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Abstract

We define and explore invariants for C*-algebras that arise as cohomological di-

mensions for associated categories of operator space modules. The setting of exact

categories provides us with a robust framework to utilise homological techniques.

We develop initial global dimension theorems for two of these categories.

In the additive category of operator modules over a C*-algebra, equipped with

the exact structure of all kernel-cokernel pairs, we show how an extension theorem

of Wittstock and a representation theorem of Christensen-Effros-Sinclair can be

used to build injective resolutions. From there, we establish a lower bound for

the associated global dimension.

We also investigate the sub–exact structure of kernel-cokernel pairs that split

as completely bounded linear maps. This provides a new context in which to

discuss relative homological algebra for operator modules over a C*-algebra. We

provide a proof that the cohomological dimension of this exact category is zero if

and only if the C*-algebra is classically semisimple.
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Introduction

C*-algebras appear in numerous guises. A basic example is C([0, 1]), the set

of all continuous functions from [0, 1] to C. This space can also be observed in

B(L2([0, 1])), the bounded linear operators acting on the Hilbert space of square

integrable functions on [0, 1]. In this second representation, C([0, 1]) appears as a

smaller piece of the larger C*-algebra B(L2([0, 1])) by very special multiplication

operators.

In fact, two seemingly different constructions may end up giving rise to the

same C*-algebra. For example, for an irrational number θ, the irrational rotation

algebra Aθ is equal to the crossed product C(T)×τθ Z, where τθ is the automor-

phism on C(T) induced by rotation through the angle 2πθ. There are benefits

to viewing the irrational rotation algebra in this way. For instance, properties of

crossed products can be utilised to describe the K-theory of Aθ. Indeed, these

properties are used to calculate K0(Aθ) and K1(Aθ), the K-groups of Aθ (see [22,

Example VIII.5.2]).

It is important to have tools that allow us to distinguish C*-algebras and to

say when they are the same. Recently, there has been remarkable progress on the

classification of certain C*-algebras by their ‘Elliott invariant’. This invariant for

C*-algebras arises from information about the C*-algebra’s K-theory and traces.

For a large class of C*-algebras this is a complete invariant, that is, there is the

following classification theorem.

Theorem 0.1. Simple, separable, unital, amenable, Z-stable C*-algebras in the

UCT class are classified by their K-theory and traces.

This formulation of the classification theorem appears in a recent paper of

Castillejos–Evington–Tikuisis–White–Winter [16] and is built upon work includ-

vii



INTRODUCTION viii

ing papers of Elliott–Gong–Lin–Niu [27] and Tikuisis–White–Winter [67] and a

previous classification theorem of Kirchberg and Phillips (see, e.g., [57]).

In this thesis, we show how when the correct framework is carefully chosen, a

new invariant, known as the (right) global C*-dimension of a C*-algebra, natu-

rally arises in a similar manner to the global dimension of a ring. In the algebraic

situation, the global dimension comes from using homological algebra in the ring’s

category of modules.

When a ring has additional structure, one should work with modules that in

some way interact with this structure. For example, if the ring is an associative

algebra, the modules are vector spaces such that the module action respects scalar

multiplication, and only consider module maps that are linear with respect to the

field. The methods of homological algebra painlessly transfer to this setting. The

reason for this is that these categories of modules are abelian (see Definition 2.20).

However, when we move to the world of functional analysis we are again adding

more structure and the categories that appear do not as closely resemble the

algebraic module categories. For example, the category Ban∞ whose objects are

the Banach spaces and whose morphisms are the bounded linear maps fails to be

an abelian category. Nevertheless, homological methods have been successfully

developed in this framework, for example by Helemskii and his school. An algebra

is classically semisimple if it is isomorphic, in the category of algebras and algebra

homomrphisms, to a finite direct sum of matrix rings over division algebras. In

[35] Helemskii proved that a C*-algebra A is classically semisimple (i.e., finite

dimensional) if and only if all objects in the categoryBan∞
A of Banach A-modules

are projective with respect to the class of epimorphisms that split as morphisms

in Ban∞.

C*-algebras have a canonical operator space structure (Definition 3.9) and it

has become evident that it is advantageous to look at modules that also carry an

operator space structure (see, e.g., work of Ruan on operator amenability [65]).

Operator spaces appear as closed subspaces of the bounded operators on a Hilbert

space. Matrices of such operators are again operators (now on a Hilbert space

coming from a direct sum). Thus, if E is an operator space, we get a sequence

of (operator) norms ∥·∥n on the matrix spaces Mn(E). The correct type of linear
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maps between operator spaces are the ones that produce a common bound on

the amplifications between these matrix spaces, we describe such linear maps as

completely bounded (see Definition 3.3). For a C*-algebra A, the module category

we consider is OMod∞
A , the additive category of non-degenerate right operator

A-modules (see Definition 3.17) whose morphisms are the completely bounded

A-module maps.

In general the category OMod∞
A fails to be abelian (Remark 3.21). However,

we overcome this hurdle by working with exact structures. An exact structure on

an additive category is a distinguished class of kernel-cokernel pairs that satisfy

certain axioms (Definition 2.61). Equipping an additive category with an exact

structure allows one to use methods of homological algebra in categories that are

not necessarily abelian. Exposition of how homological algebra can be done in

abelian categories and how we adapt this to exact categories can be found in

Chapter 2. There is an additional benefit to studying exact categories; multi-

ple exact structures can be placed on the same additive category. Each exact

structure then has homological properties to explore.

We show that two important classes of kernel-cokernel pairs inOMod∞
A fit into

the framework of exact structures: Exmax, the class of all kernel-cokernel pairs,

andExC, the class of C-split kernel-cokernel pairs (see Definition 5.2), yield exact

categories (OMod∞
A ,Exmax) (Theorem 3.40) and (OMod∞

A ,ExC) (Theorem 5.8).

The study of the exact category (OMod∞
A ,Exmax) was initiated by Ara and

Mathieu in their work on sheaf cohomology for C*-algebras [4]. In Chapter 4, we

define the right global C*-dimension (see Definition 4.15) as the cohomological

dimension for (OMod∞
A ,Exmax).Our main result in this category is Theorem 4.29,

that says every unital C*-algebra has right global C*-dimension at least 2. Such

results are often referred to as ‘Global Dimension Theorems’ (see, e.g., [69]).

Homological properties coming from C-split kernel-cokernel pairs in OMod∞
A

fit under the umbrella of ‘relative homological algebra’ for operator modules (see

e.g., the work of Paulsen [55] and Helemskii [36]). Looking at this from the point

of view of exact categories is a new idea. The exact category (OMod∞
A ,ExC) also

has an associated global dimension, and we show that this is zero if and only if

A is a finite dimensional C*-algebra. This is Theorem 5.37.
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A general exact category (A,Ex) has global dimension 0 if and only if every

object in A is injective (which is equivalent to every object being projective)

with respect to the exact structure. Theorem 5.37 is an analogue of the result

that a ring is semisimple if and only if every (right) module is injective (equiv-

alently, every module is projective). Theorem 4.29 shows that there is no such

result in (OMod∞
A ,Exmax). Appendix B contains information about injectivity

and semisimplicity in general categories. A discussion of dimension in exact cate-

gories and its relationship with injectivity has been collected in the survey article

[49] written with Martin Mathieu.

Many of the properties discussed in OMod∞
A appear because of the special

properties of C*-algebras, e.g., Proposition 4.35 and Theorem 3.53, the latter

of which is needed to prove OMod∞
A has enough injectives. However the tools

developed can be used in the general case of not necessarily self-adjoint operator

algebras. In a forthcoming paper with Martin Mathieu [50], we investigate the

operator modules over these operator algebras and show that in this setting, it

is still the case that (OMod∞
A ,Exmax) and (OMod∞

A ,ExC) are exact categories.

The main result of that paper is the global dimension of (OMod∞
A ,ExC) is zero

if and only if A is a direct sum of full matrix algebras over the complex numbers.

The operator modules are not the only class of modules with an underlying

operator space structure. Homological algebra with other categories of ‘operator

space modules’ provides lots of avenues to explore. Some information on other

types of operator space modules has been collected in Appendix A. An important

class are the matrix normed modules (Definition A.20). Important properties of

locally compact quantum groups can be described by homological properties of

associated operator space modules. For example, Crann has shown in [20] that

a locally compact quantum group G, with dual quantum group Ĝ, is amenable

if and only if the von Neumann algebra L∞(Ĝ) is 1-injective as a right matrix

normed module over L1(Ĝ). The additive category mnMod∞
A of matrix normed

modules also provides extra tools to use for homological algebra. For instance,

in this setting there is a notion of the ‘change of base’. This is explained in

Section A.5, and the results given there now appear in the paper [60].



Chapter 1

The Basics of C*-Algebras

Here we present initial information on C*-algebras. We will include some proofs

of well-known results as they provide the opportunity to give a tour of some

interesting features of C*-algebras and their elements.

In Section 1.1 we demonstrate how the C*-identity and canonical order struc-

ture for positive elements in a C*-algebra are used to prove the Gelfand–Naimark

Theorem. This result allows one to view any given C*-algebra as a C*-subalgebra

of B(H) for some Hilbert space H.

In Section 1.2 we first examine irreducible representations. We present the

famous Transitivity Theorem of Kadison and show how it can be used to prove a

surprising result; that for a C*-algebra, algebraically and topologically irreducible

representations are the same thing. We also show how these are closely related to

GNS-representations of pure states. Proposition 1.60 ensures that there always

exist some irreducible representations and therefore, primitive ideals. We also

explain how primitive ideals can be described in terms of modular maximal left

ideals. The rest of Section 1.2 is about the primitive spectrum of a C*-algebra

which is the analogue of the maximal ideal space of a commutative C*-algebra.

This is the set of primitive ideals endowed with the “hull-kernel” topology intro-

duced in Proposition 1.69. Proposition 1.74 gives us a reason why examining the

the primitive spectrum is so useful; if we know the closed subsets of the primitive

spectrum of a C*-algebra A, then we are able to find all the closed two-sided

ideals of A.

Section 1.3 concerns examples of C*-algebras. This provides us with the

1



CHAPTER 1. THE BASICS OF C*-ALGEBRAS 2

opportunity to touch on some important classes of C*-algebras. In particular,

we discuss those arising from tensor products of C*-algebras and from groups

studied in harmonic analysis.

1.1 The Gelfand–Naimark Theorem

We begin by recording the definition of a C*-algebra and some of the initial

consequences of this definition. Most of the results discussed in this section can

be found in [51, Chapters 1, 2 and 3] with others appearing in [19].

Definition 1.1. A complex algebra A with an involution ∗ : A → A, a 7→ a∗ is

known as a ∗-algebra. A C*-algebra A is a Banach algebra over C along with an

involution such that ∥a∗a∥ = ∥a∥2 for all a ∈ A.

A subalgebra B of a C*-algebra A is called a C*-subalgebra of A if it is a

C*-algebra whose norm and involution are given by the restriction of the norm

and involution on A. If A and B are ∗-algebras and ϕ : A → B is a homomor-

phism, we say ϕ is a *-homomorphism if ϕ(a∗) = ϕ(a)∗ for all a ∈ A. If ϕ is also

bijective we call it a *-isomorphism.

Let H be a complex Hilbert space. Then B(H), the space of all bounded

linear operators on H with operator norm and involution sending operators to

their adjoint, is a C*-algebra. The Gelfand–Naimark theorem (Theorem 1.41

below) states that for every C*-algebra A, there exist a Hilbert space H and an

isometric *-isomorphism from A onto a C*-subalgebra of B(H). This result has

the benefit of moving the investigation of C*-algebras to the less abstract area of

bounded linear operators on Hilbert spaces. We will introduce and explore the

concepts needed to arrive at this result.

We will refer to the equation ∥a∗a∥ = ∥a∥2 as the C*-identity. We note

that the C*-identity along with the submultiplicative property of the norm on a

Banach algebra automatically gives us that for a C*-algebra A we have ∥a∥ = ∥a∗∥

for all a in A. Throughout this section we will see that the C*-identity is a very

strong requirement and we will observe important consequences of this identity.
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Definition 1.2. If a C*-algebra A has a unit (an identity), we will call A unital ,

we denote the unit by 1.

Let A be a unital C*-algebra. Then 1 = (1∗)∗ = (1 · 1∗)∗ = 1∗ and ∥1∥ =

∥1∗1∥ = ∥1∥2 so ∥1∥ = 1. It is often easier to work in unital C*-algebras and

we will see that we can always consider a C*-algebra as a C*-subalgebra of some

unital C*-algebra. We give a quick overview of how one of these larger unital

C*-algebras is constructed, the details of this can be found in [51, p.38-40].

Definition 1.3. Let A be a C*-algebra. A pair (L,R) of bounded linear maps

on A is called a double centraliser if for each a, b ∈ A we have

L(ab) = L(a)b, R(ab) = aR(b) and R(a)b = aL(b).

We denote the set of double centralisers by M(A).

If A is a C*-algebra and (L,R) a double centraliser on A, then ∥L∥ = ∥R∥.

We define the norm of the double centraliser (L,R) to be ∥L∥. The set M(A) is a

closed vector subspace of B(A)⊕ B(A), where B(A) is the space of all bounded

linear operators on A. We can define a multiplication

(L1, R1)(L2, R2) = (L1L2, R2R1),

under which M(A) is an algebra, called the multiplier algebra.

For T : A → A, define T ∗ : A → A, a 7→ (T (a∗))∗. Set (L,R)∗ to be (R∗, L∗)

then the map (L,R) 7→ (L,R)∗ is an involution on M(A). One can check that

the following proposition holds (see, e.g., [51, Theorem 2.1.5]).

Proposition 1.4. If A is a C*-algebra, then M(A) is a C*-algebra under the

multiplication, involution and norm defined above.

Moreover, M(A) is unital with unit (idA, idA). For every a ∈ A we can define

La and Ra to be the maps b 7→ ab and b 7→ ba respectively and it is easily seen

that (La, Ra) is a double centraliser on A. The map ϕ : A→M(A), a 7→ (La, Ra)

is an isometric (and therefore injective) *-homomorphism. Using this map, A is

identified with a C*-subalgebra of M(A). In fact A is a two-sided ideal of M(A)

and moreover, this ideal is essential, i.e., A∩I ̸= 0 for every non-zero closed ideal

of M(A).
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If A is non-unital and 1 is the unit of M(A), then A ∩ C1 = 0 and A⊕ C1 is

a C*-subalgebra of M(A). The map a 7→ (La, Ra) identifies A as a C*-subalgebra

of A⊕ C1. We will call A⊕ C1 the unitisation of A and we denote this by Ã.

For the remainder of this section, if a property is said to hold for a C*-algebra

and it is not specified that the C*-algebra is unital, we will prove the unital case.

The proof for non-unital C*-algebras will be very similar and will involve either

working in the unitisation, or methods involving approximate units (see Definition

1.26 below). It is worth noting that if we have a *-homomorphism ϕ : A→ B be-

tween C*-algebras, it will extend uniquely to a unital *-homomorphism ϕ̃ : Ã→ B̃

by setting ϕ̃(1) = 1.

We now wish to show a powerful consequence of the C*-identity, this will re-

quire the introduction of some concepts we will use often throughout this section.

Definition 1.5. Let A be a C*-algebra. Then an element a ∈ A is called normal

if a∗a = aa∗. If a = a∗ we say that a is self-adjoint (or hermitian). We denote

the set of self-adjoint elements of A by Asa.

Observe that for each element a in a C*-algebra A, there exist unique self-

adjoint elements b, c ∈ A such that a = b + ic. (Indeed, set b = 1
2
(a + a∗) and

c = 1
2i
(a− a∗).)

Definition 1.6. Let a be an element of A, a unital Banach algebra. The spectrum

of a, denoted σ(a) is defined as follows:

σ(a) = {λ ∈ C |λ1− a is not invertible in A} .

When we wish to emphasize the surrounding Banach algebra, we denote the

spectrum of a by σA(a). If a is an element in A, a non-unital Banach alge-

bra, we define the spectrum of a to be σA′(a), where A′ is the Banach alge-

bra unitisation. That is, the vector space A ⊕ C equipped with multiplication

(a1, λ1)(a2, λ2) = (a1a2 + λ1a2 + λ2a1, λ1λ2) and norm ∥(a, λ)∥ = ∥a∥+ |λ| for all

a, a1, a2 ∈ A, λ, λ1, λ2 ∈ C.

Let a be an element of a Banach algebra. We define the spectral radius of a

to be

r(a) = sup
λ∈σ(a)

|λ|.
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Since σ(a) is always a non-empty compact subset of C, r(a) is in fact attained at

some λ ∈ σ(a) and is a finite non-negative number.

Proposition 1.7. Let A be a C*-algebra and a ∈ Asa. Then the spectral radius

of a is equal to ∥a∥.

Proof. The C*-identity tells us that ∥a2n∥ = ∥a∥2n for all n ∈ N. Then, by the

Beurling–Gelfand spectral radius formula (see, e.g., [19, Proposition 3.8]), we

have

r(a) = lim
n→∞

∥an∥1/n = lim
n→∞

∥a2n∥1/2n = ∥a∥.

This result has some important corollaries.

Corollary 1.8. Let A be a ∗-algebra under involution ∗. There is at most one

norm on A that makes it a C*-algebra.

Proof. First note that for all a ∈ A, we have a∗a ∈ Asa. Suppose the triples

(A, ∗, ∥·∥1) and (A, ∗, ∥·∥2) are C*-algebras, then

∥a∥21 = ∥a∗a∥1 = r(a∗a) = ∥a∗a∥2 = ∥a∥22.

Corollary 1.9. Let A be a Banach algebra that is also a ∗-algebra with isomet-

ric involution and let B be a C*-algebra. Every *-homomorphism ϕ : A→ B is

continuous with ∥ϕ∥ ≤ 1. In particular, this holds when A is a C*-algebra.

Proof. If a ∈ A then σ(ϕa) ⊆ σ(a). Then

∥ϕa∥2 = ∥ϕ(a)∗ϕ(a)∥ = ∥ϕ(a∗a)∥ = r(ϕ(a∗a)) ≤ r(a∗a) = ∥a∗a∥ ≤ ∥a∥2.

Hence, ∥ϕ(a)∥ ≤ ∥a∥ for all a ∈ A.

We mention an excellent property of unital C*-algebras. See, e.g., [51, Theo-

rem 2.1.11]

Proposition 1.10. Let B be a C*-subalgebra of a unital C*-algebra A such that

1 ∈ B. Then, for each element b ∈ B, we have σB(b) = σA(b).

Our next result is a consequence of Proposition 1.10 that holds even for non-

unital C*-algebras. For the proof of Proposition 1.10 and how this is used to

arrive at the following proposition, see [51, Theorem 2.1.11 and the discussion on

p. 44-45].
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Proposition 1.11. Let B be a C*-subalgebra of a C*-algebra A. For each element

b ∈ B we have σB(b) ∪ {0} = σA(b) ∪ {0}.

The Gelfand–Naimark theorem is very useful, but in the case of abelian C*-

algebras (abelian in our setting will mean with commutative multiplication) we

have a different tool that allows us to completely determine their structure. We

will work towards a theorem of Gelfand that allows us to do this. The theorem

will also be a tool necessary for many other results in this section. We first

mention the more general case for Banach algebras.

Let X be a locally compact Hausdorff space. We denote the set of all con-

tinuous functions f : X → C that vanish at infinity by C0(X). We note that if

X is compact then C0(X) is unital and equal to C(X) the set of all continu-

ous functions from X to C. For a locally compact Hausdorff space X, the space

C0(X) is a Banach algebra with pointwise defined operations and supremum norm

∥f∥∞ = sup {∥f(x)∥ |x ∈ X} and in fact, the map f 7→ f̄ defines an involution

on C0(X) making it a C*-algebra.

For any abelian Banach algebra A we will let Ω(A) denote the set of all

characters of A, i.e. the set of all non-zero algebra homomorphisms τ : A → C.

We mention an important property of Ω(A). This is [51, Theorem 1.3.4.].

Proposition 1.12. Let A be an abelian Banach algebra and a ∈ A.

(i) If A is unital, σ(a) = {τ(a) | τ ∈ Ω(A)} ;

(ii) if A is non-unital σ(a) = {τ(a) | τ ∈ Ω(A)} ∪ {0}.

Since each character τ is continuous with ∥τ∥ ≤ 1 (see [51, p.14]), the set

Ω(A) is contained in the closed unit ball of A∗, where A∗ is the Banach space of

bounded linear functionals τ : A → C. We call Ω(A) endowed with the relative

weak* topology, the character space of A and it is a locally compact Hausdorff

space, moreover if A is unital, then Ω(A) is compact.

For any a in an abelian Banach algebra A, we can define its Gelfand transform

to be the map

â : Ω(A) → C, τ 7→ τ(a).
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Then â ∈ C0(Ω(A)). The following is a well–known theorem of Gelfand, the

Gelfand Representation Theorem for abelian Banach algebras, and can be found,

for example, in [51, Theorem 1.3.5.].

Theorem 1.13. Let A be an abelian Banach algebra and with non-empty char-

acter space Ω(A). Then the map ϕ : A → C0(Ω(A)), a 7→ â is a norm decreasing

homomorphism and, r(a) = ∥â∥∞ for every a ∈ A. Moreover, if A is unital,

σ(a) = â(Ω(A)) and, if A non-unital, then σ(a) = â(Ω(A)) ∪ {0}.

The map ϕ in the above theorem is called the Gelfand representation. We note

the condition in the above theorem that Ω(A) must be non-empty. For unital

abelian Banach algebras, this is always the case, but a non-unital abelian Banach

algebra may have empty character space. (Indeed, an example of a non-unital

abelian Banach algebra with empty character space can be found in [11, p.96].)

This is not the case for C*-algebras. Let A be a non-zero, non-unital, abelian

C*-algebra . Then A contains a non-zero hermitian element, call it a. We know

r(a) = ∥a∥ ≠ 0 and so by Proposition 1.12, there is a character τ on Ã such that

|τ(a)| = ∥a∥. The restriction of τ to A is a character on A.

Before stating the Gelfand Representation Theorem for abelian C*-algebras

we need the following lemma. It is useful to record an interesting property that

can be used to prove this lemma. We note that if a is a self-adjoint element in

some C*-algebra A, then σ(a) ⊆ R. (See [51, p.40] for how we arrive at this fact

and how it is used to prove Lemma 1.14).

Lemma 1.14. If A is a C*-algebra and τ is a character on A, then τ preserves

adjoints.

Theorem 1.15. Let A be a non-zero abelian C*-algebra then the Gelfand repre-

sentation ϕ : A→ C0(Ω(A)), a 7→ â is an isometric ∗-homomorphism.

Proof. By Theorem 1.13, we know ϕ is a norm-decreasing homomorphism such

that ∥ϕ(a)∥ = r(a). For τ ∈ Ω(A) we have, by Lemma 1.14, ϕ(a∗)(τ) = τ(a∗) =

τ(a) = ϕ(a)∗(τ). So ϕ is a ∗-homomorphism. Also, ∥ϕ(a)∥2 = ∥ϕ(a)∗ϕ(a)∥ =

∥ϕ(a∗a)∥ = r(a∗a) = ∥a∗a∥ = ∥a∥2, so ϕ is isometric and ϕ(A) is therefore

complete. By the Hahn-Banach Theorem, ϕ(A) is a C*-subalgebra of C0(Ω)
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separating the points of Ω(A), and having the property that for each τ ∈ Ω(A)

there is an a ∈ A with ϕ(a)(τ) ̸= 0. Then ϕ(A) satisfies the preconditions for

the version of the Stone–Weierstrass theorem found in [23] and hence we have

ϕ(A) = C0(Ω(A)).

Definition 1.16. Let X be a subset of a C*-algebra A. Then the smallest

C*-subalgebra of A containing X is known as the C*-subalgebra generated by X.

We denote this by C*(X).

If a is a normal element in a unital C*-algebra then C*({1, a}) is abelian.

This, along with Theorem 1.15 and the fact that â : Ω (C*({1, a})) → σ(a) is a

homeomorphism when a is a normal elements gives the following theorem.

Theorem 1.17. Let A be a unital C*-algebra and a be a normal element in A.

There is a unique unital *-isomorphism ϕ : C(σ(a)) → C*({1, a}) such that

ϕ(z) = a, where z is the inclusion map of σ(a) in C.

Definition 1.18. The *-isomorphism ϕ, in Theorem 1.17, is known as the func-

tional calculus at a. For each f ∈ C(σ(a)) we define f(a) to be ϕ(f).

Theorem 1.15 cannot determine the structure of non-abelian C*-algebras. For

example, Mn(C) is a C*-algebra for all n ∈ N (see Proposition 1.46 below), but

for all n > 1 we have Ω(Mn(C)) = ∅. The Gelfand–Naimark theorem will rely on

using a different type of linear functionals, the positive ones. To define these, we

first need to introduce the concept of positivity in C*-algebras.

Definition 1.19. An element a in a C*-algebra A is called positive if a ∈ Asa

and σ(a) ⊆ R+, where R+ is the set of non-negative real numbers. We denoted

the set of positive elements in A by A+.

The positive elements are interesting as they provide a way of creating an

order structure for a C*-algebra. Before getting to this order, it will be useful to

record some properties of positive elements.

Proposition 1.20. Let A be a C*-algebra and a ∈ A+. Then there is a unique

b ∈ A+ such that b2 = a.
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Proposition 1.20 follows from the Gelfand representation (see [51, p.45] for

details), and we write the unique b as a1/2. For any a ∈ Asa we note that

a2 ∈ A+, since σ(a
2) = {λ2 |λ ∈ σ(a)} , and define |a| to be (a2)1/2.We let a+ and

a− denote 1
2
(|a|+a) and 1

2
(|a|−a) respectively. We observe that |a|, a+, a− ∈ A+

with a = a+ − a− and a+a− = 0. For a proof of the following proposition see [19,

p.241].

Proposition 1.21. Let a be an element in a C*-algebra A. The following state-

ments are equivalent.

(i) a ∈ A+.

(ii) a = b2 for some b ∈ Asa.

(iii) a = c∗c for some c ∈ A.

When A is unital, these statements are also equivalent to the following:

(iv) a ∈ Asa and ∥t− a∥ ≤ t for all t ∈ R such that t ≥ ∥a∥.

(v) a ∈ Asa and ∥t− a∥ ≤ t for some t ∈ R such that t ≥ ∥a∥.

Using the above characterisation of A+, we can extend the definition of |a| to

mean (a∗a)1/2 for each a ∈ A.

Proposition 1.22. Let A a C*-algebra. Then A+ is a closed cone.

Proof. Let (an) be a sequence in A+ and suppose an → a. By continuity of the

involution, a ∈ Asa. By Proposition 1.21(iv),
∥∥an − ∥an∥

∥∥ ≤ ∥an∥ and therefore∥∥a−∥a∥
∥∥ ≤ ∥a∥ and so by Proposition 1.21(v), a ∈ A+. Clearly, for a ∈ A+, λ ∈

R+ we have λa ∈ A+. If a, b ∈ A+ then by Proposition 1.21(iv) we have
∥∥a −

∥a∥
∥∥ ≤ ∥a∥ and

∥∥b−∥b∥
∥∥ ≤ ∥b∥, so

∥∥a+b−∥a∥−∥b∥
∥∥ ≤

∥∥a−∥a∥
∥∥+∥∥b−∥b∥

∥∥ ≤

∥a∥+ ∥b∥. Thus a+ b ∈ A+.

Definition 1.23. Let A be a C*-algebra and a, b ∈ Asa. We say that a ≤ b if

b− a ∈ A+.

With the order relation defined above, Asa is a poset. Moreover, the relation

≤ is such that, for a, b, c ∈ Asa, a ≤ b implies that a+ c ≤ b+ c. Clearly, we also
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have a ≤ b ⇐⇒ −b ≤ −a. Note that by applying the Gelfand representation to

C*({1, a}) we see that, if a ∈ A+, then a ≤ ∥a∥.

Definition 1.24. If τ : A → C is a linear functional on a C*-algebra A, we say

that τ is positive if τ(A+) ⊆ R+. We denote the set of positive linear functionals

on A by A∗
+. This notation makes sense, as we will see in Proposition 1.30 that

every positive linear functional on a C*-algebra is bounded.

For each C*-algebra A, we can use these positive linear functionals to construct

the Hilbert space H and isometric ∗-isomorphism ϕ : A → B where B is a C*-

subalgebra of B(H), required to prove the Gelfand–Naimark theorem. Before

doing this we will show that the desired ϕ need only be injective. We first show

that our *-isomorphism will necessarily be isometric.

Proposition 1.25. If ϕ : A → B is an injective *-homomorphism between C*-

algebras A and B, then ϕ is isometric.

Proof. We will show that for every a ∈ A, ∥ϕ(a)∥2 = ∥a∥2, which by the C*-

identity is the same as showing ∥ϕ(a∗a)∥ = ∥a∗a∥. Thus it suffices to prove

the case for abelian A. In fact by replacing B with ϕ(A) if required, we need

only consider the case where A and B are abelian. Moreover, as we can extend

ϕ : A → B to ϕ̃ : Ã → B̃, we may assume that A and B are unital. If τ ∈ Ω(B)

then τ ◦ ϕ ∈ Ω(A) and the map

ϕ′ : Ω(B) → Ω(A), τ 7→ τ ◦ ϕ

is continuous. Then, as Ω(B) is compact, ϕ′ (Ω(B)) must be compact and there-

fore closed in Ω(A). We now show ϕ′(Ω(B)) = Ω(A). Suppose otherwise, then

by Urysohn’s lemma there is a non-zero continuous f : Ω(A) → C such that f

vanishes on ϕ′(Ω(B)). By the Gelfand representation, f = â for some a ∈ A.

Hence, for each τ ∈ Ω(B), τ(ϕ(a)) = â(τ ◦ ϕ) = 0. So we have ϕ(a) = 0 and

therefore a = 0. This would mean that f is zero, a contradiction. Therefore for

each a ∈ A,

∥a∥ = ∥â∥∞ = sup
τ∈Ω(A)

|τ(a)| = sup
τ∈Ω(B)

|τ(ϕ(a))| = ∥ϕ(a)∥,

and ϕ is isometric.
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Definition 1.26. An approximate unit for a C*-algebra A is an increasing net

(uλ)λ∈Λ of positive elements in the closed unit ball of A such that for all a ∈ A

we have a = limλ auλ. Equivalently, a = limλ uλa for all a ∈ A.

Approximate units are useful tools and it can be shown that every C*-algebra

admits an approximate unit. If we let A be a C*-algebra and I be a non-zero

closed left ideal of A we can show that there is an increasing net (uλ)λ∈Λ of

positive elements in the closed unit ball of I such that for all a ∈ A we have

a = limλ auλ. This can then be used to show that every closed, two-sided ideal of

a C*-algebra A is itself a C*-algebra and for each a ∈ A we have

∥a+ I∥ = lim
λ
∥a− uλa∥ = lim

λ
∥a− auλ∥,

where ∥a + I∥ is the usual quotient norm. The details of the results in this

paragraph can be found in [51, p.78-80].

Proposition 1.27. Let I be a closed two-sided ideal of a C*-algebra A. Then the

quotient A/I is a C*-algebra under its usual operations and the quotient norm.

Proof. Clearly the map a + I 7→ a∗ + I, a ∈ A is an involution. Let (uλ)λ∈Λ be

an approximate unit for I. If a ∈ A and b ∈ I, then

∥a+ I∥2 = lim
λ
∥a− auλ∥2

= lim
λ
∥(1− uλ)a

∗a(1− uλ)∥

≤ sup
λ
∥(1− uλ)(a

∗a+ b)(1− uλ)∥+ lim
λ
∥(1− uλ)b(1− uλ)∥

≤ ∥a∗a+ b∥+ lim
λ
∥b− uλb∥

= ∥a∗a+ b∥.

So ∥a+ I∥2 ≤ ∥a∗a+ I∥ ≤ ∥a∗ + I∥∥a+ I∥ = ∥a+ I∥2 and therefore ∥a+ I∥2 =

∥a∗a+ I∥ and A/I is a C*-algebra.

Proposition 1.28. If ϕ : A → B is a *-homomorphism between C*-algebras,

then ϕ(A) is a C*-subalgebra of B.

Proof. The map

A/ kerϕ→ B, a+ kerϕ 7→ ϕ(a),
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is an injective *-homomorphism between C*-algebras and by Proposition 1.25 is

isometric and so its image ϕ(A) must be complete and therefore closed.

To prove the Gelfand–Naimark theorem we need a method to construct a

scalar product from positive linear functionals.

Proposition 1.29. Let A be a C*-algebra and τ : A → C be a positive linear

functional. The function s : A× A→ C, (a, b) 7→ τ(b∗a), is a positive sesquilin-

ear form. Hence τ(b∗a) = τ(a∗b) and |τ(b∗a)| ≤
√
τ(a∗a)

√
τ(b∗b). This last

inequality is the Cauchy–Schwarz inequality ([19, p.3]).

Proof. The function s is clearly sesquilinear and a∗a ∈ A+, for all a ∈ A. Hence,

s(a, a) = τ(a∗a) ∈ R+, so s is positive.

Proposition 1.30. Let A be a C*-algebra and τ ∈ A∗
+. Then τ is bounded.

Proof. Let S denote the set of all a ∈ A+ with ∥a∥ ≤ 1. We first show that, if

there existsM ∈ R+ such that, for every a ∈ S, we have |τ(a)| ≤M, then τ must

be bounded. Indeed suppose such an M exists, then note that for every a ∈ A

with ∥a∥ ≤ 1 there exist b+, b−, c+, c− ∈ S such that a = b+ − b− + ic+ − ic−. So

|τ(a)| ≤ 4M.

Suppose τ is unbounded, then M as above cannot exist and supa∈S τ(a) =

+∞. So there exists a sequence (an) ∈ S such that 2n ≤ τ(an) for all n ∈ N.

Set a =
∑∞

n=0 an/2
n, then a ∈ A+ by Proposition 1.22. As 1 ≤ τ(an/2

n) we have

that for each N ∈ N, N ≤
∑N−1

n=0 τ(an/2
n) ≤ τ(a), which cannot be the case, so

τ is bounded.

Proposition 1.31. Let A be a C*-algebra and τ ∈ A∗
+. Then τ(a∗) = τ(a) and

|τ(a)|2 ≤ ∥τ∥τ(a∗a), for all a ∈ A.

Proof. By Proposition 1.29 we have τ(a∗) = τ(1a∗) = τ(a1) = τ(a) and that

|τ(a)|2 ≤ τ(1)τ(a∗a) ≤ ∥τ∥τ(a∗a).

Proposition 1.32. If τ is a bounded linear functional on a unital C*-algebra

then τ is positive if and only if τ(1) = ∥τ∥.

Proof. This clearly is the case for the zero functional, so we deal with τ ̸= 0. By

replacing τ with τ/∥τ∥ if necessary we can assume that ∥τ∥ = 1.
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Suppose τ ∈ A∗
+. For each a ∈ A with ∥a∥ ≤ 1, we have by Proposition 1.29

that |τ(a)|2 ≤ τ(1)τ(a∗a) ≤ τ(1)∥τ∥, so ∥τ∥ ≤ τ(1) and therefore ∥τ∥ = τ(1).

Now suppose that ∥τ∥ = τ(1). We first show that τ(Asa) ⊆ R. Let a ∈ Asa

and write τ(a) = α + iβ where α, β ∈ R. Assume towards contradiction that

β ̸= 0, then by replacing a with −a if necessary we can assume that β > 0. Also,

a − α1 ∈ Asa and τ(a − α1) = iβ so we may assume α = 0. So, there exists

a ∈ Asa with τ(a) = iβ, β ∈ R+. If λ is positive, then (β + λ)2 = |τ(a+ iλ1)|2 ≤

∥τ∥2∥a + iλ1∥2 ≤ ∥a∥2 + λ2. This cannot be the case, so β must equal 0. We

next show τ(A+) ⊆ R+. Suppose a ∈ A+, without loss of generality we assume

∥a∥ ≤ 1. Then 1 − a is self-adjoint and ∥1 − a∥ ≤ 1 so τ(1 − a) ≤ 1. Therefore

1− τ(a) ≤ 1 and we must have τ(a) ≥ 0.

Proposition 1.33. Let A be a C*-algebra and τ ∈ A∗
+. Then

(i) For each a ∈ A, τ(a∗a) = 0 if and only if τ(ba) = 0 for all b ∈ A.

(ii) For each a, b ∈ A we have τ(b∗a∗ab) ≤ ∥a∗a∥τ(b∗b).

Proof. By Proposition 1.29 we immediately get (i) and (ii) follows from the fact

that b∗a∗ab ≤ ∥a∗a∥b∗b and hence τ(b∗a∗ab) ≤ ∥a∗a∥τ(b∗b).

Definition 1.34. Let A be a C*-algebra and τ ∈ A∗
+. Then τ is called a state if

∥τ∥ = 1. The set of all states on A will be denoted S(A).

Proposition 1.35. Let A be a unital C*-algebra. Then S(A) is convex and weak*

compact.

Proof. Suppose τ1, τ2 ∈ S(A), and t ∈ [0, 1]. Define τ ′ = tτ1 + (1 − t)τ2, then

τ ′ ∈ A∗
+ and τ ′(1) = tτ1(1) + (1− t)τ2(1) = 1, so τ ′ ∈ S(A) and S(A) is convex.

The set S(A) is {τ ∈ A∗ | 1 = ∥τ∥ = τ(1)} = {τ ∈ A∗ | τ(1) = 1} ∩ A∗
1

where A∗
1 is the closed unit ball in A∗. So S(A) is the intersection of two weak*

closed sets so is weak* closed and S(A) ⊆ A∗
1. Therefore by the Banach–Alaoglu

theorem, S(A) is weak* compact.

Endowed with the relative weak* topology, S(A) is called the state space of A.

Proposition 1.36. Let A be a non-zero C*-algebra algebra and let a ∈ A be

normal. Then there exists τ ∈ S(A) such that ∥a∥ = |τ(a)|.
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Proof. Let B =C*({1, a}); then, because B is abelian and â is continuous on the

compact space Ω(B), there exists τ ′ ∈ Ω(B) such that ∥a∥ = ∥â∥∞ = |τ ′(a)|.

By the Hahn–Banach theorem, there exists a bounded linear functional τ on A

extending τ ′ and preserving the norm, so ∥τ∥ = 1. As τ(1) = τ ′(1) = 1, we have

that τ is positive, so τ ∈ S(A).

We now have the tools required to build the Hilbert space and our injective

*-homomorphism, needed to prove the Gelfand–Naimark theorem. We now show

how they are built.

Definition 1.37. Let A be a C*-algebra. A representation of A is a pair (H,ϕ),

where H is a Hilbert space and ϕ : A → B(H) is a *-homomorphism. The

representation (H,ϕ) is called faithful if ϕ is injective.

Let A be a C*-algebra. For each τ ∈ A∗
+ we can associate a representation

of A in the following way. Set

Nτ = {a ∈ A | τ(a∗a) = 0} .

Then, by Proposition 1.33, Nτ is a closed left ideal of A. We can define an inner

product on the quotient space A/Nτ by setting ⟨a+Nτ , b+Nτ ⟩ = τ(b∗a),making

A/Nτ an inner product space. We denote the Hilbert completion of A/Nτ by Hτ .

If a ∈ A, we define an operator

ϕτ (a) : A/Nτ → A/Nτ , (b+Nτ ) 7→ ab+Nτ .

Then ϕτ (a) is bounded with ∥ϕτ (a)∥ ≤ ∥a∥. Indeed, by Proposition 1.33 we have

that ∥ϕτ (a)(b+Nτ )∥2 = τ(b∗a∗ab) ≤ ∥a∥2τ(b∗b). Then ϕτ (a) must have a unique

extension to a bounded operator ϕτ (a) on Hτ . One can easily show that the map

ϕτ : A→ B(Hτ ), a 7→ ϕτ (a),

is a *-homomorphism.

Definition 1.38. Let A be a C*-algebra and τ ∈ A∗
+. We call the representation

(Hτ , ϕτ ), where Hτ , ϕτ are as above, the Gelfand–Naimark–Segal representation

(or GNS representation) associated to τ.
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Definition 1.39. Let (Hλ)λ∈Λ be a family of Hilbert spaces; then their direct

sum is defined to be the collection of all functions h : Λ →
⋃
Hλ such that h(λ)

(written hλ) is in Hλ, for all λ ∈ Λ and
∑

λ∈Λ ∥hλ∥2 < ∞. We define an inner

product on this space by

⟨(hλ) , (kλ)⟩ =
∑
λ∈Λ

⟨hλ , kλ⟩.

That such sequences are summable, is a consequence of the Cauchy–Schwarz

inequality ([19, p.3]). We denote this space, with the inner product defined above

by
⊕

λ∈ΛHλ, this is easily verified to be a Hilbert space. Moreover if (Hλ, ϕλ)λ∈Λ is

a family of representations of a C*-algebra A then the map ϕ : A→ B(
⊕

λ∈ΛHλ)

where ϕ(a)((hλ)λ) = (ϕλ(a)(hλ))λ is a *-homomorphism. The representation

(
⊕

λ∈ΛHλ, ϕ) is called the direct sum of the representations (Hλ, ϕλ)λ∈Λ.We note

that the above representation is faithful precisely when ϕλ(a) = 0 for all λ ∈ Λ

only happens for a = 0.

Definition 1.40. For a non-zero C*-algebra A we define its universal representa-

tion to be the direct sum of all the GNS-representations (Hτ , ϕτ ), where τ ranges

over S(A).

Theorem 1.41. (Gelfand–Naimark). Let A be a (unital) C*-algebra. Then

the universal representation of A is faithful.

Proof. Let (H,ϕ) be the universal representation of A and suppose a is a non-

zero element of A. Then a∗a ̸= 0 and normal, so by Proposition 1.36 there exists

τ ∈ S(A) with τ(a∗a) = ∥a∗a∥. Then

τ(a∗a) = ⟨a+Nτ , a+Nτ ⟩ = ⟨ϕτ (a)(1 +Nτ ) , ϕτ (a)(1 +Nτ )⟩ ,

so ϕτ (a) ̸= 0 and hence ϕ(a) ̸= 0.

Corollary 1.42. Let A be a unital C*-algebra. There exists a unital faithful

representation ι : A→ B(H) for some Hilbert space H.

Proof. Let π : A → B(H ′) be the universal representation of A. Let H be the

Hilbert space {π(1A)(h) |h ∈ H ′} . Clearly π(A) is a unital C*-subalgebra of

B(H).
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Corollary 1.43. Let A be a unital C*-algebra. There exist an infinite dimen-

sional Hilbert space H and a unital faithful representation ι : A→ B(H).

Proof. We can assume without loss of generality that A is a C*-subalgebra of

B(K) for some Hilbert space K with 1A = 1B(K). Let H be the Hilbert space

direct sum H = ⊕n∈NKn where each Kn is a copy of K. Then H is an infinite-

dimensional Hilbert space. For each a ∈ A, let ι(a) : H → H be the map

{hn}n∈N 7→ {a(hn)}n∈N, for each hn ∈ Kn. Then ι : A → B(H), a 7→ ι(a) is

the desired representation.

We now show an application of the Gelfand–Naimark theorem; that, for any

C*-algebra A, the algebra Mn(A) can be made into a C*-algebra.

For any linear space E, we use Mn,m(E) to denote the linear space of n×m

matrices with entries in E, here the operations are defined as for scalar matrices.

When n = m we simply write Mn(E) and when E = C we write Mn,m. It is easy

to see that if A is a ∗-algebra, then Mn(A) is also a ∗-algebra via the involution

[aij]i,j 7→ [a∗ji]i,j. The Gelfand–Naimark theorem will be used to determine the

(unique) norm that makes Mn(A) a C*-algebra when A is a C*-algebra.

Definition 1.44. Let ϕ : E → F be a linear map between linear spaces. Then

its (nth) amplification is the linear map, denoted ϕn, is defined by

ϕn :Mn(E) →Mn(F ), [xij] 7→ [ϕ(xij)].

If ϕ is a *-homomorphism between ∗-algebras A and B, then ϕn is easily seen to

be a *-homomorphism between Mn(A) and Mn(B).

For a Hilbert space H we will let Hn denote the direct sum of n copies of H.

If u ∈Mn(B(H)), we define ϕ(u) ∈ B(Hn) by setting

ϕ(u)(h1, . . . , hn) =

(
n∑
j=1

u1j(hj), . . . ,
n∑
j=1

unj(hj)

)
,

for all (h1, . . . , hn) ∈ Hn. The map ϕ : Mn(B(H)) → B(Hn), u 7→ ϕ(u), can

easily be checked to be a *-isomorphism. We will refer to ϕ above as the canonical

*-isomorphism of Mn(B(H)) onto B(Hn). We define a norm on Mn(B(H)) by

setting ∥u∥ = ∥ϕ(u)∥. Simple calculations verify the following lemma:
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Lemma 1.45. Let H be a Hilbert space. Then for every u ∈Mn(B(H)) we have

that

∥uij∥ ≤ ∥u∥ ≤
n∑

k,l=1

∥ukl∥ (i, j = 1, . . . , n).

Proposition 1.46. If A is a C*-algebra then there is a unique norm on Mn(A)

making it a C*-algebra.

Proof. Let (H,ϕ) denote the universal representation of A. Then the amplification

ϕn :Mn(A) →Mn(B(H)) is an injective *-homomorphism. We define a norm on

Mn(A) by setting ∥a∥ = ∥ϕ(a)∥. ThatMn(A) is complete under this norm follows

from Lemma 1.45 and uniqueness of the norm is Corollary 1.8.

1.2 Representations and the Primitive

Spectrum

For abelian, unital C*-algebras A and B, it is a consequence of Theorem 1.15

that the compact Hausdorff space Ω(A) is homeomorphic to Ω(B) if and only if

there is a ∗-isomorphism A→ B (see [51, Theorem 2.1.5]). Hence, abelian unital

C*-algebras are determined up to ∗-isomorphism by their character space. In

this section we introduce an analogue for the character space in the non-abelian

case. This is called the primitive spectrum of a C*-algebra and we show how

this topological space can provide us with information on the structure of a given

C*-algebra. The primitive spectrum is defined via the notion of primitive ideals.

These primitive ideals arise from irreducible representations of the C*-algebra.

Another analogue for the character space is the spectrum of a C*-algebra. We

will briefly discuss this in relation to the primitive spectrum.

The results presented in this section can be found in the standard literature,

in particular [51, Chapter 5], [59, Appendix A] and [56, Section 4.1].

Irreducible Representations of C*-algebras

Definition 1.47. A representation (H,ϕ) of a C*-algebra A is called (topologi-

cally) irreducible if the only closed vector subspaces of H that are invariant for
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ϕ(A) are H and 0; that is, if K is a closed vector subspace of H with ϕ(a)k ∈ K

for all a ∈ A, k ∈ K we must have K = H or K = 0.

Definition 1.48. A subset I of a C*-algebra A is called a primitive ideal of A if

I = kerϕ for some non-zero irreducible representation (H,ϕ) of A.We denote the

set of primitive ideals of A by Prim(A). We say that a C*-algebra A is primitive

if its zero ideal is primitive, equivalently if A has a faithful non-zero irreducible

representation.

Let A be C*-algebra. Clearly any primitive ideal of A is a closed two-sided

ideal of A. We now record some results on irreducible representations.

Proposition 1.49. Let (H,ϕ) be a non-zero representation of a C*-algebra A.

(i) (H,ϕ) is irreducible if and only if the only operators commuting with ϕ(A)

are the multiples of the identity operator on H.

(ii) If (H,ϕ) is irreducible, then every non-zero vector of H is cyclic for (H,ϕ).

That is, for every non-zero h ∈ H the closed linear span of {ϕ(a)(h) | a ∈ A}

is H.

The proof of parts (i) and (ii) of Proposition 1.49 can be found in [59, p.202]

and [51, p.144] respectively. The following theorem of Kadison is known as the

transitivity theorem.

Theorem 1.50. (Kadison). Let A be a C*-algebra and (H,ϕ) be a non-zero

irreducible representation of A. Suppose that h1, h2, . . . , hn and k1, k2, . . . , kn are

elements of H, with h1, . . . hn linearly independent. Then there exists an element

u ∈ ϕ(A) such that u(hj) = kj for j = 1, . . . , n. If there exists v a self-adjoint

bounded operator on H, such that v(hj) = kj for j = 1, . . . , n, then we can choose

u to be self-adjoint. If the identity operator on H (denoted by 1) is an element of

ϕ(A) and there exists an operator v on H such that v is unitary (vv∗ = 1 = v∗v),

and v(hj) = kj for j = 1, . . . , n, then we can choose u to be unitary.

A proof of Theorem 1.50 can be found in [51, p.150-152]. We prove a conse-

quence of this theorem, we first require the following definition.
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Definition 1.51. Let (H,ϕ) be a representation of a C*-algebra. We say that this

representation is algebraically irreducible if H and 0 are the only vector subspaces

of H that are invariant for ϕ(A).

Corollary 1.52. Let (H,ϕ) be a representation of a C*-algebra. Then (H,ϕ) is

topologically irreducible if and only if it is algebraically irreducible.

Proof. If (H,ϕ) is algebraically irreducible it is obviously topologically irreducible,

so it remains to prove the converse. Suppose that (H,ϕ) is non-zero and topo-

logically irreducible and K is a non-zero vector subspace of H invariant for ϕ(A).

Let k be a non-zero element of K and h an element of H. By Theorem 1.50 there

exists a ∈ A such that ϕ(a)(k) = h, so h ∈ K. Therefore K = H and (H,ϕ) is

algebraically irreducible.

To show that every non-zero C*-algebra contains non-trivial primitive ideals,

we need the notion of pure states.

Definition 1.53. Let A be a C*-algebra and τ and ρ be positive linear functionals

on A. We say that τ is majorised by ρ if ρ− τ is positive and we denote this by

τ ≤ ρ.

Definition 1.54. Let A be a C*-algebra and ρ be a state on A.We say ρ is a pure

state of A if it has the property that whenever τ is a positive linear functional

such that τ ≤ ρ, we must have a number t ∈ [0, 1] such that τ = tρ. We denote

the set of pure states by P(A).

Proposition 1.35 told us that for a C*-algebra A, the state space S(A) is

convex and we can therefore consider its extreme points. A point v of a convex

set C in a vector space V is called an extreme point , if v = λw+(1−λ)z for some

w, z ∈ C and λ ∈ (0, 1) implies that v = w = z. The extreme points of S(A) are

precisely the pure states of A (see [51, p.147] for a proof).

Definition 1.55. We say that two representations (H1, ϕ1) and (H2, ϕ2) are uni-

tarily equivalent if there is a unitary u : H1 → H2 such that ϕ2(a) = uϕ(a)u∗ for

all a ∈ A.
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The following propositions are useful tools that allows us to consider irre-

ducible representations using GNS-representations of pure states. Recall that for

a state τ of a C*-algebra, Nτ = {a ∈ A | τ(a∗a) = 0} and A/Nτ is an inner prod-

uct space with inner product ⟨a+Nτ , b+Nτ ⟩ defined to be τ(b∗a). Recall also

that the Hilbert space completion of A/Nτ is denoted Hτ and (Hτ , ϕτ ) denotes

the GNS-representation of τ. Proposition 1.56 below is [51, Theorem 5.1.6] and

Proposition 1.57 is [51, Theorem 5.1.7].

Proposition 1.56. Let τ be a state of a C*-algebra A. Then τ is pure if and

only if the GNS-representation (Hτ , ϕτ ) is irreducible.

Proposition 1.57. Let (H,ϕ) be a non-zero irreducible representation of a C*-

algebra A and let h be a cyclic vector for (H,ϕ). Then the the functional τ : A→

C, a 7→ ⟨ϕ(a)(h) , h⟩ , is a state of A such that (Hτ , ϕτ ) is unitarily equivalent to

(H,ϕ). Moreover, if (H,ϕ) is irreducible then τ is pure.

A proof of the following proposition can be found in [59, p.210].

Proposition 1.58. Let a be a positive element in a C*-algebra A. Then there

exists ρ ∈ P(A) such that ρ(a) = ∥a∥.

We will show an important consequence of the above proposition. In doing so,

we make use of the following result, a proof of which can be found in [51, p.141].

Lemma 1.59. Let A be a C*-algebra and τ be a state on A. Then there is a

unique vector hτ ∈ Hτ such that τ(a) = ⟨a+Nτ , hτ ⟩ for all a ∈ A. Moreover hτ

is a cyclic vector for (Hτ , ϕτ ) of norm 1 and ϕτ (a)(hτ ) = a+Nτ for every a ∈ A.

Proposition 1.60. Let A be a C*-algebra. Then for each a ∈ A there exists an

irreducible representation of A, (H,ϕ), such that ∥a∥ = ∥ϕ(a)∥.

Proof. For a ∈ A we have by Proposition 1.58, that there exists ρ ∈ P(A)

such that ρ(a∗a) = ∥a∗a∥. By Proposition 1.56, the representation (Hρ, ϕρ) is

irreducible. By Lemma 1.59 there exists hρ ∈ Hρ such that ∥a∥2 = ρ(a∗a) =

⟨ϕρ(a∗a)(hρ) , hρ⟩ = ∥ϕρ(a)(hρ)∥2 ≤ ∥ϕρ(a)∥2 ≤ ∥a∥2, Where the last inequality

is by Corollary 1.9. So ∥a∥ = ∥ϕ(a)∥ as required.

Proposition 1.61. Let ρ be a pure state of a C*-algebra A. Then A/Nρ = Hρ.
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Proof. We need to show A/Nρ is complete. Since (Hρ, ϕρ) is an irreducible rep-

resentation of A by Proposition 1.56 and A/Nρ is a non-zero vector subspace of

Hρ invariant for ϕρ(A) we have by Corollary 1.52 that A/Nρ = Hρ.

Definition 1.62. A left ideal L of an algebra A is called modular if there exists

an element u ∈ A such that a− au ∈ L for every a ∈ A.

Proposition 1.63. Let A be a non-zero C*-algebra. Then the mapping ρ 7→ Nρ

is a bijection from P(A) onto the set of all maximal modular left ideals of A.

A proof of the above proposition can be found on [51, p.155].

Proposition 1.64. Let L be a modular left ideal of an algebra A. Then the ideal

IL defined by IL = {a ∈ A | aA ⊆ L} is the largest two-sided ideal of A contained

in L.

Proof. For any left ideal L it is an easy exercise to show IL is a two-sided ideal

containing any two-sided ideal contained in L. To show that IL ⊆ L, we use the

fact that L is modular. If a ∈ IL, then au and a− au are in L. Hence a ∈ L.

Proposition 1.65. A two-sided ideal I of a C*-algebra A is primitive if and only

if I = IL as in Proposition 1.64 for some maximal modular left ideal of A.

Proof. If I is the two-sided ideal associated to a maximal modular left ideal as in

Proposition 1.64, then by Proposition 1.63, there exists ρ ∈ P(A) such that

I = {a ∈ A | aA ⊆ Nρ}

= {a ∈ A |ϕρ(a)(A/Nρ) = 0} = ker(ϕρ).

Hence, I is primitive by Proposition 1.56.

Now suppose that I is primitive and (H,ϕ) is the non-zero irreducible repre-

sentation of A such that I = ker(ϕ). By Proposition 1.49 (ii), there exists a unit

vector h of (H,ϕ). Proposition 1.57 tells us that the functional

ρ : A→ C, a 7→ ⟨ϕ(a)(h) , h⟩ ,

is a pure state on A such that (H,ϕ) is unitarily equivalent to (Hρ, ϕρ). It is

easily checked that unitarily equivalent representations have the same kernel, so

I = ker(ϕ) = ker(ϕρ) = {a ∈ A | aA ⊆ Nρ} , the two-sided ideal associated to the

maximal modular left ideal Nτ .
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The Primitive Spectrum of a C*-algebra

Definition 1.66. Let I be a closed two-sided ideal of a C*-algebra A.We say I is

prime if whenever J1 and J2 are closed two-sided ideals of A such that J1J2 ⊆ I,

we must have J1 ⊆ I or J2 ⊆ I. We say that a C*-algebra is prime if the zero

ideal of A is prime.

Proposition 1.67. Let A be a C*-algebra and I be a primitive ideal of A. Then

I is prime.

Proof. Let (H,ϕ) be a non-zero irreducible representation of A and I = kerϕ and

suppose that J,K are closed two-sided ideals of A such that JK ⊆ I. If J ⊈ I

then ϕ(J) ̸= 0. Let V denote the closed linear span of ϕ(J)H, then V is non-zero

and invariant for ϕ(A) and by irreducibility of (H,ϕ), we have V = H. Also,

ϕ(K)(ϕ(J)H) = ϕ(KJ)H ⊆ ϕ(I)H = 0,

which implies that K ⊆ kerϕ = I.

The above proposition tells us that every primitive C*-algebra must be prime.

Whether or not the converse was true was an open problem for some time. It can

be shown that if A is a separable, then every prime ideal of A is primitive ([59,

p.231]). Therefore separable prime C*-algebras are primitive. It is now known

that C*-algebras can be constructed that are prime but not primitive (e.g., [70]).

Definition 1.68. If S is a subset of a C*-algebra A, we define hull(S) to be the

set of all primitive ideals of A containing S. If R is a non-empty set of primitive

ideals of A, we define ker(R) to be the intersection of the ideals in R. We set

ker(∅) to be A.

Proposition 1.69. Let A be a C*-algebra. Then there is a unique topology on

Prim(A) such that for each subset R the set hull(ker(R)) is the closure of R.

Proof. For each R ⊆ Prim(A) define R to be hull(ker(R)). We verify that the

map R 7→ R satisfies the Kuratowski closure axioms.

(i) ∅ = ∅.

This is clear as ∅ = hull(ker(∅)) = hull(A) = ∅.
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(ii) R ⊆ R, for all R ⊂ Prim(A).

This is true because for each P ∈ R, we have ker(R) ⊆ P and therefore

P ∈ hull(ker(R)).

(iii) R = R for all R ⊆ Prim(A).

Indeed, for each I ∈ R, we have ker(R) ⊆ I. Therefore ker(R) ⊆ ker(R)

and hence R ⊆ R. By (ii) we get equality.

(iv) R1 ∪R2 = R1 ∪R2 for all R1, R2 ∈ Prim(A).

To show this, we note that if R, S ⊂ Prim(A) with R ⊂ S, then R ⊆ S.

Therefore, for any R1, R2 ⊆ Prim(A), we have R1 ∪ R2 ⊆ R1 ∪R2. If J ∈

R1 ∪R2, then ker(R1) ∩ ker(R2) = ker(R1 ∪ R2) ⊆ J. By Proposition 1.67,

we have ker(R1) ⊆ J or ker(R2) ⊆ J, so J ∈ R1 ∪R2.

Definition 1.70. The topology in Proposition 1.69 is called the Jacobson or

hull-kernel topology on Prim(A). The set Prim(A) with this topology is called

the primitive spectrum of A.

Proposition 1.71. Let A be a C*-algebra and I be a closed two-sided ideal of A.

Then I = ker(hull(I)).

Proof. It is obvious that I ⊆ ker(hull(I)). To arrive at the reverse inclusion, we

show that for every a ∈ A \ I there exists J ∈ Prim(A) such that I ⊆ J and

a /∈ J. If a ∈ A and a /∈ I then a+ I is a non-zero element of the C*-algebra A/I.

By Proposition 1.60 there exists an irreducible representation (H,ϕ) of A/I such

that ∥ϕ(a + I)∥ = ∥a + I∥ ̸= 0. If π : A → A/I is the quotient map, then ϕ ◦ π

is a non-zero irreducible representation of A. Let J = ker(ϕ ◦ π). Then J is as

desired.

We note that in the above proof of Proposition 1.71 we showed the following

Corollary 1.72. Let I ̸= A be a closed two-sided ideal. Then hull(I) ̸= ∅.

Definition 1.73. We say that a topological space X is a T0-space if for every

pair of distinct points of X there exists an open set containing one of the points

but not the other.

Proposition 1.74. Let A be a C*-algebra.
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(i) The correspondence I 7→ hull(I) is a bijection from the closed two-sided

ideals of A onto the set of closed subsets of Prim(A).

(ii) If I1, I2 are closed two-sided ideals of A, then I1 ⊆ I2 if and only if hull(I2) ⊆

hull(I1).

(iii) Prim(A) is a T0-space.

Proof. By definition hull(I) is a closed subset of Prim(A). If I1 and I2 are closed

two-sided ideals of A such that hull(I1) = hull(I2) then I1 = I2 by Proposition

1.71 and the correspondence in (i) is injective. If R is a closed subset of Prim(A)

then R = hull(ker(R)) and ker(R) is a closed two-sided ideal of A, so the corre-

spondence in (i) is surjective and (i) holds.

Suppose I1 and I2 are closed two-sided ideals of A such that I1 ⊆ I2. If

J ∈ Prim(A) such that I2 ⊂ J, then I1 ⊂ J and therefore hull(I2) ⊆ hull(I1). If

hull(I2) ⊆ hull(I1) then clearly I1 = ker(hull(I1)) ⊆ ker(hull(I2)). Therefore (ii)

holds.

Suppose that J1 and J2 are distinct points of Prim(A). Without loss of gen-

erality, we can say J1 ⊈ J2. Hence J2 /∈ hull(J1), and since hull(J1) is closed and

contains J1, (iii) holds.

Lemma 1.75. Let A be a C*-algebra and suppose I is a proper modular two-sided

ideal of A. Then hull(I) is non-empty.

Proof. By Zorn’s lemma, there exists a maximal modular left ideal L of A con-

taining I. By Proposition 1.64 there exists a largest two-sided ideal J of A in L.

Therefore, I ⊆ J and by Proposition 1.65 we know J is primitive.

Proposition 1.76. Let A be a unital C*-algebra. Then Prim(A) is compact.

Proof. Let (Cλ)λ∈Λ be an arbitrary family of closed sets in Prim(A) with the

finite intersection property (the intersection of any finite number of members of

(Cλ)λ∈Λ is non-empty). Then Prim(A) is compact if ∩λ∈ΛCλ is non-empty. For

each index λ, let Iλ be the closed two-sided ideal such that Cλ = hull(Iλ). If

F = {λ1, . . . , λn} is a non-empty finite subset of Λ, then Cλ1 ∩ . . . ∩ Cλn is non-

empty, and so the two-sided ideal IF = Iλ1 + · · · Iλn is proper. Hence 1 /∈ Fn and
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the ideal J = ∪F IF (where F ranges over the non-empty finite subsets of Λ) is

proper. Because A is unital, J is modular and it follows from Lemma 1.75 that

there exists a primitive ideal I containing J. Hence Iλ ⊆ I and so I ∈ Cλ for all

λ ∈ Λ. Thus, ∩λ∈ΛCλ is non-empty as required.

To end this section we define the spectrum of a C*-algebra and see how it

compares and relates to the primitive spectrum.

It is easily verified that unitary equivalence as defined in Definition 1.55 is an

equivalence relation. If A is a non-zero C*-algebra we denote the set of unitary

equivalence classes of non-zero irreducible representations of A by Â. We denote

the equivalence class of a non-zero irreducible representation (H,ϕ) by [H,ϕ].

Because [H1, ϕ1] = [H2, ϕ2] implies kerϕ1 = kerϕ2, the map

θ : Â→ Prim(A), [H,ϕ] 7→ ker(H,ϕ),

is well-defined. This map is called the canonical map from Â to Prim(A) and it

is clearly a surjection.

Definition 1.77. The spectrum of a C*-algebra A is Â endowed with the weakest

topology making the canonical map of Â onto Prim(A) continuous.

Let A be a C*-algebra and θ be the canonical map of Â onto Prim(A). By

the definition of the topology on Â we get that θ is an open and closed map.

For any subset R of A, we let hull′(R) denote θ−1(hull(R)). The correspondence

I → hull′(I) is a bijection from the closed two-sided ideals of A onto the closed

subsets of Â.

One might wonder if there is a natural way to arrive at the primitive spectrum

or spectrum of a C*-subalgebra from the primitive spectrum or spectrum of a

larger C*-algebra. This can be done if the C*-subalgebra is hereditary.

Definition 1.78. A C*-subalgebra B of a C*-algebra A is called hereditary

if for every a ∈ A+ and b ∈ B+ such that a ≤ b, we must have a ∈ B.

Much can be said about hereditary C*-subalgebras. A good introduction to

the hereditary C*-subalgebra can be found in [51, p.83-87], which includes the

result that closed two-sided ideals in a C*-algebra are hereditary.
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Proposition 1.79. Suppose B is a non-zero hereditary C*-subalgebra of a C*-

algebra A. Then the map I 7→ I∩B is a homeomorphism from Prim(A) \ hull(B)

onto Prim(B). Moreover, the map [H,ϕ] 7→ [K,ϕ|B], where K is the closed linear

span of ϕ(B)H, is a homeomorphism from Â \ hull′(B) onto B̂. With these maps

we get the following commutative diagram:

Prim(A) \ hull(B) B̂

Â \ hull′(B) Prim(B),

θ1 θ2

where θ1 and θ2 are the canonical maps.

A proof of the above proposition can be found in [51, p.164-166].

Let A be a C*-algebra. The spectrum Â is a larger space than Prim(A),

so there is the possibility that studying Â rather than Prim(A) could tell us

more information about A. However, working with the primitive spectrum has

the benefits of having a natural topology and avoiding working with equivalence

classes. One might wonder if there is any cases where these two spaces coincide.

It is an easy exercise to show the following proposition holds.

Proposition 1.80. Let A be C*-algebra. The following are equivalent

(i) Â is a T0-space.

(ii) Any two irreducible representations of A with the same kernel are unitarily

equivalent.

(iii) The canonical map Â→ Prim(A) is a homeomorphism.

A class of C*-algebra called the postliminal (or type I) C*-algebras are shown

in [51, p.169–171 ] to meet condition (ii) of Proposition 1.80. Therefore, for every

postliminal C*-algebra A the canonical map Â→ Prim(A) is a homeomorphism.

More information on the (primitive) spectrum and type I C*-algebras can be

found in [56, Chapters 4 and 6]
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1.3 Examples of C*-algebras

We finish the chapter by giving some further examples of C*-algebras. These

are standard and can be found in the literature. Our main source for the tensor

products described in Remark 1.83 is [51, Chapter 6] and for our discussion of

group C*-algebras is [22, Chapter VII].

Example 1.81. Let E and F be Banach spaces. A linear operator u : E → F

is called compact if u(E1) has compact closure, where E1 denotes the closed unit

ball of A. Let H be a Hilbert space, the set of all compact operators u : H → H

is denoted by K(H). We note that under the operator norm K(H) is closed in

B(H) and if u is an element of K(H), then so is its adjoint u∗. So K(H) is a

C*-subalgebra of B(H). In fact K(H) is a two-sided ideal of B(H).

Example 1.82. Let X be a compact Hausdorff space and A be a C*-algebra. We

denote the set of all continuous functions f : X → A by C(X,A). On C(X,A)

we define addition and multiplication pointwise and set

(λf)(x) = λ(f(x)),

f ∗(x) = (f(x))∗,

∥f∥ = sup
x∈X

∥f(x)∥A, (λ ∈ C, x ∈ X).

Under the above operations, norm and involution, C(X,A) is a C*-algebra. Note

that, if A is a simple C*-algebra, the above algebra C(X,A) has Hausdorff (prim-

itive) spectrum. Other classes of C*-algebra with Hausdorff spectrum include the

continuous-trace C*-algebras an account of which can be found in [59].

Remark 1.83. C*-algebras such as in Example 1.82 can also be described in

terms of tensor products of C*-algebras. If A and B are ∗-algebras, then there

exists a unique involution on the algebra A ⊗ B such that (a ⊗ b)∗ = a∗ ⊗ b∗,

for all a in A, b in B. If A and B are C*-algebras the space A ⊗ B can always

be equipped with a norm ∥.∥∗ that makes A⊗B a dense C*-subalgebra of some

C*-algebra, denoted C(X)⊗∥.∥∗ A, called the spatial tensor product of A and B.

For C(X,A) as in Example 1.82, there exists a *-isomorphism

C(X,A) ∼= C(X)⊗∥.∥∗ A.
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For details see [51, Sections 6.3 and 6.4]. Note that ∥.∥∗ may not be the only

norm on A ⊗ B that makes it dense in a C*-algebra. Let A be a C*-algebra, if

for every C*-algebra B, ∥.∥∗ is the only such norm, we say that A is nuclear .

One can also construct C*-algebras from locally compact groups. By lo-

cally compact group we mean a group equipped with a locally compact Hausdorff

topology such that the group operations are continuous. To avoid some technical

details, we will show how it is done for a fixed group G equipped with the discrete

topology. We call such groups discrete groups .

The group algebra CG consists of all formal finite sums of the form
∑

g∈G αgg

where αg ∈ C. The involution
∑

g∈G αgg 7→
∑

g∈G αgg
−1 makes CG a ∗-algebra.

Definition 1.84. Let G be a group, A be a ∗-algebra and H be a Hilbert space.

A representation of A on H is a *-homomorphism π : A → B(H) and a unitary

representation of G on H is a group homomorphism u : G→ U(H), where U(H)

is the group of unitary elements of B(H).

The following is a well-known and very helpful result regarding group algebras.

Proposition 1.85. Let G be a group and H be a Hilbert space. There is a

bijective correspondence between the unitary representations of G on H and the

representations of CG on H.

For a unitary representation u of G on a Hilbert space H, we denote by πu

the corresponding representation of CG. We can form C*-algebras by completing

CG with respect to norms arising from representations. Note now that, for our

discrete group G, we have a unitary representation λ on ℓ2(G), known as the left

regular representation, where for all g ∈ G and T ∈ ℓ2(G),

(λ(g)(T ))(h) = T (g−1h), (h ∈ G).

Hence πλ is a representation of CG. With some work, one can verify the following

result.

Proposition 1.86. Let G be a discrete group and λ be the left regular represen-

tation of G.
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(i) There is a norm on CG defined by

∥a∥ = sup {∥π(a)∥ |π is a representation},

such that the completion of CG with respect to this norm is a C*-algebra;

(ii) There is a norm on CG defined by

∥a∥r = ∥πλ(a)∥,

such that the completion of CG with respect to this norm is a C*-algebra.

Proof. The representation πλ is faithful (see, e.g., [56, 7.2.1]). Therefore, there is

a ∗-isomomorphism

CG ∼= πλ(CG) ⊆ B(ℓ2(G)),

with ∥.∥r being the norm inherited via this ∗-isomomorphism. The completion

with respect to this norm is the C*-algebra πλ(CG)
B(ℓ2(G))

. This proves (ii).

Note that CG embeds into the Banach ∗-algebra (ℓ1(G), ∥.∥1) as dense subal-

gebra (see, e.g., [22, p.183]). By continuity, every representation of CG extends to

a representation of ℓ1(G). By Corollary 1.9, for each representation π of CG and

a ∈ A, we have ∥π(a)∥ ≤ ∥a∥1. Hence the norm is well defined. Let (Hu, πu) be

the direct sum of all representations of CG (this is defined as in Definition 1.39).

This must be faithful (because πλ is). Therefore, there is a ∗-isomomorphism

CG ∼= πu(CG) ⊆ B(Hu).

Let a ∈ A. Clearly, ∥a∥ ≤ ∥π(a)∥ and, by Corollary 1.9, ∥π(a)∥ ≤ ∥a∥. That is,

the ∗-isomorphism is isometric. The completion with respect to this norm is the

C*-algebra πu(CG)
B(Hu)

. This proves (i).

Definition 1.87. The C*-algebra algebra that arises by completing CG with

respect to the norm defined in Proposition 1.86 (i) is called the group C*-algebra

of G and denoted by C∗(G). The completion of CG with respect to the norm

defined in Proposition 1.86 (ii) is called the reduced group C*-algebra of G and

denoted by C∗
r (G).

For a discrete group G, the C*-algebras C∗(G) and C∗
r (G) coincide if and only

if G is amenable (see, e.g., [56]).
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Remark 1.88. For general locally compact groups, we again get notions of group

C*-algebras and the reduced group C*-algebras. To capture the topological data

of a given locally compact group, the unitary representations considered are the

ones that are continuous with respect to the strong operator topology. The group

algebra CG is no longer the correct ∗-algebra to deal with these representations.

Every locally compact group G has an associated (left) Haar measure, a

unique (up to scalar multiplication) measure µG that is left translation invariant

on Borel sets. There is then a correspondence between the (continuous) unitary

representations of a group and the nondegenerate representations of L1(G, µG).

Again we have a notion of the (continuous) left regular representation of G on

L2(G, µG). Proposition 1.86 holds with CG replaced with L1(G, µG) and reduces

to Proposition 1.86 when G has the discrete topology.

All of the above is part of the area of Abstract Harmonic Analysis [29], [33],

in which it has recently become popular to use techniques of operator modules;

see, e.g., [21] and the references contained therein.



Chapter 2

Homological Algebra in Additive

Categories

We now present some necessary information on additive categories. In Section 2.1

we introduce additive categories and discuss some important constructions in this

setting. The rest of the chapter can be thought of as two different parts: The

“abelian” part and the “exact” part.

Sections 2.2-2.4 form the “abelian” part. Here we define abelian categories

and explore homological algebra in this setting.

Section 2.5 makes up the “exact” part. In this section we look at exact

categories and show how, because many of the results of abelian categories can

be reproduced, this provides us with a natural setting for homological algebra.

This section is important for us as we will work with categories that fail to be

abelian, but fit into this exact framework.

Readers familiar with additive and abelian categories may wish to jump

straight to Section 2.5. However, we have included the first sections for two

main reasons. Firstly, they allow us to cement our conventions; precise defini-

tions are given to avoid the possibility of confusion (see, for example, Remark 2.9).

Secondly, we include the inspiration; the beauty of these exact structures is that

everything is set up so that we get results that mirror the situation in abelian

catgories.

For Sections 2.1-2.4 our main sources were [52] and [71]. None of the results

in these sections are particularly obscure. Proofs of these results are not difficult

31
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to find and can often involve long diagram chases, so they have been omitted.

Likewise, proofs in Section 2.5 are not included. They can often be done by

modifying proofs of the abelian category case. The results in this final section

can be found in the excellent survey paper of Bühler [14].

2.1 Additive Categories

We begin this section by recalling some definitions from category theory and

introducing our notation and conventions.

For a category C we will write A ∈ C when A is an element of obj(C), the

class of objects of C. The class of morphisms from A ∈ C to B ∈ C will be

denoted by MorC(A,B). When the underlying category is clear, we will write

Mor(A,B).

Definition 2.1. Suppose C is a category and A ∈ C.

1. A is an initial object if Mor(A,B) is a singleton for all B ∈ C.

2. A is a final object if Mor(B,A) is a singleton for all B ∈ C.

3. A is a zero object if A is both an initial and final object.

Suppose C is a category with a zero object Z. Then for any A,B ∈ C,

composing the (only) elements of Mor(A,Z) and Mor(Z,A) yields a morphism

in Mor(A,B). We denote this morphism by 0 and call it the zero morphism from

A to B. It is an easy exercise to show that 0 is independent of the zero object.

It is also clear that the composition (left or right) of any morphism with a zero

morphism will yield a zero morphism.

Definition 2.2. A category A is called pre-additive if

(i) for every A,B ∈ A, Mor(A,B) is endowed with the structure of an abelian

group.

(ii) if A,B,C ∈ A, then the composition of morphisms

Mor(B,C)×Mor(A,B) → Mor(A,C)

is Z-bilinear relative to the group structure that Mor(•, •) is endowed with.
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Remark 2.3. From now on, when we are talking about the class of morphisms

between two objects in a pre-additive category, without considering additional

structure, we will use MorA(A,B). When including the additional abelian group

structure we will denote this class by HomA(A,B).

Remark 2.4. Our definition of pre-additive categories coincides with the notion

of an Ab-category as defined on [71, p.5], and with the definition of pre-additive

categories appearing on [62, p.6].

Example 2.5. The category ModR (resp.RMod) of right (resp. of left) R-

modules with module homomorphisms is pre-additive for any ring R. In par-

ticular, the category of abelian groups with group homomorphisms Ab, is pre-

additive.

Example 2.6. There are categories that fail to be pre-additive. For example;

the one whose objects are the unital rings and with morphisms being the unital

ring homomorphisms.

Definition 2.7. Let {Ai | i ∈ I} be an indexed family of objects in a category C.

A product of the Ai is an object A along with morphisms πi : A → Ai for each

i ∈ I such that, given an object B ∈ C and morphisms ψi : B → Ai for each

i ∈ I, then there exists a unique morphism ϕ : B → A making the following

commutative diagrams for each i ∈ I.

B A

Ai

ϕ

πiψi

A coproduct of the Ai is a product of the Ai in the opposite category Aop, where

the objects are the same as in A but all the morphisms are reversed.

Definition 2.8. A pre-additive category A is called additive if it contains a zero

object and, for any A,B ∈ A, a product of A and B exists in A. Coproducts in

additive categories are known as direct sums .

Remark 2.9. We define additive categories in the same way as on [71, p.5] and

[46, p.192]. The definition given in [52, p.169] does not require the existence of a

product of every two objects.
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Our example of a pre-additive category, ModR, is clearly also additive. This

is not always the case.

Example 2.10. Let G be a non-trivial abelian group and A be the category

where obj(A) = {G} and Mor(G,G) = HomZ(G,G). Then A is pre-additive but

lacks a zero object so cannot possibly be additive .

Proposition 2.11. Let A be an additive category. Suppose A1, A2 ∈ A and A

is a product (resp. direct sum) of A1 and A2 in A. Then A is a direct sum (resp.

product) of A1 and A2. In fact, A is a biproduct of A1 and A2. That is, there

exist morphisms ιi : Ai → A, πi : A → Ai, i = 1, 2 such that πiιi = idAi
and

ι1π1 + ι2π2 = idA.

Definition 2.12. A functor F : A → B between additive categories is called

additive if F (f + g) = F (f) + F (g) for any f, g ∈ Hom(A,B); A,B ∈ A.

Proposition 2.13. Let A and B be additive categories. SupposeF : A → B is

a covariant functor. Then the following are equivalent:

(i) F is additive.

(ii) The canonical morphisms Ai → A1 ⊕ A2 induce an isomorphism

F (A1 ⊕ A2) ∼= F (A1)⊕ F (A2) for all A1, A2 ∈ A.

(iii) The canonical morphisms A→ A⊕ A induce an isomorphism

F (A⊕ A) ∼= F (A)⊕ F (A) for all A ∈ A.

While on the subject of functors, we introduce the important concept of ad-

joint pairs.

Definition 2.14. Let F : A → B and G : B → A be covariant functors. We

say that F and G are adjoint if for every A ∈ A and B ∈ B there is a naturally

defined bijection σA,B : MorB(F (A), B) → MorA(A,G(B)).

Here “naturally defined” means for f ∈ MorA(A,A
′) and g ∈ MorB(B,B

′),

the following diagram commutes:

MorB(F (A
′), B) MorB(F (A), B) MorB(F (A), B

′)

MorA(A
′, G(B)) MorA(A,G(B)) MorA(A,G(B

′)).

Mor(F (f), B) Mor(F (A), g)

σA′,B σA,B σA,B′

Mor(f,G(B)) Mor(A,G(g))
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We say that F is the left adjoint and G is the right adjoint in the adjoint pair

(F,G).

Example 2.15. Let R be a ring and A ∈ ModR. Consider the functors

F : RMod → Ab, B 7→ A⊗R B,

where A⊗R B is the R-module tensor product of A and B, and

G : Ab →RMod, X 7→ HomZ(A,X).

The pair (F,G) is adjoint ([52, p.266]). In particular we have the following

bijection

HomZ(A⊗R B,X) ≈ HomR(B,HomZ(A,X)),

for any A ∈ ModR, B ∈RMod, X ∈ Ab. Moreover, in this case the bijection is

in fact an isomorphism of abelian groups.

Before introducing the fundamental concepts of kernels and cokernels for mor-

phisms in additive categories, which will be needed to discuss homology, we briefly

recall some terminology from category theory.

Definition 2.16. Let f ∈ Hom(A,B) be a morphism between objects in a

category C. We say f is a monomorphism if, for every object C ∈ C and

g, h ∈ Mor(C,A), we have fg = fh implies that g = h. We say f is an epi-

morphism if, for any C ∈ C and g, h ∈ Mor(B,C), then gf = hf ⇒ g = h. We

say f is a bimorphism if it is both a monomorphism and an epimorphism.

Example 2.17. Let R be a ring. A morphism in ModR is a monomorphism if

and only if it is injective and is an epimorphism if and only if it is surjective.

Definition 2.18. Let A be an additive category. Suppose A,B ∈ A and f ∈

Hom(A,B).

1. A kernel of f is a pair (K, j) where K ∈ A and j ∈ Hom(K,A) with fj = 0

such that, whenever C ∈ A and g ∈ Hom(C,A) satisfying fg = 0, there

exists a unique morphism g ∈ Hom(C,K) making the following diagram
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commutative

K A B

C

j

0

f

g
g

0

2. A cokernel of f is a pair (D, p) where D ∈ A p ∈ Hom(B,D) such that

pf = 0 and, whenever C ∈ A and g ∈ Hom(B,C) satisfy gf = 0, there

exists a unique morphism g ∈ Hom(D,C) making the following diagram

commutative

A B D

C

f

0

p

g
g

0

For a kernel (K, j) of a morphism f, we will often denote K by Ker f . For (D, p)

a cokernel of f, we will sometimes write Coker f for D.

Remark 2.19. In the above definition, j is a monomorphism and p is an epimor-

phism. Moreover, K and D are unique up to isomorphism. In a category whose

objects have underlying abelian group structure such that a morphism f : E → F

is, in particular, a group homomorphism, the set {x ∈ E | f(x) = 0} is denoted

ker f. We will see numerous examples where f is a morphism such that ker f and

Ker f coincide.

2.2 Abelian Categories

We now introduce the abelian categories and explore some fundamental concepts

in this area, namely, complexes and exact sequences.

Definition 2.20. An additive category is called pre-abelian if any morphism has

both a kernel and a cokernel. A category A is called abelian if:

(i) A is pre-abelian,

(ii) every monomorphism in A is the kernel of its cokernel and
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(iii) every epimorphism in A is the cokernel of its kernel.

Example 2.21. For any ring R the category ModR is abelian. For a morphism

f : A→ B here Ker f = ker f and Coker f = B/f(A). In particular Ab is abelian.

Proposition 2.22. Let A be an abelian category. Then A is a balanced category,

that is, every bimorphism in A is an isomorphism.

Proof. If f : A → B is a bimorphism in A, then in particular it is a monomor-

phism. So there exists g : B → C such that f is a kernel for g. As f is an

epimorphism, we must have g = 0. Note that idB is a kernel of 0 : B → C. By

uniqueness of kernels up to isomorphism, f is an isomorphism.

Many important categories appearing in analysis are pre-abelian but fail to

be abelian.

Example 2.23. Consider the categoryBan∞ consisting of Banach spaces over C

and bounded linear operators as morphisms. Indeed, for a morphism f : A → B

in Ban∞ the kernel of f is the usual notion of the kernel of an operator between

Banach spaces. Note that f has a cokernel of the form B/f(A). However Ban∞

fails to be balanced (see [15, p.54] for an example of a bimorphism that fails to

be an isomorphism) and so cannot possibly be abelian.

Definition 2.24. Let f : A → B be a morphism in pre-abelian category. The

image of f is the kernel of the cokernel of f. We denote the object Ker(Coker f)

by Im f and the monomorphism Im f → B by im f. Similarly the coimage of f

is the cokernel of the kernel of f. We denote Coker(Ker f) by Coim f and the

epimorphism A→ Coim f by coim f.

Example 2.25. Let R be a ring and f : A → B a morphism in ModR. By

Example 2.21, we have Im f = f(A).

Remark 2.26. Let A be an abelian category and f : A→ B a morphism in A.

Then we have the following commutative diagram

Ker f A B0 Coker f 0,

Im f

f

p im f
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where p is the filler as in Definition 2.18 (1.). Making use of (ii) and (iii) in

Definition 2.20 it is not a difficult exercise to show that p is a cokernel of Ker f →

A. So Im f is isomorphic to Coim f and every morphism in A can be factorised

as the composition of an epimorphism followed by a monomorphism.

Definition 2.27. Let A be an additive category. A (possibly finite) sequence

An−1 An An+1· · · · · ·
fn−1 fn fn+1 fn+2

of morphisms in A is called a complex if fk+1fk = 0, for each fk in the sequence.

When A is an abelian category, we say that the complex is exact if the image of

fk is a kernel of fk+1, for each fk in the sequence.

The following proposition characterises exactness in terms of the coimage.

Proposition 2.28. In an abelian category, the sequence

A B C
f g

is exact if and only if the coimage of g is a cokernel of f.

Proposition 2.29. Let A be an abelian category. Then a sequence

0 → A→ B → C → 0

is exact in A if and only if A → B is a monomorphism with cokernel B → C,

which occurs if and only if B → C is an epimorphism with kernel A→ B.

Definition 2.30. A covariant additive functor F : A → B between abelian cat-

egories is called left exact (resp. right exact) if, whenever

0 → A→ B → C → 0

is exact in A, then

0 → F (A) → F (B) → F (C)

(resp. F (A) → F (B) → F (C) → 0) is exact in B. We say F is exact if it is both

left and right exact.
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Whenever F : A → B is contravariant, F is left exact if exactness of

0 → A→ B → C → 0

in A implies exactness of

0 → F (C) → F (B) → F (A)

in B. Right exact and exact contravariant functors are defined similarly.

We now present some well-known “diagram lemmas” for abelian categories.

Proposition 2.31. (4-Lemma) Let A be an abelian category and suppose

A1 A2 A3 A4

B1 B2 B3 B4

φ1 φ2 φ3 φ4

is commutative in A with exact rows. If φ1 is an epimorphism and φ4 is a

monomorphism, then

(i) φ2 a monomorphism ⇒ φ3 a monomorphism

(ii) φ3 an epimorphism ⇒ φ2 an epimorphism.

The 4-Lemma along with Proposition 2.22 gives the following.

Proposition 2.32. (5-Lemma) Let A be an abelian category and suppose

A1 A2 A3 A4 A5

B1 B2 B3 B4 B5

φ1 φ2 φ3 φ4 φ5

is commutative with exact rows. Suppose

1. φ2 and φ4 are isomorphisms

2. φ1 is an epimorphism, and

3. φ5 is a monomorphism.
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Then φ3 is an isomorphism.

Following immediately from the 4-Lemma and 5-Lemma we have:

Corollary 2.33. (Short 5-Lemma) Let A be an abelian category. Suppose

0 A2 A3 A4 0

0 B2 B3 B4 0

φ1 φ2 φ3

is commutative with exact rows. Then if φ1 and φ3 are both isomorphisms, or

both monomorphisms, or both epimorphisms then so is φ2.

Proposition 2.34. (9-Lemma) Suppose A is an abelian category in which the

diagram

A B C0 0

A′ B′ C ′0 0

A′′ B′′ C ′′0 0

0 0 0

0 0 0

is commutative with every column exact. Assuming, in addition, that one of the

following conditions holds:

1. the middle and one of the outer rows is exact,

2. the two outer rows are exact and the middle row is a complex.

Then all the rows are exact.

2.3 Homology in Abelian Categories

We begin this section by introducing the concept of homology in abelian cate-

gories. We present some well-known results that provide a flavour of homological

algebra in these categories.
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Remark 2.35. Suppose we have a sequence of morphisms

A B C
f g

in an abelian category A and that gf = 0. Let j : K → B be a kernel for g

and π : B → D be a cokernel for f. Letting f denote the unique morphism in

Mor(A,K) such that jf = f, and g be the unique morphism in Mor(D,C) such

that gπ = g we get that the diagram

A K B D C
f j π g

f g

is commutative. Let p : K → H denote a cokernel for f, and κ : H → D be a

kernel for g.

Definition 2.36. For a complex

A B C
f g

in an abelian category A, we call H as in Remark 2.35 the homology of A →

B → C.

Example 2.37. Let R be a ring. Suppose

A B C
f g

is a complex in ModR. Then its homology is Ker g/Im f.

The following theorem has the consequence that the homology could have

been defined to be H as in Remark 2.35 without our later results changing.

Theorem 2.38. Let A be an abelian category. Suppose f : A→ B and g : B → C

satisfy gf = 0. Then H and H defined as in Remark 2.35 are isomorphic.

Remark 2.39. We show how a map between homologies is induced. Suppose

A B C

A′ B′ C ′

f g

ϕ ψ θ

f ′ g′
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is commutative within an abelian category A, with gf = 0 and g′f ′ = 0. Let

j : K → B and j′ : K ′ → B′ be kernels for g and g′. As g′(ψj) = 0, there is a

unique α such that j′α = ψj. We then have the commutative diagram

A K B C

A′ K ′ B′ C ′

f j g

ϕ α ψ θ

f ′ j′ g′

where f and f ′ are morphisms such that jf = f and j′f ′ = f ′. Taking cokernels

of f and f ′ we get the homology map ψ∗ induced by ψ from the commutative

diagram

A K H

A′ K ′ H ′.

f

ϕ α ψ∗

f ′

If
A B C

A′ B′ C ′

A′′ B′′ C ′′

ψ

ϕ

is a commutative diagram in A, then it is easy to show that the homology map

(ϕψ)∗ induced by ϕψ is equal to ϕ∗ψ∗ the composition of homology maps.

Proposition 2.40. (Snake Lemma) Suppose A is an abelian category and

A1 A2 A3 0

B1 B2 B30

φ π

f1 f2 f3
ψ ρ

is commutative in A, with exact rows. Extending to include kernels and cokernels

of the vertical arrows produces the following commutative diagram with exact rows:
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A1 A2 A3 0

K1 K2 K3

B1 B2 B30

D1 D2 D3.

φ π

f1 f2 f3
ψ ρ

φ π

j1 j2 j3

q1 q2 q3

ψ ρ

Moreover, there is a naturally defined δ : K3 → D1 such that

K1 K2 K3 D1 D2 D3

φ π δ ψ ρ

is exact. If φ is a monomorphism, then φ is a monomorphism and if ρ is an

epimorphism, then ρ is also an epimorphism.

Remark 2.41. The name snake lemma comes from the fact that when δ is drawn

on the above commutative diagram,

A1 A2 A3 0

K1 K2 K3

B1 B2 B30

D1 D2 D3,

φ π

ψ ρ

δ

the shape formed by the concluding exact sequence of Proposition 2.40 resembles

a snake.

By δ being “naturally defined” we mean that if we also have a similarly de-

fined primed diagram, with morphisms between the two diagrams, such that the
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following diagram commutes

A1 A2 A3 0

K1 K2 K3

B1 B2 B30

D1 D2 D3

A′
1 A′

2 A′
3 0

K ′
1 K ′

2 K ′
3

B′
1 B′

2 B′
30

D′
1 D′

2 D′
3,

then the resulting diagram involving δ and δ′ (with straightened out “snakes”):

K3

K ′
3

D1

D′
1

δ

δ′

is also commutative.

The following describes the “usual” long exact homology sequence coming

from a short exact sequence of chain complexes.

Proposition 2.42. Suppose A is an abelian category in which the following com-

mutative diagram has rows that are exact and columns that are complexes:
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Bn B′
n B′′

n0 0

Bn+1 B′
n+1 B′′

n+10 0

Bn−1 B′
n−1 B′′

n−10 0

...
...

...

...
...

...

ϕn+1 πn+1

dn+1

dn

d′n+1

d′n

d′′n+1

d′′n

ϕn πn

ϕn−1 πn−1

Define Hn (resp. H ′
n, H

′′
n) to be the homology of the vertical arrows at Bn (resp.

B′
n, B

′′
n). Then there are naturally defined morphisms δ : H ′′

n → Hn−1 such that

· · · H ′′
n+1 Hn H ′

n H ′′
n Hn−1 · · ·

δn+1 (ϕn)∗ (πn)∗ δn

is exact.

2.4 Injective Resolutions and Right Derived

Functors

In this section we consider injective resolutions in abelian categories and use these

to define derived functors and present some homological algebra results.

Definition 2.43. An object E in an abelian category A is called injective if

for every monomorphism ι : A → B and morphism f : A → E in A there exists

g : B → E such that gι = f. In diagram form:

A B

E

ι

f
g

Definition 2.44. An abelian category A has enough injectives if, given any

object A ∈ A, there exists an injective object E and a monomorphism ι ∈

Mor(A,E).
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Example 2.45. For any ring R, the category ModR of right R-modules with

R-module maps contain enough injectives. See [52, p.32].

Definition 2.46. Let A be an abelian category and A ∈ A. An injective resolu-

tion (En, dn) of A is an exact sequence

0 A E0 E1 E2 · · ·ι d0 d1 d2

where all Ek are injective. For an injective resolution (En, dn) we set d−1 to be

0: 0 → E0.

Definition 2.47. Let A be an additive category. Suppose, for each n ∈ Z, we

have objects An and A′
n in A and morphisms An

dn−→ An+1 and A
′
n

d′n−→ A′
n+1. Let

(ϕn)n∈Z and (ϕ′
n)n∈Z sequences of morphisms such that

· · · A1 A2 A3 · · · · · · A1 A2 A3 · · ·

and

· · · A′
1 A′

2 A′
3 · · · · · · A′

1 A′
2 A′

3 · · ·

d1 d2 d1 d2

ϕ1 ϕ2 ϕ3 ϕ′1 ϕ′2 ϕ′3

d′1 d′2 d′1 d′2

are commutative diagrams in A.We say that (ϕ′
n)n∈Z and (ϕ′

n)n∈Z are homotopic

if there exist Dn : An → A′
n−1 such that ϕn−ϕ′

n = d′n−1Dn+Dn+1dn for all n ∈ Z.

Proposition 2.48. Let A be an abelian category with enough injectives. Then

any object in A has an injective resolution. Suppose A,A′ ∈ A, ϕ ∈ Hom(A,A′),

(En, dn) is an injective resolution of A and (E ′
n, d

′
n) is an injective resolution of

A′. Then there exist fillers ϕn ∈ Hom(En, E
′
n) making

0 A E0 E1 · · ·ι d0 d1

0 A′ E ′
0 E ′

1 · · ·ι′ d′0 d′1

ϕ ϕ0 ϕ1

commutative. Moreover, if ϕ′
n ∈ Hom(En, E

′
n) also serve as fillers, then the

sequences (ϕn)n∈N0 and (ϕ′
n)n∈N0 are homotopic.

The fact that these fillers are “unique up to homotopy” is important for when

we define the derived functors. We record how these homotopic maps interact

with the induced homology maps on commutative diagrams with complex rows.
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Proposition 2.49. Suppose in an abelian category A we have a commutative

diagram

A B C

A′ B′ C ′

ϕ ψ

f
ϕ′ ψ′

such that the rows are complexes and there exist morphisms D : B → A′ and

∆: C → B′ such that f = ϕ′D + ∆ψ, then the induced map from the homology

at B to the homology at B′ is zero.

Corollary 2.50. Let A be an additive category. Suppose

A1 A2 A3 A1 A2 A3

and

A′
1 A′

2 A′
3 A′

1 A′
2 A′

3

d1 d2 d1 d2

ϕ1 ϕ2 ϕ3 ϕ′1 ϕ′2 ϕ′3

d′1 d′2 d′1 d′2

are commutative diagrams in A and there exist D2 : A2 → A′
1 and D3 : A3 → A′

2

such that ϕ2 − ϕ′
2 = d′1D2 +D3d2. Then the map from the homology at A2 to the

homology A′
2 induced by ϕ2 is equal to the one induced by ϕ′

2.

There is one more result needed to explain how we arrive at the long exact

sequences of derived functors: The so called “Horseshoe Lemma”.

Proposition 2.51. (Horseshoe Lemma) Let A be an abelian category with

enough injectives. Suppose we have a commutative diagram in A

0 A E0 E1 E2 · · ·ι d0 d1

A′

0 A′′ E ′′
0 E ′′

1 E ′′
2 · · ·ι′′ d′′0 d′′1

0

0
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with exact column and rows that are injective resolutions. Then there exists an

injective resolution (E ′
n, d

′
n) of A

′ with E ′
n = En ⊕ E ′

n such that

0 A E0 E1 E2 · · ·ι d0 d1

0 A′ E ′
0 E ′

1 E ′
2 · · ·ι′ d′0 d′1

0 A′′ E ′′
0 E ′′

1 E ′′
2 · · ·ι′′ d′′0 d′′1

0 0 0 0

0 0 0 0

is commutative with exact rows and columns. (Here the vertical maps are the

obvious ones.)

Let A and B be abelian categories and suppose A has enough injectives.

Suppose also that F : A → A′ is a left exact, additive functor. For any A ∈ A

we chose an injective resolution of A

0 A E0 E1 E2 · · ·ι d0 d1 d2

Applying F and eliminating the F (A) term produces a complex in B. When F

is covariant this complex is of the form

0 F (E0) F (E1) F (E2) · · ·
F (d0) F (d1) F (d2)

For each n ∈ N, let RnF denote the n-th homology of the preceding complex.

Using Proposition 2.48 and Remark 2.39 one can show, using standard homolog-

ical arguments, that RnF is unique up to isomorphism in B. Moreover, setting

Rnϕ for any morphism ϕ in A to be the homology map induced by ϕn, one can

show, again by Proposition 2.48 and Remark 2.39, that RnF is a functor.

When F is contravariant, we let RnF (A) denote the nth homology of

0 F (E0) F (E1) F (E2) · · ·
F (d0) F (d1) F (d2)
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As before, each RnF is a functor. We call these the right derived functors of F.

The following is essentially a consequence of the Horseshoe Lemma and Propo-

sition 2.42.

Proposition 2.52. Let F : A → B be an additive, left exact, covariant functor

between abelian categories and suppose 0 → A → A′ → A′′ → 0 is exact in A.

Then there is a naturally defined long exact sequence for the right derived functors

of F :

Rn−1F (A
′′)· · ·

RnF (A
′′)RnF (A

′)RnF (A)

Rn+1F (A) · · ·

R0F (A
′′)R0F (A

′)R0F (A)0

When F is contravariant we get the same long exact sequence (with Ri replacing

Ri) but with the arrows reversed.

Remark 2.53. It is an easy exercise to show that left exactness of a covariant

additive functor F : A → B between abelian categories is the same as having the

property that for every exact sequence 0 → A → A′ → A′′ in A, the sequence

0 → F (A) → F (A′) → F (A′′) is exact in B. This has the consequence that for

any A ∈ A we have R0F (A) ∼= F (A).

We end this section by giving an example, showing how homological algebra

can be used to provide information about rings and their modules.

Example 2.54. (Ext) As stated in Example 2.45, the category ModR has

enough injectives. So injective resolutions can be formed. Let R be a ring and

A ∈ ModR. The functor

Hom(A,−) : ModR → Ab, B 7→ Hom(A,B),

where φ ∈ Hom(B,B′) is mapped to φ∗ : Hom(A,B) → Hom(A,B), f 7→ φf, is

covariant. The n-th derived functor RnHom(A,−) is denoted by Extn(A,−). It

can be shown that the following are equivalent:
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(i) B ∈ ModR is injective.

(ii) Extn(A,B) = 0 for all n ≥ 1, A ∈ ModR.

(iii) Ext1(A,B) = 0 for all A.

One can also show that if B ∈ ModR, n ≥ 1 and Extn(A,B) = 0 for all

A ∈ ModR, then Extk(A,B) = 0 for all A ∈ ModR and k ≥ n. This has

the consequence that for each B ∈ ModR, the injective dimension

Inj-dim (B) := inf
{
n ≥ 0 |Extn+1(A,B) = 0, for allA ∈ ModR

}
is well defined (possibly infinite). From this we can define the right global dimen-

sion of R as

RG-dimR := sup {Inj-dim (B) |B ∈RMod}.

This can be used to characterise semisimple rings via the Artin–Wedderburn–

Structure Theorem, which, among other things, states that for a ring R,

RG-dimR = 0 if and only if R is semisimple.

Homological algebra is often done using resolutions built from projective ob-

jects. Projectivity and injectivity are dual notions. We focus on injectivity be-

cause in Section 3.5 and Chapter 4 we utilise known results about injectivity for

operator space modules.

2.5 Exact Categories

Homological algebra in an additive category A does not require that A is abelian.

We will clearly need to modify some of our notions from the preceding sections in

order to work in a more general setting. In this section we introduce exact cate-

gories as defined by Quillen, and note how we get results that mirror the abelian

case. The article [14] by Bühler is a helpful introduction to these categories and

as stated in the introduction to this chapter, the results in this section can be

found there.

To define exact categories we will need pullbacks and pushouts. We will define

these soon, but we first introduce the more general notions of limits and colimits.
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These are standard constructions in category theory. The source used here was

[71, Section A.5].

Definition 2.55. Let A be a category and I be a small category (the class

of objects of I is a set). Suppose F : I → A is a covariant functor. In the

following definitions I will act like an indexing set, so we write F (i) as Ai for

each object i ∈ I.

1. A limit of F (if it exists) is an object L ∈ A along with a system of

morphisms ψi : L → Ai, which are compatible in the following way: for

each i, j ∈ I, given any ϕ ∈ HomI(j, i), the following diagram commutes

Aj

Ai,

LF (ϕ)

ψj

ψi

and moreover, the system (ψi)i∈I must be “universally terminal” with re-

spect to this compatibility. That is, suppose L′ ∈ A and we have a similarly

compatible system of maps ψ′
i : L

′ → Ai (i ∈ I), then there is a unique

morphism Φ: L′ → L such that all diagrams of the form

Aj

Ai,

L L′F (ϕ)

ψj

ψi

Φ

ψ′
j

ψ′
i

are commutative.

2. A colimit of F (if it exists) is an object C ∈ A along with a system of

morphisms ψi : Ai → C, which are compatible in the following way: for

each i, j ∈ I, given any ϕ ∈ HomI(j, i), the following diagram commutes

Aj

Ai,

C F (ϕ)

ψj

ψi
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and moreover, the system (ψi)i∈I must be “universally initial” with respect

to this compatibility. That is, suppose C ′ ∈ A and we have a similarly

compatible system of maps ψ′
i : Ai → C ′ (i ∈ I), then there is a unique

morphism Φ: C → C ′ such that all diagrams of the form

Aj

Ai,

CC ′ F (ϕ)

ψj

ψi

Φ

ψ′
j

ψ′
i

are commutative.

Note here that limits and colimits are dual concepts and that up to isomor-

phism a (co)limit is unique.

Definition 2.56. Let Aj, Ak and A0 be objects in a category A and suppose we

have morphisms ϕj : Aj → A0 and ϕk : Ak → A0. The pullback of these morphisms

is the limit of the functor F : I → A, where I is the category with obj(I) =

{j, k, 0} and whose only morphisms are the identities along with j → 0 and k → 0

and F is the functor with F (i) = Ai for each i ∈ I such that F (j → 0) = ϕj and

F (k → 0) = ϕk.

Remark 2.57. It is often easier to think about pullbacks in terms of commutative

squares. It follows from the definition that L ∈ A is a pullback of ϕj and ϕk if

and only if there exist morphisms ψj and ψk such that

L Aj

Ak A0.

ψj

ψk

ϕk

ϕj

is commutative and for every L′ ∈ A with ψ′
k : L

′ → Ak ψ
′
j : L

′ → Aj such that

ϕjψ
′
j = ϕkψ

′
k, then there exists a unique morphism L′ → L making the following
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diagram commute

L′

L Aj

Ak A0.

ψj

ψk

ϕk

ϕj

ψ′
j

ψ′
k

Definition 2.58. Let Aj, Ak and A0 be objects in a category A and suppose we

have morphisms ϕj : A0 → Aj and ϕk : A0 → Ak. The pushout of these morphisms

is the colimit of the functor F : I → A, where I is the category with obj(I) =

{j, k, 0} and whose only morphisms are the identities along with 0 → j and 0 → k

and F is the functor with F (i) = Ai for each i ∈ I such that F (0 → j) = ϕj and

F (0 → k) = ϕk.

Remark 2.59. Like with pullbacks, we think of pushouts in terms of commuta-

tive squares. It follows from the definition that C ∈ A is a pushout of ϕj and ϕk

if and only if there exist morphisms ψj and ψk such that

A0 Aj

Ak C

ϕj

ϕk

ψk

ψj

is commutative and for every C ′ ∈ A with ψ′
k : Ak → C ′ ψ′

j : Aj → C ′ such that

ψ′
jϕj = ψ′

kϕk, then there exists a unique morphism C → C ′ making the following

diagram commute

A0 Aj

Ak C

C ′.

ϕj

ϕk
ψk

ψj

ψ′
k

ψ′
j

For the remainder of the section every category A will be assumed to be

additive, unless otherwise stated.



CHAPTER 2. HOMOLOGICAL ALGEBRA IN ADDITIVE CATEGORIES 54

Definition 2.60. Let A be an additive category. A kernel-cokernel pair (j, p) is

a pair of composable morphisms

K A D
j p

where j is a kernel of p and p is a cokernel of j. SupposeE is a fixed class of kernel-

cokernel pairs in A. Then a morphism j is called an admissible monomorphism

if there exists a morphism p, such that (j, p) ∈ E. A morphism p is called an

admissible epimorphism if there exists a morphism j, such that (j, p) ∈ E. In

diagrams admissible monomorphisms (resp. epimorphisms) will be depicted by

↣ (resp. ↠).

We define exact categories using the axioms of an exact structure given in [14].

In Section 2 of that paper Bühler shows these axioms are equivalent to Quillen’s

axioms.

Definition 2.61. An exact structure on A is a class Ex of kernel-cokernel pairs

which is closed under isomorphisms and satisfies the following axioms:

[E0] For all objects A ∈ A, the identity morphism 1A is an admissible

monomorphism.

[E0op] For all objects A ∈ A, the identity morphism 1A is an admissible

epimorphism.

[E1] The class of admissible monomorphisms is closed under composi-

tion.

[E1op] The class of admissible epimorphisms is closed under composition.

[E2] The pushout of an admissible monomorphism along an arbitrary

morphism exists and yields an admissible monomorphism.

[E2op] The pullback of an admissible epimorphism along an arbitrary

morphism exists and yields an admissible epimorphism.

Axioms [E2] and [E2op] can be shown in the diagrams

A0 A1 L B1

and

A2 C B2 B0
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where the dashed lines are the fillers making the left diagram a pushout and the

right diagram a pullback.

An exact category is a pair (A,Ex) consisting of an additive category A and

an exact structure Ex on A. Elements of Ex are called short exact sequences.

Example 2.62. The class Exmax of all kernel-cokernel pairs in an abelian cate-

gory is easily checked to be an exact structure.

Example 2.63. The pre-abelian category Ban∞ as defined in Example 2.23

above, along with the the class Exmax of all kernel-cokernel pairs, form an exact

category. See [15, p.56–57] for a proof of this.

Remark 2.64. Note that the Short 5-lemma and the 9-Lemma (Corollary 2.33

and Proposition 2.34 respectively), were given in terms of short exact sequences

of abelian categories. These results still hold when the sequences are short exact

in an exact structure (see [14, Section 3]). That is, we have the following Short

5-lemma and 9-Lemma for exact categories:

Let Ex be an exact structure on an additive category A

• Suppose we have the following commutative diagram in A

A2 A3 A4

B2 B3 B4,

φ1 φ2 φ3

with short exact rows. Then if φ1 and φ3 are both isomorphisms, or both

admissible monomorphisms, or both admissible epimorphisms then so is φ2.

• Suppose the diagram

A B C

A′ B′ C ′

A′′ B′′ C ′′

is commutative with every column short exact. Assuming, in addition, that

one of the following conditions holds:
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1. the middle and one of the outer rows is exact,

2. the two outer rows are exact and the middle row is a complex.

Then all the rows are exact.

To produce other diagram lemmas and to do homological algebra, we will, of

course, need a notion of exactness for longer sequences.

Definition 2.65. Amorphism f : A→ B in an exact category is called admissible

if there exists an admissible epimorphism e and an admissible monomorphism m

such that f = me. That is, f is admissible when we have a commutative diagram

of the form

A B.

V

f

e m

Proposition 2.66. The factorisation of an admissible morphism is unique up to

unique isomorphism. That is, in a commutative diagram of the form

V

A B,

V ′

i

the filler i exists and is the unique isomorphism making the diagram commute.

See [14, p.26] for a proof of the above proposition.

Remark 2.67. Suppose f : A→ B is an admissible morphism in an exact cate-

gory A. Then there exists an analysis of f :

A B

VK D,

f

e m

pk

where k is a kernel, p is a cokernel, e is a coimage and m is an image of f.

Definition 2.68. A sequence of admissible morphisms

A B C,

V V ′

f f ′
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is exact if V ↣ B ↠ V ′ is short exact. Longer sequences of admissible morphisms

are said to be exact when the sequence given by any two consecutive morphisms

is exact.

We will often be working in categories that have more structure than just

being exact.

Definition 2.69. A category A is called quasi-abelian if:

(i) it is pre-abelian (every morphism has a kernel and a cokernel),

(ii) the class of kernels is stable under pushout along arbitrary morphisms,

(iii) the class of cokernels is stable under pullback along arbitrary morphisms.

Remark 2.70. In any quasi-abelian category, the class Exmax of all kernel-

cokernel pairs forms an exact structure [14, Theorem 4.4].

Using the above notions of admissibility and exactness, one can show that

the 4-Lemma (Proposition 2.31) and 5-Lemma (Proposition 2.32) hold (and give

admissible morphisms) in any quasi-abelian category equipped with any exact

structure, when we additionally require that all morphisms mentioned in the

statements of the lemmas be admissible. This is left as an exercise in [14, p.27].

Proposition 2.71. (Ker-Coker-sequence) Let A be a quasi-abelian category

equipped with any exact structure. Suppose f : A→ B and g : B → C are admis-

sible morphisms such that h = gf : A → C is admissible as well. Then there is

an exact sequence of admissible morphisms

Ker f Kerh Ker g Coker f Cokerh Coker g,

depending naturally on the diagram h = gf.

The proof of this result is given on [14, p.28] and has the consequence that we

have the following version of the Snake Lemma, for quasi-abelian exact categories.
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Corollary 2.72. Let A be a quasi-abelian equipped with any exact structure.

Suppose

A1 A2 A3

B1 B2 B3,

φ π

ψ ρ

is a commutative diagram of admissible morphisms in A with short exact rows

and admissible vertical arrows. Extending to include kernels and cokernels of the

vertical arrows produces the following commutative diagram with exact rows and

columns:

K1 K2 K3

A1 A2 A3

B1 B2 B3,

D1 D2 D3.

φ π

ψ ρ

φ π

ψ ρ

Moreover, there is a naturally defined admissible morphism δ : K3 → D1 such that

K1 K2 K3 D1 D2 D3,
φ π δ ψ ρ

is exact.

Remark 2.73. In fact, the more familiar Snake Lemma (Proposition 2.40) holds

in an exact category, provided that the initial morphisms are all admissible.

Definition 2.74. Let (A,Ex) and (A′,Ex′) be exact categories. An additive

functor F : (A,Ex) → (A′,Ex′) is called exact if F (Ex) ⊆Ex′.

Remark 2.75. By Proposition 2.29 and Example 2.62, it is clear that this def-

inition of an exact functor is a generalisation of the notion of an exact functor

between abelian categories given in Definition 2.30 above.

Definition 2.76. Let (A,Ex) be an exact category. Recall thatAb is the abelian

category of abelian groups. An object E in A is called Ex-injective if the con-

travariant functor HomA(−, E) : (A,Ex) → (Ab,Exmax) is exact.
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Remark 2.77. Note that there is also the concept of Ex-projective objects, but

we will not deal with them here. We just mention that by duality arguments the

results given in [14] for projectives, painlessly transfer to the results concerning

Ex-injectives given in the remainder of this section.

Proposition 2.78. Let I be an object of an exact category (A,Ex). Then the

following are equivalent:

(i) I is Ex-injective.

(ii) For all admissible monomorphisms A↣ B and all morphisms A→ I there

exists a morphism making the following diagram commute

A B

I

(iii) The functor HomA(−, I) sends admissible monomorphisms to injections.

(iv) Every admissible monomorphism I ↣ A has a left inverse.

See [14, p.44] for a proof of the projective version of the above proposition.

Corollary 2.79. Let (A,Ex) be an exact category. Suppose that I isEx-injective

and f : A→ I is a morphism in A with a left inverse. Then A is Ex-injective.

Definition 2.80. Let (A,Ex) be an exact category. We say that A has enough

Ex-injectives if for every object A ∈ A there exists an Ex-injective object I and

an admissible monomorphism A↣ I.

Definition 2.81. An injective resolution of an object A in an exact category is

an exact sequence of admissible morphisms of the form

A I0 I1 I2 · · ·ι d0 d1 d2

where all Ik are Ex-injective.

We continue to arrive at “mirror images” of our results on abelian categories.

Next we have versions of Proposition 2.48 and The Horseshoe Lemma (Proposi-

tion 2.51) for exact categories.
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Proposition 2.82. Let (A,Ex) be an exact category with enough Ex-injectives.

Then any object in A has an injective resolution. Morever, suppose that A,A′ ∈

A, ϕ ∈ Hom(A,A′), (In, dn) is an injective resolution of A and (Jn, ∂n) is an

injective resolution of A′. Then there exist fillers ϕn ∈ Hom(In, Jn) making

A I0 I1 · · ·

A′ J0 J1 · · ·

ι d0 d1

ι′ ∂0 ∂1
ϕ ϕ0 ϕ1

commutative. Furthermore, if ϕ′
n ∈ Hom(In, Jn) also serve as fillers, then the

sequences (ϕn)n∈N0 and (ϕ′
n)n∈N0 are homotopic.

Proposition 2.83. (Horseshoe Lemma) Let (A,Ex) be an exact category with

enough Ex-injectives. Suppose we have a commutative diagram in A

A I0 I1 · · ·

A′

A′′ J0 J1 · · ·

with short exact column and rows that are injective resolutions. Then the direct

sums Kn = In ⊕ Jn assemble to give an injective resolution of A′ in such a way

that the following diagram is commutative

A I0 I1 · · ·

A′ K0 K1 · · ·

A′′ J0 J1 · · ·

with short exact columns and exact rows.

Proofs of (the projective versions of) Propositions 2.82 and 2.83 are found on

[14, p.46-47] and [14, p.49] respectively.
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It is clear in an exact category (A,Ex) with enough Ex-injectives, that, for

any functor F : A → B we can form right derived functors of F in the exact

same manner as in Section 2.4. Again these are independent of the choice of

injective resolution (by Proposition 2.82) and the following is a consequence of

the Horseshoe Lemma for exact categories.

Proposition 2.84. Let (A,Ex) be an exact category with enough Ex-injectives

and B be an abelian category. Suppose that F : (A,Ex) → (B,Exmax) is an

additive, left exact, covariant functor and that A ↣ A′ ↠ A′′ is exact in A.

There exists a naturally defined long exact sequence for the right derived functors

of F :

Rn−1F (A
′′)· · ·

RnF (A
′′)RnF (A

′)RnF (A)

Rn+1F (A) · · ·

R0F (A
′′)R0F (A

′)R0F (A)0
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Chapter 3

An Exact Category of Operator

Modules

To understand a ring or an algebra, it is often beneficial to examine the modules

over it. In the analytic setting, modules in general, do not capture enough infor-

mation about the normed space. This leads to the study of different classes of

modules in functional analysis (for example, normed modules or Banach mod-

ules). The modules that work for us are the so called “operator modules”.

Roughly speaking, given a C*-algebra A, the operator A-modules are modules

over A such that the module action interacts with the canonical operator space

structure of A in a “completely contractive manner”. In this chapter we intro-

duce OMod∞
A a category of right operator A-modules, and set the stage for us to

perform homological algebra in Chapter 4.

The information and results concerning operator spaces can be found in most

textbooks on the subject, for instance [26]. The main source for the operator

modules results was the book of Blecher and Le Merdy [8]. The descriptions of

kernels and cokernels in OMod∞
A can be found in [48] and a proof of the exact

structure on OMod∞
A is in [4].

3.1 Operator Spaces

In this section we record some preliminary information on operator spaces and the

canonical operator space structure on C*-algebras. We note that, when we move

to this setting, notions of continuity and boundedness no longer maintain enough

63
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control over linear operators, so the operators we work with must be “completely

bounded”.

If H and K are Hilbert spaces, B(H,K) with the operator norm is a Banach

space. For any p, q ∈ N we equip Mp,q(C) with the norm inherited via the

identification Mp,q(C) ∼= B(Cq,Cp).

Definition 3.1. An abstract operator space is a linear space E, with a matrix

norm (an assignment of a complete norm ∥·∥n on Mn(E) for each n ∈ N, making

them a Banach space), such that the following axioms are fulfilled:

1. ∥x⊕ y∥m+n = max {∥x∥m, ∥y∥n} for all x ∈Mm(E), y ∈Mn(E), where

x⊕ y =

x 0

0 y

 ∈Mm+n(E).

2. ∥αxβ∥n ≤ ∥α∥ ∥x∥m∥β∥ for all x ∈Mm(E), α ∈Mn,m(C), β∈Mm,n(C).

A matrix norm that satisfies these two conditions is known as an operator space

matrix norm.

Remark 3.2. Let E be an abstract operator space. For each m,n ∈ N we will

always take as the norm on Mm,n(E) the one inherited from the matrix norm

when we consider Mm,n(E) as a linear subspace of Mp(E) where p = max{m,n}.

Definition 3.3. Suppose that ϕ : E → F is a linear mapping between abstract

operator spaces. Recall Definition 1.44, that for each n ∈ N the nth amplification

ϕn :Mn(E) →Mn(F ) is defined by ϕn([xi,j]) = [ϕ(xi,j)]. The completely bounded

norm (or cb norm) of ϕ is defined by

∥ϕ∥cb = sup {∥ϕn∥ |n ∈ N}.

The map ϕ is completely bounded (resp. completely contractive) if ∥ϕ∥cb < ∞

(resp. ∥ϕ∥cb ≤ 1). If each amplification is isometric, we say that ϕ is a complete

isometry , or is completely isometric.

We will denote the category with abstract operator spaces as objects and

completely bounded linear operators as morphisms by Op∞. The isomorphisms

in Op∞ are the completely bounded maps which are also topological isomor-

phisms with completely bounded inverse. We will refer to these as complete

isomorphisms . If moreover, a complete isomorphism is a complete isometry we

say it is a completely isometric isomorphism.
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Definition 3.4. A concrete operator space is a closed linear subspace E of B(H)

for a Hilbert space H.

Remark 3.5. Concrete operator spaces can be defined as closed subspaces of

B(H,K) for H and K Hilbert spaces. Our convention suffices via the inclusion

B(H,K) ⊆ B(H ⊕K).

For any Hilbert space H and each n ∈ N, we define the Banach space

Mn(B(H)) with norm inherited via the canonical *-isomorphism of Mn(B(H))

onto B(Hn) described in Chapter 1. This, in fact, describes an operator space

matrix norm for B(H) ( [26, Proposition 1.3.1]). It is not difficult to see that

closed subspaces of concrete operator spaces are concrete operator spaces. There-

fore, it is clear that every concrete operator space can be considered as an abstract

operator space.

In fact, the previous paragraph describes all abstract operator spaces and we

will not need to distinguish between abstract and concrete operator space, so we

will refer simply to operator spaces. This is a consequence of Ruan’s Representa-

tion Theorem below. For a proof of this see [26, Theorem 2.3.5].

Theorem 3.6. (Ruan’s Representation Theorem) Let E be an abstract op-

erator space. Then there is a completely isometric isomorphism from E onto a

concrete operator space F.

We briefly describe some constructions in Op∞. More details can be found,

for example, in [26, Chapter 3].

Proposition 3.7. Let E be an operator space and F a closed subspace. Then

(i) For every m ∈ N, the space Mm(E) is an operator space.

(ii) Both F and E/F are operator spaces.

Proof. Let n ∈ N. Equip Mn(Mm(E)) with the norm that makes the canonical

bijection Mn(Mm(E)) ∼= Mmn(E) isometric. The norm on Mn(F ) is inherited as

a closed subspace of Mn(E). The norm on Mn(E/F ) is defined to be such that

the canonical bijection Mn(E/F ) ∼= Mn(E)/Mn(F ) is isometric. It not difficult

to show that if we do this for each n ∈ N we get operator space matrix norms for

each of these Banach spaces.
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For E,F ∈ Op∞ we note that MorOp∞(E,F ), under pointwise operations and

equipped with the completely bounded norm, forms a Banach space. We denote

this by CB(E, F ).

Proposition 3.8. Let E and F be operator spaces. Then CB(E, F ) has a natural

operator space structure.

Proof. For each n ∈ N the map Φ: Mn(CB(E, F )) → CB(E, Mn(F )), where

Φ([ϕi,j])(x) = [ϕi,j(x)], is easily verified to be bijective. Equip Mn(CB(E, F ))

with the norm that makes Φ isometric. Again, one can check that this describes

an operator space matrix norm.

Definition 3.9. For any C*-algebra A we can equip eachMn(A) with the unique

norm that makes it a C*-algebra (see Proposition 1.46). With these norms it is

easy to see that A is an operator space. We call A with this matrix norm the

canonical operator space structure of A.

Remark 3.10. When we consider C*-algebras as operator spaces it will always

be with respect to the canonical operator space structure.

Proposition 3.11. Let π : A → B be a *-homomorphism between C*-algebras.

Then π is completely contractive.

Proof. Each πn : Mn(A) → Mn(B) is *-homomorphism between C*-algebras, so

by Corollary 1.9, each πn is a contraction.

3.2 Operator Modules

In this section we introduce operator modules. For C*-algebras there are several

classes of Banach modules it seems reasonable to investigate. The name “operator

module” could be applied to more than one of these (and to add some confusion,

in some situations it has been). Our operator modules work well for homological

algebra, so we are happy to restrict ourselves to dealing with them. However,

some notes on the history and benefits of other modules over C*-algebras have

been recorded in Appendix A.
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Definition 3.12. Let A be a C*-algebra. We say that a right A-module E

is a right operator A-module if E is an operator space and there exist Hilbert

spaces H and K, a complete isometry Φ: E → B(H,K) and a *-homomorphism

π : A→ B(H) such that Φ(x · a) = Φ(x)π(a), for all x ∈ E and a ∈ A.

When one can choose Φ to be the inclusion of a closed linear subspace, we describe

E as being a concrete right operator A-module.

Example 3.13. Let K be a Hilbert space and suppose π : A → B(H) is a *-

homomorphism. Then B(H,K) is a concrete right operator A-module for any

Hilbert space H by the module action x · a = xπ(a) for all x ∈ B(H,K), a ∈ A.

Definition 3.14. Let A be a Banach algebra and E a right A-module which is

also a Banach space. Then E is called:

1. a right Banach A-module if the bilinear map E × A → E, (x, a) 7→ x · a is

contractive;

2. nondegenerate if the linear span of {x · a |x ∈ E, a ∈ A} is dense in E;

3. unital if A is unital and x · 1 = x for all x ∈ E.

Proposition 3.15. Let A be a C*-algebra and E be an operator space that is also

a nondegenerate right A-module. Then the following are equivalent:

(i) E is a right operator A-module.

(ii) The bilinear map E × A → E, (x, a) 7→ x · a extends to a completely con-

tractive linear map E ⊗h A → E, where E ⊗h A is the Haagerup tensor

product of E and A.

(iii) For each n ∈ N the space Mn(E) is a right Banach Mn(A)-module in the

canonical way.

That (ii) and (iii) are equivalent follows immediately from the universal prop-

erty of the Haagerup tensor product of operator spaces (see Proposition A.10).

We show how (i) implies (iii): Suppose Φ: E → B(H,K) is a complete isom-

etry and π : A → B(H) is a *-homomorphism making E a right operator A-

module. For any e ∈Mn(E) and a ∈Mn(A), we have Φn(e) ∈Mn(B(H,K)) and

πn(a) ∈Mn(B(H)). Noting Mn(B(H,K)) is completely isometrically isomorphic
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to B(Hn, Kn) and Mn(B(H)) is completely isometrically isomorphic to B(Hn)

we see ∥x · a∥n = ∥Φn(x)πn(a)∥n ≤ ∥Φn(x)∥n∥πn(a)∥n ≤ ∥x∥n∥a∥n.

That (ii) implies (i) is part of a variation on a theorem of Christensen, Effros

and Sinclair ([17, Corollary 3.3]). This variation is [8, Lemma 3.3.5]. We record

this theorem here as it contains some useful additional information.

Theorem 3.16. Let A be a C*-algebra and E be an operator space that is also a

nondegenerate right A-module. Suppose condition (ii) of Proposition 3.15 holds.

Then there exists a Hilbert space H and completely isometric linear map ϕ : E →

B(H) and completely isometric representation π : A→ B(H) such that ϕ(x ·a) =

ϕ(x)π(a) for all x ∈ E, a ∈ A. Moreover if A is unital π can be chosen to be

unital.

3.3 The Additive Category OMod∞
A

Definition 3.17. Let A be a C*-algebra. Then OMod∞
A is the category with

objects being the nondegenerate right operator A-modules and with morphisms

being the completely bounded A-module maps.

In order to do homological algebra in an additive category, we must under-

stand the kernels and cokernels in the category. For this section we fix a C*-

algebra A. Here, we show that OMod∞
A is additive and characterise its kernels

and cokernels. We use this to show that although OMod∞
A need not be abelian

(Remark 3.21 below), it is always pre-abelian (Proposition 3.25 and Proposition

3.29). For E,F ∈ OMod∞
A , we denote the set MorOMod∞

A
(E,F ) by CBA(E, F ).

It is clear that this is an abelian group.

Remark 3.18. For E,F ∈ OMod∞
A , E ⊕ F is a Banach space with respect to

the norm ∥(x, y)∥ = ∥x∥ + ∥y∥ for each x ∈ E, y ∈ F. Moreover, identifying for

each n ∈ N,Mn(E ⊕F ) with Mn(E)⊕Mn(F ), we equip E ⊕F with an operator

space structure. For x = [xij] ∈ Mn(E) and y = [yij] ∈ Mn(F ) we will use (x, y)

to mean [(xij, yij)] when working in Mn(E ⊕ F ).

It is not difficult to see that the right module action (x, y) · a = (x · a, y · a)

for each x ∈ E, y ∈ F, a ∈ A, is such that E ⊕ F ∈ OMod∞
A .
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One can then show that for E,F ∈ OMod∞
A the direct sum E⊕F is a product

(and coproduct) of E and F. Then it is straightforward to check that the following

holds:

Proposition 3.19. Let A be a C*-algebra. Then OMod∞
A is an additive category.

We will show below that OMod∞
A fails to be abelian, but that the kernel-

cokernel pairs here describe a pre-abelian category. We first describe the monomor-

phisms and epimorphisms in this category. Note that in an additive category a

morphism ϕ is a monomorphism if and only if for every morphism ψ, we have

ϕψ = 0 ⇒ ψ = 0 and is an epimorphism if and only if for every morphism ψ we

have ψϕ = 0 ⇒ ψ = 0.

Proposition 3.20. Let E,F ∈ OMod∞
A . Then for any ϕ ∈ CBA(E, F ) we have

that

(i) ϕ is a monomorphism if and only if it is an injection;

(ii) ϕ is an epimorphism if and only if it has dense range.

Proof. (i) Suppose ϕ is an injection. For any completely bounded A-module map

ψ : G → E where G ∈ OMod∞
A , we must have ψ(z) = 0 for all z ∈ G whenever

ϕψ = 0, so ϕ is a monomorphism. On the other hand, let ϕ be a monomorphism.

SetK = {x ∈ E |ψ(x) = 0} . ThenK is a closed submodule of E and the inclusion

ι : K → E is a completely bounded A-module map such that ϕι = 0. As ϕ is a

monomorphism, ι = 0, hence K = 0.

(ii) When ϕ has dense range and ψ : F → G is a completely bounded A-module

map such that ψϕ = 0, then by continuity ψ = 0 and so ϕ is an epimorphism.

Lastly, for ϕ being an epimorphism, let π : F → F/ϕ(E) be the canonical complete

quotient mapping. This is clearly an A-module map and πϕ = 0, so π = 0 and

hence F = ϕ(E).

Remark 3.21. Let E be a Banach space. It is well known that E can always be

“quantised” with operator space structures and among these structures there is

a maximal quantisation Max(E) and a minimal quantisation Min(E) such that if

E is equipped with another operator space structure, then, for any x ∈Mn(E),

∥x∥min ≤ ∥x∥n ≤ ∥x∥max,
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where ∥x∥min and ∥x∥max denote the matrix norm of x under the minimal and

maximal quantisations of E respectively. A nice discussion of this can be found

in [26, Section 3.3]. It is then clear that for any Banach space E the identity map

Max(E) → Min(E) is a completely contractive injective map with dense range.

So it is a bimorphism in OMod∞
C . However for infinite dimensional E, the inverse,

the identity Min(E) → Max(E) is not completely bounded (this is [54, Corollary

2.13]). So by Proposition 2.22, OMod∞
C fails to be an abelian category. As a

result we cannot hope that, for a general C*-algebra A, OMod∞
A is an abelian

category.

In Section 3.4 we will see that OMod∞
A can be given the exact structure of

Exmax, the class of all kernel-cokernel pairs. Towards this, we need to describe

the kernels and cokernels in OMod∞
A . To do so we will make use of constructions

in OMod∞
A . First we gather some terminology and recall some definitions.

Definition 3.22. Let E be a Banach space and γ be a positive (non-zero) real

number. The closed ball at the origin of radius γ is E∥·∥≤γ := {x ∈ E | ∥x∥ ≤ γ}

and the open ball at the origin of radius γ is E∥·∥<γ := {x ∈ E | ∥x∥ < γ} .

Definition 3.23. A non-zero bounded linear mapping ϕ : E → F between normed

spaces is said to be a quotient mapping if ϕ(E∥·∥<1) = F∥·∥<1. If moreover, E and F

are operator spaces, we say ϕ is a complete quotient mapping if each amplification

ϕn is a quotient mapping.

Lemma 3.24. Let A be a C*-algebra. Suppose E ∈ OMod∞
A and F is a

closed submodule of E. Then both F and E/F are nondegenerate right opera-

tor A-modules in the canonical way.

Proof. The operator space structures are as in Proposition 3.7. The result is clear

for F. We show E/F ∈ OMod∞
A . Let π : E → E/F be the canonical surjection.

Clearly this a complete quotient mapping. The module action is the canonical

one defined by π(x) · a = π(x · a) for all x ∈ E, a ∈ A. Let n ∈ N, a = [ai,j] ∈

Mn(A), z = [π(xi,j)] ∈ Mn(E/F ) with ∥a∥n ≤ 1, ∥πn(x)∥n ≤ 1. We can assume
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that ∥x∥n ≤ 1. Then

∥πn(x) · a∥n =

∥∥∥∥∥
[

n∑
k=1

π(xi,k) · ak,j

]∥∥∥∥∥
n

=

∥∥∥∥∥
[
π(

n∑
k=1

xi,k · ak,j)

]∥∥∥∥∥
n

= ∥πn(x · a)∥n ≤ ∥π∥cb∥x∥n∥a∥n ≤ 1.

Recall by Remark 2.19 that in an additive category, for a morphism f : E → F

that is also a linear map we use (Ker f, j) to denote the categorical kernel of f

and ker f for the set {x ∈ E |ϕ(x) = 0} .

Proposition 3.25. Let ϕ : E → F be a morphism in OMod∞
A . Then the kernel

of ϕ is (kerϕ, ι) where ι : kerϕ→ E is the inclusion map.

Proof. Let K = kerϕ. By Lemma 3.24, K is a right operator A-module. The

inclusion map ι : K → E is a completely isometric module map such that ϕι = 0.

Suppose we have the following commutative diagram in OMod∞
A

K E F.

G

ι ϕ

ψ
0ψ̃

0

Note for each z ∈ G, that ϕ(ψ(z)) = 0, meaning ϕ(G) ⊆ K. Let ψ̃ denote ψ

considered as a morphism G → K. This is the unique morphism G → K such

that ιψ̃ = ψ.

Note that, in the previous proposition the monomorphism ι : kerϕ→ F was

injective, had closed range and had a completely bounded inverse from its range.

In fact, these are precisely the properties needed for a monomorphism to be a

kernel in OMod∞
A , that is, we have the following proposition.

Proposition 3.26. Let µ : E → F be a monomorphism in OMod∞
A . Then (E, µ)

is a kernel of a morphism in OMod∞
A if and only if µ has closed range and

completely bounded inverse µ−1 : µ(E) → E.

Proof. Suppose µ : E → F is a monomorphism with closed range and completely

bounded inverse. Then note that πµ = 0 when π : F → F/µ(E) is the canonical
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complete quotient mapping. Suppose we have the following commutative diagram

in OMod∞
A

E F F/µ(E).

G

µ π

ψ
0

0

ψ̃

Define ψ̃ : G → E by ψ̃(z) = µ−1ψ(z) for each z ∈ G. Because πψ = 0, we have

the inclusion ψ(G) ⊆ µ(E). So ψ̃ is a well defined map. It is also a composition

of completely bounded A-module maps and so is a morphism in OMod∞
A . Clearly

µψ̃ = ψ and if θ ∈ CBA(G, E) such that µθ = ψ then µ−1µθ = µ−1ψ, that is

θ = ψ̃.

On the other hand, we now suppose µ : E → F is a kernel of ϕ : F → G. By

Proposition 3.25 we know that (K, ι), where K = kerϕ and ι : K → E is the

inclusion map, is a kernel of ϕ. Then by the universal property of kernels we have

the following commutative diagram:

K

F G

E

ι

µ

ϕ
θ

with θ an isomorphism in OMod∞
A . Since µ is the composition of an isomorphism

followed by a morphism with closed range and bounded inverse, it immediately

has the desired properties.

Before dealing with cokernels in OMod∞
A , we again need to introduce another

type of morphism in Op∞. Compare with Definition 3.23.

Definition 3.27. A non-zero bounded linear mapping ϕ : E → F between normed

spaces is said an open mapping if there exists γ > 0 such that ϕ(E∥·∥<1) ⊇ F∥·∥<γ.

If moreover, E and F are operator spaces we say that ϕ is a completely open map-

ping if for all n ∈ N, ϕn(Mn(E)∥·∥<1) ⊇ Mn(F )∥·∥<γ. Here we call γ an openness

constant of ϕ.
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It is clear that every complete quotient mapping is completely open. We also

have the following characterisation of completely open mappings.

Proposition 3.28. A completely bounded linear map ϕ : E → F is completely

open if and only if there exists λ > 0 such that for each n ∈ N, every y ∈Mn(F )

is equal to ϕn(x) for some x ∈Mn(E) such that ∥x∥n ≤ λ∥y∥n.

Proof. Suppose ϕ is completely open with openness constant γ. Then for each

nonzero y ∈ Mn(F ), there exists x′ ∈ Mn(E) such that ∥x′∥n < 1 and γ
2∥y∥ny =

ϕn(x
′). Set x = 2∥y∥n

γ
x′ then ϕn(x) = y and ∥x∥n = 2

γ
∥y∥n∥x′∥n ≤ 2

γ
∥y∥n.

Now suppose that λ is as in the hypothesis. Set γ = 1
λ
. Given n ∈ N and

y ∈Mn(F )∥·∥<γ, there exists x ∈Mn(E) such that ϕn(x) = y and ∥x∥n ≤ λ∥y∥n <

λγ = 1. That is y ∈ ϕn(Mn(E))∥·∥<1 and ϕ is completely open.

Proposition 3.29. Let ϕ : E → F be a morphism in OMod∞
A . Then the cokernel

of ϕ is (F/ϕ(E), π) where π : F → F/ϕ(E) is the canonical complete quotient

mapping.

Proof. By Lemma 3.24, F/ϕ(E) ∈ OMod∞
A and clearly πϕ = 0. Suppose we have

the following diagram in OMod∞
A

E F F/ϕ(E).

G

ϕ π

0
ψ

0

ψ̃

Define ψ̃ : F/ϕ(E) → G by ψ̃ (π(y)) = ψ(y) for y ∈ F. When π(y1) = π(y2)

we have y1 − y2 ∈ ϕ(E) and so by continuity ψ(y1) − ψ(y2) = 0, therefore ψ̃ is

well defined and is clearly a module map. As π is completely open, there exists

λ > 0 such that for each n ∈ N, every element of Mn(F/ϕ(E)) is of the form

πn(y) for some y ∈Mn(F ) with ∥y∥n ≤ λ∥πn(y)∥n and therefore ∥ψ̃n(πn(y))∥n =

∥ψn(y)∥n ≤ ∥ψ∥cb∥y∥n ≤ ∥ψ∥cbλ∥πn(y)∥n. So ψ̃ is completely bounded.

Proposition 3.30. Let ε : E → F be an epimorphism in OMod∞
A . Then (E, ε)

is a cokernel of some morphism in OMod∞
A if and only if ε is completely open.
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Proof. Suppose ε : E → F is a completely open epimorphism in OMod∞
A . By

Proposition 3.25, the kernel of ε is (K, ι) where K = ker ε and ι : K → E is

the inclusion map. Clearly ει = 0. Suppose we have the following commutative

diagram in OMod∞
A

K E F

G.

ει

ψ
0

0

ψ̃

Define ψ̃ : F → G, ε(x) 7→ ψ(x) for all x ∈ E. If x1, x2 ∈ E such that ε(x1) =

ε(x2), then x1−x2 ∈ K and so ψ̃(ε(x1)) = ψ(x1) = ψ(x2) = ψ̃(ε(x2)). Hence ψ̃ is

well defined. Clearly ψ̃ is a module map. Moreover, as ε is completely open, there

exists λ > 0 such that for all n ∈ N and y ∈ Mn(F ) we have y = εn(x) for x ∈

Mn(E) with ∥x∥n ≤ λ∥y∥n and therefore ∥ψ̃n(y)∥n = ∥ψn(x)∥n ≤ ∥ψ∥cb∥x∥n ≤

∥ψ∥cbλ∥y∥n. So ψ̃ is completely bounded and hence a morphism. The fact the

commutativity of the diagram is preserved is immediate from the definition of ψ̃.

On the other hand suppose that ε : E → F is a cokernel of ϕ : G → E.

By Proposition 3.29 and the universal property of cokernels we must have the

following commutative diagram in OMod∞
A

F

G E

C,

ε

π

ϕ
θ

where C = E/ϕ(E), π is the canonical complete quotient map and θ is an isomor-

phism in OMod∞
A . Then ε = θπ is a composition of a completely open A-module

map with an isomorphism in OMod∞
A and hence is a completely open morphism

as desired.

The following can easily be seen by Propositions 3.25 and 3.29 along with the

proofs of Propositions 3.26 and 3.30.
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Proposition 3.31. Every kernel in OMod∞
A is the kernel of its cokernel and

every cokernel in OMod∞
A is the cokernel of its kernel. Moreover every morphism

in OMod∞
A has both a kernel and a cokernel.

3.4 The Exact Structure of OMod∞
A

Again fix a C*-algebra A. Proposition 3.19 and Proposition 3.31 show that

OMod∞
A is pre-abelian, and we have completely described the kernels and cok-

ernels in this category. Let Exmax be the class of all kernel-cokernel pairs in

OMod∞
A , that is, the class of pairs of composable morphisms

E F G
j p

where j is a kernel of p and p is a cokernel of j. Recall that, for a class E of

kernel-cokernel pairs, a morphism j, is called an admissible monomorphism if

there exists a morphism p, such that (j, p) ∈ E. A morphism p is called an

admissible epimorphism if there exists a morphism j, such that (j, p) ∈E and that

in diagrams admissible monomorphisms (resp., epimorphisms) are depicted by ↣

(resp., ↠). We now show how the axioms of an exact structure (Definition 2.61)

are met by Exmax. We will show this explicitly, however it is worth noting that,

by a result of Schneiders (see [14, Proposition 4.4.]), that on any quasi-abelian

category, the classExmax forms an exact structure. By Proposition 3.31, OMod∞
A

is pre-abelian and therefore it is only necessary to check axioms [E2] and [E2op].

When we mention admissibility in OMod∞
A , we will always mean with respect

to Exmax. Note that in OMod∞
A the admissible monomorphism are precisely the

kernels and the admissible epimorphisms are precisely the cokernels and the fol-

lowing is clear.

Proposition 3.32. Let M : E → F be an admissible monomorphim and let

P : F → G be an admissible epimorphism in OMod∞
A . Then (M,P ) is a kernel-

cokernel pair if and only if kerP =M(E).

Proposition 3.33. The class of kernel-cokernel pairs in OMod∞
A is closed under

isomorphisms.
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Proof. Suppose

E F G

E ′ F ′ G′

ϕ1 ϕ2 ϕ3

j

j′

p

p′

is a commutative diagram in OMod∞
A , where the top row is a kernel-cokernel

pair, and each ϕn is an isomorphism (1 ≤ n ≤ 3). Suppose f : H → F ′ is a

morphism in OMod∞
A such that p′f = 0. Then pϕ−1

2 f = 0. Then there is a unique

morphism f̄ : H → E such that the following diagram commutes:

E F G

E ′ F ′ G′

H

ϕ1 ϕ2 ϕ3

j

j′

p

p′

f
0

f̄

Then it’s clear that ϕ1f̄ is the unique morphism such that f = j′ϕ1f̄ . So (E ′, j′)

is a kernel for p′. Similarly (F ′, p′) is a cokernel for j′.

Proposition 3.34. ([E0] and [E0op]) Let E ∈ OMod∞
A . Then the identity

morphism idE is a kernel and a cokernel.

Proof. The identity morphism idE is a completely bounded injective A-module

map with closed range E and completely bounded inverse idE, so the morphism

is a kernel. The range of idE is dense in E and clearly idE is completely open

with 1 being an openness constant, so is a cokernel.

Proposition 3.35. ([E1] and [E1op]) Let E,F,G ∈ OMod∞
A . Suppose we have

completely bounded A-module maps ϕ : E → F and ψ : F → G. Then

(i) If ϕ and ψ are admissible monomorphisms, so is ψϕ.

(ii) If ϕ and ψ are admissible epimorphisms, so is ψϕ.

Proof. (i): For ϕ and ψ admissible monics. Suppose that (zn) is a sequence in

ψ(ϕ(E)) with limit z ∈ G. Clearly each zn is of the form ψ(ϕ(xn)) xn ∈ E and as

ψ has closed range, z = ψ(y) for some y ∈ F. As ψ−1 : ψ(F ) → F is completely
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bounded, by continuity, ϕ(xn) = ψ−1(ψ(ϕ(xn))) → ψ−1(ψ(y)) = y. Because the

range of ϕ is closed, we have y = ϕ(x) for some x ∈ E and z = ψ(ϕ(x)) ∈ ψ(ϕ(E)).

Hence the composition of admissible monomorphisms has closed range. Let

ϕ−1 : ϕ(E) → E and be the inverse morphisms of ϕ. Then ψ−1ϕ−1 : ψϕ(E) → E

is completely bounded and is the inverse of the ψϕ considered as a morphism

E → ψϕ(E). So ψϕ is a kernel and therefore an admissible epimorphism.

(ii): Suppose ϕ and ψ are admissible epimorphisms. Let 1/λϕ and 1/λψ be open-

ness constants for ϕ and ψ, respectively. Then, for each z ∈Mn(G), by Proposi-

tion 3.28 there exists y ∈Mn(F ) such that ψn(y) = z and ∥y∥ ≤ λψ∥z∥.Moreover

there exists x ∈ Mn(E) such that ϕn(x) = y and ∥x∥ ≤ λϕ∥y∥. So ψϕ(x) = z

and ∥x∥ ≤ λϕ∥y∥ ≤ λϕλψ∥z∥ and ψϕ is completely open by Proposition 3.28 and

therefore an admissible epimorphism.

As OMod∞
A is pre-abelian, pushouts and pullbacks will exist in this category.

However, we show this explicitly as concrete descriptions of these notions will be

used to show that the class of all kernel-cokernel pairs in OMod∞
A satisfy axioms

[E2] and [E2op].

Proposition 3.36. Let E,F,G ∈ OMod∞
A and ϕ : E → G and ψ : F → G be

morphisms in OMod∞
A . Then there exists a pullback in OMod∞

A of ϕ and ψ.

Proof. Let L = {(x, y) ∈ E ⊕ F |ϕ(x) = ψ(y)} . Then L is a closed submodule of

E⊕F and therefore inherits the operator A-module structure of E⊕F. Consider

πE : E ⊕ F → E, (x, y) 7→ x and πF : E ⊕ F → F, (x, y) 7→ y and let π′
E and π′

F

denote their restrictions to maps from L. Clearly

L E

F G

π′
E

π′
F ϕ

ψ

is a commutative diagram in OMod∞
A . Suppose we also have the following com-
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mutative diagram in OMod∞
A

L0 E

F G

νE

νF ϕ

ψ

Then by the universal property of products there exists a unique morphism

τ : L0 → E ⊕ F such that νE = πEτ and νF = πF τ and it is clear by the previous

commutative diagram that τ(L0) ⊆ L so we are done.

Proposition 3.37. Let E,F,G ∈ OMod∞
A and ϕ : G → E and ψ : G → F be

morphisms in OMod∞
A . Then there exists a pushout in OMod∞

A of ϕ and ψ.

Proof. Let H = {(ϕ(z),−ψ(z)) | z ∈ G} . Then the closure H in E ⊕ F is an

operator A-submodule. Let C = (E ⊕ F )/H. Then C ∈ OMod∞
A . Let πE denote

the composition πιE where ιE is the canonical morphism ιE : E → E ⊕ F and

π : E ⊕ F → C is the canonical (complete) quotient map. We similarly define πF

and it is clear that these are morphisms in OMod∞
A . Note that for any z ∈ G,

ιEϕ(z)− ιFψ(z) = (ϕ(z),−ψ(z)) ∈ H so πιEϕ(z) = πιFψ(z) and the following is

a commutative diagram in OMod∞
A

G E

F C

πE

πF

ϕ

ψ

Suppose we also have the following commutative diagram in OMod∞
A

G E

F C0

νE

νF

ϕ

ψ

Then by the universal property of direct sums, there is a unique morphism

θ : E ⊕ F → C0 such that θιE = νE and θιF = νF . Define τ : C → C ′ by

τ(u) = νE(x) + νF (y) for each u = π((x, y)) for x ∈ E, y ∈ F. Note then
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for u = π((x, y)) we have τ(u) = θ(v, w). This is a well-defined map as, if

u = π((x1, y1)) = π((x2, y2)), then x1 − x2 = ϕ(z) and y1 − y2 = −ψ(z) for

some z ∈ G. Then τ(π(x1, y1)) − τ(π(x2, y2)) = νE(x1 − x2) + νF (y1 − y2) =

νE(ϕ(z)) + νF (−ψ(x)) = νE(ϕ(z))− νF (ψ(x)) = 0 so τ is a well-defined map and

is clearly an A-module map.

We now show that τ is completely bounded. Let n ≥ 1 and u ∈ Mn(C).

Recall that every element in Mn(E ⊕ F ) can be written as (x, y) with x ∈

Mn(E) and y ∈ Mn(F ). Then for each x ∈ Mn(E) and y ∈ Mn(F ) with

πn(x, y) = u we have ∥τn(u)∥ = ∥θn(x, y)∥ ≤ ∥θ∥cb∥(x, y)∥. So ∥τn(u)∥ ≤

∥θ∥cb inf {∥(x, y)∥ |u = πn(x, y)} and hence τ is completely bounded.

Proposition 3.38. ([E2op]) Let p : E ↠ G be a cokernel and ψ : F → G be a

morphism in OMod∞
A ; then for the pullback

L F

E G

π

p′

p

ψ

the morphism p′ is a cokernel.

Proof. By Proposition 3.36 we can assume L = {(x, y) ∈ E ⊕ F | p(x) = ψ(y)}

and for each (x, y) ∈ L, p′(x, y) = y and π(x, y) = x. Because p is completely

open, there exists λ > 0 such that for each n ∈ N, y ∈ Mn(F ) there exists

xy ∈ Mn(E) with pn(xy) = ψn(y) and ∥xy∥ ≤ λ∥ψn(y)∥. Then (xy, y) ∈ Mn(L)

and ∥xy∥ ≤ λ∥ψn(y)∥ ≤ λ∥ψ∥cb∥y∥. So ∥(xy, y)∥ ≤ (λ∥ψ∥cb + 1)∥y∥ and hence

p′ is a completely open map and is a module map by hypothesis, so it is a

cokernel.

Proposition 3.39. ([E2]) Let j : G ↣ E be a kernel and ϕ : G → F be a

morphism in OMod∞
A ; then for the pushout

G E

F C.

ψ

j′

j

ϕ
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the morphism j′ is a kernel.

Proof. As in Proposition 3.37, we let H = {(j(z),−ϕ(z)) | z ∈ G} . First we note

that H is a closed subspace of E ⊕ F. Indeed suppose (j(zn),−ϕ(zn))n∈N is a

convergent sequence in H with limit (x, y). Because j is a kernel we must have

that x ∈ j(G) and there exists completely bounded A-module map t : j(G) → G

with tj = idG. Then zn = tj(zn) → t(x) ∈ G. So (j(zn),−ϕ(zn)) has limit

(j(t(x)),−ϕ(t(x)) ∈ H.

Following the construction in Proposition 3.37, we can set C = (E ⊕ F )/H,

j′(y) = [(0, y)] and ψ(x) = [(x, 0)] for all y ∈ F, x ∈ E.

Next we show that j′ is injective. Suppose j′(y) = 0 then (0, y) = (j(z),−ϕ(z))

and as j is injective, we must have z = 0 and so y = 0.

We now claim that j′(F ) is a closed submodule of C. Let π : E ⊕ F → C be the

canonical quotient map and suppose j′(yn) → π(x, ỹ) ∈ C where (x, y) ∈ E ⊕ F

and (yn) is a sequence in F. Then π(−x, yn − ỹ) → 0 in C. So there exists a

sequence ((j(zn),−ϕ(zn))) inH such that in E⊕F (−x−j(zn), yn−ỹ+ϕ(zn)) → 0.

So j(zn) → −x and thus zn → z for some z ∈ G with j(z) = −x and moreover

yn → y = ỹ − ϕ(z). So j′(y) = π(0, y) = π((x, ỹ) + (j(z),−ϕ(z))) = π(x, ỹ) + 0.

Therefore π(x, ỹ) ∈ j′(F ), as desired.

As j′ is injective we define the A-module map t′ : j′(F ) → F, j′(y) 7→ y. Then

we are finished if we can show that t′ is completely bounded. Note that, for each

z ∈Mn(G), we have

∥ϕn(z)∥n ≤ ∥ϕ∥cb∥z∥n ≤ ∥ϕ∥cb∥t∥cb∥jn(z)∥n.

In particular, ∥jn(z)∥n ≥ K∥ϕn(z)∥n for K = min{ 1
∥ϕ∥cb∥t∥cb

, 1}. Recall that for

each y ∈ Mn(F ), ∥j′n(y)∥n = inf∥(0, y) + (jn(z),−ϕn(z))∥n where the infimum is

over all z ∈Mn(G). Then, for each n ∈ N there exists z ∈Mn(G) such that

∥j′n(y)∥n ≥ 1

2
∥(0, y) + (jn(z),−ϕn(z))∥n =

1

2
∥(jn(z), y − ϕn(z))∥n

=
1

2
(∥jn(z)∥n + ∥y − ϕn(z)∥n)

≥ K

2
(∥ϕn(z)∥n + ∥y − ϕn(z)∥n) ≥

K

2
∥y∥n.

So ∥t′n(j′n(y))∥n = ∥y∥n ≤ 2
K
∥j′n(y)∥n. Hence t′ is completely bounded.
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We have shown the category OMod∞
A is a quasi-abelian (in the sense of Defi-

nition 2.69). The following result is immediate.

Theorem 3.40. Let A be a C*-algebra and Exmax be the class of all kernel-

cokernel pairs in OMod∞
A . Then (OMod∞

A ,Exmax) is an exact category.

Remark 3.41. An analogous result to Theorem 3.40, for Ban∞ the pre-abelian

category of Banach spaces as defined in Example 2.23, was shown by Bühler in

[15, Chapter IV, Theorem 2.3.3.].

Recall that admissible morphisms in exact categories are those that can be

factorised as the composition me where e is an admissible epimorphism and m is

an admissible monomorphism. We end this section by describing the admissible

morphisms in OMod∞
A :

Proposition 3.42. Let ϕ : E → F be a morphism in OMod∞
A . Then ϕ is admis-

sible if and only if ϕ has closed range and ϕ is completely open when considered

as a morphism E → ϕ(E) .

Proof. Let e : E → G be an admissible epimorphism and m : G → F an admis-

sible monomorphism such that ϕ = me. Any sequence in me(E) is of the form

m(e(xn)) for some sequence in (xn) ∈ E. Suppose we have m(e(xn)) → y ∈ F.

As m has closed range we know y = m(z) for some z ∈ G. But also as e is onto,

z = e(x) for some x ∈ E. That is y = m(e(x)) = ϕ(x). So ϕ has closed range.

We show now that it is completely open as a morphism onto this range. Let

y ∈ Mn(ϕ(E)) and 1/λ be an openness constant for e. Since y ∈ mn(Mn(G)),

there exists x ∈ Mn(E) such that en(x) = m−1
n (y) and ∥x∥ ≤ λ∥m−1

n (y)∥, so

ϕn(x) = mnen(x) = y, and ∥x∥ ≤ λ∥m−1∥cb∥y∥.

On the other hand, suppose that ϕ(E) is closed in F and we have a completely

open map e : E → ϕ(E), x 7→ ϕ(x), for all x ∈ E. Clearly the inclusion map

m : ϕ(E) → F is an admissible monomorphism and ϕ = me. Therefore ϕ is

admissible.
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3.5 OMod∞
A has Enough Injectives

In Chapter 4 we will define the notion of a right global C*-dimension for any unital

C*-algebra. Towards this, we need a notion of an injective dimension for objects in

OMod∞
A . A necessary first step is to show that for a unital C*-algebra, OMod∞

A

has enough Exmax-injectives (see Definition 2.80). The assumption that A is

unital ensures that certain operator A-modules we need will be non-degenerate.

Note that our definitions of kernels and cokernels (Definition 2.18) make sense

for categories that are not necessarily additive, but possess a zero object. We can

define injectivity for any category with kernels in the following way.

Definition 3.43. Let A be a category with kernels. An object E ∈ A is injective

if for each kernel F → G and all morphisms F → E there exists a morphism

G→ E making the following diagram commutative

F G

E

Remark 3.44. Often, in general category theory, the word ‘kernel’ in Defini-

tion 3.43 is replaced with ‘monomorphism’. This makes no difference if the cate-

gory is abelian. When the category in non-abelian, it is perhaps safer to explicitly

refer to M-injectivity with respect to a class M of monomorphisms. This is done,

for example, in [5]. We will also do this in Chapter 5. Definition 3.43 works for

our current situation and helpfully reduces the amount of notation. In particular,

when Ex is the class of all kernel-cokernel pairs in OMod∞
A , an operator module

is Ex-injective precisely when it is injective in OMod∞
A .

Perhaps surprisingly, to ensure that an object in OMod∞
A is injective, it will

be enough to verify that it is injective in a particular subcategory of Op∞. The

following is the standard notion of injectivity for operator spaces.

Definition 3.45. Let E ∈ Op∞. Then E is an injective operator space if for

every completely isometric morphism ϕ : F → G between operator spaces and

every morphism ψ : F → E in Op∞ there exists a morphism ψ̃ : G→ E in Op∞,

such that ψ̃ϕ = ψ and ∥ψ∥cb = ∥ψ̃∥cb.
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Remark 3.46. Let Op1 be the subcategory of Op∞ where the morphisms are

the completely contractive linear maps. The kernel morphisms in Op1 are the

completely isometric linear maps. It is easy to see that E is an injective operator

space if and only if it is an injective object in Op1.

The following is the “Arveson–Wittstock Hahn–Banach Theorem”. It is an

operator space version of the Hahn–Banach Theorem. For a proof see [26, Theo-

rem 4.1.5].

Theorem 3.47. Let H be a Hilbert space. Then B(H) is an injective operator

space.

The operator spaces B(H) are the prototypical examples of injective operator

spaces and by definition every operator space can be completely isometrically

embedded in some B(H). In fact, any operator space can be rigidly embedded

in some injective operator space.

Definition 3.48. Let E be an operator space. The injective envelope of E,

denoted I(E), is an injective operator space together with a completely isometric

map ι : E → I(E) such that ι is rigid , that is, for any complete contraction

ϕ : I(E) → I(E), the equality ϕι = ι implies that ϕ = idI(E).

Based on Hamana’s work on the injective envelope of C*-algebras [34], Ruan

showed the following in [64].

Proposition 3.49. Let E ∈ Op∞. Then an injective envelope I(E) exists and is

unique up to completely isometric isomorphism.

Another proof of Proposition 3.49 is given in [5]. This notion of an injective

operator space extends to right operator A-modules.

Definition 3.50. Let A be a C*-algebra. We say that E ∈ OMod∞
A is an

injective right operator A-module if for every completely isometric A-module map

ϕ : F → G between right operator A-modules and every morphism ψ : F → E in

OMod∞
A there exists a morphism ψ̃ : G → E in OMod∞

A , such that ψ̃ϕ = ψ and

∥ψ∥cb = ∥ψ̃∥cb.
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Remark 3.51. An operator space is an injective right operator A-module pre-

cisely when it is injective as an object in OMod1
A, the subcategory of OMod∞

A

where the morphisms are the completely contractive A-module maps.

Proposition 3.52. Let E ∈ OMod∞
A . If E is an injective right operator module,

then E is injective in OMod∞
A .

Proof. Suppose E is an injective right operator module and ϕ : F → G is an

admissible monomorphism in the class of all kernel-cokernel pairs in OMod∞
A and

ψ : F → E is a morphism in OMod∞
A . Let ι : ϕ(F ) → G be the inclusion map

and ϕ−1 : ϕ(F ) → F be the completely bounded inverse of ϕ. As ι is a completely

isometric A-module map, there exists a morphism ψ̃ : G → E in OMod∞
A such

that ψ̃ι = ψϕ−1, that is ψ̃ is a morphism in OMod∞
A such that the following

diagram commutes:

F G

E

ϕ

ψ
ψ̃

so E is injective in OMod∞
A .

In [72, Theorem 4.1.1], Wittstock proved an operator module version of the

Hahn–Banach Theorem.

Theorem 3.53. Let I be an injective C*-algebra (that is, a C*-algebra that is

also an injective operator space) and A be a unital C*-subalgebra. Then I is an

injective right operator A-module.

We will make much use of Theorem 3.53, in Chapter 4. An extension of this

result of Wittstock, is due to Blecher and Paulsen.

Proposition 3.54. ([10, Theorem 2.6]) Let A be a unital C*-algebra and E

be a right operator A-module. Then E is a closed submodule of I(E) ∈ OMod∞
A .

Moreover, if I ∈ OMod∞
A and I is an injective operator space, I is an injective

right operator A-module.

Corollary 3.55. Let A be a unital C*-algebra. The category OMod∞
A has enough

Ex-injectives.

Proof. This follows immediately from Propositions 3.49, 3.54 and 3.52.



Chapter 4

Global Dimension of C*-algebras

The global dimension of a ring is defined using the category of (left or) right

modules over the ring. It has been known for some time that this notion can be

extended to more general categories. (This is done, for example, by Buchsbaum in

[13, Part IV]. One should be aware that the notion of “exact categories” described

there does not coincide with our definition in Chapter 2.) In Section 4.1 we

show how, when given a unital C*-algebra A, this generalisation can be done for

OMod∞
A . We use this to define a dimension for the C*-algebra itself.

The remaining sections deal with initial attempts to calculate and investigate

this dimension.

In this chapter when we consider OMod∞
A , this category will always be en-

dowed with the exact structure Exmax, as defined in Chapter 3, of all kernel-

cokernel pairs. This includes the notions of admissible monomorphisms and ad-

missible epimorphisms that appear there.

4.1 Defining the Global Dimension

For this section we let A be a fixed unital C*-algebra. We show how within the

exact framework of OMod∞
A we are able to produce versions of well-known results

concerning algebraic modules over rings. These allow us to define the right global

C*-dimension for A.

The Ext functors in standard ring theory can be described using injectives in

module categories. There are standard ways of extending these results to general

85
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abelian categories (e.g. [40, Chapter IV, Section 8]). Because in exact categories,

concepts such as exact functors and injective resolutions are defined with respect

to admissible morphisms, these results can be generalised further to this setting.

We show this explicitly for OMod∞
A .

Definition 4.1. Let E,F ∈ OMod∞
A . We can define the Hom-functors as in

category theory: Let CBA(F, −) : OMod∞
A → Ab be the functor mapping each

morphism f ∈ CBA(G1, G2) to

f∗ : CBA(F, G1) → CBA(F, G2), ϕ 7→ fϕ.

It is clear that this is an additive left exact covariant functor. Similarly, the

additive contravariant functor CBA(−, E) : OMod∞
A → Ab that maps each f ∈

CBA(G1, G2) to

f ∗ : CBA(G2, E) → CBA(G1, E), ϕ 7→ ϕf

is also left exact.

Definition 4.2. For each n ∈ N and F ∈ OMod∞
A , let Extn(F,−) denote the

right derived functor Rn(CBA(F, −)). We write Extn(F,−)(E) as Extn(F,E) for

each E ∈ OMod∞
A .

We next remark that for each n ∈ N and E ∈ OMod∞
A , there is also a functor

Extn(−, E). To describe this functor we introduce the following handy tool from

category theory.

Definition 4.3. Let C1 and C2 be categories and suppose f and g are (covariant)

functors C1 → C2. A natural transformation η from f to g is the assignment

to each object C ∈ C1 of a morphism ηC : f(C) → g(C) such that whenever

ϕ : C → C ′ is a morphism in C1 we have the following commutative diagram in

C2 :

f(C) f(C ′)

g(C) g(C ′).

ηC ηC′

f(ϕ)

g(ϕ)
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Remark 4.4. Let E ∈ OMod∞
A . We can also define a contravariant additive

functor Extn(−, E) : OMod∞
A → Ab with Extn(−, E)(G) = Extn(G,E). We de-

scribe what this functor does to morphisms: Suppose ϕ : G1 → G2 is a morphism.

It is easy to see that we have a natural transformation η from CBA(G2, −) to

CBA(G1, −) where for each F ∈ OMod∞
A and each morphism ψ ∈ CBA(G2, F )

we have ηF (ψ) = CBA(−, F )(ϕ)(ψ). Consider an injective resolution of E

E I0 I1 · · ·
ι d0 d1

we can construct the following commutative diagram with complex rows

0 CBA(G1, I
0) CBA(G1, I

1) CBA(G1, I
2) · · ·

d0∗ d1∗

0 CBA(G2, I
0) CBA(G2, I

1) CBA(G2, I
2) · · ·

d0∗ d1∗

νI0 νI1 νI2

Note that the n-th homology of the top row is Extn(G1, E) and the n-th homology

of the bottom row is Extn(G2, E). Then Extn(−, E)(ϕ) is the homology map

induced by the n-th vertical arrow. It is clear, via Remark 2.39, that these are,

in fact, functors and it is easy to check additivity.

We note an interaction between these Ext functors.

Proposition 4.5. Let ϕ : F → F ′ and ψ : E → E ′ be morphisms in OMod∞
A .

Then, for each n ∈ N0,

Extn(F,−)(ψ) ◦ Extn(−, E)(ϕ) : Extn(F ′, E) → Extn(F,E ′)

=Extn(−, E ′)(ϕ) ◦ Extn(F ′,−)(ψ) : Extn(F ′, E) → Extn(F,E ′).

Proof. By Proposition 2.82 we can construct the following commutative diagram

E I0 I1 · · ·

E′ J0 J1 · · ·

ι d0 d1

ε ∂0 ∂1

ψ ψ0 ψ1

where the horizontal lines are injective resolutions. Applying the natural trans-

formation CBA(F, −) → CBA(F
′, −) and deleting the terms involving E and E ′

yields the following commutative diagram in Ab whose rows are complexes.
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0 · · · CBA(F
′, In) CBA(F

′, In+1) · · ·

0 · · · CBA(F, I
n) CBA(F, I

n+1) · · ·

0 · · · CBA(F
′, Jn) CBA(F

′, Jn+1) · · ·

0 · · · CBA(F, J
n) CBA(F, J

n+1) · · ·

dn∗

∂n
∗

∂n
∗

ϕ∗ ϕ∗ϕ∗
ϕ∗

dn∗

ψn
∗ ψn+1

∗

ψn
∗ ψn+1

∗

The homology maps induced on the “left hand square” yield the following com-

mutative diagram

Extn(F ′, E)

Extn(F ′, E′)

Extn(F,E)

Extn(F,E′)

Extn(F ′,−)(ψ)

Extn(−, E)(ϕ)

Extn(−, E′)(ϕ)

Extn(F,−)(ψ)

as required.

We briefly recall some notions from Chapter 2 needed for homological algebra

in the category Ab with abelian groups as objects and with morphisms being the

group homomorphisms. Here the monomorphisms are precisely the injective ho-

momorphisms and the epimorphisms are precisely the surjective homomorphisms.

A morphism f : E → F in Ab has a kernel (ker f, ι) and cokernel (F/f(E), π).

Here ι : ker f → E is the inclusion map and π : F → F/f(E) is the canonical

quotient map. Also Im f = f(E). Moreover a composition of morphisms in Ab

E F G
f g

is a complex if Im f ⊆ ker g and is exact if Im f = ker g.

Proposition 4.6. Let E,F ∈ OMod∞
A . Then Ext0(F,E) ∼= CBA(F, E) as

abelian groups.

Proof. Let

E I0 I1 · · ·
ι d0 d1



CHAPTER 4. GLOBAL DIMENSION OF C*-ALGEBRAS 89

be an injective resolution of E and d−1 : 0 → I0 be the zero map. As CBA(F, −)

is left exact, the sequence

0 CBA(F, E) CBA(F, I
0) CBA(F, I

1)
ι∗ d0∗

is exact in Ab. Hence Ext0(F,E) = ker d0∗/Im d−1
∗

∼= Im ι∗ ∼= CBA(F, E).

Note that for any E ∈ OMod∞
A with injective resolution

E I0 I1 · · ·ι d0 d1

and any short exact sequence

F F ′ F ′′
ϕ ψ

we have the following commutative array inAb with short exact rows and complex

columns:

0 0 0

0 CBA(F
′′, I0) CBA(F

′, I0) CBA(F, I
0) 0

0 CBA(F
′′, I1) CBA(F

′, I1) CBA(F, I
1) 0

0 CBA(F
′′, I2) CBA(F

′, I2) CBA(F, I
2) 0

...
...

...

d0∗ d0∗ d0∗

d1∗ d1∗ d1∗

d2∗ d2∗ d2∗

ψ∗ ϕ∗

ψ∗ ϕ∗

ψ∗ ϕ∗

and so by Proposition 2.42 we have:

Proposition 4.7. Let F ↣ F ′ ↠ F ′′ be a short exact sequence in OMod∞
A .
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Then for each E ∈ OMod∞
A there is a naturally defined long exact sequence

Extn−1(F,E)· · ·

Extn(F,E)Extn(F ′, E)Extn(F ′′, E)

Extn+1(F ′′, E) · · ·

CBA(F, E)CBA(F
′, E)CBA(F

′′, E)0

Proposition 4.8. Let E ∈ OMod∞
A . Then E is injective in OMod∞

A if and only

if Extn(F,E) = 0 for all F ∈ OMod∞
A and all n ≥ 1.

Proof. When E is injective we have the following injective resolution:

E E 0 0 · · · .
idE

Proposition 2.82 yields that each Extn(F,E) will be isomorphic as groups with

0. The other direction is immediate from Proposition 4.7.

Proposition 4.9. Suppose E ↣ I ↠ E ′′ is short exact in OMod∞
A , with

I injective. Then there is a naturally defined isomorphism of abelian groups

Extn(F,E ′′) ∼= Extn+1(F,E) for each n ≥ 1 and F ∈ OMod∞
A .

Proof. By Proposition 2.84

Extn(F, I) Extn(F,E ′′) Extn+1(F,E) Extn+1(F, I)

is exact in Ab. By the previous proposition Extn(F, I) = 0 = Extn+1(F, I) and

so we have the desired result.

Proposition 4.10. Suppose we have the following exact sequence in OMod∞
A ,

where each I i is injective

E I0 · · · Im−1 Im F

and m ≥ 0. Let G ∈ OMod∞
A . Then for each n ≥ 1 there exists a natural

isomorphism Extn(G,F ) ∼= Extn+m+1(G,E) and the following is a natural exact

sequence

CBA(G, I
m) CBA(G, F ) Extm+1(G,E) 0.
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Proof. Including the analysis of each admissible morphism we have the following

exact sequence

E I0 · · · Im−1 Im F

E K1 Km−1 Km F

Let n ≥ 1 and G ∈ OMod∞
A . By Proposition 4.9 we have

Extn(G,F ) ∼= Extn+1(G,Km) ∼= · · · ∼= Extn+m(G,K1) ∼= Extn+m+1(G,E).

When m = 0, the desired exact sequence follows immediately from Propo-

sition 2.84 and Proposition 4.8. For m > 0, Km ↣ Im ↠ F exact implies by

Proposition 2.84 and Proposition 4.8 that

CBA(G, I
m) CBA(G, F ) Ext1(G,Km) 0

is exact and therefore we have the desired exact sequence via the isomorphism

Ext1(G,Km) ∼= Extm+1(G,E).

Remark 4.11. The “naturallity” mentioned in Propositions 4.7, 4.9 and 4.10

follow from Proposition 2.42.

The following result opens the way for the definition of the injective dimension

below.

Theorem 4.12. Let n ≥ 1 and E ∈ OMod∞
A . Then the following are equivalent

(i) Extn+1(G,E) = 0 for all G ∈ OMod∞
A ;

(ii) Extn(−, E) : OMod∞
A → Ab is right exact.;

(iii) If there is an exact sequence of admissible morphisms

E I0 · · · In−1 F

with each Im injective, then F must be injective;

(iv) There is an exact sequence of admissible morphisms

E I0 · · · In−1 In

with each Im injective.
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Proof. (i)⇒(ii): This is immediate from Proposition 4.7.

(ii)⇒(iii): For any admissible monomorphism G ↣ G′, we have, by Proposition

4.10 the following commutative diagram in Ab with exact rows:

CBA(G
′, In−1) CBA(G

′, F ) Extn(G′, E) 0

CBA(G, I
n−1) CBA(G, F ) Extn(G,E) 0.

ϕ1 ϕ2 ϕ3

Clearly ϕ1 is an epimorphism and by the assumption of (ii), so is ϕ3. Appealing to

the 4-Lemma (Proposition 2.31) yields ϕ2 is an epimorphism. That is, CBA(−, F )

is right exact, i.e. F is injective.

(iii)⇒(iv): Consider an injective resolution of E with the factorisation of each

admissible morphism included

E I0 · · · In−1 In · · ·

E K1 Kn−1 Kn

then

E I0 · · · In−1 Kn

is exact and by (iii), Kn is injective.

(iv)⇒(i): By (iv) there is an exact sequence

E I0 · · · In−1 In

with each Im injective. By Proposition 4.10, for any F ∈ OMod∞
A we have

Extn+1(F,E) ∼= Ext1(F, In) = 0.

Remark 4.13. By Proposition 4.8, the above result also holds for n = 0. Here

condition (iii) should be read as “If there is a morphism E → F that is both

an admissible monomorphism and an admissible epimorphism, then F must be

injective.” Condition (iv) is then just “E is isomorphic in OMod∞
A to an injective

object.” It is then clear that each of these statements is equivalent to “E is

injective.”

Corollary 4.14. Let E ∈ OMod∞
A . If Extn(−, E) is a zero functor for some

n ≥ 0 then Extm(−, E) is a zero functor for each m ≥ n.
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Proof. If Extn(−, E) = 0 then it is right exact. By Theorem 4.12, we then have

Extn+1(−, E) = 0 as required.

Definition 4.15. For E ∈ OMod∞
A we define the operator A-module injective

dimension of E to be

indimOMod∞
A
(E) = inf

{
n ≥ 0 |Extn+1(−, E) = 0

}
,

where the infimum of the empty set is taken to be ∞.

The right global C*-dimension of A is

dim∗(A) = sup
{
indimOMod∞

A
(E) |E ∈ OMod∞

A

}
.

Remark 4.16. So far in this chapter, we have not used the word “bounded”,

nor mentioned norms at all. In fact, we have simply used the exact structure on

OMod∞
A and the fact that this category has enough Ex-injectives. The entirety

of Section 4.1 above can be repeated replacing OMod∞
A with any exact category

(A,Ex) with enough Ex-injectives (we replace the abelian groups of the form

CBA(E, F ) with MorA(E,F )). The concepts introduced in this more general

version of Definition 4.15 above are the Ex-injective dimension of E:

indim (A,Ex)(E) = inf
{
n ≥ 0 |Extn+1(−, E) = 0

}
for an object E ∈ A, and the cohomological dimension of (A,Ex):

cohdim (A,Ex) = sup
{
indim (A,Ex)(E) |E ∈ A

}
.

If (A,Ex) is an exact category with enough Ex-projectives, then the homo-

logical dimension of (A,Ex) can be defined in a similar way to the cohomolog-

ical dimension. Here, the Ext functors can be described using the left derived

functors of the Hom-functors. If (A,Ex) has enough Ex-injectives and enough

Ex-projectives, the Ext groups defined using injective resolutions coincide (up to

isomorphism in Ab) with those defined using projective resolutions.

Indeed, suppose E,F ∈ A and we have the following injective resolution of E

E I0 I1 I2 · · ·
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and that

· · · P2 P1 P0 F

is a projective resolution (exact sequence, each Pi is Ex-projective) of F. Then

we have the following array in Ab with all rows and columns complexes.

...
...

...

· · · Hom(P1, I
1) Hom(P1, I

0) Hom(P1, E) 0

· · · Hom(P0, I
1) Hom(P0, I

0) Hom(P0, E) 0

· · · Hom(F, I1) Hom(F, I0) 0 0

0 0 0

Here all rows except the bottom and all columns except the rightmost are exact.

It is a standard result (see, for example, [52, Proposition 3.11]) that for such

arrays, the n-th homology of the bottom row is isomorphic (in Ab) to the n-th

homology of the rightmost column (which, in this case, is Extn(F,E)).

The Ex-projective dimension of F ∈ A is

prdim (A,Ex)(F ) = inf
{
n ≥ 0 |Extn+1(F,−) = 0

}
and the homological dimension of (A,Ex) is

hdim (A,Ex) = sup
{
prdim (A,Ex)(F ) |F ∈ A

}
.

If (A,Ex) has enough Ex-injectives and enough Ex-projectives, then

hdim (A,Ex) = inf
{
n ≥ 0 |Extn+1(F,E) = 0 for all E,F ∈ A

}
= cohdim (A,Ex).

Hence we can refer to either hdim (A,Ex) or cohdim (A,Ex) as the global

dimension of (A,Ex).

4.2 A Lower Bound for Global C*-Dimension

The following result is clearly true by Proposition 4.8.
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Proposition 4.17. Let A be a unital C*-algebra. Then dim∗(A) = 0 if and only

if E is injective for all E ∈ OMod∞
A .

It is natural to wonder if the equivalent conditions of the above proposition

are ever satisfied. Let A be a unital C*-algebra. In this section we show that

dim∗(A) ̸= 0.

Recall the notion of an injective operator space from Definition 3.45 and

Remark 3.46. The next result follows from general principles of injective objects

included in Appendix B.

Proposition 4.18. Suppose E is a closed subspace of F ∈ Op∞. Then:

(i) If F is injective in Op∞ and there exists a completely bounded projection

F → E, then E is injective in Op∞.

(ii) If E is injective in Op∞, then there exists a completely bounded projection

F → E.

(iii) If F is an injective operator space and there exists a completely contractive

projection F → E, then E is an injective operator space.

(iv) If E is an injective operator space, then there exists a completely contractive

projection F → E.

Proof. In both Op∞ and Op1 (Remark 3.46) the inclusion morphism of closed

subspace into an operator space is a kernel map. So (i) and (iii) follow from

Proposition B.2 and (ii) and (iv) follows from Proposition B.4.

The operator module version can be proven in the same manner.

Proposition 4.19. Let A be a C*-algebra. Suppose E is a closed submodule of

F ∈ OMod∞
A . Then:

(i) If F is injective in OMod∞
A and there exists a completely bounded projection

F → E that is also an A-module map, then E is injective in OMod∞
A .

(ii) If E is injective in OMod∞
A , then there exists a completely bounded projec-

tion F → E that is also an A-module map.
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(iii) If F is an injective right operator A-module and there exists a completely

contractive projection F → E that is also an A-module map, then E is an

injective right operator A-module.

(iv) If E is an injective right operator A-module, then there exists a completely

contractive projection F → E that is also an A-module map.

Before we can prove our answer to the question of whether any unital C*-

algebra has right global C*-dimension 0, we record the following result about

operator modules arising from representations of C*-algebras.

Lemma 4.20. Let A be a unital C*-algebra algebra. Then there exists a Hilbert

space H such that B(H) ∈ OMod∞
A , that is, B(H) is a nondegenerate right

operator A-module. Moreover, H can be assumed to be infinite-dimensional.

Proof. We can assume that there is a Hilbert space H and a unital faithful

representation ι : A → B(H). By Corollary 1.43 we can assume H is infinite-

dimensional. By Example 3.13, B(H) is a concrete right operator A-module via

the action x · a = xι(a) for all x ∈ B(H), a ∈ A. Moreover, each x ∈ B(H) is of

the form x = x · 1A.

Theorem 4.21. Let A be a unital C*-algebra. The right global C*-dimension of

A is at least 1.

Proof. Let A be a C*-algebra. By Lemma 4.20, there exists an infinite dimen-

sional Hilbert space H with B(H) ∈ OMod∞
A . The submodule K(H), of compact

operators on H, is obviously also an object in OMod∞
A . Suppose dim

∗(A) = 0. In

particularK(H) is injective inOMod∞
A and, by Proposition 4.19, there must exist

a completely bounded projection B(H) → K(H). However, this would contradict

the fact that when H is of infinite dimension there is no bounded projection from

B(H) onto K(H) ( see, e.g., [18]).

We can, in fact, move this lower bound for the global C*-dimension to at

least 2. This requires a deeper investigation of injectivity in our categoryOMod∞
A ,

after which we will be able to make use of the following characterisation of having

right global C*-dimension less than or equal to 1. By the previous theorem, this

is equivalent to a characterisation of having right global C*-dimension 1.
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Proposition 4.22. Let A be a unital C*-algebra. Then dim∗(A) ≤ 1 if and only

if for each injective object I ∈ OMod∞
A and completely open morphism I ↠ E in

OMod∞
A , the object E is injective.

Proof. Suppose dim∗(A) ≤ 1 and I is injective inOMod∞
A . If we have a completely

open morphism I ↠ E, then taking a kernel gives a kernel-cokernel pair K ↣

I ↠ E with I injective, so E must be injective by Theorem 4.12. Now suppose

each codomain of an admissible epimorphism from an injective object in OMod∞
A

is an injective object. Let E ∈ OMod∞
A . By Corollary 3.55 there is an injective

object I and an admissible monomorphism E ↣ I. Hence we have a kernel-

cokernel pair E ↣ I ↠ F, with F injective by assumption. By Theorem 4.12,

indimOMod∞
A
(E) ≤ 1.

Proposition 4.23. Let A be a unital C*-algebra and E be injective in OMod∞
A .

Then E is injective in Op∞.

Proof. By the theorem of Christensen, Effros, and Sinclair (Theorem 3.16) we

know that there exists a Hilbert space H, a completely isometric linear map

Φ: E → B(H), and completely isometric unital representation π : A → B(H)

such that Φ(x·a) = Φ(x)π(a) for all x ∈ E, a ∈ A. The module action b·a = bπ(a)

for all b ∈ B(H), a ∈ A makes B(H) a nondegenerate operator A-module with

submodule Φ(E). Because Φ(E) is injective in OMod∞
A , by Proposition 4.19 there

is a completely bounded projection B(H) → Φ(E). By the injectivity of B(H)

in Op∞, the space Φ(E) is also injective in Op∞. Therefore, E is completely

isometrically isomorphic to an injective object in Op∞ and hence is injective in

Op∞.

We next show that, furthermore, some injective objects in Op∞ are automat-

ically injective in the category Ban∞ of Banach spaces whose morphisms are

the bounded linear maps. Towards this, we recall the following property of the

minimal operator space quantisation of a Banach space. (An explanation can be

found, for example, in [26, Section 3.3].)

Lemma 4.24. Let E be an operator space and F be a Banach space. If ϕ : E → F

is a bounded linear map, then, as a map between operator spaces ϕ : E → Min(F )

is completely bounded with ∥ϕ∥cb = ∥ϕ∥.
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Moreover an operator space is equipped with the minimal quantisation if and

only if it is completely isometrically isomorphic to a closed subspace of an abelian

C*-algebra.

Proposition 4.25. Let E be a Banach space. Then E is injective in Ban∞

if and only if Min(E) is injective in Op∞. In particular, this holds for abelian

C*-algebras.

Proof. A morphism in Ban∞ is a kernel if and only if it is injective with a closed

range. Note that by the open mapping theorem any such map automatically

has inverse morphisms from its range. Suppose E equipped with its minimal

quantisation is injective in Op∞, and that ι : G0 → G1 is a kernel in Ban∞ and

f : G0 → E is a bounded linear map. By Lemma 4.24, ι : Min(G0) → Min(G1)

and ι−1 : ι(G0) → Min(G0) along with f are completely bounded linear maps. So

ι is a kernel in Op∞ and by injectivity of E there exists a (completely) bounded

linear map f̃ : G1 → E such that f = f̃ ι.

On the other hand, let E be injective in Ban∞. Suppose ι : G0 → G1 is a

kernel in Op∞ and f : G0 → Min(E) is a completely bounded linear map. In

particular, ι is a kernel in Ban∞ and f is bounded. As E is injective in Ban∞

there exists a bounded map bounded linear map f̃ : G1 → E such that f = f̃ ι.

Finally, f̃ is complely bounded by Lemma 4.24.

Recall that for a set S, the abelian C*-algebra ℓ∞(S) is defined as the space of

complex valued bounded functions on S with pointwise multiplication, addition

and involution and with supremum norm. The closed ideal c0(S) consists of all

elements of f ∈ ℓ∞(S) such that for any ϵ > 0 there exists a finite subset S ′ ⊆ S

such that |f(s)| < ϵ for all s ∈ S \ S ′. When S = N we drop the S and just

write ℓ∞ and c0. The following result is due result of Amir [2]. We include the

argument for how this result follows from a main theorem of that paper.

Proposition 4.26. The Banach space ℓ∞/c0 is not injective in Ban∞.

Proof. It is a theorem of Amir [2, Theorem 2] that if X is a Hausdorff space and

C(X) is injective in Ban∞, then X contains a dense, open, and extremally dis-

connected subspace. It is well known that C(βN\N), where βN is the Stone–Čech
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compactification of the natural numbers, is isometrically isomorphic to ℓ∞/c0 (see,

e.g., [44, (2.9)–(2.11)]). Therefore, if we assume that ℓ∞/c0 is injective in Ban∞,

then βN\N must contain a dense, open, and extremally disconnected subspace Y.

This is clearly non-empty and, as the clopen subsets of βN \N form a basis ([32,

6S]), there exists a clopen subset of βN \N that is also clopen in Y and therefore

extremally disconnected ([32, 1H]). But every clopen subset of βN \ N is home-

omorphic to βN \ N ([32, 6S]) which is not extremally disconnected ([32, 6R]).

Thus a contradiction is reached.

Proposition 4.27. The right global C*-dimension of C at least 2.

Proof. First note that ℓ∞ is injective in Ban∞. Indeed, suppose µ : E → F

and f : E → ℓ∞ are morphisms in Ban∞ and µ is a kernel. For each n ≥ 1

there exists a contractive projection, πn : ℓ∞ → C defined by πn(λk)k≥1 = λn

and, by the Hahn-Banach theorem, a bounded linear map gn : F → C such that

gnµ = πnf . Define f̃ : F → ℓ∞ by f̃(y) = (gn(y))n≥1. Then f̃µ = f.

By Proposition 4.25, ℓ∞ is injective in Op∞. By Proposition 4.26 and Propo-

sition 4.25, the abelian C*-algebra ℓ∞/c0 is not injective in Op∞. However, it is

clear that the canonical map ℓ∞ → ℓ∞/c0 is a complete quotient mapping and is

therefore a completely open linear map. By Proposition 4.22, we are done.

We can again make use of the fact that ℓ∞/c0 is not injective as an object in

Op∞ to show that no C*-algebra has global dimension 1.

Lemma 4.28. Let X be an infinite set. Then ℓ∞(X)/c0(X) is not injective in

Op∞.

Proof. If X is countable, we are done by Proposition 4.26. Suppose otherwise.

By re-indexing, we can say N ⊂ X. Let M : ℓ∞ → ℓ∞(X) be the map such

that for each f ∈ ℓ∞, M(f)(n) = f(n) and M(f)(x) = 0 for all x ∈ X \ N.

Define P : ℓ∞(X) → ℓ∞ by P (g) = g|N for all g ∈ ℓ∞(X). Let πN : ℓ∞ → ℓ∞/c0

and πX : ℓ∞(X) → ℓ∞(X)/c0(X) be the canonical (quotient) *-homomorphisms.

Then we have maps s : ℓ∞/c0 → ℓ∞(X)/c0(X) and r : ℓ∞(X)/c0(X) → ℓ∞/c0

where s(πN(f)) = (πS(Mf)), for each f ∈ ℓ∞, and r(πS(g)) = (πN(Pg)) for

all g ∈ ℓ∞(X). These are well defined as M(c0) ⊆ c0(X) and P (c0(X)) ⊆ c0.
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Moreover, r and s are *-homomorphisms (so completely bounded) and rs =

idℓ∞/c0 . By Proposition B.2, because ℓ∞/c0 is not injective in Op∞, it cannot

possibly be the case that ℓ∞(X)/c0(X) is.

Theorem 4.29. Every unital C*-algebra has right global C*-dimension at least 2.

Proof. Let A be a unital C*-algebra. Then A is faithfully represented as a uni-

tal C*-subalgebra of B(H) for some Hilbert space H. In the same manner as

in the proof of Lemma 4.20, we can assume H is infinite-dimensional. By The-

orem 3.53, B(H) is an injective object in OMod∞
A . We are done if we show

that the Calkin algebra B(H)/K(H) is not injective as an object in OMod∞
A .

To do this it suffices to show that the Calkin algebra is not injective in Op∞.

This will be true, via Proposition B.2 and Lemma 4.28, if we show that there

exist an infinite set X and morphisms s : ℓ∞(X)/c0(X) → B(H)/K(H) and

r : B(H)/K(H) → ℓ∞(X)/c0(X) in Op∞ such that rs = idℓ∞(X)/c0(X).

We first introduce our set X and define some completely bounded maps that

will be used to induce r and s as above. Let {ex |x ∈ X} be an orthonormal basis

for H. LetM(f) =
∑

x∈X f(x)Px for each f ∈ ℓ∞(X), where Px is the orthogonal

projection of H onto the one-dimensional span of ex. For each f ∈ ℓ∞(X), h ∈ H

we have ∥M(f)h∥ ≤ ∥f∥∥h∥ so M(f) ∈ B(H). The map M : ℓ∞(X) → B(H),

f 7→ M(f) is a *-homomorphism and therefore completely bounded. For each

T ∈ B(H) define the map Q(T ) : X → C by Q(T )(x) = ⟨Tex , ex⟩ for all x ∈ X.

Note that |Q(T )(x)| ≤ ∥T∥ for all x ∈ X, hence Q(T ) ∈ ℓ∞(X) with ∥Q(T )∥ ≤

∥T∥. We therefore have a linear map Q : B(H) → ℓ∞(X), T 7→ Q(T ) which is

contractive, and by Lemma 4.24, completely contractive. Before we define r and

s, we note that QM = idℓ∞(X). Indeed, let f ∈ ℓ∞(X), then for each x ∈ X we

have

QM(f)(x) =

〈
(
∑
y∈X

f(y)Py)(ex) , ex

〉
= ⟨f(x)ex , ex⟩ = f(x).

Let πK : B(H) → B(H)/K(H) and πc0(X) : ℓ∞(X) → ℓ∞(X)/c0(X), be the

canonical complete quotient maps. Define

s : ℓ∞(X)/c0(X) → B(H)/K(H), πc0(f) 7→ πK(M(f)),

for each πc0(f) ∈ ℓ∞(X)/c0(X). We show that this is well-defined, that is,

M(c0(X)) ⊆ K(H). Let f ∈ c0(X) and for each n > 0 let Xn be the fi-
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nite subset of X such that |f(x)| ≤ 1/n for all x ∈ X \ Xn. For each n ∈ N

let Tn =
∑

x∈Xn
f(x)Px. Then {Tn} is a sequence of finite rank operators with

∥Tn −M(f)∥ → 0. Moreover, s is a *-homomorphism (this follows readily from

the fact that πc0 , πK and M are *-homomorphism) and therefore a morphism in

Op∞. Define

r : B(H)/K(H) → ℓ∞(X)/c0(X), πK(T ) 7→ πc0(Q(T )),

for all πK(T ) ∈ B(H)/K(H). We show that this is well-defined, that is, we show

Q(K(H)) ⊆ c0(X). Let T ∈ K(H) and set HT to be the closure of the range of T.

Then there is a countable (finite if T is of finite rank) subset XT := {x1, x2, . . .}

of X such that {ex1 , ex2 , . . .} is an orthonormal basis for HT . We deal with the

case that T is of infinite rank, finite rank is handled similarly. It is a known result

(see, for example, [19, Corollary 4.5]) that for each ϵ > 0 there exists n ∈ N such

that ∥P ′
nT −T∥ < ϵ, where P ′

n is the orthogonal projection of H onto the closure

of the linear span of {ex1 , . . . exn}. Then for each x ∈ X \ {x1, . . . , xn} we have

that

|Q(T )(x)| = |Q(P ′
nT )(x) +Q(T − P ′

nT )(x)|

= |⟨P ′
nT (ex) , ex⟩+ ⟨(T − P ′

nT )(ex) , ex⟩|

= |⟨(T − P ′
nT )(ex) , ex⟩| ≤ ∥(T − P ′

nT )(ex)∥ ≤ ∥(T − P ′
nT )∥ < ϵ

and the map is well-defined. Clearly r is a linear map. Let u ∈ B(H)/K(H)

with πK(T ) = u. Then ∥r(u)∥ = ∥πc0(Q(T ))∥ ≤ ∥Q(T )∥ ≤ ∥T∥, hence ∥r(u)∥ is

a lower bound for {∥T∥ |πK(T ) = u} and hence ∥πc0(Q(T ))∥ ≤ ∥u∥. Moreover,

by Lemma 4.24, r is completely bounded. All that remains is to note that rs =

idℓ∞(X)/c0(X).

4.3 Calculating Injective Dimensions

In order to make a serious attempt at calculating global C*-dimensions, it will

be necessary to investigate injective dimensions of operator modules over C*-

algebras. Here we provide some results that can be used for the calculation of

Ext groups for a fixed unital C*-algebra A.

First note that the tools we developed in Section 4.2, can be used to calculate

injective dimensions.
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Proposition 4.30. Let E
M

I
P

F be a kernel-cokernel pair in OMod∞
A ,

with I an injective object.

(i) indimOMod∞
A
(E) = 0 if and only if there exists M̃ ∈ CBA(I, E) such that

M̃M = idE;

(ii) indimOMod∞
A
(E) ≤ 1 if and only if F is injective in OMod∞

A .

Proof. (i) This follows from Proposition 4.19.

(ii) Follows from the proof of Proposition 4.22.

Our next result is a consequence of Proposition 2.84. This is well known

for algebraic modules. See, for example, [28, Theorem 18.4] which is a version

regarding projective dimension of modules.

Proposition 4.31. Let E1 ↣ E2 ↠ E3 be a kernel-cokernel pair in OMod∞
A .

Let Ni = indimOMod∞
A
(Ei) for i = 1, 2, 3. Then:

(i) If N2 > N1 then N2 = N3;

(ii) If N2 < N1 then N1 = N3 + 1;

(iii) If N2 = N1 then N1 ≥ N3.

Proof. Let F ∈ OMod∞
A . The functor CBA(F, −) is left exact. By Proposi-

tion 2.84, there exists the following long exact sequence of abelian groups.

Extn−1(F,E3)· · ·

Extn(F,E3)Extn(F,E2)Extn(F,E1)

Extn+1(F,E1) Extn+1(F,E2) · · ·

CBA(F, E3)CBA(F, E2)CBA(F, E1)0

(i) Let N2 > N1. For all n > N1, we have Extn(F,E1) = Extn+1(F,E1) = 0. By

the above long exact sequence,

0 → Extn(F,E2) → Extn(F,E3) → 0
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is exact in Ab. Hence Extn(F,E2) ∼= Extn(F,E3).

(ii) Let N2 < N1. For all n > N2, we have Extn(F,E2) = Extn+1(F,E2) = 0 and

0 → Extn(F,E3) → Extn+1(F,E1) → 0

is an exact sequence in Ab. Hence Extn(F,E3) ∼= Extn+1(F,E1).

(iii) Let N2 = N1. Then Extn(F,E2) = Extn+1(F,E1) = Extn+1(F,E2) = 0 for

all n > N2, and

0 → Extn(F,E3) → 0 → 0

is an exact sequence in Ab. Hence Extn(F,E3) ∼= 0.

Corollary 4.32. Let E1 ↣ E2 ↠ E3 be a kernel-cokernel pair in OModA.

Then indimOMod∞
A
(E2) ≤ max

{
indimOMod∞

A
(Ei) | i = 1, 3

}
. Moreover, equality is

reached unless indimOMod∞
A
(E1) = indimOMod∞

A
(E3) + 1.

It is well known that in algebraic module categories Ext groups interact nicely

with arbitrary products (see, e.g., [71, Proposition 3.3.4]). We do not have ar-

bitrary products to work with, so we demonstrate how our Ext groups interact

with finite direct sums.

Proposition 4.33. Let E,E1, E2, F, F1, F2 ∈ OMod∞
A and n ∈ N.We have group

isomorphisms

(i) Extn(E1 ⊕ E2, F ) ∼= Extn(E1, F )⊕ Extn(E2, F )

and

(ii) Extn(E,F1 ⊕ F2) ∼= Extn(E,F1)⊕ Extn(E,F2).

Proof. Recall that the direct sum of two objects in an additive category is a

biproduct and note that additive functors between additive categories preserve

biproducts, so the Hom functors yield the following group isomorphisms.

CBA(E1 ⊕ E2, F ) ∼= CBA(E1, F )⊕ CBA(E2, F )

and

CBA(E, F1 ⊕ F2) ∼= CBA(E, F1)⊕ CBA(E, F2)



CHAPTER 4. GLOBAL DIMENSION OF C*-ALGEBRAS 104

We use these to prove we have the desired isomorphisms of Ext groups.

(i) Fix an injective resolution of F,

F I0 I1 · · ·
ι d0 d1

Then Extn(E1 ⊕ E2, F ) is the n-th homology of the top row of the following

diagram which we can assume is commutative with vertical arrows being group

isomorphisms.

0 CBA(E1 ⊕ E2, I
0) CBA(E1 ⊕ E2, I

1) · · ·
CBA(E1 ⊕ E2, −)(d0)

0
⊕
i=1,2

CBA(Ei, I
0)

⊕
i=1,2

CBA(Ei, I
1) · · ·

CBA(E1, −)(d0) + CBA(E2, −)(d0)

Hence Extn(E1 ⊕ E2, F ) is (isomorphic to) the n-th homology of the bottom row,

which is isomorphic to Extn(E1, F )⊕ Extn(E2, F ).

(ii) Consider the following diagram in OMod∞
A where the top row is an injective

resolution of F1, the bottom row is an injective resolution F2 and the columns

are the canonical kernel-cokernel pairs.

F1 I0 I1 · · ·

F1 ⊕ F2 I0 ⊕ J0 I1 ⊕ J1 · · ·

F2 J0 J1 · · ·

ι

ι+ µ

µ

d0

d0 + ∂0

∂0

It is not difficult to show that the admissible morphisms in OMod∞
A respect

direct sums, so that the middle row is an injective resolution of F1 ⊕ F2. Then

Extn(E,F1 ⊕ F2) is isomorphic to the n-th homology of the middle row of the

following array in Ab.
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0 CBA(E, I
0) CBA(E, I

1) · · ·

0 CBA(E, I
0)⊕ CBA(E, J

0) CBA(E, I
1)⊕ CBA(E, J

1) · · ·

0 CBA(E, J
0) CBA(E, J

1) · · ·

CBA(E, −)(d0)

CBA(E, −)(∂0)

As the columns are the canonical kernel-cokernel pairs associated to direct sums,

it is clear that the n-th homology of the middle row is the direct sum of the n-th

homology of the top row and the n-th homology of the bottom row. That is,

Extn(E,F1 ⊕ F2) is isomorphic to Extn(E,F1)⊕ Extn(E,F2) as required.

A deeper investigation of injective objects in OMod∞
A , for certain C*-algebras,

may provide examples where we can utilise the above techniques. This should be

a rich area to explore for future work. Indeed, injective objects in additive cate-

gories of functional analysis seem to be less understood than those in categories

with contractive morphisms.

An injective Banach space is an injective object in Ban1, the category of

Banach spaces whose morphisms are the contractive linear maps. Injective Ba-

nach spaces have been completely characterised as those Banach spaces that are

isometrically isomorphic to a Banach space C(X) where X is an extremally dis-

connected Hausdorff space (see, e.g., [42, Chapter 3, Section 11, Theorem 6 ]).

Currently, there is no such characterisation for injective objects in Ban∞. How-

ever some information is known. The following is [61, Corollary 3] (This can be

found, for example, as [45, Theorem 2.f.3]).

Proposition 4.34. Let E be an infinite-dimensional Banach space, injective in

Ban∞. Then E contains a subspace isomorphic to l∞. In particular E cannot be

separable.

We end this section with the following useful result of Frank and Paulsen. It

describes when a C*-algebra is injective as a right operator module over itself. It

is part of [30, Theorem 3.2].
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Proposition 4.35. Let A be a C*-algebra. Then A is injective in OMod∞
A if

and only if A is an injective operator space.



Chapter 5

Another Exact Structure for

OMod∞
A

Let A be a unital C*-algebra. By Theorem 3.40, we know that the class of all

kernel-cokernel pairs in OMod∞
A , the category of all right operator A-modules

with completely bounded module maps, form an exact structure with enough

injectives. However, calculating the global dimension defined in Chapter 4 (even

for C) proved difficult.

The fact that there is no unital C*-algebraA such that every object inOMod∞
A

is injective (see Theorem 4.21), shows that this setting is very different to the

algebraic situation.

In this chapter we show there is another exact structure we can place on

OMod∞
A (Theorem 5.8) and that it is possible for every object in OMod∞

A to

be injective with respect to this structure (Proposition 5.29). We show that this

happens precisely when every object in OMod∞
A is projective with respect to this

exact structure and that this is equivalent to A being (classically) semisimple

(Theorem 5.37).

This last result was already known for a class of projective objects in OMod∞
A

(see, [36, Section 7]), which is easily seen to be equivalent to the class of projectives

with respect our exact structure (Proposition 5.26). However, we have included

a full proof, which closely follows similar work of Helemskii concerning Banach

modules (see [35, Section IV.4]). This is for completeness sake (we are unaware

of this proof appearing explicitly anywhere) and because the methods extend to

107
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the more general operator algebra setting, which is a new result (this is discussed

in our paper [50]).

5.1 The Sub–Exact Structure

Definition 5.1. Let Ex and Ex′ be exact structures on an additive category A.

If every kernel-cokernel pair in Ex′ is also a kernel-cokernel pair in Ex, we say

that Ex′ is a sub–exact structure of Ex.

There are benefits to examining sub–exact structures. For example, if (A,Ex)

is an exact category and Ex′ is a sub–exact structure of Ex, it is easier for an

object in A to be injective with respect to Ex′ than Ex. This is immediate

from Proposition 2.78, as the admissible monomorphism in Ex′ are particular

admissible monomorphisms in Ex.

Throughout this section we fix a C*-algebra A. Our aim now is to show that

a particular class of all kernel-cokernel pairs in OMod∞
A is a sub–exact structure

of the class of all the kernel-cokernel pairs. This sub–exact structure is defined

in terms of the notion of split kernel-cokernel pairs. This concept is discussed in

Appendix B.

A kernel-cokernel pair E
M−→ F

P−→ G in an additive category A is split when

F is a direct sum of E and G with respect to M and P (see Definition B.7). By

the Splitting Lemma (Proposition B.10), this happens if and only if there exists

M̃ ∈ MorA(F,E) such that M̃M = idE and this occurs precisely when there

exists P̃ ∈ MorA(G,F ) such that PP̃ = idG.

It is not difficult to show that the class of all split kernel-cokernel pairs in an

additive category forms an exact structure on that category. Moreover, this class

is a sub–exact structure of any other exact structure on the additive category

(see, for example, [14, Lemma 2.7, Remark 2.8]). On its own, the usefulness of

doing our homological algebra with this exact structure is limited; every object in

an additive category will automatically be injective (and projective) with respect

to the exact structure of all split kernel-cokernel pairs. We instead combine this

notion with the following facts: For every C*-algebra A, OMod∞
A is subcategory

of Op∞ = OMod∞
C , and every kernel-cokernel pair in OMod∞

A is a kernel-cokernel



CHAPTER 5. ANOTHER EXACT STRUCTURE FOR OMOD∞
A 109

pair in Op∞. That is, we can examine kernel-cokernel pairs in OMod∞
A that split

in OMod∞
C but don’t necessarily split in OMod∞

A .

Definition 5.2. Let E
M−−−→ F

P−−→ G be a kernel-cokernel pair in OMod∞
A .

We say that the pair (M,P ) is C-split if it splits when considered as a kernel-

cokernel pair in Op∞. We denote the class of all C-split pairs in OMod∞
A byExC.

We denote the class of all kernel parts (resp. cokernel parts) of C-split pairs by

MC (resp. PC.)

There are various ways to characterise these C-split kernel-cokernel pairs.

Indeed, we have the following proposition.

Proposition 5.3. Let E
M−−−→ F

P−−→ G be a kernel-cokernel pair in OMod∞
A .

The following are equivalent:

(i) (M,P ) ∈ExC;

(ii) M ∈ MC;

(iii) P ∈ PC;

(iv) There exists M̃ ∈ CB(F, E) with M̃M = idE;

(v) There exists P̃ ∈ CB(F, G) with PP̃ = idG;

(vi) There exists a completely bounded linear projection T : F →M(E);

(vii) There exists a completely bounded linear projection T ′ : F → kerP ;

Proof. By the Splitting Lemma (Proposition B.10) in Op∞, we immediately have

that (i)–(v) are equivalent. We show that (iv) ⇔ (vi). That (v) ⇔ (vii), is similar.

(iv)⇒(vi): Define T as the composition F
M̃−→ E

M−→M(E). Then T is the desired

projection.

(vi)⇒(iv): As M is a kernel map there exists M−1 ∈ CBA(M(E), E) such that

M−1M = idE. Define M̃ as the composition M−1T .

The aim now becomes showing that ExC describes an exact structure for

OMod∞
A . That is, it is closed under isomorphisms and satisfies all axioms given

in Definition 2.61. As usual we use the symbol (resp. ) to denote
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admissible monomorphisms (resp. admissible epimorphisms). In this section, this

means admissible with respect to the class ExC.

Proposition 5.4. The class of kernel-cokernel pairs in ExC is closed under iso-

morphisms.

Proof. Suppose

E F G

E ′ F ′ G′

ϕ1 ϕ2 ϕ3

M ′ P ′

M P

is commutative in OMod∞
A such that the vertical arrows are isomorphisms in

OMod∞
A and the top row is in ExC. By Proposition 3.33, (M ′, P ′) is a kernel-

cokernel pair in OMod∞
A . Let P̃

′ = ϕ2P̃ ϕ3
−1 where P̃ is the right inverse of P in

Op∞. Then P ′P̃ ′ = idG′ and hence (M ′, P ′) is in ExC by Proposition 5.3.

That axioms [E0] and [E0op] are satisfied by ExC is trivial.

Proposition 5.5. ([E1] and [E1op]) Let E,F,G ∈ OMod∞
A . Suppose that

T : E → F and S : F → G are completely bounded A-module maps.

(i) If T and S are in MC then so is ST.

(ii) If T and S are in PC then so is ST.

Proof. Let T, S ∈ MC. By Proposition 3.35, ST is a kernel map in OMod∞
A . Let

S̃ (resp. T̃ ) be the left inverse in Op∞ of S (resp. T ). Then T̃ S̃ is a left inverse

in Op∞ of ST and ST ∈ MC. This proves (i). A similar method proves (ii).

Proposition 5.6. ([E2op]) Let P : E G be in PC and ψ : F → G be a

morphism in OMod∞
A ; then for the pullback

L F

E G
P

P ′

π ψ

the morphism P ′ is a cokernel in PC.
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Proof. By Proposition 3.36, we assume L = {(x, y) ∈ E ⊕ F |P (x) = ψ(y)} and

for each (x, y) ∈ L, P ′(x, y) = y and π(x, y) = x. By Proposition 3.38, P ′ is

completely open. All that remains is to show that P ′ has a right inverse P̃ ′ as a

morphism in Op∞.

Let P̃ : G → E be the right inverse of P in Op∞. Define P̃ ′ : F → L by

P̃ ′(y) = (P̃ψ(y), y) for all y ∈ F. It is clear that this is a linear map and that

P ′P̃ ′(y) = y for all y ∈ F. Let λ = max {∥P̃∥cb∥ψ∥cb, 1}. For each n ∈ N and

y ∈Mn(F ) we have

∥P̃ ′
n(y)∥n = ∥(P̃nψn(y), y)∥n = ∥P̃nψn(y)∥n + ∥y∥n ≤ 2λ∥y∥n

and hence P̃ ′ is completely bounded.

Proposition 5.7. ([E2]) Let M : G E be in MC and ϕ : G → F be a mor-

phism in OMod∞
A ; then for the pushout

G E

F C.

ψ

M ′

M

ϕ

the morphism M ′ is in MC.

Proof. As in Proposition 3.37, we let C = E ⊕ F/H where H is the closed

subspace {(M(z),−ϕ(z)) | z ∈ G} and letting π : E ⊕ F → C be the canonical

complete quotient map, we have ψ(x) = π(x, 0) and M ′(y) = π(0, y) for all

x ∈ E, y ∈ Y. By Proposition 3.39, the morphism M ′ is a kernel in OMod∞
A . It

remains to show that M ′ has a left inverse M̃ ′ as a morphism in Op∞.

Let M̃ : E → G be the morphism in Op∞ with M̃M = idG. For each u =

π(x, y) ∈ C, set M̃ ′(u) = ϕM̃(x) + y. Note that when (x, y) ∈ H, there exists

z ∈ G with M(z) = x and ϕ(z) = −y. Then ϕM̃(x) = ϕM̃M(z) = ϕ(z) = −y.

That is, ϕM̃(x)+y = 0. Hence M̃ ′(0) = 0 and M̃ ′ : C → F is a well-defined map.

As M̃ ′ is clearly linear, we are done if we show it is completely bounded.
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Set λ = max {∥ϕ∥cb∥M̃∥cb, 1} and let n ∈ N and u ∈ Mn(C). For any

(x, y) ∈Mn(E ⊕ F ) with πn(x, y) = u, the following inequality holds:

∥M̃ ′
n(u)∥n = ∥ϕnM̃n(x) + y∥n ≤ ∥ϕ∥cb∥M̃∥cb∥x∥n + ∥y∥n

≤ λ(∥x∥n + ∥y∥n)

= λ∥(x, y)∥n.

Hence ∥M̃ ′
n(u)∥n ≤ λ inf {∥(x, y)∥n | (x, y) ∈Mn(E,F ) with πn(x, y) = u}. That

is, ∥M̃ ′
n(u)∥n ≤ λ∥u∥n.

Because all of the axioms of being an exact structure have been met, we

immediately get the following:

Theorem 5.8. Let A be a C*-algebra. Then the class of exact sequences ExC is

a sub–exact structure of Ex, when (OMod∞
A ,Ex) is the exact category with Ex

the class of all kernel-cokernel pairs.

In [50] we give a proof of Theorem 5.8, using general results about exact

structures (see [14, Proposition 5.2.] and [39, Proposition 7.3]).

Recall, from Definition 2.65, that a morphism f in an exact category is called

admissible when it is of the form f = MP, where M is an admissible monomor-

phism and P is an admissible epimorphism. To do homological algebra in exact

categories, it is necessary to work with these morphisms.

Proposition 5.9. Let T : E → F be a morphism in OMod∞
A . Then T is admis-

sible in ExC if and only if T has closed range, is completely open when considered

as a morphism E → T (E), kerT is a direct summand (in Op∞) of E and T (E)

is a direct summand (in Op∞) of F.

Proof. Suppose T =MP whereM is a monomorphism and P is a surjective mor-

phism in OMod∞
A . Then kerP = kerT and T (E) =M(E) and the result follows

immediately from this and the description of admissible morphisms in OMod∞
A

with respect to the class of all kernel-cokernel pairs (see Proposition 3.42).
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5.2 Discussing the Issue of Enough Injectives

In this section we discuss the injective objects with respect to the exact structure

ExC and obstacles that arise when trying to use these injectives for homological

algebra. Again we fix a unital C*-algebra A and now our admissible morphisms

are with respect to the exact category (OMod∞
A ,ExC). If M is a morphism in

MC, M̃ will always denote its left inverse in Op∞.

We record the definition of the injectives we are interested in for this section.

This is a particular version of Definition B.1 and coincides with the notion of

ExC-injectives when defined as in Definition 2.76.

Definition 5.10. An object in OMod∞
A is MC-injective if there exists a filler

making each diagram in OMod∞
A of the following form:

E F

I

M ∈ MC

commutative.

This type of injectivity was first discussed by Paulsen in [55]. What we refer

to as MC-injectives were called (C− A,C− C)-injective in that paper.

The following shows a relationship between our notions of injectivity in the

various discussed exact categories.

Proposition 5.11. A right operator A-module is injective in OMod∞
A if and only

if it is both MC-injective and injective in Op∞.

Proof. Let E ∈ OMod∞
A . Denote by M the class of admissible monomorphisms

in (OMod∞
A ,Exmax). That is, let M be the class of kernels in OMod∞

A .

Suppose E is injective in OMod∞
A . Each morphism in MC is, in particular, a

morphism in M. Hence the fact that E is MC-injective follows immediately from

the definition. That E must be injective in Op∞ is Proposition 4.23.

On the other hand, suppose E is MC-injective and injective in Op∞. By Theo-

rem 3.16, there exists a Hilbert space H such that we can completely isometrically
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represent E as a closed subspace and A as a closed C*-subalgebra of B(H). Propo-

sition 4.18, yields a completely bounded projection B(H) → E, thus the inclusion

morphism E → B(H) is in MC. By general properties of injective objects (see

Proposition B.4), there exists a completely bounded projection B(H) → E that

is also an A-module map. By Theorem 3.53, B(H) is injective in OMod∞
A and

hence so is E by Proposition 4.19.

In order to make use of the homological algebra techniques discussed in Chap-

ter 2, like we did in Chapter 4, we require OMod∞
A to have enough MC-injectives.

That is, we need that for every object E ∈ OMod∞
A there exists an MC-injective

right operator A-module I and a kernel E I in MC.

We then have the following question:

Question 5.12. Let A be a general unital C*-algebra. Does OMod∞
A have

enough MC-injectives?

The following gives an easy example of a case where Question 5.12 has a

positive answer.

Proposition 5.13. Let A = C. Then every object of OMod∞
A is MC-injective.

Proof. Recall that the morphisms in OMod∞
C are the completely bounded linear

maps. Let E be an operator space. Suppose that F and G are operator spaces and

there exist morphisms M ∈ CB(F, G) and T ∈ CB(F, E) with M ∈ MC. Then

TM̃ : G→ E is a morphism such that TM̃M = T. That is, E is MC-injective.

A consequence of this is that Proposition 4.23 cannot be generalised to say

“If E is MC-injective, then E is injective in Op∞”. The next result follows from

standard facts about injectivity; in particular, Proposition B.2 in the setting of

Op∞ :

Proposition 5.14. Let E,F ∈ OMod∞
A with F injective in Op∞. Suppose there

exists M ∈ CBA(E, F ) in MC. Then E is injective in Op∞.

The proof of Theorem 4.21 shows that for every unital C*-algebra, there exist

right operator modules that are not injective in Op∞. This fact and Proposi-

tion 5.14 show that if we hope to have enough MC-injectives for general unital
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C*-algebras it is necessary to find MC-injectives that are not injective in Op∞

and therefore not injective in OMod∞
A . (In particular, we cannot, as in the case

of OMod∞
A with the exact structure of all kernel-cokernel pairs, use modules of

the form B(H) for a Hilbert space H as our ‘enough injectives’).

Trivially, this can be done if all the objects in OMod∞
A are MC-injective.

Proposition 5.13 gives one example where this occurs. Are there others? We ask

the following:

Question 5.15. For which unital C*-algebras A is it the case that all the objects

in OMod∞
A are MC-injective?

Theorem 5.37 below completely answers Question 5.15, but its proof relies on

working with projective objects. Appealing again to Proposition B.2, this time

in the setting of MC-injectives in OMod∞
A , we have:

Proposition 5.16. Let E,F ∈ OMod∞
A and F be MC-injective. Suppose there

exists M ∈ CBA(E, F ) in MC and M̃ an A-module map. Then E is also MC-

injective.

Suppose that A is a C*-algebra and not every object in OMod∞
A is MC-

injective. Then Proposition 5.16 shows that forOMod∞
A to have enough injectives

we need to be able to find morphisms of the form M ∈ CBA(E, F ) in MC, such

that M̃ is not an A-module map. We end this section with an example showing

that morphisms of this type do, at least, ‘show up in the wild’.

Example 5.17. Let E be a maximal ideal of a unital abelian C*-algebra A. The

inclusion map M ∈ CBA(E, A) is in M and M̃ is not an A-module map.

Indeed, A = C(X) for some compact Hausdorff space X and E is of the form:

E = Ex = {f ∈ C(X) | f(x) = 0} ,

where x is a fixed element of X. It is clear that Ex is a closed ideal and that

every element f in C(X) can be expressed as f = (f − f(x)1A) + f(x)1A.

Note that (f − f(x)1A) ∈ Ex and f(x)1A ∈ C(X)1A. In fact, it is clear that

{f − f(x)1A | f ∈ C(X)} = Ex and {f(x)1A | f ∈ C(X)} = C1A and it is trivial

that Ex ∩ C1A = 0. Therefore, A = Ex ⊕ C1A in Ban∞ with M̃ : A → Ex, f 7→
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f − f(x) being the left inverse of the inclusion morphism M : Ex → A. But it is

easily checked M̃ is not a module map. All that remains is to note that A,Ex and

C1A are abelian C*-algebras and hence, by Lemma 4.24,M and M̃ are completely

bounded.

5.3 Using Projectivity and the Global

Dimension Theorem

We use the notion of projectivity to provide a complete answer to Question 5.15.

Definition 5.18. Let A be a category and P be a class of epimorphisms (usually

assumed to be closed under composition and containing the class of isomorphisms,

as will be the case in any class P we consider in this thesis). An object D ∈ A

is P-projective if for all morphisms P : E → F and f : D → F in A with P ∈ P

there exists a morphism g : D → E making the following diagram commutative

D

E F

f

P

g

When P is the class of cokernels we simply call D a projective object . We say that

A has enough P-projectives if for each object E ∈ A there exists a P-projective

object D and a morphism P : D → E in P.

The following is a straightforward consequence of the above definition of pro-

jectivity.

Proposition 5.19. Let D be a P-projective object in a category A and f : F → D

be a morphism in P. Then there exists a morphism g : D → F in A such that

fg = idD.

The following is a standard result about projectivity, it has a similar proof to

Proposition B.2.

Proposition 5.20. Let D be an P-projective object in A. Suppose there exist

morphisms s : E → D and r : D → E with rs = idE. Then E is also P-projective.
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The following result shows how working with projective objects can provide

an answer to Question 5.15. This is a standard category theory result, but we

have all that is required (some of this is in Appendix B) to include the proof.

Proposition 5.21. Let (A,Ex) be an exact category and M (resp. P) be the

class of admissible monomorphisms (resp. admissible epimorphisms). Then every

object in A is M-injective if and only if every object in A is P-projective.

Proof. We prove one direction. The other is similar. Suppose that every object

in A is P-projective and I ∈ A and that M ∈ MorA(E,F ) is in M and there

exists a morphism f ∈ MorA(E, I). Then there exists a short exact sequence

E
M

F
P

G in Ex. As G is P-projective then by Proposition 5.19 and the

Splitting Lemma, there exists a morphism N ∈ MorA(F,E) such that NM = idE.

Let g = fN, then the following diagram is commutative

E F

I

f

M

g

and hence, I must be M-injective.

In [55], Paulsen considered PC-projectives. This was inspired by the work of

Helemskii on relative homological algebra for Banach modules [35]. Helemskii

also studied relative projectivity for operator modules in (amongst others) [36],

which uses the notion of free objects to show that these categories have enough

projectives.

Remark 5.22. In [55], the definition Paulsen uses for an object being projective

in OMod∞
A corresponds to saying they are projective with respect to the class

of canonical complete quotient mappings E E/F for every E ∈ OMod∞
A

with closed submodule F. It is an easy exercise to show that this, in fact, is

equivalent to our definition of projectivity in OMod∞
A . The relative projectivity

in Helemskii’s work (e.g. in [36]) means being projective with respect to the class

of all epimorphisms P : E → F in OMod∞
A such that there exists a morphism

P̃ : F → E in Op∞ such that PP̃ = idF . It, therefore, may appear to be more
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difficult for an object to be relatively projective in the sense of Helemskii than

for it to be PC-projective. We will show that is not the case, see Proposition 5.26

below.

The following result provides us with a way of finding PC-projectives in

OMod∞
A . By Proposition A.37, for any operator space E, E ⊗h A is an object in

OMod∞
A via the module action (x⊗y) ·a = x⊗ (y · a) for all x ∈ E, y ∈ E, a ∈ A.

Proposition 5.23. Let A be a unital C*-algebra and E be an operator space.

Suppose P is a class of epimorphisms such that if F,G ∈ OMod∞
A with P ∈

CBA(F, G) in P, then there exists P̃ ∈ CB(G, F ) such that PP̃ = idG. Then the

Haagerup tensor product E ⊗h A is P-projective.

Proof. Suppose we have the following diagram of morphisms in OMod∞
A ,

E ⊗h A

F G

f

P

with P in P. Let ι : E → E ⊗h A be the complete isometry defined by ι(x) =

x⊗1A and m : F ⊗h A→ F be the completely contractive linear map induced by

the module action of A on F. Then for g : E ⊗h A→ F, defined as the composition

of the following completely bounded A-module maps

E ⊗h A (E ⊗h A)⊗h A F ⊗h A F
ι⊗ idA P̃ f ⊗ idA m

we have Pg = f.

Corollary 5.24. Let A be a unital C*-algebra and E ∈ Op∞. Then E ⊗h A is

PC-projective.

The following is the reason we can do homological algebra in the categories

(OMod∞
A ,ExC).

Proposition 5.25. Let A be a unital C*-algebra. Then OMod∞
A has enough

PC-projectives.



CHAPTER 5. ANOTHER EXACT STRUCTURE FOR OMOD∞
A 119

Proof. Let E ∈ OMod∞
A . By Corollary 5.24, E ⊗h A is PC-projective. As E

is a right operator A-module, there exists a completely contractive linear map

P : E ⊗h A → E induced by the module action (see Proposition A.11). On

elementary tensors of the form x⊗ a we have P (x⊗ a) = x · a.

Let n ∈ N. Each x = [xij] ∈ Mn(E) is of the form Pn([xij ⊗ 1A]). Moreover

∥[xij ⊗ 1A]∥n ≤ ∥xij∥n so P is completely open.

The linear map P is an A-module map. Indeed, for each elementary tensor

x ⊗ a in E ⊗h A and a0 ∈ A, we have P (x ⊗ a) · a0 = (x · a) · a0 = x · aa0 =

P (x⊗ aa0) = P ((x⊗ a) · a0).

Define P̃ ∈ CB(E, E ⊗h A) by P̃ (x) = x⊗1A. Then PP̃ = idE, hence P ∈ PC

as required.

From this we are able to show that PC-projective objects must also be pro-

jective with respect to a larger class of epimorphisms.

Proposition 5.26. Let A be a unital C*-algebra and let P denote the class

of all epimorphisms in OMod∞
A that have a right inverse when considered as a

morphism in Op∞. Then an object in OMod∞
A is PC-projective if and only if it

is P-projective.

Proof. As every epimorphism in PC is also in P, every P-projective object

is also PC-projective. Now suppose that E ∈ OMod∞
A is PC-projective. By

Corollary 5.24 and the proof of Proposition 5.25, there exists a morphism P ∈

CBA(E ⊗h A, E) in PC where E ⊗h A is PC-projective. By Proposition 5.19,

there exists Q ∈ CBA(E, E ⊗h A) such that PQ = idE. But by Proposition 5.23,

E ⊗h A is P-projective. Then by Proposition 5.20, so is E.

The following is a result of Helemskii that shows a necessary and sufficient

condition for when a certain homological dimension for a unital C*-algebra A is

zero. Here dimension zero means that every object in Ban∞
A , the category of

(right) Banach A-modules with bounded A-module maps as the morphisms, is

projective with respect to a certain class of morphisms.

Proposition 5.27. [35, Theorem III.5.17, Corollary IV.4.12] Let A be a unital

C*-algebra and P be the class of all epimorphisms in Ban∞
A that split as mor-
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phisms in Ban∞. Then every object in Ban∞
A is P-projective if and only if A

is classically semisimple.

We obtain a similar result in the operator module setting. ‘Semisimple’ will

always mean classically semisimple. We often make use of the following well-

known characterisation of Banach algebras that are classically semisimple.

Proposition 5.28. Let A be a unital Banach algebra. If A is (classically)

semisimple then A is of the form

A =Mm1(C)⊕Mm2(C)⊕ · · · ⊕Mmn(C),

for some m1, . . . ,mn ∈ N. If A is a C*-algebra, this happens precisely when A is

finite dimensional.

Proof. Let A be a semisimple Banach algebra. It is a classical fact that A must

then be finite dimensional (see, for example, the final paragraph of [68]). By

the Artin–Wedderburn Theorem (e.g. [52, Theorem 4.40]), there is a ring iso-

morphism from A to Mm1(D1) ⊕Mm2(D2) ⊕ · · · ⊕Mmn(Dn), for division rings

Di. By the Gelfand–Mazur theorem (e.g., [19, Theorem 8.1]), the Banach algebra

structure, inherited via the ring isomorphism, yields an isometric Banach algebra

isomorphism Di → C. That every finite-dimensional C*-algebra is of the desired

form is a well-known result (see, e.g., [22, Theorem III.1.1]).

A consequence of [22, Theorem III.1.1], is that every finite-dimensional C*-

algebra is unital. The following closely follows [35, Theorem 3.5.17].

Proposition 5.29. Let A be a finite-dimensional C*-algebra. Then every object

in OMod∞
A is PC-projective.

Proof. Let E ∈ OMod∞
A . By Proposition 5.20 and Corollary 5.24, the result

follows if there exist s ∈ CBA(E, E ⊗h A) and r ∈ CBA(E ⊗h A, E) such that

rs = idE.

By Proposition 5.28, there exists m1, . . . ,mn ∈ N such that A is of the form

A = Mm1(C) ⊕Mm2(C) ⊕ · · · ⊕Mmn(C). Each element in A is an n-tuple with

k-th entry a complex mk ×mk matrix.
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For each k ∈ {1, 2, . . . , n} and i, j ∈ {1, . . . ,mk}, let ekij be the n-tuple in A

with all zero entries except for the k-th entry which is a matrix in Mmk
(C) with

1 as the ij-th entry and with 0 for all the other entries. Note that the norm of

each ekij is 1.

Define s : E → E ⊗h A by s(x) =
∑n

k=1

∑mk

i=1((x · eki1) ⊗ ek1i) for each x ∈ E.

Clearly s is a linear map. Also, s is completely bounded. We show this: Suppose

x = [xpq] ∈MN(E). Then

∥sN(x)∥N = ∥[
n∑
k=1

mk∑
i=1

((xpq · eki1)⊗ ek1i)]∥N ≤
n∑
k=1

mk∑
i=1

∥[((xpq · eki1)⊗ ek1i)]∥N

The Haagerup tensor product has a subcross matrix norm (see Remark A.7).

Using this fact, the above inequality becomes

∥sN(x)∥N ≤
n∑
k=1

mk∑
i=1

∥[(xpq · eki1)]∥N ≤
n∑
k=1

mk∑
i=1

∥x∥N

where the last inequality follows easily from the fact that E is a right operator A-

module. Then ∥sN(x)∥N ≤ K∥x∥N where K =
∑n

k=1

∑mk

i=1 1. Hence ∥s∥cb ≤ K.

We have s ∈ CB(E, E ⊗h A).

Since s is linear and every element in A is a linear combination of elements of

the form ekij, to show s is an A-module map, we need that for every x ∈ E, ekij ∈ A,

we have s(x · ekij) = s(x) · ekij. We have:

s(x · ekij) =
n∑
t=1

mt∑
r=1

((x · ekijetr1)⊗ et1r) = (x · ekijekj1)⊗ ek1j = (x · eki1)⊗ ek1ie
k
ij

and adding some zero terms gives

s(x · ekij) =
n∑
t=1

mt∑
r=1

((x · ekr1)⊗ et1re
k
ij) =

n∑
t=1

mt∑
r=1

((x · ekr1)⊗ et1r) · ekij = s(x) · ekij

as required.

Lastly, we let r be the map r : E ⊗ A→ E, induced, via the universal property

of the Haagerup tensor product (Proposition A.10 ), by the module action. As in

the proof of Proposition 5.25, we have r is a completely bounded A-module map.

Moreover for each x ∈ E we have

rs(x) =
n∑
k=1

mk∑
i=1

(x · eki1ek1i) =
n∑
k=1

mk∑
i=1

(x · ekii) = x · 1A = x.

that is, rs = idE as required.



CHAPTER 5. ANOTHER EXACT STRUCTURE FOR OMOD∞
A 122

The goal for the remainder of this section is to show that, in fact, being

classically semisimple is a necessary condition to impose on a unital C*-algebra

A to ensure that every object in OMod∞
A is PC-projective. We do this by again

following methods of Helemskii in [35].

We first mention the characterisation of semisimplicity we make use of. The

following is well known and appears, for example, in [52, Theorem 4.40].

Proposition 5.30. A unital algebra A is semisimple if and only if every maximal

right ideal is a direct summand (in ModA) of A.

Note that by the Splitting Lemma (Proposition B.10) this happens precisely

when every short exact sequence in ModA of the form

0 I A A/I 0
ι π

where I is a maximal right ideal, ι is inclusion and π is the canonical quotient

map, is split.

Proposition 5.31. Let A be a unital algebra and I be a maximal right ideal. If

there exists a module map f : A/I → A such that f(A/I) is not a subset of I,

then the short exact sequence

0 I A A/I 0
ι π

is split in ModA.

Proof. Suppose such an f exists. Then πf is a nonzero module map from a

simple right module to itself and must therefore be an isomorphism in ModA, in

particular g : A/I → A/I exists in ModA such that (πf)g = idA/I . Let π̃ = fg

then ππ̃ = π(fg) = (πf)g = idA/I . By the Splitting Lemma, we are done.

We can achieve the goal of this section by playing the following game: Suppose

A is a unital C*-algebra and every object in OMod∞
A is PC-projective, then for

each maximal right ideal I, use properties of PC-projectivity to find an A-module

map f : A/I → A such that f(A/I) ⊈ I.

Fortunately, this is a game that has been played in the situation of Banach

modules over Banach algebras for certain classes of Banach algebras (including
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C*-algebras). We do not need to deviate too far from that situation; our argu-

ments are similar to those that appear in [35, Section IV.4.].

We first note that we have the required game pieces. Each maximal right

ideal of a unital Banach algebra is a closed subspace (this is a standard result,

see, for example, [19, Corollary VII.2.4]). So if I is a maximal right ideal of our

unital C*-algebra A, then it is a closed A-submodule of A and hence I and A/I

are objects in OMod∞
A .

Proposition 5.33 below provides a tool that can be used first to show that

if A/I is PC-projective, there exists at least one non-zero A-module morphism

A/I → A (Corollary 5.34) and then to show there is one whose image is not

contained in I (Proposition 5.36). Before this, we record the following useful

lemma.

Lemma 5.32. Let E,F ∈ Op∞. Suppose u ∈ E ⊗h F is non-zero. Then

there exist (completely) bounded linear functionals S ∈ E∗, T ∈ F ∗ such that

S ⊗ T : E ⊗h F → C⊗h C has the property that (S ⊗ T )(u) ̸= 0.

Proof. If S ∈ E∗ and T ∈ F ∗, denote by S⊗elT the elementary tensor in E∗⊗hF
∗.

This avoids confusion with the map S ⊗ T.

The canonical complete isometries E → E∗∗ and F → F ∗∗ induce a map

θ : E ⊗h F → E∗∗ ⊗h F
∗∗ in the obvious way. Proposition A.12 gives that θ is

also a complete isometry. Moreover, it is a standard result (see, for example

[26, Proposition 9.4.7]) that the map ν : E∗∗ ⊗h F
∗∗ → (E∗ ⊗h F

∗)∗ defined on

elementary tensors by ν(s ⊗ t)(S ⊗el T ) = s(S)t(T ) for s ∈ E∗∗, S ∈ E∗, t ∈

F ∗∗, T ∈ F ∗ is completely isometric.

If u ∈ E ⊗h F is non-zero, then as νθ is completely isometric and therefore

one-to-one, there must be some S ∈ E∗, T ∈ F ∗, with (νθ(u))(S ⊗el T ) ̸= 0. For

any elementary tensor x⊗y ∈ E⊗h F we have (νθ(x⊗y))(S⊗elT ) = S(x)T (y) =

(m◦(S⊗T ))(x⊗y), wherem : C⊗h C → C is the canonical complete contraction.

By linearity and continuity, then 0 ̸= (νθ(u))(S ⊗el T ) = (m ◦ (S ⊗ T ))(u). In

particular (S ⊗ T )u ̸= 0.

The proof of this next result mirrors [35, Proposition IV.4.4.].
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Proposition 5.33. Let ϕ : A → B be a unital *-homomorphism between unital

C*-algebras and E ∈ OMod∞
A be PC-projective. Suppose F ∈ OMod∞

B and

f : E → Fϕ is a completely bounded A-module map, where Fϕ is F equipped

with the A-module action inherited by the restriction of scalars (see Definition

A.50). For any x ∈ E with f(x) ̸= 0, there exist a completely bounded A-module

morphism g : E → A such that ϕg(x) ̸= 0.

Proof. In the following proof, for any G ∈ OMod∞
C , for a C*-algebra C, we will

denote by PG,C the completely contractive C-module map G⊗h C → G defined

on elementary tensors by PG,C(z ⊗ c) = z · c (where z ∈ G, c ∈ C). If G is a

left operator C-module, we denote the similarly defined completely contractive

C-module map by C,GP : C ⊗h G→ G.

By our assumptions, we have the following commutative diagram of com-

pletely bounded linear maps.

E E ⊗h A

F F ⊗h B

PE,A

f

PF,B

f ⊗ ϕ

As in the proof of Proposition 5.25, we have PE,A ∈ PC. Then by Proposition 5.19,

there exists a completely bounded A-module map ι : E → E ⊗h A such that

PE,Aι = idE. Then it is clear that the above diagram stays commutative if we

replace PE,A with ι. Moreover, for any (completely) bounded linear functional

S : F → C it is easy to see the following diagram of completely bounded linear

maps is commutative:

E E ⊗h A C⊗h A A

F F ⊗h B C⊗h B B

ι Sf ⊗ idA C,AP

f f ⊗ ϕ idC ⊗ ϕ ϕ

PF,B S ⊗ idB C,BP

Let a ∈ A and x⊗a′ be an elementary tensor in E⊗hA and λ⊗a′′ be an elementary

tensor in C⊗hA then ((Sf⊗idA)(x⊗a′))·a = Sf(x)⊗a′a = (Sf⊗idA)((x⊗a′)·a)

and C,AP (λ ⊗ a′′) · a = λa′′a = C,AP ((λ ⊗ a′′) · a). By continuity and linearity,

Sf ⊗ idA and C,AP are A-module maps. So, for any linear functional S, we have
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that C,AP (Sf ⊗ idA)ι : E → A is a completely bounded A-module map. We now

show that there exists an S that makes this the desired A-module map.

Let x ∈ E such that f(x) ̸= 0. Then PF,B(f ⊗ ϕ)ι(x) ̸= 0, in particular

u ∈ F ⊗h B is non-zero for u = (f ⊗ ϕ)ι(x). By Lemma 5.32, there exists

S ∈ F ∗, T ∈ B∗ such that (S ⊗ T )(u) ̸= 0. But S ⊗ T is the composition

(idC ⊗ T )(S ⊗ idB) so (S ⊗ idB)u ̸= 0. Moreover, C,BP is a completely isometric

linear isomorphism (see [8, Lemma 3.4.6]), and therefore, C,BP (S ⊗ idB)u ̸= 0.

Let g = C,AP (Sf ⊗ idA)ι. Commutativity of the diagram gives then that

ϕg(x) ̸= 0 as required.

Corollary 5.34. Let A be a unital C*-algebra and suppose that E ∈ OMod∞
A is

PC-projective. For each non-zero x ∈ E there exists an A-module map fx : E → A

such that fx(x) ̸= 0.

Proof. This is Proposition 5.33 with E = F,A = B and f = idE, ϕ = idA.

Suppose I is a maximal right ideal of A and A/I is PC-projective in OMod∞
A .

To get an A-module map as in Proposition 5.31, we make use of the following

result involving the ranges of all possible A-module maps A/I → A.

Proposition 5.35. Let I be a closed right ideal in a unital Banach algebra A.

Let S1 be the set {f(x) |x ∈ A/I, f : A/I → A is an A-module map} and S2 be

the set {ab | a, b ∈ A, ay = 0 for all y ∈ I} . Then S1 = S2 and its linear span is

a two-sided ideal.

Proof. That the linear span of S2 is a two-sided ideal is obvious. Let π : A→ A/I

be the canonical quotient map. Let a ∈ A. I claim there exists an A-module map

f : A/I → A such that f(π(1A)) = a if and only if ay = 0 for all y ∈ I.

Suppose there exists such an f and that y ∈ I. Then ay = f(π(1A))y =

f(π(y)) = f(0) = 0. Now suppose ay = 0 for all y ∈ I. For each x ∈ A/I, set

f(x) = ab where π(b) = x. Clearly f : A/I → A is well defined and f(π(1A)) = a.

So the claim is true. The result then follows as an element is of the form f(x) if

and only if it is of the form f(π(1A))b for b ∈ A such that π(b) = x.
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Proposition 5.36. Let A be a unital C*-algebra and I be a maximal right ideal.

Suppose A/I is PC-projective. Then there exists an A-module map A/I → A,

whose image is not a subset of I.

Proof. Let S1 be as in Proposition 5.35 and S be its linear span. Suppose towards

contradiction that the image of every morphism A/I → A is a subset of I, that

is, S1 ⊆ I, then so is S. Let E be A/I and P be {a ∈ A |x · a = 0,∀x ∈ E} , the

right annihilator of E. Then P is a closed two-sided ideal in A. Moreover, S ⊆ P.

Indeed, suppose a ∈ S and x ∈ E is of the form π(b) for some b ∈ A where

π : A → E the canonical quotient map, then x · a = π(b) · a = π(ba) = 0, where

the last equality is because S is a left ideal that we have assumed to be contained

in I.

Now denote by B the C*-algebra A/P and let ϕ : A→ B be the canonical *-

homomorphism. Then E is a right B-module with action defined in the following

way: for x ∈ E and b ∈ B x · b = π(aa′) where x = π(a), b = ϕ(a′). Note then we

have x · b = x · a′. In fact, E ∈ OMod∞
B ; suppose x ∈ Mn(E), b ∈ Mn(B), then

for every a ∈ Mn(A) with b = ϕ(n)(a), we have ∥x · b∥n = ∥x · a∥n ≤ ∥x∥n∥a∥n,

so ∥x · b∥n ≤ ∥x∥n∥b∥n. Let F = E and f = idE, then obviously f(π(1A)) ̸= 0.

By Proposition 5.33, there exists an A-module morphism g : E → A such that

ϕ(g(π(x))) ̸= 0, so g(π(x)) /∈ P, but g(π(x)) ∈ S ⊆ P and we have reached a

contradiction.

Proposition 5.36 provides us with a method of completing our game. This

allows us to completely describe the C*-algebras where every object in OMod∞
A

is PC-projective. By Proposition 5.21 this happens precisely when every object

in OMod∞
A is MC-injective. Thus we have the following answer to Question 5.15.

Theorem 5.37. Let A be a unital C*-algebra. The following are equivalent:

(i) A is finite dimensional;

(ii) A is (classically) semisimple;

(iii) Every object in OMod∞
A is PC-projective;

(iv) Every object in OMod∞
A is MC-injective;

(v) For every maximal right ideal I of A, the quotient module A/I ∈ OMod∞
A

is PC-projective.
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Proof. (i)⇔(ii): This is Proposition 5.28.

(ii) ⇒ (iii): This is Proposition 5.29.

(iii) ⇔ (iv): This follows from Proposition 5.21

(iii) ⇒ (v): This is obvious.

(v) ⇒ (ii): This follows from Proposition 5.36 and Proposition 5.31.

The above characterises when the global dimension of (OMod∞
A ,ExC) (see

Remark 4.16) is 0. This result was known to be true (see [36, Section 7]), however

we note an important detail: apart from showing that conditions (i) and (ii) in

Theorem 5.37 are equivalent, we have not, in any significant way, made use of

the fact that A is a C*-algebra. Because of this, we are able to characterise the

operator algebras A such that every object in OMod∞
A is PC-projective. This is

the contents of the forthcoming paper [50].

Remark 5.38. It is still an open question if Proposition 5.27 still holds if A is

only assumed to be a unital Banach algebra. The difference here is that in this

situation, Banach modules over Banach algebras, we do not, in general, have a

result like Lemma 5.32. For certain Banach algebras there is a way around this.

Lemma 5.32 with E,F only assumed to be Banach algebras and the Haagerup

tensor product replaced by the Banach space projective tensor product still holds

if we assume either E or F has the approximation property. This is [35, Theorem

II.2.36]. Then Proposition 5.27 holds if A is assumed to be any Banach algebra

such that every right Banach A-module of the form A/I, for I a maximal right

ideal, has the approximation property. This is [35, Theorem IV.4.11].
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Appendix A

Modules over C*-algebras

In the following appendix we will make use of terminology and results that appear

in Section 3.1.

The homological algebra that appears in Chapters 4 and 5 is all done with

(non-degenerate) operator modules (see Definition 3.12). This has multiple bene-

fits. We are able to make use of already available results on injectivity in this set-

ting and their relationship with injective C*-algebras (see Theorem 3.53, Propo-

sition 4.35) and we can also utilise the theory of exact categories. But it is worth

emphasising why it is we examine modules that are operator spaces. We will do

that here.

The other reason for this appendix is that there are other objects we can use

for homological algebra and there are pros and cons to working in each different

setting. In order to stop the discussion of these differences from permeating the

entire thesis, we have included it here.

We can quickly explain why it is we work with operator spaces and completely

bounded linear maps:

For a Banach algebra A, if one wants to do a version of homological algebra

that in some sense incorporates the topological structure of A, one should restrict

oneself to modules are also normed spaces. Moreover, the module action should

respect the norms of the module and A in a canonical way. This leads to the

notion of a Banach module.

Definition A.1. A right A-module E over a Banach algebra A is called a right

Banach A-module if it is a Banach space and for each x ∈ E, a ∈ A we have

129
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∥x · a∥ ≤ ∥x∥∥a∥ (where x · a denotes the module action).

The book of Helemskii [35] deals with homological algebra in this setting. In

a similar way, we wish to incorporate the structure of our C*-algebras.

Each C*-algebra A has a canonical operator space structure associated to it

such that each Mn(A) is a C*-algebra (see Definition 3.9). To utilise this, we

work with modules that also have the structure of an operator space. Here the

linear maps (and, therefore the module maps) we consider are the completely

bounded (or completely contractive) ones.

There are, of course, other types of modules one could investigate that interact

with the structure of a given C*-algebra. Perhaps the most obvious choice would

be the Hilbert C*-modules (see Definition A.14). These also have a canonical

operator space structure such that any bounded module map is automatically

completely bounded (see, e.g., [8, Section 8.2]). However, issues arise when one

tries to develop a suitable dimension theory just using these modules (see Remark

A.17 below).

When A is a unital ring, we always assume that our modules are unital,

that is, if E is a right module over A then x · 1A = x. Trivially we then have

{x · a |x ∈ E, a ∈ A} is E. We can replicate this phenomenon in the C*-algebra

setting by restricting ourselves to non-degenerate modules.

Definition A.2. A right Banach A-module E is called nondegenerate if the

closure of the span of {x · a |x ∈ E, a ∈ A} is E.

By Cohen’s Factorisation Theorem ([8, Theorem A.6.2]), E being a non-

degenerate A-module over a C*-algebra implies that E = {x · a |x ∈ E, a ∈ A} .

A.1 The Naming of Operator Space Modules

The book of Blecher and Le Merdy [8] is the standard resource for operator spaces

that are modules over C*-algebras. So we stick with the naming conventions found

therein. However we offer a warning. There is no consensus for the terminology.

We believe it could be interesting and informative to explore the history and
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reasons behind this inconsistency. The current section is an attempt to briefly do

so.

Modules of this type, modules over C*-algebras equipped with an operator

space structure such that the module action respects the matrix norms in a canon-

ical way, were introduced in the 1984 paper ([72]) of Wittstock. Here Wittstock

introduced ‘matricial normed spaces’ as a vector space E equipped with a family

of norms ∥·∥n on Mn(E) such that for each m, k, ni ∈ N, λi ∈ Mni,m(C) and

x ∈Mni
(E), we have

∥
k∑
i=1

λ∗ixiλi∥m ≤ ∥
k∑
i=1

λ∗iλi∥max {∥xi∥ni
| i = 1, 2, . . . , k} .

Every concrete operator space (see Definition 3.4) is a ‘matricial normed space’

([72, Remark 2.2, Example 2.4]) and here Wittstock described these as “the

appropriate objects to which completely bounded linear maps apply” and showed

that the Arveson–Wittstock-Hahn–Banach Theorem (Theorem 3.47) holds with

respect to these spaces ([72, Remark 3.3]). The main result of this paper was

an Arveson–Wittstock-Hahn–Banach Theorem for ‘matricial normed modules’.

Suppose Mn(E) is a matrix space such that E is a right A-module. Then there is

a canonically induced module action that makes Mn(E) a right Mn(A)-module:

For all x = [xij] ∈Mn(E), a = [akl] ∈Mn(A)

x · a =

[
n∑
k=1

xik · akj

]
In this paper, Wittstock defined a (right) ‘matricial normed module’ over a unital

C*-algebra A as a ‘matricial normed space’ E such that for each n ∈ N and

x ∈ Mn(E), a ∈ Mn(A) the canonically induced module action gives ∥x · a∥n ≤

∥x∥n∥a∥n.

In his 1987 PhD thesis, Ruan showed that the ‘matricial normed spaces’ pro-

vide an abstract characterisation of operator spaces. Here he also developed the

better known characterisation as in Definition 3.1 ([63, Theorem 1.1.4, Theo-

rem 1.2.1]). In this thesis Ruan also investigated some modules with a matrix

norm over a C*-algebra, with the canonical module action induced on the ma-

trix spaces and again with the necessary condition ∥x · a∥n ≤ ∥x∥n∥a∥n for all

x ∈Mn(E), a ∈Mn(A).
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In 1987 Christensen, Effros and Sinclair studied, amongst other things, ‘com-

pletely contractive modules’. These were defined as modules E over a unital

C*-algebra A that were abstract operator spaces such that the module action

E × A −→ E is (multiplicatively) completely contractive (see Definition A.9). By

Ruan’s characterisation mentioned above, it trivially follows that the definition

of a ‘completely contractive module’ then coincides with that of Wittstock’s ‘ma-

tricial normed modules’. Moreover, Christensen, Effros and Sinclair proved that

for every ‘completely contractive module’ over a unital C*-algebra A there exists

a isometrically isomorphic module map onto a concrete operator A-module (see

Definition 3.12).

After these results of Christensen, Effros and Sinclair and of Ruan the term

‘operator module’ became the popular way to refer to unital ‘matricial normed

modules’ over a unital C*-algebra and, in fact, the result of Christensen, Effros

and Sinclair can be extended to nondegenerate modules over general C*-algebras

(see, e.g., [8, Theorem 3.3.1]) so ‘operator module’ is also used in that situation.

Some references for the study of operator modules under this name are [24], [7],

and [47].

However, there is still the potential for confusion. It could be argued that

‘operator module’ is a valid name to give to any operator space that is a module

over a C*-algebra such that the module action respects in some sense the operator

space structure. For example the name ‘operator module in [65] is given for

modules that can be characterised by a variation of Proposition A.23 below, where

“complete contraction” is replaced by “completely bounded map”. This naming

convention is found in other works on operator amenability (see for example [66]).

There is also the school of Helemskii. In his work the phrase ‘quantum spaces’

is used rather than ‘operator spaces’ (for example see [38]). In [36] ‘quantum

modules’ is used as an umbrella term for the various modules that interact with

the operator space structures of operator algebras. It is in this spirit we say

‘operator space modules’ as the overarching title for all of the types of modules

discussed in this appendix.
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A.2 Operator Modules and h-Modules

Here we record some information on operator modules and h-modules. We explore

their relationship with each other and with the Haagerup tensor product. We also

include a discussion of why we do not do our homological algebra with some other

types of operator space modules.

Definition A.3. Let A be a C*-algebra. A right A-module E is called an operator

A-module if E is an operator space and there are Hilbert spaces H,K, a complete

isometry ϕ : E → B(H,K) and a *-homomorphism π : A → B(H) such that

ϕ(x · a) = ϕ(x)π(a) for all x ∈ E, a ∈ A. Left operator modules and operator

bimodules are defined in the obvious way.

Definition A.4. Let A be a C*-algebra. A right A-module E is an h-module

over A if E is an operator space and for each n ∈ N the space Mn(E) is a

right Banach Mn(A)-module in the canonical way. That is, for every n ∈ N,

x = [xij] ∈Mn(E), a = [akl] ∈Mn(A) we have x · a = [
∑n

k=1 xik · akj] and∥∥∥∥∥
[

n∑
k=1

xik · akj

]∥∥∥∥∥
n

≤ ∥x∥n∥a∥n.

Left h-modules and h-bimodules are defined in the obvious way.

In this thesis we use categories of non-degenerate operator modules for our

homological algebra. A benefit of working with non-degenerate modules means

that we can work abstractly with h-modules or concretely with operator modules

and our objects coincide. This is due to the theorem of Christensen, Effros and

Sinclair. The version of this result that we use is Theorem 3.16. We reproduce it

here for convenience.

Theorem A.5. Let A be a C*-algebra and E be an operator space that is also a

nondegenerate right A-module. Suppose E is a right h-module over A. Then there

exist a Hilbert space H and a completely isometric linear map ϕ : E → B(H) and

a completely isometric representation π : A→ B(H) such that ϕ(x ·a) = ϕ(x)π(a)

for all x ∈ E, a ∈ A. Moreover, if A is unital, π can be chosen to be unital.

Constructions of non-degenerate operator modules appear in Chapter 3. Here

we discuss the relationship between these modules and the Haagerup tensor prod-
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uct of operator spaces. This tensor product was introduced (in the case of C*-

algebras) in unpublished notes by Haagerup from 1980. A good source for in-

formation on the Haagerup tensor product of operator spaces is [26, Chapter

9]

Definition A.6. Let E and F be operator spaces. For each u ∈ Mn(E ⊗ F ),

where E ⊗ F is the vector space tensor product, there exist r ∈ N, x ∈ Mn,r(E)

and y ∈Mr,n(F ) such that

u =

[
r∑

k=1

xi,k ⊗ yk,j

]
.

That such a decomposition exists is [26, Lemma 9.1.1]. For each u ∈Mn(E⊗F ),

let

∥u∥h = inf

{
∥x∥∥y∥

∣∣∣∣∣u =

[
r∑

k=1

xi,k ⊗ yk,j

]}
where the infimum is taken over all such decompositions of u. The completion of

this space with this matrix norm is called the Haagerup tensor product and we

denote it as E ⊗h F.

Remark A.7. It is not to difficult to show that the Haagerup tensor product

has a subcross matrix norm. That is, if E and F are operator spaces and x =

[xij] ∈Mn(E) and y = [ykl] ∈Mm(F ), then
∥∥∥[[xij ⊗ ykℓ]ij

]
kℓ

∥∥∥
h
≤ ∥x∥n∥y∥m.

Definition A.8. Let E,F and G be Banach spaces. A bilinear mapping

ϕ : E × F → G

is bounded if there exists K ≥ 0 such that for all x ∈ E and y ∈ F we have

∥ϕ(x, y)∥ ≤ K∥x∥∥y∥. The infimum of all such K is denoted by ∥ϕ∥.

Definition A.9. Let E,F and G be operator spaces. A bilinear mapping

ϕ : E × F → G

is (multiplicatively) completely bounded if there exists K ≥ 0 such that for each

n ∈ N, and [xij] ∈Mn(E), [ykl] ∈Mn(F ) we have

∥

[
n∑
k=1

ϕ(xik, ykj)

]
∥n ≤ K∥[xij]∥n∥[ykl]∥n,
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and we denote the infimum of all such K by ∥ϕ∥cb. If ∥ϕ∥cb ≤ 1 we say that ϕ is

(multiplicatively) completely contractive.

For each n ∈ N, let ϕ(n) : Mn(E)×Mn(F ) → Mn(G) be the bilinear map

([xi,j], [yk,l]) 7→
∑n

k=1 ϕ(xik, ykj). Then sup
{
∥ϕ(n)∥ |n ∈ N

}
= ∥ϕ∥cb.

Proposition A.10. Let E and F be operator spaces. Then E ⊗h F has the

following universal property: the canonical bilinear map ⊗ : E × F → E ⊗h F is

completely contractive and any bilinear map ϕ : E × F → G is completely bounded

if and only if the induced map ϕ′ : E ⊗ F → G extends to the unique completely

bounded linear map ϕ̃′ : E ⊗h F → G such that ϕ̃′ ◦ ⊗ = ϕ and

∥ϕ∥cb = ∥ϕ̃′∥cb.

(‘Universal’ means that an operator space G possesses the above property if and

only if there exists a unique completely isometric isomorphism θ : E ⊗h F → G.)

For an explanation of the above proposition see [8, 1.5.4]. By this proposition

we immediately get the following characterisation of h-modules in terms of the

Haagerup tensor product.

Proposition A.11. Let E be an operator space which is also a right A-module.

Then E is a right h-module over A if and only if the module action viewed as a

linear mapping E ⊗ A→ E extends to a complete contraction E ⊗h A→ E.

It is, therefore, often important to work with the Haagerup tensor product.

We record some properties. A proof of the following is in [26, Proposition 9.2.5].

Proposition A.12. Let E1, E2, F1 and F2 be operator spaces. Suppose we have

completely bounded linear operators ϕ : E1 → E2 and φ : F1 → F2, then the map-

ping

ϕ⊗ φ : E1 ⊗ F1 → E2 ⊗ F2,

extends uniquely to a completely bounded linear operator

ϕ⊗ φ : E1 ⊗h F1 → E2 ⊗h F2,

such that ∥ϕ⊗φ∥cb ≤ ∥ϕ∥cb∥φ∥cb. Therefore, if ϕ and φ are complete contractions,

then so is ϕ⊗ φ. If ϕ and φ are complete isometries, then so is ϕ⊗ φ.
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A proof for the next proposition can be found in [26, Proposition 9.2.7].

Proposition A.13. Let E,F and G be operator spaces. The natural identifica-

tion as linear spaces (E⊗F )⊗G ∼= E⊗ (F ⊗G) extends to a natural completely

isometric isomorphism

(E ⊗h F )⊗h G ∼= E ⊗h (F ⊗h G).

In Chapter 3 we examine the additive category OMod∞
A whose objects are

the right non-degenerate operator modules over a given C*-algebra and whose

morphisms are the completely bounded A-module maps. In Chapter 4 we show

that we can use injective resolutions in OMod∞
A to define a dimension for A.

As mentioned in the introduction to this chapter, the Hilbert C*-modules over

a C*-algebra form another class of modules that interact with the structure of

the C*-algebra in a natural way.

Definition A.14. A right Hilbert C*-module over A is a right A-module E to-

gether with a map ⟨− ,−⟩ : E × E → A, which is linear in the second variable

and satisfies the following:

1. ⟨x , x⟩ ≥ 0 for all x ∈ E,

2. ⟨x , x⟩ = 0 if and only if x = 0,

3. ⟨x , y · a⟩ = ⟨x , y⟩ a for all x, y ∈ E, a ∈ A,

4. ⟨x , y⟩∗ = ⟨y , x⟩ for all x, y ∈ E,

5. E is complete under the norm ∥x∥ = ∥⟨x , x⟩∥
1
2
A.

Remark A.15. These modules are often given the shorter name of “Hilbert

modules” (for example in [53]) but this has the potential to cause confusion with

the class of modules described in 3.1.6 of [8]. Initially in [41], the Hilbert C*-

module were called “C*-modules”. However Hilbert C*-module is often used and

suits us as including the word “Hilbert” might help these modules stand out in

this appendix of different modules as the ones that are like Hilbert spaces.

We then ask ourselves the following question. How would we define a di-

mension using Hilbert C*-modules? If we wish to use the notion of injective

resolutions as in Chapter 4 we must examine a particular category of Hilbert

C*-modules.
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The following is by Wittstock in [72, Example 2.5, Proposition 2.8]. A nice

explanation appears in [8, Chapter 8].

Proposition A.16. Let A be a C*-algebra and E be a right Hilbert C*-module

over A. For each n ∈ N the map ⟨− ,−⟩ : Mn(E)×Mn(E) →Mn(A),

([xij], [yij]) 7→ [
n∑
k=1

⟨xik , ykj⟩] ([xij], [yij] ∈Mn(E)),

makes Mn(E) a Hilbert C*-module over Mn(A). This induces a matrix norm

on E making it an operator space and, in particular, a non-degenerate operator

A-module. Moreover, an A-module map between right Hilbert C*-modules over

A is bounded if and only if it is completely bounded with respect to this induced

matrix norm.

Remark A.17. It is then tempting to restrict ourselves to Hil∞
A , the category

consisting of Hilbert C*-modules and (completely) bounded A-module maps. In-

jective objects in this category were investigated by Frank and Paulsen in [31].

There they showed that although every unital C*-algebra A is an absolute retract

(see Definition B.3) in Hil∞
A , there are a large number of unital C*-algebras that

are not injective as Hilbert C*-modules over themselves. Then, by Proposition

B.6, in those cases there cannot be enough injective objects.

By Proposition A.16 above we see that any Hilbert C*-module provides an

example of a Banach module whose norm can be extended to a matrix norm

making it an operator module. Modules of this type provide another potential

avenue of study.

Definition A.18. Let A be a C*-algebra. A right Banach A-module E is repre-

sentable if there exists an isometric A-module map from E onto a right operator

A-module.

Representable modules were studied independently in the PhD thesis of Pop

[58] and, in the nondegenerate case, by Magajna [47]. They both contain a proof

of the following characterisation.

Proposition A.19. Let E be a non-degenerate right Banach module over a C*-

algebra A. The following are equivalent.
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(i) E is representable;

(ii) ∥x1 · a1 + x2 · a2∥ ≤ ∥a1a∗1 + a2a
∗
2∥1/2(∥x1∥2 + ∥x2∥2)1/2

for all a1, a2 ∈ A and x1, x2 ∈ E.

Some nice results for representable modules and their tensor products appear

in the work of Anantharaman-Delaroche and Pop [3]. The particular cases of rep-

resentable modules over properly infinite C*-algebras were studied by Helemskii

[37] and Wittstock [73]. The results of these papers are outside the scope of this

PhD thesis, but certainly show that the representable modules are interesting in

their own right. We, again, are left with the issue of choosing a category such

that there are enough injectives with which to do homological algebra. For now,

we simply say that this is an issue worth attempting to overcome in future work.

A.3 Matrix Normed Modules

We now discuss the last type of operator space modules mentioned in Section A.1,

the matrix normed modules. As mentioned in that introduction, these also appear

in the literature under the name ‘operator modules’ (for example, in [21]). Much

of the rest of this appendix is concerned with these modules and how they compare

to the operator modules (in our sense).

Definition A.20. Let A be a C*-algebra. A right A-module E is called a matrix

normed A-module if E is an operator space such that for each n,m ∈ N, and

x = [xij] ∈Mn(E), a = [akℓ] ∈Mm(A) we have

∥[[xij · akℓ](i,j)](k,ℓ)∥nm ≤ ∥x∥n∥a∥m.

Left matrix normed modules and matrix normed bimodules are defined in the

obvious way. We will often simply write [[xij · akℓ](i,j)](k,ℓ) as [xij · akℓ].

The matrix normed modules can also be described via the operator space

projective tensor product. The construction of this space dates back to 1991

from the papers of Effros and Ruan ([25]) and Blecher and Paulsen ([9]). Let E

and F be operator spaces. Note, for the tensor product of E and F as vector
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spaces, every element u ∈Mn(E ⊗ F ) can be written as

u = α(x⊗ y)β,

where α ∈Mn,pq(C), x ∈Mp(E), y ∈Mq(F ), β ∈Mpq,n(C), for some p, q ∈ N and

x⊗ y = [xi,j ⊗ ykℓ](i,j)(k,ℓ).

For each u ∈Mn(E ⊗ F ), let

∥u∥⌢ = inf
{
∥α∥∥x∥∥y∥∥β∥

∣∣u = α(x⊗ y)β
}
,

where the infimum is taken over all such decompositions of u. This defines a norm

on Mn(E ⊗ F ) for each n ∈ N. The resulting matrix norm is an operator space

matrix norm (see [26, Theorem 7.1.1] for a proof). The completion of this space

with this matrix norm is called the operator space projective tensor product and

we denote it as E ⊗⌢ F. It is related to a different kind of complete boundedness

for bilinear maps.

Definition A.21. Let E,F and G be operator spaces and ϕ : E × F → G a

bilinear map. For each n,m ∈ N, let ϕn;m denote the bilinear map

Mn(E)×Mm(F ) →Mnm(G), ([xi,j], [yk,ℓ]) 7→ [[ϕ(xij, ykℓ)](i,j)](j,ℓ).

Let ∥ϕ∥jcb denote sup {∥ϕn;m∥ |n,m ∈ N} .We say ϕ is jointly completely bounded

if ∥ϕ∥jcb ≤ ∞ and jointly completely contractive if ∥ϕ∥jcb ≤ 1.

Proposition A.22. Let E and F be operator spaces. Then E ⊗⌢ F has the follow-

ing universal property: the canonical bilinear map ⊗ : E × F → E ⊗⌢ F is jointly

completely contractive and any bilinear map ϕ : E × F → G is jointly completely

bounded if and only if the induced map ϕ′ : E ⊗ F → G extends to the unique

completely bounded linear map ϕ̃′ : E ⊗⌢ F → G such that ϕ̃′ ◦ ⊗ = ϕ and

∥ϕ∥jcb = ∥ϕ̃′∥cb.

(‘Universal’ means that an operator space G possesses the above property if and

only if there exists a unique completely isometric isomorphism θ : E ⊗⌢ F → G.)

For an explanation of the above proposition see [8, 1.5.11]. By this proposition

we immediately get the following characterisation of matrix normed modules in

terms of the operator space projective tensor product.
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Proposition A.23. Let E be an operator space which is also a right A-module.

Then E is a right matrix normed A-module if and only if the module action viewed

as a linear mapping E ⊗ A→ E extends to a complete contraction E ⊗⌢ A→ E.

We have the following relationship between the notions of completely bounded

bilinear maps.

Proposition A.24. Let E,F and G be operator spaces and ϕ : E × F → G be

a completely bounded bilinear map. Then ϕ is jointly completely bounded and

∥ϕ∥jcb ≤ ∥ϕ∥cb.

Proof. Let In and Im be the identity matrices onMn(C) andMm(C) respectively.

For each x ∈Mn(E) and y ∈Mm(F ) we have

∥ϕn;m(x, y)∥ = ∥ϕ(nm)(x⊗ Im, In ⊗ y)∥ ≤ ∥ϕ∥cb∥x∥n∥y∥m.

This immediately yields the following result that gives a connection between

the tensor products and the relationship between the two types of operator space

modules that we consider.

Corollary A.25. Let E and F be operator spaces. Then there is a completely

contractive linear map E ⊗⌢ F −→ E ⊗h F. Moreover, if E is a non-degenerate

right h-module over a C*-algebra A, then E is a right matrix normed A-module.

Proof. The canonical bilinear map E × A → E ⊗h F is completely contractive

and by Proposition A.24 is jointly completely contractive. By the universal prop-

erty of the operator space projective tensor product, there is a completely con-

tractive map E ⊗⌢ A → E ⊗h F. The second result can be proven in a similar

manner.

So every right non-degenerate operator module over a C*-algebra A is also a

right matrix normed A-module.

The argument for restricting oneself to working with operator modules is

that it is often incredibly helpful to work in concrete settings via the theorem

of Christensen, Effros and Sinclair. A benefit of working with the larger class

of modules is that there are operator space constructions, that when built with

matrix normed modules remain a matrix normed module but when built with
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operator modules may fail to be an operator module. We will discuss this in

Section A.5.

To better understand these matrix normed modules, it is important to under-

stand the associated tensor product. We record some properties of the operator

space projective tensor product.

Let E,F and G be operator spaces. It is clear that ∥·∥jcb is a norm on the

linear space JCB(E × F , G) of all jointly completely bounded bilinear maps

from E × F to G. In a similar manner to Proposition 3.8 one can show that

JCB(E × F , G) is an operator space. The following proposition is part of the

reason that the operator space projective tensor product is useful. A reference

for this is [26, Proposition 7.1.2].

Proposition A.26. Let E, F and G be operator spaces. Then there exist com-

pletely isometric isomorphisms

CB(E ⊗⌢ F , G) ∼= JCB(E × F , G) ∼= CB(E, CB(F, G)).

These isomorphisms are such that each ϕ ∈ CB(E ⊗⌢ F , G) is associated with a

mapping ψ ∈ CB(E, CB(F, G)), where for each x ∈ E, y ∈ F,

ψ(x)(y) = ϕ(x⊗ y).

The first bijection is the obvious map ϕ 7→ ϕ̃ where ϕ̃(x, y) = ϕ(x ⊗ y), for each

x ∈ E, y ∈ F.

The following follows from Proposition A.26.

Corollary A.27. Let E1, E2, F1 and F2 be operator spaces. Suppose we have

completely bounded linear operators ϕ : E1 → E2 and φ : F1 → F2, then the map-

ping

ϕ⊗ φ : E1 ⊗ F1 → E2 ⊗ F2,

extends uniquely to a completely bounded linear operator

ϕ⊗ φ : E1 ⊗
⌢
F1 → E2 ⊗

⌢
F2,

such that ∥ϕ⊗φ∥cb ≤ ∥ϕ∥cb∥φ∥cb. Therefore, if ϕ and φ are complete contractions,

then so is ϕ⊗ φ.
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It is not a difficult exercise to show that
⌢
⊗ is commutative and associative in

the following sense:

Proposition A.28. Let E,F and G be operator spaces. The natural identifica-

tions as linear spaces E ⊗ F ∼= F ⊗ E and (E ⊗ F ) ⊗ G ∼= E ⊗ (F ⊗ G) extend

to natural completely isometric isomorphisms,

E ⊗⌢ F ∼= F ⊗⌢ E,

and

(E ⊗⌢ F )⊗⌢ G ∼= E ⊗⌢ (F ⊗⌢ G).

This commutativity along with proposition A.26 gives the following corollary.

Corollary A.29. Let E, F and G be operator spaces. Then there exists a com-

pletely isometric isomorphism

CB(E ⊗⌢ F , G) ∼= CB(F, CB(E, G)).

This isomorphism is such that each ϕ ∈ CB(E ⊗⌢ F , G) is associated with a map-

ping ψ ∈ CB(F, CB(E, G)), where for each x ∈ E, y ∈ F, we have ψ(y)(x) =

ϕ(x⊗ y).

A.4 Module Tensor Products

Much of the study of modules over rings involves working with tensor products

over the rings. We investigate the correct way to do that in the setting of operator

space modules. Our main source for information on these tensor products is [8,

Section 3.4].

This section does not rely on category theory but we can use the language of

it to avoid repeated use of the phrase ‘is a non-degenerate operator (respectively,

matrix normed) module.’ As in Chapter 2 we will use E ∈ A to mean E is an

object in the category A.

When A is a C*-algebra, mnMod∞
A will be the category of all non-degenerate

right matrix normed A-modules (whose morphisms are the completely bounded

A-module maps). The full subcategory where the objects are the non-degenerate
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operator modules is denoted by OMod∞
A . The similarly defined categories of

operator space left modules will be denoted by AmnMod∞ and AOMod and, if

B is also a C*-algebra, the categories of bimodules are AmnMod∞
B and AOMod∞

B .

Definition A.30. Let E and F be right and left A-modules respectively, for some

algebra A. Suppose ϕ : E × F → G is a bilinear map, where G is a vector space.

Then ϕ is balanced if for x ∈ E, y ∈ F, a ∈ A, we have ϕ(x · a, y) = ϕ(x, a · y).

Definition A.31. Let A be a C*-algebra. Suppose that E ∈ OMod∞
A and

F ∈ AOMod∞. The quotient of E ⊗h F by the closure of the subspace spanned

by {(x · a)⊗ y − x⊗ (a · y) |x ∈ E, y ∈ F, a ∈ A} is the module Haagerup tensor

product and is denoted by E ⊗hA F.

From the universal property of the Haagerup tensor products it is clear that

we have the following result.

Proposition A.32. Let A be C*-algebra. Suppose that E ∈ OMod∞
A and F ∈

AOMod∞. Then E ⊗hA F has the following property: the canonical bilinear map

µ : E × F → E ⊗hA F is completely contractive and balanced and any balanced

bilinear map ϕ : E × F → G is completely contractive if and only if there is a

unique linear completely contractive map ϕ̃ : E ⊗hA F → G such that ϕ̃µ = ϕ.

Moreover this property is universal in Op1 (meaning, an operator space G pos-

sesses this property if and only if there is a unique completely isometric isomor-

phism E ⊗hA F → G).

Definition A.33. Let A be a C*-algebra. Suppose E ∈ mnMod∞
A and F ∈

AmnMod∞. The the module operator space projective tensor product is the quo-

tient of E ⊗⌢ F by the closure of the subspace spanned by

{(x · a)⊗ y − x⊗ (a · y) |x ∈ E, y ∈ F, a ∈ A} .

This is denoted by E ⊗⌢A F.

From the universal property of the projective tensor products it is clear that

that the module operator space projective tensor product has the following uni-

versal property.
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Proposition A.34. Let A be C*-algebra. Suppose E ∈ mnMod∞
A and F ∈

AmnMod∞. Then E ⊗⌢A F has the following property: the canonical bilinear

map µ : E × F → E ⊗⌢ F is jointly completely contractive and balanced, and any

balanced bilinear map ϕ : E × F → G is jointly completely contractive if and only

if there is a unique linear completely contractive map ϕ̃ : E ⊗⌢A F → G such that

ϕ̃µ = ϕ. Moreover this property is universal in Op1.

Proposition A.35. Let E1, E2 ∈ OMod∞
A and F1, F2 ∈ AOMod∞. Suppose

ϕ ∈ CBA(E1, E2), ψ ∈ ACB(F1, F2). Then ϕ⊗ ψ : E1 ⊗ F1 → E2 ⊗ F2 extends

uniquely to a completely bounded map ϕ⊗ ψ : E1 ⊗hA F1 → E2 ⊗hA F2, with

∥ϕ⊗ ψ∥cb ≤ ∥ϕ∥cb∥ψ∥cb.

Proof. The linear map ϕ⊗ ψ : E1 ⊗ F1 → E2 ⊗ F2 is clearly induced via the

bilinear map (ϕ, ψ) : E1 × F1 → E2 ⊗ F2, (x, y) 7→ ϕ(x) ⊗ ψ(y). By Proposition

A.10 and Proposition A.12, (ϕ, ψ) : E1 × F1 → E2 ⊗h F2 is a completely bounded

bilinear map with cb norm bounded by ∥ϕ∥cb∥ψ∥cb. Composing this map with

the quotient map E2 ⊗h F2 7→ E2 ⊗hA F2 gives a completely bounded bilinear

map that is also clearly balanced. So by the universal property of the module

Haagerup we induce the desired map.

Similarly the universal property of the module operator space projective tensor

product gives via Proposition A.22 and Corollary A.27 the following

Proposition A.36. Let E1, E2 ∈ mnMod∞
A and F1, F2 ∈ AmnMod∞. Suppose

ϕ ∈ CBA(E1, E2), ψ ∈ ACB(F1, F2). Then ϕ⊗ ψ : E1 ⊗ F1 → E2 ⊗ F2 extends

uniquely to a completely bounded map ϕ⊗ ψ : E1 ⊗
⌢
A F1 → E2 ⊗

⌢
A F2, with

∥ϕ⊗ ψ∥cb ≤ ∥ϕ∥cb∥ψ∥cb.

Proposition A.37. Let E be an operator space and suppose F ∈ OMod∞
A . Then

E⊗hF ∈ OMod∞
A , via the action (x⊗y)·a = x⊗(y · a) for all x ∈ E, y ∈ F, a ∈ A.

Proof. Let m : F ⊗h A → F be the map induced via the module action of A on

F. As F ∈ OMod∞
A , this is completely contractive. Note that the map induced

via the module action described in our hypothesis can be written as the following
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composition

(E ⊗h F )⊗h A E ⊗h (F ⊗h A) E ⊗h A
idE ⊗m

and is a complete contraction by Proposition A.12 and Proposition A.13.

Similarly using Proposition A.27 and Proposition A.28 we can show the fol-

lowing holds:

Proposition A.38. Let E be an operator space and suppose F ∈ mnMod∞
A .

Then E ⊗⌢ F ∈ mnMod∞
A , via the action (x ⊗ y) · a = x ⊗ (y · a) for all x ∈

E, y ∈ F, a ∈ A.

We can show that the operator space module tensor products are objects in

the correct categories, using the fact that some easy constructions can be done

in these categories.

Proposition A.39. Let A be a C*-algebra. Suppose E ∈ mnMod∞
A and F is

a closed submodule. Then F and E/F are objects in mnMod∞
A . If moreover,

E ∈ OMod∞
A then so are E and E/F.

Proof. The case where E ∈ OMod∞
A is Lemma 3.24. The proof is similar for

E ∈ mnMod∞
A .

Corollary A.40. Let A and B be C*-algebras. Suppose E ∈ mnMod∞
A and F ∈

AmnMod∞
B then E ⊗⌢A F ∈ mnMod∞

B . If also E ∈ OMod∞
A and F ∈ AOMod∞

B

then E ⊗hA F ∈ OMod∞
B .

The following is [8, Lemma 3.4.6]:

Proposition A.41. Let A be a C*-algebra. Suppose E ∈ OMod∞
A and F ∈

mnMod∞
A . Then there exist completely isometric isomorphisms

E ⊗hA A ∼= E and F ⊗⌢A A ∼= F

in their respective categories.
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A.5 Change of Base for C*-algebras

In this section we assume all C*-algebras considered are unital. Here we look at

some arguments for working with matrix normed modules over these C*-algebras.

We show that this category has enough injectives and that we have the concept

of the change of base, analogous to the change of rings in algebraic module cate-

gories.

Proposition A.42. Let A and B be unital C*-algebras. Suppose that E ∈

AmnMod∞
B and F ∈ mnMod∞

B . Then CBB(E, F ) ∈ mnMod∞
A .

Proof. The operator space structure is inherited via the canonical identification

Mn(CBB(E, F )) ∼= CBB(E, Mn(F )) and for each a ∈ A, f ∈ CBB(E, F ) define

(f · a)(x) = f(a · x). When n ∈ N and x ∈Mn(E) we have

∥(f · a)n(x)∥ = ∥fn(a[xij])∥ ≤ ∥f∥cb∥a∥∥x∥.

So f · a is completely bounded. Also it is clear that when b ∈ B, (f · a)(x · b) =

f(a · (x · b)) = f(a ·x) · b, so f · a is a B-module map. We have shown CBB(E, F )

is a Banach right A-module.

Suppose f = [fij] ∈Mn(CBB(E, F )) and a = [akℓ] ∈Mm(A) for some n,m ∈

N.We are done if we show ∥([fij ·akℓ])t∥ ≤ ∥f∥∥a∥ for all t ∈ N. Let x = [xpq] ∈Mt

we have

∥([fij · akℓ])t(x)∥ = ∥[[[fij · akℓ(xpq)](i,j)](k,ℓ)](p,q)∥

= ∥[[[fij(akℓ · xpq)](i,j)](k,ℓ)](p,q)∥

≤ ∥f∥∥[[akℓ · xpq](k,ℓ)](p,q)∥ ≤ ∥f∥∥a∥∥x∥.

Proposition A.43. Let A be a unital C*-algebra. Suppose E ∈ mnMod∞
A . Then

E is completely isometrically isomorphic to CBA(A, E).

Proof. For each x ∈ E define ω(x)(a) to be x · a for all a ∈ A. The map ω : E →

CBA(A, E) is easily seen to be a completely contractive A-module map. Moreover

for each x = [xi,j] ∈Mn(E)

∥[xi,j]∥n = ∥[xi,j1A]∥n = ∥ω̃(x)n(1A)∥

where ω̃(x)n is the image of ωn(x) under the identification Mn(CBA(A, E)) ∼=

CBA(A, Mn(E)). So ∥ωn(x)∥ ≥ ∥x∥ for each n ∈ N and therefore ω is completely
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isometric. Moreover ω is onto as every ϕ ∈ CBA(A, E) is of the form ω(ϕ(1A)).

So E is completely isometrically isomorphic to CBA(A, E).

Remark A.44. Let F,E,E ′ ∈ mnMod∞
A and suppose ϕ ∈ CBA(E, E

′). Then

we will use ϕ∗ and ϕ∗ to denote the maps

ϕ∗ : CBA(E
′, F ) → CBA(E, F ), ϕ∗(f) = fϕ,

and

ϕ∗ : CBA(F, E) → CBA(F, E
′), ϕ∗(f) = ϕf.

It is straight forward to check that these are completely bounded linear mappings.

The rest of this section deals with consequences of the following theorem, the

first part of which appears in [8, Proposition 3.5.9].

Theorem A.45. Let A and B be C*-algebras.

1. For each E ∈ mnMod∞
A , F ∈ AmnMod∞

B and G ∈ mnMod∞
B , there is a

completely isometric isomorphism

ΨEFG : CBB(E ⊗⌢A F , G) → CBA(E, CBB(F, G)).

2. Moreover, if E ′ ∈ mnMod∞
A and G′ ∈ mnMod∞

B with ϕ ∈ CBA(E, E
′)

and ψ ∈ CBB(G, G
′) we have the following commutative diagram of opera-

tor spaces and completely bounded linear maps.

CBB(E
′ ⊗⌢A F , G) CBB(E ⊗⌢A F , G) CBB(E ⊗⌢A F , G

′)

CBA(E
′, CBB(F, G)) CBA(E, CBB(F, G)) CBA(E, CBB(F, G

′))

(ϕ⊗ idF )
∗ ψ∗

ΨE′FG ΨEFG ΨEFG′

ϕ∗ ψ∗

Proof. Let q denote the canonical quotient map q : E ⊗⌢ F → E ⊗⌢A F . Then we

have the following complete isometry

Φ: CB(E ⊗⌢A F , G) → CB(E ⊗⌢ F , G), f 7→ fq.

Moreover, by Proposition A.26, there exists a completely isometric isomorphism

Θ: CB(E ⊗⌢ F , G) → CB(E, CB(F, G)).
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Let Ψ denote ΘΦ. Let ΨEFG be Ψ restricted to CBB(E ⊗⌢A F , G).We show ΨEFG

is the desired isometric isomorphism. If f ∈ CB(E ⊗⌢A F , G), we have

(Ψ(f)(x))(y) = f(x⊗ y),

for each x ∈ E, y ∈ F. Hence, if f is a B-module map, then Ψ(f)(x) is a B-module

map and so Ψ(f) ∈ CBA(E, CBB(F, G)). So ΨEFG is a complete isometry

CBB(E ⊗⌢A F , G) −→ CBA(E, CBB(F, G)).

To prove the first statement of the theorem, all that remains is to show that

the complete isometry ΨEFG is surjective. Suppose κ ∈ CBA(E, CBB(F, G)),

then κ ∈ CB(E, CB(F, G)) and so there exists, by Proposition A.26, a map

f ∈ CB(E ⊗⌢ F , G) such that f(x⊗ y) = κ(x)(y) for each x ∈ E, y ∈ F. Then for

each a ∈ A we also have

f(xa⊗ y) = κ(xa)(y) = (κ(x)a)(y) = κ(x)(ay) = f(x⊗ ay).

Therefore, by the universal property of the module operator space projective

tensor product, there exists ν ∈ CB(E ⊗⌢A F , G) such that νq = f. Then Ψ(ν) =

κ and it is easy to check ν is a B-module map as required.

We now show commutativity of the diagram. Let f ∈ CBB(E
′ ⊗⌢A F , G) then

for each x ∈ E, y ∈ F we have

ϕ∗(ΨE′FG(f))(x)(y) = ΨE′FG(f)(ϕ(x))(y) = f(ϕ(x)⊗ y)

= f(ϕ⊗ idF (x⊗ y)) = (ϕ⊗ idF )
∗(f)(x⊗ y)

= ΨEFG((ϕ⊗ idF )
∗(f))(x)(y).

Let g ∈ CBB(E
′ ⊗⌢A F , G) then for each x ∈ E, y ∈ F we have

ψ∗(ΨEFG(g))(x)(y) = ψg(x⊗ y) = ψg(x⊗ y)

= ΨEFG′(ψg)(x)(y) = ΨEFG′(ψ∗(g))(x)(y).

Given a C*-algebra A, Sections 3.3 and 3.4 can be repeated with OMod∞
A

replaced with the category of nondegenerate matrix normed right A-modules. We

will continue to write mnMod∞
A for this category along with the exact structure

of all kernel-cokernel pairs. We show now how this category has enough injectives

(see Definition B.1).



APPENDIX A. MODULES OVER C*-ALGEBRAS 149

Proposition A.46. Let A be a unital C*-algebra and I be an injective object in

Op∞. Then CB(A, I) with matrix normed right A-module structure as in Propo-

sition A.42 is an injective object in mnMod∞
A .

Proof. Suppose E ↣ F ↠ G is a kernel-cokernel pair in mnMod∞
A . By Propo-

sition A.41 we have E ⊗⌢A A ↣ F ⊗⌢A A ↠ G⊗⌢A A a kernel-cokernel pair in

mnMod∞
A and therefore in Op∞. Theorem A.45 and injectivity of I yield the

following commutative diagram in Ab, with short exact rows:

0 CB(G⊗⌢A A, I) CB(F ⊗⌢A A, I) CB(E ⊗⌢A A, I) 0

0 CBA(G, CB(A, I)) CBA(F, CB(A, I)) CBA(E, CB(A, I)) 0

∼= ∼= ∼=

Hence CBA(−, CB(A, I)) is an exact functor.

Proposition A.47. Let A be a unital C*-algebra. Then mnMod∞
A has enough

injectives.

Proof. Like in OMod∞
A , a morphism in mnMod∞

A is a kernel map when it is

an injection with closed range and a completely bounded inverse from its image

(see Proposition 3.26). In particular, completely isometric morphisms are kernel

maps.

Let E ∈ mnMod∞
A . Then there exists a Hilbert space H such that E inherits

its operator space structure as a closed subspace of B(H). By the Arveson–

Wittstock Hahn–Banach Theorem (Theorem 3.47), B(H) is injective in Op∞

and therefore CB(A, B(H)) is injective in mnMod∞
A by Proposition A.46. Then

we have the following

E ∼= CBA(A, E) ⊆ CB(A, E) ⊆ CB(A, B(H)),

where the isomorphism is in mnMod∞
A and the inclusions are completely isomet-

ric embeddings in mnMod∞
A . The result follows by observing that the composi-

tion of kernel maps in mnMod∞
A yields a kernel map.

We end this section by showing how Theorem A.45 leads to the notion of the

extension and restriction of scalars. Our first step towards that is just combining

Proposition A.43 and Theorem A.45 to give:
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Proposition A.48. Let A be a unital C*-subalgebra of B. Then, for each E ∈

mnMod∞
A , F ∈ mnMod∞

B there is a completely isometric isomorphism

σF,E : CBB(E ⊗⌢A B, F ) → CBA(E, F ).

Moreover, if ϕ : E → E ′ is a morphism in mnMod∞
A and ψ : F → F ′ is a

morphism in mnMod∞
B , then we have the following commutative diagram of

operator spaces and completely bounded linear maps

CBB(E
′ ⊗⌢A B, F ) CBB(E ⊗⌢A B, F ) CBB(E ⊗⌢A B, F

′)

CBA(E
′, F ) CBA(E, F ) CBA(E, F

′)

(ϕ⊗ idB)
∗ ψ∗

σF,E′ σF,E σF ′,E

ϕ∗ ψ∗

For the remainder of this section A and B will be unital C*-algebras and

π : A → B is a unital *-homomorphism. Note that B ∈ AmnMod∞ via the

module action a · b = π(a)b. We can then use this to introduce an operator

module analogue of the concept of change of rings in module theory.

Like in the algebraic setting, we introduce the concepts of the restriction

and extension of scalars (see, e.g., [12, Chapter II, Section 5]). Because we are

working with matrix norms and our morphisms must be completely bounded, it is

natural to think that issues may arise that are not found in the algebraic setting.

However, we are able to prevent complications by defining our extension of scalars

using the module operator space projective tensor product. To emphasise that

we are not simply dealing with rings we do not call this process the ‘change of

rings’ but instead the change of base.

Definition A.49. The extension of scalars from A to B is the covariant functor

(−⊗⌢A B) : mnMod∞
A → mnMod∞

B defined by

(−⊗⌢A B)(E) = E ⊗⌢A B (E ∈ mnMod∞
A ),

and for ϕ ∈ CBA(E, F ), the morphism (−⊗⌢A B)(ϕ) is the extension as in Propo-

sition A.36 of the map ϕ⊗ idB : E ⊗B → F ⊗B.
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If E ∈ mnMod∞
B , then we can consider E a right matrix normed A-module

when we define the module action x ·a = xπ(a).We will write E with this module

action as Eπ. Note then that the module action E × B → E is a completely

contractive A-balanced map and so by Proposition A.34 we have a canonical

jointly completely contractive map E ⊗⌢A B → E.

Definition A.50. The covariant functor (−π) : mnMod∞
B → mnMod∞

A defined

by

(−π)(E) = Eπ, (−π)(ϕ) = ϕ,

for all E ∈ mnMod∞
B and all completely bounded B-module maps ϕ is called

the restriction of scalars from B to A.

That the extension and restriction of scalars are, in fact, functors is routinely

checked.

Recall Definition 2.14, the definition of an adjoint pair. Suppose there exist a

pair of categories A and B such that in both categories the Hom sets have addi-

tional structure as objects in a third category C. It is standard to only consider

adjoint pairs such that the naturally defined bijections are also isomorphisms in

C. We, therefore, require that if we have an adjoint pair of functors between

mnMod∞
A and mnMod∞

B the naturally defined bijections must be completely

bounded linear maps. Proposition A.48 immediately gives the following:

Proposition A.51. Let (−⊗⌢A B) be the extension of scalars from A to B and

(−π) be the restriction of scalars from B to A. Then ((−⊗⌢A B), (−π)) is an

adjoint pair.

Remark A.52. This section cannot be repeated for a general unital C*-algebra A

with OMod∞
A replacing mnMod∞

A . For example, like in Proposition A.42, we can

show that if B is another unital C*-algebra and E ∈ AOMod∞
B and F ∈ OMod∞

B

then CBB(E, F ) is a right Banach A-module. But we cannot hope that, in

general, this is a right operator A-module. An example of when this fails is given

by Aristov in [6]: As an operator module over itself, C0(N) ∈ C0(N)OMod∞
C , but

CB(C0(N), C) /∈ OMod∞
C0(N).

Similarly, Theorem A.45 does not hold if we replace the categories of ma-

trix normed modules with categories of operator modules (even if the module
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projective tensor product is replaced by the module Haagerup tensor product).

However we can still talk about injective objects in OMod∞
A . We discuss these in

Section 3.5 and Chapter 4.

Remark A.53. Given an additive category A, the class of all kernel-cokernel

pairs in A is denoted Exmax. Let A be a C*-algebra. Then (mnMod∞
A ,Exmax)

is an exact category (see, [50]). By Proposition A.47, this category has enough

Exmax-injectives, and thus, has an associated cohomological dimension ( see Re-

mark 4.16). This defines another invariant for C*-algebras, to be studied in future

work.



Appendix B

Injectivity and Semisimplicity

Let A be a category. Here we discuss the injective objects for general A and

semisimple objects for when A is an additive category.

Our results on injective objects are standard and the main source here is [1,

Section 9].

Definition B.1. Let A be a category and M be a class of monomorphisms in

A that is closed under composition and such that every isomorphism in A is in

M. We say that an object I ∈ A is M-injective if for all morphisms M : E → F

and f : E → I in A with M ∈ M there exists a morphism g : F → I making the

following diagram commutative:

E F

I

f

M

g

When M is the class of kernels we simply call I an injective object .

Proposition B.2. Let I be an M-injective object in A. Suppose there exists

morphisms s : E → I and r : I → E with rs = idE. Then E is M-injective.

Proof. For morphisms M : F → G and f : F → E in A with M ∈ M, we have a
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diagram of the following form

F G

E

I

f

M

g

sr

rg

where gM = sf and hence rgM = f.

Definition B.3. Let A be a category and M like in Definition B.1. An object

E ∈ A is called an absolute M-retract if for each morphism M : E → F in M

there exists a morphism M̃ : F → E with M̃M = idE. When M is the class of

kernels we just say E is an absolute retract.

Proposition B.4. Every M-injective object is an absolute M-retract.

Proof. Let E be M-injective. Suppose E
M−→ F is a morphism in M. By Defini-

tion B.1, there exists a morphism F
g−→ E such that gM = idE.

Definition B.5. Let A be a category and M like in Definition B.1. We say A

has enough M-injectives if for each object E ∈ A there exists an M-injective

object I and a morphism M : E → I in M.

Proposition B.6. Let A be a category and M like in Definition B.1. Suppose

that A has enought M-injectives. Then the M-injective objects are precisely the

absolute M-retracts.

Proof. This follows from Proposition B.4 and Proposition B.2.

Definition B.7. Let A be an additive category. We say that a kernel-cokernel

pair

E F G
M P

is split if there exist morphisms N : F → E and Q : G→ F such that NM = idE

and PQ = idG with MN +QP = idF . This is the same as saying the morphisms

M and P make F a biproduct of E and G.
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Remark B.8. In an additive category, the split kernel-cokernel pairs are precisely

the biproducts. If A is an additive category and E,F,G are objects in A such

that there are morphisms M ∈ Mor(E,F ), N ∈ Mor(F,E) and P ∈ Mor(F,G),

Q ∈ Mor(G,P ) making F a biproduct of E and G, then

E F G
M P

is a (split) kernel-cokernel pair.

Definition B.9. Let A be an additive category and E be a class of kernel-

cokernel pairs. We say that E ∈ A is E-semisimple if all kernel-cokernel pairs of

the form

E F G
j p

in E are split. If E is the class of all kernel-cokernel pairs we simply say E is

semisimple.

Proposition B.10. (Splitting Lemma) Let A be an additive category and

suppose

E F G
M P

is a kernel-cokernel pair in A. Then the following are equivalent:

(i) The kernel-cokernel pair is split;

(ii) there exists a morphism Q : G→ F such that PQ = idG;

(iii) there exists a morphism N : F → E such that NM = idE.

Proof. Statement (i) implies (ii) and (iii) by definition. We show (ii) implies (i)

(that (iii) implies (i) is similar). Suppose (ii) holds, then P (idF − QP ) = 0 so

there exists a morphism N : F → E such that MN = idF − QP. Moreover, we

have MNM = (idF − QP )M = M = M idE and as M is a monomorphism,

NM = idE. Finally MN +QP = idF −QP +QP = idF .

As a consequence every object in a “nice” additive category is semisimple if

and only if every object is injective, more accurately, we have the following:
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Corollary B.11. Let A be a pre-abelian category Then every kernel-cokernel

pair in A is split if and only if every object in A is injective.

Proof. This follows from the fact that in a pre-abelian category, every kernel is

the kernel of its cokernel and every cokernel is the cokernel of its kernel.

We next quote some well-known results from ring theory. Some references

are [52, Proposition 4.23] for Proposition B.12 and [28, Proposition 3.9.1] for

Proposition B.13.

Proposition B.12. Let R be a unital ring and suppose E ∈ ModR. The following

are equivalent:

(i) E is semisimple;

(ii) E is a sum of simple submodules;

(iii) E is the direct sum of simple submodules.

Proposition B.13. Let R be a unital ring. For E ∈ ModR define Rx to be R

for each x ∈ E. Then there exists a surjective R-module map
⊕

x∈E Rx → E.

Proposition B.14. Let R be a unital ring. Then R is semisimple if and only if

every right R-module is injective in ModR.

Proof. Suppose R is semisimple and E ∈ ModR. Then
⊕

x∈E R is semisimple by

Proposition B.12, as the direct sum of a sum of simple submodules. It is straight

forward to show that the image of a R-module map from a semisimple module

must also be semisimple. By Proposition B.13 E is semisimple. This holds for all

E ∈ ModR, hence Corollary B.11 implies all R-modules are injective. The other

direction is obvious.

Remark B.15. Let A be a unital C*-algebra that is semisimple as a ring. Then

for all kernel-cokernel pairs

E F G
j p

in OMod∞
A , there exist A-module maps i : F → E and q : G → F such that

ij = idE and pq = idG with ji+ qp = idF , but there is no reason to suspect that
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we must have i and j completely bounded. In fact, we know that this is not the

case as C is semisimple as a ring but by Theorem 4.29 has dim∗(C) ≥ 2.

If we require that our unital C*-algebra A is a semisimple object in OMod∞
A

then C again fits the bill and we still need not have an analogue for Proposi-

tion B.14. For a C*-algebra A we don’t even have (non-trivial) countably infinite

coproducts in OMod∞
A . Therefore we have no version of Proposition B.13 to make

use of.

There is at least one other method of proving Proposition B.14. The methods

given in [71, Section 4.2] and of [52, Section 4.3] make use of Baer’s criterion (see

[43, 3.7]). Let A be a C*-algebra. We will (temporarily) say that an object E ∈

OMod∞
A satisfies condition (B) if for every admissible monomorphism i : F ↣ A

and morphism f : F → E in OMod∞
A , there exists a morphism f̃ : A → E such

that f̃ i = f. The analogue of Baer’s criterion for OMod∞
A would be “an object

satisfies condition (B) if and only it is injective.” Ara and Mathieu have shown [5,

Proposition 5.5 and its succeeding paragraph] that there are examples of a C*-

algebra A that satisfies condition (B) in OMod∞
A , but that fails to be an injective

C*-algebra. By Proposition 4.35 such a C*-algebra is not injective in OMod∞
A .

Hence in general there is no such Baer criterion for operator modules.
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Product, 33
Projective

object, 116
P-projective, 116

Projective tensor product
operator space, 139
operator space module, 143

Pullback, 52
Pushout, 53

Quantisation
maximal, 69
minimal, 69

Quasi-abelian category, 57
Quotient mapping, 70

Representation, 14
cyclic, 18
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faithful, 14
GNS, 14
irreducible, 17
algebraically, 18
topologically, 17

universal, 15
Resolution

injective, 46, 59
Restriction of scalars, 151
Retract

absolute, 154
Right global dimension, 50
Rigid

completely isometric map, 83
Ruan’s Representation Theorem, 65

Semisimple
object, 155

Short exact sequence, 54

Snake Lemma, 42
Spectral radius, 4
Spectrum

of C*-algebra, 25
of element of Banach algebra, 4

State, 13
pure, 19

State space, 13
Sub–exact structure, 108
Subcross matrix norm, 134

T0-space, 23
Tensor product

spatial, 27

Unitary equivalence, 19
Unitary operator, 18
Unitisation, 4
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