I is the 4 ideǹıtity matrix.
In other terms, a Werner state ρW can be regarded as an incoherent mixture of the
maximally entangled Bell state |ψ−〉 with probability c and the maximally mixed state
1
4
I.

In the computational basis, the matrix ρW is given by:

ρW =
1

4




1− c 0 0 0
0 1 + c −2c 0
0 −2c 1 + c 0
0 0 0 1− c


 . (2.117)

In order to resort the PPT criterion, we need to compute the partial transpose:

(ρW)TA =
1

4




1− c 0 0 −2c
0 1 + c 0 0
0 0 1 + c 0
−2c 0 0 1− c


 , (2.118)

whose eigenvalues are given by µ1 = µ2 = µ3 = 1+c
4

, and µ4 = 1−3c
4

. By using
Equation (2.115), we get N (ρ) = 2 max

{
3c−1

4
, 0
}
. More explicitly:

N (ρ) =

{
0 if 0 ≤ c ≤ 1

3
3c−1

2
if 1

3
< c ≤ 1

. (2.119)

Therefore, ρW is separable if 0 ≤ c ≤ 1
3
, while it is entangled for 1

3
< c ≤ 1.

2.5.1 Linear maps and complete positivity

In this Section, we would like to consider the general case of a linear map and introduce
an important characterisation of CP maps. The request of complete positivity is, at the
same time, mathematically crucial and physically natural when we consider the scenario in
which a quantum systems is interacting with an environment. Indeed, it guarantees that
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our description is physically consistent against possible couplings with finite-dimensional
extensions of the main system (Kraus, 1983; Benatti, 2005).

Let us consider a finite-dimensional system, i.e., H = Cn. Given the canonical basis is given
by {|ej〉}1≤j≤n, we can construct the corresponding basis of operators Eij ≡ |ej〉〈ek|, whose
elements can be represented by matrices inMn(C). Let us consider the maximally entangled
state

|ψ〉 =
1√
n

n∑

j=1

|ej〉 ⊗ |ej〉 , (2.120)

that allows us to construct the following operator:

1

n
X ≡ 1

n

n∑

j,k=1

Ejk ⊗ Ejk = |ψ〉〈ψ| , (2.121)

which is positive.

An important characterisation of CP maps is given by a theorem due to Choi, that rephrase
the problem of checking the complete positivity of a map in terms of the positivity of a
certain matrix, known a Choi matrix (Choi, 1975). In this perspective, given a linear map
Λ :Mn(C)→Md(C), the following statements are equivalent (Heinosaari, 2011):

(i) Λ is CP;

(ii) Λ is n-positive, i.e., Λ⊗ In is a positive map;

(iii) for any orthonormal basis {|ej〉} in Cn, the following matrix:

ΦΛ =




Λ(|e1〉〈e1|) . . . Λ(|e1〉〈en|)
...

. . .
...

Λ(|en〉〈e1|) . . . Λ(|en〉〈en|)


 , (2.122)

known as Choi matrix, is positive.

Note that the implication (i) =⇒ (ii) follows trivially from the definition of CP map. We
can easily prove that (ii) =⇒ (iii), by applying the map Λ⊗ In on the positive operator X
defined by Equation (2.121) through a maximally entangled state. In is indeed immediate to
conclude that ΦΛ = Λ⊗ In(X) is positive.

The proof that the positivity of the Choi matrix implies the complete positivity of Λ, i.e.,
(iii) =⇒ (i), is a bit more involved. To this end, we can let ΦΛ act on the operator X:

ΦΛ = Λ⊗ In(X) =
n∑

k,q

Λ(|ek〉〈eq|)⊗ |ek〉〈eq| =
n∑

k,q

Λ(Ekq)⊗ Ekq, (2.123)
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and, since we are assuming that ΦΛ is a positive matrix, we can diagonalise it and write:

ΦΛ =
nd∑

j=1

|vj〉〈vj| , (2.124)

with |vj〉 ∈ Cn ⊗ Cd non-normalised eigenvectors. Now, bearing in mind that a n× d matrix
can be regarded as a n× n matrix, whose entries are d× d matrix8, the eigenvectors |vj〉 can
be expressed as

|vj〉 =
n∑

k=1

|vij〉 ⊗ |ek〉 . (2.125)

We can thus define the operator:

Vj : Cn → Cd

ek 7→ |vjk〉 ≡ Vj |ek〉 , (2.126)

and obtain

ΦΛ =
nd∑

j=1

n∑

k,q=1

|vjk〉〈vjq| ⊗ |ek〉〈eq| =
nd∑

j=1

n∑

k,q=1

Vj |ek〉〈eq|V †j ⊗ |ek〉〈eq|

=
nd∑

j=1

n∑

k,q=1

VjEkqV
†
j ⊗ Ekq (2.127)

By comparing Equations (2.123) and (2.127), we get

Λ(Ekq) =
nd∑

j=1

VjEkqV
†
j , (2.128)

which is positive, thus completely positivity follows.

The Choi theorem suggests that there is a correspondence – known as Choi-Jamio lkowski
ismorphism (Jamio lkowski, 1972; Choi, 1975) – between completely positive maps Λ :
Mn(C) → Md(C) (represented by matrices with positive entries) and linear operators in
Cd ⊗ Cn.

Moreover, the constructive proof of the Choi theorem that we have just presented naturally
leads to a useful characterisation of CP maps. Indeed, extending by linearity Equation (2.128),
we obtain a similar representation for a generic map Λ:

Λ(ω) =
∑

µ

KµωK
†
µ, (2.129)

8In other terms, we are relying on the fact that Cnd×nd ∼= Cn×n ⊗ Cd×d.
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where the index µ runs over a finite set (for finite-dimensional systems), or over a countable
set (for infinite-dimensional systems). This representation is known as Kraus-Stinespring
representation or, alternatively, opertor-sum representation, while the operators Kµ are called
Kraus operators (Kraus, 1983; Benatti, 2005). The fact that Λ can be written in such a
form constitutes a necessary and sufficient condition for Λ to be CP. As we will realise in
Chapter 3, this result is particularly useful in the theory of open quantum systems.
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Chapter 3

Dynamical maps and master
equations

In this Chapter, we review some important notions in the theory of open quantum systems,
that we will employ in the next Chapters to introduce the standard tools for microscopically
deriving dynamical equations (Chapter 4), and to discuss some specific problems, such as
the characterisation of nonequilibrium dynamics in terms of entropy production (Chapter 5),
or the simulation of the dynamics beyond standard regimes (Chapter 6). In the following
Sections, we will see that a consistent description of the open system dynamics can be either
expressed in terms of maps or in terms of equations. The former are particularly useful
to characterise general properties of the dynamics, such as, for instance, the presence of
absence of memory effects, while the latter represents a standard way to look at the system
evolution and evaluate physical quantities. Although the contents presented in this Chapter
are well-established results, they are presented in such a way that emphasis is given to the
limitations imposed by the usual construction of a quantum dynamical semigroup. As we
will see in the following Chapters, the standard approach, based on the weak coupling and
memoryless approximations, is indeed quite restrictive, and fails to apply to a broader variety
of processes that are physically interesting.

3.1 Quantum dynamical maps

In Chapter 2, we have discussed some important features of abstract linear maps. Now, we
would like to apply those mathematical tools to the description of the dynamics of quantum
systems. If we assume the latter to be formally described by a linear map, our first concern
is that physical states gets mapped into physical states. This justifies the definition of a
quantum dynamical map as (Alicki, 2007; Asorey, 2009)

Λt,t0 : S(H)→ S(H)

ρ(t0) 7→ ρ(t) = Λt,t0ρ(t0), (3.1)
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that preserves self-adjointness, positivity, and trace (i.e., Tr ρ(t0) = 1 = Tr ρ(t)). However,
these requirements are not enough, as we need to add the stronger condition of complete
positivity, a genuine quantum requirement that protects us against the consequences of
potential entanglement with possible extensions of our system. In Section 2.5, we have seen
that a necessary and sufficient condition for the complete positivity of a map is for it to be
in the Kraus-Stinespring form (Kraus, 1983), i.e.,

Λt,t0ρ(t0) =
∑

µ

Kµ ρ(t0) K†µ, ρ ∈ S(H), (3.2)

where the operators Kµ can either form a finite or infinite sequence (Heinosaari, 2011). If we
impose trace preservation, we automatically get a constraint on the Kraus operators, i.e.,

∑

µ

K†µKµ = I. (3.3)

In Section 2.1, we have seen that a linear mapping on B1(H) induces a linear mapping on
the dual space B(H). In our case, the dynamical map Λt,t0 induces the dual map

Λ∗t,t0 : B(H)→ B(H), (3.4)

that are related by the following duality relation (Breuer, 2002; Benatti, 2005)

Tr(A Λt,t0ρ(t0)) = Tr
(
Λ∗t,t0 [A] ρ(t0)

)
, (3.5)

where A is a bounded operator. This formula is a direct consequence of the isomorphism in
Equation (2.8). From a physical perspective, the latter formally establishes a correspondence
between states and observables. In the dual space, we have the equivalent of Equation (3.2),
i.e.,

Λ∗t,t0 [A] =
∑

µ

K†µ A Kµ, A ∈ B(H), (3.6)

whence we deduce that trace preservation is equivalent to request that Λ∗t,t0 is unital, i.e.,
Λ∗t,t0 [I] = I.

3.1.1 Closed systems

In the standard presentation of quantum mechanics, we usually consider the case of a closed
system, i.e., a system that is perfectly isolated from the surroundings. In this scenario, the
system evolves unitarily over time according to

ρ(t0)→ ρ(t) = Ut,t0 ρ(t0) ≡ Ut,t0 ρ(t0) U †t,t0 , (3.7)

where Ut,t0 = e−iH(t−t0) is the time evolution operator (henceforth, we will always work in
units such that ~ = 1), and H the (time-independent) system Hamiltonian. By comparing
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Equations (3.2) and (3.7), one can conclude that, for closed systems, one has the simplest
non-trivial dynamical map, where the only Kraus operator is given by Ut,t0 . Equation (3.5)
defines the following dual map

A 7→ U∗t,t0 [A] = U †t,t0 A Ut,t0 ≡ AH(t). (3.8)

Hence, going from Equation (3.7) to (3.8), we are transferring the time dependence from
states (density operators) to observables (i.e., bounded operators); in other terms, we are
going from the Schrödinger to the Heisenberg picture.

One last comment is about irreversibility (Sudarshan, 1961; Wehrl, 1978). First, a unitary
evolution transforms pure states into pure states; indeed, from Equation (2.6) it follows
that Tr[ρ2(t)] = Tr[ρ2(t0)]. In addition, we have U †t,t0 = U−1

t,t0 , meaning that the underlying
dynamics is perfectly reversible. This feature is confirmed by looking at the von Neumann
entropy: as the latter is invariant under unitary transformations, we have S(ρ(t)) = S(ρ(t0)).
This mathematical evidence needs to be contrasted with the second law of thermodynamics,
according to which the entropy of a closed systems is non-decreasing. In other terms, we
need to consistently treat problems of irreversibility or relaxation in the domain of quantum
mechanics. The possible way out is provided by a different, more general, description of the
dynamics, that includes dissipation or the genuinely quantum phenomenon of decoherence
(Breuer, 2002; Zurek, 2003).

3.1.2 Open quantum systems

In order to get a more realistic description of the dynamics of a quantum system, we need to
relax the hypothesis of a system dynamically isolated from the surroundings. This leads to
the concept of open quantum system, i.e., a system interacting with another (usually much
larger) system, that we will call environment (Breuer, 2002; Rivas, 2012). Let us suppose that
HS and HE are the Hilbert spaces associated with the main system S and its environment
E, respectively. The Hamiltonian of the whole system reads

H(t) = HS(t)⊗ IE + IS ⊗HE(t) +HI(t), (3.9)

where HS and HE are the Hamiltonian of the system and the environment, respectively, while
HI describes the interaction between them.

A generic joint state ρSE ∈ S(HS ⊗HE) can contain correlations between the two parties of
the composite system, therefore, at time t = t0, we can write:

ρSE(t0) = ρS(t0)⊗ ρE(t0) + χ(t0), (3.10)

where χ(t0), accounting for correlations between S and E, is not a state and satisfies the
condition trS[χ(t0)] = 0 = trE[χ(t0)].

It is customary to assume that the joint system S + E evolves unitarily according to the
following:

ρSE(t) = Ut,t0ρSE(t0) = Ut,t0 ρSE(t0) U †t,t0 = Ut,t0 [ρS(t0)⊗ ρE(t0) + χ(t0)]U †t,t0 , (3.11)
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where the time evolution operator is given by

Ut,t0 = T← exp

[
−i
∫ t

t0

H(τ)dτ

]
, (3.12)

denoting as T← the chronological time operator, that orders product of time-dependent
operators such that their time-arguments increase from right to left.

However, our interest is devoted to the reduced dynamics, for which we would like to obtain
a dynamical map Λt,t0 acting on the state ρS(t), by tracing over the environmental degrees of
freedom, i.e.,

ρS(t) = Λt,t0ρS(t0) ≡ trE{ρSE(t)} = trE

{
Ut,t0 [ρS(t0)⊗ ρE(t0) + χ(t0)]U †t,t0

}
. (3.13)

Note that a fixed environmental state ρE(t0) can be expressed through its spectral decompo-
sition, i.e., ρE(t0) =

∑
j λj |ψj〉〈ψj|, thus Equation (3.13) can be rewritten as

ρS(t) =
∑

j

λj trE

{
Ut,t0 [ρS(t0)⊗ |ψj〉〈ψj|]U †t,t0

}
+ trE

{
Ut,t0 χ(t0) U †t,t0

}

=
∑

j,k

λj 〈ψk|Ut,t0 |ψj〉 ρS(t0) 〈ψj|U †t,t0 |ψk〉+ trE

{
Ut,t0 χ(t0) U †t,t0

}
(3.14)

By introducing δρ(t, t0) ≡ trE{Ut,t0 χ(t0) U †t,t0}, and the following operators:

Kµ(t, t0) ≡
√
λj 〈ψk|Ut,t0 |ψj〉 , (3.15)

where µ ≡ {k, j}, we eventually get

ρS(t) = Λt,t0ρS(t0) =
∑

µ

Kµ(t, t0) ρS(t0) K†µ(t, t0) + δρ(t, t0). (3.16)

Following from the definitions, we aim at obtaining a CP dynamical map Λt,t0 , therefore it
has to be in the Kraus form (3.2). In order to retrieve the latter, we need to choose states
such that the inhomogeneous part δρ(t, t0) is vanishing, i.e., such that χ(t0) = 0. This choice
also carries one more important feature: the map Λt,t0 is universal (Rivas, 2012), in the sense
that is independent of the state it acts upon. Indeed, our map would clearly bear dependence
on the particular choice of the initial state ρS(t0), were χ(t0) non-zero (Štelmachovič, 2001).
On a more general note, it is still an open question to ascertain a general relation between
the form of the initial correlated state ρSE and the corresponding open system dynamics1 (de
Vega, 2017).

1Historically, this issue has raised an intense debate within the open quantum systems community, through
the voices of Pechukas and Alicki (Pechukas, 1994; Alicki, 1995): the former challenged the usual picture of
open system dynamics, showing that initially correlated states might generate evolutions that violate the
requirement of complete positivity; in response, the latter argued that all physical meaningful states lead to
CP maps.
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ρSE(t0) = ρS(t0)⊗ ρE ρ(t) = Ut,t0ρSE(t0)

ρS(t0) ρS(t) = Λt,t0ρS(t0)

unitary evolution

trE trE

dynamical map

Figure 3.1: Open quantum system evolution.

In light of the previous observations, we will consider initially non correlated states, i.e.,
states in the tensor product form

ρSE(t0) = ρS(t0)⊗ ρE(t0), (3.17)

so that we eventually get a legitimate dynamical map of the form

ρS(t) = Λt,t0ρS(t0) =
∑

µ

Kµ(t, t0) ρS(t0) K†µ(t, t0), (3.18)

where the operators Kµ, depending only on the global unitary evolution and the initial state of
the environment, are Kraus operators that automatically fulfil the condition

∑
µKµK

†
µ = IS.

What we have illustrated so far can be effectively summarised by the diagram in Figure 3.1.

Owing to the duality relation Equation (3.5), one can also define the time evolution of an
operator in the Heisenberg picture by applying the dual map Λ∗t,t0 , i.e.,

AH(t) = Λ∗t,t0A, (3.19)

where A is the operator in the Schrödinger picture.

In order to show how this description in terms of dynamical maps encompasses irreversibility,
we should discuss the invertibility of the dynamical map Λt,t0 . Physically, this is associated
with the possibility of going backwards in time through a well-defined dynamical map Λt0,t

such that

Λt0,t ◦ Λt,t0 = Λ−1
t,t0
◦ Λt,t0 = I. (3.20)

The relevant point to make is that, even if the inverse map Λ−1
t,t0 exists, there is no guarantee

that it is a proper Completely Positive Trace Preserving (CPTP) map. In this regard, one can
show (Rivas, 2012) that a CPTP dynamical map can be inverted, obtaining another CPTP
map if and only if it is unitary. Since this is not always the case, the formalism outlined
above naturally embeds the irreversibility of open system dynamics.

There is one more thorny issue that we cannot leave unmentioned at this stage and it has
to do with the existence of a composition law for dynamical maps. Let us suppose that
t0 < t1 < t2 and that we are given with two legitimate dynamical maps Λt1,t0 and Λt2,t1 , that
transform reduced states of the system from t0 to t1 and from t1 to t2, respectively. Intuitively
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one would anticipate that the full evolution from t0 to t1 is given by composition of the two
previous maps, i.e.,

Λt2,t0 = Λt2,t1 ◦ Λt1,t0 , (3.21)

but this is not, in general, the case. To further corroborate this statement, we observe that
the two maps Λt1,t0 and Λt2,t0 can be expressed in Kraus form of (3.18), as we are assuming
that ρ(t0) is in a product state. By contrast, we should define the map

Λt2,t1ρS(t1) ≡ trE

[
Ut2,t1 ρSE(t1) U †t2,t1

]
, (3.22)

that, in general, is not a CP map, neither is it independent of ρ(t1), as we have observed
about Equation (3.16). This is actually something that we would physically expect, because,
as the system evolves, correlations between system and environment are inevitably built up,
thus, we are no longer in the position of assuming that ρSE(t1) is a product state.

3.2 From maps to equations

In the previous Section, we have seen that the evolution of a quantum system can be described
in terms of a suitable dynamical map, that is completely positive and preserves the trace.
This perspective offers valuable insight for characterising intrinsic properties of the dynamics,
such as, for instance, its Markovian character or lack thereof (Breuer, 2016), but more often
one is interested in solving dynamical equations. In the following Sections, we illustrate the
way the former are related to the latter.

3.2.1 Unitary evolution group

Let us start with the familiar case of a closed quantum system governed by a unitary
dynamics. In Section 3.1.1, we have seen that the unitary map Ut,t0 is invertible, therefore,
from Equation (3.7) we obtain

ρ̇(t) = U̇t,t0 ρ(t0) = U̇t,t0 ◦ U−1
t,t0

ρ(t), (3.23)

where U̇t,t0 = ∂tUt,t0 . A simple calculation yields the following dynamical equation:

ρ̇(t) = −i[H, ρ(t)] ≡ LH [ρ], (3.24)

known as Liouville - von Neumann (or simply von Neumann) equation, which is the equivalent
– in the language of density operators – of the Schrödinger equation, while LH is the Liouvillian
(or Liouville operator).

Analogously, the unitary map satifies a similar differential equation

U̇t,t0 = LH [Ut,t0 ], (3.25)
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with the initial condition Ut0,t0 = I, whose formal solution is given by:

Ut,t0 = e(t−t0)LH . (3.26)

Since Ut,t0 only depends on the difference t − t0, we can define Ut ≡ Ut,t0 , or, equivalently,
always assume that t0 = 0. To summarise, using this notation, a unitary map Ut satisfies the
following properties:

(i) Ut1 ◦ Ut2 = Ut1+t2 ;

(ii) there exists U−1
t such that U−1

t ◦ Ut = Ut ◦ U−1
t = I.

Therefore, we can introduce a collection of unitary maps {Ut}t≥0, with Ut=0 = I, that defines
a one-parameter unitary evolution group: the existence of its generator is guaranteed by
Stone’s theorem (Teschl, 2014).

Heisenberg picture

Owing to the duality relation Equation (3.5), we can introduce the group {U∗t }t≥0, isomorphic
to {Ut}t≥0, that describes the evolution of the physical system in the Heisenberg picture. As
a consequence, the dynamical equation for an observable in the Heisenberg picture is given by

ȦH(t) = i[H,AH(t)] ≡ L∗H [AH(t)]. (3.27)

Let us suppose that we need to track over time a certain (explicitly time-dependent) observable,
say A(t), in the Schrödinger picture. To this end, it is worth noticing that, in the Heisenberg
picture, the expectation values are determined through the fixed density operator ρH(t0),
hence

〈A(t)〉 = Tr(A(t)ρ(t0)) = Tr(AH(t)ρH(t0)). (3.28)

Taking the derivative with respect to time and using Equation (3.27), we get

d

dt
〈A(t)〉 = Tr

{(
i[H,AH(t)] +

∂A

∂t

)
ρH(t0)

}
, (3.29)

sometimes referred to as Ehrenfest theorem.

3.2.2 Quantum dynamical semigroup

Let us now generalise the previous discussion to the case of non-Hamiltonian dyanamics linked
to open systems. In the same spirit as of unitary evolution, we can introduce a one-parameter
family {Λt}t≥0 of dynamical maps, with Λt=0 = I. We would like to assess what kind of
mathematical structure can be defined for this instance.

Let us consider a two-parameter family of dynamical maps given by:

Λt,s = Λt ◦ Λ−1
s , 0 ≤ s ≤ t, (3.30)
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such that

Λt = Λt,s ◦ Λs. (3.31)

This definition is non-trivial because of the following remarks.

• In general, the inverse map Λ−1
t does not exist. As we will see later on, the class of

processes for which Λ−1
t exists lead to a time-local dynamical equation for the open

system.
• If the inverse map exists, in general it is not even guaranteed to be positive.

This motivates the following definition: a dynamical map Λt given by Equation (3.31) is
said to be P-divisible or CP-divisible if and only if Λt,s is positive or completely positive,
respectively (Breuer, 2016).

In general, the divisibility property Equation (3.31) can be rewritten as

Λt,s = Λt,τ ◦ Λτ,s, 0 ≤ s ≤ τ ≤ t, (3.32)

which represents the quantum analogue of the Champman-Kolmogorov equation for classical
stochastic processes (Gardiner, 2009; Vacchini, 2011).

Although proposals based on P-divisibility have been put forward (Wißmann, 2015; Breuer,
2016), for our purposes we can assume that CP-divisibility is a necessary and sufficient condi-
tion for the system dynamics to be Markovian, or, as sometimes referred to, memoryless. We
can thus define a quantum dynamical semigroup as a collection of one-parameter CTPT maps
{Λt}t≥0 , with Λt=0 = I, satisfying the following homogeneous composition law (Kossakowski,
1972):

Λt+s = Λt ◦ Λs, s, t ≥ 0. (3.33)

The semigroup structure is consistent with the irreversible character of the dynamics.

Furthermore, we have to discuss two main mathematical issues: one related to the existence
of the generator of this semigroup, the other to the form of the most general generator of
this semigroup. Although the formulation of the problem looks simple, the general answers
to these questions still constitute open problems (Chruściński, 2014).

Let us suppose that the dynamical map Λt is invertible – i.e., there exists Λ−1
t such that

Λ−1
t ◦ Λt = Λt ◦ Λ−1

t = I; by differentiating ρt = Λtρ(0), one obtains

ρ̇(t) = L[ρ(t)], (3.34)

where we have defined the generator L ≡ Λ̇−1
t ◦ Λt. Equation (3.34) is usually called master

equation, which is the non-Hamiltonian counterpart of Equation (3.24). The corresponding
map Λt satisfies the differential equation

Λ̇t = L[Λt], Λ0 = I, (3.35)
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whose formal solution is Λt = etL.

Under rather general assumptions2, the Hille-Yoshida theorem (Yoshida, 1995) warrants the
existence of the generator L. In relation to the form of such a generator, in the subclass of
CP maps, a crucial result is given by the celebrated Gorini, Kossakowski, Sudarshan, and
Lindblad (GKSL) theorem (Gorini, 1976; Lindblad, 1976), that represents a cornerstone
in the theory of open quantum systems3. In its finite-dimensional version (dimHS = N),
the theorem reads as follows. A linear operator L is the generator of a quantum dynamical
semigroup {Λt}t≥0 if and only if it is in the form:

L[ρ] = −i[H, ρ] +
N2−1∑

k,l=1

akl

(
FkρF

†
l −

1

2
{F †l Fk, ρ}

)
, (3.36)

where H = H†, 〈Fl, Fk〉HS = δlk, with k, l = 1, . . . , N2 − 1, while the positive-definite matrix
A = (ak,l)k,l ∈MN2−1(R) is known as Kossakowski matrix. Note that the operator H and Fl
can be taken to be traceless, i.e., Tr(H) = 0 and Tr(Fl) = 0, yielding the canonical separation
of the generator between a unitary LH [ρ] = −i[H, ρ] and non-unitary D[ρ] part (Gorini,
1978).

Moreover, the dissipative part – known as dissipator – can be brought in the so-called Lindblad
form upon diagonalisation of the Kossakowski matrix A, i.e., A = UDU †, where U = (ukl)k,l
unitary matrix, whereas D = diag({γk}k). Therefore, by introducing the Lindblad (or jump)
operators Lk =

∑
i uklFl, one has

D[ρ] ≡
N2−1∑

k=1

γk

(
LkρL

†
k −

1

2
{L†kLk, ρ}

)
, (3.37)

with γk ≥ 0. Note that these positive coefficients have the dimensions of an inverse time,
provided that the operators Lk are dimensionless. Indeed, we will see that these are the rates
with which the environmental correlation functions decay (Breuer, 2002).

We have shown that, given a open system whose dynamical maps form a quantum dynamical
semigroup, the evolution is given by the following master equation:

ρ̇(t) = −i[H, ρ] +D[ρ], (3.38)

known as Lindblad equation.

A more general situation occurs when, in a Lindblad-like master equation, the decoherence
rates and the Lindblad operators are time-dependent, i.e., γk → γk(t) and Lk → Lk(t). In
this scenario, we can recover the generator of a quantum dynamical semigroup as far as

2Technically, the result holds for contractions semigroups.
3Historically, it is worth mentioning that the paper by Gorini, Kossakowski and Sudarshan explicitly

considers the finite-dimensional case in the Schrödinger picture, while Lindblad’s paper deals with the
infinite-dimensional case in the Heisenberg picture (Chruściński, 2017).

43



the rates are non-negative, i.e., γk(t) ≥ 0 (Hall, 2014; de Vega, 2017), as their negativity
might be associated to a backflow of information, leading to non-Markovian dynamics – see
Section 4.1.2.

Example 3.2.1: Pure Dephasing

Let us consider the case of a qubit, given the following time-dependent generator:

Lt[ρ] =
γ(t)

2
(σzρσz − ρ) . (3.39)

We would like to investigate under which conditions the latter is a legitimate generator of
a quantum dynamical semigroup. Fist, we need to derive the corresponding dynamical

map Λt by exponentiation, i.e., Λt = exp

{
t∫

0

dτΛτ

}
. If we introduce the orthornormal

basis {|0〉 , |1〉}, we can construct the canonical operator basis Eij = |i〉〈j|. Working in
the standard representation, we obtain

E00 =

(
1 0
0 0

)
, E01 =

(
0 1
0 0

)
, E10 =

(
0 0
1 0

)
, E11 =

(
0 0
0 1

)
, (3.40)

while the third Pauli matrix reads as

σz =

(
1 0
0 −1

)
. (3.41)

A straightforward calculation yields

Lt[E00] = 0, Lt[E01] = −γ(t)E01, Lt[E10] = −γ(t)E10, Lt[E11] = 0, (3.42)

whence

ΛtE00 = 0, ΛtE01 = e−Γ(t)E01, ΛtE10 = e−Γ(t)E10, ΛtE11 = 0, (3.43)

with Γ(t) ≡
∫ t

0
γ(τ)dτ . Therefore, we obtain the following matrix representation of the

map

Λtρ =

(
ρ00 ρ01 e

−Γ(t)

ρ10 e
−Γ(t) ρ11

)
. (3.44)

We can also compute the corresponding Choi matrix, given by

ΦΛt =

(
ΛtE00 ΛtE01

ΛtE10 ΛtE11

)
=




1 0 0 e−Γ(t)

0 0 0 0
0 0 0 0

e−Γ(t) 0 0 1


 . (3.45)
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The eigenvalues of ΦΛt are

λ1 = 0, λ2 = 0, λ3 = 1− e−Γ(t), λ4 = 1 + e−Γ(t). (3.46)

Choi’s theorem – cf. Section 2.5.1 – states that a linear map is CP if and only if
the corresponding Choi matrix is positive. Therefore, the dynamical map Λt is CP if
and only if λ3 ≥ 0, i.e., Γ(t) ≥ 0. Note that, if the latter condition is fulfilled, from
Equation (3.44), we get that – in the basis of σz eigenvectors – the diagonal elements
of the density operator (i.e., the so-called populations) are unaffected by the dynamics,
while the off-diagonal elements (called coherences) decrease exponentially over time.
Note that, in the long time limit t→ +∞, coherences vanish and we are left with a
diagonal density matrix, that identifies the stationary state. This genuine quantum
phenomenon is known as decoherence (Zurek, 2003); that is the reason why one says
that the map (3.39) induces a pure dephasing dyanamics.
On a similar note, we can start from Equation (3.39) and realise that the generator is
in a Lindblad-like form, where the Lindblad operator is given by the Pauli operator σz.
The evolution is Marovian when γ(t) ≥ 0, whereas a proper Lindblad form is obtained
only when γ(t) is given by some constant γ > 0 (Chruściński, 2014).

Adjoint master equation

In analogy to the case of a closed system, we can describe the irreversible dynamics of an
open system in the dual space of operators. In this case, the time evolution of the dual map
is governed by

∂tΛ
∗
t = Λ∗tL∗t (3.47)

Thus, we can introduce the adjoint master equation (Kossakowski, 1972)

ȦH(t) = Λ∗t [L∗t [A]] , (3.48)

that governs the time evolution of an operator in the Heisenberg picture, and where we
have assumed that the Liouville operator is time-dependent. While carefully looking at
Equation (3.48), one can notice that, in this picture, L∗t first acts on the operator A, then the
resulting operator is propagated by the means of the dual map Λ∗t . A relevant special case is
obtained if the Liouvillian Λ∗t does not depend explicitly on time; under this assumption, L∗t
and Λ∗t commute, i.e.,

ȦH(t) = Λ∗t [L∗t [A]] = L∗t [Λ∗t [A]] = L∗t [AH(t)] , (3.49)

where we have used Equation (3.19). As a result, the adjoint master equation evetually takes
the following form:

ȦH(t) = i[H,AH(t)] +D∗[AH(t)], (3.50)
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where we have introduce the dual dissipator

D∗[AH(t)] ≡
∑

k

γk

(
LkAH(t)L†k −

1

2

{
L†kLk, AH(t)

})
, (3.51)

which can be recast in the so-called standard form (Gorini, 1978)

D∗[AH(t)] = Ψ{L}[AH(t)]− 1

2

{
Ψ{L}[I], AH(t)

}
, (3.52)

provided that one introduces the CP operator

Ψ{L}[AH(t)] ≡
∑

k

L†kAH(t)Lk. (3.53)
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Chapter 4

Microscopic Derivations

In Chapter 3, we have outlined some rather general concepts aiming at characterising the
dynamics of quantum systems. These mathematical results, albeit mainly applicable in the
context of a quantum dynamical semigroup, represent, to some extent, the golden standard
in the bigger, overarching problem of characterising any kind of open dynamics. On the
other hand, the theory of open quantum systems is also confronted with the opposite issue of
microscopically modelling a system in order to result into a well-defined description – either
in terms of maps or in terms of equations – of its dynamics. In Section 4.1, with the help of
a simple exactly solvable model, we will introduce some general concepts, thus paving the
way to more complicated scenarios. In Sections 4.2 and 4.4, we will then discuss a general
approach for deriving master equations, relying on a set of successive approximations, which,
in general, encompass non-Markovian features of the dynamics: the Markovian behaviour can
be recovered in a suitable limit, as thoroughly discussed in Section 4.6. The presentation of
general results is instrumental to the study of the quantum Brownian motion model, analysed
in Sections 4.3 and 4.5; crucially, we show that, performing the secular approximation without
fully going into the Markovian limit enables to capture non-Markovian effects of the dynamics.

4.1 Exactly solvable spin-boson model

Let us address this issue by considering a special example, in which the dynamics of the
open system is analytically solvable ( Luczka, 1990; Palma, 1996). Let us assume that the
Hamiltonian of the composite system reads as1:

H = HS +HE +HI , (4.1)

where HS, HE, HI represent the Hamiltonian describing the system, the environment, and
their interaction, respectively. The system is given by a spin, therefore

HS =
ω0

2
σz, (4.2)

1Note that we are using a shorthand notation compared to the one used in Equation (3.9).
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whrere ω0 is the splitting between the two levels; whereas the environment is modelled as a
collection of harmonic oscillators

HE =
∑

k

ωkb
†
kbk, (4.3)

satisfying the bosonic commutation relations

[bk, b
†
k′ ] = δk,k, [bk, bk′ ] = 0, [b†k, b

†
k′ ] = 0. (4.4)

The interaction Hamiltonian reads as

HI = σz ⊗
∑

k

(
gkb
†
k + g∗kbk

)
, (4.5)

where gk are the (complex) coupling constants, describing the interaction between the system
and the k-th bosonic mode2. Let us denote as {|0〉 , |1〉} the basis of HS

∼= C2, made of
eigenststes of σz. We can immediately notice that the Hamiltonian exhibits an explicit
simmetry, i.e., [H, σz] = 0, therefore σz is a conserved quantity. As a consequence, the
populations do not evolve over time, i.e., 〈0| ρS(t) |0〉 = 〈0| ρS(0) |0〉 and 〈1| ρS(t) |1〉 =
〈1| ρS(0) |1〉, where ρS is the reduced density matrix. We further assume that at time t = 0
the joint state is in a tensor product form, where the environment is in a canonical Gibbs
state, i.e.,

ρSE(0) = ρS(0)⊗ ρE, ρE =
e−βHE

ZE
, (4.6)

being ZE = trE(e−βHE) the partition function of the bosonic bath, with inverse temperature
β. Under this assumption, it can be shown (Breuer, 2002) that coherences behave as

〈0| ρS(t) |1〉 = 〈0| ρS(0) |1〉 e−Γ(t), (4.7)

〈1| ρS(t) |0〉 = 〈1| ρS(0) |0〉 e−Γ(t), (4.8)

where Γ(t) is the so-called decoherence function:

Γ(t) ≡ 4

∞∫

0

dωJ(ω) coth

(
β

2
ω

)
1− cosωt

ω2
, (4.9)

where J(ω) is the Spectral Density (SD), defined as

J(ω) ≡
∑

k

|gk|2δ(ω − ωk), (4.10)

whose physical meaning is transparent: it essentially quantifies the way the spin couples with
each mode of the bath. Note that Equation (4.10) is the standard definition for the SD of a

2Note that g∗k denotes the complex conjugate of gk.
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discrete environment made of harmonic oscillators, whilst in Equation (4.9) the decoherence
function is defined though an integral over all possible frequencies: it is understood that the
environmental harmonic oscillators are taken to be infinitely many, so that the frequency
spectrum can be assumed to form a continuum.

All in all, we have sketched the exact microscopic derivation of a specific spin-boson model
dynamics; it is immediate to conclude that the latter can be expressed by a dynamical map,
that, in the standard matrix representation in the basis of eigenvectors of σz, is in the form
of Equation (3.44), i.e.,

ρS(t) = ΛtρS(0) =

(
ρ00(0) ρ01(0) e−Γ(t)

ρ10(0) e−Γ(t) ρ11(0)

)
. (4.11)

This simple, yet insightful, example shows that, starting from a Hamiltonian describing the
interaction between the system and the environment, we can perform calculations that lead
to a master equation for the reduced density matrix. As we have seen in the Example 3.2.1,
the generator of this map is given by

Lt[ρS] =
Γ̇(t)

2
(σzρSσz − ρS) = − Γ̇(t)

4
[σz, [σz, ρS]] , (4.12)

that, in order to be in the GKSL form, has to fulfill the condition Γ̇(t) ≥ 0. If so, the map in
Equation (4.11) describes a purely dephasing dynamics, where populations are left unchanged,
while coherences are monotonically damped to zero.

4.1.1 Some remarks about the spectral density

The previous example of a spin-boson model has led to the introduction of a very important
function, namely, the spectral density, that encodes information about the interaction
between the system and its surroundings (de Vega, 2017). This function J(ω), defined by
Equation (4.10), appears whenever the environment is modelled as a set of independent
harmonic oscillators at a given inverse temperature β. This a common setup in an open
quantum system scenario; moreover, thermal reservoirs play a special role in quantum
statistical mechanics, as they are characterised by the universality of their fluctuation-
dissipation relations (Esposito, 2009), and, as we will see in Sections 4.6.1 and 4.6.2, they
satisfy the celebrated Kubo-Martin-Schwinger (KMS) boundary conditions (Kubo, 1957;
Martin, 1959), as well as the detailed balance relations. If we consider the case of a bilinear
interaction, can assume that the interaction Hamiltonian between the system and the bosonic
environment is in the form

HI = X ⊗B, (4.13)

where X is an operator of the system, while B is an operator of the bath, given by

B =
∑

k

(
gkb
†
k + g∗kbk

)
. (4.14)
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In the Appendix A we explicitly show that J(ω) appears in the closed expression of the
two-point bath correlation function , i.e.,

αβ(τ) ≡ 〈B(τ)B〉E = trE (B(τ)BρE) =

+∞∫

0

dωJ(ω)

[
cosωτ coth

(
β

2
ω

)
− i sinωτ

]
, (4.15)

where B ≡ B(0). Specifically, if the environment happens to be at zero temperature (i.e.,
β → +∞), Equation (4.15) reduces to

αβ→∞(τ) =

+∞∫

0

dωJ(ω)e−iωτ , (4.16)

i.e., the bath correlation function reads as the one-sided Fourier transform of the spectral
density.

It is not redundant mentioning here that the assumption we made in Section 4.1 about
the continuity of the frequency spectrum is not accidental. We can indeed deduce from
Equation (4.15) that, if the environment is made of a finite discrete set of bosonic modes,
the integral reduces to a finite sum, thus αβ(τ) becomes a quasi-periodic function. As a
consequence, the Poincaré recurrence time happens to be smaller than the typical evolution
time of the system, meaning that the latter suffers revivals in the dynamics, regaining – at
least partially – energy and/or coherence. It is clear that this is not exactly what we would
expect from an irreversible dynamics, therefore we assume that the environment is sufficiently
large so that the SD is a continuous function of the frequency. This justifies the name of
reservoir that we often use to designate the environment; if, on top of that, the reservoir is
in a thermal state as well, we can call it heat bath, or simply bath (Breuer, 2002).

Following a phenomenological approach (Weiss, 2012), one can express the SD in the quite
general form

J(ω) = η ω1−ε
c ωε f(ω, ωc), (4.17)

where ε > 0 is known as the Ohmicity parameter, and η > 0 describes the coupling strength
between the system and the environment. Depending on the value of ε, the SD is said to be
Ohmic (ε = 1), super-Ohmic (ε > 1), or sub-Ohmic (ε < 1), each of them describing a different
physical setting (see, e.g., (de Vega, 2017) and references therein). The function f(ω, ωc)
represents the SD cut-off and ωc is the cut-off frequency; they have to be conveniently chosen
in accordance to other relevant scales and parameters of the problem. Possible choices are the
Lorentz-Drude cut-off, i.e., f(ω, ωc) ≡ ω2

c/(ω
2
c +ω2); the exponential cut-off f(ω, ωc) ≡ e−ω/ωc ,

or the hard cut-off f(ω, ωc) ≡ Θ(ω − ωc), where Θ is the Heaviside step function. Another
common functional form is the underdamped SD

J(ω) =
Γω2

0ω

(ω2
0 − ω2)2 + Γ2ω2

. (4.18)
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Figure 4.1: Examples of commonly used spectral densities. Panel (a): examples of Ohmic,
sub-Ohmic, super-Ohmic SDs with an exponential cut-off. Note that each of them accounts for a
different physical interaction between the system and the environment. For instance, for a given
cut-off ωc, the super-Ohmic SD covers a broader range of frequencies. Panel (b): examples of SD
with hard cut-off JH(ω), Ohmic with a Lorentz-Drude cut-off JLD(ω), and underdamped JUD(ω).

Examples of common SD are plotted in Figure 4.1. In Chapter 6, we will see that that the
specific form of the SD is crucial in the simulation of open systems dynamics, as it can either
allow or hamper certain methods or approximations, due, for instance, to the strong coupling
between system and environment and/or persistent memory effects.

4.1.2 Memory effects

We have mentioned that some SDs can model a coupling between system and environment
responsible for pronounced memory effects. In this case, we cannot rely anymore on a
memoryless description of the dynamics, but we should encompass non-Markovian effects.
For quantum stochastic processes, even the definition of non-Markovianity turns out to be
much more involved that the classical counterpart – for a discussion on this topic, see, e.g.,
the reviews (Rivas, 2014; Breuer, 2016) and references therein. From a physical standpoint,
memory effects are associated with a certain exchange of information between the system
and the environment. In the Markovian case, being the environment practically unaffected
by the coupling with a much smaller system, we witness a one-directional continuous flow of
information from the open system towards the surroundings. By contrast, in a non-Markovian
process, even though the environment is still inert, we can observe information flowing back
to the system: the latter retrieves at a later time some of the information that was previously
lost and temporarily stored in the environment. This intuitive picture can be formally defined
in terms of the divisibility of the corresponding dynamical map (Wolf, 2008; Chruściński, 2014;
Chruściński, 2016): without going into the mathematical details of this issue, we would like to
stress that the non-Markovian character of the dynamics is a property of the corresponding
dynamical map, rather than of the states. This evidence is reflected also in some measures
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of non-Markovianity, which require cumbersome optimisation procedures. A plethora of
measures of non-Markovianity have indeed been put forward, each of them capturing different
features of these processes. For instance, the Rivas Huelga Plenio (RHP) measure aims at
measuring the deviation from the divisibility requirement (Rivas, 2010), while others focus
on the negativity of the decay rates of the time-local master equation (Hall, 2014), or the
geometric structure of the set of accessible states (Lorenzo, 2013). Here, we limit ourselves to
introduce the Breuer Laine Piilo (BLP) measure, based on the trace distance between states
(Breuer, 2009). The latter provides a remarkably simple way to quantitatively express the
intuitive notion of information backflow. Furthermore, we will see that the trace distance
itself can serve as a useful quantifier of non-Markovianity, without requiring the complicated
optimisation over possible pair of states implied by the BLP measure.

Let us introduce the trace distance between two states ρ1, ρ2 ∈ S(H), i.e.,

D(ρ1, ρ2) =
1

2
‖ρ1 − ρ2‖1. (4.19)

It constitutes a natural metrics on the state space S(H), and it is such that 0 ≤ D(ρ1, ρ2) ≤ 1,
for any pair of states ρ1, ρ2. Specifically, D(ρ1, ρ2) = 0 if and only if ρ1 = ρ2, whereas
D(ρ1, ρ2) = 1 if ρ1 and ρ2 are orthogonal, i.e., their supports are orthogonal. Thanks to its
mathematical and physical properties, the trace distance is widely employed in quantum
information theory (Nielsen, 2010; Heinosaari, 2011); for our purposes, it is sufficient to
mention two of these properties. First, the trace distance has a clear interpretation in terms
of distinguishability of quantum states. The second property is that a CPTP map Λ is a
contraction for the trace distance (Ruskai, 1994; Breuer, 2009), i.e.,

D(Λρ1,Λρ2) ≤ D(ρ1, ρ2). (4.20)

Therefore, from the perspective of open quantum systems, if the dynamics is Markovian,
given two different initial states ρ1(0) and ρ2(0) of the reduced system, they becomes less and
less distinguishable as the time goes by; in other words, Equation (4.20) can be expressed as

D(ρ1(t), ρ2(t)) ≤ D(ρ1(0), ρ2(0)). (4.21)

Physically, this means that the coupling of the system with an environment reduces our
ability to discriminate two states over time. Motivated by this evidence, we are naturally led
to look at the rate of change of the trace distance, i.e.,

σ(t, ρ1,2(0)) =
d

dt
D(ρ1(t), ρ2(t)). (4.22)

According to what we have previously discussed, a quantum Markovian process is characterised
by σ ≤ 0. Conversely, there are physical processes – that we label as non-Markovian – for
which σ > 0 for certain intervals of time, i.e., the distinguishability temporarily increases: the
information backflow enhances our ability to discriminate two given states. It is interesting
mentioning here that this quantifier of quantum non-Markovianity is particularly advantageous
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also from an experimental point of view (Liu, 2011): one can witness non-Markovianity
through state tomography rather than full process tomography.

In order to obtain a measure – i.e., roughly speaking, to attach a number to a given quantum
process – one should quantify the total increase of distinguishability over the whole time
evolution. As a result, one first needs to integrate over all time intervals in which σ is positive,
then maximise over all pairs of initial states, thus, for a given process Λt, we have

NBLP = max
ρ1,2(0)

∫

σ>0

dt σ(t, ρ1,2(0)). (4.23)

Clearly, for Markovian evolutions, we have NBLP = 0.

Example 4.1.1: Spin-boson model: non-Markovian dynamics

Let us consider again the exaclty solvable spin-boson model introduced in Section 4.1.
For the sake of simplicity, let us suppose that the bath is in the vacuum (i.e., β →
+∞), thus, the decoherence function, given by Equation (4.9), reduces to Γ(t) =
4
∫ t

0
J(ω) sin(ωt)dω. In order to obtain a non-Markovian dynamics, we should choose

a SD that does not lead to a decoherence function linear in t. One possible choice
is given by a super-Ohmic SD (with ε = 4 and ωc = 1) with an exponential cut-off,
yielding the analytical expression

Γ(t) = 2η

{
1− cos (3 arctan t)

(1 + t2)
3
2

}
, (4.24)

whose time derivative is

γ(t) ≡ Γ̇(t) =
6η sin (4 arctan t)

(1 + t2)2 . (4.25)

If we plot the Γ(t) and γ(t), one can conclude that non-Markovian effects in the
underpinning dynamics can be recorded when the dephasing factor Γ(t) temporarily
decreases over time or, equivalently (since γ(t) = Γ′(t)), when the dephasing rate
γ(t) attains negative values. For our specific choice of the SD, this happens when
t ≥ tan

(
π
4

)
= 1 (Addis, 2014) – cf. Figure 4.2. The system, then, regains some of

the information that was previously lost; specifically, it is clear that the coherences do
not monotonically decrease to zero over time, but the can temporarily recohere. This
result is also confirmed if one looks at the trace distance; by using Equations (4.11)
and (4.19), one easily obtains a closed expression for the trace distance at any time t,
i.e.,

D(ρ1(t), ρ2(t)) =

√
∆2

00 + |∆01|2e−2Γ(t), (4.26)
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Figure 4.2: Non-Markovian dynamics of a spin boson model. Panel (a): Decoherence function
Γ(t) and time dephasing rate γ(t) for a super-Ohmic SD (ε = 1) with a exponential cut-off. Panel
(b): Trace distance D(ρ1(t), ρ2(t)) and its time derivative σ(t, ρ1,2(0)) for the optimal pair of states
|±〉 = 1√

2
(|0〉+ |1〉). Note that all the features are compatible with a non-Markovian dynamics for

ωct > 1.

where ∆ij = (ρ1 − ρ2)ij, with i, j = 0, 1. By taking the derivative w.r.t. time, i.e.,

σ(t, ρ1,2(0)) = − |∆01|2 e−2Γ(t) γ(t)√
∆2

00 + |∆01|2e−2Γ(t)

, (4.27)

one can conclude that σ > 0 when γ(t) < 0. We can actually compute the BLP
measure, as we can analytically solve the optimisation problem in Equation (4.23). It
has been shown indeed that the optimal pair of states is given by antipodal points on
the equatorial plane of the Bloch sphere (Wißmann, 2012), e.g., |±〉 = 1√

2
(|0〉 ± |1〉).

In this case, ∆00 = 0 and ∆01 = 1, hence NBLP = +∞: this essentially means that we
cannot ever resort to a Markovian approximation of the dynamics.

4.2 Projection operator techniques

In Section 4.1, we have analysed one specific example of microscopic derivation, which can be
carried out analytically. However, this does not happen in general, so that we need to seek
for a general methodological framework for microscopically deriving master equations. These
methods, collectively referred as projection operator techniques, were first introduced in the
domain of non-equilibrium statistical mechanics by Nakajima and Zwanzig (Nakajima, 1958;
Zwanzig, 1960) and they can be rephrased in the language of open quantum systems (Breuer,
2002; Rivas, 2012). In this case, we could say that this formalism is a more refined way to
look at the operation of tracing out the environmental degrees of freedom. The basic idea is
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straightforward: the full density matrix contains much more information than required (or
that we can handle), therefore, in order to drop such unnecessary ‘baggage’, one needs to
project over a relatively smaller Hilbert space. The essence of projection operator techniques
is to tell the system degrees of freedom – the so-called relevant part of the dynamics – from
the environmental degrees of freedom —the irrelevant part of the dynamics. The final aim
is to derive a closed equation for the former. There are two different variants of projection
operators techniques leading to such equations of motion:

• The Nakajima-Zwanzig method, which yields an integro-differential equation involving
a retarded time integration over the history of the reduced system;

• The time-convolutionless projection operator technique, that provide first-order differ-
ential equations which are local in time.

The former approach provides an exact equation whose integral kernel depends non-trivially
on the past history of the system. Theoretically relevant, this equation is of limited practical
use, being usually as difficult to solve as the Liouville - von Neumann equation; nonetheless, it
is a good starting point to further simplification and approximations. By contrast, the latter
technique was first introduced by Shibata et al. (Shibata, 1977; Chaturvedi, 1979; Shibata,
1980) for studying open quantum systems dynamics; it turns out to be very advantageous, as
it provides a smart way to systematically expand the kernel in term of the system-environment
coupling. A detailed introduction to these techniques is contained in Appendix B, while here
we will just state the final results.

4.2.1 (Time) local vs non-local description of the dynamics

Let us suppose that the interaction between a system S with its environment E is modelled
through the following microscopic Hamiltonian:

H = H0 + αHI (4.28)

where H0 = HS + HE governs the free evolution of S and E, while HI accounts for the
interaction between them, α being a dimensionless parameter that controls the interaction
between the system and the environment.

The two techniques briefly introduced above offer two different perspectives: the equations
we eventually obtain can be either local or non-local in time. In this paragraph, we would like
to see what these equations look like in the hypothesis of weak coupling between the system
and the environment. To this end, we need to make some assumptions — cf. Appendix B.
First, we assume that the environment is in a stationary state3, i.e., [HE, ρE] = 0 and that
trE(HI(t)ρE) = 0, where HI(t) is the interaction Hamiltonian in the interaction picture with
respect to the free Hamiltonian H0, i.e., HI(t) = eiH0tHIe

−iH0t. We can further assume that
the system and the environment are initially uncorrelated, i.e., ρSE = ρS(t0)⊗ ρE, where ρE
is a fixed environmental state, and that we work in the weak coupling limit. The whole set of

3Note that this condition is trivially satisfied when the environment is a thermal reservoir.
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hypothesis lead to the non-local equation (t0 = 0)

ρ̇S(t) = −α2

t∫

0

ds trE [HI(t), [HI(s), ρS(s)⊗ ρE]] . (4.29)

Moreover, under some additional assumptions that are physically reasonable in the weak
coupling and short time limits, one eventually get the master equation

ρ̇S(t) = −α2

t∫

0

ds trE [HI(t), [HI(s), ρS(t)⊗ ρE]] . (4.30)

Leaving all the formal details to Appendix B, let us carefully discuss here the underlying
physical assumptions that lead to the two equations above. In order to obtain Equation (4.29),
we need to assume that the environment is so big that it is practically unaffected by the
coupling with the system S. This is the main reason that enables to project the joint states
over a smaller Hilbert space where they can be expressed in a tensor product form between
the relevant part and the fixed environmental state. In other words, we are assuming that the
total state of the system factorises not only at t = t0, but at all times. By the same token,
this physical scenario allows us to work in the weak coupling limit. This first approximation,
known in literature as first Born approximation, is not sufficient to obtain a time-local
master equation; it is indeed clear by looking at Equation (4.29) that the future evolution
ρS(t) depends on the past history though the integration over ρS(s). On the other hand,
Equation (4.30) relies on the so-called Markov approximation, whose validity is based on
the separation of timescales between the time τE over which the environmental correlations
decay and the timescale τR for significant evolution of the open system S: the replacement
ρS(s) → ρS(t) is justified only if τE � τR. Equation (4.30) is known as Bloch-Redfield (or
simply Redfield) equation (Redfield, 1957; Redfield, 1965): though local in time, the latter is
still not Markovian. Moreover, an evolution governed by a master equation of such a form do
not necessarily warrants positivity, nor the more stringent requirement of complete positivity,
possibly leading to non-physical predictions (Benatti, 2003; Benatti, 2005).

4.3 Intermezzo: non-Markovian quantum Brownian

motion

Generally speaking, there are several models microscopically accounting for dissipation and
decoherence in quantum systems (Breuer, 2002; Weiss, 2012). One possible example is
represented by a quantum Brownian particle – namely a particle subject to a certain potential
– in a bath of harmonic oscillators. This particular way of modelling the system-environment
interaction has been widely discussed in literature, and it is often referred as Caldeira-Leggett
model (Caldeira, 1983a; Caldeira, 1983b). Usually the dynamics of a Brownian particle is
presented in the Markovian regime; by contrast, in this Section, we would like to rely on
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a set of assumptions that still enable to preserve some memory effects. This problem has
been tackled in several ways in literature: to the best of our knowledge, the first attempt to
obtain an exact master equation for a Brownian particle in a non-Markovian setting is due to
Hu, Paz, and Zhang (Hu, 1992). Following this seminal paper, where the authors resort to
the influence functional approach (Feynman, 1963; Breuer, 2002), different strategies have
been adopted to solve this problem. For instance, in Ref. (Halliwell, 1996), a phase-space
formalism is employed to derive a Fokker-Plank like evolution equation for the system, after
integrating over the bath variables. The solution of the latter equation is – in general – a
formidable task. The issue is thoroughly discussed, e.g., in Ref. (Ford, 2001; Ford, 2005),
where the quantum Langevin equation formalism is employed; specifically, in Ref. (Ford,
2005), the authors exploit this example for challenging the utility of exact master equations,
upon a careful examination of the usual assumptions required to derive them. However, in
this work, we will rather tackle the problem following an operatorial approach (Breuer, 2001;
Intravaia, 2003b); this amounts to take a different – somehow complementary – perspective,
which is closer to the spirit of the open quantum system paradigm.

4.3.1 Derivation of the master equation

Let us consider a system described by a Hamiltonian HS, coupled to an environment modelled
as a collection of (infinitely many) harmonic oscillators. The total Hamiltonian reads as

H = HS +HE + αHI ≡ H0 + αHI , (4.31)

where the Hamiltonian HS is that of a quantum harmonic oscillator described by the
dimensionless position and momentum operators X,P

HS =
ω0

2

(
X2 + P 2

)
, (4.32)

with ω0 representing the bare frequency of the harmonic oscillator, whereas

HE =
∑

k

ωkb
†
kbk. (4.33)

The interaction Hamiltonian is given by a linear coupling of the form

HI = X ⊗B ≡ X ⊗
∑

k

(
g∗kbk + gkb

†
k

)
. (4.34)

The starting point of our derivation is Equation (4.30), that, upon a suitable change of the
integration variable, reads as

ρ̇S(t) = −α2

t∫

0

dτ trE [HI(t), [HI(t− τ), ρS(t)⊗ ρE]] . (4.35)
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Let us compute explicitly the trace over the environmental degrees of freedom of the double
commutator in Equation (4.35)

trE [HI(t), [HI(t− τ), ρS(t)⊗ ρE]] = X(t)X(t− τ)ρS(t)〈B(t)B(t− τ)〉E
−X(t)ρS(t)X(t− τ)〈B(t− τ)B(t)〉E
−X(t− τ)ρS(t)X(t)〈B(t)B(t− τ)〉E
+ ρS(t)X(t− τ)X(t)〈B(t− τ)B(t)〉E, (4.36)

where 〈·〉E ≡ trE(·ρE) denotes the average over the environmental state ρE. We also note that,
since the environmental state is stationary, the bath correlation functions are homogeneous in
time, thus 〈B(t)B(t− τ)〉E = 〈B(τ)B〉E, and 〈B(t− τ)B(t)〉E = 〈BB(τ)〉E. We can introduce
the environmental noise kernel

κ(τ) = α2〈{B(τ), B}〉E, (4.37)

and the dissipation kernel

µ(τ) = iα2〈[B(τ), B]〉E. (4.38)

After some algebra, we can rewrite Equation (4.35) as follows:

ρ̇S(t) =− 1

2





t∫

0

dτκ(τ)[X(t), [X(t− τ), ρS(t)]]− i
t∫

0

dτµ(τ)[X(t), {X(t− τ), ρS(t)}]



 .

(4.39)

Now, we would like to write Equation (4.39) in the Schrödinger picture. The density operator
ρS(t), expressed in the interaction picture with respect to H0, is related to the operator ρ in
the Schrödinger picture by the transformation ρS(t) = eiH0tρ e−iH0t. Analogously, a lengthy
but straightforward calculation yields

[X(t), [X(t− τ), ρS(t)]] = eiH0t[X, [X(−τ), ρ]]e−iH0t,

[X(t), {X(t− τ), ρS(t)}] = eiH0t[X, {X(−τ), ρ}]e−iH0t, (4.40)

where X(−τ) ≡ e−iH0τ X eiH0τ = X cos(ω0τ) − P sin(ω0τ) is the interaction picture repre-
sentation of the Schrödinger picture position operator X. Therefore, substituting all these
quantities into Equation (4.39), we obtain

ρ̇(t) =− i[H0, ρ]

− 1

2

t∫

0

dτ κ(τ) cos (ω0τ) [X, [X, ρ]] +
1

2

t∫

0

dτ κ(τ) sin (ω0τ) [X, [P, ρ]]

− 1

2

t∫

0

dτ µ(τ) cos (ω0τ) [X, {X, ρ}] +
i

2

t∫

0

dτ µ(τ) sin (ω0τ) [X, {P, ρ}] (4.41)
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After noticing that [X, {X, ρ}] = [X2, ρ], we eventually obtain the following form for the
master equation in the Schrödinger picture:

ρ̇(t) = −i [H0, ρ]− i

2
r(t)[X2, ρ]−∆(t)[X, [X, ρ]] + Π(t)[X, [P, ρ]]− iγ(t)[X, {P, ρ}], (4.42)

where – following the identification put forward in Ref. (Hu, 1992) – we have introduced the
following time-dependent coefficients:

∆(t) ≡ 1

2

∫ t

0

κ(τ) cos (ω0τ) dτ, (4.43a)

γ(t) ≡ 1

2

∫ t

0

µ(τ) sin (ω0τ) dτ, (4.43b)

Π(t) ≡ 1

2

∫ t

0

κ(τ) sin (ω0τ) dτ, (4.43c)

r(t) ≡ −
∫ t

0

µ(τ) cos (ω0τ) dτ. (4.43d)

The time-dependent coefficient r(t) given by Equation (4.43d) does not affect the unitarity of
the evolution; it is just responsible for a renormalisation of the oscillator bare frequency ω0.
Indeed, the coupling to the environment induces a frequency shift, therefore the physically
observable frequency is no longer ω0, and the renormalised system Hamilitonian reads as

H̃0 =
1

2
ω0

((
1 +

r(t)

ω0

)
X2 + P 2

)
. (4.44)

On the other hand, the remaining time-dependent coefficients account for the different types
of noise affecting the open dynamics of the system. The coefficients ∆(t) and Π(t) are related
to diffusive processes: the former being the normal diffusion coefficient, the latter is related
to anomalous diffusion instead (Zurek, 2003). The time-dependent rate γ(t) is the usual
damping coefficient.

Furthermore, Equation (4.42) can be rewritten in the interaction picture with respect to the
renormalised Hamiltonian H̃0, i.e.,

ρ̇(t) = −∆(t)[X(t), [X(t), ρ]] + Π(t)[X(t), [P (t), ρ]]− iγ(t)[X(t), {P (t), ρ}], (4.45)

where we have used the following representations:

X(t) = X cos (ω0t) + P sin (ω0t), (4.46)

P (t) = P cos (ω0t)−X sin (ω0t). (4.47)
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4.4 Interaction Hamiltonian

Let us consider again Equation (4.30); now we would like to introduce an approximation
commonly used in the study of open quantum systems — the secular approximation. The
latter is a standard technique of coarse-grained averaging, that consists in neglecting fast
oscillating terms in the master equation, which average to zero in the time resolution we
are adopting. We will see that this approximation, in the fully Markovian limit, leads to a
master equation in the Lindblad form. The applicability of this approximation is currently
under debate (Farina, 2019), as it should be carefully discussed in those situations in which
the system is composed of two or more interacting parties, commonly encountered in the
discussion of the thermodynamic behaviour of quantum systems (Cattaneo, 2019).

4.4.1 Expansion in eigenoperators

First, let us notice that the interaction Hamiltonian – in its general form – can be expressed
(in the Schrödinger picture) as

HI =
∑

µ

Aµ ⊗Bµ, (4.48)

where A†µ = Aµ and B†µ = Bµ are non-null operators acting on HS and HE, respectively.

In order to perform the so-called secular approximation, it is convenient to express the
interaction Hamiltonian HI into eigenoperators of the system Hamiltonian HS. For the
sake of simplicity, let us assume that the spectrum of the Hamiltonian HS is discrete. If we
denote by εi its eigenvalues and π({εi}) the projectors on the corresponding eigenspace4, the
following expansion holds:

HS =
∑

εi

εi π({εi}). (4.49)

Therefore, using the resolution of the identity, one gets

Aµ = ISAµIS =

(∑

εi

π({εi})
)
Aµ


∑

εj

π({εj})




=
∑

ω

∑

εj−εi=ω
π({εi})Aµ π({εj}) ≡

∑

ω

Aµ(ω), (4.50)

where the sum is meant to be extended over all energy eigenvalues εi and εj of HS with a
fixed energy difference ω. Analogously, one has

Aµ =
∑

ω

A†µ(ω). (4.51)

4In the one-dimensional case, we would get π({εi}) = |εi〉〈εi|.
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We have just defined a collection of operators:

Aµ(ω) ≡
∑

εj−εi=ω
π({εi})Aµ π({εj}), (4.52)

that fulfil the relations

[HS, Aµ(ω)] = −ωAµ(ω), (4.53)[
HS, A

†
µ(ω)

]
= +ωA†µ(ω), (4.54)

as one can check by direct calculation, and using the property π({εi})π({εj}) = δijπ({εi}).
In other words, Aµ(ω) and A†µ(ω) are eigenoperators of HS corresponding to the eigenvalue
∓ω. In addition, the following property holds:

A†µ(ω) = Aµ(−ω). (4.55)

It is also easy to see that

[
HS, A

†
µ(ω)Aν(ω)

]
= 0. (4.56)

This representation in terms of eigenoperators is particularly helpful when one works in the
interaction picture; in this case these operators can be indeed rewritten as

eiHStAµ(ω)e−iHSt = e−iωtAµ(ω), (4.57)

thus, the interaction Hamiltonian gets a particularly simple form (in the interaction picture
w.r.t. H0 = HS +HE), i.e.,

HI(t) =
∑

ω

∑

µ

e−iωtAµ(ω)⊗Bµ(t) (4.58)

=
∑

ω

∑

µ

e+iωtA†µ(ω)⊗B†µ(t), (4.59)

where

Bµ(t) = eiHEtBµ e
−iHEt. (4.60)

Example 4.4.1: Quantum Brownian motion

Let us consider the case of the quantum Brownian particle considered in Section 4.3,
where the interaction Hamiltonian reads as

HI = X ⊗B, (4.61)

where the position operator X can be expressed in terms of the creation and annihilation
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operators a, a†, i.e., X = (a+a†)/2, a and a† being the eigenoperators of the Hamiltonian
HS corresponding to the eigenvalues ∓ω0. They indeed fulfil the relations

[HS, a] = −ω0a, [HS, a
†] = ω0a

†, (4.62)

as one can easily check recalling that HS = ω0a
†a, and [a, a†] = 1. This a special case

of Equations (4.53) and (4.54). Analogously, one has [HS, a
†a] = 0, as required by

Equation (4.56). In the interaction picture the creation and annihilation operators are
given by

eiHSta e−iHSt = ae−iω0t (4.63)

eiHSta†e−iHSt = a†e+iω0t. (4.64)

Therefore, the interaction Hamiltonian reads as

HI(t) = e−iω0t

(
a+ a†e2iω0t

√
2

)
⊗B(t), (4.65)

where

B(t) =
∑

k

(
g∗kbke

−iωkt + gkb
†
ke
iωkt
)
. (4.66)

4.4.2 Secular Approximation

Now, we can can go back to the Redfield equation in the form of Equation (4.35); if we
expand the double commutator, we get

ρ̇S(t) = −α2

t∫

0

dτ tr{−HI(t− τ)ρS(t)⊗ ρE HI(t) +HI(t)HI(t− τ)ρS(t)⊗ ρE + H.c.}

(4.67)

Now, we can use Equation (4.58) for HI(t− τ), while Equation (4.59) for HI(t), yielding

ρ̇S(t) = α2
∑

ω,ω′
µ,ν

ei(ω
′−ω)t

t∫

0

dτ eiωτ 〈B†µ(τ)Bν〉E
{
Aν(ω)ρS(t)A†µ(ω′)− A†µ(ω′)Aν(ω)ρS(t)

}
+ H.c.,

(4.68)

where we have exploited the homogeneity of the reservoir two-point correlation function with
respect to time, thanks to the fact that the environment is stationary. We can define the
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following function of the system energy differences ω:

Γtµν(ω) ≡
∫ t

0

dτ eiωτ 〈B†µ(τ)Bν〉E, (4.69)

which still bears dependence on time. Hence, we obtain the master equation

ρ̇S(t) =
∑

ω,ω′
µ,ν

ei(ω
′−ω)t Γtµν(ω)

(
Aν(ω)ρS(t)A†µ(ω′)− A†µ(ω′)Aν(ω)ρS(t)

)
+ H.c. (4.70)

Before performing the secular approximation, we need to pause a bit, and carefully discuss
the timescales involved in the problem. We have seen that the weak coupling approximation
can be applied whenever the condition τE � τR holds, meaning that the system – attached
to its surroundings – relaxes slowly compared to the time interval typically required by the
reservoir correlations to decay. Since we are describing the dynamics using a master equation
that is accurate up to the second order in the perturbation theory, one usually heuristically
set τR = O(α−2). This means that we are resolving the dynamics over a time window δt such
that τE � δt� τR = O(α−2). By applying the full secular approximation, we are actually
providing a coarse-grained description of the dynamics such that

τS � δt� τR = O(α−2), (4.71)

where τS represents the typical timescale of the free system evolution, roughly given by
τS = |ω − ω′|−1.

Now, the eigenoperators decomposition of the interaction Hamiltonian turn out to be very
helpful, as allows us to identify those terms that bring a negligible contribution to the system
evolution. Under the hypothesis (4.71), we can keep in Equation (4.70) only those terms
corresponding to ω = ω′, while those for which ω 6= ω′ do not appreciably contribute in the
time-scale we are resolving the system dynamics, as they oscillate very rapidly. As a result,
the master equation reads as

ρ̇S(t) =
∑

ω

∑

µ,ν

Γtµν(ω)
(
Aν(ω)ρS(t)A†µ(ω)− A†µ(ω)Aν(ω)ρS(t)

)
+ H.c. (4.72)

It is convenient to decompose the function Γtµν in the following way:

Γtµν(ω) =
1

2
γtµν(ω) + iStµν(ω), (4.73)

where

γtµν(ω) = Γtµν(ω) + [Γtνµ(ω)]∗ =

t∫

−t

dτ eiωτ 〈B†µ(τ)Bν〉E, (4.74)
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and

Stµν =
1

2i

(
Γtµν(ω)− [Γtνµ(ω)]∗

)
. (4.75)

Note that the matrices γtµν(ω) and Stµν(ω) are Hermitian, i.e., γtµν(ω) = [γtνµ(ω)]∗ and
Stµν(ω) = [Stνµ(ω)]∗. After some simple algebra, we eventually obtain the master equation in
the secular approximation:

ρ̇S(t) = −i [HLS(t), ρS(t)] +D[ρS(t)], (4.76)

where the Hermitian time-dependent operator

HLS(t) =
∑

ω

∑

µ,ν

Stµν(ω)A†µ(ω)Aν(ω), (4.77)

that contributes to the Hamiltonian part of the dynamics. This term is often referred as Lamb
shift, since it accounts for a Lamb-type renormalisation of the unperturbed energy levels due
to the system-environment coupling. We further notice that the Lamb shift Hamiltonian HLS

commutes with the free system Hamiltonian HS:

[HS, HLS(t)] = 0, (4.78)

thanks to the property (4.56). On the other hand, we get a dissipator in the form

D[ρS(t)] =
∑

ω

∑

µ,ν

γtµν(ω)

[
Aν(ω)ρS(t)A†µ(ω)− 1

2

{
A†µ(ω)Aν(ω), ρS(t)

}]
, (4.79)

which can be brought in Lindblad-like form upon diagonalisation of the time-dependent
matrices γtµν(ω).

4.4.3 Time evolution of populations and coherences

In this Section, we would like to introduce a closed form for the diagonal and off-diagonal
parts of the density operator, i.e., for populations and coherences, respectively, provided that
the secular approximation has been previously performed. Let us assume that the discrete
spectrum of HS is non-degenerate, so that π({εn}) are simply given by one-dimensional
projectors, thus,

HS =
∑

n

εn |n〉〈n| , (4.80)

where {εn}n are distinct eigenvalues. We will show that, under this hypothesis, the dynamical
equations for the populations – given by Pn(t) = 〈n| ρS(t) |n〉 — and the coherences – given
by Pmn(t) = 〈m| ρS(t) |n〉 – get decoupled.
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One can show – see Appendix C for the details of the derivation – that the equation for the
diagonal elements of the density matrix in the HS eigenbasis satisfy the set of differential
equations

Ṗn =
∑

k

[Wt(n|k)Pk(t)−Wt(k|n)Pn(t)] , (4.81)

while coherences – in the Schrödinger picture – obey

Ṗmn(t) = −
{
iωmn +

1

2

∑

k

[Wt(k|n) +Wt(k|m)]

}
Pmn(t), (4.82)

where ωmn are the Bohr frequencies, and we have introduced the time-dependent transition
rates5

Wt(n|k) ≡
∑

µ,ν

γtµν(εk − εn) 〈k|Aµ |n〉 〈n|Aν |k〉 . (4.83)

4.5 Intermezzo: non-Markovian damped harmonic os-

cillator

Let us consider again the case of a Brownian particle, already discussed in Section 4.3.
In this Section, we would like to prove that, taking the secular approximated version of
Equation (4.45), one ultimately obtain the master equation of a damped harmonic oscillator,
displaying memory effects (Intravaia, 2003a). As we have seen in the Example 4.4.1, the
eigenoperators of the system free Hamiltonian HS = ω0a

†a are given by the creation and
annihilation operators a†, a. Furthermore, the two-point correlation function is given by
〈B(τ)B〉E = (κ(τ)− iµ(τ))/2, where the kernels are given by Equations (4.37) and (4.38),
respectively. A straightforward calculation yields the coefficients γtµν(ω) in Equation (4.79), as
far as we observe that the kernels κ(τ) and µ(τ) are even and odd functions of τ , respectively.
Working in the interaction picture with respect to the renormalised Hamiltonian H̃S – cf.
Equation (4.44), we obtain the following master equation for the reduced density operator ρ:

ρ̇(t) = [∆(t) + γ(t)]

(
aρa† − 1

2
{a†a, ρ}

)
+ [∆(t)− γ(t)]

(
a†ρa− 1

2
{aa†, ρ}

)
, (4.84)

where the time-dependent rates ∆(t) and γ(t) – accounting for diffusion and dissipation –
are defined by Equations (4.43a) and (4.43b), respectively. It is worth mentioning that the
secular approximation does not wash out all memory effects, therefore the master equation
(4.84) still captures some non-Markovian features of the dynamics, in those time intervals
in which the rate [∆(t)− γ(t)] attains negative values. These features can be observed in
Figure 4.3 for a specific choice of the spectral density. Moreover, these coefficients have a

5Note that they are not, strictly speaking, transition rates, as they can be negative.
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well-defined physical meaning: (∆(t) + γ(t)) is the rate associated with the incoherent loss of
excitations from the system, while (∆(t)− γ(t)) is the rate of incoherent pumping.

If we further assume that the reservoir is made of harmonic oscillators, one can show that
the noise and dissipation kernels κ(τ) and µ(τ) – thus, in turn, the rates ∆(t) and γ(t) –
ultimately depend on the spectral density J(ω) of the bath, defined as in Equation (4.10).
We can indeed show6 that

[
κ(τ)
µ(τ)

]
= 2α2

∞∫

0

J(ω)

[
cos (ωτ) coth

(
β
2
ω
)

sin(ωτ)

]
dω, (4.85)

where β = (kBT )−1 is the inverse temperature of the bath, and kB the Boltzmann constant.
It is worth mentioning that the dissipation kernel µ(τ) is temperature-independent, as one
should expect.

Example 4.5.1: Ohmic spectral densities

In order to obtain the noise and the dissipation kernel, thus the time-dependent rates
γ(t) and ∆(t), one has to choose explicitly the spectral density of the bath. One
common choice is given by an Ohmic SD with a Lorentz-Drude cut-off

J(ω) =
2ω

π

ω2
c

ω2
c + ω2

, (4.86)

where ωc is the cut-off frequency. With this particular choice, the noise kernel reads as

κ(τ) =
4α2 ω2

c

π

∞∫

0

dω
ω cos (ωτ)

ω2
c + ω2

coth

(
β

2
ω

)
. (4.87)

By using the following representation of the hyperbolic cotangent:

coth

(
β

2
ω

)
=

2

β

∞∑

n=−∞

ω

ω2 + ν2
n

, (4.88)

Equation (4.87) becomes

κ(τ) =
4α2 ω2

c

πβ

∞∑

n=−∞

∞∫

−∞

ω2 cos (ωτ)

(ω2 + ω2
c )(ω

2 + ν2
n)
dω, (4.89)

where we have also observed that the integrand is an even function of ω. The integrals
appearing in Equation (4.89) can be solved analytically using the method of residues,

6The derivation follows the same steps as those for obtaining the thermal bath correlation function – see
Appendix A.
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yielding the following expression for the environmental noise kernel:

κ(τ) =
4α2 ω2

c

β

∞∑

n=−∞

ωc e
−ωc|τ | − |νn| e−|νn||τ |

ω2
c − ν2

n

, (4.90)

where νn = 2πn/β are known as the Matsubara frequencies (Breuer, 2002). On the
other hand, by substituting Equation (4.86) into (4.85) and solving the integral, one
obtains

µ(τ) = 2α2ω2
ce
−ωc|τ | sign(τ). (4.91)

For example, with this choice of the SD, one gets the following expression for the
dissipation rate:

γ(t) =
2α2ω2

c

ω2
c + ω2

0

[
ω0 − e−ωct

(
ω0 cos (ω0t) + ωc sin (ω0t)

)]
. (4.92)

Alternatively, one can choose an exponential cut-off (Carmichael, 1999), thus the SD
reads as

J(ω) = ωe−ω/ωc . (4.93)

Notwithstanding the similarity with Equation (4.86), this particular choice forecloses
the pathological behaviour at t = 0+ that we would encounter dealing with a Lorentz-
Drude cut-off, as the latter predicts an unphysical instantaneous dissipation (Hu, 1992).
The noise kernel reads as

κ(τ) =
2α2ω2

c (τ 2ω2
c − 1)

(1 + τ 2ω2
c )

2 +
2α2

β2

(
ψ′
(

1− i τωc
βωc

)
+ ψ′

(
1 + i τωc
βωc

))
, (4.94)

where ψ′(z) = d2

dz2 ln Γ(z) is the polygamma function of order one (also known as
trigamma), while Γ(z) is the Gamma function (Gradshteyn, 2007). On the other hand,
the dissipation kernel is given by

µ(τ) =
4α2ω3

c τ

(1 + τ 2ω2
c )

2 . (4.95)

4.5.1 Projection of the master equation onto the Fock space basis

Let us denote as |n〉, with n = 0, 1, 2, . . ., the n−th eigenstate of the harmonic oscillator,
satisfying the eigenvalue equation a†a |n〉 = n |n〉. We would like to project Equation (4.84)
onto the basis spanned by |n〉. A simple calculation yields the following set of differential
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Figure 4.3: Non-Markovian damped harmonic oscillator. Panel (a): Time-dependent rates
associated to incoherent pumping. Panel (b): Trace distance taking the two initial states |±〉 =

1√
2
(|0〉+ |1〉) in the two-dimensional subspace spanned by the first two levels |0〉 , |1〉. The dynamics

of the system is numerically simulated by solving the set of differential equations introduced in
Section 4.5.1. The simulation was run choosing α = 0.01ω0, ωc = 0.1ω0, β = 0.1ω−1

0 , and an
Ohmic SD with a Lorentz-Drude cut-off. There is a clear correspondence between the intervals in
which the decay rates become negative and those in which the trace distance increases.

equations for Pmn(t) ≡ 〈m|ρ|n〉:

Ṗmn(t) =[∆(t) + γ(t)]

{√
(m+ 1)(n+ 1)P(m+1)(n+1)(t)−

1

2
(m+ n)Pmn(t)

}

+ [∆(t)− γ(t)]

{√
mnP(m−1)(n−1)(t)−

1

2
(m+ n)Pmn(t)

}
, (4.96)

where we have used the standard relations a†|n〉 =
√
n+ 1|n+ 1〉 and a|n〉 =

√
n|n− 1〉. As

a byproduct, this calculation also offers a method for numerically simulating the dynamics of
such a system: we essentially need to solve a Cauchy problem for a set of coupled differential
equations, given a suitable set of initial conditions, i.e., the entries of the initial density matrix.
We should notice that, due to the fact that the system Hamiltonian is unbounded from above,
the differential equations can be, in principle, (countably) infinitely many; however, since our
computational resources are limited, we need to truncate the Fock space when m = m̄ and
n = n̄, where m̄ and n̄ are fixed by the degree of accuracy one would like to reach.
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4.5.2 Adjoint master equation

Given Equation (4.84), we can move in the dual space of operators and obtain the adjoint
master equation for the Heisenberg operator AH(t), i.e.,

ȦH(t) = [∆(t) + γ(t)]

(
a†AH(t)a− 1

2
{a†a,AH(t)}

)

+ [∆(t)− γ(t)]

(
aAH(t)a† − 1

2
{aa†, AH(t)}

)
, (4.97)

We can solve the latter for the annihilation and creation operators, with the initial condition
that at t = 0 the Scrödinger and the Heisenberg operators coincide, obtaining

aH(t) = a e−Γ(t)/2, (4.98)

a†H(t) = a†e−Γ(t)/2, (4.99)

where Γ(t) = 2
∫ t

0
γ(τ)dτ . Analogously, from Equation (4.97), one gets the differential

equation

d

dt
(a†a)H(t) = −2γ(t)(a†a)H(t) + ∆(t)− γ(t), (4.100)

whose solution is

(a†a)H(t) = e−Γ(t)a†a+
1

2

(
e−Γ(t) − 1

)
+ ∆Γ(t), (4.101)

where we have defined

∆Γ(t) ≡ e−Γ(t)

∫ t

0

∆(t1) eΓ(t1)dt1. (4.102)

By virtue of the duality relation 〈a†a(t)〉 = trS(a†aρ(t)) = trS((a†a)H(t)ρ(0)), we can derive
a closed expression for the average number of excitations 〈a†a〉, i.e.,

〈a†a(t)〉 = e−Γ(t)〈a†a(0)〉+
1

2

(
e−Γ(t) − 1

)
+ ∆Γ(t), (4.103)

also known as heating function (Maniscalco, 2004). An example is provided in Figure 4.4.

4.6 Microscopic derivation of the GKSL generator

The secular approximation performed onto the Redfield equation is not sufficient to guarantee
that we have obtained a fully Markovian master equation; nonetheless, one can recover the
semigroup property as a suitable limit of Equation (4.76), that sometimes is referred as second
Born approximation (de Vega, 2017). Actually, it is customary to collectively call the whole
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Figure 4.4: Heating function for a non-Markovian damped Harmonic oscillator. The plot refers
to a Ohmic SD with an exponential cut-off. Note that the cut-off is taken to be smaller than the
frequency of the oscillator, so that non-Markovian oscillation can be observed. For the numerical
simulaton, we took α = 0.01ω0, ωc = 0.1ω0, β = 0.1ω−1

0 , assuming that the oscillator is initially in
the vacuum.

set of assumptions that leads to this master equation as Born-Markov approximation (Breuer,
2002). The last step we need to make to obtain a generator in the GKSL form is to assume
that we are resolving the dynamics over a timescale that allow us to take the limit t→ +∞
in the integrals defining the matrices γtµν and Stµν(ω). This limit can be formally carried out
by considering a technique that was first introduced by Davies, based on Van Hove’s idea
of rescaled time (Davies, 1976; Rivas, 2012; Chruściński, 2017; Facchi, 2017). According to
the latter, we should take weaker and weaker interactions (i.e., α→ 0), while we keep the
rescaled time α2t finite . Under this condition, we can perform the limit t → +∞. By so
doing, we obtain

γµν(ω) ≡ γ∞µν(ω) =

+∞∫

−∞

dτ eiωτ 〈B†µ(τ)Bν〉E, (4.104)

i.e., γµν(ω) are given by the Fourier transform of the bath correlation function. One can prove
that the matrices γµν are positive-definite for any value of ω, i.e., they represent Kossakowski
matrices, due to the fact that they are expressed as the Fourier transform of a positive-definite
function — see Appendix D for a proof. As a result, we have recovered the generator of a
quantum dynamical semigroup: the dynamics described by the corresponding master equation
is Markovian.

From Equation (4.104), we also obtain that the two-point correlation function can be regarded
as the inverse Fourier transform of the coefficients γµν(ω), i.e.,

〈B†µ(τ)Bν〉E =

+∞∫

−∞

dω′

2π
e−iω

′τγµν(ω
′), (4.105)
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thus, by substituting the latter in the definition of Sµν(ω) – cf. Equation (4.75) –, one
eventually get that7

Sµν(ω) = P.V.

+∞∫

−∞

dω′

2π

γµν(ω
′)

ω − ω′ , (4.106)

i.e., Sµν(ω) is the Hilbert transform of γµν(ω).

4.6.1 Relaxation to equilibrium

In the derivation outlined in the previous Sections, we have not made any particular assump-
tion about the environmental state, apart from requiring it to be stationary, i.e., [HE, ρE] = 0.
In many applications, one assumes that the environment is a heat bath, whose inverse
temperature is β; in this case, ρE is given by

ρE =
e−βHE

ZE
, (4.107)

where the environmental partition function is ZE = trE
(
e−βHE

)
. Under this hypothesis, is it

easy to prove that the two-point correlation function obeys the β-KMS boundary condition

〈B†µ(t)Bν〉th = 〈BνB
†
µ(t+ iβ)〉th, (4.108)

where the average 〈·〉th it taken over the canonical Gibbs state (4.107). The β-KMS condition
(4.108) carries over to the Kossakowski matrices γµν(ω), namely

γµν(−ω) = e−βωγνµ(ω). (4.109)

Now, if we introduce the system canonical thermal state

ρeq =
e−βHS

ZS
, (4.110)

where ZS = trS
(
e−βHS

)
, one can prove the following properties:

ρeqAµ(ω) = eβωAµ(ω)ρeq, (4.111)

ρeqA
†
µ(ω) = e−βωA†µ(ω)ρeq. (4.112)

7One has to resort to the identity

+∞∫

0

dτe−i(ω−ω
′)τ = πδ(ω − ω′) + i P.V.

(
1

ω − ω′
)
,

where P.V. stands for the Cauchy Principal Value.
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If there is no external driving, i.e., there are no time-dependent fields acting on the system,
we can prove that ρS(t)→ ρeq as t→ +∞. The proof can be carried out by observing that,
thanks to the the commutation relation given by Equation (4.78)8, we have [ρeq, HLS] = 0
for the Hamiltonian part; whereas, using Equations (4.109), (4.111) and (4.112), a tedious
but straightforward calculation yields the result D[ρeq] = 0. Thus, ρeq is a solution of the
corresponding Markovian master equation.

This is actually a special instance of a more general result. A theorem by Spohn sets the
conditions to have a well-defined stationary state ρss for a system whose dynamics is described
in terms of a GKSL generator (Spohn, 1977; Frigerio, 1978). It states that the reduced density
operator ρS(t) relaxes towards ρss, if any operator X commmuting with all the Lindlblad
operators and their adjoints is proportional to the identity. In our case, from the condition

[X,Aµ(ω)] = 0 = [X,A†µ(ω)] for all µ, ω (4.113)

follows that X = cI, with c ∈ C. Under these assumptions, the quantum dynamical semigroup
is said to be relaxing (Rivas, 2012), or ergodic (Breuer, 2002).

Nonetheless, we should stress that this peculiar property of the stationary states is a
consequence of the weak coupling with the environmental degrees of freedom. For instance, if
one pushes the interaction between system and thermal reservoir towards the strong coupling
limit, it would not be guaranteed anymore that the steady state is given by Equation (4.110)

— see, e.g., (Subaşı, 2012; Perarnau-Llobet, 2018).

4.6.2 Pauli master equation

When one takes the limit t→ +∞ in the derivation of the master equation, the quantities
defined by Equation (4.83) becomes W∞(n|k) ≡ W (n|k). In this limit, as a consequence of
the positive definiteness of the Kossakowski matrices γµν , they can be correctly interpreted
as time-independent rates, and determined by means of the Fermi golden rule (Alicki, 1977).
Hence, Equation (4.81) takes the form of a master equation for a classical probability
distribution, known as Pauli master equation. If the environment is in a thermal state, by
employing Equation (4.109) and the definition of the transition rates – Equation (4.83) in
the limit t→ +∞, one can show that the detailed-balance condition is satisfied

W (k|n) e−βεn = W (n|k) e−βεk . (4.114)

This conditions ensures that the equilibrium populations P eq
n follow the Boltzmann distribu-

tion, i.e.,

P eq
n ∝ e−βεn . (4.115)

Therefore, the Davies approach to the microscopic derivation of a master equation leads to a
a set of differential equations that govern the evolution of populations (classical part) and a
separated set of equations for coherences (genuinely quantum part).

8Note that – in the fully Markovian limit – we are using a time-independent Lamb-shift Hamiltonian.
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Example 4.6.1: Markovian damped harmonic oscillator

In this example, we would like to heuristically show that we can recover the Markovian
master equation of a damped harmonic oscillator taking a suitable limit in the Equa-
tion (4.84). Usually, we obtain a Markovian description of the dynamics for a Brownian
particle by taking simultaneously the long time and high temperature limit, i.e., ω0t� 1
and β−1 � ω0, which is the usual physical regime in which the Caldeira-Leggett model
is presented (Breuer, 2002). Since the damping coefficient – given by Equation (4.92) –
does not depend on the reservoir temperature, one immediately obtains

γM ≡ 2 lim
t→∞

γ(t) =
4α2ω2

c

ω2
c + ω2

0

ω0, (4.116)

while the diffusion coefficient ∆(t) converges towards

∆M(t) =
γM
2

(2n̄+ 1) , (4.117)

where n̄ is the average number of excitations with a given frequency ω0, i.e., n̄ =
(eβω0 − 1)−1. Therefore, in the Markovian regime, Equation (4.84) becomes

ρ̇(t) = γM (n̄+ 1)

(
aρa† − 1

2
{a†a, ρ}

)
+ γM n̄

(
a†ρa− 1

2
{aa†, ρ}

)
, (4.118)

which reproduces the well known result of a Markovian damped harmonic oscillator
(Breuer, 2002). Moreover, taking the aforementioned limit in Equation (4.103), one
obtains the following expression for the average number of quanta:

〈a†a(t)〉 = e−γM t〈n(0)〉+ n̄
(
1− e−γM t

)
, (4.119)

i.e., it monotonically relaxes towards n̄. Equation (4.96) (with m = n) allows us to
write the Pauli master equation

Ṗn(t) =γM (n̄+ 1) [(n+ 1)Pn+1(t)− nPn(t)]

+ γM n̄ [nPn−1(t)− nPn(t)] , (4.120)

which is a classical equation describing a one-step stochastic process, in which, given
given a state n, only jumps between neighbouring states n± 1 are allowed (Gardiner,
2009). The stationary solution – obtained by imposing Ṗn(t) = 0 – can be shown to be

Pss(n) =
1

n̄+ 1

(
n̄

n̄+ 1

)n
, (4.121)

or, equivalently,

Pss(n) =
(
1− e−βω0

)
e−nβω0 . (4.122)

It is easy to check that the average number of excitations in the stationary states are

〈a†a〉ss =
∑

n

nPss(n) = n̄, (4.123)

as one would equally obtain by taking the long time limit t→ +∞ in Equation (4.119).
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Chapter 5

Entropy production in open systems

As discussed in Chapters 3 and 4, the theory of open quantum systems is an arena where
irreversibility naturally comes about: this peculiar trait can be satisfactory discussed using
the language of thermodynamics, and quantified in terms of entropy. Traditionally, the theory
of entropy production in the quantum domain is formulated in term of the von Neumann
entropy, as we will discuss in Section 5.2. On one hand, we will pinpoint the difficulties and
the inconsistencies arising from the application of such a theory. We will also show that
quantum coherences play a crucial role in the entropy production rate, bringing a purely
quantum contribution to it. In Section 5.3, we will discuss a different formulation that relies
on phase-space methods. The latter will be employed in Section 5.4 to assess the role of
initial correlations in the entropy production rate for nonequilibrium harmonic dynamics.

5.1 Entropy production in classical processes

In classical thermodynamics, entropy production enables to mathematically express the
second law, providing a way to characterise the irreversibility of physical processes. To be
more concrete, let us suppose that we have a certain macroscopic system interacting with a
reservoir. Following the splitting that was first put forth by Prigogine (Prigogine, 1955; de
Groot, 1961), entropy can be expressed as a sum of two contributions

dS = dΣ− dΦ, (5.1)

where dΦ is the entropy that the system exchanges with its surroundings, whereas dΣ is the
entropy produced within the system. The second law of thermodynamics imposes a constraint
on the sign of dΣ, i.e.,

dΣ ≥ 0, (5.2)

where dΣ = 0 holds for reversible (or equilibrium) processes, while dΣ > 0 for irreversible
transformations. In contrast, dΦ can be positive, negative, or null, depending on the direction
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in which the entropy is flowing. Furthermore, if the system is adiabatically isolated from the
reservoir, one has dΦ = 0, thus dS ≥ 0, while, if the system is allowed to exchange heat with
the surroundings, in light of the Carnot-Clausius theorem, one obtains1

dΦ = −dQ
T
, (5.3)

where dQ is the heat flowing towards the reservoir (conventionally taken to be positive),
while T is the absolute temperature at which this exchange occurs. Under this hypothesis,
one recovers the inequality

dS ≥ dQ

T
, (5.4)

which is the standard expression of the second law of thermodynamics (Callen, 1985). From
Equation (5.1) we immediately obtain the following expression for the rates

dS

dt
= Σ̇(t)− Φ̇(t), (5.5)

where Σ̇(t) is the entropy production rate, while Φ̇(t) is the entropy flux rate. At thermal
equilibrium, we have Σ̇(t) = 0 = Φ̇(t). We should emphasise that, unlike entropy, which
is usually regarded as a property of the system, entropy production is a quantity that
characterises thermodynamic processes undergone by the system: this suggests its relevance
in the domain of nonequilibrium thermodynamics, whose final goal is to relate the entropy
production to the microscopic phenomena occurring within the system. Equation (5.2) implies
that Σ̇(t) ≥ 0, mathematically framing the phenomenological evidence according to which
entropy is always produced, never destroyed. For macroscopic systems, Equation (5.5) can
be rephrased as a balance equation for the entropy density, which can be seen as the way to
state locally the second law for nonequilibrium thermodynamics. However, unlike energy,
entropy does not satisfy a continuity equation (de Groot, 1961).

5.2 Entropy production in quantum processes

Our goal is now to rewrite Equation (5.5) in the quantum domain, and identify the physical
quantities upon which Σ̇(t) and Φ̇(t) depend. In general, such a task has fostered the emergence
of a variety of approaches, some of them closer to the spirit of quantum information theory
(Landi, 2020). Despite this, a complete and exhaustive theory of the entropy production rate,
possibly cutting across the classical-quantum boundary, is hitherto missing. As a full account
of these approaches is beyond the scopes of this Thesis, we will just introduce some notions
that will be useful in the following Sections, focusing on the case of weak coupling limit and
thermal reservoirs.

1Note that is no longer true when the system can also exchange matter with its environment.
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5.2.1 Spohn’s separation of work and heat in open systems

Before discussing the way in which we can express entropy production and flux rates for
open quantum systems, let us start with the identification of the suitable thermodynamic
quantities (Kosloff, 2013). To this end, we can consider the usual case in which the total
Hamiltonian can be expressed as

H(t) = HS(t) +HE +HI , (5.6)

where we let the system Hamiltonian HS(t) be time-dependent. As we have seen in Chapter 3,
the joint system is closed, thus thermodynamically isolated. This means that any energy
change must be identified with work. In light of this observation, the power reads as

Ẇ (t) ≡ d〈H(t)〉
dt

= Tr
[
ḢS(t)ρSE(t)

]
= Tr

[
ḢS(t)ρ(t)

]
, (5.7)

where, in the last step, the trace is performed over the system degrees of freedom only, and we
have also used the hypothesis of uncorrelated joint states, i.e., ρSE(t) = ρ(t)⊗ ρE, as usually
required by the Born-Markov approximation. Such work has to be intended as performed
by, or onto, the system, as it evidently depends only on its degrees of freedom. From
Equation (5.7), we easily deduce that no work is performed in the case of time-independent
Hamiltonians.

The identification of internal energy and heat is more delicate, but, in the weak coupling limit,
this task can be consistently accomplished (Rivas, 2019). Indeed, under such assumption,
the interaction part of the Hamiltonian is comparatively negligible, hence

〈H(t)〉 ' 〈HS(t)〉+ 〈HE〉. (5.8)

As a consequence, the internal energy of the system is unequivocally given by E = 〈HS(t)〉.
Therefore, the time derivative yields

dE(t)

dt
=
d〈HS(t)〉

dt
≡ Ẇ (t)− Q̇(t), (5.9)

where we have defined the heat flow

Q̇(t) = −Tr [HS(t)ρ̇(t)] . (5.10)

In Chapter 4, we have seen that the weak coupling limit naturally emerges when the system’s
evolution is modelled in terms of a quantum dynamical semigroup. Assuming that the bath
dynamics is fast compared to the typical evolution time of the system, Davies’ approach leads
to a Markovian master equation for the reduced dynamics ρ̇(t) = −i[HS(t), ρ] +D[ρ] = Lt[ρ],
where D[ρ] is the dissipator in the Lindblad form — cf. Equation (3.37). Within this
framework, one usually resorts to Spohn’s separation of work and heat (Spohn, 1978; Alicki,
1979), where the former is defined as in Equation (5.7), while the latter is given by

Q̇(t) = −Tr [HS(t)Lt[ρ]] , (5.11)
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simply obtained by substituting the expression of ρ̇ given by the corresponding master
equation. It should be stressed that Spohn’s separation is highly non unique; it entails a
certain amount of arbitrariness, as the invariance of the GKSL under certain homogeneous
transformations2 cannot be extended to the heat flow altogether (Kosloff, 2013).

From a more general perspective, the definitions of heat and work for the thermodynamics of
quantum processes are the object of a longstanding debate within the community. Several
solutions have been put forward in different scenarios (Binder, 2018), but a consistent and
comprehensive definition is still lacking. For instance, in (Rivas, 2020) a general framework is
presented for quantum systems in contact with a thermal reservoir, encompassing arbitrary
system-reservoir coupling strengths, including possible initial correlations.

5.2.2 Entropy production in the weak coupling limit

We are now in the position of identifying the quantities appearing in the splitting given
by Equation (5.5) for open quantum systems weakly coupled with their reservoirs. First,
we need to choose which entropy we would like to use; the usual choice is to consider
the von Neumann entropy and the corresponding quantum relative entropy, defined by
Equations (2.24) and (2.26), respectively. It can be shown that the quantum relative entropy
is monotonic under CPTP maps Λτ (·) (Lindblad, 1975), i.e.,

S(Λτρ1||Λτρ2) ≤ S(ρ1, ρ2). (5.12)

Actually, it has been shown that such monotonicity property holds if we replace the hypothesis
of complete positivity with the weaker requirement of positivity (Müller-Hermes, 2017).

Let us suppose the CPTP map Λτ is obtained from a time-dependent GKSL generator Lt,
i.e., Λτ = eτLt , and ρss(t) is a steady state of the map, i.e., Lt[ρss(t)] = 0. Under these
assumptions, Equation (5.12) reads

S(eτLtρ||eτLtρss(t)) = S(eτLtρ||ρss(t)) ≤ S(ρ||ρss(t)), (5.13)

whence

d

dτ
S(eτLtρ||ρss(t)) ≤ 0. (5.14)

Specifically, for τ = 0, Equation (5.13) gives the so-called Spohn inequality (Spohn, 1978)

Tr (Lt[ρ] {ln ρ− ln ρss(t)}) ≤ 0. (5.15)

2i.e.,

Lk 7→ L
′

k = Lk + λkI,

H 7→ H
′

= H +
1

2i

∑

k

(
λ∗kLk − λkL†k

)
+ γI,

where the coefficients λk ∈ C, while γ ∈ R (Breuer, 2002).
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Let us compute the time derivative of the von Neumann entropy, i.e.,

Ṡ(t) = −Tr(ρ̇(t) ln ρ(t)). (5.16)

In Chapter 4, we have seen that Davies’ technique provides a procedure to microscopically
derive a generator Lt that is automatically in the GKSL form, and enters in the master
equation ρ̇(t) = Lt[ρ(t)]; hence, Equation (5.16) reads as

Ṡ(t) = −Tr(Lt[ρ(t)] ln ρ(t)). (5.17)

Furthermore, in Section 4.6.1, we have seen that, under the additional assumption that the
system is coupled to a thermal reservoir, the corresponding dynamical semigroup relaxes
towards the local canonical Gibbs state ρeq = e−βHS/ZS, thus Lt[ρeq] = 0, provided that HS

is time-independent. Under this hypothesis, in full analogy with the classical case, we can
identify the entropy flux with the following quantity:

Φ̇(t) = βQ̇(t) = Tr (Lt[ρ] ln ρeq) , (5.18)

where, in the last step, we have invoked the definition (5.11), used the identity ln ρeq =
−βHS − I lnZS, and the fact that Tr (Lt[ρ]) = 0. Now, relying on the separation given by
Equation (5.5), and using Equations (5.17) and (5.18), we obtain the following expression for
the entropy production rate in the weak coupling limit:

Σ̇(t) = Ṡ(t) + Φ̇(t) = −Tr (Lt[ρ] {ln ρ− ln ρeq}) , (5.19)

or, equivalently,

Σ̇(t) = − d

dt
S(ρ(t)||ρeq). (5.20)

From Spohn’s inequality (5.15), it follows Σ̇(t) ≥ 0 for all times. Using Equations (5.18)
and (5.19), it is immediate to conclude that Φ̇(t) = 0 = Σ̇(t) when the system reaches the
local Gibbs state.

We should stress that this identification is valid only in the weak coupling and Markovian
limits, and for thermal reservoirs. For example, as we will see, for non-Markovian dynamics
is no longer true that the entropy production rate is necessarily non-negative at all times:
there might be intervals of time in which the entropy production rate attains negative values
(Marcantoni, 2017). This evidence is compatible with the idea of an information backflow
from the environment to the system, whose features have been discussed in Section 4.1.2. On
a more general note, it is important to mention that, in the derivation à la Davies, we make
use of several approximations that, although physically reasonable for deriving the reduced
dynamics of the system, can lead to severe inconsistencies in terms of thermodynamics (Landi,
2020). For example, in Ref. (Levy, 2014), it has been argued that an approach to the
thermodynamics of quantum networks based on local master equations can predict unphysical
behaviours, contradicting the second law of thermodynamics. Nontetheless, this issue can
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be overcome by accessing the global dynamics: in Ref. (De Chiara, 2018) it has been shown
that, using an approach based on repeated collisions, a reconciliation between the local and
global descriptions can be achieved.

Even in the well-established framework of a quantum dynamical semigroup, the identification
introduced with the help of von Neumann entropy can be problematic in the limit of
zero temperature reservoirs — i.e., β → +∞. First, it is immediate to conclude – cf.
Equation (5.18) – that the entropy flux diverges. By the same token, it is easy to see that

S(ρ(t)||ρeq) = −S(ρ(t)) + β〈HS〉+ lnZS, (5.21)

whence we can conclude that S is ill-defined as β → +∞, therefore Σ̇(t) diverges. We usually
face this issue whenever we compute the relative entropy using a pure reference state (Abe,
2003). However, such zero-temperature catastrophe is not physical, but a mere inconsistency
of the theory. The limit T → 0 is indeed frequently considered in quantum optics: the
resulting dynamics is well-behaved and correctly reproduces experimental data in a broad
variety of physical settings (Santos, 2017).

5.2.3 The role of coherence

In Chapter 4, we have shown that the secular and Born-Markov approximations yield a
splitting between populations and coherences in the evolution equations that mathematically
expresses the occurrence of two classes of processes that are simultaneously taking place at
the level of the dynamics. On one hand, there are transitions between levels of the system,
causing the populations to adjust to values imposed by the bath. On the other hand, we
witness the loss of coherence in the energy eigenbasis. The complete understanding of the
interplay between these two processes in still an open question in quantum thermodynamics
(Santos, 2019). Coherence is an essential resource for quantum processes, as it sets classical
and quantum phenomena apart (Streltsov, 2017). Moreover, coherence – and thus decoherence
– is a basis-dependent concept: the reduced density matrix becomes diagonal in a particular
set of basis states {|n〉}, which is usually called preferred basis. Specifically, we will adopt
the perspective according to which the emergence of a preferred basis is induced by the
environment (Zurek, 1982), a general scheme that Zurek called einselection (Zurek, 2003).

Let us explicitly consider the case of a master equation obtained through the Davies approach.
Within this framework, populations – defined as Pn(t) ≡ 〈n| ρ |n〉 – evolve according to the
classical Pauli master equation, i.e., Equation (4.81), while coherences – given by Pmn(t) ≡
〈m| ρ |n〉 – evolve according to Equation (4.82), as far as we consider time-independent
transition rates satisfying the detailed balance condition

W (n|k)

W (k|n)
=
P eq
n

P eq
k

= e−β(εn−εk), (5.22)

where P eq
n (t) ≡ 〈n| ρeq |n〉. Bearing in mind the definition of free energy F = E − TS, for the

case at hand we can define the nonequilibrium free energy using the von Neumann entropy

F (ρ) = Tr(HSρ) + T Tr (ρ ln ρ) , (5.23)
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whence, for equilibrium states, we recover the well-known result of statistical mechanics

Feq ≡ F (ρeq) = −T lnZS. (5.24)

Closely following (Santos, 2019), we can define the free energy for general nonequilibrium
states

F (ρ) = Feq + TS(ρ||ρeq). (5.25)

As we know that S(ρ||ρeq) ≥ 0, we obtain the condition F (ρ) ≥ Feq, meaning that the
equilibrium state of a system is, by definition, a system that minimises the free energy. Now,
combining Equations (5.20) and (5.25), we obtain the following expression for the entropy
production rate

Σ̇ = − 1

T

dF (ρ)

dt
. (5.26)

Now, we can notice that ρeq is a diagonal state in the eigenbasis {|n〉} of HS. Since the latter
is an incoherent state, we can resort to the following decomposition of von Neumann entropy
(Baumgratz, 2014)

S(ρ||ρeq) = S(ρdiag||ρeq) + C(ρ), (5.27)

where

S(ρdiag||ρeq) =
∑

n

Pn ln

(
Pn
P eq
n

)
, (5.28)

which represents the Kullback-Leibler divergence of the classical probability distribution
P ≡ {Pn}n, relative to the equilibrium distribution Peq ≡ {P eq

n }n (Kullback, 1951), and we
have introduced the relative entropy of coherence

C(ρ) = S(ρdiag)− S(ρ). (5.29)

We can substitute Equation (5.27) back into Equation (5.25), and obtain

F (ρ) = Feq + TS(ρdiag||ρeq) + TC(ρ), (5.30)

therefore, apart from the equilibrium contribution Feq, the nonequilibrium free energy can
be expressed as a sum of a classical and a genuine quantum part. The former quantifies the
increase in energy due to population imbalance with respect to the equilibrium configuration,
while the latter expresses the surplus in free energy carried by a nonequilibrium state with
non-null coherences. From Equations (5.26) and (5.30) we easily obtain that this splitting
survives for the entropy production rate altogether, i.e.,

Σ̇ = − d

dt
S(ρdiag||ρeq)− dC(ρ)

dt
≡ Σ̇d + Υ. (5.31)
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Taking the time-derivative of Equation (5.28), one obtains the following expression for the
diagonal part of the entropy production rate:

Σ̇d =
1

2

∑

n,k

[W (n|k)Pk −W (k|n)Pn] ln

(
W (k|n)Pn
W (n|k)Pk

)
, (5.32)

where we have used Ṗn coming from the Pauli equation, and the detailed balance condition in
Equation (5.22). This is a result that holds for all classical stochastic processes satisfying a
master equation in the Pauli form, as it can be shown by means of the so-called Schnakenberg
approach (Schnakenberg, 1976; Landi, 2020). Differently, Υ is the rate at which entropy
is dynamically produced in a process in which quantum coherence is destroyed as a result
of the coupling with an environment. This splitting in the entropy production rate is not
a peculiarity of Davies-Lindblad dynamical maps, but it applies more generally to maps
obtained through thermal operations. The latter consist of a system that interacts with a
thermal reservoir – initially prepared in an equilibrium Gibbs state – through a unitary that
preserves the total (system + environment) energy (Santos, 2019).

5.3 Entropy production rate in phase space

In Section 5.2.2, we have highlighted some of the weaknesses of the traditional formulation of
entropy production in the weak coupling limit. In order to overcome this limitations, Ref.
(Santos, 2017) has put forward an alternative formulation based on phase-space methods
borrowed from quantum optics. The crucial step is the replacement of the von Neumann
entropy with a generalised entropy function, associated with a certain probability distribution
defined over the phase space. This yields a formulation of thermodynamic irreversibility
that coincides with standard thermodynamics at high temperature, but helps us to gain
new insight in different situations. In Ref. (Santos, 2017), the von Neumann entropy is
replaced by the Wigner entropy, whose definition is based on the Wigner quasi-probability
distribution.

5.3.1 Wigner entropy

For the sake of simplicity, let us consider a system consisting of a single bosonic mode,
whose dimensionless position-like and momentum-like operators – commonly referred to as
quadratures – are labelled as Q and P , respectively. The quadratures can be accommodated
in a two-dimensional vector X = (Q,P )T, and the corresponding annihilation and creation
operators are defined as

a =
Q+ iP√

2
, a† =

Q− iP√
2

. (5.33)

Given the displacement operator D(λ) = eλa
†−λ∗a (λ ∈ C), we can define the symmetrically

ordered characteristic function (Gardiner, 2004)

χW(λ, λ∗) = Tr (ρD(λ)) , (5.34)
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whose Fourier transform defines the Wigner function

W(α, α∗) =
1

π2

∫
d2λ e−λα

∗+λ∗α χW(λ, λ∗), (5.35)

where d2λ = dReλ d Imλ. We can also regard the Wigner function as a function of the two-
dimensional vector x = (q, p)T, with q = (α + α∗)/

√
2 and p = i(α∗ − α)/

√
2. A particularly

important class of states in the context of quantum phase space is the one embodied by
Gaussian states (Ferraro, 2005), i.e., those characterised by a Gaussian characteristic function,
or, equivalently, a Gaussian Wigner function3. They are fully determined by their first
moments x̄i = 〈Xi〉 and covariance matrix (CM) σ, whose entries are given by

σij =
1

2
〈{Xi, Xj}〉 − 〈Xi〉〈Xj〉. (5.36)

The definition of Gaussian states entails that (Ferraro, 2005)

W(x) =
1√

2π detσ
e−

1
2

(x−x̄)Tσ−1(x−x̄). (5.37)

Given the Wigner functionW(x), one can naturally associate to it the corresponding Shannon
entropy, called Wigner entropy, which embodies a useful quantifier of information, i.e.,

SW = −
∫
d2αW(α, α∗) lnW(α, α∗). (5.38)

Interestingly, it can be shown that the Wigner entropy is closely related to Rényi-2 entropy4.
Given a Gaussian state %, its purity is given by µ(%) = Tr %2 = (detσ)−1/2, hence S2 =
− lnµ(%) = 1

2
ln(detσ). It can be shown that (Adesso, 2012)

SW = S2 + const, (5.40)

i.e., the Wigner entropy coincide (modulo an additional constant) with the Rényi-2 entropy.
Therefore, for the study of the entropy production rate there is no difference between the two
quantities.

Note that, in general, for non-Gaussian states W(α, α∗) can attain negative values, causing
SW to take complex values, a circumstance that would make the Wigner entropy clearly
unsuitable as a measure of information.

3The Fourier transform of a Gaussian function is Gaussian.
4In general, Rényi-α entropies are defined through the formula

Sα =
1

1− α ln Tr(ρα), α > 0, (5.39)

and they play an important role in quantum information theory. Specifically, in the limit α→ 1, we recover
the von Neumann entropy, while for α = 2 we obtain the Rényi-2 entropy S2 = − ln Tr ρ2, which, being
closely related to the purity P = Tr ρ2 of the state ρ, is easy to manipulate.
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5.3.2 Wigner entropy production rate

We are now in a position to use SW to formulate a theory of the entropy production
(Santos, 2017). For our purposes, it is sufficient to consider the case of a harmonic oscillator
(thus, a single mode), undergoing Markovian damping [cf. Example 4.6.1]. For the sake of
completeness, let us remind that the free Hamiltonian is given by HS = ω0a

†a, while the
dissipator in the Lindblad form reads

D[ρ] = γ (n̄+ 1)

(
aρa† − 1

2
{a†a, ρ}

)
+ γn̄

(
a†ρa− 1

2
{aa†, ρ}

)
, (5.41)

where γ > 0 is the damping rate of the oscillator, while n̄ = (eβω0 − 1)−1 is the average
number of thermal excitations in the bath. It is easy to compute the partition function ZS =
Tr
(
e−βHS

)
= (1−e−βω0)−1, hence, using Equation (4.110), we obtain ρeq = (1−e−βω0)e−βω0a†a.

By resorting to standard methods of quantum optics, one can remap the Markovian master
equation ρ̇ = −i[HS, ρ] + D[ρ] in the phase space, where the time evolution of the system
is governed by a Fokker-Planck equation (Gardiner, 2004). To this end, we can employ the
following set of correspondence rules

[a†a, ρ] 7→ ∂∗α(α∗W)− ∂α(αW), (5.42)

aρa† − 1

2
{a†a, ρ} 7→ 1

2
(α∂α + ∂α∗α

∗ + ∂α∂α∗)W , (5.43)

a†ρa− 1

2
{aa†, ρ} 7→ 1

2
(−∂αα− α∗∂α∗ + ∂α∂α∗)W , (5.44)

to derive the following Fokker-Planck equation for the Wigner quasi-probability distribution

∂tW = U(W) +D(W), (5.45)

where

U(W) = −iω0 [∂α∗(α
∗W)− ∂α(αW)] (5.46)

is the differential operator associated to the unitary part of the dynamics. On the other hand,
the dissipative part is expressed through

D(W) = ∂αJ(W) + ∂α∗J
∗(W), (5.47)

which reads as a divergence in the complex plane, and

J(W) =
γ

2

[
αW +

(
n̄+

1

2

)
∂α∗W

]
(5.48)

represents the irreversible component of the probability current. The latter vanishes if and
only if W =Weq, the Wigner function of a thermal state, i.e., J(Weq) = 0. This condition is
stronger than D(Weq) = 0, as it requires that the equilibrium state is not only a fixed point
of the dissipative dynamics, but the state for which all probabilities currents are identically
zero.

83



Example 5.3.1: Wigner function of a thermal state

Let us consider the canonical Gibbs state

ρβ =
e−βH

Zβ
, (5.49)

where H = ω0a
†a is the Hamiltonian of a harmonic oscillator. For the sake of this

instance, the partition function is simply given by Zβ = Tr
(
e−βH

)
= (1 − e−βω0)−1,

therefore, using the resolution of the identity, Equation (5.49) reads as

ρβ =
(
1− e−βω0

)−1
∞∑

n=0

(
e−βω0

)n |n〉〈n| . (5.50)

As n̄ = (eβω0 − 1)−1, the thermal state of a harmonic oscillator reads

ρβ =
∞∑

n=0

n̄n

(n̄+ 1)n+1
|n〉〈n| . (5.51)

The characteristic function is given by

χW(λ, λ∗) = Tr (D(λ)ρth) =
∞∑

n=0

n̄n

(n̄+ 1)n+1
〈n|D(λ) |n〉 (5.52)

with 〈n|D(λ) |n〉 = e−|λ|
2/2Ln(|λ|2) (Cahill, 1969; Ferraro, 2005). Equation (5.52) thus

reads

χW(λ, λ∗) = e−|λ|
2/2

∞∑

n=0

n̄n

(n̄+ 1)n+1
Ln(|λ|2). (5.53)

The generating function for the Laguerre polynomials fulfils the following relation
(Gradshteyn, 2007)

+∞∑

n=0

tnLn(x) =
1

1− te
−tx/(1−t), (5.54)

which in turn gives χW(λ, λ∗) = e−(n̄+ 1
2)|λ|2 .

Plugging the latter into Equation (5.35) and integrating, we eventually obtain the
following expression for the Wigner function of a thermal state

Weq =
1

π(n̄+ 1
2
)
e
− |α|

2

n̄+ 1
2 . (5.55)
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Figure 5.1: Plots of the von Neumann and the Wigner entropies for a thermal state – cf. Equa-
tions (5.56) and (5.57). The picture shows that the two curves are qualitatively similar – modulo a
constant lnπ – for a range of temperatures, while they differ in the neighbourhood of T = 0.

We can now compare the von Neumann and Wigner entropies considering Equa-
tions (5.49) and (5.55), respectively. A simple calculation yields the following expression
for the Von Neumann entropy

SvN = −Tr(ρ ln ρ) = −
∞∑

k,n=0

〈n| ρ |k〉 〈k| ln ρ |n〉 = βω0n̄− ln
(
1− e−βω0

)
, (5.56)

whereas, by taking into account that
∫
d2αWeq = 1 and

∫
d2α|α|2Weq = n̄ + 1

2
, we

obtain

SW = 1 + ln π + ln

(
n̄+

1

2

)
. (5.57)

In Figure 5.1 we compare the two entropies Equations (5.56) and (5.57), explicitly
showing that SW converges to a non-vanishing value in the limit T → 0, while SvN

goes to zero.

Entropy production rate

In the same spirit of the identification we have put forward for systems weakly coupled to
their reservoirs – cf. Equation (5.20) – the Wigner entropy production rate is defined as

Σ̇W(t) = −∂t K(W||Weq), (5.58)
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where we have introduced the Wigner relative entropy

K(W||Weq) =

∫
d2αW ln

( W
Weq

)
. (5.59)

At this stage, it is important mentioning that this definition is perfectly consistent in the
case under scrutiny, as we are dealing with Gaussian states, for which W is always positive.
Inserting the definition (5.59) into Equation (5.58), we get

Σ̇W(t) = −
∫
d2α ∂tW ln

( W
Weq

)
, (5.60)

after having observed that the time derivative of
∫
Wd2α = 1 vanishes. Now, we can

substitute Equation (5.45) into (5.60) and integrate by parts the unitary contribution, to
evetually obtain

Σ̇W(t) = −
∫
d2α D(W) ln

( W
Weq

)
. (5.61)

Using the expression of the dissipator in terms of probability currents – cf. Equation (5.47),
we get

Σ̇W(t) =

∫
d2α

{
J(W)

(
∂αW
W − ∂αWeq

Weq

)
+ α→ α∗

}
. (5.62)

By inverting Equation (5.48), we obtain

∂αW
W − ∂αWeq

Weq

=
2

γ
(
n̄+ 1

2

) J
∗(W)

W , (5.63)

where we also have taken into account that J(Weq) = J∗(Weq). This leads to the following
closed expression for the Wigner entropy production rate

Σ̇W(t) =
4

γ
(
n̄+ 1

2

)
∫
d2α
|J(W)|2
W , (5.64)

which is quadratic in the relevant probability currents. It is easy to check that this is indeed
a consistent expression for the entropy production rate: on one hand, since W > 0, we
immediately obtain that Σ̇W(t) ≥ 0; on the other hand, Σ̇W(t) = 0 at equilibrium, following
from the condition J(Weq) = 0.

Wigner entropy flux rate

Similarly, using Equation (5.5) we can derive a closed expression for the entropy flux rate.
After a simple integration by parts, we can immediately obtain

dSW
dt

= −
∫
d2α D(W) lnW , (5.65)
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whence

Φ̇W(t) = Σ̇W −
dSW
dt

= −
∫
d2α D(W) lnWeq. (5.66)

Using the expression for Weq given by Equation (5.55) and again integrating by parts,
Equation (5.66) becomes

Φ̇W(t) =
1

n̄+ 1
2

∫
d2α [α∗J(W) + αJ∗(W)] (5.67)

Now, recalling that the probability current is given by Equation (5.48) and performing once
more an integration by parts, we get

Φ̇W(t) =
γ

n̄+ 1
2

∫
d2α|α|2 W − γ. (5.68)

As
∫
d2α|α|2W = 〈a†a〉+ 1/2, the entropy flux rate reads as

Φ̇W(t) =
γ

n̄+ 1
2

(
〈a†a〉 − n̄

)
, (5.69)

which is remarkably simple, as it is given by a simple expectation value.

On the other hand, using the explicit form of the master equation ρ̇ = −i[HS, ρ] +D[ρ], we
can derive a closed expression for the energy flux rate, i.e.,

Φ̇E(t) = −d〈HS〉
dt

= −Tr(HS ρ̇) = γω0

(
〈a†a〉 − n̄

)
. (5.70)

Therefore, combining Equations (5.69) and (5.70), we get

Φ̇W(t) =
Φ̇E(t)

ω0

(
n̄+ 1

2

) . (5.71)

In the high temperature limit, i.e., T � ω0, the equation above yields the Clausius relation
Φ̇W ' Φ̇E/T , as ω0(n̄ + 1/2) ' T . Moreover, it is evident that, in the limit T → 0, the
entropy flux rate in Equation (5.69) stays finite, unlike the standard result obtained by means
of the von Neumann entropy.

5.3.3 Relation with classical stochastic processes

We have seen that Gaussian states are fully described in terms of first and second moments,
the latter appearing in the covariance matrix σ. First, we notice that the Fokker-Planck
equation for the Wigner function, i.e., Equation (5.45), can be rewritten using rectangular
coordinates (q, p), once we recall that α = (q + ip)/

√
2 and α∗ = (q − ip)/

√
2. Hence, we
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have ∂α = ∂q − i∂p and ∂α∗ = ∂q + i∂p, yielding the following set of correspondence rules
(Ferraro, 2005):

∂αα 7→
1

2
[∂qq + i (∂qp− ∂pq) + ∂pp] , (5.72)

∂α∗α
∗ 7→ 1

2
[∂qq − i (∂qp− ∂pq) + ∂pp] , (5.73)

∂2
αα∗ 7→

1

2

(
∂2
qq + ∂2

pp

)
. (5.74)

By resorting to these rules, we can recast the Fokker-Planck equation in the form of a local
conservation equation (Gardiner, 2009)

∂tW = −∂xJ(W), (5.75)

where ∂x ≡ (∂q, ∂p)
T is the phase-space gradient, with x = (q, p)T. The total probability

current J(W) is given by

J(W) =

(
Jq(W)
Jp(W)

)
= AxW − 1

2
D∂xW , (5.76)

where the drift and diffusion matrices are

A =

(
−γ

2
ω0

−ω0 −γ
2

)
, D = γ

(
n̄+

1

2

)
I, (5.77)

respectively. The drift matrix A can be rewritten separating the irreversible part Airr from the
reversible one Arev: the former is even under time reversal, while the latter is odd (Spinney,
2012; Landi, 2013). In the basis in which we are working, the time-reversal operator reads

E =

(
1 0
0 −1

)
, (5.78)

as this matrix inverts the sign of momentum. Therefore

Airr =
1

2

(
A + EAET

)
= −γ

2
I, Arev =

1

2

(
A− EAET

)
= iω0σ2 (5.79)

The splitting that we have obtained for the case at hand could have been easily anticipated:
the irreversible part is associated with the damping rate γ, while the reversible part stems
from the Hamiltonian part of the dynamics. The separation between reversible and irreversible
part for the drift matrix A = Arev + Airr justifies the following splitting in the probability
currents

Jrev(W) = ArevxW , (5.80)

Jirr(W) = AirrxW − 1

2
D ∂xW , (5.81)

such that J(W) = Jrev(W) + Jirr(W).
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Entropy production rate

Let us now consider the Wigner entropy defined by Equation (5.38). By taking the derivative
with respect to time and integrating by parts, we get

dSW
dt

=

∫
d2α(Jirr(W))T

(
∂xW
W

)
. (5.82)

Considering the expression for ∂xW obtained through Equation (5.81), we can rewrite
Equation (5.82) in the usual form in terms of entropy production and flux rates

dSW
dt

= Σ̇W(t)− Φ̇W(t), (5.83)

where we have introduced the following identification:

Σ̇W(t) = 2

∫
d2α

W (Jirr(W))TD−1Jirr(W), (5.84)

Φ̇W(t) = 2

∫
d2α(Jirr(W))TD−1Airr(W)x (5.85)

As ∂xW = −σ−1x W, we have the irreversible current Jirr(W) = (Airr + 1
2
Dσ−1)x W;

therefore the integration in Equation (5.84) can be exactly carried out (Landi, 2013; Brunelli,
2016), yielding the following expression for the entropy production rate

Σ̇W(t) =
1

2
Tr
[
σ−1
t D

]
+ 2 Tr

[
Airr

]
+ 2 Tr

[
(Airr)TD−1Airrσt

]
, (5.86)

where σt = σ(t). This allows to calculate the entropy production rate for any known process,
i.e., a dynamics for which both D and Airr are known, directly from the the covariance matrix
of the system5.

Entropy flux rate

In order to derive a closed expression for the entropy flux rate, we can first notice that the
evolution of a Gaussian system is governed – in terms of second moments – by a differential
equation in the Lyapunov form, i.e.,

σ̇t = Aσt + σtA
T + D. (5.87)

By applying the Jacobi formula of differential calculus6, we obtain

dSW
dt

=
1

2
Tr
[
σ−1
t σ̇t

]
=

1

2
Tr
[
σ−1
t D

]
+ Tr

[
Airr

]
, (5.89)

5Note that, despite the notation used, Equation (5.86) is not a differential equation. This remark applies
to Equation (5.90) as well.

6For any invertible matrix A(t), the following formula holds

d

dt
det[A(t)] = det[A(t)] Tr

[
A(t)−1Ȧ(t)

]
. (5.88)
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where, in the last step, we have used Equation (5.87) and the fact that Tr[Arev] = 0. Therefore,
from Equation (5.83), we get the following expression for the entropy flux rate

Φ̇W(t) = 2 Tr
[
(Airr)TD−1Airrσt

]
+ Tr

[
Airr

]
. (5.90)

The formulation we have just introduced is particularly powerful. On one hand, it allows
us to exploit all the advantages of working with Gaussian systems. The dynamics can be
studied in terms of first and second moments, the latter satisfying Equation (5.87), and the
Wigner entropy is always well-defined. On the other hand, this approach establishes a close
connection between classical and quantum stochastic processes governed by linear equations:
the expressions derived above are equally valid in both limits, provided that we choose
the appropriate probability distribution (Tomé, 2010). More practically, Equations (5.86)
and (5.90) provide a remarkably simple way to calculate entropy production and flux rates:
once we know the solution σt of the Lyapunov equation, the calculation boils down to a
straightforward linear algebra problem. Moreover, this approach is not only a theoretical
advance as such, as it also suitable to the interpretation of the experimental evidence gathered
in some mesoscopic systems (Brunelli, 2018).

5.4 Assessing the role of initial correlations

In this Section, we investigate the way initial correlations affect the entropy production rate
in an open quantum system by considering the case of non-Markovian Brownian motion.
Specifically, we focus on the case of an uncoupled bipartite system connected to two inde-
pendent baths. The rationale behind this choice is related to the fact that any interaction
between the two oscillators would likely generate, during the evolution, quantum correlations
between the two parties. In general, the entanglement dynamically generated through the
interaction would be detrimental to the transparency of the picture we would like to deliver,
as it would be difficult to isolate the contribution to Σ̇(t) coming from the initial inter-system
correlations. To circumvent this issue, in our study we choose a configuration where the
inter-system dynamics is trivial (two independent relaxation processes), but the bipartite
state is initially correlated.

5.4.1 Description of the system

Let us consider a system consisting of two quantum harmonic oscillators, each of them
interacting with its own local reservoir (see Figure 5.2). Each of the two reservoirs is modelled
as a system of system of N non-interacting bosonic modes (with N → +∞). In order to
understand the dependence of the entropy production upon the initial correlations, we choose
the simplest case in which the two oscillators are identical, i.e., characterised by the same
bare frequency ω0 and the same temperature T , and they are uncoupled, so that only the
initial preparation of the global state may entangle them. The Hamiltonian of the global
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1 2

initial correlations

Figure 5.2: System of two uncoupled quantum harmonic oscillators interacting with their local
reservoirs. The latter are characterised by the same temperature T and the same spectral properties.
The two parties of the systems are initially correlated and we study their dynamics under the secular
approximation so that non-Markovian effects are present.

system thus reads as

H =
∑

j=1,2

ω0 a
†
jaj +

∑

j=1,2

∑

k

ωjk b
†
jkbjk + α

∑

j=1,2

∑

k

(
aj + a†j√

2

)(
g∗jkbjk + gjkb

†
jk

)
, (5.91)

where a†j (aj) and b†jk (bjk) are the system and reservoirs creation (annihilation) operators,
respectively, while ω1k and ω2k are the frequencies of the reservoirs modes. The dimensionless
constant α represents the coupling strength between each of the two subsystems and the
their local bath, while the constants gjk quantify the coupling between the jth oscillator
(j = 1, 2) and the kth mode of its respective reservoir. These quantities therefore appear in
the definition of the SD

Jj(ω) =
∑

k

|gjk|2 δ(ω − ωjk) . (5.92)

In what follows, we will the consider the case of symmetric reservoirs, i.e., J1(ω) = J2(ω) ≡
J(ω).

Following the procedure outlined in Chapter 4, the dynamics of this system is governed by a
time-local master equation, that, in the interaction picture with respect to the renormalised
Hamiltonian, reads as

ρ̇(t) = [∆(t) + γ(t)]
∑

j=1,2

(
ajρa

†
j −

1

2
{a†jaj, ρ}

)
+ [∆(t)− γ(t)]

∑

j=1,2

(
a†jρaj −

1

2
{aja†j, ρ}

)
,

(5.93)

where ρ is the reduced density matrix of the global system, while the time dependent coeffi-
cients ∆(t) and γ(t), accounting for diffusion and dissipation, are given by Equations (4.43a)
and (4.43b), respectively.
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Furthermore, it can be shown that the dynamics of a harmonic system that is linearly coupled
to an environment can be described in terms of a differential equation in the Lyapunov form
given by Equation (5.87). We can indeed notice that in Equation (5.91) the interaction
between each harmonic oscillator and the local reservoir is expressed by a Hamiltonian that
is bilinear (i.e., quadratic) in the system and reservoir creation and annihilation operators.
Hamiltonians of this form lead to a master equation as in Equation (5.93), where the
dissipators are quadratic in the system creation and annihilation operators a†j, aj . Under these
conditions, one can recast the dynamical equations in the Lyapunov form in Equation (5.87)
(Ferraro, 2005; Serafini, 2017), where the matrices A and D are time-dependent, due to
non-Markovianity. Indeed, we get A = −γ(t)I and D = 2∆(t)I, where I is the 4× 4 identity
matrix. The resulting Lyapunov equation can be analytically solved, giving the following
closed expression for the CM at a time t:

σt = σ(0)e−Γ(t) + 2∆Γ(t)I, (5.94)

with

Γ(t) ≡ 2

∫ t

0

dτ γ(τ) and ∆Γ(t) ≡ e−Γ(t)

∫ t

0

dτ ∆(τ)eΓ(τ). (5.95)

Moreover, a straightforward calculation allows us to determine the steady state of our
two-mode system. By imposing σ̇t ≡ 0 in Equation (5.87), one obtains that the system
relaxes towards a diagonal state with associated CM σ∞ ≡ ∆(∞)/γ(∞)I. By plugging
σ∞ in Equation (5.86), we find Σ̇W(∞) ≡ limt→∞ Σ̇W(t) = 0, showing a vanishing entropy
production at the steady state. This instance can also be justified by noticing that, as
t→ +∞, we approach the Markovian limit. Therefore, the Brownian particles, exclusively
driven by the interaction with their local thermal baths, will be relaxing towards the canonical
Gibbs state with a vanishing associated entropy production rate.

5.4.2 Parametrisation of the initial states

The possibility of writing the dynamical equations in the Lyapunov form allows us to take
advantage of the Continuous Variables (CV) formalism to write the initial state of our
system in such a way that initial correlations can be encoded in terms of a limited number
of parameters. It can be shown that the CM representing a two-mode Gaussian state can
always be brought in the standard form (Ferraro, 2005; Serafini, 2017), i.e.,

σ =




a 0 c+ 0
0 a 0 c−
c+ 0 b 0
0 c− 0 b


 , (5.96)

where the entries a, b, and c± are real numbers. Note that states whose standard form fulfils
the condition a = b are said to be symmetric. The global purity of the Gaussian state %
represented by the standard CM given by (5.96) is

µ ≡ µ(%) = (detσ)−1/2 =
[
(ab− c2

+)(ab− c2
−)
]−1/2

, (5.97)
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therefore, it is easy to check that a globally pure state % (i.e., µ = 1 ) is symmetric and fulfills
the relation c+ = −c− =

√
a2 − 1. By contrast, the purities of the reduced states %i = Trj 6=i%

– also known as local purities – are given by

µ1 = (detα)−1/2 =
1

a
, µ2 = (detβ)−1/2 =

1

b
, (5.98)

where α = diag(a, a) and β = diag(b, b) are the reduced CM of the two modes. Furthermore,
the matrix σ is a bona fide CM if it represents a physical state, i.e., if satisfies the so-called
Robertson-Schödinger uncertainty principle, that introduces a stricter condition than the
simple non-negativity of the CM (Adesso, 2005). The latter can be rephrased in terms of the
symplectic spectrum of σ, i.e., by computing the eigenvalues of the matrix |iΩσ| – called
symplectic eigenvalues of the CM σ, where Ω is the so-called symplectic form

Ω =




0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0


 . (5.99)

Specifically, we can denote the symplectic eigenvalues of a two-mode Gaussian state as ν−, ν+,
with ν− ≤ ν+; they are analytically determined through the formula

2ν2
± = ∆±

√
∆2 − 4 detσ, (5.100)

where ∆ ≡ detα + detβ + 2 detγ = a2 + b2 + 2c+c− is the so-called seralian, with γ =
diag(c+, c−). A bona fide CM fulfills the condition ν− ≥ 1.

Furthermore, we can determine a necessary and sufficient condition for the separability
of a two-mode Gaussian state, provided that we observe that, in phase space, partial
transposition amounts to a mirror reflection of one of the four canonical variables. For
example, we can construct the partially transposed CM by inverting the momentum of
the second mode, i.e., σ̃ = PσP , being P = diag(1, 1, 1,−1). In terms of symplectic
invariants partial transpostion translates to a sign flip in detγ, thus it is useful to introduce
∆̃ ≡ detα + detβ − 2 detγ = a2 + b2 − 2c+c−, that enters into the closed formula of the
symplectic eigenvalues of σ̃

2ν̃2
± = ∆̃±

√
∆̃2 − 4 detσ. (5.101)

In the same spirit of the the Peres-Horodecki PPT criterion discussed in Section 2.5, a
separable state is obtained when, after applying a partial transposition, we still get a physical
state, therefore the CM σ is representative of a separable state if and only if the smallest
symplectic eigenvalue of σ̃ satisfies the following inequality, known as Simon’s criterion
(Simon, 2000):

ν̃− ≥ 1. (5.102)
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Therefore, the smallest symplectic eigenvalue encodes all the information needed to quantify
the entanglement for arbitrary two-modes Gaussian states. We can thus introduce a natural
measure for two-mode Gaussian states that passes through the violation of Equation (5.102).
Quantitatively, this is given by the logarithmic negativity of a quantum state %, which – in
the continuous variables formalism – can be computed considering the following formula
(Adesso, 2004b)

EN (%) = max [0,− ln ν̃−] . (5.103)

Given the global state % and the two single-mode states %i = Trj 6=i%, global µ ≡ Tr%2 and the
local µ1,2 ≡ Tr%2

1,2 purities can be used to characterise entanglement in Gaussian systems.
It has been shown that two different classes of extremal states can be identified: states of
maximum negativity for fixed global and local purities (GMEMS) and states of minimum
negativity for fixed global and local purities (GLEMS) (Adesso, 2004a)7.

In what follows, we will employ a parametrisation that covers different initial prepara-
tions (Adesso, 2005). The entries of the matrix given by Equation (5.96) can be expressed
as

a = s+ d, b = s− d, (5.104)

and

c± =

√
(4d2 + f)2−4g2 ±

√
(4s2 + f)2−4g2

4
√
s2 − d2

, (5.105)

with f = (g2 + 1)(λ− 1)/2− (2d2 + g)(λ+ 1). This allows us to parametrise the CM using
four parameters: s, d, g, λ. The local purities are controlled by the parameters s and d as
µ1 = (s+ d)−1 and µ2 = (s− d)−1, while the global purity is µ = 1/g. Furthermore, in order
to ensure legitimacy of a CM, the following constraints should be fulfilled:

s ≥ 1, |d| ≤ s− 1, g ≥ 2|d|+ 1. (5.106)

Once the three aforementioned purities are given, the remaining degree of freedom required
to determine the negativities is controlled by the parameter λ, which encompasses all the
possible entangled two-modes Gaussian states. The two classes of extremal states are obtained
upon suitable choice of λ. For λ = −1 (λ = +1) we recover the GLEMS (GMEMS). Although
Equations (5.104) and (5.105) might appear rather cumbersome, they introduce a useful
classification for the entanglement of a two-mode Gaussian state according to its degree of
total and partial mixedness. This parametrisation indeed provides an experimentally reliable
estimate of CV entanglement based on measurement of the global and local purities.

7They are also known as Gaussian Maximally/Least Entangled Mixed States, whence the acronyms
GMEMS and GLEMS.
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5.4.3 Numerical results

We can now use our system to claim that initial correlations shared by the non-interacting
oscillators do play a role in the entropy production rate. To show a preview of our results,
we start with a concrete case shown in Figure 5.3a. We prepare the system in a pure (g = 1)
symmetric (d = 0) state, and investigate the effects of initial correlations on Σ̇(t) by comparing
the value taken by this quantity for such an initial preparation with what is obtained by
considering the covariance matrix associated with the tensor product of the local states of
the oscillators, i.e., by forcefully removing the correlations between them. Non-Markovian
effects are clearly visible in the oscillations of the entropy production and lead to negative
values of Σ̇(t) in the first part of the evolution. This is in stark contrast with the Markovian
case, which entails non-negativity of the entropy production rate. Crucially, we see that, for
a fixed initial value of the local energies, the presence of initial correlations enhances the
amount of entropy produced at later times, increasing the amplitude of its oscillations.

We now move to a more systematic investigation of Σ̇(t) and its dependence on the specific
choice of s, d, g, λ. In order to separate the contributions, we first study the behaviour of Σ̇(t)
when we vary one of those parameters, while all the others are fixed. We can first rule out
the contribution of thermal noise by considering the case in which the reservoirs are in their
vacuum state: as discussed in Section 5.2.2, such zero-temperature limit can be problematic in
the traditional approach based on the von Neumann entropy. By contrast, our formalism based
on phase-space methods is consistent also in the liming case T → 0, as shown in Figure 5.3b,
where we consider a system whose dynamics is described by Equation (5.93); in particular,
we choose an Ohmic SD with an exponential cut-off. The map describing the dynamics
converges to a stationary state characterised by a vanishing Σ̇(t), although the oscillations
are damped to zero more slowly, as non-Markovian effects are more persistent in the presence
of zero-temperature reservoirs. Furthermore, we notice that the differences between different
initial states are most pronounced in correspondence of the first peak: this suggests that the
maximum value for the entropy production can be reasonably chosen as an apt figure of merit
to distinguish the differences due to state preparation. Supported by this evidence, we adopt
the value of the first maximum of Σ̇(t) as an indicator of the irreversibility generated in the
relaxation dynamics by different initial preparations. In the inset of Figure 5.3b, we show
the logarithmic negativity given by Equation (5.103). The interaction with zero-temperature
reservoirs does not cause detrimental effects to entanglement, as the latter is preserved over
time (Maniscalco, 2007; Paz, 2008; Vasile, 2009).

We also address the case of finite-temperature reservoirs and an Ohmic SD with Lorentz-Drude
cut-off8 given by

J(ω) =
2ω

π

ω2
c

ω2
c + ω2

. (5.107)

Note that, in our numerical simulations, we take the cut-off frequency smaller than the

8the analysis can easily be extended to the exponential cut-off for the Ohmic (ε = 1), super-Ohmic (ε = 3)
and sub-Ohmic (ε = 1/2) case.
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Figure 5.3: Entropy production rate in a system of two non-interacting oscillators undergoing the
non-Markovian dynamics described in Section 5.4.1. Panel (a): We compare the behaviour of the
entropy production rate resulting from a process where the system is initialised in a state with no
initial correlations (solid line) to what is obtained starting from a correlated state (dashed-dotted
line). The latter case refers to the preparation of a system in a pure (g = 1), symmetric (d = 0)
squeezed state (λ = 1). The former situation, instead, corresponds to taking the tensor product of
the local states. In this plot we have taken s = 2 and an Ohmic SD with Lorentz-Drude cut-off.
The system parameters are α = 0.1ω0, ωc = 0.1ω0, β = 0.1ω−1

0 . Panel (b): Entropy production
rates corresponding to independent zero-temperature reservoirs. We consider preparations of the
initial global state corresponding to different values of parameter g (related to the global purity of the
state), while fixing s = 2, d = 0, and λ = 1. In the inset, we plot the logarithmic negativity for the
same choice of parameters: entanglement persists over time up to the reach of a steady state of the
dynamics. We have taken an Ohmic SD with an exponential cut-off with α = 0.1ω0, ωc = 0.1ω0.

bare frequency of the harmonic oscillators, namely ωc = 0.1ω0. This choice leads to the
non-Markovian regime, where the physical quantities of interest exhibits the typical oscillating
behaviour (Paavola, 2009). We thus fix s, d, λ and let g vary to explore the role played by
the global purity. Figure 5.4a shows that, by increasing g – i.e., by reducing the purity
of the global state – Σ̇(t) decreases: an initial state with larger purity lies far from an
equilibrium state at the given temperature of the environment and is associated with a
larger degree of initial entanglement [cf. inset of Figure 5.4a], which translates in a larger
entropy production rate. Furthermore, our particular choice of the physical parameters leads
to the observation of “entanglement sudden death” (Paz, 2008; Vasile, 2009): an initial
state with non-null logarithmic negativity completely disentangles in a finite time due to
interaction with environment, the disentangling time being shortened by a growing g [cf. inset
of Figure 5.4a)]. Similarly, we can bias the local properties of the oscillators by varying d and,
in turn, g = 2d+ 1, while keeping s, λ fixed: in Figure 5.4b we can observe that, when the
global energy is fixed, the asymmetry in the local energies – and purities µ1 and µ2 – reduces
the entropy production rate. In the inset we show that, by increasing the asymmetry between
the two modes, the entanglement takes less time to die out. These results are consistent
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Figure 5.4: Entropy production rate in a system of two non-interacting oscillators undergoing the
non-Markovian dynamics described in Section 5.4.1. The dynamics of the system has been simulated
using an Ohmic SD with a Lorentz-Drude cut-off. The system parameters are α = 0.1ω0, ωc = 0.1ω0,
β = 0.1ω−1

0 . Panel (a): We consider different preparations of the initial global state, by choosing
different values of parameter g, while taking s = 2, d = 0, and λ = 1. In the inset, we plot the
logarithmic negativity for the same choice of the parameters. Panel (b): Entropy production rates
corresponding to different values of d and g = 2d + 1 in the parametrisation of the initial state
(we have taken s = 4 and λ = 1). As in the previous case, the inset shows the behaviour of the
logarithmic negativity.

with the trends observed in Figure 5.4b. Indeed, a bias in the local energies would make the
reduced state of one of the two oscillators more mixed, and thus less prone to preserve the
entanglement that is initially set in the joint harmonic state. Such imbalance would give
different weights to the two local dissipation processes, thus establishing an effective preferred
local channel for dissipation. In turn, this would result in a lesser weight to the contribution
given by correlations.

We conclude our analysis in this Section by exploring the parameter space in a more systematic
way by fixing the global energy s and randomly choosing the three parameters left, provided
that the constraints in Equation (5.106) are fulfilled. For our numerical study, we resort
to the uniform distribution, in the way specified in the caption of Figure 5.5. In the same
picture, we see that the curve for Σ̇(t) comprising all the others is the one corresponding to
unit global purity, i.e., g = 1, and d = 0, λ = 1 (dashed line). The globally pure state is
indeed the furthest possible from a diagonal one: the rate at which entropy production varies
is increased in order to reach the final diagonal state σ∞.

5.4.4 Dependence on the initial entanglement

We now compare the trends corresponding to different choices of the parameters characterising
the initial state. As non-Markovian effects are reflected in oscillating behaviour of the entropy
production, we can contrast cases corresponding to different initial preparations by looking
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Figure 5.5: Entropy production rates Σ̇(t) (absolute value) as a function of time. The initial CM
is parametrised by fixing s (s = 10 in the figure) and randomly choosing d, g, λ such that they are
uniformly distributed in the intervals [0, s− 1], [2d+ 1, d+ 10] and [−1, 1] respectively. The figure
reports NR = 1000 different realisations of the initial state. The dashed line corresponds to the
globally pure state (g = 1) with d = 0, λ = 1. All the plots are obtained considering an Ohmic SD
with a Lorentz-Drude cut-off and α = 0.1ω0, ωc = 0.1ω0, β = 0.1ω−1

0 .

at the maximum and the minimum values Σ̇max and Σ̇min that the entropy production rate
assumes for each choice of the parameters. Taking into account the evidence previously
gathered, in the simulations reported in this Section we fix the minimum value for g, i.e.,
g = 2d+ 1, and λ = +1 as significant for the points that we want to put forward. In fact,
with such choices we are able to parametrise the initial state with a minimum number of
variables, while retaining the significant features that we aim at stressing. We can further
assume, without loss of generality, d ≥ 0: this is simply equivalent to assuming that the
first oscillator is initially prepared in a state with a larger degree of mixedness than the
second one, i.e., µ1 ≤ µ2. In this case, we can express d in terms of the smallest symplectic
eigenvalue of the partially transposed CM ν̃−. Therefore, taking into account the constraints
given by Equation (5.106), one has that d = −1

2
(ν̃2
− − 2sν̃− + 1). We already mentioned

in Section 5.4.1 that, for the system at hand, we are able to derive a closed expression for
the CM at any time t, given by Equation (5.94). We can further notice that the positive
and negative peaks in the entropy production rate are attained at short times. We can thus
perform a Taylor expansion of ∆(t) in Equation (5.95) to obtain

∆Γ(t) = [1− Γ(t)]

∫ t

0

dτ∆(τ) +

∫ t

0

dτ Γ(τ)∆(τ) +O(α4) . (5.108)

As ∆(t) ∝ α2 and Γ(t) ∝ α2, we can retain only the first term consistently with the weak
coupling approximation we are resorting to. Therefore, we can recast Equation (5.94) in a
form that is more suitable for numerical evaluations, namely

σ(t) = [1− Γ(t)]σ(0) +

[
2

∫ t

0

dτ∆(τ)

]
I . (5.109)
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By substituting Equation (5.109) into Equation (5.86), we get the analytic expression for the
entropy production rate, that we report here for the sake of completeness:

Σ̇(t) = −8γ(t) +
4γ2(t)

(
s− 2s Γ(t) + ∆̄(t)

)

∆(t)

+
4∆(t)

(
s− 2s Γ(t) + ∆̄(t)

)

ν̃−(2s− ν̃−) (1− Γ(t))2 + 2s∆̄(t) (1− Γ(t)) + ∆̄2(t)
, (5.110)

where ∆̄(t) = 2
∫ t

0
∆(τ)dτ . In this way, all the information about the initial state is encoded in

the value of ν̃− while s is fixed. Note that this expression holds for any SD: once we choose the
latter, we can determine the time-dependent coefficients ∆(t) and γ(t) and thus the entropy
production rate Σ̇(t). We can then compute the maximum of the entropy production rate
and study the behaviour of Σ̇max and Σ̇min as functions of the entanglement negativity EN at
t = 0. In Figure 5.6a we compare numerical results to the curve obtained by considering the
analytical solution discussed above and reported in Equation (5.110). Remarkably, we observe
a monotonic behaviour of our chosen figure of merit with the initial entanglement negativity:
the more entanglement we input at t = 0 the higher the maximum of the entropy production
rate is. We can get to the same conclusion (in absolute value) when we consider the negative
peak Σ̇min. The monotonic behavior highlighted above holds regardless of the specific form of
the spectral density. In Figure 5.6b we study Σ̇max against the smallest symplectic eigenvalue
ν̃− of the partially transposed CM, obtaining different curves according to the reservoir’s
spectral properties. We find evidence of a power law of the form Σ̇max ∝ ν̃δ−.

5.4.5 Markovian Limit

We are now interested in assessing whether the analytical and numerical results gathered so
far bear dependence on the non-Markovian character of the dynamics. With this in mind,
we explore the Markovian limit, in which the problem is fully amenable to an analytical
solution, that can also be used to validate our numerical results. Such limit is obtained by
simply choosing an Ohmic SD with a Lorentz-Drude regularisation – Equation (5.107) – and
taking the long time and high temperature limits, i.e., ω0t� 1 and β−1 � ω0, as discussed
in the Example 4.6.1. Therefore, Equation (5.93) reduces to a master equation describing
the dynamics of two uncoupled harmonic oscillators undergoing Markovian dynamics, for
which we take A = −γMI and D = γM(2n̄+ 1)I in Equation (5.87), with n̄ = (eβω0 − 1)−1,
and γM ≡ 4α2ω2

cω0/(ω
2
c + ω2

0).

Working along the same lines as in the non-Markovian case, we study the behaviour of Σ̇(t) by
suitably choosing the parameters encoding the preparation of the initial state. For example,
in Figure 5.7a we plot the entropy production rate as a function of time for different values
of g. The limiting procedure gives back a coarse-grained dynamics monotonically decreasing
towards the thermal state, to which it corresponds a non-negative entropy production rate,
asymptotically vanishing in the limit t→∞ . Moreover, the memoryless dynamics leads to a
monotonic decrease of the entanglement negativity, as shown in the inset of Figure 5.7a. In
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Figure 5.6: Entropy production rate in a system of two non-interacting oscillators undergoing the
non-Markovian dynamics described in Section 5.4.1. In the parametrisation (5.104) and (5.105),
we take s = 4, g = 2d + 1, λ = 1, while 0 ≤ d ≤ 3. Panel (a): Maximum and minimum of the
entropy production rate Σ̇max and Σ̇min as functions of the entanglement negativity at t = 0. We
compare the numerical results (triangles and circles) to the analytical solution in Equation (5.110)
(solid line). We have used an Ohmic SD with a Lorentz-Drude cut-off and α = 0.1ω0, ωc = 0.1ω0,
β = 0.01ω−1

0 . Panel (b): Plot of Σ̇max against the smallest symplectic eigenvalue of the partially
transposed CM at t = 0 (logarithmic scale) for different SDs (as stated in the legend). In this plot,
α = 0.1ω0, ωc = 0.1ω0, β = 0.1ω−1

0 .

this case, the globally pure state (g = 1, dashed line in Figure 5.7b) still plays a special role:
all the curves corresponding to value of g smaller that the unity remain below it.

The Markovian limit provides a useful comparison in terms of integrated quantities. In this
respect, we can study what happens to the entropy production Σ =

∫ +∞
0

Σ̇(t)dt. Although
the non-Markovian dynamics entails the negativity of the entropy production rate in certain
intervals of time, the overall entropy production is larger than the quantity we would get in
the corresponding Markovian case, as can be noticed in Figure 5.8a. We can eventually study
the dependence of the Markovian entropy production rate on the initial entanglement. Note
that, in this limit, Equation (5.86) yields an analytic expression for the entropy production
rate at a generic time t, that explicitly reads as

Σ̇(t) = −8γM + 4γM

[
1 + e−2γM ts tanh

(
βω0

2

)]

+
4γM coth

(
βω0

2

)
e2γM t

[
s+ (e2γM t − 1) coth

(
βω0

2

)]
[
2s− ν̃− + (e2γM t − 1) coth

(
βω0

2

)] [
ν̃− + (e2γM t − 1) coth

(
βω0

2

)] . (5.111)

From our numerical inspection, we have seen that the entropy production rate is maximum
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Figure 5.7: Entropy production rates corresponding to different preparations of the initial global
state in the Markovian limit. The initial state is parametrised through Equations (5.104) and (5.105),
whereas, for the dynamics, we have taken α = 0.1ω0, ωc = 0.1ω0, β = 0.01ω−1

0 . Panel (a): Entropy
production rate obtained taking different values of g (thus varying the global purity of the state of
the system) with s = 2, d = 0, λ = 1. Panel (b): The initial CM is parametrised by setting s = 10
and randomly sampling (in a uniform manner) d, g, λ from the intervals [0, s− 1], [2d+ 1, d+ 10]
and [−1, 1], respectively. We present NR = 100 different realisations of the initial state. The dashed
line represents the state with unit global purity (g = 1) and d = 0, λ = 1.

at t = 0, so that

Σ̇max ≡ Σ̇(0) = −8γM + 4s γM tanh

(
βω0

2

)
+

4s γM coth
(
βω0

2

)

(2s− ν̃−)ν̃−
. (5.112)

If we fix the parameter s and plot Σ̇max against ν̃−, we can contrast analytical and numerical
results [cf. Figure 5.8b]. We can draw the same conclusion as in the non-Markovian case: the
more entanglement we input, the higher the entropy production rate.

5.5 Conclusions

In this Chapter we have formulated a theory of the entropy production for nonequilibrium
open quantum systems based on phase-space methods. We have seen that the latter allows
us to consistently explore limits that would be otherwise inaccessible though the traditional
formulation in terms of the von Neumann entropy. This formalism has been employed to
study – both numerically and analytically – the dependence of the entropy production rate
on the initial correlations between the components of a harmonic composite system. We
have established that correlations play an important role in the rate at which entropy is
intrinsically produced during the process. Indeed, we have shown that, when the system is
prepared in a globally pure state, we should expect a higher entropy production rate. This
is the case – regardless of the spectral density chosen – for initial entangled states of the
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Figure 5.8: Panel (a): Entropy production in the non-Markovian case (solid line) as a function
EN (t = 0), compared with its counterpart achieved in the corresponding Markovian limit (dashed
line). We have taken s = 2, d = 0, λ = 1, α = 0.1ω0, ωc = 0.1ω0, β = 0.01ω−1

0 . Panel (b):
Markovian limit: maximum entropy production rate as a function of the minimum symplectic
eigenvalue of the partially transposed CM at t = 0. We have taken s = 4, g = 2d + 1, λ = 1,
0 ≤ d ≤ 3, α = 0.1ω0, ωc = 0.1ω0, β = 0.1ω−1

0 . We compare the curve obtained numerically
(triangles) to the analytical trend (solid line) found through Equation (5.112).

oscillators: larger initial entanglement is associated with higher rates of entropy production,
which turns out to be a monotonic function of the initial degree of entanglement.
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Chapter 6

Reaction Coordinate Mapping

In the previous Chapters, we have seen that the coupling of a quantum system to an
environment embodies a challenge, both conceptually and practically. In general, these
difficulties arise because the number of environmental degrees of freedom is so large that we
are not able to explicitly track the complex dynamical evolution of such a many-body system.
In Chapters 3 and 4, we have seen that the open quantum system paradigm offers a set of
effective tools to treat this problem, just by studying the effects on the reduced system, while
we eliminate all the information about the environment. The usual approach – described in
full detail in Chapter 4 – relies on a set of assumptions – usually the so-called Born-Markov
approximation – to obtain a tractable master equation (Breuer, 2002). Furthermore, in the
last decades, the rapid technological advance has made possible to experimentally realise
scenarios in which the standard Born-Markov approximation breaks down: persistent memory
effects and strong system-environment coupling are commonly encountered in a variety
of situations. For all these reasons, a great deal of effort has been devoted to studying
open quantum systems dynamics with nonperturbative and non-Markovian system-bath
interactions. Particularly, one of these methods is the Reaction Coordinate (RC) mapping
approach (Garg, 1985; Thoss, 2001), which we will introduce in Section 6.1, considering the
paradigmatic case of the spin-boson model. We will then use this results in Section 6.2 to show
that a spin-boson model can serve as a quantum simulator of non-Markovian multiphoton
Jaynes-Cummings models.

6.1 General features of the mapping

In this Section, we introduce the general features of the reaction coordinate mapping.
Considering the paradigmatic case of a spin-boson model, we will show that an orthogonal
transformation on the bath modes can be performed so as to incorporate a collective coordinate
of the environment into an effective system Hamiltonian. This allows to explore a wider
range of regimes, provided that the coupling with the system and the residual environment
allows us to rely on the Born-Markov approximation.
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6.1.1 Application to the spin-boson model

The spin-boson model describes a two-level system interacting with a large, typically infinite,
number of bosonic modes, which embodies the environment. This model has been acknowl-
edged as a paradigm for the exploration of quantum dissipation and quantum-to-classical
transition (Leggett, 1987; Weiss, 2012). As many physical systems can be well approximated
as a two-level system for sufficient low temperature, the spin-boson model has become a
cornerstone in the description of quantum effects in diverse physical realizations, ranging from
quantum-based setups (Leggett, 1987; Weiss, 2012) to biological complexes (Huelga, 2013). In
addition, this model has played a key role in the development of the theory of open quantum
systems (Breuer, 2002), providing a suitable test-bed to benchmark distinct approximations
and tools aimed to efficiently deal with the large number of environmental degrees of freedom.
Hence, the spin-boson model exhibits rich physics and it is of fundamental relevance in many
different areas of research. The Hamiltonian of the spin-boson model can be written as

HSB = HS +HE +HSE, (6.1)

where each term reads as

HS =
ε0
2
σz +

∆0

2
σx, (6.2)

HE =
∑

k

ωkc
†
kck, (6.3)

HSE = σx
∑

k

fk(ck + c†k). (6.4)

The first two terms represent the free Hamiltonians of the spin and environment, respectively,
while the last one describes the interaction between them. Here we consider that the frequency
splitting of the spin is given by ∆0, while ε0 accounts for the bias between the eigenstates of
the two-level system |±〉, and ~σ = (σx, σy, σz) is the usual vector of spin-1

2
Pauli matrices —

see Figure 6.1a. Hence, σx |±〉 = ± |±〉, σz |e〉 = |e〉 and σz |g〉 = − |g〉. The interaction with
the environment is dictated by HSE, where the kth mode with energy ωk is coupled to the spin
with a strength fk. These bosonic modes fulfill the usual commutation relation [ck, c

†
k′ ] = δk,k′ .

Remarkably, the system-environment interaction can be completely characterized in terms of
the spectral density, given by

JSB(ω) =
∑

k

f 2
k δ(ω − ωk), (6.5)

which we assume to be known. We should stress that, unlike the case discussed in Section 4.1,
this version of the spin-boson model is not exactly solvable due to the presence of the term
ε0
2
σz in the system Hamiltonian.

6.1.2 Normal transformation of the bath variables

We now apply a transformation to Equation (6.1) that would help us incorporate the most
important degrees of freedom into a new effective Hamiltonian (Iles-Smith, 2014). The idea
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Figure 6.1: Panel (a): Spin-boson model in the typical star configuration, where the environment
is made of infinitely many harmonic oscillators, each of them with frequency ωk, interacting with
the spin through σxfk(ck + c†k). Panel (b): Spin-boson model after the application of the reaction
coordinate mapping: the system interacts with the residual harmonic environment through a collective
mode, i.e., the reaction coordinate.

is straightforward: we introduce a suitable collective coordinate of the environment, the
so-called reaction coordinate, which couples directly to the spin, and, in turn, is coupled
to a residual harmonic environment — see Figure 5.3b. For the sake of definiteness, let us
suppose that the environment is made of N harmonic oscillators (we will then take the limit
N →∞), whose position and momentum operators are given by

xk =

√
1

2ωk
(ck + c†k), pk = i

√
ωk
2

(c†k − ck), (6.6)

and satisfy the canonical commutations laws [xk, pk′ ] = iδk,k′ . We can define two N -
dimensional vectors x = (xk)1≤k≤N and p = (pk)1≤k≤N . We obtain a new set of bath
coordinates by applying a transformation Λ (represented as a N × N matrix) such that
(Strasberg, 2016)

X = Λx, P = Λp. (6.7)

The latter can be equivalently expressed as

Xk =
∑

l

Λkl xl, Pk′ =
∑

l′

Λk′l′ pl′ . (6.8)

First, we require that the transformation Λ preserves the commutation relations, i.e., that
[xk, pk′ ] = iδk,k′ yields [Xk, Pk′ ] = iδk,k′ . By using Equation (6.8), one easily gets that Λ
must be represented by an orthogonal matrix, i.e., ΛΛT = ΛTΛ = I. The first column of
the transformation Λ is defined by introducing a collective coordinate X ≡ X1 thought the
relation

λ̃X =
∑

k

f̃kxk, (6.9)
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where we have rescaled the coupling constants, i.e., f̃k = fk
√

2ωk. Hence, since X1 =∑
k Λ1kxk, we get Λ1k = f̃k/λ̃. From the commutation relation [X1, P1] = i, we get the

condition

λ̃2 =
∑

k

f̃ 2
k . (6.10)

Second, the aforementioned orthogonal transformation is uniquely fixed by requiring that the
residual bath is in normal form. Let us notice that the Hamiltonian of the initial environment
can be expressed in terms of the position and momentum operators xk and pk as

HE =
1

2

∑

k

(
p2
k + ω2

kx
2
k

)
. (6.11)

Hence we can focus our attention on the following term:
∑

k

ω2
kx

2
k =

∑

k

∑

l,l′

ΛlkΛl′kXlXl′ ω
2
k (6.12)

= X2
1

∑

k

Λ1kΛ1k ω
2
k + 2X1

∑

l′

Xl′

∑

k

Λ1kΛl′k ω
2
k +

∑

l,l′

XlXl′

∑

k

ΛlkΛl′k ω
2
k,

(6.13)

where, in the last line, we have explicitly separated the contribution of the first coordinate X1

of the new set of bath variables, namely the RC X. Furthermore, we should notice that the
last term contains non-diagonal contributions, i.e., XlXl′ , with l 6= l′, thus the Hamiltonian
cannot be written in a normal form without additional requirements. Therefore, we assume
that Λ is an orthogonal matrix whose coefficients satisfy

∑

k

ΛlkΛl′k ω
2
k = δll′Ω

2
l , (6.14)

where Ωl are the eigenfrequencies of the residual bath. In particular, if we take l = l′ = 1, we
get

∑
k Λ2

1kω
2
k = Ω2

1, whence, as Λ1k = f̃k/λ̃, we obtain the RC frequency

Ω2 ≡ Ω2
1 =

∑
k ω

2
kf

2
k

λ2
. (6.15)

Hence, with this constraint, Equation (6.12) becomes
∑

k

ω2
kx

2
k = Ω2X2 + 2X

∑

l>1

g̃lXl +
∑

l>1

Ω2
lX

2
l , (6.16)

where we have introduced new coupling constants g̃l =
∑

k Λ1kΛlkω
2
k. On the other hand, we

readily obtain
∑

k

p2
k = P 2 +

∑

l>1

P 2
l , (6.17)
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where P1 ≡ P . Hence, the transformed total Hamiltonian becomes

HSB = HS+RC +HRC−E′ +HE′ +HC, (6.18)

where

HS+RC = HS + λ̃σxX +
1

2

(
P 2 + Ω2X2

)
, (6.19)

HRC−E′ = X
∑

k>1

g̃kXk, (6.20)

HE′ =
1

2

∑

k>1

(
P 2
k + Ω2

kX
2
k

)
, (6.21)

HC =
X2

2
δΩ2

0. (6.22)

Note that HS+RC is the Hamiltonian of the augmented system; HRC−E′ accounts for the
interaction between the reaction coordinate and the residual bath, the latter modelled though
the Hamiltonian HE′ . The last term HC has been introduced ad hoc and represents the

so-called counter-term involving the renormalisation frequency δΩ2
0 ≡

∑
k

g̃2
k

Ω2
k

(Martinazzo,

2011). Note that, if we rescale the coupling coefficients, i.e., f̃k → αf̃k with a suitable choice
of α ∈ R, the coupling constant λ would be affected [cf. Equation (6.10)], while the coupling
coefficients g̃k would not, as they turn out to be independent of α. This means that this
approach is intrinsically nonperturbative.

Furthermore, Equation (6.18) can be alternatively rewritten as

HSB = HS + Ωa†a+
∑

k

Ωkb
†
kbk

+ (a+ a†)

[
λσx +

∑

k

gk(bk + b†k) + (a+ a†)
∑

k

g2
k

Ωk

]
, (6.23)

where a, a† are respectively the creation and annihilation operators associated to the RC;
bk, b

†
k are the bosonic operators describing the residual bath, and we have rescaled the coupling

constants as λ = λ̃/
√

2Ω, gk = g̃k/(2
√

ΩΩk).

The procedure outlined above can be summarised as follows: we have redrawn the boundary
between the system and environment by introducing a collective mode, namely the RC,
that couples directly to the system. In this picture, the system interacts with the residual
environment through the RC. Therefore, this justifies the introduction of the following spectral
density

JRC(ω) =
∑

k

g2
k δ(ω − Ωk). (6.24)

We should stress that we do not need to determine the orthogonal transformation Λ explicitly,
as the normal mode transformation – in the limit of N →∞ harmonic oscillators – is fully
determined by the SD JSB(ω) only (Strasberg, 2016).
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6.1.3 Relation between the SB and RC spectral densities

The complete specification of the RC mapping requires an explicit relation between the SB
and the RC spectral densities. This relation can be obtained following a procedure that was
first put forward by Garg et al. (Garg, 1985), which consists in deriving the spectral densities
both before and after the mapping through the corresponding classical equation of motion.
Indeed, the SD encodes only the information about the interaction between the system and
the environment, therefore we can momentarily regard the spin as a continuous coordinate q
subject to a potential U(q). Therefore, we can rewrite the Hamiltonian of the SB model [cf.
Equation (6.1)] in the form

Hq =
P 2
q

2
+ U(q) + q

∑

k

f̃kxk + q2
∑

k

f̃ 2
k

2ω2
k

+
1

2

∑

k

(
p2
k + ω2

kx
2
k

)
, (6.25)

where we have added the counter-term that are quadratic in the coordinate q. This Hamilto-
nian yields the following equations of motion

q̈(t) = −∂Hq

∂q
= −U ′(q)−

∑

k

f̃kxk(t)− q(t)
∑

k

f̃ 2
k

ω2
k

, (6.26)

ẍk(t) = −∂Hq

∂xk
= −f̃kq(t)− ω2

kxk(t). (6.27)

We can eliminate the bath variables from the set of coupled differential equations by Fourier
transforming both sides of Equations (6.26) and (6.27)1, obtaining a set of coupled algebraic
equations

−z2q̂(z) = −Û ′(q)−
∑

k

f̃kx̂k(z)− q̂(z)
∑

k

f̃ 2
k

ω2
k

, (6.28)

−z2x̂k(z) = −f̃kq̂(z)− ω2
k x̂k(z). (6.29)

We can derive a closed expression for x̂k(z) from Equation (6.29) and insert it into Equa-
tion (6.28) to eventually get an evolution equation of the form

L̂SB(z)q̂(z) = −Û ′(z), (6.30)

where we have introduced the Fourier space propagator

L̂SB(z) = −z2

(
1 +

∑

k

f̃ 2
k

ω2
k(ω

2
k − z2)

)
. (6.31)

1The Fourier transform of a function h(t) is defined as

ĥ(z) =

∫ +∞

−∞
h(t)e−izt, Im(z) > 0.

108



If we recall that f̃k = fk
√

2ωk and we take the continuum limit, we obtain

L̂SB(z) = −z2


1 + 2

+∞∫

0

dω
JSB(ω)

ω(ω2 − z2)


 (6.32)

If we solve the integral appearing in Equation (6.32) with the residue theorem, we get
L̂SB(z) = −z2 + πiJSB(z); hence, the initial spectral density can be obtained by means of the
so-called Leggett prescription (Leggett, 1984)

JSB(ω) =
1

π
lim
ε→0+

Im[L̂SB(ω − iε)]. (6.33)

We can now use the same procedure to write the Fourier space propagator in terms of the
RC spectral density. Let us consider the classical Hamiltonian

H
′

q =
P 2
q

2
+ U(q) + λ̃qX +

λ̃

2Ω2
q2 +

1

2

(
P 2 + Ω2X2

)

+X
∑

k

g̃kXk +X2
∑

k

g̃2
k

2Ω2
k

+
1

2

∑

k

(
P 2
k + Ω2

kX
2
k

)
, (6.34)

which yields the following equations of motion:

q̈ + λ̃X +
λ̃2

Ω2
q = −U ′(q) (6.35)

Ẍ + λ̃q +

(
Ω2 +

∑

k

g̃2
k

Ω2
k

)
X +

∑

k

g̃kXk = 0 (6.36)

Ẍk + g̃kX + ω2
kXk = 0. (6.37)

Working along the same lines as before, we can move to the Fourier space and eliminate both
the RC and the residual environment. Combining the Equations (6.36) and (6.37), we obtain

[
Ω2 + L(z)

]
X̂(z) = −λ̃q̂(z), (6.38)

where

L(z) ≡ −z2

(
1 +

∑

k

g̃2
k

Ω2
k(Ω

2
k − z2)

)
, (6.39)

or, in the continuum limit,

L(z) ≡= −z2


1 + 4Ω

+∞∫

0

dω
JRC(ω)

ω(ω2 − z2)


 , (6.40)
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where we have taken into account that g̃k = 2
√

ΩΩk gk. Substituting the latter into
Equation (6.35), we eventually get an equation of the form

L̂RC(z)q̂(z) = −Û ′(q), (6.41)

with

L̂RC(z) ≡ −z2 +
λ̃2

Ω2

L(z)

Ω2 + L(z)
. (6.42)

As the mapping, at this stage, is exact, the propagator will be identical before and after the
transformation. This means that we can use L̂RC(z) in Equation (6.33) instead of L̂SB(z).
The way to obtain an initial underdamped or overdamped SD from an Ohmic SD for the RC
is discussed in the Example 6.1.1.

In this Section, we have explicitly considered the case in which the original coupling of
the open system with the environment is absorbed by a single RC. In such case, one can
derive the equations of motion, e.g, using the standard Born-Markov approximation, as we
will discuss in Section 6.1.4. However, this is not always the case: the coupling between
the system and the surroundings can still hinder the derivation of the master equation in
the aforementioned limit. If the coupling with the residual environment allows it, we can
iteratively resort to the RC mapping in order to result into a Markovian description of the
dynamics. The convergence properties of recursive RC mappings are thoroughly investigated
in Refs. (Martinazzo, 2011; Woods, 2014).

Example 6.1.1: Underdamped and overdamped spectral densities

Let us suppose that the interaction between the RC and residual environment is
modelled through an Ohmic SD of the form

JRC(ω) = γωe−ω/Λ, (6.43)

where γ > 0, and Λ is the cut-off frequency, such that Λ→∞. Using Equation (6.42)
in (6.33), we obtain

JSB(ω) =
4γΩ2λ2ω

(Ω2 − ω2)2 + (2πγΩω)2
, (6.44)

which we can compare the latter with an underdamped SD

JUD(ω) =
αΓω2

0ω

(ω2
0 − ω2)2 + Γ2ω2

. (6.45)

It is easy to see that JSB(ω) recovers JUD(ω) if we take Ω = ω0, λ =
√
παω0/2,

γ = Γ/(2πω0). This means that, for this instance, the RC mapping is exact, provided
that Λ→ +∞. Physically, this is readily understood: thee underdamped SD displays
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a sharp peak centered around the characteristic function ω0, hence it is natural to
identify ω0 as the frequency of the collective mode introduced by the RC mapping.
Similarly, starting from Equation (6.44) we can obtain a overdamped SD, i.e.,

JOD(ω) =
α ωc ω

ω2
c + ω2

, (6.46)

as far as we take Ω = 2πγωc, λ =
√
παΩ/2, and γ such that ωc � Ω. However, in this

case the mapping is not exact. Note that these SDs – or combination thereof – are
frequently encountered in models of molecular systems (Iles-Smith, 2016).

6.1.4 Master equation of the augmented system

Once the RC mapping has been carried out, one also needs to solve the dynamics. The
guiding idea is to treat exactly the coupling between the spin and the RC, while the
interaction between the latter and the residual environment is treated perturbatively up to
the second order in the coupling strength. This allows us to rely on the standard Born-Markov
approximation, provided that either the coupling between the augmented system and the
residual environment is weak or the residual environment correlation time is short compared
to the relevant timescale of the system. Within such approximation, one can work out a
master equation that, in the Schrödinger picture, reads

ρ̇(t) =− i [HS+RC, ρ(t)]

−
∞∫

0

dτ

∞∫

0

dωJRC(ω) cosωτ coth

(
βω

2

)
[x, [x(−τ), ρ(t)]]

−
∞∫

0

dτ

∞∫

0

dωJRC(ω)
cosωτ

ω
[x, {[x(−τ), HS+RC] , ρ(t)}] , (6.47)

where ρ ≡ ρS+RC, x = a + a† and the residual environment is assumed to be in a thermal
state, i.e. ρE′ = e−βHE′/TrE′{e−βHE′}.

In order to obtain an expression for the interaction picture operators, one can proceed
by truncating the space of the augmented system up to nth basis states, and numerically
diagonalising the Hamiltonian HS+RC. To this end, let |φn〉 be an eigenstate of HS+RC such
that HS+RC |φj〉 = ϕj |φj〉. The operator x can thus be expanded as x =

∑
jk xjk |φj〉〈φk|,

while in the interaction picture one has

x(t) =
∑

jk

xjke
iξjkt |φj〉〈φk| , (6.48)
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where xjk = 〈φj|x |φk〉 and ξjk = ϕj − ϕk. We can now introduce the following operators

χ =

+∞∫

0

dτ

+∞∫

0

dω JRC(ω) cosωτ coth

(
βω

2

)
x(−τ)

≈ π

2

∑

jk

JRC(ξjk) coth

(
βξjk

2

)
xjk |φj〉〈φk| , (6.49)

and

Ξ =

+∞∫

0

dτ

+∞∫

0

dω JRC(ω)
cosωτ

ω
[HS+RC, x(−τ)] ≈ π

2

∑

jk

JRC(ξjk)xjk |φj〉〈φk| , (6.50)

where we have assumed the imaginary parts to be negligible. These operators include the
rates affecting the RC, and they appear in the final form of the master equation

ρ̇S+RC(t) = −i [HS+RC, ρS+RC(t)]− [x, [χ, ρS+RC(t)]] + [x, {Ξ, ρS+RC(t)}] . (6.51)

Equation (6.51) provides an accurate description of the system dynamics, as far as the system-
environment SD enables to apply the Born-Markov approximation. In Refs. (Iles-Smith,
2014; Iles-Smith, 2016), the numerical results gathered using the RC mapping have been
benchmarked against other simulation methods available for open system dynamics, such
as a semiclassical approach based on Zusman equations, a set of drift-diffusion equations of
motion often used to describe molecular systems (Thoss, 2001), or the hierarchical equations
of motion (HEOM) technique (Tanimura, 1989; Tanimura, 2020). Specifically, the HEOM
is a widely used method to simulate the dynamics of open quantum systems: historically
introduced in the case of an Ohmic SD with a Lorentz-Drude cut-off (Tanimura, 1989),
it has been extended to those cases in which the SD leads to bath correlation functions
decomposable using a basis of exponentials (Tanimura, 2020). Conversely, the RC mapping
is less restrictive in terms of spectral density, provided that the latter allows to ultimately
resort to the Born-Markov approximation.

6.2 Spin-boson model as a simulator of multiphoton

Jaynes-Cummings models

In this Section, we will follow the theoretical framework developed in (Casanova, 2018;
Puebla, 2019), combining the ideas of the reaction-coordinate mapping, to show that the
paradigmatic spin-boson model can serve as an analogue quantum simulator for the realisation
of dissipative multiphoton Jaynes-Cummings models. The quantum Rabi model (QRM),
as well as its simplified version known as Jaynes-Cummings model (JCM) (Jaynes, 1963),
play a central role in the description of light-matter interacting systems and in quantum
information science (Scully, 1997; Nielsen, 2010). In these models, the interaction mechanism
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between the spin and bosonic degrees of freedom has a linear form, namely, the spin gets
excited or deexcited by absorbing or emitting one bosonic excitation.

While this interaction is ubiquitous in quantum physics and has applications in various
experimental platforms (Braak, 2016), other forms of a spin-boson exchange mechanism
beyond this simple case are also of interest. One possible generalization of the QRM or JCM
consists in considering a spin-multiphoton interaction, where the spin exchange n excitations
simultaneously with the bosonic mode. Such a generalization is often regarded as n-photon
QRM or JCM, (nQRM or nJCM), and it has recently attracted attention mainly in its
n = 2 form (Felicetti, 2015; Puebla, 2017; Felicetti, 2018; Xie, 2019), although models with
n > 2 have been also analyzed (Lo, 1998). From an experimental point of view, however,
such multiphoton terms are typically hard to attain. Thus, its realisation may benefit from
quantum simulation protocols, allowing for enough tunability and control over multiphoton
interactions terms, as proposed using optical trapped ions (Felicetti, 2015; Puebla, 2017) or
superconducting qubits (Felicetti, 2018). These latter schemes realize effective multiphoton
exchange terms by exploiting the nonlinear fashion in which the spin and bosonic degrees of
freedom couple. It is however still possible to realise such multiphoton models even when
the setup comprises solely a linear, i.e., standard, interaction mechanism and thus, it is not
suited for a direct simulation of these models, as shown in (Casanova, 2018).

In this Section, in particular, by considering a full spin-boson model we naturally extend the
theoretical framework beyond the standard local master equation description of dissipation
effects in the simulator, as considered in (Puebla, 2019). Furthermore, we show that the
simulated multiphoton Jaynes-Cummings models may acquire a non-Markovian behaviour
when the spin-boson model features a structured environment, and thus, highlighting the
suitability of the proposed theoretical framework to explore aspects of non-Markovianity in
distinct light-matter interacting systems.

6.2.1 Analogue simulation of multiphoton spin-boson interactions

The task now consists in bringing the spin-boson Hamiltonian HSB into the form of a n-photon
model, i.e, into a model containing interaction terms of the form σ±an and σ±(a†)n. For that,
one could perform the approximate mapping used in Ref. (Casanova, 2018; Puebla, 2019)
directly onto HSB. Specifically, in Ref. (Casanova, 2018), the authors present a framework for
the emergence of multiphoton and nonlinear spin-boson coupling via spin rotations, while in
Ref. (Puebla, 2019), the latter scheme is generalised to dissipative scenarios. Here we combine
the latter with known techniques to simulate a spin-boson model. In principle, this could be
achieved by selecting a particular bosonic mode out of the environment with frequency ωq to
now play the role of a in the interaction with the spin (cq → a), while treating the rest of
ck 6=q as a residual environment. Here, however, we resort to a more sophisticated procedure,
based on the so-called reaction coordinate (RC) mapping, described in Section 6.1.

Let us consider a more general version of the spin-boson model introduced in Section 6.1.1, ex-
plicitly considering the application of nd drivings onto the spin. As discussed in Ref. (Casanova,
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2018; Puebla, 2019), under certain conditions, applying spin drivings enables the realisation
of different multiphoton Jaynes-Cummings interaction terms. In this manner, while a multi-
photon Jaynes-Cummings model can be attained without the need of any additional driving,
nd = 0, the realisation of a multiphoton quantum Rabi model requires the application of
at least one driving nd = 1. In general, the free-energy Hamiltonian of the spin under nd
drivings with amplitude εj and detuning ∆j with respect to the spin frequency splitting ∆0

reads as

HS,d =
∆0

2
σx +

nd∑

j=0

εj
2

[cos(∆j −∆0)t σz + sin(∆j −∆0)t σy] . (6.52)

Clearly, setting εj>0 = 0 (or ∆j = ∆0) we recover the form of the standard drivingless HS

given in Equation (6.2). For the sake of simplicity, here we will focus in cases with nd = 0,
i.e., aiming at realizing multiphoton Jaynes-Cummings models. However, we stress that the
procedure explained in the following can be applied in a straightforward manner when nd > 0.

For our purposes, we can now assume that HS,d ≡ HS in Equations (6.1) and (6.2), then
apply the RC mapping, as described in Section 6.1, leading to the following Hamiltonian for
the augmented system:

HS+RC =
∆0

2
σx + Ωa†a+ λσx(a+ a†) +

nd∑

j=0

εj
2

[cos(∆j −∆0)t σz + sin(∆j −∆0)t σy] .

(6.53)

Crucially, we have observed that, for certain cases, such mapping allows for an exact relation
between the original and transformed parameters (Nazir, 2018). Indeed, considering an
underdamped spin-boson spectral density in the initial spin-boson model [cf. Example 6.1.1],

JSB(ω) =
αΓω2

0ω

(ω2
0 − ω2)2 + Γ2ω2

, (6.54)

one can show that the resulting spectral density for the residual environment interacting with
the reaction coordinate reads as

JRC(ω) = γωe−ω/Λ, (6.55)

provided Λ/ω � 1, and where the parameters are related according to Ω = ω0,γ = Γ/(2πω0),
and λ =

√
παω0/2. Here, the frequency ω0 in JSB(ω) denotes the position at which the

spectral density features a maximum, while Γ and α give account for its width and strength,
respectively. For JRC(ω), the coupling strength is given by γ instead. This coupling of the
system with the environment allows to make use of the Born-Markov approximation, and
obtain a master equation of the form Equation (6.51) for the enlarged system. Once obtained
the reaction coordinate Hamiltonian, we undertake the transformation of HS+RC, and thus,
of the Equation (6.51), to achieve a model that comprises spin-multiphoton interaction terms.
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For that purpose, we will introduce two auxiliary Hamiltonians Ha and Hb which will arise
in the intermediate steps by moving into suitable interaction picture and transforming them
accordingly.

The first step consists indeed in moving to a rotating frame in which HS+RC ≡ HI
a,1 where

Ha = Ha,0 +Ha,1, with Ha,0 = −(∆0/2)σx. In this manner, we find

Ha = Ωa†a+ λσx(a+ a†) +

nd∑

j=0

εj
2

[cos(∆jt)σz + sin(∆jt)σy] ,

while Equation (6.51) transforms into

ρ̇a(t)=− i [Ha, ρa(t)]− [x, [χ̂, ρa(t)]] + [x, {Ξ̂, ρa(t)}], (6.56)

where χ̂ = Ua,0χU
†
a,0 and Ξ̂ = Ua,0ΞU †a,0, such that Ux = T e−i

∫ t
0 dsHx(s) is the time-evolution

operator of a generic Hamiltonian Hx.

Then, we perform a further transformation using the unitary operator T (α), defined as

T (α) ≡ 1√
2

[
D†(α) (|e〉 〈e| − |g〉 〈e|) +D(α) (|g〉 〈g|+ |e〉 〈g|)

]
(6.57)

with D(α) = eαa
†−α∗a the standard displacement operator (Cahill, 1969; Scully, 1997). The

following properties are satisfied

T †(α)a†aT (α) = a†a+ |α|2 − σz(aα∗ + a†α), (6.58)

T †(α)σyT (α) = −iD(2α)σ+ + H.c., (6.59)

T †(α)σzT (α) = D(2α)σ+ + H.c., (6.60)

T †(α)σx(a+ a†)T (α) = −σz(a+ a†) + 2Re[α]. (6.61)

The latter can be used to explicitly determine the form of the the Hb = T †HaT ; a direct
computation yields

Hb = Ωa†a− Ωσz(aα + a†α∗)− λσz(a+ a†) +

nd∑

j=0

εj
2

[
σ+D(2α)e−i∆jt + H.c.

]
, (6.62)

where we have neglected a constant energy shift. Therefore, by selecting α = −λ/Ω we obtain
a simple Hamiltonian to pursue multiphoton interactions, namely

Hb = Ωa†a+
∑

j

εj
2

[
σ+e2λ/Ω(a−a†)e−i∆jt + H.c.

]
. (6.63)

As a result, upon this unitary transformation, Equation (6.56) becomes

ρ̇b = −i [Hb, ρb]−
[
T †xT,

[
T †χ̂T, ρb(t)

]]
+
[
T †xT,

{
T †Ξ̂T, ρb(t)

}]
, (6.64)
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with ρb = T †ρaT . The dissipator acting on ρb has the same form as in Equation (6.56) but
with transformed operators, namely T †xT , T †χ̂T and T †Ξ̂T , where T ≡ T (−λ/Ω).

Moving now to an interaction picture with respect to the Hamiltonian Hb,0 = (Ω− ν̃)a†a−
ω̃σz/2, we obtain

HI
b,1 = ν̃a†a+

ω̃

2
σz +

∑

j

εj
2

[
σ+e−i(∆j+ω̃)te2λ/Ω(a(t)−a†(t)) + H.c.

]
, (6.65)

with a(t) = ae−i(Ω−ν̃)t. We can then expand the exponential in Equation (6.63), provided
that |2λ/Ω|

√
〈(a+ a†)2〉 � 1 . The latter condition, known as Lamb-Dicke regime, allows

us to truncate the exponential to a finite number of terms, arriving to a Hamiltonian
containing multiphoton interaction terms. In addition, we consider the driving frequencies to
be ∆j = ±nj(ν̃ −Ω)− ω̃ with |Ω− ν̃| � εj/2 so that one can safely perform a rotating-wave
approximation keeping only those terms that are resonant, i.e., time independent.

In this manner, we can approximate HI
b,1 ≈ Hn, where Hn contains the aimed multiphoton

interactions, i.e.,

Hn =
ω̃

2
σz + ν̃a†a+

∑

j∈r

εj(2λ)nj

2Ωnjnj!

[
σ+anj + H.c.

]
+
∑

j∈b

εj(2λ)nj

2Ωnjnj!

[
σ+(−a†)nj + H.c.

]
. (6.66)

Note that the sets r and b encompass the terms with amplitude εj driving red- and blue-
sidebands, that is, those terms in Eq. (6.52) with frequency ∆j∈r = +nj(ν̃ − Ω) − ω̃ and
∆j∈b = −nj(ν̃−Ω)− ω̃. Each of these drivings will contribute with a multiphoton interaction,
either σ+anj + H.c. for j ∈ r or σ−anj + H.c. for j ∈ b, which produce transitions between
the states |m〉 |g〉 ↔ |m∓ nj〉 |e〉. Furthermore, it is worth mentioning that the largest error
committed in the approximation that leads to Equation (6.66) stems from the zeroth order in
the expansion of the exponential. These contributions are of the form εj(σ

+ei nj(Ω−ν̃)t+H.c.)/2,
which will produce a significant effect after a time interval t ≈ nj(Ω− ν̃)/ε2j .

In order to show how the dissipative part transforms, we introduce the time-dependent
unitary operator

Φ = U †b,0T
†Ua,0. (6.67)

Then, one can see that, by defining χ̃ = ΦχΦ†, Ξ̃ = ΦΞΦ† and x̃ = Φ(a+ a†)Φ†, the resulting
master equation for ρn(t) is

ρ̇n(t) = −i[Hn, ρn(t)]− [x̃, [χ̃, ρn(t)]] + [x̃, {Ξ̃, ρn(t)}], (6.68)

where the state ρn(t) of the multiphoton model is related to the original spin-boson upon the
reaction coordinate mapping, ρS+RC(t), through a unitary transformation

ρn(t) ≈ ΦρS+RC(t)Φ†. (6.69)
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From the previous expression it follows that the purity of the total state ρS+RC and that of
ρn are approximately equal. Moreover, the reduced spin state in the different frameworks
are related according to trB[ρSB(t)] = trRC[ρS+RC(t)] ≈ trRC[Φ†ρn(t)Φ], where trB[·] and
trRC[·] denote the trace over the environment degrees of freedom, and reaction coordinate,
respectively. In this manner, having access to the spin degree of freedom one can have access
to the dissipative spin dynamics dictated by the master equation (6.68) under a multiphoton
Hamiltonian Hn, given in Equation (6.66), whose parameters can be tuned. In addition, we
remark that the initial state at t0 = 0 in the multiphoton frame is related to that of the
spin-boson model as ρn(0) = T †ρS+RC(0)T .

At this stage, a few comments regarding the validity of Equation (6.69) are in order. While
the steps performed from HS+RC to Hb are exact, Hn is attained in an approximate manner.
The good functioning of the simulation depends on how these approximations are met.
That is, Equation (6.69) holds within the Lamb-Dicke regime |2λ/Ω|

√
〈(a+ a†)2〉 � 1

and for parameters satisfying |Ω − ν̃| � εj/2 ∀j, so that one can perform a rotating-
wave approximation. Note that, as the parameters λ and Ω are directly related to the
original spin-boson spectral density, these conditions set constraints onto the accessible
parameters, as well as on the temperature of the environment. Furthermore, in order to
observe coherent multiphoton dynamics the noise rates in Equation (6.68) must be small
compared to parameters involved in Hn. For the considered shape of JSB(ω) this translates
into Γ � ν̃, g̃n where g̃n = ε0(2λ)n/(2Ωnn!) for a nd = 0 and ∆0 = ±n(ν̃ − Ω) − ω̃ [cf.
Equation (6.66)].

6.2.2 Structured environments

The simulation of multiphoton spin-boson interactions is not restricted to a specific form of
JSB(ω). Here we show the derivation of the procedure to obtain an effective multiphoton
Hamiltonian when the initial spin-boson model features a more complicated interaction
with the environment. For simplicity, we consider that JSB(ω) can be split in two parts,
JSB(ω) = JSB,1(ω)+JSB,2(ω), although its generalisation to more parts is straightforward. The
first contribution, JSB,1(ω), is considered here to be suitable for the realisation of multiphoton
interactions as described in 6.2.1. In addition, we will work under the assumption that the
environment degrees of freedom corresponding to JSB,2(ω) can be treated and simplified using
again a collective or reaction coordinate, as sketched in Figure 6.2.

As discussed previously, we identify a collective coordinate for each of the contributions to
the spectral density JSB(ω). In this manner, we augment the system to include both reaction
coordinates, denoted here by S′ = S + RC1 + RC2. Hence, its Hamiltonian is given by

HS′ = HS,d + Ω1a
†
1a1 + λ1σx(a1 + a†1) + Ω2a

†
2a2 + λ2σx(a2 + a†2), (6.70)

where HS,d is the original spin Hamiltonian which may contain spin rotations, introduced
in Equation (6.52), while the subscripts denote the corresponding reaction coordinate. The
parameters λi and Ωi are determined by the spectral density JSB,i(ω). The dynamics of the
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Figure 6.2: We show the implementation of the reaction coordinate mapping for structured
environments. If the SD is expressed as JSB(ω) = JSB,1(ω) +JSB,2(ω), we can introduce two reaction
coordinates in parallel. See main text for further details.

augmented system S′ is governed by the following master equation:

ρ̇S′(t) = −i [HS′ , ρS′(t)]− [x1, [χ1, ρS′(t)]]− [x2, [χ2, ρS′(t)]]

+ [x1, {Ξ1, ρS′(t)}] + [x2, {Ξ2, ρS′(t)}] , (6.71)

where xi = ai + a†i for i = 1, 2, and χi and Ξi are defined in analogy to Equations (6.49)
and (6.50).

In order to find a suitable transformation to realise multiphoton interaction terms from HS′

we proceed in a similar manner as for a single reaction coordinate. That is, we first move to
a rotating frame where HS′ ≡ HI

a,1, with Ha = Ha,0 +Ha,1 and Ha,0 = −∆0/2σx. Therefore,
the transformed Hamiltonian reads as

Ha =
∑

k=1,2

Ωka
†
kak + λkσx(ak + a†k) +

∑

j

εj
2

[cos ∆jtσz + sin ∆jtσy] . (6.72)

The next step is to perform the transformation using the unitary operator T (α), de-
fined in Equation (6.57)2. As aforementioned, we consider that the first reaction coor-
dinate is suitable for the quantum simulation of multiphoton interaction terms, due to
the form of its spectral density. This argument enables to choose α ≡ −λ1/Ω1, hence
Hb ≡ T †(−λ1/Ω1)HaT (−λ1/Ω1). This transformation acts trivially on the second reaction
coordinate, but it does affect the coupling between the latter and the spin. Finally, if we
move to an interaction picture with respect to Hb,0 = (Ω1 − ν̃1)a†1a1 − ω̃σz/2, we obtain the

Hamiltonian Hn,2 ≈ HI
b,1 ≡ U †b,0Hb,1Ub,0,

Hn,2 =
ω̃

2
σz + ν̃a†1a1 + Ω2a

†
2a2 − λ2σz(a2 + a†2)

+
∑

j∈r

εj
2nj!

(
2λ1

Ω1

)nj [
σ+a

nj
1 + H.c.

]
+
∑

j∈b

εj
2nj!

(
2λ1

Ω1

)nj [
σ+(−a†1)nj + H.c.

]
, (6.73)

2In this case, we need one more property of the operator T , namely T †(α)σxT (α) = −σz.
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where we have considered ∆j = ±nj(ν̃ − Ω1) − ω̃, and assumed the Lamb-Dicke regime

|λ1/Ω1|
√
〈(a1 + a†1)2〉 � 1, and |Ω1 − ν̃| � εj/2 to perform a rotating-wave approximation.

Note that, while the multiphoton terms are identical to those of Hn in Equation (6.66), the
second reaction coordinate interacts with the spin degree of freedom. Indeed, depending on
the parameters of Hn,2, the effect of such interaction may effectively turn into non-Markovian
effects for the reduced state of the spin and first reaction coordinate, ρn = Tr2[ρn,2]. The final
master equation governing the dynamics of ρn,2 is

ρ̇n,2(t) = −i[Hn,2, ρn,2(t)]− [x̃1, [χ̃1, ρn,2(t)]]− [x̃2, [χ̃2, ρn,2(t)]]

+
[
x̃1,
{

Ξ̃1, ρn,2(t)
}]

+
[
x̃2,
{

Ξ̃2, ρn,2(t)
}]

, (6.74)

where the operators involved are defined as in the case involving a single reaction coordinate
[cf. Equation (6.68)]. It is worth stressing that the relation between the states given in
Equation (6.69) still holds. From the previous derivation one can conclude that the extension
to more collective coordinates is straightforward.

6.2.3 Examples and numerical simulations

In this Section, we will provide examples of the previously explained general theoretical
framework to investigate the performance of the quantum simulation of different multiphoton
Hamiltonians Hn, as well as to discuss the limitation in the parameter regime for their
realisation. First, we will consider the case in which the original spin-boson model interacts
just with a discrete number of modes, which can be viewed as a limit of vanishing spectral
broadening Γ → 0. This scenario will allow us to examine the validity of the required
approximations without the effect of dissipation. Then, we will consider Γ 6= 0, where
the reaction-coordinate mapping appears as a key step to realise a desired multiphoton
Jaynes-Cummings model.

In all the cases, we will assess the performance of the realisation of the targeted multiphoton
Jaynes-Cummings models by means of the fidelity F (t) between two states, defined as

F (t) =

[
Tr

√√
ρ1(t)ρ2(t)

√
ρ1(t)

]2

. (6.75)

In particular, we will analyse to what extent is the relation given in Equation (6.69) satisfied.
In other words, we will compare the aimed state of a multiphoton Jaynes-Cummings model
ρn(t) with the one retrieved using the analogue simulator, ΦρS+RC(t)Φ†. We remark that
when two reaction coordinates are included, the state ρn(t) obeys the master equation given
in Equation (6.74), whose Hamiltonian is Hn,2, Equation (6.73), while ρS+RC(t) must be
replaced by ρS′ , as explained in Section 6.2.2.

In addition, we will show that the theoretical framework allows us to realise non-Markovian
multiphoton Jaynes-Cummings models. As discussed in Section 4.1.2, non-Markovian effects
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can be witnessed through the trace distance, defined as

D(ρx, ρy) =
1

2
Tr‖ρx − ρy‖1, (6.76)

for a given pair of states ρx, ρy. For our purposes, we do not need to provide a measure,
therefore we will consider that the non-Markovian character of the dynamics emerges when
the time derivative of the trace distance is positive, i.e., σ(t, ρx,y(0)) > 0 for a certain
pair of states. Specifically, we calculate σ(t, ρx,y(0)) using two initial states ρx,y in the
multiphoton Jaynes-Cummings model, and corroborate that σ(t, ρx,y(0)) is obtained to a
very good approximation when the states ρx,y are replaced by their simulated ones using the
spin-boson model, namely ρx(t)→ Φρx,S+RC

Φ† and ρy(t)→ Φρy,S+RC
Φ†. In this manner, we

offer a proof-of-principle that non-Markovian multiphoton models can be realised.

Dissipationless multiphoton Jaynes-Cummings models

We start considering the simplest case, namely, when the spin-boson model simply involves
the interaction with a discrete number of modes. This corresponds to either consider Γ→ 0
in the underdamped spectral density JSB(ω), or equivalently, assuming that dissipation effects
are sufficiently small so that they can be discarded. Note that for a single bosonic mode with
Γ = 0, the spin-boson model adopts the form of a generalized quantum Rabi model, which is
indeed HS+RC as given in Equation (6.53). Recall that in this particular case HSB ≡ HS+RC

as there are no further modes in the system. In particular, we set nd = 0 in Equation (6.52)
as we aim to realize a single multiphoton Jaynes-Cummings interaction. The Hamiltonian
for a nJCM can be written in general as

HnJCM =
ω̃

2
σz + ν̃a†a+ g̃n

(
σ+an + σ−(a†)n

)
. (6.77)

At resonant condition, ω̃ = nν̃, the coupling constant g̃n fixes the time required to transfer
population from the state |e〉|0〉 to |g〉|n〉, denoted as τn = π/(2g̃n

√
n!). Both are related to

the spin-boson parameters as [cf. Equation (6.66)]

g̃n =
ε0

2 n!

(
2λ

Ω

)n
, (6.78)

τn =

√
n!

ε0

(
Ω

2λ

)n
. (6.79)

Clearly, as 2λ/Ω must be small to lie within the Lamb-Dicke regime, the coupling g̃n
decreases considerably for increasing n, requiring longer evolution times under the spin-boson
Hamiltonian to observe a significant effect, that is, an evolution time of the order of τn.
Furthermore, if we recall what we have commented about Equation (6.66), we can obtain a
rough estimate of a correct simulation of the desired Jaynes-Cummings model, i.e., t = kτn,
where k ≈ (2λ/Ω)nn(Ω− ν̃)/(ε0

√
n!).
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In Figure 6.3, we show the results for the realization of 2JCM and 3JCM models using a
spin-boson model interacting with a single bosonic mode. In order to observe the paradigmatic
Rabi oscillations between the states |e〉|0〉 and |g〉|n〉, we choose ρS+RC(0) = |−〉〈−| ⊗ ρth

RC as
an initial state for the spin-boson model, where ρth

RC is a thermal state at temperature β−1

for the reaction coordinate mode, containing nth = (eβΩ − 1)−1 bosons. Recall that, as we
consider here a single spectral density with Γ = 0, the reaction coordinate mode is simply the
only mode which interacts with the spin degree of freedom. In this manner, the initial state
for the simulated multiphoton models reads as ρnJCM(0) = T †ρS+RC(0)T , which approximately
amounts to ρnJCM(0) ≈ |e〉〈e| ⊗ |0〉 〈0| for sufficiently low temperature and small 2λ/Ω. The
chosen parameters for the simulation of the 2JCM, plotted in Figures 6.3a and 6.3b are
πα = ε0 = 0.02ω0, recalling that Ω = ω0 it results in 2λ/Ω = 0.2. Choosing ν̃ = 10−3Ω and
ω̃ = 2ν̃, the coupling in 2JCM amounts to g̃2 = 0.2ν̃. The initial reaction-coordinate thermal
state, ρth

RC, contains nth = 10−3 bosons. In Figure 6.3b we show how the quantum simulation
of the 2JCM model deteriorates for increasing number of bosons, as a large nth will eventually
break down the Lamb-Dicke regime.

For the 3JCM we choose again πα = 0.02ω0, which leads in 2λ/Ω = 0.2. Then, we select the
aimed coupling strength of the multiphoton interaction to be g̃3 = 0.1ν̃ with ω̃ = 3ν̃, while
we vary ε0/ω0. The temperature is set to βΩ ≈ 100 so that ρth

RC ≈ |0〉 〈0|. As in the previous
case, the dynamics are well retrieved, see Figure 6.3c, where we have set ε0/ω0 = 2 · 10−3.
Note however that, as a consequence of the rotating-wave approximation performed to achieve
a resonant third order, and due to the longer times required to simulate a 3JCM compared to
the 2JCM, the condition |Ω− ν̃| � ε0 must be better satisfied. Indeed, for ε0/ω0 = 10−2 we
already see a clear departure from the targeted dynamics, as indicated by a large infidelity
1− F (t) & 10−1, shown in Figure 6.3d.

In the following, we consider a spin interacting with two bosonic modes, again with Γ1,2 = 0.
As explained in Section 6.2.2, we perform the map onto the first bosonic mode to attain
a multiphoton interaction. Upon suitable transformations and approximations, the spin-
boson model will take the form of a multiphoton Jaynes-Cummings model HnJCM,2, where
the subscript 2 indicates the presence of a second reaction coordinate in the system. The
Hamiltonian HnJCM,2 reads as

HnJCM,2 =
ω̃

2
σz + ν̃a†1a1 + Ω2a

†
2a2 + g̃n

(
σ+an1 + σ−(a†1)n

)
− λ2σz(a2 + a†2). (6.80)

In this manner, the spin exchanges n quanta with the first bosonic mode as in HnJCM,
while the last term effectively shifts the spin frequency depending on the state of the
second mode. The reduced state for the spin and first bosonic mode is given then by
ρnJCM(t) = Tr2[ρnJCM,2(t)]. Indeed, due to the interaction with the second bosonic mode, the
multiphoton Jaynes-Cummings model may exhibit non-Markovian features. For that, we
consider the spin-boson Hamiltonian HS′ given in Equation (6.70), which then approximately
realizes HnJCM,2. In particular, we select ∆0 = −2Ω1, so that the simulated model involves
two-photon interaction terms, i.e., a 2JCM. The results are plotted in Figure 6.4, while
the parameters are παi = 0.02Ωi such that 2λi/Ωi = 0.2 for i = 1, 2, ε0/Ω1 = 10−2. The
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coupling strength in H2JCM,2 is given by g̃2 = 0.2ν̃ with ν̃ = Ω2. As in the single-mode case,
Rabi oscillations will be clearly visible selecting ρS′(0) = |−〉〈−| ⊗ ρth

RC1
⊗ ρth

RC2
. After its

transformation, this state corresponds approximately to an initial spin state |e〉 in the nJCM
frame. In the same manner, in order to analyse the emergence non-Markovian behavior we
consider the initial states |g〉〈g| and |e〉〈e| for the spin in HS′ . This implies initial spin states
|±〉 in the nJCM frame, which for pure dephasing noise it has been shown to be the pair of
states maximizing σ(t) (Breuer, 2009).

The results plotted in Figure 6.4 have been gathered considering a sufficiently low temperature
such that ρth

RC1,2
≈ |0〉 〈0|. We then compute the trace distance D(ρ1, ρ2) using the states

upon tracing out the second mode, ρ2JCM(t) = Tr2[ρ2JCM,2]. As shown in Figure 6.4b, the
time-derivative of the trace distance, σ(t), becomes positive during certain intervals — a clear
indication of the non-Markovian behaviour of the simulated multiphoton Jaynes-Cummings
model. In addition, we also calculate the non-trivial evolution of the purity for the states
ρS+RC1(t) and ρS(t) = TrRC1 [ρS+RC1(t)], which is shown in Figure 6.4c. According to our
theoretical framework, their purity is approximately equal to that of ρ2JCM(t) and the reduced
spin state upon tracing both bosonic degree of freedom in the 2JCM, Tr[ρ2JCM(t)], respectively.
Finally, the infidelity 1− F (t) between the targeted state ρ2JCM,2(t) and its reconstructed
one ΦρS+RC1+RC2(t)Φ† in Figure 6.4d.

Dissipative multiphoton Jaynes-Cummings models

We now consider a more realistic scenario in which the spin-boson model interacts with an
environment whose spectral density has an underdamped shape, i.e. JSB(ω) has the form of
Equation (6.45), with Γ 6= 0. In this manner, we extend the theoretical framework beyond
the standard local master equation description (Puebla, 2019). As explained in Section 6.2.1,
this situation can be mapped using a reaction coordinate, which now in turn interacts with a
Markovian residual environment. The evolution of the state of the augmented system, spin
and reaction coordinate, evolves according to the master equation given in Equation (6.51).
Indeed, the effect of spectral broadening, Γ 6= 0, introduces dissipation into the simulated
multiphoton Jaynes-Cummings model, whose state now obeys the master equation (6.68).
We remark that the performance of the simulated dissipative model is not altered when the
effect of dissipation is taken into account correctly. Nevertheless, whenever Γ� ν̃, dissipation
dominates the dynamics, and the paradigmatic Rabi oscillations will eventually fade away.

In Figure 6.5 we show the results of numerical simulations aimed to retrieve a 2JCM with
different Γ/ν̃ values, and for different quantities. As for Figure 6.3, we used πα = ε0 = 0.02ω0,
so that 2λ/Ω = 0.2. We chose again ν̃ = 10−3Ω and ω̃ = 2ν̃, and therefore the coupling in
2JCM amounts to g̃2 = 0.2ν̃, while the temperature is such that ρth

RC contains nth = 10−3

bosons. The spin is initialised in the |−〉 state, so that ρS+RC(0) = |−〉 〈−|⊗ρth
RC. In particular,

the value Γ/ν̃ = 2 · 10−1 considered in Figure 6.5a already produces a significant departure
from the Rabi oscillation between the states |e〉 |0〉 and |g〉 |2〉 in the dissipationless 2JCM
[cf. Figure 6.3a for Γ = 0]. Note that the results plotted in Figure 6.5a corresponds to a
critically damped 2JCM since Γ = g̃2. As plotted in Figure 6.5b, the effect of the dissipation
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is clearly visible in the evolution of the purity for both the total state (spin plus bosonic
mode) and the reduced spin state, namely, Tr[ρ2

S+RC(t)] and Tr[ρ2
S(t)]. As in previous cases,

the purity of these states is directly related to those of the simulated model as a consequence
of the relation ρ2JCM(t) ≈ ΦρS+RC(t)Φ†. Furthermore, Rabi oscillations or population revivals
appear in the evolution of von Neumann entropy3, SvN(ρ) = −ρ log2 ρ for the reduced spin
state. This is plotted in Figure 6.5c for different Γ/ν̃ values. Finally, we note that the
performance of the quantum simulation is independent of the dissipation as demonstrated by
the good fidelities attained in these cases [cf. Figure 6.5d], allowing for the simulation of
different parameter regimes in a nJCM.

6.3 Conclusions

In this Chapter, we have shown that, under certain hypothesis, the coupling between the
system and the environment can be analytically treated by means of the reaction coordinate
mapping. For some spectral densities, this approach considerably reduces the complexity of
simulating the dyanmics of a spin-boson model. The resulting Hamiltonian has been used in
Section 6.2 to generate multiphoton interaction terms, while the dissipation effects must be
transformed accordingly. We have thus obtained a theoretical scheme to realise multiphoton
Jaynes-Cummings models using the paradigmatic spin-boson model as an analogue quantum
simulator. We have performed numerical simulations starting from the spin plus reaction-
coordinate Hamiltonians and aiming to realise different multiphoton Jaynes-Cummings. We
first performed simulations considering one reaction coordinate without dissipation to better
illustrate the performance of the required approximations to achieve two- and three-photon
Jaynes-Cummings models. We have then shown that non-Markovian multiphoton Jaynes-
Cummings can be indeed attained when a second reaction coordinate is included, as unveiled
by the standard trace distance measure. Finally, we have provided numerical simulations
investigating the interplay between spectral broadening, dissipation and the decoherence in
the targeted multiphoton models.

3Note that we in this Section we are defining the von Neumann entropy using the logarithm base 2.
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Figure 6.3: Dynamics of the simulated multiphoton Jaynes-Cummings models, n = 2 (top) and
n = 3 (bottom). In Panels (a) and (c) we show the targeted dynamics (solid lines) and the one
obtained using the spin-boson Hamiltonian (either dotted or dashed lines) for

〈
a†a
〉

and 〈σz〉, as
indicated in the plots, and as a function of the time rescaled by τn (Eq. (6.79)). In Panels (b)
and (d) we plot the infidelity 1− F (t) between the ideal ρnJCM(t) state and its approximated one
ΦρS+RC(t)Φ† for different conditions, namely, in Panel (b) for different temperatures (or mean
occupation number nth), and in Panel (d) for different values of ε0/ω0.
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Figure 6.4: Non-Markovian dynamics for a 2JCM and its simulation using a spin-boson model
HS′. In Panel (a) we show the dynamics for the expectation values 〈a†iai〉 with i = 1, 2 and 〈σz〉
for the target 2JCM model (solid lines) and its reconstructed values using HS′ (discontinuous lines).
The considered initial state reads as ρS′(0) = |−〉 〈−| ⊗ ρth

RC1
⊗ ρth

RC2
, with β very large such that

ρth ≈ |0〉 〈0|. In Panel (b) we plot the time-derivative of the trace distance σ(t) after tracing out
the second bosonic mode, and considering the initial states |e〉 and |g〉 for the spin in HS′, while
both reaction coordinates find themselves in their vacuum. Clearly, σ(t) > 0 during certain intervals,
revealing the non-Markovianity introduced due to the interaction with the second mode. Panel (c)
shows the evolution of purity for the state upon tracing the second mode, Tr[ρ2

S+RC1
(t)], and for

the reduced state of the spin, Tr[ρ2
S(t)], for the same case shown in Panel (a). In Panel (d), we

compare the infidelity 1− F (t) between the ideal state and the simulated one using HS′ for the three
different initial states employed here.
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Figure 6.5: Dynamics of a dissipative 2JCM using a spin-boson model. In Panel (a) we show
the dynamics of the expectation values of

〈
a†a
〉

and 〈σz〉, as in Figure 6.3, for the dissipative
2JCM (solid lines) and its simulation using the spin-boson model (points), for Γ/ν̃ = 2 · 10−1 and
ρS+RC(0) = |−〉 〈−| ⊗ ρth

RC with nth = 10−3. For the same case, we also show in Panel (b) the
evolution of the purities for the spin state Tr[ρ2

S(t)] and for the total state Tr[ρ2
S+RC(t)]. In Panel

(c) we compare the different behavior as Γ/ν̃ varies for the von Neumann entropy of the reduced
spin state, SvN(ρS(t)). The values of Γ/ν̃ are indicated in the legend. Finally, the state infidelity
1 − F (t) between the targeted ρ2JCM and its approximate simulation, ΦρS+RC(t)Φ†, is plotted in
Panel (d) for different Γ/ν̃. See main text for further details on the parameters employed for the
simulation.
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Chapter 7

Conclusions and outlook

In this Thesis we have studied issues pertaining to the simulation, characterisation, and
control of the dynamics of open quantum systems. We have seen that recent theoretical
and experimental progress has revealed new interesting physical scenarios that question
the standard theoretical framework, which crucially hinges upon the mathematical notion
of quantum dynamical semigroup and, physically, the Born-Markov approximation. We
have introduced and discussed general tools to suitably explore those situations in which
the system-environment interaction is responsible for strong coupling and non-Markovian
effects. We have also discussed the main features and drawbacks of the traditional theory
of irreversibility for open quantum systems. The latter, being formulated by means of the
von-Neumann entropy, can be sometimes formally inconsistent or not particularly well suited
to some interesting physical scenarios. We have shown that a re-formulation in terms of
the Wigner – or, equivalently, Rényi-2 – entropy is indeed useful and insightful at the same
time. For instance, it enables us to consistently explore the zero-temperature limit, and
establish a closer connection with the theory of classical stochastic processes. The phase-space
entropy production has been used to assess the impact of initial correlations shared by two
non-interacting harmonic oscillators undergoing a non-Markovian dynamics. We have shown
that, for such systems, the entropy production rate turns out to be a monotonic function of
the initial degree of entanglement. It would be interesting, and indeed very important, to
study how such conclusions are affected by the possible interaction between the constituents
of our system, as well as non-Gaussian scenarios involving either non-quadratic Hamiltonians
or spin-like systems (Santos, 2018). On a similar note, a systematic study concerning the role
played by coherences in the entropy production rate would corroborate the splitting between
classical and quantum contributions put forward in Ref. (Santos, 2019)

We have also seen that the system-environment interaction is sometimes modelled by a spectral
density that enables to remap the initial configuration of the system into an equivalent setting.
This can be achieved though the introduction of one or more effective modes, called reaction
coordinates. In this Thesis, we have resorted to this approach to show that, starting from a
non-trivial spin-boson model, one can obtain multiphoton interaction terms appearing in the
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Hamiltonian of the celebrated Jaynes-Cummings model. We have numerically shown that
a spin-boson model can – in a suitable range of parameters – serve as a simulator for two
and three-photon models. This would be beneficial to experimental scenarios, where such
multiphoton terms are typically hard to attain. On a general note, it would be interesting to
ascertain how much progress can be made in the simulation, characterisation, and control
of open quantum systems dynamics, possibly combining recent advances in the field [see,
e.g., (Tamascelli, 2018; Mascherpa, 2020)] and numerical methods based on machine learning
techniques, such those used, e.g., in Refs. (Banchi, 2018; Luchnikov, 2020).
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Appendix A

Correlation function for a bosonic
thermal reservoir

In this Appendix, we explicitly derive the two-point correlation function when the environment
interacting with an arbitrary system is made of infinitely many independent harmonic
oscillators in a thermal state. Let us suppose, without loss of generality, that the interaction
Hamiltonian between the system and the bosonic environment is in the form

HI = X ⊗B, (A.1)

where X is an operator of the system, while B is an operator of the bath, given by

B =
∑

k

(
gkb
†
k + g∗kbk

)
. (A.2)

Let us compute the correlations function defined as

αβ(τ) ≡ 〈B(τ)B〉E = trE (B(τ)BρE) , (A.3)

where ρE is a canonical Gibbs state, i.e.,

ρE =
e−βHE

ZE
, (A.4)

with ZE = trE e
−βHE the reservoir partition function. It is easy to see that, since the

Hamitonian of the environment reads as

HE =
∑

k

ωkb
†
kbk, (A.5)

one can write down the following expression:

e−βHE = exp

(
−β
∑

k

ωkb
†
kbk

)
=
∏

k

e−βωkb
†
kbk . (A.6)
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Similarly, one has

ZE =
∞∏

k=0

Zk. (A.7)

To sum up, the environmental state (A.4) can be rewritten as

ρE =
∞∏

k=0

e−βωkb
†
kbk

Zk
≡
∞∏

k=0

ρk, (A.8)

where Zk and ρk are the partition function and the statistical operator associated with the
k−th harmonic oscillator in thermal state at inverse temperature β. The partition function
can be readily evaluated, yielding

Zk = TrEk

[
e−βωkb

†
kbk
]

=
∞∑

nk=0

e−βωknk =
1

1− e−βωk , (A.9)

where we have observed that b†kbk |nk〉 = nk |nk〉 and summed the geometric series. Moreover,
in the interaction picture, the bath operators read as

B(τ) =
∑

k

(
g∗kbke

−iωkτ + gkb
†
ke
iωkτ
)
, (A.10)

B(0) =
∑

k

(
g∗kbk + gkb

†
k

)
. (A.11)

We can also exploit the identity

B(τ)B =
1

2
([B(τ), B(0)] + {B(τ), B(0)}) , (A.12)

to rewrite the two-point correlation function as

αβ(τ) =
1

2

(
〈[B(τ), B(0)]〉E + 〈{B(τ), B(0)}〉E

)
. (A.13)

Therefore, using the well-known relations {bk, bk′} = 0 = {b†k, b†k′}, and the fact that the

anticommutator {bk, b†k′} is non-null if and only if k = k′, we get

〈{B(τ), B(0)}〉 =
∑

k

|gk|2
(
〈{bk, b†k}〉E e−iωkτ + 〈{b†k, bk}〉E eiωkτ

)
. (A.14)

We can now observe that

〈{bk, b†k}〉E = trE

(
{bk, b†k}ρE

)
= 1 +

2

ZE
trE

(
b†kbk

∏

k′

e−βωk′b
†
k′bk′

)

= 1− 2

ωk

∂

∂β
lnZk =

1 + e−βωk

1− e−βωk = coth

(
β

2
ωk

)
, (A.15)
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whence we obtain

〈{B(τ), B(0)}〉 = 2
∑

k

|gk|2 cosωkτ coth

(
β

2
ωk

)
. (A.16)

Analogously, one can show that

〈[B(τ), B(0)]〉 = −2i
∑

k

|gk|2 sinωkτ . (A.17)

Therefore, assuming that the bath modes form a continuum, one obtains the following
expression for the two point correlation function:

αβ(τ) ≡ 〈B(τ)B〉E = trE (B(τ)BρE) =

+∞∫

0

dωJ(ω)

[
cosωτ coth

(
β

2
ω

)
− i sinωτ

]
, (A.18)

that coincides with Equation (4.15) of the main text.
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Appendix B

Projector operators techniques

In this Appendix, following (Breuer, 2002), we review the projector operators techniques for
deriving master equations from an underlying microscopic model.

B.1 Projection operators

Let us consider the usual setting in which HS and HE are the Hilbert spaces of the system
and the environment, respectively; therefore, the space of the composite system has a tensor
product structure, i.e., H = HS⊗HE. In the standard approach, one introduces the projector
operator

ρ 7→ Pρ ≡ trE ρ⊗ ρE ≡ ρS ⊗ ρE, (B.1)

where ρS ≡ trE ρ is the reduced density operator, whereas ρE is some fixed environmental
state. Therefore, this operator projects the joint state ρ onto a smaller subspace, whose
elements are in the uncorrelated form ρS ⊗ ρE; hence, in order to determine ρS, we do not
need the full density matrix ρ, but just its relevant part Pρ. By construction, P meets the
minimal requirement of being positive and trace preserving, thus it maps states into states.
In addition to that, it sends separable states to separable states, meaning that this technique
does not artificially create entanglement between the two subparties (Breuer, 2007).

Similarly, one can define a complementary operator Q:

Qρ = ρ− Pρ (B.2)

which projects on the irrelevant part of the dynamics. From the definitions above (and from
the assumption that trE ρE = 1), it is not difficult to conclude that the operators P and Q
satisfy the following properties: P +Q = I,P2 = P ,Q2 = Q,PQ = QP = 0.
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B.2 Nakajima-Zwanzig equation

Let us consider the usual situation in which a system S interacts with its environment E
according to a microscopic model, whose total Hamiltonian reads in the following way:

H = H0 + αHI , (B.3)

where H0 = HS + HE is the free Hamiltonian of the system and the environment, while
HI accounts for the interaction between them, whose strength is quantified by the coupling
constant α.

The whole system evolves unitarily, therefore the full density matrix satisfies the von Neumann
equation, that, in the the Schrödinger picture, reads as

ρ̇(t) = −i [H, ρ(t)] . (B.4)

It convenient to move to the interaction picture with respect to H0, where we have1

ρI(t) = eiH0tρ(t) e−iH0t ≡ ρ(t), (B.5)

HI
I (t) = eiH0tHIe

−iH0t ≡ HI(t). (B.6)

Inverting these relations and plugging them into Equation (B.4), we obtain the von Neumann
equation in the aforementioned interaction picture:

ρ̇(t) = −iα [HI(t), ρ(t)] ≡ αLt[ρ(t)]. (B.7)

By applying the projection operators P and Q to Equation (B.7), we get the following set of
coupled differential equations:

∂tPρ(t) = P∂tρ(t) = αPLt[ρ(t)], (B.8)

∂tQρ(t) = Q∂tρ(t) = αQLt[ρ(t)]. (B.9)

By inserting the identity P +Q = I on the right-side of each equation, we get

∂tPρ(t) = αPLt[Pρ(t)] + αPLt[Qρ(t)], (B.10)

∂tQρ(t) = αQLt[Pρ(t)] + αQLt[Qρ(t)]. (B.11)

The idea is to get a closed equation for the relevant part Pρ(t) by solving Equation (B.11)
and plugging the solution into Equation (B.10). The formal solution of Equation (B.11),
corresponding to a given initial state ρ(t0), is obtained by using an operator generalisation of
the Lagrange method for ordinary differential equations, yielding

Qρ(t) = G(t, t0)Qρ(t0) + α

t∫

t0

dsG(t, s)QLs[Pρ(s)], (B.12)

1Note that, to ease the notation, we will drop the superscript that refers to the interaction picture.
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where we have introduced the propagator

G(t, s) ≡ T← exp


α

t∫

s

dτQLτ


 , (B.13)

T← being the time-ordering operator. The propagator G(t, s) satisfies the differential equation

∂tG(t, s) = αQLt[G(t, s)] (B.14)

with the initial condition G(s, s) = I. Now, we can plug Equation (B.12) into (B.10), yielding
the following exact equation for the time evolution of the relevant part of the density matrix:

∂tPρ(t) = αPLt[G(t, t0)Qρ(t0)] + αPLt[Pρ(t)] + α2

t∫

t0

dsPLt [G(t, s)QLs[Pρ(s)]] . (B.15)

This equation is sometimes referred to as generalised Nakjima-Zwanzig (NZ) equation. In
the right hand side we have an inhomogeneous term PLt[G(t, t0)Qρ(t0)] depending on the
initial state ρ(t0); furthermore, this equation is not local in time because of the presence
of an integral over the past history of the system in the interval [t0, t]. This makes the NZ
equation a potential candidate to describe memory effects of the reduced dynamics.

Furthermore, one also usually assumes that PLtP = 0; more explicitly, one requires that
trE (HI(t)ρE) = 0, as

PLt[Pρ(t)] = −i trE [HI(t), ρS(t)⊗ ρE]⊗ ρE = −i [trE (HI(t)ρE), ρS]⊗ ρE = 0. (B.16)

Under this hypothesis, we obtain the Nakajima-Zwanzig equation for the relevant part of the
dynamics

∂tPρ(t) =

t∫

t0

dsKNZ
t,s [Pρ(s)] + αPLt[G(t, t0)Qρ(t0)], (B.17)

where we have the convolution (or memory) kernel

KNZ
t,s ≡ α2PLt [G(t, s)QLs[P ]] , (B.18)

which, in general, is a highly singular object. We should note that we have not made any
assumption about the form of the initial state so far. Now, if we also assume that at time
t = t0 the system is in a product state, i.e.,

ρ(t0) = ρS(t0)⊗ ρE, (B.19)
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it is immediate to see that Pρ(t0) = ρ(t0), whence Q(t0) = 0. This condition cancels the
inhomogeneity out in Equation (B.17), thus NK equation reads as

∂tPρ(t) =

∫ t

t0

dsKNZ
t,s [Pρ(s)]. (B.20)

We have eventually got the Nakajima-Zwanzig equation, that exactly accounts for the time
evolution of the relevant part of the density matrix. We should stress the fact that we have
not done any approximation, except for a couple of assumptions (namely, Equations (B.16)
and (B.19)), that in practical cases are not very restrictive.

B.2.1 Perturbative expansion of the memory kernel

In order to overcome this issue, one can resort to a perturbative expansion of the memory
kernel. More concretely, we need to expand the propagator G(t, s) in such a way that we
eventually get a dynamical equation that is of order α2. If we Taylor expand the right hand
side of Equation (B.13), we will get the following expression:

G(t, s) = I + αT←




t∫

s

dτQL(τ)


+O(α2). (B.21)

Since the final goal is to rewrite a perturbative version of Equation (B.20) in the second
order w.r.t. the coupling constant α, we should stop the expansion of G(t, s) at zeroth order,
i.e., G(t, s) ≈ I, as Equation (B.20) is already of order α2 — cf. Equation (B.18). Therefore,
Equation (B.20) reads as

∂tPρ(t) = α2

t∫

t0

dsPLt [QLs[Pρ(s)]]. (B.22)

We can rewrite Equation (B.22) in a more familiar way using the definition of the projector
Pρ given by Equation (B.1), the property Q = 1 − P and Equation (B.16); we get the a
master equation in the form

ρ̇S(t) = −α2

t∫

t0

ds trE [HI(t), [HI(s), ρS(s)⊗ ρE]] . (B.23)

However, the technique we have just shown has some drawbacks from a practical point
of view: on one hand, this perturbative approach for the derivation of the equations of
motion simplifies the expression of the memory kernel, on the other hand we end up with a
integro-differential equation which is not easy to solve in the general case.
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B.3 Time-convolutionless master equations

In the previous Section, we have pointed out that is it difficult to treat the NZ equation,
mainly because of the time convolution in the memory kernel KNZ

t,s .The motivation that
informs the time-convolutionless projection operator technique is basically the following: we
would like to get rid of the dependence of the future time evolution from the NZ equation,
getting a time-local version of the former. To this end, we should first introduce an operator
that, applied to our density matrix, goes backwards in time. The definition of this backward
propagator is somehow similar to that of G(t, s), i.e.,

G(t, s) ≡ T→ exp


−α

t∫

s

dτLτ


 . (B.24)

with an extremely important difference: this object is the backward propagator of the
total system (S + E), that undergoes a unitary dynamics. Note that T→ denotes the anti-
chronological time ordering. When it is applied to the full density matrix, this propagator
works in the following way:

ρ(s) = G(t, s)ρ(t). (B.25)

Using the property P +Q = I, one gets

ρ(s) = G(t, s)(P +Q)ρ(t). (B.26)

We can plug Equation (B.26) into Equation (B.12), getting the following expression of the
irrelevant part of the density matrix

Qρ(t) = G(t, t0)Qρ(t0) + α

t∫

t0

dsG(t, s)QLs [PG(t, s)(P +Q)ρ(t)] . (B.27)

Then we define the operator

Σ(t) ≡ α

t∫

t0

dsG(t, s)QLs[PG(t, s)]. (B.28)

Note that Σ(t) contains both propagators G and G, therefore it does not specify a well-defined
chronological order. Furthermore, the following properties are trivially satisfied:

Σ(t)
∣∣
α=0

= 0, Σ(t0) = 0. (B.29)

With the help of Equation (B.28), one gets

Qρ(t) = G(t, t0)Qρ(t0) + Σ(t)Pρ(t) + Σ(t)Qρ(t), (B.30)
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whence

[I− Σ(t)]Qρ(t) = G(t, t0)Qρ(t0) + Σ(t)Pρ(t). (B.31)

If we look at Equation (B.31), we conclude that, to get a closed expression for the irrelevant
part Qρ(t), we need to invert the operator [I− Σ(t)]. This is not always possible, but, thanks
to the properties (B.29), we can say that the inversion is mathematically justified if one
works in the hypothesis of small couplings and for small t− t0. In this limit, one has

[I− Σ(t)] [I− Σ(t)]−1 = [I− Σ(t)]−1 [I− Σ(t)] = I. (B.32)

Therefore, from Equation (B.31), we get

Qρ(t) = [I− Σ(t)]−1 G(t, t0)Qρ(t0) + [I− Σ(t)]−1 Σ(t)Pρ(t), (B.33)

meaning that the irrelevant part of the dynamics Qρ(t) at a time t is determined once we know
the relevant part Pρ(t) at time t and the initial condition Qρ(t0). Therefore, the dependence
on the history of the relevant part that makes the Nakajima-Zwanzig memory kernel non
local in time has been removed though the introduction of the backward propagator G(t, s).

If we plug Equation (B.33) into Equation (B.10), we finally get a closed form of the master
equation governing the relevant part of the dynamics. This equation is known in literature as
time-convolutionless (TCL) master equation

∂tPρ(t) = KTCL
t [Pρ(t)] + It[Qρ(t0)], (B.34)

where we have introduced the time-local generator

KTCL
t ≡ αPLt

[
[I− Σ(t)]−1P

]
, (B.35)

and the inhomogeneity

It ≡ αPLt
[
[I− Σ(t)]−1 G(t, t0)Q

]
. (B.36)

The master equation (B.34) is general; for instance, we have not assumed anything about the
form of the initial state. It is exact, linear and local in time; unfortunately its practical use is
limited by the fact that the operators KTCL

t and It are, in general, very complicated objects.
If we further assume that the initial state is in a tensor product form, i.e., ρ(t0) = ρS(t0)⊗ρE,
one has It = 0, therefore Equation (B.34) becomes

∂tPρ(t) = KTCL
t [Pρ(t)] . (B.37)

B.3.1 Perturbative expansion of the TCL generator

As we have already pointed out, the TCL generator KTCL can be quite hard to explicitly
evaluate. Nonetheless, there exist a way to treat it perturbatively in a systematic way
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(Chaturvedi, 1979). Let us assume that the quantity [I−Σ(t)]−1 does exist and can regarded
as the formal sum of a geometric series

[I− Σ(t)]−1 =
∞∑

n=0

[Σ(t)]n, (B.38)

therefore, Equation (B.35) reads as

KTCL
t = α

∞∑

n=0

PLt [[Σ(t)]nP ] . (B.39)

The idea is to write the TCL generator in powers of α, i.e.,

KTCL
t =

∞∑

n=1

αnKn(t). (B.40)

In order to get a closed expression of for each term Kn(t) of the expansion, we need to expand
Σ(t) in powers of α as well, i.e.,

Σ(t) =
∞∑

n=1

αnΣn(t) (B.41)

If we plug Equation (B.41) into Equation (B.39), we obtain the following expansion:

KTCL
t = α (PLt[P ] + PLt [[Σ(t)]P ] + . . .)

= α

(
PLt[P ] + PLt

[(
αΣ1(t) + α2Σ2(t) + . . .

)
P
]
. . .

)
(B.42)

By comparing Equations (B.40) and (B.42), and sorting equal powers of α, we can get the
expression of each contribution Kn(t). For instance, collecting all the terms proportional to
α, we get

K1(t) = PLt[P ], (B.43)

while, for those proportional to α2, we have

K2(t) = PLt[Σ1(t)P ], (B.44)

and so on. The following step is to determine a closed expression of each term Σn(t); this
can be done starting from the definition of Σ(t) – cf. Equation (B.28) – and expanding the
propagators G(t, s) and G(t, s), whose definition is given by Equations (B.13) and (B.24),
respectively, in powers of α. Let us determine explicitly the first two terms Σ1(t) and Σ2(t).
We first expand the two propagators

G(t, t1) = I + α

∫ t

t1

dt2QLt2 +O(α2), (B.45)

G(t, t1) = I− α
∫ t

t1

dt2Lt2 +O(α2). (B.46)
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If we use these expansions in the definition (B.28) with t0 = 0, we will get

Σ(t) = α

t∫

0

dt1


I + α

t∫

t1

dt2QLt2 + . . .


QLsP


I− α

t∫

t1

dt2Lt2 + . . .


 . (B.47)

By comparing Equation (B.47) with the expansion (B.41) and collecting the terms proportional
to the same power of α, one easily finds that

Σ1(t) =

t∫

0

dt1QLt1 [P ]. (B.48)

We can also notice that [Σ1(1)]2 = 0, since PQ = 0. On the other hand, we get

Σ2(t) =

t∫

0

dt1

t1∫

0

dt2 {QLt1 [QLt2 [P ]]−QLt2 [PLt1 ]} . (B.49)

Therefore, we have:

K1(t) = PLt[P ], (B.50)

K2(t) =

t∫

0

dt1PLt[QLt1 [P ]]. (B.51)

Usually a technical assumption is made, i.e.,

PLt1Lt2 . . .Lt2n+1P = 0 (B.52)

for n = 0, 1, 2, . . .. Now, for n = 0, 1, 2, the latter reads as follows:

PLtP = 0, (B.53)

PLtLt1P = 0. (B.54)

By using these relations and Q = 1− P , we eventually get

K1(t) = 0, (B.55)

K2(t) =

t∫

0

dt1PLt [Lt1 [P ]] . (B.56)

Therefore, we have collected everything needed to write down a master equation up to the
second order in the coupling strength α; in this limit, Equation (B.37) reads as

∂tPρ(t) =

t∫

0

dsPLt [Ls[Pρ(t)]] . (B.57)
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More explicitly, one has:

ρ̇S(t) = −α2

t∫

0

ds tr [HI(t), [HI(s), ρS(t)⊗ ρE]] . (B.58)

This equation should be contrasted to the corresponding equation we got using the Nakajima-
Zwanzig technique, i.e., Equation (B.23): in principle, one can naively expect that the two
master equations (B.23) and (B.58) approximate the exact reduced dynamics with the same
accuracy, provided that both of them are based on a second order perturbative expansion.
But this is not the case: the time convolutionless master equation (B.58) is local in time.
This equation is not fully Markovian, as it retains some memory effects.
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Appendix C

Time evolution of populations and
coherences

In this Section, we explicitly derive Equations (4.81) and (4.82).

C.1 Preliminary observations

In the hypothesis of Section 4.4.3, let us start from the identity

〈m|Aµ(ω)|n〉 =
∑

j,k
Ej−Ek=ω

〈m|j〉︸ ︷︷ ︸
δmj

〈j|Aµ|k〉 〈k|n〉︸ ︷︷ ︸
δkn

= δEn−Em,ω 〈m|Aµ|n〉 , (C.1)

that follows from Equation (4.52). Analogously, one has the identity

〈m|A†µ(ω)|n〉 = (〈n|Aµ(ω)|m〉)∗ = δEm−En,ω (〈n|Aµ|m〉)∗ (C.2)

Now, we can consider the dissipator given by Equation (4.79), and evaluate the following
quantity:

〈m| D[ρS(t)] |n〉 =
∑

ω

∑

µ,ν

γtµν(ω)

[
〈m|Aν(ω)ρS(t)A†µ(ω) |n〉

− 1

2
〈m|A†µ(ω)Aν(ω)ρS(t) |n〉 − 1

2
〈m| ρS(t)A†µ(ω)Aν(ω) |n〉

]

=
∑

ω

∑

µ,ν

∑

j,k

γtµν(ω)

[
〈m|Aν(ω) |j〉〈j| ρS(t) |k〉〈k|A†µ(ω) |n〉

− 1

2
〈m|A†µ(ω) |j〉〈j|Aν(ω) |k〉〈k| ρS(t) |n〉

− 1

2
〈m| ρS(t) |j〉〈j|A†µ(ω) |k〉〈k|Aν(ω) |n〉

]
, (C.3)
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whence

〈m| D[ρS(t)] |n〉 =
∑

ω

∑

µ,ν

∑

j,k

γtµν(ω)δεj−εm,ωδεk−εn,ω 〈m|Aν |j〉 (〈n|Aµ |k〉)∗ Pjk(t)

− 1

2

∑

µ,ν

∑

j

γtµν(εm − εj) (〈j|Aµ |m〉)∗ 〈j|Aν |m〉Pmn(t)

− 1

2

∑

µ,ν

∑

k

γtµν(εn − εk) (〈k|Aµ |n〉)∗ 〈k|Aν |n〉Pmn(t), (C.4)

where we have used the properties (C.1) and (C.2) and observed that, due to the non-
degeneracy of the spectrum, we have δεm−εj ,ωδεk−εj ,ω = δmkδεm−εj ,ω, and δεn−εk,ωδεj−εk,ω =
δnjδεn−εk,ω.

C.2 Populations

Let us specialise our calculation to the diagonal elements, i.e., those for which the condition
m = n holds. Equation (C.3) yields

〈n| D[ρS(t)] |n〉 =
∑

µ,ν

∑

k

γtµν(εk − εn) 〈n|Aν |k〉 (〈n|Aµ |k〉)∗ Pk(t)

−
∑

µ,ν

∑

k

γtµν(εn − εk) (〈k|Aµ |n〉)∗ 〈k|Aν |n〉Pn(t). (C.5)

We can define the following time-dependent transition rates:

Wt(n|k) ≡
∑

µ,ν

γtµν(εk − εn) 〈k|Aµ |n〉 〈n|Aν |k〉 , (C.6)

where we have taken into account that A†µ = Aµ. Furthermore, working along the same lines
as in the previous calculation, one can easily check that

〈n| [HLS(t), ρS(t)] |n〉 = 0. (C.7)

Therefore, the evolution equations for the populations reads as

Ṗn =
∑

k

[Wt(n|k)Pk(t)−Wt(k|n)Pn(t)] . (C.8)

C.3 Coherences

On a similar note, we can derive the set of first order differential equations for the coherences.
If we work in the interaction picture with respect to the renormalised Hamiltonian, from
Equation (C.3)) we easily get

Ṗmn(t) = −1

2

∑

k

[Wt(k|n) +Wt(k|m)]Pmn(t). (C.9)
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We can also write down the equations governing the coherences dynamics in the Schrödinger
picture. Starting from Eq. (4.80), we easily obtain

Ṗmn(t) = −
{
iωmn +

1

2

∑

k

[Wt(k|n) +Wt(k|m)]

}
Pmn(t), (C.10)

where ωmn = Em − En are the renormalised Bohr frequencies of the system.
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Appendix D

Positivity of the Kossakowski matrices

In this Appendix, we would like to explicitly show that the Kossakowski matrices γµν(ω)
given by Equation (4.104) are positive-definite for all values of ω. This is crucial to prove that
the derivation à la Davies discussed in Chapter 4 leads to a generator of quantum dynamical
semigroup, thus to a master equation describing a quantum Markovian process.

D.1 Bochner’s theorem

First, we need to introduce a theorem of Fourier analysis, known as Bochner’s theorem
(Strichartz, 2003). We know from linear algebra that we can associate to a generic N ×N
matrix A = (aij) with complex entries a quadratic form in CN , defined as

(v, Av) ≡
N∑

i,j=1

aijv
∗
i vj, (D.1)

where v = (v1, . . . vN) ∈ CN . A is said to be positive definite if its quadratic form is non-
negative, i.e., (v, Av) ≥ 0. The notion of postive-definiteness can be naturally extended to
functions. A continuous function f : RN → C is said to be positive definite if and only if the
matrix aij = f(ti − tj) is positive definite for any choice of points t1, . . . , tN in RN and for
any N . More specifically, this means that

N∑

i,j=1

v∗i f(ti − tj)vj ≥ 0, (D.2)

for any choice of v ∈ CN . Given these definitions, Bochner’s theorem states that the Fourier
transform of a positive definite function is a positive quantity.
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D.2 Proof of positive definiteness

In order to apply the results of the previous Section, let us first consider the following
quantity:

(v,γv) =
∑

µν

vµγµν(ω)vν =

∞∫

−∞

dτeiωτ
∑

µν

v∗µ〈B†µ(τ)Bν(0)〉E vν

=

+∞∫

−∞

dτeiτω trE

{(∑

µ

v∗µB
∗
µ(τ)

)(∑

ν

Bνvν

)
ρE

}

=

∞∫

−∞

dτeiωτ trE
(
B†(τ)BρE

)
, (D.3)

where we have introduced:

B =
∑

µ

Bµvµ (D.4)

and its Hermitian conjugate. Now, we need to prove that the function:

f(τ) ≡ trE
(
B†(τ)BρE

)
(D.5)

is positive definite. It is easy to check that

N∑

i,j=1

w∗i f(ti − tj)wj =
N∑

i,j=1

w∗i trE
{
B†(ti − tj)BρE

}
wj

=
N∑

i,j=1

w∗i trE
{
e+iHE(ti−tj)B†e−iHE(ti−tj)B(0)ρE

}
wj

= trE





(
N∑

i=1

e+iHEtiBe−iHEtiwi

)†( N∑

j=1

e+iHEtjBe−iHEtjwj

)
ρE





= tr
{(
X†XρE

)}
= 〈X†X〉 ≥ 0. (D.6)

Therefore, by virtue of Bochner’s theorem, we can conclude that the Kossakowski matrices
γµν(ω) are positive definite.
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Chruściński, D. (2014). “On Time-Local Generators of Quantum Evolution”. In: Open Systems
& Information Dynamics 21, p. 1440004. doi: 10.1142/S1230161214400046 (cit. on pp. 42,
45).
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Rivas, Á., S. F. Huelga, and M. B. Plenio (2010). “Entanglement and Non-Markovianity of
Quantum Evolutions”. In: Phys. Rev. Lett. 105 (5), p. 050403. doi: 10.1103/PhysRevLett.
105.050403 (cit. on p. 52).

Ruskai, M. B. (1994). “Beyond strong subadditivity? Improved bounds on the contraction of
generalised relative entropy”. In: Reviews in Mathematical Physics 06.05a, pp. 1147–1161.
doi: 10.1142/S0129055X94000407 (cit. on p. 52).
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