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Abstract

In this thesis, we consider relativistic atomic structure scattering calcu-

lations for a selection of mid Z to high Z elements. The mid Z elements

have obvious astrophysical applications, whereas the higher Z elements

are primarily concerned with magnetically confined fusion experiments.

The atomic structure of singly ionised nickel (Ni ii), singly ionised tung-

sten (W ii), and doubly ionised germanium (Ge iii) are thoroughly anal-

ysed and subsequently incorporated into scattering calculations. W ii is

needed to ensure reliable erosion diagnostics when investigating the in-

flux of impurities into magnetically confined fusion plasmas. The atomic

data for Ni ii and Ge iii provide more interest for astrophysical plasmas.

In order to accurately represent the collisional processes for these species,

scattering calculations are carried out using the relativistic Dirac R-

matrix (DARC) and the semi-relativistic Breit-Pauli (BP) R-matrix

codes. The results from these calculations, along with the atomic struc-

ture data, are incorporated into collisional-radiative model programs.

These collisional-radiative models provide great insight for plasma di-

agnostics and spectral line identification.
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1 Introduction

1.1 Background

In 1897, a physicist known as J. J. Thomson [1] proposed that the atom con-

sisted of a positively charged sphere with negative charges uniformly spread

around the surface. This deduction was based on the data at the time as it was

thought that an atom was a single solid particle. This theory became known as

the Plum Pudding Model. This was disproved by Ernest Rutherford, when he

carried out an experiment famously known in modern day as the Rutherford

Scattering Experiment [2]. Rutherford and his two students directed a beam of

alpha particles at a very thin gold leaf which they suspended in a vacuum. If

the Plum Pudding Model had been correct then the alpha particles should all

pass straight through the gold leaf without being deflected. Now it came as no

surprise to Rutherford that most of the alpha particles remained undeflected,

however there were a few particles that were slightly deflected at large angles

to either side of the expected trajectory and an even smaller percentage were

deflected off the gold leaf straight back at the source. The only way for this to

be possible was if the atom had a concentrated positive core and consisted of

mostly empty space. He proposed that an atom was comprised of a very tiny

positively charged nucleus and mostly empty space with a layer of negatively

charged electrons surrounding the atom. At this point physicists were still

unsure how electrons fitted into the model.

Throughout the early 20th century we came to the realization that atoms

of a given element were associated with particular wavelengths. Over time it

was discovered that there were similarities between the wavelengths of hydro-

gen and the wavelengths of other simple spectra. In 1913 the first successful

classical model to interpret these similarities was Bohr’s theory of the hydro-

gen atom. Bohr’s theory [3], named after the physicist Niels Bohr, describes an

1



1.1 Background

atom as a positively charged nucleus (containing only protons and neutrons)

that is surrounded by a cloud of orbiting negatively charged electrons. Es-

sentially Bohr accepted Rutherford’s deductions of the atom in regards to the

nucleus and an atom consisting of mostly empty space, but refined the way

in which electrons interact with the nucleus by suggesting that the electrons

orbited the nucleus in different energy levels or at specific distances from the

nucleus. It wasn’t until about a decade later that our understanding progressed

to multi-electron systems with the advent of quantum mechanics.

Einstein introduced a new theory known as the photoelectric effect [4], building

from Max Planck’s discovery that there was a minimum amount of energy that

could be gained or lost by an atom for an electron to excite, de-excite, or be

ejected from the atom. Max Planck named this minimum amount the “quan-

tum” [5]. The photoelectric effect states that light consists of these quanta of

energy, known as photons. Each photon contains energy (E) which is propor-

tional to the frequency (v) of the electromagnetic wave (E = hv). This theory

will be expanded upon in this thesis.

The very foundation of quantum mechanics rests on the work of Schrödinger.

Early understanding of atomic structure is outlined in the work of Schrödinger

[6], which focused on hydrogenic ions. The ground state of helium was inves-

tigated by Hyllerass [7], extending Schrödinger’s work. He incorporated the

distances between two electrons in the form of a wave function, and deter-

mined variational parameters by minimising the total energy. This worked for

simple atomic systems, but could not be directly extended for multi-electron

systems. A method proposed by Douglas Hartree [8, 9] incorporated an N

electron wave function which could describe a system containing any number

of electrons. However, the wavefunction proposed was not anti-symmetric. In

1930, Vladimir Fock [10] fixed this by introducing the wavefunction in a way

2



1.2 Magnetically Confined Plasmas

which satisfied the anti-symmetry requirement. The work of Hartree and Fock

led to a more complete understanding of the inner workings of atomic struc-

ture, through the creation of the Hartree-Fock equations, and paved the way

to how the equations are implemented in our codes today. Hartree proceeded

to complete an extensive study on a variety of atomic structures on his own

[11], along with his own father [12], and other physicists [13]. This required

precise book-keeping to store the numerical functions. This was made easier

when the first computers were manufactured. A physicist who worked closely

with Hartree towards the end of his life was Hartree’s last PhD student, Char-

lotte Froese-Fischer. Her work initially dealt with solving the Hartree-Fock

equations for Ne iv and Nev [14]. After Hartree’s passing she continued his

work solving the Hartree-Fock equations for numerous ions [15, 16, 17, 18, 19],

and further developed computational applications for the mathematical the-

ory. The significant role Charlotte Froese-Fischer played in pioneering the use

of computers in atomic structure calculations cannot be understated.

The codes we primarily use throughout this thesis build from this Multi-

Configuration Hartree-Fock approach of Hartree and Fischer, and extended

by Ian Grant and co-workers to the Dirac equation. The details of the math-

ematical theory will be explored in this thesis for non-relativistic codes and

for the DARC codes for relativistic cases, and are implemented in the Time

Independent RMATRIX I suite of codes. This work comprises the study of

the atomic structure of particular ions, and the calculation of atomic data for

these ions. Throughout the past few years we have had the opportunity to not

only carry out a number of calculations, but also help develop codes.

1.2 Magnetically Confined Plasmas

Fossil fuels are still the leading energy source for the world, with their con-

sumption increasing at a steady rate year-on-year to cope with the increasing

3
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Figure 1.1: Energy consumption world wide from 1965 to 2019, all data avail-

able at the BP statistics website [21].

demand for readily available energy. Figure (1.1) shows that oil leads energy

consumption followed closely by both gas and coal, further discussed in the

work of Caetano et al. [20]. This reliance on fossil fuels is unsustainable, as

resources are finite. Also, we cannot ignore the significant negative effect on

climate change due to the carbon dioxide emissions produced by burning these

fuels. This necessitates more exploration into alternative renewable sources of

energy. Various forms of renewable energy exist, such as solar, wind, biomass,

hydro, and geothermal energy. Even with growing awareness of the devastat-

ing effects of climate change, these sustainable energies still only account for a

very small percentage of energy consumption. This is due to many issues, such

as the availability of land to construct the necessary technology to harness the

energy, public policy implementation, and the unpredictability of the weather

patterns found in nature [20].
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1.2 Magnetically Confined Plasmas

A sustainable energy source which does not rely on the varying nature of

weather is a process called fusion. By fusing two lighter nuclei together in

order to form a heavier nucleus energy is released. Taking the simple example

of combining the deuterium and tritium isotopes of hydrogen to form a helium

nucleus, we see the release of both a neutron and energy,

2
1H +3

1 H→4
2 He +1

0 n+ 17.6MeV. (1.1)

Even though this is a clean and relatively simple process and deuterium is

found abundantly on earth, we face the problem of limited resources as tri-

tium does not occur naturally in large enough quantities. Instead, we need to

produce the tritium locally. By using a bed of lithium (found in abundance

in nature) to absorb a neutron we can produce both the desired fuel and an

additional amount of energy,

6
3Li +1

0 n→4
2 He +3

1 H + 4.8MeV. (1.2)

There are two types of plasma confinement, inertial confinement and magnetic

confinement. For inertial confinement, fusion reactions are initiated by apply-

ing high temperatures and pressure to the fuel source. The energy produced

from this reaction is used to generate even more fusion reactions. This type of

interaction has proven to be less energy efficient than was expected, and has

yet to prove a commercially viable option. Even though the National Ignition

Facility (NIF) in California has carried out inertial plasma confinement experi-

ments which produced more energy than was required for the reaction [22], sus-

tained net-energy gain has not yet been achieved. Recently further discussion

has been carried out on the direction of inertial confinement research [23, 24],

and it is still a potential avenue for future energy production.

The magnetic confinement method involves using strong magnetic fields to

confine the plasma. This prevents the plasma colliding with the reactor walls,

and has shown more promising results for commercially producing energy. This

5



1.2 Magnetically Confined Plasmas

method is used in devices such as tokamaks and stellators [25]. Tokamaks use

toroidal and poloidal magnetic fields and can reach the extreme temperatures

required to sustain the plasma. Such devices have a reliance on a transformer

to generate the current, however, the tokamak is vulnerable to instabilities in

the current. Hence they can be less efficient at keeping the plasma in a stable

path and when it becomes unstable it may deviate towards the walls of the

reactor. On the other hand, stellators keep the plasma in a stable helix-like

shape by making the magnetic axis non-planar. This method is inherently

current free and is able to keep the plasma in a steady state. The construction

is significantly more complicated for a stellator. An example of this device is

the Wendelstein 7-X (W7-X) reactor at the Institute for Plasma Physics (IPP)

in Germany [26]. With either type of device, high temperatures are used to

produce the plasma and this plasma is directed around the constructed vac-

uum chamber by using strong magnetic fields. It is a delicate balance between

achieving a high enough temperature for fusion to occur while also protecting

the structural integrity of the device.

Tokamaks have proven to be the highest performing reactor type to date,

with the design implemented in several reactors, such as the Joint European

Torus (JET, existing reactor), the International Thermonuclear Experimental

Reactor (ITER, under construction), and the Demonstration Power Station

(DEMO, in design phase) [24]. The ITER schematics and the JET reactor

are shown in Fig. (1.2) and Fig. (1.3), respectively. The goal of plasma con-

finement is to limit the interaction between the plasma and the wall of the

tokamak, however in practice magnetic confinement may have periodic insta-

bilities. When the plasma collides with the wall, erosion may take place which

can contaminate or quench the plasma. This erosion needs to be characterised,

as the impurity may quench the plasma. To help reduce this erosion, beryllium

(or other light Z elements) is used to make the main wall sections of the toka-
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Figure 1.2: The ITER tokamak, image taken from the ITER website [27].

Figure 1.3: The JET tokamak, image taken from the Culhum website [28].

7
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mak. Beryllium does not efficiently heat up at the high temperatures required

to sustain the plasma. Also, even though beryllium is more likely to erode,

due to the fact that it only contains 4 electrons it has a small predicted power.

As an added effect it also an oxygen getter, therefore removing impurities at

the same time.

Focus must be on the divertor region, as this is where the majority of the

interactions between the wall and the plasma occur. This has even more im-

portance for the JET tokamak, which has two divertor regions (one at the top

and one at the bottom of the reactor). The plasma facing components (PFC’s)

within this divertor region must then be constructed from materials which can

withstand the extremely high temperatures. Tungsten is the leading candidate

as a wall material in the divertor region (molybdenum is also a candidate), this

has been studied by Pütterich et al. [29]. Due to the high melting points, low

sputtering rates and the ideal heat-load capability, tungsten will last a long

time in the reactor. However, there will still be erosion. Small amounts of

erosion impurities can be sustained within the plasma. The presence of impu-

rities limits the maximum electron density that can be reached in a tokamak,

however the energy confinement in a slightly contaminated plasma is better

than in a clean plasma at that electron density.

In the work by Isler [30], it is stated that the ignition of deuterium-tritium

plasmas can be prevented by the presence of as little as 0.1% of high-Z el-

ements such as tungsten. This is a very serious issue for sustained fusion

reactions, and is the primary motivation for carrying out plasma diagnostics

to characterise and minimise this impurity influx. Also, as stated in the work

by Murakami et al. [31], to avoid the core plasma cooling, concentrations of

tungsten must be kept at a minimum. In order to reduce this cooling effect it is

important to quantify the accumulation of tungsten in these high temperature
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plasmas. Equally, it is important to know the behaviour of tungsten ions in

lower temperature plasmas, as in the divertor region the plasma must be cooled

to ensure the device maintains function. Knowing this information in advance

is important, as it prevents the unnecessary and costly process of breaking the

vacuum seal to clean the tungsten from the surfaces or replace the tungsten

elements. Also, by breaking the seal this causes a potential health risk as the

beryllium used to construct the main walls is potentially carcinogenic when

inhaled as a dust. This necessitates theoretical calculations which provide a

road map for experiments, and may be used to interpret results.

Plasma diagnostics of heavy elements, such as tungsten and molybdenum

present significant problems. They contain an open d-shell, which is very

difficult to converge in atomic structure calculations. Until recently available

atomic data for both elements was very sparse. However, recent studies have

been carried out on both neutral molybdenum [32] and neutral tungsten [33],

and experimental observations were acquired with the Compact Toroidal Hy-

brid plasma experiment (CTH) at Auburn University [34] for comparison with

the theoretical data to identify diagnostic lines. A vertically translating probe

with either a molybdenum or tungsten tip was constructed and inserted into

the edge of the CTH plasma with an optical line of sight observing emission

from the plasma interaction. Stellarnet survey spectrometers sensitive between

300–400 nm and 400–600 nm were coupled by an optical fibre to collection op-

tics mounted opposite to the probe, and the CTH plasma parameters depend

on the specific operating conditions.

Even with these substantial calculations, more work needs to be done in order

to get a full view of the erosion and possible redeposition of tungsten. Tung-

sten can be present in many ion stages in the plasma, which may quench the

plasma and there is still a lack of atomic data for these neighbouring ion stages

9
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Figure 1.4: The image on the left is an actual photograph of the Hubble Space

Telescope, the image on the right is the concept drawing of the James Webb

Space Telescope. Both images were taken from the NASA website [36].

of tungsten. In order to have an accurate view on the amount of tungsten im-

purities within the plasma, we cannot just use the available data for neutral

tungsten, singly-ionised tungsten is just as important to properly characterise

the impurities. Chapter 6 of this work will present atomic and collisional data

for singly-ionised tungsten. The data will be calculated using the sophisti-

cated methods described throughout many of the chapters in this thesis. A

full literature review will also be presented.

1.3 Astrophysical Spectra

It is important to mention that plasma is also naturally occurring in our uni-

verse, in fact most of the observable universe is in a plasma state. Spectroscopy

is used to observe the electromagnetic radiation emitted from such astrophys-

ical sources, such as gaseous nebulae or quasars [35].

High resolution spectroscopy instruments are used to observe spectra in a

wide array of wavelength regions. The most notable optical device for ob-

serving astrophysical spectra is the Hubble Telescope (1990) [37], which allows

for observation in the ultraviolet, infra-red, and visible spectrum. The suc-
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cessor (James Webb Space Telescope) to the Hubble telescope is on track to

be released later this year, and will operate in the visible and infra-red spec-

trum. Figure 1.4 presents a photograph of the Hubble Space Telescope, and

the concept design of the James Webb Space Telescope. Other devices in-

clude, an X-ray Multi-Mirror (XMM-Newton) [38] device which was launched

into space in 1999 by the European Space Agency (ESA). The Earth’s atmo-

sphere prevents X-rays from being detected with ground based instruments,

so by launching the XMM-Newton into space this allowed observation in both

the X-ray and visible spectrum. The Fibre Large Array Multi Element Spec-

trograph (FLAMES) [39] is a ground based observational device at the Visible

Light Transmission (VLT) fibre facility constructed in 2002, which detects

spectra in the visible region.

Spectroscopic instruments reveal the composition of astrophysical objects. The

photons produced from the atmosphere of a star reveal important information

about the temperature, density and composition of the atmospheric layers. In

order to decode this information it is necessary to approximate the environment

of a star. Most stars are in non-Local Thermodynamic Equilibrium (nLTE).

However, Local Thermodynamic Equilibrium (LTE) [40] is appropriate for the

hot subdwarfs of interest in this work where the density and temperature is

high, as for LTE to be a good approximation the typical distance travelled by

particles between collisions is small compared to the scale over which the tem-

perature changes quite significantly. As light (of intensity Iλ) travels through

a gas some photons will be removed or absorbed,

dIλ = −κλρIλds, (1.3)

where ds is the distance travelled by the light, ρ is the density, and κλ is the

absorption coefficient. Another name for the absorption coefficient is opacity

[41]. Opacity is the resistance of material to the flow of radiation. In most

stellar interiors it is determined by taking the summation of the processes that
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scatter and absorb photons, such as, bound-bound transitions, bound-free ab-

sorption, free-free absorption, and electron scattering. At high temperatures,

we have low opacity which remains constant. Most atoms are fully ionised and

photon energies are high, therefore free-free absorption is unlikely, electron

scattering would be the dominant process, and opacity would be independent

of temperature. At low temperatures, there is low opacity which decreases

with decreasing temperature. Most atoms would not be ionised, leaving few

electrons available for scattering or free-free absorption. It is at the intermedi-

ate temperature that opacity peaks and follows Kramer’s opacity law, which

describes the opacity of a medium in terms of the ambient density and temper-

ature, assuming the opacity is dominated by bound-free or free-free absorption.

Physical observations are invaluable for understanding the inner workings of

the universe. However, in order to analyse these observations, accurate atomic

datasets are required. Many international projects have been carried out to try

and meet the demand for atomic data. Examples are the Opacity Project [42],

and the Iron Project [43]. Focus has been on the highly abundant iron-peak

elements, with work carried out on Cr, Mn, Fe, Co, and Ni. Unfortunately,

there is a lack of accurate atomic data available in the literature for the second

most abundant ion, Ni ii. Chapter 5 will present a thorough literature review,

an electron-impact excitation calculation and an extensive atomic dataset for

singly ionised nickel.

Different types of stars have different concentrations of elements. Of particular

interest to this work are the heavy metal sub-dwarfs, B (lower temperature)

and O (higher temperature). The lower temperature B sub-dwarfs are low-

mass stars, they contain a burning core of helium and are enveloped by a thin

hydrogen layer. Due to gravitational settling and radiative levitation the pho-

toshere’s of these stars are not helium rich and contain a lot of metal [44]. The
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high temperature sub-dwarfs O have no hydrogen enveloping the star, so the

surface is considered hydrogen poor. The sub-dwarfs which lie between these

definitions in terms of helium abundance tend to show an increasingly large

abundance of trans-iron elements [45, 46, 47, 48, 49, 50, 51]. Under appropri-

ate conditions radiative levitation can lead to thin layers containing very high

concentration of specific ions of heavy atoms in the stellar photosphere [52],

one such sub-dwarf is the LS IV-14o116 [45] (other stars include the Feige 46

and PHL 417 sub-dwarfs [53, 54]). Amongst other elements Ge iii was detected

in the atmosphere of this star. Due to the lack of existing data, it is important

to produce theoretical calculations for Ge iii to contribute to opacity studies

of this star. Although not as abundant as Ni ii in astrophysical spectra, ger-

manium has also been observed in trace amounts in the atmospheres of a few

distant stars [55] and in [56] Jupiter’s atmosphere [56]. Chapter 7 presents both

electron-impact excitation cross sections for Ge iii and photoionisation cross

sections for Ge ii. Atomic datasets presented can be used in modelling codes

such as cloudy [57], colradpy [58], or sterne [59].

1.4 Overview

The remainder of the thesis shall be structured as follows. In the next chap-

ter we state the notation used throughout, and explain key concepts which

are the building blocks of atomic theory, such as the coupling of angular mo-

menta. Chapter 2 will introduce the Schrödinger equation which governs the

behaviour of a single quantum particle and also details the Dirac equation

which describes the behaviour of relativistic multi-electron systems. Methods

used to solve such equations are explained in detail, paying particular attention

to the Multi-Configuration Dirac-Hartree-Fock Approximation. Chapter 3 in-

troduces R-matrix theory, explaining the methods which the R-matrix codes

implement. Collisional-radiative theory is outlined in the Sec. (3.6). Deviating

from the mathematical theory, chapter 4 outlines the codes required to carry

13



1.4 Overview

out different scattering calculations. Also, this chapter briefly introduces the

basics of parallel programming to fully understand the differences between a

serialised code and a parallel code, and presents flowcharts of the codes we

actually utilise for each calculation. Code development work is also presented

in this chapter.

Chapter 5 contains the work completed on the electron-impact excitation of

Ni ii, including the atomic structure of the model which was created using the

relativistic grasp0 code, the energy levels, and oscillator strengths. Compari-

son with existing work is presented and discussed in detail. Also presented are

the collision strengths and effective collision strengths. In chapter 6 we dis-

cuss calculations completed in collaboration with Auburn University, namely

the excitation of W i and W ii. These atomic data can be integrated into the

modelling codes to provide impurity influx predictions for these species and

comparisons can be made with the measured spectra. Our contribution to

this collaboration is a comprehensive electron-impact excitation calculation of

W ii. Chapter 7 presents results for two different kinds of scattering calcula-

tions, the electron-impact excitation of Ge iii and the photoionisation of Ge ii.

The atomic data created is useful in the astrophysical modelling of metal rich

hot sub-dwarfs. Chapter 8 summarises the main points of our work over the

past few years, and lays out any further work which may be completed in

the future based on the calculations we have completed to date. And lastly,

chapter 9 draws final conclusions on the work we have completed, introduces

new research projects which are ongoing, and summarises any last thoughts

we have to share on the subject of atomic theory. Atomic units shall be used

throughout unless otherwise stated.
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2 Atomic Structure

2.1 Coupling

Throughout this thesis it is assumed that the reader has basic knowledge of

both quantum mechanics and atomic structure. The following section merely

explains the coupling schemes used throughout this work.

Angular Momentum:

Recalling that the orbital angular momentum of a classical system can be

defined by,

L = r× p, (2.1)

where r is the position of the particle moving with a momentum of p, and L

has three components Lx, Ly, Lz. These components are defined as,

Lx = ypz − zpy,

Ly = zpx − xpz,

Lz = xpy − ypx.

(2.2)

In quantum mechanics the momentum operator is equal to −i~∇, therefore

the orbital angular momentum operators become,

Lx = −i~
(
y
d

dz
− z d

dy

)
,

Ly = −i~
(
z
d

dx
− x d

dz

)
,

Lz = −i~
(
x
d

dy
− y d

dx

)
.

(2.3)

The spin angular momentum S of a single electron is either equal to 1/2 or

−1/2, this corresponds to an electron being either spin up or spin down re-

spectively.
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LS Coupling:

For atoms (or ions) with light systems (Z ≤ 10), LS coupling produces a suffi-

ciently detailed description of the target. We can define the individual orbital

(L) of an electron as the following,

L =
∑
i

li (2.4)

In order to calculate the total angular momentum (J) of the electron we must

couple the orbital and spin angular momenta,

J = L + S, (2.5)

which can be referred to as LSJ or intermediate coupling.

JJ Coupling:

However, we also need a way to accurately describe heavier systems of elements

with larger nuclear charges. We must take into account the individual orbital

and spin angular momenta of each electron couple and how they form the

total angular momentum of both the individual electron and overall system,

jj-coupling takes into account these more substantial spin-orbit interactions.

The total angular momentum of each individual couple is defined as,

ji = li + si. (2.6)

Each of these individual total angular momenta produce weak coupling amongst

each other. Therefore the total angular momentum of the system is,

J =
∑
i

ji. (2.7)

Due to the increased spin-orbit interactions there is a separation of the LS

terms into fine level structures.

2.2 Schrödinger Equation

Erwin Schrödinger was fascinated by the work of Louis de Broglie, which

changed the way in which we can think of a particle. De Broglie had pro-
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posed in his thesis that particles could behave as waves. Schrödinger took

this a step further and applied it to the electrons within an atom, explaining

how an electron would also move in the same way as a wave. And thus, the

Schrödinger wave equation was born. Schrödinger built off the atomic model

which had previously been proposed by Bohr, describing an atom as a posi-

tively charged nucleus in an electron cloud, and explained the movements of

the electrons within the atom using wave mechanics rather than the discrete

particle leaps, where the movements are described as the electrons existing in

discrete quantum states that they can jump between instantaneously. For the

purposes of our calculations we will assume time independence. Therefore the

time-independent Schrödinger equation is given by,

Hψ = Eψ, (2.8)

where ψ is the wave function of the atomic particle, H is the Hamiltonian,

and E is the energy eigenvalues that correspond to the Hamiltonian. H can

be defined by,

H =
p2

2m
+ V (r), (2.9)

where p is the momentum operator and r defines the atomic radius. The

momentum operator is expressed as,

p = −i~∇. (2.10)

Therefore, using Eqn. (2.10), we can state that a lone quantum particle is

governed by the following,

− ~2

2m

d2ψ

dx2
+ V (r)ψ = Eψ. (2.11)

Equation (2.11) does not account for relativistic effects, however relativistic

corrections may be introduced perturbatively for the Breit-Pauli method.
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2.3 Dirac Equation

When dealing with heavier systems we must take into account the relativistic

effects when coupling between the quantum particles. This produces a more

complex equation which governs the behaviour of the particles, known as the

Dirac equation [60]. The Dirac equation ties together quantum mechanics and

Einstein’s Theory of relativity, which allows us to describe how fast moving

atomic particles behave as they travel close to the speed of light. The time

independent Dirac equation can be written as,

HDφ = Eφ (2.12)

where φ is the Dirac Orbital, and HD the Dirac Hamiltonian. HD can be

defined as,

HD = cα · p+ (β − I4)c2 + V (r), (2.13)

where c is the speed of light, α and β are Dirac matrices, p is the momentum

operator, IN is the N X N identity matrix, and V is a central potential.

Therefore replacing the momentum operator, Eqn. (2.13) can be written as,

HD = −i~cα · ∇+ (β − I4)c2 + V (r). (2.14)

The Dirac matrices denoted by α and β, are defined by,

α =

 0 σ

σ 0

 , β =

 I2 0

0 −I2

 , (2.15)

where σ is the 2 x 2 Pauli-spin matrix,

σx

 0 1

1 0

 , σy =

 0 i

−i 0

 , σz =

 1 0

0 −1

 . (2.16)

When solving the Dirac equation we end up with two radial functions P (r)

and Q(r) describing the large and small part of the problem respectively. The

solution to the Dirac equation would be written as,

ψκm(r, θ, φ) =
1

r

 Pκ(r)Ωκm(θ, φ)

iQκ(r)Ω−κm(θ, φ)

 (2.17)
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where Ωκm(θ, φ) are spherical spinors. Spherical spinors are eigenstates of J2

and jz, and the reason we can solve the Dirac equation using Eqn. (2.17) is due

to the fact that the Dirac Hamiltonian and J commute. We define spherical

spinor harmonics as,

Ωκm(θ, φ) =
∑
ml,ms

〈lmlsms|jmj〉Y ml
l (θ, φ)χms , (2.18)

where Y ml
l (θ, φ) are spherical harmonics and χms are spin functions. Moving

forward to determine the radial and angular parts from Eqn. (2.17) we must

use the method of separating variables. To separate the variables in the Dirac

equation we must factorise the operator σ · p using the method introduced by

Schiff [61] by applying the following Dirac relation,

(α · r̂)(α · l) = r̂ · l + iα · r̂ × l = iα · r̂ × l, (2.19)

where the scalar product r̂ · l does not contribute because l is the cross product

of r̂ and p, i.e. l = r̂ × p. The cross product of r̂ and l can be written as,

r̂ × l = r̂ × (r̂ × p) = r̂(r̂ · p)− r2p = r̂(rp̂r + i)− r2p, (2.20)

where we define p̂r as the radial momentum operator,

p̂r =
(r̂ · p− i)

r
. (2.21)

We can also define the radial velocity operator,

αr =
α · r̂
r

. (2.22)

By substituting Eqn. (2.20) into Eqn. (2.19) we get the following expression,

iα · r̂ × l = iα · r̂(rp̂r + i)− ir2α · p = (α · r̂)(α · l). (2.23)

Rearranging Eqns. (2.21) and (2.22) results in the following,

α · p = αrp̂r +
iαr(α · l + 1)

r
= αrp̂r −

iαrK̂

r
, (2.24)
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where the pure angular momentum operator K̂ is defined as,

K̂ = −1−α · l = l2 + s2 − j2 − 1. (2.25)

The orbital, spin and total angular momentum l, s and j were introduced in

Sec. (2.1). Starting with Eqn. (2.13) and using the format of the orbitals given

in Eqn. (2.17) the radial functions satisfy the following first order differential

equations,

(V + c2)ψL + c(α · p)ψS = EψL, (2.26)

− c(α · p)ψL + (V − c2)ψS = EψS, (2.27)

where ψL and ψS are the large and small components of the wavefunction.

Substituting Eqn. (2.24) into the first coupled equation, Eqn. (2.26) gives,

(V + c2)ψL + cαr

(
p̂r −

iK̂

r

)
ψS = EψL. (2.28)

Redefining p̂r as,

p̂r = −i
(
d

dr
+

1

r

)
, (2.29)

The momentum operator acts only on the large and small radial parts (Pκ and

Qκ), whereas the velocity operator is a pure angular operator and only acts

on the angular parts. The K̂ also acts only on the angular parts, therefore the

velocity operator must be an eigenstate of K̂. Using the definition of the wave-

function separated into the large and small radial components (Eqn. (2.17)),

the coupled equations (Eqn. (2.26) and (2.27)) become,

(V + c2)Pκ(r) + c

(
d

dr
− κ

r

)
Qκ(r) = EPκ(r), (2.30)

− c
(
d

dr
+
κ

r

)
Pκ(r) + (V − c2)Qκ(r) = EQκ(r), (2.31)

We solve these equations simultaneously to determine P and Q for each κ.

The relativistic angular momentum quantum number κ is defined as,

κ =

 −(l + 1), if j = l + 1
2
,

l if j = l − 1
2
.

(2.32)

Each value of κ would uniquely describe a state in the following way,
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s1/2 p1/2 p3/2 d3/2 d5/2 f5/2 f7/2

j 1/2 1/2 3/2 3/2 5/2 5/2 7/2

l 0 1 1 2 2 3 3

κ −1 1 −2 2 −3 3 −4

We can see how the coupled radial equations for the Dirac equation can be

reduced to their counterpart for the Schrödinger equation. As we subtracted

the rest mass energy of the single electron in Eqn. (2.13), this ensures that

within the limit for the non-relativistic case as the speed of light approaches

infinity the coupled radial equations (Eqn. (2.30) and Eqn. (2.31)) reduce to the

non-relativistic radial equations for the Schrödinger equation. As an atom is

governed by a Coulomb potential we replace the potential V (r) by −Z/ri. It is

possible to solve the Dirac equation analytically where we consider the simplest

case of a single electron orbiting a nucleus. However, for most practical cases

we need to consider the general N electron case which will require solving

the equations using numerical methods. Going further than the one-electron

system we consider interactions between the electrons within the system. The

Dirac Hamiltonian for a general N electron system is defined as,

HD =
N∑
i=1

(cα · pi + (β − I4)c2 − V (ri)) +
N∑

i>j=1

1

rij
, (2.33)

where ri is the distance of the electron from the nucleus and rij = |ri − rj|

is the distance between electron i and electron j. Eqn. (2.33) is split into

two summations, the first part is the summation over one-electron operators

of the Dirac Hamiltonian and the second part is the summation over all the

electron-electron interactions. The difficulty in solving such an equation is

evident, when we consider a multi-electron system it is more complicated to

separate the wavefunction of the Dirac equation into radial and angular parts

in the same way as with a single electron system. In the following section

we will explore the methods which can be implemented to approximate these

wavefunctions.
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2.4 Non-Relativistic Atomic Structure

2.4.1 Thomas-Fermi Potential

If we consider the Schrödinger equation for a system of N electrons,[
− ~2

2m

∑
i

∇2
i +

1

2

∑
i 6=j

v(ri, rj)

]
Ψ(r1, ..., rN) = EiΨ(r1, ...rN), (2.34)

we could try and search for the many electron wavefunction. But in order to

avoid the complicated search, we can concentrate on an electron density ρ(r)

instead. The electron density is considered a physical observable as it can be

observed. This means we can measure, calculate and visualise it. Taking the

example of a single particle with a wavefunction ψ(r), we can define the elec-

tron density as a probability amplitude which allows us to read the probability

of finding the particle near a particular position in space,

ρ(r) = ψ∗(r)ψ(r), (2.35)

where ψ∗(r) is the complex conjugate of the wave function. Expanding this

definition for a system with N particles we get the amplitude of the probability

we will find any particle near that particular position (r) in space,

ρ(r) = N

∫
Ψ∗(r, r2, ..., rN)Ψ(r, r2, ...rN)dr2...drN . (2.36)

The Thomas-Fermi potential was proposed by both Llewellyn Thomas [62]

and Enrico Fermi [63] independent from each other in 1927. In order to derive

the Thomas-Fermi potential it is important to classify the approach we need

to operate in. For example, even though we take the idea from quantum

mechanics we need to use normal functions instead of quantum operators.

This is known as a semi-classical approach. The ideas we retain from quantum

mechanics include the Fermi statistics and the uncertainty principle. Fermi

statistics describes a distribution of particles over energy states in systems

consisting of many identical particles, from this we assume that all the states up
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to a specified maximum energy, and momentum pF , which may vary over space,

are occupied. The uncertainty principle states that an electron pair in the

phase space must have opposite spin directions, i.e one electron must be spin

up and the other must be spin down. Therefore, in the phase space every point

of space of volume V can contain two electrons that have opposite spin. As we

need to use normal functions to define these concepts we define momentum as a

spatial function, which means each function would be dependent on position.

Following from this the wave number and de Broglie wavefunction can be

defined as,

k(x) =
1

~p(x)
, λ(x) =

1

k(x)
, (2.37)

where we need to enforce ε = |dλ(x)/dx| � 1 to ensure the semi classical

approach remains valid. This ensures that the spatial variations of the de

Broglie wavelength of the system doesn’t differ significantly. We can assume

that in order to calculate the number of electrons within the ground state of

our system we have the momentum operator pF over a specified volume V .

Therefore the amount of electrons N can be defined as the momentum space

multiplied with the coordinate space with a normalised factor of 2 electrons

per a volume of h3,

N =
4πp3

F

3
· V · 2

h3
. (2.38)

As we know the electron density is calculated by dividing the number of elec-

trons by the volume we can define the momentum operator in terms of the

electron density,

pF =
3

√
3h3

8π
ρ. (2.39)

Assuming classical motions between particles, a dependence on r, and using

Eqn. (2.39) the energy for the electron with the fastest velocity can be defined,

E =
p2
F (r)

2m
+ V (r) =

1

2m
3

√(
3h3

8π
ρ

)2

+ V (r). (2.40)

Now we must consider both the kinetic and potential energy separately in

order to get the full picture of the whole electron distribution. For the kinetic

23



2.4 Non-Relativistic Atomic Structure

energy, we can define a new density term ρk,

ρk =
3h2

10m
3

√(
3

8π

)2

ρ(r)5, (2.41)

which can be integrated to obtain the kinetic energy,

Ek =

∫
ρk(r)dr. (2.42)

The potential energy Ep arises from a combination of the external field Ve(r)

and electrostatic interactions within the atom, and is defined as,

Ep = e

∫
ρ(r)Ve(r)dr +

e2

2

∫
ρ(r)ρ(r′)

|r − r′|
drdr′. (2.43)

Therefore, we can define the total energy as the summation of the kinetic and

potential components,

ET = Ek+Ep

= 3h2

10m

∫ (
3

√(
3

8π

)2

ρ(r)5

)
dr + e

∫
ρ(r)Ve(r)dr + e2

2

∫ ρ(r)ρ(r′)
|r−r′| drdr

′.

(2.44)

In order to have a minimal total energy we use a Lagrange multiplier µ to

implement normalization constraints,∫
ρ(r)dr = N and δ(ET − µN) = 0. (2.45)

Therefore, we can define the Thomas-Fermi equation as,

h2

2m
3

√(
3

8π

)2

+ eVe(r) + e2

∫
ρ(r′)

|r − r′|
dr′ = µ. (2.46)

This method can be implemented as an option in the semi-relativistic gasp

code known as autostructure.

2.4.2 Thomas-Fermi-Dirac Potential

The Thomas-Fermi potential only takes into account the interactions between

each electron and the background charge, this works well for a system contain-

ing one electron or systems which display hydrogenic behaviour. The Pauli
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2.5 Relativistic Atomic Structure

principle is neglected as there is no defined preference in how the electrons

interact with each other. If this is not taken into account the overall energy

will be higher. The exchange interaction which is inherent from the Pauli prin-

ciple forces the electrons further apart which reduces the total energy. The

derivation of the Thomas-Fermi-Dirac equation is fully explained in the work

of Tomishima [64], and will only be stated here,

h2

2m
3

√(
3

8π

)2

− 4Cex
3

3
√
ρ(r) = µ− eVe(r)− u(r), (2.47)

where Cex is an exchange constant, and the potential u(r) is defined as,

u(r) = e

∫
ρ(r′)

|r − r′|
dr′. (2.48)

The Thomas-Fermi and Thomas-Fermi-Dirac equations include the charge dis-

tribution which relates to a specific electron, this is known as self-interaction.

A direct consequence of this type of interaction is that the system can appear

to exhibit an incorrect asymptotic behavior, particularly for heavier systems.

2.5 Relativistic Atomic Structure

2.5.1 Configuration State Functions (CSF’s)

Considering the Dirac equation, we can obtain approximate energy levels and

eigenvectors of the Hamiltonian using the central field approximation. The

central field approximation allows us to use a separable Dirac Hamiltonian to

approximate Eqn. (2.33) as,

HD ≈
N∑
i=1

(cα · pi + (β − I4)c2 + V (ri)). (2.49)

to approximate our full Hamiltonian where the potential V (r) gives an ap-

proximation for the effect of the Coulomb repulsion for the non-relativistic

wavefunction. Hartree proposed the idea that the wavefunction of an N elec-

tron system can be devised as the product of many one-electron wavefunctions,

Ψ(r1, r2, ..., rN) = ψα1(r1)ψα2(r2)...ψαN
(rN). (2.50)
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2.5 Relativistic Atomic Structure

We define αi as the set of quantum numbers, niκimi. Due to the Hamilto-

nian being separable we can redefine the eigenvalues and eigenstates as the

following,

E0 =
N∑
i=1

Ei, ψ0(q1, ..., qN) =
N∏
i=1

φ(αi; qi), (2.51)

where φ(α; q) are the individual spin orbitals which are solutions to the one-

electron equation. We can define the spin orbital as,

φ(α; q) =
1

r
P (nl; r)Ylml

(θ, ϕ)χms(σ), (2.52)

where α are the quantum numbers defined as α = nlmlms. We can repre-

sent the eigenstates as a function known as a Slater Determinant (developed

in the work of Slater [65] and Fock [10]) by combining the permuted product

functions,

Φ(q1, ..., qN) =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣

φ(α1; q1) φ(α1; q2) ... φ(α1; qN)

φ(α2; q1) φ(α2; q2) ... φ(α2; qN)
...

φ(αN ; q1) φ(αN ; q2) ... φ(αN ; qN)

∣∣∣∣∣∣∣∣∣∣∣∣
. (2.53)

We can state properties of the Slater determinants which are intuitive from the

rules which govern matrices. If the set of quantum numbers of two electrons

are identical then the corresponding rows of the Slater determinant equal each

other, this results in a wavefunction which is zero. Another property worth

mentioning is that if we permute two columns of the determinant the sign of

the wavefunction changes. From Eqn. (2.53) the wavefunction is normalised

and, provided they have different symmetries, the one-electron orbitals are

orthonormal, ∫ ∞
o

φ†αi
(q)φαj

(q)dq = δαiαj
. (2.54)
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Following from this fact we can see that the corresponding radial parts (φαi
(q)

φαj
(q)) and angular parts must also be orthonormal such that,∫∞

0
[Pniκi(q)Pnjκj(q) +Qniκi(q)Qnjκj(q)]dr = δninj

δκiκj ,

∫ 2π

0

∫ π
0

Ωκimi
(θ, φ)Ωκjmj

(θ, φ)sinθdθdφ = δκiκjδmimj
.

(2.55)

As these Slater determinants are not the eigenstates of the angular momentum

operators, we need to use a linear combination of determinants that belong

to the same electron configuration eigenstates. Determinants which have the

same set of quantum numbers (n, l) but have different eigenstates (ml,ms)

belong to the same set. The resulting functions are known as Configuration

State Functions (CSF’s) and are more accurate approximations to our wave-

functions than merely using the Slater determinants. A CSF should not be

mistaken for a configuration as a single configuration gives rise to several CSF’s

that have the same total quantum numbers for spin and spatial parts but are

different in terms of their intermediate couplings. We denote these function as

Φ(γLMLSMS) ( or Φ(γJπ)), or in Dirac notation |γLMLSMS〉, where γ is the

electron configuration which describes the atom. To demonstrate this we can

list the 15 possible CSF’s which can be formed from the Slater determinant of

neutral carbon (1s22s22p2),

Φ(1s22s22p2LMLSMS),

 L=0, ML = 0

S=0, MS = 0,

Φ(1s22s22p2LMLSMS),

 L=2, ML = −2,−1, 0, 1, 2

S=0, MS = 0,

Φ(1s22s22p2LMLSMS),

 L=1, ML = −1, 0, 1

S=1, MS = −1, 0, 1.

(2.56)

Even though the CSF contributions from the 1s22s22p2 configuration may con-

tribute strongly to the true ground state of neutral carbon, other configurations

also provide contributions. The mixing of these functions from different config-

urations produce the optimal target structure, this is known as configuration
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interaction (CI), this is elaborated upon in Sec. (2.5.4). If we are describ-

ing a system which has independent particles any reasonable central potential

may be used to determine the one-electron orbitals utilised in constructing the

wavefunction. However, we don’t know what P (r) and Q(r) would achieve the

best approximation for our wavefunction. We will introduce the variational

principle in order to overcome this problem and determine the radial functions

P (r) and Q(r) for each orbital.

2.5.2 The Variational Method

When dealing with multi-electron systems Hartree followed a procedure where

we assume each electron moves independently within an effective central po-

tential field U(r) where U(r) consists of the electron-electron interactions and

the spherically symmetric attractive Coulomb potential, defined in Eqn. (2.49)

with the N electron wavefunction is defined in Eqn. (2.50). When Eqn. (2.50)

is combined with the time independent Dirac equation (Eqn. (2.13)) we get an

expression which can be separated into N individual equations. The solutions

of this produce the one-electron orbital, similar to that of Eqn. (2.17). The

N electron system wavefunction can be built using the information gathered

from the one-electron wave function using Eqn. (2.50). The drawback of this

wavefunction is that it violates the Pauli exclusion principle [66] as it is not

antisymmetric under an exchange of any two electrons. Therefore necessitat-

ing the work of Slater [67] and Fock [10] presented in the previous section on

CSF’s, which replaced the simple product of one-electron states with a fully

antisymmetrised wavefunction.

Once we have determined the wavefunctions of the many electron system we

still need to determine the unknown quantities with the best approximation

of these wavefunctions. For a system (described by a Hamiltonian H) and for

any state φ, which is unnormalised, the variational principle states that there
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exists a quantity Et which provides the least upper bound of the ground state

energy E0 of the system. In order to calculate the upper bound we introduce

an energy functional, with parameters a1, ..., an, for an initial unnormalised

wavefunction φt as the following,

ε[a1, ..., an] = Et =
〈φt|H|φt〉
〈φt|φt〉

≥ E. (2.57)

To achieve the lowest upper bound of the ground state energy, which would

be the value closest to the exact energy value E, it is pertinent to choose the

φt, and the variational parameters a1, ..., an that give this upper bound. This

requires the energy Et to be minimal, necessitating finding a minimum station-

ary point of the energy functional, i.e. δε are negligible for small variations to

the variational parameter,

δε = ε[a1, ..., ai + δai, ..., an]− ε[a1, ..., ai, ..., an], for ai → ai + δai. (2.58)

Optimal values for each of the variation parameters can be found by solving the

equations formed due to the arbitrary nature of δai. Using these variational

parameters along with the trial wavefunction φi provides the most accurate

estimate of the wavefunction.

2.5.3 Dirac-Hartree-Fock Approximation

Section (2.5.1) introduced CSF’s, which are a product of one-electron orbitals

(Eqn. (2.17)). These orbitals contain the radial functions P (r) and Q(r). In

order to determine these unknown quantities we must first make the assump-

tion that an atomic wavefunction is in the form of a single normalised CSF

defined in the previous section from the independent particle model, allowing

the radial functions to be treated as variational parameters. Making use of the

variation principle with respect to these variational parameters, and the N

electron Dirac-Coulomb Hamiltonian, an energy functional is constructed. In

order to ensure orthogonality between the orbitals a and b we include Lagrange
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multipliers λab,

E[{P}, {Q}] = 〈Φ |HDC |Φ〉 −
∑
a,b

λabNab. (2.59)

All orbitals (ns1/2, np1/2, np3/2,... etc) are taken into account in the energy

functional, as {P} and {Q} are the set of all large and small radial components,

respectively, for these orbitals. In Eqn. (2.59), 〈Φ |HDC |Φ〉, both the contribu-

tions of the single electron terms and the electron-electron interactions are con-

sidered. Due to the difficulties faced when we incorporate the electron-electron

interactions into the picture, it is best to first consider just the single electron

components of the Hamiltonian HDC . Fortunately, if we consider that the

orbitals are inherently orthonormal, the electrons are indistinguishable from

each other, and using our knowledge of CSF’s, the one-electron orbitals used

to construct such functions can be partitioned into distinct radial and angular

components. This allows the single electron matrix elements in Eqn. (2.59) to

also be reduced into a product of radial and angular components. However,

we must first define the radial orbital integrals I(ab),

I(ab) =δκaκb

∫ ∞
0

[Pnaκa(r)
−Z
r
Pnbκb(r)− cPnaκa(r)

(
d

dr
− κa

r

)
Qnbκb(r)

+ cQnaκa(r)

(
d

dr
+
κa
r

)
Pnbκb(r) +Qnaκa(r)

(
−Z
r
− 2c2

)
Qnbκb(r)]dr.

(2.60)

Radial orbital integrals produces non-zero contributions when the two electrons

in the orbital have different principle quantum numbers, we only achieve this

when κa = κb. The reduced single matrix elements can then be defined as,〈
Φ

∣∣∣∣∣
N∑
i=1

(
cα · pi + (β − I4)c2 − Z

ri

) ∣∣∣∣∣Φ
〉

=
∑
a

waI(aa), (2.61)

where wa is the occupation number of the orbital denoted by a, and α · p is

defined and derived in Sec. (2.3) (Eqn. (2.24)). Once we have established the

single electron components, we must now consider the interaction between the

electrons. In order to separate this interaction into a product of radial and
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angular parts, we expand the multi-electron contribution to the Hamiltonian

in terms of spherical harmonics,

1

rij
= 4π

∞∑
k=0

1

2k + 1

rk<
rk+1
>

k∑
k′=−k

Y k′

k (r̂i)[Y
k′

k (r̂j)]
∗, (2.62)

where r̂i and r̂j are the polar and azimuthal angles of ri and rj respectively.

The maximum and minimum values of ri and rj are denoted by r< and r>.

Following the same thought process as before with the single electron interac-

tions, we can consider the orthogonal and indistinguishable properties used in

Eqn. (2.62) and write the matrix elements for the multi-electron components

of the Hamiltonian as a product of these radial and angular components,〈
Φ

∣∣∣∣∣
N∑

i>j=1

1

rij

∣∣∣∣∣Φ
〉

=
∑
k

∑
a,b

[fk(ab)F k(ab) + gk(ab)Gk(ab)], (2.63)

where fk(ab) and gk(ab) are spin-angular coefficients. Methods detailed by

Fano [68], Slater [65], or Gaigalas et al. [69], can be implemented to determine

these spin-angular coefficients. F k(ab) and Gk(ab) are radial integrals, known

as the direct and exchange integrals respectively. These integrals can be writ-

ten using relativistic Slater integrals,

F k(ab) = Rk(abab), Gk(ab) = Rk(abba), (2.64)

where the relativistic Slater integrals are defined as,

Rk(abcd) =

∫ ∞
0

[Pnaκa(r)Pncκc(r) +Qnaκa(r)Qncκc(r)]
1

r
Y k(bd : r)dr. (2.65)

The relativistic Hartree functions are denoted by Y k(ab; r) and are determined

as follows,

Y k(ab : r) =

∫ r

0

(
s

r

)k

[Pnaκa(s)Pnbκb(s) +Qnaκa(s)Qnbκb(s)]ds

+

∫ ∞
r

(
r

s

)k+1

[Pnaκa(s)Pnbκb(s) +Qnaκa(s)Qnbκb(s)]ds.

(2.66)
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Now we have defined the matrix elements of both the single-electron and

multi-electron interactions in terms of radial and angular parts, we can take

Eqn. (2.59), Eqn. (2.61) and Eqn. (2.63) and redefine the energy functional as,

E[{P}, {Q}] =
∑
a

waI(aa)

+
∑
k

∑
a,b

[fk(ab)F k(ab) + gk(ab)Gk(ab)]−
∑
a,b

λabNab.
(2.67)

There is still work to be done as the radial functions P (r) and Q(r) are still

unknown. By the variation principle discussed in the previous section, we

know that the energy functional must remain stationary with respect to small

arbitrary variations in the radial parameters. Therefore,

P (r)→ P (r) + δP (r), Q(r)→ Q(r) + δQ(r). (2.68)

This brings us to a system of coupled first order integro-differential equations,

known as the Dirac-Hartree-Fock equations,

c

(
d

dr
+
κq
r

)
Pnaκa(r) +

(
−Z + Υ(a; r)

r
− 2c2 − εaa

)
Qnaκa(r)

= −χP (a : r) +
∑
b6=a

εabQnbκb(r),

c

(
d

dr
+
κq
r

)
Qnaκa(r) +

(
−Z + Υ(a; r)

r
− εaa

)
Pnaκa(r)

= −χQ(a : r) +
∑
b6=a

εabPnbκb(r),

(2.69)

where εab is an energy matrix, and χP (a : r) and χQ(a : r) denote the exchange

potentials. The exchange potentials deal with the potentials that are produced

from the exchange of electrons within a configuration due to the exchange

integrals (Gk(ab)), and may be defined in terms of the relativistic Hartree

functions given in Eqn. (2.66),

χP (a : r) =
1

r

∑
k

∑
b 6=a

xk(ab)Qnbκb(r)Y
k(ab : r),

χQ(a : r) =
1

r

∑
k

∑
b 6=a

xk(ab)Pnbκb(r)Y
k(ab : r).

(2.70)
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The Υ(a : r)/r are known as direct potentials and are due to the direct integrals

(F k(ab)). This direct potential may also be defined in terms of the relativistic

Hartree functions as follows,

Υ(a : r) = (wa − 1)Y 0(aa : r) +
∑
k>0

yk(a)Y k(aa : r) +
∑
b 6=a

wbY
0(bb : r).

(2.71)

The Dirac-Hartree-Fock equations (Eqn. (2.69)) may be solved to obtain an

approximation of the radial functions for the hydrogenic solutions. An initial

approximation of the radial functions P
(1)
naκa(r) and Q

(1)
naκa(r) are used in an

iterative self-consistent field procedure. Using this starting point for the radial

functions allows new potentials (Eqns. (2.70) and (2.71)) to be created and

solved to produce estimates for radial functions P
(2)
naκa(r) and Q

(2)
naκa(r). This

iterative process is repeated until the large and small radial functions agree

to within an acceptable tolerance between each iterative step. The wavefunc-

tion Φ(γJπ) can then be determined with these radial functions and, using

Eqns. (2.61) and (2.63), 〈Φ|HDC |Φ〉 can be calculated for the energy of the

desired state γJπ.

2.5.4 Configuration Interaction

The Dirac-Hartree-Fock equations produce a good approximation for the wave-

functions, however important electron correlations are excluded from this model.

This is due to the fact that the single CSF wavefunction is generated from the

independent particle model. In order to adjust this model to incorporate the

additional electron correlation effects we first must define a linear combination

of CSF’s to produce a multi-configuration wavefunction. More processes must

be laid out to fully incorporate these effects and define the Multi-Configuration

Dirac-Hartree-Fock equations, but first we must further explore the Configu-

ration Interaction (CI) which produces these electron correlations.
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By using a linear combination of CSF’s we consider the non-relativistic in-

teractions between electron configurations which result in the same angular

and spin symmetries, allowing us to account for the additional electron corre-

lations. If we consider the ground state of carbon 2s22p2, and excited states

such as 2s22p3p or 2s22p4p, the coupling of angular momenta may result in a

3P0 state. In order to more accurately represent the wavefunction, we include

the CSF’s for these configurations which result in a particular atomic state as

a linear combination,

Ψ(2s22p2 3P0) =c1Φ1(2s22p2 3P0) + c2Φ2(2s22p3p 3P0)

+ c3Φ3(2s22p4p 3P0) + ...,
(2.72)

where the atomic state for this example is 3P0 and ci are the mixing coeffi-

cients. There are different kinds of correlation effects, core-core, core-valence,

and valence. Core-core correlations need to be taken into account when the

distribution of electrons change amongst the orbitals of the ground configura-

tion. Core-valence correlations need to be taken into account when an electron

is allowed to occupy an orbital that is not included in the ground configura-

tion. Lastly, valence correlations need to be taken into account when more

than one electron is allowed to occupy orbitals that are not included in the

ground configuration. We can define this linear combination of CSF’s, known

as an atomic state function (ASF), for a particular Jπ symmetry,

Ψ(ΓJπ) =
N∑
i=1

ciΦi(γiJπ), with
N∑
i=1

c2
i = 1, (2.73)

where N represents the total number of CSF’s which produce a particular

Jπ state, and Γ and γi refer to particular configurations and other quantum

numbers (excluding Jπ which refers to the state) which are uniquely associated

to the ASF and the CSF’s which contribute to that ASF, respectively. Now

that we have defined an ASF, it is important to note how the amount of CSF

functions affect the Hamiltonian. First, we can divide the HDC into two parts,
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the diagonal and non-diagonal matrix elements,

〈Ψ|HDC |Ψ〉 =
∑
i

c2
iHii +

∑
i 6=j

cicjHij, (2.74)

where Hij are the Hamiltonian matrix elements constructed from CSF’s with

Jπ symmetry only. These matrix elements are defined as,

Hij = 〈Φj(γjJπ)|HDC |Φi(γiJπ)〉 . (2.75)

We get an ordered set of N eigenvalues from the matrix such that,

EN
1 < EN

2 < EN
3 < ... < EN

N . (2.76)

By extending the ASF to include another CSF, we can define the order of the

eigenvalues for this (N + 1) × (N + 1) Hamiltonian as,

EN+1
1 < EN+1

2 < EN+1
3 < ... < EN+1

N+1 . (2.77)

According to the Hyllerass-Undheim-MacDonald theorem [70, 71], when we

have two sets of eigenvalues as defined in Eqns. (2.76) and (2.77) they are

ordered so that the ith eigenvalue for the larger N + 1 Hamiltonian is smaller

than the ith eigenvalue of the original N × N Hamiltonian matrix,

EN+1
1 < EN

1 < EN+1
2 < EN

2 < ... < EN+1
i < EN

i < ... . (2.78)

We already know due to the variational principle that the wavefunction Ψ(ΓJπ)

of a given system has an upper bound to the eigenvalue Ei. However, as

more CSF’s produces a larger Hamiltonian, it is inherent from the Hyllerass-

Undheim-MacDonald theorem that a larger CI basis will provide a lower upper

bound for the system we are attempting to model. Ideally, we would include an

infinite number of CSF’s, however due to computational constraints we must

limit this to a finite number.
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2.5.5 Multi-Configuration Dirac-Hartree-Fock

We previously defined the Dirac-Hartree-Fock equations in Sec. (2.5.3) using a

single CSF, we can repeat a similar process to define the Multi-Configuration

Dirac-Hartree-Fock (MCDHF) equations using the ASF’s. Now that we have

split the Hamiltonian into diagonal and non-diagonal parts, we can expand

this to include all relativistic effects. Due to the fact that we sufficiently

took into account the single electron interactions with the Dirac-Hartree-Fock

approximation, we can state that the diagonal parts of the Hamiltonian (Hii)

are identical to what we defined in Sec. (2.5.3) with Eqns. (2.61) and (2.63).

However, the non-diagonal elements need redefining. As with the Hii matrix

elements, we can divide the Hij matrix elements (where i 6= j) into radial and

angular components,

Hij =
∑
a,b

tij(ab)I(ab) +
∑
k

∑
a,b,c,d

vkij(abcd)Rk(abcd), (2.79)

where tij(ab) and vkij(abcd) are spin-angular coefficients. The radial integrals,

I(ab) and Rk(abcd), are as defined in Eqns. (2.60) and (2.65), respectively.

Next we can construct the energy functional,

E[{P}, {Q}, {c}] = 〈Ψ|HDC |Ψ〉 −
∑
a,b

λabNab − ω
∑
i

c2
i , (2.80)

where ci are expansion coefficients. We need to place two constraints on the

energy functional. Firstly, as before for the one-electron orbitals, we require

the energy functional to remain stationary with respect to small arbitrary dif-

ferences in the radial components. Secondly, due to the introduction of the

electron correlation effect, we need the energy functional to also remain sta-

tionary with respect to small arbitrary variations in the mixing coefficients. In

order to derive the MCDHF equations we still need to incorporate all possible

correlation effects into our wavefunction. So far, what we have defined applies

to a particular Jπ symmetry for a single ASF. It is imperative to now extend
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Eqn. (2.73) for all Jπ symmetries,

Ψr(ΓrJrπr) =
N∑
i=1

cirΦi(γiJiπi)δJrJrδπiπr , (2.81)

where we take the summation over all possible CSF’s, regardless of whether

the symmetry is the same as the ASF. The variational principle allows us to

vary the large and small radial components as before and obtain the coupled

MCDHF integro-differential equations. However, as these equation take the

same form as the Hartree-Fock differential equations, we see the difference

reflected in the potentials instead. We can redefine the exchange potentials by

extending Eqn. (2.70) as follows,

χP (a : r) =
1

r

∑
k

[∑
a6=b

xk(ab)Y k(ab : r)Qnbκb(r)

−
∑
b,c6=a,d

xk(abcd)Y k(bd : r)Qncκc(r)

]
,

χP (a : r) =
1

r

∑
k

[∑
a6=b

xk(ab)Y k(ab : r)Pnbκb(r)

−
∑
b,c6=a,d

xk(abcd)Y k(bd : r)Pncκc(r)

]
.

(2.82)

The exchange potentials now take into consideration both the exchange and

the interaction of electrons between different configuration states. The direct

potentials are a consequence of the nuclear screening effect, and are redefined

here as follows,

Υ(a : r) =
∑
k

∑
b

[
yk(ab)Y k(bb : r)−

∑
d

yk(abad)Y k(bd : r)

]
. (2.83)

As before we can determine an approximation of the radial functions by solving

the MCDHF equation. For completeness, we have a further element to our

calculations. Due to variations with respect to the mixing coefficients c→ c+δc

we have an eigenvalue problem,

(H − Er)cr = 0. (2.84)
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2.6 Radiative Transitions

This means that from the matrix H, all the energies (Er) and mixing coeffi-

cients (cir) can be determined. Solving the eigenvalue problem, while simul-

taneously solving the MCDHF equations is a process known as an extended

optimal level (EOL) calculation. As outlined in the work of Grant [72], it is

possible to alter the energy functional to have a weighted value (2Jr + 1) by

replacing the matrix elements of Eqn. (2.80) with the following,∑
r

∑
Jrπr

(2Jr + 1) 〈Ψr|HDC |Ψr〉∑
r(2Jr + 1)

=
∑
i,j

dijHij, (2.85)

where Hij are the matrix elements of the N × N Hamiltonian matrix and dij

are the weighted components, defined as,

dij =

∑
r(2Jr + 1)circjr∑

r(2Jr + 1)
. (2.86)

It is often desirable to choose dij so that they are independent of the mixing

coefficients,

dij = δij
(2Ji + 1)∑
r(2Jr + 1)

(2.87)

This separates the MCDHF equations from the eigenvalue problem. When

solving these equations using this alternate method, it is known as the extended

average level (EAL) calculation. We make use of the EAL method to determine

atomic structures using an atomic structure code, known as grasp0 [73], which

implements the MCDHF theory. This atomic structure code will be detailed in

Sec. (4) along with other atomic structure codes. These codes, and methods,

are implemented for determining atomic structures for singly ionised nickel,

singly ionised tungsten, and doubly ionised germanium.

2.6 Radiative Transitions

Expanding on the photoelectric effect stated in the introductory chapter of this

thesis, the processes involving photon emission and absorption will be detailed

in this section. Within an N electron system it is possible for an electron to

transition from an initial state to a final state. This is known as a radiative
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2.6 Radiative Transitions
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Spontaneous Emission Absorption Stimulated Emission

Figure 2.1: Three main radiative processes for an electron from an initial state

i to and excited state j of an atom.

transition, and is caused by either the emission (or the absorption) of a photon

with a particular energy (hνji),

hνji = 4E = Ej − Ei, (2.88)

where νji is the frequency of the photon, h is the Planck’s constant, and 4E

is the change in energy between state i and j as shown in Fig. (2.1). The rate

of change of the population (Nj(t)) is defined as,

dNj(t)

dt
= AjiNj(t), (2.89)

where Aji is the radiative transition rate (Einstein A coefficient). Figure (2.1)

presents a diagram showing the processes which can occur when an atom is

within an external field with a particular radiation density ρ(ν). As stated in

Eqn. (2.88), if an electron is in an excited state it can de-excite, and produce a

photon of a particular energy. This is known as spontaneous emission. How-

ever, when a photon with sufficient energy is provided, it may be absorbed by

the atom and cause the electron to excite from a lower state i to a higher state

j. There is a third process which can stimulate the emission of a photon. If an
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2.6 Radiative Transitions

electron is in an excited state, and the external field provides a photon, this

can stimulate the electron to de-excite and produce another photon of that

particular energy. For the absorption and stimulated emission the population

of state is redefined,

dNj(t)

dt
= BijNi(t)ρ(νji)−BjiNj(t)ρ(νji), (2.90)

where Bij and Bji are the Einstein B coefficients associated with the absorption

and stimulated emission, respectively. These coefficients can be connected to

the Einstein A coefficient,

Aij =
8ν3

jiBji

c3
=

8ν3
ji(2Ji + 1)Bij

c3(2Jj + 1)
. (2.91)

The transition rates can be used to calculate the dimensionless oscillator

strength fij,

fij =
mc3(2Jj + 1)Aji
8π2e2ν2

ji(2Ji + 1)
. (2.92)

Atomic processes will be explored for an n level atom in Chapter 3. Now we

have introduced the Einstein A and B coefficients, we need to define them. We

will neglect atomic units for the following section

2.6.1 Transition Rates

By considering how the external electromagnetic radiation field affects the

atom, we can redefine the Hamiltonian to consider a term which encompasses

this interaction,

H(t) = HD +Hem(t). (2.93)

Using the minimal coupling relation (p → p + (e/c)A) to describe the inter-

action between the atom and the radiation field let us define the interaction

Hamiltonian as,

Hem(t) = eα ·A(r, t). (2.94)
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2.6 Radiative Transitions

As before in Eqn. (2.15) α are the Pauli-spin matrices, and the vector potential

A is defined as a plane wave moving along the k̂ axis,

A(r, t) = A0e
i(k·r−ωt)ε̂, (2.95)

were A0 is the amplitude of the plane wave, ε̂ is the polarisation, and ω is the

frequency (ω = E
~ ). The exponential term (exp[ik · r]) can be expanded in a

multipole expansion,

eik·r = 4π
∞∑
l=0

l∑
ml=−l

iljl(kr)[Y
ml
l (k̂)]∗Y ml

l (r̂), (2.96)

where jl(kr) are known as the spherical Bessel functions and the spherical

harmonics (Y ml
l ) are functions of the polar and azimuthal angles k and r, re-

spectively.

For the time independent component of the Hamiltonian we can deal with the

interaction Hamiltonian Hem as a perturbation due to the assumption that

this Hamiltonian only acts over a very short time and only provides a weak

interaction. To model this time dependent perturbation we expand the time

dependent eigenstates of the time dependent Hamiltonian H(t) in terms of the

eigenstates ψn(r) of the unperturbed time independent Hamiltonian HD,

ψ(r, t) =
∑
n

cn(t)ψn(r)e−iωnt, (2.97)

where cn(t) are the time dependent expansion coefficients which are the prob-

ability amplitudes for the transition from level n to level m. These probability

amplitudes are defined as,

cm(t) =
1

i~

∫ t

0

〈ψm|Hem(t′)|ψn〉 ei(ωm−ωn)t′dt′. (2.98)

We can obtain an expression for the probability per unit time by integrating

probability amplitudes over time and over the integrating over the distribution

of frequencies,

|cm(t)|2

t
=

4π2e2A2
0| 〈ψm|α · ε̂eik·r|ψn〉 |2

~2
, (2.99)
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2.6 Radiative Transitions

As we can define energy density of the electromagnetic field described by the

potential A(r, t) (Eqn. (2.95)) as,

ρ(ν) =
2πν2A2

0

c2
, (2.100)

which allows Eqn. (2.99) to be rewritten as,

|cm(t)|2

t
=

22c2| 〈ψm|α · ε̂eik·r|ψn〉 |2ρ(νij)

~2ν2
ij

. (2.101)

Therefore the absorption coefficient Bij can be defined as,

Bij =
22c2| 〈ψm|α · ε̂eik·r|ψn〉 |2

~2ν2
ij

. (2.102)

The stimulated emission coefficients Bij and Einstein A coefficients Aij can be

determined using Eqn. (2.91). Once we have obtained the radiative transition

rates, the oscillator strengths fij can be determined using Eqn. (2.92). If we

consider the first term in the expansion of the exponential (Eqn. (2.96)), i.e

when l = 0, the exponential reduces to,

eik·r = j0(kr) =
sin(kr)

kr
. (2.103)

As kr produce a small contribution due to the mean both the radii of electron

orbits and the magnitude of |k| = 2π/λ being very small k, we can approximate

this term to equal one using a Taylor expansion,

sin(kr)

kr
=

1

kr

(
kr − (kr)3

3!
+

(kr)5

5!
− ...

)
≈ 1, (2.104)

this is the electric dipole approximation. The second term of the exponen-

tial multipole expansion accounts for contributions from both the electric

quadrupole and magnetic dipole terms. Higher terms account for the magnetic

quadrupole moments. We omit the expressions and their derivations here for

the Einstein A coefficients Aji for these transition types, as the electric dipole

transition is the dominant term obtained with interactions between an electro-

magnetic field and an electron. However, these transitions are calculated and

presented in chapters 5, 6, and 7.
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2.6 Radiative Transitions

2.6.2 Selection Rules

There are four types of transitions that are considered in this thesis; the elec-

tric dipole (E1), the magnetic dipole (M1), the electric quadrupole (E2), and

the magnetic quadruple (M2) transitions. They are classified by the quantum

numbers of both the initial state and final state of a particular transition. The

selection rules dictate which type a particular transition belongs to.

E1 and M1

The electric dipole and magnetic dipole transitions must satisfy the condition

that the total angular momentum can change by ±1. The exception to this

is a transition between an initial state with J = 0 and a final state J = 0.

For the electric dipole transitions there is a change in parity between the two

states, however for the magnetic dipole transitions there must not be a parity

change.

E2 and M2

The electric quadrupole and magnetic quadrupole transitions must satisfy the

condition that the total angular momentum can change by ±2. The transi-

tions from J = 0 to J = 0, 1 and from J = 1/2 to J = 1/2 are not classified

as quadrupole transitions. For the electric quadrupole transitions there is no

change in parity between the two states, however for the magnetic quadrupole

transitions there must be a parity change.
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3 R-Matrix Theory
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distribution of the target

Figure 3.1: Diagram to represent how the configuration space is partitioned in

R-Matrix theory.

Over the course of this thesis ions have been studied which have importance

in plasma diagnostics and solar opacities. In order to study these ions experi-

mentally high temperatures and densities are required to produce the plasmas.

Whether we are studying magnetically-confined plasmas or photoionised plas-

mas we must first consider the atomic structure and collisional processes that

underpin the interpretation of the plasma. Opacities ultimately describe how

energy is transferred in an astrophysical environment and may be dominated

by bound-free transitions that are embodied by photoionisation cross sections.

Alternatively in electron-driven magnetically confined plasmas electron-impact

excitation and ionisation cross sections contribute to the population modelling.

Either way, the R-matrix method is one of the most powerful methods cur-

rently available which has the ability to model all of these important processes.
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In order to model the spectrum observed in experimental settings or in nat-

urally occurring phenomena, collision strengths and cross sections must first

be determined, making use of the R-matrix method. Wigner & Eisenbud [74]

extended and developed the rudimentary foundations of this method in their

work on nuclear reactions. However, it was Burke [75] and Burke et al. [76]

who translated the approach from nuclear physics to atomic collisional physics

in the R-matrix framework which we implement in modern day. Subsequently,

this work was extended to encompass photoionisation processes by Burke &

Taylor [77].

We first see the R-matrix theory implemented in the non-relativistic codes

produced by Berrington et al. [78]. Relativistic effects were introduced in the

work of Scott & Burke [79]. This semi-relativistic approach was the founda-

tion of the Breit-Pauli R-matrix codes [80], this method is explored later in

this thesis and is implemented in both an electron-impact excitation and pho-

toionisation calculations detailed in chapter 7. Further modifications to the

R-matrix method resulted in several different methods, by allowing a time

dependence to be incorporated into the theory we get the R-matrix Time de-

pendent (RMT) [81] method. Another method developed was the B-spline

R-matrix (BSR) [82] method. The B-spline R-matrix approach implements a

non-orthogonal basis instead of an orthogonal one. The increase in compu-

tational complexity is matched by an increase in the accuracy of the target

description. Neither of these methods will be explored in this work. The

foundation of many of the calculations presented in this thesis is a fully rela-

tivistic extension of the R-matrix known as the Dirac R-matrix theory. Chang

[83, 84] discusses this relativistic theory in detail for two scattering processes;

electron-impact excitation and photoionisation. This chapter details this R-

matrix theory, starting from the basic principles.
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R-matrix theory presents a way to describe the scattering states which re-

sult from particles interacting with each other. The main concept which this

theory is built from is the ability to partition configuration space into one

or more separate regions, an internal region and an external region (seen in

Fig. (3.1)). The boundary between the inner and outer region is defined by a

radius (r = a), and is chosen to enclose the radial extent of the most diffuse

orbital. The difference between the two regions is that within the internal

region the incident electron is strongly coupled to the N electron target. Due

to this strong coupling we must address both the electron-electron correlation

effects and the electron exchange in our evaluations. The external region does

not have the same constraints, we make the assumption that the electron is

far enough away from the N electron target that the correlation and exchange

effects become negligible. Instead, the electron moves in the long range poten-

tial of the target. In other words, the inner region solves the full many body

problem, while the outer region solves the two body problem where the out-

going electron moves in a multipole expansion of the target. Mathematically,

the choice of the R-matrix is arbitrary beyond this lower limit of encapsulating

the charge cloud of the atom.

Providing accurate descriptions of target structures are vital in order to im-

plement the R-matrix method. In previous chapters we have detailed methods

to determine these target structures. The rest of this chapter will explain the

different scattering processes, then explain the inner workings of the internal

and external regions implementing R-matrix theory. Specifically, the Dirac

R-matrix theory will be introduced and the Breit-Pauli R-matrix theory will

also be briefly detailed.
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3.1 Scattering Processes
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Figure 3.2: Electron-impact excitation of Hydrogen.

3.1 Scattering Processes

3.1.1 Electron-Impact Excitation

Electron-impact excitation as the name suggests is when an electron collides

with an atom (or ion) and causes an electron in the target particle to excite

to an upper level. This can only occur if the colliding electron has sufficient

energy to excite the target electron, otherwise elastic scattering would take

place and both incident and target electrons would maintain the same energy

they had before and after the collision. In Fig.(3.2) if the incoming electron

has an energy of 0.75 Ryd when it collides with the hydrogen atom the target

electron can excite from the 1s orbital to the 2s or 2p orbitals.

3.1.2 Electron-Impact Ionisation

In the case where the incoming electron has sufficient energy to promote one

of the electrons within the target past the ionisation limit into the continuum

ionisation has occurred. When an electron escapes from the target it becomes

more charged, as seen in the following equation,

e− + A→ A+ + e− + e−, (3.1)
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3.1 Scattering Processes

where A is the atomic target. This is where inelastic scattering has occurred,

transitioning from state i to state j. It is possible to ionise more than one

electron from the target if the electron which collides with the target has a

sufficiently high energy. This would produce a doubly (or triply) ionised atomic

target [85].

3.1.3 Electron-Impact Recombination

e− + Aq → Aq∗∗ (3.2)

Electron-impact recombination can be split into two types: dielectronic re-

combination and radiative recombination. Dielectronic recombination occurs

when an incident electron is captured by an ionic target which is a process

free of radiation, this results in a doubly excited state which is followed by a

stabilizing radiation. This yields an atom (or ion) in either its ground state or

a singly excited state.

3.1.4 Single Photoionisation

Photoionisation is when an atom (or ion) absorbs a photon causing an electron

to be ejected from the particle,

~v + A→ A+ + e−. (3.3)

When a photon and an atom interact, this won’t necessarily result in photoion-

isation. The ionisation only occurs if the photon has sufficient energy for the

electron to become unbound. Therefore the photon energy must be greater

than the binding energy of the electron. It is possible for multiphoton ionisa-

tion to occur if multiple low energy photons are absorbed before the electron

decays into the ground state.
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3.2 Inner Region

3.2 Inner Region

3.2.1 Dirac R-Matrix Theory

The methods presented in the previous chapter determine an appropriate rep-

resentation of the N electron target. Now we need to determine the repre-

sentation of the N + 1 electron system. If we recall that to solve the Dirac

equation we need to chose the two radial functions P and Q so that they solve

two first ordered coupled differential equations, Eqn. (2.30) and Eqn. (2.31). It

might seem intuitive to set the logarithm derivative of P to a constant at the

boundary condition when r = a. However, we actually need to set the ratio

between the large component P and small component Q equal to a constant

in order to obtain an orthonormal set of basis orbitals. So let us redefine the

energy eigenvalues as follows,

E =
n∑
k

λijk, (3.4)

where λijk are known as Lagrange multipliers. Extending to Dirac R-matrix

theory, we redefine the coupled first order differential equations, Eqn. (2.30)

and Eqn. (2.31) as,

c

(
d

dr
+
κi
r

)
p0
ij(r)− (2c2 + εi − V0(r))q0

ij(r) = −
∑
k

λijk(r)Qk(r), (3.5)

c

(
− d

dr
+
κi
r

)
q0
ij(r) + (V0(r)− εi)p0

ij(r) = −
∑
k

λijk(r)Pk(r), (3.6)

where the summations are over the N electron target orbitals Pk(r) and Qk(r),

and c2 is the rest mass of an electron. The Lagrange multipliers ensure or-

thogonality between the radial continuum orbitals and the N electron target

orbitals. By solving these first order coupled differential equations we get the

continuum basis orbitals u0
ij(r). The radial basis orbitals describe the radial

motion of the electron, and take the form,

u0
ij(r) =

1

r

p0
ij(r)

q0
ij(r)

 . (3.7)
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The relativistic spin angle functions φ
ji′
i′ can be defined similarly to Eqn. (2.17)

as,

φ
ji′
i′ (r̂, σ) =

1

r

 Ωκi′mi′
(r̂, σ)

iΩ−κi′mi′
(r̂, σ)

 . (3.8)

where we use i′ in this case to distinguish between the i subscript used through-

out this theory and the complex variable in this equation. We revert back to

our original labelling for all other equations. Again we must consider the

boundary conditions, at r = 0 the solution to the first order coupled differen-

tial equations (Eqns. (3.5) and (3.6)) p0
ij(r) and q0

ij(r) are zero. At the R-matrix

boundary r = a, we can state (as shown in the work of Burke [76]),

q0
ij(a) =

b+ κi
2ac

pij(a), (3.9)

for any value of b. In order to form the N + 1 electron matrix we need to

diagonalise the Hamiltonian matrix using the basis functions ψJπk . First let us

define the channel functions which result from the coupling of the N electron

target to the relativistic spin-angular parts of the continuum wavefunction,

Φ̄Jπ
i (X; r̂N+1, σN+1) =

∑
Mi,mi

〈JiMijimi | JM〉ΦJiπi
i (XN )φjii (r̂N+1, σN+1) (3.10)

Once we know the number of collision channels n and the number of radial

continuum basis orbitals (u0
ij) per collision channel nc, we can define the energy

independent basis functions as a close coupling expansion,

ψJπk (XN+1) =A
n∑
i=1

nc∑
j=1

Φ̄Jπ
i (XN ; r̂N+1, σN+1)r−1

N+1u
0
ij(rN+1)aJπijk

+
m∑
i+1

χJπi (XN+1)bJπik ,

(3.11)

where k = 1, ..., nt, and m is the number of quadratically integrable functions

χJπi . The set of all space and spin coordinates for the N + 1 electrons are

denoted as XN+1. The total number of linearly independent basis functions

nt we include in the wavefunction expansion is dependent on the upper bounds
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of each summation in Eqn. (3.11); nt = nnc + m. A is an antisymmetrisation

operator which ensures that every term in the double summation of Eqn. (3.11)

is antisymmetric, preventing the exchange of any of the N + 1 electrons. The

aJπijk and bJπik terms are coefficients determined by diagonalising the N + 1 elec-

tron Hamiltonian over the energy independent basis functions ψJπk . Due to

the fact that the quadratically integrable functions χjπi are constructed solely

from the N electron target orbitals, they are zero at the origin r = 0 and have

negligible effect at the R-matrix boundary r = a. However it is necessary to in-

clude these functions, as they capture physics that has not been incorporated

due to orthogonality between the target and continuum orbitals in the first

expansion. They also represent short-range electron correlation effects, which

allows the description of continuum orbitals being captured by the target and

forming a bound state.

We can expand the total wavefunction for this electron system as a function

of the basis functions,

ΨJπ
jE(XN+1) =

∑
k

BJπ
kj (E)ψJπk (XN+1), (3.12)

for any energy E such that the Hamiltonian for the N + 1 system satisfies

the Dirac equation, BJπ
kj are energy independent coefficients, which can be

determined using the following relation,

〈ψJπk |HN+1
DC |Ψ

Jπ
jE〉 − 〈ΨJπ

jE|HN+1
DC |ψ

Jπ
k 〉 = (E − EN+1

k ) 〈ψJπk |ΨJπ
jE〉 (3.13)

where only the first operator (cα · pN+1) in the Hamiltonian will survive on

the L.H.S of the equation as it acts on the continuum orbitals,

(N + 1)[〈ψJπk | cα · pN+1 |ΨJπ
jE〉−

〈ΨJπ
jE| cα · pN+1 |ψJπk 〉] = (E − EN+1

k )BJπ
kj (E).

(3.14)
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Let us redefine part of Eqn. (3.11) in terms of the solutions to the coupled

differential equation p0
ij and q0

ij,

vJπik (r) =
nc∑
j=1

u0
ij(r)a

jπ
ijk =

nc∑
j=1

p0
ij(r)

q0
ij(r)

 aJπijk. (3.15)

Using Eqn. (3.15) we define the reduced radial wavefunctions as,

F Jπ
ij (r) =

P Jπ
ij (r)

QJπ
ij (r)

 =
nt∑
k=1

vJπik (r)BJπ
kj (E), (3.16)

where E is the energy of the incident electron. We can substitute Eqn. (3.15)

and Eqn. (3.16) into Eqn. (3.13), and reduce it using the original definition of

the scattered electron’s wavefunction for a particular channel i to give,

n∑
i,i′=1

c[〈Φ̄Jπ
i r−1

N+1v
Jπ
ik |α.pN+1|Φ̄Jπ

i′ r
−1
N+1F

Jπ
i′j 〉−

〈Φ̄Jπ
i′ r
−1
N+1F

Jπ
i′j |α.pN+1|Φ̄Jπ

i r−1
N+1v

Jπ
ik 〉] = (E − EN+1

k )BJπ
kj (E).

(3.17)

Rearranging the previous equation and applying the boundary conditions we

defined when r = a in Eqn. (3.9) we determine that the energy dependent

expansion coefficients are defined as,

BJπ
kj (E) =

1

2a(EN+1
k − E)

n∑
i=1

wJπik (a)[2acQJπ
ij (a)− (b+ κi)P

Jπ
ij (a)]. (3.18)

Now that we have obtained an expression for the coefficients Bjπ
kj we can define

the large component of the radial wavefunction for a particular channel (i) by

substituting this expression into the reduced radial functions Eqn. (3.16) as

follows,

P Jπ
ij (r) =

∑
k

BEkw
Jπ
ik (r)

=
n∑

i′=1

(
nt∑
k=1

wJπik (r)wJπi′k (a)

2a(EN+1
k − E)

)
[2acQJπ

i′j (a)− (b+ κi′)Pi′j(a)],

(3.19)

where at the boundary (r = a) this reduces to,

P Jπ
ij (a) =

n∑
i′=1

RJπ
ii′ (E)[2acQJπ

i′j (a)− (b+ κi′)P
Jπ
i′j (a)]. (3.20)
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A similar process can be used to determine QJπ
ij (r). This will allow us to define

the non-relativistic energy dependent R-matrix,

RJπ
ij =

1

2a

nt∑
k=1

wJπik (a)wJπjk (a)

EN+1
k − E

. (3.21)

However, this expression only considers the first nt terms and neglects higher

lying diagonal elements. For all R-matrix cases we need to take into account

any contributions from higher levels which have been neglected. This is taken

into account through the use of the Buttle correction (outlined by Buttle [86]),

which considers the solutions to a similar set of coupled radial equations to

Eqn. (3.5) involving p0
i (r) and q0

i (r) for a channel energy ε0i . The difference

when determining these solutions to determining p0
ij and q0

ij is we neglect the

boundary condition at the R-matrix boundary. The Buttle correction is defined

as,

Rc
ii(E) = p0

i (a)
(
2acq0

i (a)− (b+ κi′)p
0
i (a)

)−1 − 1

2a

nc∑
k=1

p0
ik(a)2

εk − ε0i
. (3.22)

By combining Eqn. (3.21) and Eqn. (3.22) we get the final corrected R-matrix.

Now that we have defined the derivation of the R-matrix we move onto the

outer region.

3.2.2 Breit-Pauli R-Matrix Method

Dirac R-matrix theory described in the previous section is not the only method

which exists. There is a method known as the semi-relativistic Breit-Pauli R-

matrix method, which uses the N electron Schrödinger Hamiltonian instead of

the Dirac-Coulomb Hamiltonian. As this theory is quite similar to the Dirac

R-matrix theory presented previously, only a brief discussion will be given

to highlight the important concepts. An LS coupling scheme introduced by

Racah, is employed to determine the structure of the N electron target,

Li + Si = J i, J i + li = Ki, Ki + si = J , (3.23)
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3.2 Inner Region

where Li, Si, and J i are the angular momentum of the incident electron, spin

of the incident electron and total momentum operator of the target, respec-

tively. Ki and J are operators used to describe the coupling between the

incident electron and the target ion. As stated this theory is based on the

non-relativistic Schrödinger Hamiltonian HNR, but we also need to take into

account relativistic effects by including a one-body relativistic mass-correction

term HMC . The N+1 Breit-Pauli Hamiltonian HBP is defined as the following,

HBP = HNR +HMC +HDN +HSP , (3.24)

where further relativistic correction are applied with the one-body Darwin

term HDN and the spin-orbit term HSP . These terms are defined as,

HNR =
N+1∑
i=1

(
−∇2

i − Z
ri

)
+

N+1∑
i>j=1

1
rij
,

HMC = −α2

8

N+1∑
i=1

∇4
i ,

HDW = −α2Z
8

N+1∑
i=1

∇2
i

(
1
ri

)
,

HSP = α2Z
2

N+1∑
i=1

li·si
r3i
.

(3.25)

The continuum orbitals u0
ij(r) are single component objects, which are dif-

ferent from the two component objects used in a jj-coupling scheme. These

continuum orbitals must satisfy the non-relativistic conditions of the first order

coupled differential equations (Eqn. (3.5)),(
d2

dr2
− li(li + 1)

r2
+ V0(r) + k2

ij

)
u0
ij(r) =

∑
m

λijmPm(r), (3.26)

where Pm(r) are the target orbitals and k2
ij are the channel eigenvalues for each

continuum function j. The Lagrange multipliers λijm ensure orthogonality.

The R-matrix (Eqn. (3.21)) remains unchanged, however we need to redefine

the surface amplitudes ωLSπik (r) and the reduced radial wavefunctions FLSπ
ij (r)
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3.3 Outer Region

to match this new LS coupling scheme,

ωLSπik (r) =
nc∑
j=1

u0
ij(r)a

LSπ
ijk ,

FLSπ
ij (r) =

nt∑
k=1

ωLSπik (r)BLSπ
kj (E).

(3.27)

Due to the difference in the coupling scheme, we also have to re-couple the

target states,

ΦLSπ
i (αiLiSiJiMJiπi|XN) =∑

MLi

∑
MSi

〈LiMLi
SiMSi

|JiMJi〉Φi(αiLiSiMLi
MSi

πi|XN).
(3.28)

For cases where we wish to transform to a particular Jπ state, we can achieve

this by creating a linear combination of all LSπ states which couple to give

this state,

ΦJπ
i (∇ijiMJiπi|XN) =∑

αiLiSi

f(∇iJiπi;αiLiSiπi)Φi(αiLiSiJiMJiπi|XN),
(3.29)

where the coefficients f(∇iJiπi;αiLiSiπ) and the level resolved eigenenergies of

the target are calculated by diagonalising the Breit-Pauli Hamiltonian (HBP ).

3.3 Outer Region

In the outer region we can neglect the effects and exchange of the electron-

electron interactions and consider the extra electron moving solely in a long

range potential of the N electron target. The wavefunction ΨJπ
jE is expanded

in the following manner,

ΨJπ
jE(XN+1) =

n∑
i=1

Φ̄Jπ
i (XN ; r̂N+1σN+1)r−1

N+1F
Jπ
ij (rN+1), (3.30)

where all previously introduced variables are identical to those defined by the

inner region wavefunction; Eqn. (3.10) and Eqn. (3.11). F Jπ
ij are the reduced

radial wavefunctions for r ≥ a mentioned in the derivation of the R-matrix.
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3.3 Outer Region

As stated in the introduction of this section the particles move in a n x n

long-range potential V Jπ
ii′ for each λ which can be represented as a multipole

expansion,

V Jπ
ii′ (r) =

λmax∑
λ=1

bJπii′λr
−(λ+1), (3.31)

where this potential couples together collision channels i and i′. The upper

limit λmax is determined by the angular momenta of the channels i and i′, due

to the fact that the potential coefficients bJπii′λ are non-zero depending on these

angular values. The potential coefficients describe the strength of the coupling

and are defined in terms of channel functions (defined in Eqn. (3.10)) and the

Legendre polynomials (Pλ),

bJπii′λ = 〈r−1
N+1Φ̄Jπ

i |
N∑
l=1

rλl Pλ(r̂)|r−1
N+1Φ̄Jπ

i′ 〉 (3.32)

We get the following coupled differential equations by substituting this wave

function into the N + 1 time independent Dirac equation and projecting onto

the channel function Φi,

c

(
d

dr
+
κi
r

)
P Jπ
ij (r)− (2c2 + εi +

z

r
)QJπ

ij (r) = −
n∑
k=1

V Jπ
ii′ (r)QJπ

i′j (r), (3.33)

c

(
− d

dr
+
κi
r

)
QJπ
ij (r)− (

z

r
+ εi)P

Jπ
ij (r) = −

n∑
k=1

V Jπ
ii′ (r)P jπ

i′j (r), (3.34)

where εi is the ith collisional channel energy, r ≥ ra. We introduce a substitu-

tion z is the residual target charge, where z = Z −N .

We already know how to deal with these coupled differential equations at

r = a. However, solving for P Jπ
ij and QJπ

ij requires the consideration of the

behaviour in the asymptotic region as r → ∞. From the work of Young &
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3.3 Outer Region

Norrington [87], we can define this asymptotic form as,

F Jπ
ij (r) =

P Jπ
ij (r)

QJπ
ij (r)

 ∼
r→∞


gi

 sin θiδij + cos θiKij

εi
kic

(cos θiδij − sin θiKij)

 , εi > 0,

ḡi

 exp (−φi)Kij

εi
|ki|c exp (−φi)Kij

 , εi < 0.

(3.35)

For εi > 0 there are nop open channels where i = 1, ..., nop, and for εi < 0 there

are n − nop closed channels where i = nop + 1, ..., n. Kij are elements of the

reactance matrix KJπ which shall be defined later, where j = 1, ..., nop. Once

KJπ has been determined, this allows us to obtain useful observables from our

scattering calculations. In order to understand Eqn. (3.35), we must define the

variables gi and ḡi,

gi =

[
1

ki

(
1 +

εi
2c2

)] 1
2

, ḡi =

[
1

|ki|

(
1 +

εi
2c2

)] 1
2

, (3.36)

where,

ki =

[
2εi +

ε2i
c2

] 1
2

(3.37)

The angles θi and φi are defined as,

θi = kir − π
2
(γi − 1) + yi ln(2kir) + 1

2i
lnψi − arg Γ(γi + iyi),

φi = |ki|r − yi ln(2kir),
(3.38)

where,

γi =

(
κ2
i −

z2

c2

) 1
2

, yi =
z

ki

(
1 +

εi
c2

)
, ψi =

(
iz
ki
− κi

γi − iyi

)
. (3.39)

This description of the wavefunction in the external region must now be

matched to the description of the wavefunction in the internal region at the

R-matrix boundary.

3.3.1 Matching the Solution

The coupled linearly independent equations (Eqns. (3.33) and (3.34)) will pro-

duce a set of linearly independent n+nop solutions for open and closed channels.
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3.3 Outer Region

The nop x nop matrices S and C contains the regular and irregular solutions,

and a third (n−nop) x (n−nop) matrix E contains the exponentially decaying

solutions. These solutions also follow the rules set by the asymptotic boundary

conditions,

SPij ∼
r→∞

gisin θiδij, SQij ∼
r→∞

giεicos θiδij
kic

,

CP
ij ∼

r→∞
gicos θiδij, CQ

ij ∼
r→∞

giεisin θiδij
kic

,

EP
ij ∼
r→∞

ḡie
−φiδij, EQ

ij ∼
r→∞

ḡiεie
−φiδij
|ki|c

,

(3.40)

where i = 1, ..., n and for the regular (S) and irregular (C) matrices, j =

1, ..., nop. For the exponentially decaying (E) solutions, j = nop + 1, ..., n.

These matrices can be combined into n x (n + nop) matrices which are very

useful for deriving the reaction matrix,

V =

SP CP 0

0 0 EP

 , W =

SQ CQ 0

0 0 EQ

 . (3.41)

To ensure continuity between the inner and outer regions we match a linear

combination of these solutions to the solutions from the internal region. First

we can define two linear combinations P and Q,

P = V X, Q = WX, (3.42)

where X is (n + nop) x nop matrix. We partition X into two sections, an nop

x nop matrix X1 and an n x nop matrix X2,

X =

X1

X2

 (3.43)

where X1 encapsulates the solutions containing sin θi from Eqn. (3.40), and

X2 encapsulates the solutions containing cos θi and the exponentially decaying

solutions (e−φi) from Eqn. (3.40). Comparing the asymptotic form of either P

or Q from equation Eqn. (3.42) with the asymptotic form of Eqn. (3.35), we
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3.3 Outer Region

can define the elements of the partitioned X matrix,

(X1)ij = δij, (X2)ij = Kij. (3.44)

Recalling the boundary condition as r approaches the R-matrix boundary

(3.20) and making use of this condition in matrix form. We substitute for

P and Q to give,

(V −R[2acW − (bI + κ)V ])X = 0. (3.45)

This can be expressed as, (
F G

)X1

X2

 , (3.46)

where the bracketed term on the left hand side of Eqn. (3.45) is partitioned

into two matrices, an n x nop matrix F and an n x n matrix G. Making use of

this expression and Eqn. (3.44) we can determine the elements of the reactance

matrix K from the following matrix multiplication,

X2 = −G−1FX1. (3.47)

Once we have an expression for the reactance matrix we can carry out scat-

tering calculations, which will be detailed in the following sections.

This section explains the fully relativistic Dirac R-matrix approach to the

outer region, and follows the notation and definitions explained by the Dirac

R-matrix theory for the inner region. However, we actually implement the

theory in our outer region codes using a non-relativistic approach where the

main goal is finding the solution of the Schrödinger equation under the poten-

tial created by the multipole expansion. Therefore considering a single particle

model which neglects the electron-electron exchange. This is detailed in the

article by Fernández-Menchero et al. [88]. This is valid due to the fact that

we can neglect the effects and exchange of the electron-electron interactions in

the outer region.
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3.4 Electron-Impact Excitation

3.4 Electron-Impact Excitation

Scattering calculations produce many observable results, in this section we

shall discuss the collision strengths produced from an electron-impact excita-

tion calculation. These results represent data most relevant to astrophysical

and plasma modelling research.

First, using the reactance matrix we can determine the scattering matrix,

SJπ =
I + iKJπ

I− iKJπ
. (3.48)

We can also define the transmission matrix,

T Jπ = SJπ − I. (3.49)

We can derive the partial cross section for a particular transition between an

initial state i and a final state f ,

σJπi→f =
(2J + 1)

2k2
i (2Ji + 1)

∑
li,lf

|SJπf→i − δf→i|2, (3.50)

where k2
i is the energy of the incoming electron in Rydbergs. The summation

is over all initial and final orbital angular momenta of the continuum electron

(li, lj) that couple to the target’s initial and final angular momenta. A cross

section is the probability of that transition occurring when the incident energy

has a particular energy. A summation over all Jπ partial waves results in the

total cross section (σi→f ). We can also calculate the partial collision strength

for a particular transition for each Jπ partial wave,

ΩJπ
i→f =

(2J + 1)

2

∑
i,f

|SJπi→f − δi→f |2. (3.51)

By taking a summation over all partial collision strengths for every partial

wave considered we can determine the total collision strength (Ωi→f ) for a

particular transition from an initial state i to a final state f . This symmetric
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3.4 Electron-Impact Excitation

and dimensionless collision strength is related to the cross section as follows,

Ωi→f =
gik

2
i σi→f
πa2

0

, (3.52)

where gi is the statistical weight of the initial state wavefunction and a0 is the

Bohr radius.

3.4.1 Top Up

By taking the summation over the partial collision strengths ΩJπ
if we hope to

see convergence. Partial waves with larger angular momenta have a decreasing

contribution to the collision strength, this allows the calculation to converge

to a single value. However, different kinds of transitions converge at different

rates. Due to the long-range Coulomb potential forbidden transitions con-

verge much faster than dipole-allowed transitions. In an ideal situation, many

more partial waves would be included to get a full representation of these

dipole-allowed transitions. However, due to practical computational reasons

we cannot possibly calculate the contributions from higher angular momenta

for the collision strengths.

Firstly, we must calculate the summation of all calculated partial collision

strengths up to a particular chosen value J = k. For some transitions we still

need to account for contributions from values of J > k. Several methods exist

to account for higher angular momenta. For forbidden transitions, we employ

a geometric sum to estimate the contributions from higher angular momenta.

However, for dipole-allowed transitions this method could produce inaccurate

results due to the slow convergence. A more suitable method for dipole-allowed

transitions is employing the Burgess sum rule [89, 90]. A “topped up” collision

strength can be calculated by taking all of the contributions up to a particular

angular momentum (k),

Ωk,topup
i→f =

Ωk
if

(2k + 1)[W (J1J2j1j2; 1k)]2

∑
J>k

(2J + 1)[W (J1J2j1j2; 1J)]2, (3.53)
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3.4 Electron-Impact Excitation

where W is known as a Racah coefficient [91]. For this purpose a Racah coef-

ficient may be defined as,

W (J1J2j1j2 : 1k) =
〈(J1, (J2j2)k)j1|((J1J2)1, j2)j1〉√

3(2k + 1)
, (3.54)

where J1 and J2 are the angular momenta of the target states, and j1 and j2 are

the angular momenta of the scattered electron. By applying this Burgess sum

rule [89, 90] we can determine the total collision strength. Collision strengths

will be presented for singly ionised nickel, singly ionised tungsten and doubly

ionised germanium in chapters 5, 6, and 7.

3.4.2 Effective Collision Strengths

Obtaining a Maxwellian convolution of the cross sections for all the transitions

would allow us to see if the rate converges to the infinite energy point of the

calculation. Effective collision strengths (γ) can be calculated as follows,

γi→j(Te) =

∫ ∞
0

Ωi→jexp

(
− εj
kTe

)
d

(
εj
kTe

)
, (3.55)

where εj is the energy of the scattered electron, k is the Boltzmann’s constant

and Te represents the temperature of the electron in Kelvin. Using the effective

collision strengths we can calculate an excitation rate coefficient (qi→j) for

particular transitions,

qi→j =
2
√
παca2

0

ωj

√
IH
kTe

exp

(
− 4Ei→j

kTe

)
γi→j, (3.56)

the corresponding de-excitation rate coefficients given by,

qj→i =
wi
wj

exp

(
4Ei→j
kTe

)
qi→j, (3.57)

where α is the fine structure constant. 4Eij is the threshold energy for the

transition from level i to level j, wi = (2Ji+1) and wj = (2Jj+1) are statistical

weights of the initial and final terms respectively, and c is the speed of light.
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3.5 Photoionisation

3.5 Photoionisation

In R-matrix theory, the photoionisation cross section is defined through the

dipole matrix elements between the initial state ΨJπ
i and the R-matrix basis

states ΨJπ
f provided that all radial orbitals of the initial state are well confined

to the inner region. We can calculate the photoionisation cross section by

applying the Wigner-Eckart theorem, integrate over all ejection angles and

average over the polarisations. For a photon energy ω, in Rydbergs, the total

photoionisation cross section is defined as,

σi→f =
8π2αa2

0ω
±1

3(2Ji + 1)

∑
ljJ

| 〈ΨJπ−
f ||D||ΨJπ

i 〉 |2, (3.58)

where D is the electric dipole operator. ω+1 and ω−1 correspond to the length

and velocity forms respectively, the index j runs across the open channels, and

ΨJπ−
j correspond to asymptotic conditions with a plane wave in the direction

of the ejected electron momentum k and in going waves in all open channels.

Using the R-matrix states, we expand the ψJπ−j in the following way,

〈ΨJπ−
j ||D||ΨJπ

i 〉 =
1

a

∑
k

〈ΨJπ
k ||D||ΨJπ

i 〉
Ek − Ei − ω

wT
kR

−1F−j (a), (3.59)

where (ΨJπ
k ||D||ΨJπ

i ) are reduced matrix elements between the initial state

and the R-matrix basis functions, wT
k stands for the surface amplitudes of

the inner-region solutions the boundary r = a, and R−1 is the inverse of

the R-matrix (Eqn. (3.22)). F−j (a) stands for the radial wave function of the

scattered electron. The initial states have already been defined in Sec. (3.2.1)

(Eqns. (3.11) and (3.12)), however the final states for photoionisation may be

denoted as,

Ψ−f (k̂) =
∑
lm

∑
jmjJM

ile−iσl [Y m
l (k̂)]∗ 〈lmsms|jmj〉 〈JaMajmj|JM〉ΨJπ−

f ,

(3.60)

where l, s, and j are the quantum numbers of the electron being ejected, Ja is

the residual ions angular momentum, J is the N + 1 electron systems angular
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3.5 Photoionisation

momentum, and σl is a phase shift. This phase shift is denoted,

σl = argΓ

[
l + 1− i(Z −N)

l

]
. (3.61)

We can determine ΨJπ−
f using the expansion described for the internal region in

Sec. (3.2.1) where the basis functions (Eqn. (3.11)) and expansion coefficients

(Eqn. (3.18)) have previously been defined. During this expansion the solutions

to the coupled differential equations P Jπ
ij and QJπ

ij are substituted with P J
ifπ−

and QJπ−
if , respectively.

3.5.1 Bound States

The work completed by Seaton [92, 93] and extended from the work of Hebb

& Menzel [94] describes bound states, which are briefly introduced here. We

choose the radius of the R-matrix box to be large enough to fully encapsulate

our initial wavefunction, therefore we will have no contribution from the outer

region. By choosing these conditions we can redefine the basis functions for

these initial states as,

ψJπk =
nt∑
k′=1

Θk′Vk′k, (3.62)

where,

Θk′ : (AΦ̄Jπ
i r−1

N+1u
0
ij, χ

J
i π), Vk′k : (aJπijk, b

Jπ
ij ). (3.63)

Recalling the boundary condition in the internal region (Eqn. (3.20)), we can

define the initial bound state wavefunction and, using a similar approach, the

final continuum wavefunction,

ΨJπ
i =

ΘiV iGiw
T
i R

−1
i P i(a)

2a
, ΨJπ−

f =
ΘfV fGfw

T
fR

−1
f P

−
f (a)

2a
. (3.64)

We can define Gi and Gf in terms of the initial state energy Ei and final state

energy Ef , respectively,

Gi =
1

EN+1
k − Ei

, Gf =
1

EN+1
k − Ef

, Ef = Ei + ω (3.65)
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3.6 Collisional-Radiative Theory

where ω is the energy of the photon which collided with the outgoing elec-

tron. By substituting the internal and external wavefunctions (Eqn. (3.64)),

the equation for the photoionisation cross section (Eqn. (3.58)) is redefined,

σi→f =
2π2αa2

0ω
±1

3a2(2Ji + 1)

∑
ijJ

|(P−f (a))TR−1
f wfGfV

T
fDV iGiw

T
i R
−1
i P i(a)|2, (3.66)

where D is the matrix containing matrix elements,

Dfi = 〈Θf ||D(I)||Θi〉 . (3.67)

In order to determine the bound state energies, we must begin by assuming

all channels are closed, we reduce matrices from Eqn. (3.41) to n x n matrices,

leaving only the exponentially decaying solutions. Also X reduces to a n

element vector. By encapsulating these exponentially decaying solutions into

a n x n matrix B, which is only dependent on the energy dependent R-matrix,

the bound state energies are defined as,

BX =
n∑
j=1

Bij(E)Xj = 0. (3.68)

This theory is applied in chapter 7, where photoionisation cross sections are

presented for singly ionised germanium.

3.6 Collisional-Radiative Theory

It was David R. Bates along with Kingston and McWhirter [58] that originally

developed Collisional-Radiative (CR) theory in the 1960’s. The original theory

was further generalised by Summers et al. [95] to include the role of metasta-

bles and their possible importance to CR theory.

When dealing with low electron densities ne we can describe the excited state

populations of atoms within a plasma using the coronal approximation. We

must make the assumption that the excited states will only be populated by
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3.6 Collisional-Radiative Theory

collisional excitation from the ground state, due to contributions from exci-

tations from excited states being small at low electron densities. On balance

to this, depopulation from excited states will happen by radiative transitions.

Assuming the collisional excitation and de-excitation rates are in equilibrium,

and all relevant atomic rates are taken into account, the population of the

excited states Ni is defined as,

Ni =
neq1→iN1∑
j<iAi→j

, (3.69)

where Ai→j is the radiative transition rate and N1 is the population of the

ground state. For large densities this differs. The collisional processes will

dominate over the radiative process and we find that the level populations

of the system tend towards their Local Thermodynamic Equilibrium (LTE)

values. For systems at this high electron density limit the level populations

will be a Boltzmann distribution and can be written as,

Ni

Nj

=
gi
gj
exp

(
−4 Eij
kTe

)
. (3.70)

This expression shows that the distribution of level populations depends only

on statistical weights and level energies. However, when the plasma properties

are unable to fit either extremes of the coronal or LTE regimes, we must look

at the collisional-radiative equations. Considering only the electron-impact ex-

citation and de-excitation between states, and the radiative decay, we balance

all atomic rates resulting in the following collisional-radiative equations,

dN1

dt
= −

(
ne
∑

j 6=1 q1→j

)
N1 + (A2→1+neq2→1)N2

+...+ (An→1 + neqn→1)Nn,

dN2

dt
= (neq1→2)N1 −

(
A2→1 + ne

∑
j 6=2 q2→j

)
N2

+...+ (An→2 + neqn→2)Nn,
... =

...

dNn

dt
= (neq1→n)N1 + (neq2→n)N2

+...−
(∑

j < nAn→j + ne
∑

j qn→j

)
Nn.

(3.71)
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This can be expressed more concisely in matrix form,
dN1

dt

dN2

dt
...

dNn

dt

 =


C11 C12 . . . C1n

C21 C22 . . . C2n

...
...

. . .
...

Cn1 Cn2 . . . Cnn




N1

N2

...

Nn

 , (3.72)

where Cij are the collisional-radiative matrix elements. These elements con-

tain all the relevant rates for populating or de-populating the atomic states.

Working towards a solution for this matrix equation, we must assume that

all excited states Ni are in quasi-static equilibrium with the ground state, en-

suring that dNi/dt = 0 for i > 1. With the first ground state row of the

collisional-radiative matrix eliminated, and by subtracting the first term from

both sides of Eqn. (3.72), we get the following reduced collisional matrix,
−C21N1

−C31N1

...

−Cn1N1

 =


C22 C23 . . . C2n

C32 C33 . . . C3n

...
...

. . .
...

Cn2 Cn3 . . . Cnn




N2

N3

...

Nn

 . (3.73)

The excited state populations are calculated by inverting the reduced colli-

sional matrix,

N2 = −
∑

j>1(C ′2j)
−1Cj1N1,

N3 = −
∑

j>1(C ′3j)
−1Cj1N1,

... =
...

Nn = −
∑

j>1(C ′nj)
−1Cj1N1,

(3.74)

where C ′ij are the reduced matrix elements of the collisional-radiative matrix.

These excited state populations to the ground state can be normalised (Ni/N1)

and encapsulate all collisional excitation, de-excitation and radiative processes,

which both populate and depopulate that state. Using these normalised pop-

ulations allows the calculation of the photon emissivity coefficients (PECs)

defined as,

PEC
(exc)
1,j→i = −Aji

∑
k>1

(C ′jk)
−1Ck1, (3.75)
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which is in units of ph cm3 s−1.

3.6.1 sxb Ratio

This section has been included for completeness as it is an important aspect

of plasma diagnostics, however it is not implemented in the work presented

in the latter chapters. For plasma diagnostics it is important to classify a

value known as the sxb ratio. The sxb value is the ratio between the effective

ionisation rate Sz→z+1 observed via experiment to the theoretical oscillator

strengths Ai→j for all transitions. Otherwise known as “the ionisations per

photon”. This ratio is defined as,

sxbzi→j =
Sz→z+1(Ne, Te)

Ai→j
Ni

Nz (Ne, Te)
, (3.76)

where the effective ionisation rate encapsulates the ground and excited state

ionisation. As described by Behringer [96], the sxb ratio is directly propor-

tional the impurity influx Γ,

Γ =

∫ ∞
0

Nesxb
z
i→j(Ai→j

Ni

N z
)N zdx. (3.77)

Classifying this impurity influx is much more difficult for heavier elements

as a large component of the sxb ratio comes from ground and excited state

ionisation. Therefore, it is imperative to have both experimental observations

and theoretical data.
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4 R-Matrix Codes

We are now in a position to discuss the existing codes which implement R-

matrix theory. The Dirac Atomic R-matrix Codes (DARC) implement the

Dirac R-matrix theory discussed in Sec. (3.2.1). Whereas the Breit-Pauli (BP)

codes implement the Breit-Pauli R-matrix method discussed in Sec.(3.2.2). For

the DARC codes we will consider the electron-impact excitation for Ni ii and

W ii in chapters 5 and 6. We will also consider both DARC and Breit-Pauli

codes for the electron-impact excitation of Ge iii, and the photoionisation of

Ge ii in chapter 7.

In the pursuit of ever more accurate atomic structure and collisional calcu-

lations the serial non-relativistic and relativistic codes have been significantly

refactored over the years. One paradigm that has proved very successful has

been the idea of parallelism, or concurrent calculation of different scattering

processes on different processors, that when summed provide the final result.

All variants of the R-matrix method share the common approach of the con-

struction of many Hamiltonians that subsequently are diagonalised. As a result

much effort has gone into this parallel Hamiltonian construction and the effi-

cient redistribution of large Hamiltonians to thousands of processors, prior to

the full diagonalisation for every eigenvalue and eigenvector.

To implement this parallelisation, the R-matrix codes use MPI programming.

The acronym MPI stands for Message Passing Interface. Messages are passed

between processors through a set of Application Program Interface (API) dec-

larations. These declarations include SEND, RECEIVE, BROADCAST, and

GATHER. The former two processes are used to send data to and from single

processors to another single processor, the latter two processes are used to

send or receive simultaneously from all processors to a single root processor.

Another useful method supplied by MPI programming is BARRIER, this pro-
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cess makes all processors wait at the barrier until every process has reached

that point in the code. A barrier is very useful for creating critical sections.

Both the BP and DARC variants of the R-matrix codes have a similar com-

putational structure even if we are solving different equations. The first major

bottleneck involves the calculation of millions, or billions, of Slater integrals

used in the construction of the N and N + 1 Hamiltonian matrices. Fortu-

nately, the multipole for each group of Slater integrals is a natural demarcation

in the distribution of integrals across processors whether we are using pstg1r

(BP) or pstg1d int (DARC) codes. Both codes appreciate the symmetry

relations between Slater integrals and only store the minimal set required.

Partial waves are inherently orthogonal to each other and therefore are natu-

rally independent tasks. Therefore, whether in jk (BP) or jj coupling (DARC)

we may carry out these operations concurrently. However, recently as the size

of the Hamiltonian matrices consistently exceeded 100K by 100 K in dimension

a more aggressive approach was required. Therefore, another level of paral-

lelism was required. This takes the form of the parallel construction of the

Hamiltonian itself on top of the partial wave distribution.

Finally, the last remaining computationally demanding aspect of the inner

region is the diagonalisation of Hamiltonian matrices we have just built. For

this we employ the psdyved subroutine of the scalapack package [97] for

every eigenvalue and eigenvector of our matrix. Although both memory and

bandwidth intensive, the code can concurrently diagonalise every Hamiltonian

matrix and assign the appropriate number of processors based upon n3 scaling

for every Hamiltonian size. The implications are that regardless of whether a

sequence of Hamiltonians may have disparate range of sizes, they will all finish

at roughly the same time. This may be referred to as “load balancing”.
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4.1 Atomic Structure Codes

There are several atomic structure codes, including civ3 (Configuration In-

teraction Version 3) [98], mchf (Multi-Configuration Hartree-Fock) [99], fac

(Flexible Atomic Code) [100], hullac [101], cowan [102], grasp [73], and au-

tostructure [103]. However, only the codes which have been utilised in the

work presented in chapters 5, 6, 7, and 9 will be briefly introduced here.

4.1.1 autostructure

The semi-relativistic atomic structure code autostructure [103] is the suc-

cessor to the superstructure code developed by Eissner et al. [104]. The

revised autostructure code incorporates the semi-relativistic Breit-Pauli

approximation presented in Sec. (3.2.2). The original code did not incorporate

the two body Hamiltonian operators, however the up-to-date version does im-

plement a Breit-Pauli distorted wave method to represent the electron-impact

collisions. This code provides the flexibility to incorporate orbitals determined

using other methods, such as civ3 [98] or mchf [99]. However, the code itself

generates the orbitals using the Thomas-Fermi potential (Sec. (2.4.1)) [105].

There is a graphical interface version of the autostructure code known as

gasp [106], to improve user interaction with the code.

4.1.2 grasp

The fully relativistic atomic structure code known as the General Purpose Rel-

ativistic Atomic Structure Package (grasp) developed by Dyall et al. [73] is

an extension of the Multi-Configuration Dirac-Fock (mcdf) and the Multi-

Configuration Breit-Pauli (mcbp/bena) codes [107, 108] developed by Ian

Grant and his colleagues at Oxford University in 1980. grasp incorporates rel-

ativistic effects through the jj-coupling scheme described in Sec. (2.1). MCDHF

orbitals are formed by employing the theory presented in Sec. (2.5.5) using the

EAL method to optimise on the average energy input CSF’s.
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4.2 Electron-Impact Excitation
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Figure 4.1: Flow diagram of the RMATRIX DARC codes used to complete the

electron-impact excitation. This includes the input and output of each code.

Starting with the electron-impact excitation process, Fig. (4.1) and Fig. (4.2)

presents flowcharts of the DARC and BP codes, respectively. The DARC codes

incorporate an atomic structure model generated using the relativistic grasp

code, and the BP codes incorporate a semi-relativistic model produced from

the autostructure atomic structure package. The input, output, and the

order of each set of codes are presented in the flowcharts.

4.2.1 DARC

Inner Region

The inner region of the calculation is split into 3 parts, stage 1, stage 2, and

stage 3. Stage 1 is where we generate the continuum and calculate the Slater
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PSTGF
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DSTGJK

RKXXX.DAT
PSTG2R
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Figure 4.2: Flow diagram of the RMATRIX BP codes used to complete the

electron-impact excitation. This includes the input and output of each code.

integrals, this requires three codes. As can be seen in Fig. (4.1), stg1d0 takes

the bound orbital output from grasp (MCDF.DAT) and writes the data into

a format (TARGET.INP) which can be read into the DARC codes. This file

contains the Dirac two-component radial wavefunctions. This output file is

then used as the input for the stg1d orb code along with it’s own specific

input file to calculate the N +1 continuum orbitals (which are the solutions to

Eqns. (3.5) and (3.6)) and determines the all important R-matrix radius. The

Lagrange multipliers specified in these coupled equations are chosen to ensure

orthogonality between the bound orbitals and the continuum orbitals. When

pseudo-orbitals are included, Schmidt orthogonalisation may be implemented.

Once we have calculated the R-matrix, the Buttle correction (Eqn. (3.22))

[86] is then applied and all data is stored between the ORBITALS.DAT and

DSTG1.DAT files. The next step is to calculate the multipole, one and two
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4.2 Electron-Impact Excitation

electron integrals and store them in a binary INTEGRAL.DAT file using the

code stg1d int. After calculating the continuum orbitals and electron in-

tegrals we move on to stage 2 of the process. Stage 2 is carried out using

the parallel code pstg2d, the angular coefficients are calculated and used to

form the N + 1 electron Hamiltonian matrix elements. This code reads in

the INTEGRAL.DAT, ORBITAL.DAT and DSTG1.DAT files along with the

stage two input (DSTG2.INP). The Hamiltonians from this stage are written

to RECUPHXXX files, and the intermediate-coupled Hamiltonian sizes and

associated number of channels are written to the sizeBP.dat file. We must

specify the N electron configurations which are incorporated into the grasp

model and specify the Jπ symmetries we wish to calculate for. However, all

possible N + 1 electron configurations can be generated at this stage.

During stage 3 we diagonalise the N + 1 electron matrices and therefore solve

the asymptotic part of the problem, this allows for the derivation of the sur-

face amplitudes and therefore the R-matrix (this is described in Eqn. (3.22)).

The RECUPHXXX files are read into the pstg3r code along with the input

deck dstg3 where we specify the number of symmetries contained in each RE-

CUPHXXX file and the amount of processors we wish to use. The matrix

output of this stage are written to the H.DAT files. This is the point in the

calculation where we can also shift our energy levels to the desired energy levels

and specify how many levels are to be shifted. Ideally we would carry out this

calculation twice in order to compare the shifted calculation with the unaltered

calculation. The parallelisation of this stage 3 code is detailed by Ballance &

Griffin [109]. This completes the inner region part of this calculation.

Outer Region

Now we must calculate the collision strengths and cross sections, this is done

using the pstgf code. The pstgf code employs a perturbative method and
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uses the eigenvalues of the N + 1 electron system, the surface amplitudes

and the asymptotic coefficients to solve the coupled equations Eqn. (3.33) and

Eqn. (3.34). As described in Sec. (3.3.1), this code matches the internal and

external region to produce the R-matrix. This allows us to calculate the K

matrix and subsequently from Eqn. (3.55) determine the collision strengths for

the electron-impact excitation of a target using a user defined grid of energies.

This energy mesh is specified in the input file dstgf, along with the symmetries

contained within the H.DAT files. A fine mesh is used for the exchange runs,

and a coarser mesh can be used for the non-exchange runs. A user defined

variable known “LRGLAM” allows “top-up” to be applied beyond a specified

symmetry, the theory for the “top-up” process is detailed in Sec. (3.4.1). The

files produced from pstgf are OMEGA files.

If separate files for different symmetries are produced during different runs

we need to use the utility code omadd to combine them. The omadd code is

also used to smooth out any computational errors which appear in the results.

Using a file named dadd, we set a variable YMULT to a particular order of

magnitude. When we run the executable for omadd it will check the results

which we have copied, or renamed, to omadd1 for any results which are differ-

ent from the consecutive previous and following results by at least that order of

magnitude. Once it has identified an erroneous result the program will take an

average between the collision strength before and after that point and replace

the erroneous result in the output file (omaddt). For astrophysical and exper-

imentally produced plasmas, high temperatures are essential, so pstgf has the

additional option of calculating an “infinite” energy point at 1 x 106 Rydbergs.

This can be considered an accurate approximation as collision strengths tend

towards a constant as the energy tends towards infinity.
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Once we have the desired OMEGA file we can go another step further and

calculate the effective collision strengths using the adasexj codes. These ef-

fective collision strengths are calculated by taking a Maxwellian averaged of

the collision strengths (Sec. (3.4.2)). However, it is easier to create the input

file for this code by extracting the data from the GRASP.OUT file we obtained

at the beginning of the calculation. Using the grasp.adf04 code we will get

a file containing all the information we need as input except the namelist line,

which we need to manually input. Energy levels which are degenerative can

swap during stage 3 of the calculation, and we have the option of shifting the

energies to observed values. We need to take this into account when generating

our adasexj.in input file. Then we can run the adasexj code to calculate the

effective collision strengths.

It is important to include the oscillator strengths for completeness. In or-

der to do this we must extract the oscillator strengths from the GRASP.OUT

output file for our structure. This requires running grasp0.f to extract the

E1 and M1 radial data to an output file known as radmatrixE1M1. After this

we run grasprad a second time to extract the E2 and M2 radial data. The

code grasprad will automatically detect the radmatrixE1M1 file and include

it for the final output in the adf04rad file. We can just insert the data from

this adf04rad file in place of the second column of the adf04 file. If the energy

levels have been shifted at stage 3, these values will also need to be adjusted.

4.2.2 Breit-Pauli

The BP electron-impact excitation process is quite similar to the DARC scat-

tering process except it implements Breit-Pauli R-matrix theory (Sec. (3.2.2)).

So we will just briefly explain the differing codes in this section. Unlike

relativistic scattering, there is only one radial function to describe each or-

bital, which reduces the computational effort. Autostructure produces a ra-
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dial file which contains the numerical wavefunction. This data is read into the

pstg1r code, along with an input file detailing the nuclear charge Z, num-

ber of electrons and upper limits for the angular momentum l for both bound

and continuum electrons. We also include the mass velocity, spin-orbit, and

Darwin terms to apply relativistic corrections, and have the option of includ-

ing pseudo-orbitals. Similar to the stg1d orb code, if pseudo-orbitals have

been included the code constructs the orbitals using a Schmidt orthogonali-

sation. This data is all written to the STG1.DAT file. The electron integrals

(continuum-continuum, bound-bound, and bound-continuum) are also calcu-

lated and are written to the RKXXX.DAT files.

At stage 2 the Hamiltonian matrix is generated using the pstg2r code, how-

ever in this case the calculation is carried out in Lewis-Saunder (LS) coupling

(Sec. (2.1)). An input file is included to specify the N and N + 1 electron

configurations. The N electron Hamiltonian is constructed and diagonalised,

and Hamiltonian matrices are constructed for each N + 1 electron symmetry

specified. The Hamiltonians are written to the STG2HXXX.DAT files and the

Hamiltonian sizes and corresponding number of channels are written to the

sizeH.dat file.

Should we wish to include relativistic effect we include an intermediate stage

of the scattering process. An input file specifies the fine structure levels in

the form of Jπ symmetries, these terms can be found in the autostructure

output. A maximum and minimum value of 2J can be specified or a specific

list of symmetries to be calculated can be included. It is important to note

that this input file should be in place when running stage two of this calcula-

tion. The pstg2.5 code orders the SLπ partial waves from the STG2HXXX

files with the Jπ symmetries they contribute to, and write each single Jπ

symmetry to a STG2HJXXX file. The pstgjk code then converts this data
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Figure 4.3: Flow diagram of the RMATRIX codes used to complete the pho-

toionisation calculations starting from stage two of the DARC calculation us-

ing a model generated by grasp. Stage one of this process is identical to the

DARC electron-impact excitation calculation presented in Fig. (4.1).

from LS coupling to intermediate coupling, writing this to the familiar for-

mat of the RECUPHXXX and sizeBP.dat files. As these files can be read

into the pstg3r code, the rest of this calculation is identical to the DARC

electron-impact excitation calculation.

4.3 Photoionisation

Another calculation which can be carried out to gather atomic data are pho-

toionisation calculations where we calculate bound-free cross sections. Pho-

toionisation is when an atom interacts with a single photon and a target elec-
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Figure 4.4: Flow diagram of the RMATRIX codes used to complete the pho-

toionisation calculations starting from a Breit-Pauli model. This includes the

input and output of each code.

tron is ejected. This process can be carried out using either the DARC or

BP codes, depending on whether we used the fully relativistic grasp or semi-

relativistic autostructure atomic structure codes, respectively.

4.3.1 DARC

Inner Region

As before these calculations are completed in 2 regions, an inner region and

an outer region. However, the inner region is completed in 4 stages. stage one

is similar to that of the electron-impact excitation calculations as it uses the

same stg1d orb code to build the continuum basis and we can use a parallel

version of the stage 1 integral code, pstg1d int for the integral generation.
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At stage two we build the Hamiltonian and reduced dipole matrix elements

required for the photoionisation cross sections using the pstg2d dip code. Af-

ter this we use the pdto3 dip code to convert the DARC matrix order to the

Breit-Pauli matrix order which can be used with the stage 3 code pstg3r. The

fourth step which is unique to the photoionisation calculations is the pstgd

code, which uses the channel functions, continuum orbitals, square integrable

functions and coefficients to calculate the V T
fMV i term in the photoionisation

cross section (Eqn. (3.58)). The V T
f represents the transposed eigenvectors of

the final symmetry, M the one-electron dipole matrix elements and V i the

eigenvectors of the initial symmetry.

Outer Region

In the outer region the stgb code calculates the initial N + 1 electron system

bound states and corresponding energies. These bounds states represent the

target for the incoming photon, which are then incorporated into the pstgbf

code, along with the output from the pstg3r and pstgd codes, to determine

the photoionisation cross sections and write them to the XPISUMZ files. The

energy grid is user defined, similar to the pstgf code.

4.3.2 Breit-Pauli

The Breit-Pauli photoionisation calculation is presented in Fig. (4.4). All codes

used in this scattering process have already been defined as the process is iden-

tical to the BP electron-impact excitation process up to the pstg3r code. The

pstgd code has been defined in the DARC photoionisation section, and calcu-

lating the photoionisation cross sections in the outer region of this scattering

process is identical to the DARC photoionisation.
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4.4 Code Development

4.4.1 pstgb

Throughout the past few years work has been on going further developing the

R-matrix codes. Outlined above there are numerous codes to complete various

calculations. Of these there exists a code which is used to calculate bound

states. This original version of this code is a serialised code, and therefore

only allowed one bound state to be calculated at a time. In order to more

efficiently use our time we have developed a parallelised version of this stgb

code. Through the use of MPI programming we were able to alter the code so

that each processor deals with a single symmetry and has their own individual

output. In order to parallelise this code using MPI we create the MPI environ-

ment at the beginning of the code, just below the declaration of variables. The

MPI declarations are stored in modules which can be easily accessed by includ-

ing the module at the top of whichever program needs access to the modules.

Each processor will essentially complete a serialised calculation for the bound

state it is assigned to. For example the root processor will calculate the bound

states for the first symmetry on the input file, the second processor will repeat

this process for the second symmetry in the input file, and so on. There is

very little communication between the processors throughout the calculation

when using this parallel code. However, it is advantageous to be able to run

as many symmetries as we desire without having to run the serialised version

of the code repeatedly.

The root processor has the additional job of writing the B00 file which contains

the binary instructions for the contents in the other BXX files. By altering the

code in this way all bound states can be calculated simultaneously, decreasing

the overall computation time significantly. These changes where also applied

to a GPU version of the code. Other changes made to the GPU version of the
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code were to improve memory allocation by creating modules to store large

allocatable arrays rather than commandeering excessive amounts of memory in

blocks for the entire calculation. Also, memory was freed by deallocating the

arrays before each symmetry reached the barrier at the end of the calculation

were the processors must wait for all other processors before they can continue

on to finalise the MPI environment and subsequently successfully complete the

calculation.

4.4.2 pdto3

This code converts the output from stage 2 of the DARC photoionisation cal-

culation into RECUPHXXX and RECUPDXXX files which can be used as

input for stage 3 and stage d respectively of the calculation. Initially there

were two versions of this code which allowed the calculation to be completed by

either direct access or memory allocation. We decided to merge the two codes

together and allow a user to simply decide themselves which they wanted to

use through the use of a variable known as IMEMDIR. Essentially we created

two methods for the main part of the code, one which uses memory allocation

(DTO3MEM) and the other direct access (DTO3DIR). When set to the de-

fault 0 the code used memory allocation.

We found that due to the size of the files produced at this point in the cal-

culation storage space was an issue. In order to combat this we wanted to be

able to choose which files we were outputting by using an input file containing

variables IRECUPH and IRECUPD. If these variables are set to 1 then the

code will calculate both types of files, if they are set to -1 then the respective

files won’t be calculated. Other changes which were made to the calculation

include the ability to delete the STG2 output files after they have been read,

controlled by the IDELETE variable. This is for use in cases of extremely

limited storage space. A further change which was made to the calculation

82



4.4 Code Development

was to split the output for the dipoles into their separate symmetry files for

the RECUPHXXX files. This allows greater flexibility for stage 3 of the cal-

culation. Final changes which were made to simply tidy up the calculation

and removing temporary SCRATCH files. This is done by saving the output

for the sizeBP.dat file using allocatable arrays instead of writing the output to

SCRATCH files and using MPIGATHER to collate all the data to be printed

out to the sizeBP.dat file by the root processor.

4.4.3 pstgf

The pstgf code calculates the collision strengths for each transition. For

systems which produce a large Hamiltonian it can take hours to solve even

a single energy point. From a mathematical point of view there is no way

to refine processes that must be carried out within the calculation. However,

computationally if we used more processors we can decrease the overall time

it takes to complete. This will not decrease the computational expense, in

terms of resource allocation, of the calculation, but neither should it increase

the overall cost. The benefits of altering the code in this way saves time, and

as a researcher your own time is really your most valuable resource.

The pstgf code has two levels of parallelisation, over energy, and for each

energy you can assign an arbitrary number of processors. In order to maximise

the efficiency of the processors requested we wanted to assign a particular num-

ber of processors to an energy point. This is done by creating subworlds within

the code where the root processor of each subworld will handle the writing out

to the routf and OMEGA files. The remaining processors in each subworld will

travel through to the most computationally expensive part of the calculation

reading only the data it requires to calculate the perturbation for the K-matrix

and calculate the collision strengths. We deallocated any arrays which were

unnecessary in order to save memory throughout the calculation. This means
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4.4 Code Development

that the processors which are only there in order to complete the intensive

part of the calculation only use about 25% of the memory. The speed up this

has provided has allowed us to calculate an energy point 30 to 40 times faster

than the previous version. A GPU version of the code has also been created,

which calculates the R-matrix on the GPU, this provided a speed up 50 times

greater than previous versions.
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5 The Electron-Impact Excitation of Ni II

5.1 Introduction

The work presented in this chapter has been published [110]. Atomic structure

and collisional calculations provide the theoretical groundwork that underpins

the interpretation of astrophysical spectra, allowing astrophysicists to accredit

particular atomic ions to a wide range of astrophysical objects. Atomic data of

particular interest are those elements which are highly abundant and routinely

observed in nebular spectroscopy, ions such as the Fe-peak elements: Fe, Co

and Ni. Of these Fe-peak elements Ni ii is the second most abundant. Un-

fortunately, there is a lack of accurate atomic data available in the literature

pertaining to this ion and hence the demand for precise and accurate data for

singly ionised Ni is evident and paramount.

Emission lines for Ni ii have been observed in a variety of different astro-

physical sources. These include filaments of the luminous blue variable (LBV)

star, known as η Carinae [111], where emission lines were observed even for

forbidden transitions. Other sources are stars which have evolved to be red

giants [112], and if such stars do not have a large enough mass to evolve into a

neutron star they become white dwarfs, [113] another example of such a source.

The spectra of galaxies, known as Seyfert galaxies, have also shown lines of

Ni ii [114]. A further example are γ-ray bursts, where Ni ii lines have been

observed using high resolution spectroscopy [115].

As Ni ii is an abundant Fe-peak element, and can be observed in such a variety

of astrophysical objects it is not surprising that there have been numerous ex-

perimental studies over the last several decades. In more recent years lines of

the Ni ii spectrum have been observed in ultraviolet (UV) and vacuum ultravi-

olet (VUV) spectral ranges. Specifically Ferrero et al. [116] observed UV lines
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Figure 5.1: Energy level spectrum of Ni II up to the 5p orbital, including the 4f

orbital, organised by electronic configuration. Each horizontal line designates

a specific fine structure level (taken from the NIST database).

in the wavelength region 2100-2600Å and subsequently measured the transi-

tion probabilities for these lines. Following this work, Zsargó & Federman [117]

observed VUV lines in the wavelength range 1300-1750Å. They presented f -

values for 12 resonance lines within this range and when compared with the

work of Morton [118] (which later became the standard data in National Insti-

tute of Standards and Technology, NIST [119]), agreement was found for the

strong transitions but discrepancies remained for the weaker lines.

Additional studies of UV and VUV lines of Ni ii were undertaken by Fed-
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chalk & Lawler [120]. They observed 59 lines in the range 1700-2550Å and

presented absolute transition probabilities for each line. They contrasted their

work to that of Zsargó & Federman [117] by suggesting the use of a scaling

factor (0.534±10%) to present their results on an absolute scale. Fedchalk et

al. [121] extended this work by presenting relative f -values for resonance lines

to a higher degree of accuracy. Further work was carried out by Dessauges-

Zavadsky et al. [122], where they included an additional transition (3d9 2D5/2 -

3d8(1G)4p 2Fo
5/2) at λ = 1317Å omitted from the work of Fedchalk et al. [121].

This transition was due to a single electron promotion from the 3d to the 4p

orbital and the value of the oscillator strength was subsequently confirmed by

the experiments of Jenkins & Tripp [123] at a wavelength of λ = 1317Å.

Open d-shell systems give rise to hundreds of target levels. This presents

difficulties not only in achieving an accurate structure model, but also com-

putationally due to the large number of close-coupling channels required in

the subsequent collisional calculations. The earliest theoretical calculations

for Ni ii were those of Gruzdev [124] and Mendlowitz [125], both of which cal-

culated intermediate coupling transition probabilities for several emission lines

of Ni ii. Not until Nussbaumer & Storey [126] carried out their investigation of

Ni ii were the first electron excitation rates calculated. These calculations were

restricted, however, as they did not include resonances in the collision cross

sections and may have underestimated the contributions from broad resonance

features to Maxwellian averaged collision strengths. Calculations that followed

were based on the package cowan [102]. For example the work of Kurucz [127]

produced the most thorough theoretical study of Ni ii at that time using this

semi-relativistic technique. Even though we are interested in Ni ii, it is im-

portant to note that studies have been completed on other iron peak elements

and incorporated into the Iron Project [128]. Data sets for Ni ii can also be

found in the literature and incorporated into the Iron Project, but these data
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sets are limited.

An early R-matrix calculation was presented in the work of Bautista & Prad-

han [129] who investigated the electron-impact excitation of Ni ii using a struc-

ture containing two basis configurations (3p63d9 and 3p63d84s) which resulted

in a 7 LS term, 17 jj-level fine structure evaluation. Results from this work

showed some agreement with earlier predictions of Nussbaumer & Storey [126]

for the strong lines but were found to be significantly different for weak tran-

sitions. Watts et al. [130] carried out a further study incorporating a larger

3 configuration basis (+3p63d84p) but this calculation was carried out only

in LS coupling. Nahar & Bautista [131] included 4 basis configurations, the

ground configuration, a single promotion of the 3d orbital to the 4s and 4p

configurations and a double promotion of the 3d orbitals to the 4s2 configu-

ration (3p63d9, 3p63d84s, 3p63d84p, 3p63d74s2). These earlier models focused

on low temperature diagnostics as compared to the work presented here which

has a wider scope of application.

The most recent and largest theoretical R-matrix calculation for Ni ii was

completed by Cassidy et al. [132] using an extended version of the R-matrix

code (RMATRX II). Their work comprised of a model incorporating 113 fine-

structure levels constructed from 5 configurations, 3p63d9, 3p63d84s, 3p63d84p,

3p63d74s2, and 3p63d74s4p. In this work energy levels, oscillator strengths,

collision strengths and effective collision strengths were presented for a wide

range of incident electron energies and electron temperatures. In addition,

Cassidy et al. [133] completed an additional extensive study on the radiative

atomic data for Ni ii leading to the identification of weak transitions at 1502,

1773, and 1804 Å by Boissé & Bergeron [134] who carried out an experimental

study of the oscillator strengths for 13 Ni ii transitions. Furthermore, Cassidy

et al. [135] also calculated effective collision strengths from the work already
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detailed in their previous paper [132].

This chapter presents a new calculation for the Fe-peak element Ni ii. The im-

petus for this more extensive dataset, which includes significantly more levels,

was highlighted by Leighly et al. [136], which reported on observations of the

unusually bright, luminous, nearby narrow-line quasar PHL 1811. It was found

that the near UV-spectrum was dominated by very strong low ionisation stages

of Fe-peak ions such as Ni ii. However, the datasets available to Leighly [136]

were limited, and in particular the cloudy [57] models were inadequate to

model the line emission spectrum in detail, particularly at higher energies.

In this chapter we present two calculations, the first a 5 configuration model

to provide a benchmark for comparison with the second calculation, an exten-

sive 11 configuration model which contains the 4d, 5s, and 5p orbitals. These

high lying states have not been studied theoretically to date and will provide

the necessary improvements required to accurately model astrophysical objects

such as the quasars mentioned previously.

We present in Sec. (5.2) energy levels, transition rates and oscillator strengths

from both these structure calculations and compare with the most recent

theoretical data [119, 133] to gauge their accuracy. Experimental oscillator

strengths [116, 117, 120, 121, 123] are also compared with to test accuracy.

In Sec. (5.3) we present the electron-impact excitation collision strengths and

corresponding effective collision strengths for a wide range of electron temper-

atures. Comparisons are made with earlier predictions and conclusions drawn.

In addition, we are interested in investigating how shifting the target energies

during the collision calculation can affect the resulting cross sections. Complet-

ing the calculations with and without target energy adjustments will enable

us to clearly see the effect that fine-tuning the energy levels has on the final
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atomic data produced by the collision calculations and provides an estimate of

uncertainty. In Sec. (5.4), we complete a preliminary study on the theoretical

modelling of Ni ii, by presenting a photon emissivity coefficient (PEC) plot for

the spectrum of Ni ii calculated using our data. A PEC of a particular tran-

sition can be described as the product of the Einstein A coefficient (A-value)

and the population of the upper level within the quasi-static approximation for

that transition. Comparing with previous observed works allows us to identify

known spectral lines of Ni ii.

5.2 Atomic Structure

Ni ii is one of the many elements that can be found in the spectra of stars and

its rich energy level spectrum can be seen in Fig. (5.1). In order to accurately

model this complex system it is important to take into account relativistic

effects which couple the electrons within the atom. In the present structure

calculations we utilise the relativistic atomic structure package grasp0 [73]

(discussed in Sec. (4.1)) to create models of Ni ii which were subsequently in-

corporated into scattering calculations using the DARC codes [137]. grasp0

allowed us to calculate the energy levels of the target states of Ni ii as well as

oscillator strengths and A-values for transitions between these states. By com-

paring with available NIST data, and values calculated by Cassidy et al. [133],

we can gauge the accuracy of the models produced, in a similar manner de-

scribed in the works of Fe ii [138], Mo i [139], Ni iii and Ni iv [140].

Due to the large amount of configuration interaction between nearly degenerate

states, this proves difficult in converging energy levels and oscillator strengths

for radiative transitions. Hence these target states require large configuration

interaction expansions for their accurate representation. The parallel DARC

codes now make it possible to complete scattering calculations with such com-

plex structures. Two models were investigated in the current study.
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We created a small preliminary model to contrast with existing theoretical

calculations currently within the literature and to set a benchmark by which

to gauge the improvement of the second larger model. This model is similar to

that of Cassidy et al. [133], however in order to more fully develop the struc-

ture we allowed an additional single promotion from the 3d orbital to the 4d

orbital. The model obtained comprised of 5 configurations,

3p63d9 3p63d84s 3p63d74s2

3p63d84p 3p63d84d,

resulting in 149 jj-levels. The energy levels produced agree to within 10% of

the values available in NIST for all but the lowest lying states. In terms of

structure we will refer to this model as Model 1.

In the second model we expand upon Model 1 by allowing all single elec-

tron promotions to the 4s, 4p, 4d, 5s and 5p orbitals from the 3d orbital,

double promotions to the 4s and 5s orbitals from the 3d orbital, and double

promotions split between the 4s and 4p (or 4d) orbitals from the 3d orbital.

Lastly we include a double promotion to the 4s and 4d orbitals from the 3p

orbital. This more substantial model thus comprised of the 11 configurations

with the outermost 11 electrons occupying configurations as below:

3p63d9 3p63d84d 3p63d74s2 3p63d74s4d

3p63d84s 3p63d85s 3p63d75s2 3p43d94s4d

3p63d84p 3p63d85p 3p63d74s4p.

Due to the complex nature of the open d-subshell this model resulted in 1220

jj-fine structure levels, significantly larger than Model 1. The resulting target

state energies and oscillator strengths showed an improved accuracy when

compared with the NIST values. This was due to better convergence being

achieved by allowing all the orbitals to be collectively variationally determined
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Config Term Model 1 Model 2 NIST Abs Error: Abs Error:

(Ryd) (Ryd) (Ryd) Model 1 Model 2

1 3d9 2D5/2 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00

2 3d9 2D3/2 1.400E-02 1.479E-02 1.373E-02 2.67E-04 1.06E-03

3 3d84s 4F9/2 5.603E-02 6.428E-02 7.649E-02 2.05E-02 1.22E-02

4 3d84s 4F7/2 6.681E-02 7.302E-02 8.502E-02 1.82E-02 1.20E-02

5 3d84s 4F5/2 7.542E-02 8.011E-02 9.218E-02 1.68E-02 1.21E-02

6 3d84s 4F3/2 8.143E-02 8.512E-02 9.718E-02 1.57E-02 1.21E-02

7 3d84s 2F7/2 1.423E-01 1.269E-01 1.235E-01 1.89E-02 3.39E-03

8 3d84s 2F5/2 1.583E-01 1.401E-01 1.367E-01 2.16E-02 3.43E-03

9 3d84s 4P5/2 2.149E-01 2.226E-01 2.106E-01 4.27E-03 1.21E-02

10 3d84s 2D3/2 2.337E-01 2.307E-01 2.169E-01 5.90E-03 1.38E-02

11 3d84s 4P1/2 2.322E-01 2.358E-01 2.263E-01 1.80E-03 9.42E-03

12 3d84s 4P3/2 2.241E-01 2.402E-01 2.259E-01 1.68E-02 1.43E-02

13 3d84s 2D5/2 2.380E-01 2.442E-01 2.282E-01 9.89E-03 1.61E-02

14 3d84s 2P3/2 3.116E-01 2.876E-01 2.649E-01 4.67E-02 2.27E-02

15 3d84s 2P1/2 3.176E-01 2.923E-01 2.697E-01 4.79E-02 2.26E-02

16 3d84s 2G9/2 3.033E-01 3.104E-01 2.962E-01 7.14E-03 1.42E-02

17 3d84s 2G7/2 3.038E-01 3.107E-01 2.964E-01 7.39E-03 1.44E-02

18 3d74s2 4F9/2 8.204E-01 4.960E-01 4.652E-01 3.55E-01 3.08E-02

19 3d74s2 4F7/2 8.358E-01 5.079E-01 4.757E-01 3.60E-01 3.21E-02

20 3d74s2 4F5/2 8.465E-01 5.164E-01 4.833E-01 3.63E-01 3.31E-02

21 3d74s2 4F3/2 8.536E-01 5.222E-01 4.885E-01 3.65E-01 3.37E-02

22 3d84p 4Do
7/2 4.465E-01 4.772E-01 4.698E-01 2.34E-02 7.35E-03

23 3d84p 4Do
5/2 4.595E-01 4.873E-01 4.806E-01 2.11E-02 6.71E-03

24 3d84p 4Do
3/2 4.694E-01 4.948E-01 4.888E-01 1.94E-02 6.07E-03

25 3d84p 4Go
9/2 4.667E-01 5.027E-01 4.863E-01 1.96E-02 1.64E-02

26 3d84p 4Go
11/ 4.633E-01 5.018E-01 4.875E-01 2.42E-02 1.43E-02

27 3d84p 4Do
1/2 4.753E-01 4.994E-01 4.937E-01 1.84E-02 5.71E-03

28 3d84p 4Go
7/2 4.753E-01 5.092E-01 4.945E-01 1.92E-02 1.47E-02

29 3d84p 4Fo
9/2 4.811E-01 5.117E-01 4.972E-01 1.60E-02 1.45E-02

30 3d84p 4Go
5/2 4.826E-01 5.150E-01 5.014E-01 1.88E-02 1.36E-02

31 3d84p 4Fo
7/2 4.907E-01 5.187E-01 5.050E-01 1.43E-02 1.37E-02
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Config Term Model 1 Model 2 NIST Abs Error: Abs Error:

(Ryd) (Ryd) (Ryd) Model 1 Model 2

32 3d84p 2Go
9/2 4.936E-01 5.235E-01 5.039E-01 1.03E-02 1.96E-02

33 3d84p 4Fo
5/2 4.979E-01 5.237E-01 5.110E-01 1.31E-02 1.27E-02

34 3d84p 4Fo
3/2 5.021E-01 5.266E-01 5.142E-01 1.21E-02 1.24E-02

35 3d84p 2Go
7/2 5.092E-01 5.355E-01 5.137E-01 4.52E-03 2.18E-02

36 3d84p 2Fo
7/2 5.179E-01 5.473E-01 5.202E-01 2.23E-03 2.72E-02

37 3d84p 2Do
5/2 5.387E-01 5.549E-01 5.233E-01 1.54E-02 3.17E-02

38 3d84p 2Fo
5/2 5.244E-01 5.665E-01 5.330E-01 8.61E-03 3.34E-02

39 3d84p 2Do
3/2 5.405E-01 5.709E-01 5.350E-01 5.57E-03 3.59E-02

40 3d84p 4Po
5/2 9.939E-01 6.728E-01 6.186E-01 3.75E-01 5.42E-02

41 3d74s2 4P3/2 9.957E-01 6.756E-01 6.211E-01 3.75E-01 5.45E-02

42 3d74s2 2G9/2 9.914E-01 6.765E-01 6.412E-01 3.50E-01 3.54E-02

43 3d74s2 4P1/2 1.005E+00 6.815E-01 6.261E-01 3.79E-01 5.54E-02

44 3d74s2 2G7/2 1.007E+00 6.882E-01 6.512E-01 3.55E-01 3.70E-02

45 3d84p 4Po
3/2 6.062E-01 6.483E-01 6.067E-01 5.12E-04 4.16E-02

46 3d84p 4Po
5/2 6.063E-01 6.492E-01 6.066E-01 3.13E-04 4.26E-02

47 3d84p 4Po
1/2 6.096E-01 6.510E-01 6.108E-01 1.26E-03 4.02E-02

48 3d84p 2Fo
5/2 6.160E-01 6.582E-01 6.169E-01 8.86E-04 4.14E-02

49 3d84p 2Po
1/2 6.235E-01 6.605E-01 6.222E-01 1.28E-03 3.83E-02

50 3d84p 2Fo
7/2 6.193E-01 6.613E-01 6.209E-01 1.54E-03 4.05E-02

51 3d84p 2Po
3/2 6.305E-01 6.651E-01 6.285E-01 2.05E-03 3.66E-02

52 3d84p 2Do
3/2 6.358E-01 6.703E-01 6.211E-01 1.47E-02 4.92E-02

53 3d84p 2Do
5/2 6.563E-01 6.722E-01 6.437E-01 1.27E-02 4.58E-02

54 3d84p 4Do
1/2 6.573E-01 6.927E-01 6.443E-01 1.30E-02 4.84E-02

55 3d84p 4Do
3/2 6.576E-01 6.926E-01 6.447E-01 1.29E-02 4.78E-02

56 3d84p 2Do
5/2 6.366E-01 6.920E-01 6.264E-01 1.03E-02 4.84E-02

57 3d84p 4Do
7/2 6.558E-01 6.918E-01 6.450E-01 1.08E-02 4.68E-02

Table 5.1: Energy levels (Ryd) for the lowest lying 57 fine-structure states in

Ni ii obtained from Models 1 and 2. Comparisons are made with data available

in NIST and the absolute errors for both models when compared to NIST.
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rather than converging individual orbitals one at a time. In terms of structure

we will refer to this model as Model 2.

5.2.1 Accuracy of Models

In order to evaluate the accuracy and uncertainty of our models it is important

to compare our data with known reliable sources. An established method of

testing accuracy of atomic structural models is to compare the energy levels

and oscillator strengths with existing literature values, such as the values found

in NIST.

Energy Levels

Table 5.1 displays the energy levels in Ryd for the 57 lowest lying states of Ni ii

included in both Models 1 and 2. Comparisons are made with the energy levels

from NIST only, as the data listed in the most recent publication of Cassidy

et al. [133] had already been shifted to these NIST values in preparation for

the collision calculations.

Differences of on average 10.3% are found between the Model 1 energies and the

NIST values for the initial 17 target states, indicating that Model 1 provides a

reasonable representation for the configuration states containing a single pro-

motion from the 3d orbital to the 4s (3p63d84s). The overall average absolute

energy error increases to 17% once all 57 states are included. The energy levels

for the odd configuration states of 3p63d84p are within an acceptable 10% of

the NIST energies on average, however, the positions for configuration states

due to the double promotion from the 3d orbital to the 4s orbital (3p63d74s2)

exhibit much larger errors. As Model 1 contains a limited five configurations

in the target wavefunction expansions, and the 3d orbital had been fixed early

in the generation of the structure, this model lacks the flexibility to describe
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Config Term J Model 2 (Ryd) NIST (Ryd) Absolute Error

3d85s 4F 5/2 8.7141E-01 8.5103E-01 2.04E-02

3d85s 2F 7/2 8.8017E-01 8.5229E-01 2.79E-02

3d85s 4F 3/2 8.7669E-01 8.5720E-01 1.95E-02

3d85s 2F 5/2 8.9220E-01 8.6324E-01 2.90E-02

3d85p 4Do 7/2 9.4447E-01 9.4456E-01 8.96E-05

3d85p 4Go 11/2 9.4789E-01 9.4906E-01 1.17E-03

3d85p 2Go 9/2 9.5012E-01 9.4846E-01 1.66E-03

3d85p 4Fo 7/2 9.5385E-01 9.5361E-01 2.39E-04

3d85p 4Fo 9/2 9.4778E-01 9.5044E-01 2.66E-03

3d85p 4Do 5/2 9.5308E-01 9.5230E-01 7.76E-04

3d85p 4Do 3/2 9.6051E-01 9.6084E-01 3.28E-04

3d85p 4Go 7/2 9.6031E-01 9.6138E-01 1.07E-03

3d85p 4Go 9/2 9.6099E-01 9.6220E-01 1.21E-03

3d85p 4Go 5/2 9.6686E-01 9.6852E-01 1.67E-03

3d85p 4Fo 3/2 9.6790E-01 9.6931E-01 1.41E-03

3d85p 2Fo 7/2 9.6586E-01 9.6447E-01 1.40E-03

3d85p 4Do 1/2 9.6530E-01 9.6615E-01 8.49E-04

3d85p 2Do 5/2 9.7028E-01 9.6468E-01 5.60E-03

3d85p 4Fo 5/2 9.6189E-01 9.6292E-01 1.03E-03

3d85p 2Go 7/2 9.7109E-01 9.7160E-01 5.06E-04

3d85p 2Fo 5/2 9.7819E-01 9.7580E-01 2.38E-03

3d85p 2Do 3/2 9.8181E-01 9.7635E-01 5.46E-03

3d85s 2D 5/2 1.0128E+00 9.6602E-01 4.68E-02

3d85s 2D 3/2 1.0140E+00 9.6716E-01 4.69E-02

3d85s 4P 5/2 1.0394E+00 9.8752E-01 5.19E-02

3d85s 4P 3/2 1.0418E+00 9.8917E-01 5.26E-02

3d85s 4P 1/2 1.0440E+00 9.9112E-01 5.28E-02

3d85s 2P 3/2 1.0586E+00 9.9574E-01 6.28E-02

3d85s 2P 1/2 1.0629E+00 9.9944E-01 6.35E-02

3d85s 2G 7/2 1.0967E+00 1.0487E+00 4.80E-02

3d85s 2G 9/2 1.0967E+00 1.0487E+00 4.80E-02

Table 5.2: Energy levels (Ryd) for the lowest lying 31 fine-structure states

containing the 5s or 5p orbital for Ni ii obtained from Model 2. Comparisons

are made with data available in NIST.
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Lower Level Upper Level A-Value: A-Value

Model 2 Cassidy

3d9 2D5/2 3d9 2D3/2 5.54E-02 5.57E-02

3d84s 4F7/2 2.18E-03 9.94E-04

3d84s 4F5/2 5.32E-04 8.35E-05

3d84s 4F3/2 3.68E-05 6.74E-05

3d84s 2F7/2 8.92E-04 1.98E-04

3d84s 2F5/2 3.83E-03 7.67E-02

3d84s 4P5/2 1.83E-02 1.47E-02

3d84s 4P3/2 5.90E-05 1.58E-04

3d84s 2D3/2 8.60E-03 1.75E-03

3d84s 2D5/2 1.86E-03 1.34E-03

3d84s 2P3/2 1.94E-03 3.93E-04

3d74s2 4F7/2 1.56E-02 4.39E-03

3d74s2 4F5/2 2.65E-03 2.42E-03

3d74s2 4F3/2 1.82E-03 2.39E-03

3d74s2 4P5/2 3.60E-02 1.47E-02

3d74s2 4P3/2 3.63E-02 5.52E-02

3d74s2 2G7/2 8.44E-05 2.17E-05

3d74s2 2P3/2 4.02E-04 2.95E-04

3d84s 4F7/2 3d84s 4F5/2 2.74E-02 2.78E-02

3d84s 2F7/2 4.13E-02 5.80E-03

3d74s2 4F7/2 1.46E-05 1.46E-05

3d84s 4F5/2 3d84s 4F3/2 1.06E-02 1.05E-02

3d84s 2F7/2 6.45E-03 1.51E-02

Table 5.3: Einstein A coefficients (A-values in s−1) between the metastable

levels from Model 2 compared with the data from Cassidy et al. [133].
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Lower Upper A-Value: A-Value A-Value: f -Value: f -Value: f -Value:

Level Level Model 2 Cassidy Morton Model 2 Cassidy Morton

3d9 2D5/2 3d84p 4Do
3/2

1.09E+04 1.87E+04 1.68E+06 3.79E-06 6.49E-06 9.05E-04

3d84p 4Fo
3/2

6.53E+04 1.67E+05 2.45E+06 2.05E-05 5.25E-05 1.17E-03

3d84p 2Do
3/2

1.93E+07 2.51E+07 7.52E+07 3.68E-03 7.26E-03 5.41E-02

3d84p 4Po
3/2

1.06E+06 2.87E+06 1.35E+08 2.39E-04 6.47E-04 6.45E-01

3d84p 2Do
3/2

3.96E+07 3.73E+07 1.37E+07 1.15E-02 8.03E-03 4.13E-03

3d84p 2Po
3/2

2.02E+06 3.94E+06 2.28E+08 4.24E-04 8.29E-04 1.04E-01

3d84p 4Do
3/2

3.70E+06 5.68E+06 - 7.39E-04 1.13E-03 -

3d84p 2Do
3/2

6.83E+07 1.61E+05 7.64E+07 1.49E-02 3.08E-05 2.22E-02

3d84p 4So
3/2

2.45E+07 4.24E+07 3.55E+07 4.43E-03 7.67E-03 6.43E-03

3d84p 2Po
3/2

8.46E+08 8.28E+07 7.66E+08 1.59E-01 8.17E-03 1.30E-01

3d74s4p 6Fo
3/2

1.96E+03 1.71E+01 - 2.49E-07 2.18E-09 -

3d74s4p 6Go
3/2

2.47E+01 1.90E+00 - 3.34E-09 2.30E-10 -

3d74s4p 6Do
3/2

9.86E+01 1.53E-01 - 1.34E-08 1.87E-11 -

3d74s4p 4Fo
3/2

6.69E+03 1.65E+03 - 7.27E-07 1.79E-07 -

3d74s4p 4Do
3/2

3.79E+04 5.73E+03 - 3.96E-06 5.99E-07 -

3d84s 4P1/2 3d84p 4Do
1/2

5.14E+06 6.22E+06 - 8.95E-03 1.08E-02 -

3d84p 4Po
1/2

3.10E+07 3.37E+07 - 2.61E-02 2.84E-02 -

3d84p 2Po
1/2

1.87E+07 1.72E+07 - 1.48E-02 1.37E-02 -

3d84p 4Do
1/2

3.08E+08 3.28E+08 - 2.20E-01 2.34E-01 -

3d84s 4P1/2 3d84p 2Po
1/2

7.71E+05 2.52E+06 - 4.80E-04 1.57E-03 -

3d84p 2So
1/2

2.34E+05 3.61E+05 - 1.44E-04 2.22E-04 -

3d84p 4Do
3/2

2.29E+06 2.74E+06 - 8.27E-03 9.91E-03 -

3d84p 4Fo
3/2

2.99E+04 4.43E+04 - 8.98E-05 1.33E-04 -

3d84p 2Do
3/2

3.76E+04 7.25E+04 - 9.82E-05 1.89E-04 -

3d84p 4Po
3/2

7.40E+07 6.65E+07 - 1.27E-01 1.14E-01 -

3d84p 2Do
3/2

1.18E+07 3.62E+07 - 1.88E-02 5.78E-02 -

3d84p 2Po
3/2

4.24E+07 1.58E+07 - 6.53E-02 2.43E-02 -

3d84p 4Do
3/2

1.68E+08 1.83E+08 - 2.39E-01 2.61E-01 -

3d84p 2Do
3/2

3.89E+06 4.24E+06 - 6.21E-03 5.63E-03 -

3d84p 4So
3/2

7.64E+07 8.37E+07 - 9.36E-02 1.03E-01 -

3d84p 2Po
3/2

2.76E+06 9.07E+04 - 3.57E-03 4.73E-05 -

3d74s4p 6Fo
3/2

2.24E+04 6.99E+03 - 1.65E-05 5.16E-06 -

3d74s4p 6Fo
1/2

1.24E+05 5.88E+04 - 4.54E-05 1.50E-05 -

3d74s4p 6Go
3/2

7.95E+04 3.35E+03 - 6.38E-05 2.31E-06 -

3d74s4p 6Do
3/2

1.52E+05 1.13E+05 - 1.23E-04 7.94E-05 -

3d74s4p 6Do
1/2

1.22E+05 5.88E+04 - 4.87E-05 2.05E-05 -

3d74s4p 4Fo
3/2

2.85E+06 1.53E+06 - 1.69E-03 9.08E-04 -
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Lower Upper A-Value: A-Value A-Value: f -Value: f -Value: f -Value:

Level Level Model 2 Cassidy Morton Model 2 Cassidy Morton

3d84s 4P1/2 3d74s4p 4Do
3/2

1.11E+08 2.20E+08 - 6.27E-02 5.53E-02 -

3d74s4p 4Do
1/2

2.31E+08 1.45E+08 - 6.46E-02 2.59E-02 -

3d84s 2P1/2 3d84p 4Do
1/2

1.07E+04 1.78E+04 - 2.65E-05 4.42E-05 -

3d84p 4Po
1/2

7.85E+06 8.63E+06 - 8.39E-03 9.23E-03 -

3d84p 2Po
1/2

2.22E+07 3.88E+07 - 2.22E-02 3.89E-02 -

3d84p 4Do
1/2

8.82E+05 2.70E+06 - 7.82E-04 2.39E-03 -

3d84p 2Po
1/2

1.82E+08 3.22E+08 - 1.39E-01 2.46E-01 -

3d84p 2So
1/2

1.61E+08 6.90E+05 - 1.21E-01 5.18E-04 -

3d84p 4Do
3/2

5.16E+02 2.24E+03 - 2.68E-06 1.16E-05 -

3d84p 4Fo
3/2

1.47E+03 1.28E+04 - 6.13E-06 5.35E-05 -

3d84p 2Do
3/2

9.59E+04 5.00E+05 - 3.39E-04 1.77E-03 -

3d84p 2Do
3/2

1.03E+07 1.00E+06 - 2.08E-02 2.02E-03 -

3d84p 2Po
3/2

4.23E+06 1.71E+07 - 8.18E-03 3.30E-02 -

Table 5.4: Einstein A coefficients (A-values in s−1) and oscillator strengths

(f -values in the length gauge) from Model 2 compared with the data from

Cassidy et al. [133] and Morton [118].

the differing configuration states. Similarly large differences were found for

the positioning of the 3p63d74s2 levels in the Fe-peak evaluations of Fe ii [138],

Ni iii and Ni iv [140].

In Model 2 we did not restrict any of the orbitals until all 11 of the configu-

rations had been included. As can be seen from Table 5.1 this substantially

improves the energy levels for the 3p63d74s2 configuration states. The percent-

age error when compared to NIST reduces to a much more acceptable 8.24%

on average. Improvements in nearly all the other energy levels are also evident

and the overall average percentage error is found to be approximately 4.37%.

We also incorporated the 5s and 5p orbitals into Model 2, this is of great inter-

est due to the lack of available data for these higher energy levels. Table 5.2

presents the 20 lowest lying fine structure states containing either the 5s or 5p

orbitals, comparison is made with the NIST values. Our values show excellent
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agreement with the existing literature having a percentage error of less than

5% from the NIST values.

A-Values

For accuracy it is important to also compare the absorption oscillator strengths

and emission transition probabilities for allowed and forbidden transitions

among the target levels. Due to the incompleteness of the NIST database,

a more thorough comparison is made with Cassidy et al. [133] and where pos-

sible that of Morton [118]. In order to gauge the accuracy of our data an

extensive study of comparison is completed against experimental results in ex-

isting literature ([116, 120, 121, 117, 123]).

In Tables 5.3 and 5.4 we present we present A-values and f -values evaluated

using the extensive Model 2, for a selection of important forbidden and allowed

lines (which have been shifted using the atomic structure code grasp, accord-

ing to the data available in NIST), and compared with the values of Cassidy

et al. [133] and where possible the values of Morton [118]. The A-values for the

transitions between the low-lying metastable levels (presented in Table 5.3) for

Model 2 display good agreement with the values listed in Cassidy et al. [133]

with an average absolute error of 1.38x10−2 s−1. From Table 5.4, it is evi-

dent that although the oscillator strengths do not agree to within 10% of the

values listed in Cassidy et al. [133] for a number of transitions, agreement to

within the same order of magnitude is found between the two theoretical works.

This is not unexpected as different approximations were employed to generate

Model 2 (grasp0) and the model presented by Cassidy et al. [133]. The former

represents a fully relativistic approach whereas the latter civ3 (Configuration

Interaction code [98]) approach diagonalises the non-relativistic Hamiltonian

and treats the relativistic effects perturbatively. In addition, the 5 configu-
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Lower Level Upper Level λexp(Å) Model 2 Ferrero ZF FL Fechalk JT

3d9 2D5/2 3d84p 2Fo
7/2

1317.22 0.0686 - - - - 0.0571

3d84p 2Do
5/2

1454.84 0.0520 - 0.0276 - 0.0323 0.0260

3d84p 2Do
3/2

1467.26 0.0037 - 0.0060 - 0.0063 -

3d84p 2Fo
7/2

1467.76 0.1750 - 0.0097 - 0.0099 -

3d84p 2Fo
5/2

1477.22 0.0011 - 0.0010 - - -

3d84p 2Do
3/2

1703.40 0.0115 - - - 0.0060 -

3d84p 2Fo
5/2

1709.60 0.0181 - 0.0356 0.0351 0.0324 -

3d84p 2Fo
7/2

1751.91 0.0423 - - 0.0264 0.0227 -

3d84s 4F9/2 3d84p 4Fo
7/2

2125.91 0.0053 0.0050 - 0.0022 - -

3d84s 4F7/2 3d84p 4Fo
5/2

2138.58 0.0137 0.0173 - 0.0091 - -

3d84s 4F5/2 3d84p 4Fo
3/2

2158.74 0.0234 0.0233 - 0.0171 - -

3d84s 4F9/2 3d84p 4Fo
9/2

2165.55 0.1378 0.2596 - 0.1660 - -

3d84s 4F7/2 3d84p 4Fo
7/2

2169.09 0.1109 0.1567 - 0.1064 - -

3d84s 4F5/2 3d84p 4Fo
5/2

2175.14 0.1297 0.1959 - 0.1264 - -

3d84s 4F9/2 3d84p 4Go
7/2

2179.45 0.0035 - - 0.0015 - -

3d84s 4F3/2 3d84p 4Fo
3/2

2184.60 0.2370 0.3250 - 0.2032 - -

3d84s 2F7/2 3d84p 2Fo
5/2

2224.36 0.0900 - - 0.0173 - -

3d84s 2F7/2 3d84p 2Do
5/2

2278.77 0.1145 - - 0.1936 - -

3d84s 2F7/2 3d84p 2Fo
7/2

2296.55 0.2444 - - 0.1725 - -

3d84s 2F5/2 3d84p 2Fo
5/2

2298.27 0.1554 - - 0.2197 - -

3d84s 2F7/2 3d84p 2Go
7/2

2334.59 0.0357 0.0818 - 0.0656 - -

3d84s 2F5/2 3d84p 2Do
5/2

2356.40 0.0397 - - 0.0247 - -

3d84s 2F5/2 3d84p 2Fo
7/2

2375.42 0.0441 - - 0.0728 - -

3d84s 2F7/2 3d84p 2Go
9/2

2394.52 0.3248 0.2473 - 0.1849 - -

3d84s 2F5/2 3d84p 2Go
7/2

2416.14 0.3315 0.3094 - 0.2248 - -

Table 5.5: Comparison of our fine-tuned oscillator strengths in the length

gauge with the limited experimental determinations currently available. The

quoted oscillator strengths are from the works of Ferrero: [116], ZF: [117], FL:

[120], Fedchalk: [121], and JT: [123].
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Lower Level Upper Level f -value vel/length ratio

3d9 2D5/2 3d85p 4Do
5/2 5.69E-04 1.00E+00

3d85p 4Po
5/2 3.85E-05 8.60E-01

3d85p 4Go
7/2 2.94E-04 9.70E-01

3d85p 4Go
5/2 3.52E-09 8.90E-01

3d85p 2Fo
7/2 6.22E-03 1.10E+00

3d85p 4Fo
3/2 2.53E-06 8.20E-01

3d85p 2Do
5/2 1.05E-02 1.10E+00

3d85p 4Do
7/2 6.19E-07 9.50E+00

3d85p 4Fo
7/2 1.90E-03 9.70E-01

3d85p 4Do
3/2 6.40E-06 8.40E-01

3d85p 4Go
9/2 9.18E-06 8.60E-01

Table 5.6: Oscillator strengths of Ni ii for transitions from the ground state to

levels containing the 5p orbital and the ratio between the velocity and length

gauge for the f -values.

ration structure of Cassidy et al. [133] was considerably smaller than the 11

configurations included in Model 2. However, if we focus on the transitions

between the lower 3d84s 4Po
1/2 and the 4p upper levels, agreement of around

20% is found. Better agreement is found between Model 2 and the work of

Morton [118], than between the values of Cassidy et al. [133] and Morton [118].

Particularly if we consider the strong dipole transition between the ground

state and the 3p63d84p 2Po
3/2 we have an A-value of 8.46x108 s−1 which is an

order of magnitude greater than the work of Cassidy et al. [133], but agrees

much more closely with the value of Morton [118] at 7.66x108 s−1.

In order to further check the accuracy of the present data, an extensive compar-

ison is presented in Table 5.5 of the oscillator strengths (in the length gauge)

with existing experimental data. Agreement is found between our data and the

experimental values for many of the transitions, in particular the 1477.22 Å is

in good agreement with the observations of Zsargó & Federman [117], and the
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2158.74 Å and 2416.14 Å transitions also show agreement with observations of

Ferrero et al. [116] and the work of Fedchalk & Lawler [120]. All other tran-

sitions display reasonable agreement. Unfortunately, there was a lack of data

available with which to draw comparisons for transitions among the 5s and 5p

orbital states. In order to assess the quality of the f -values for these transi-

tions Table 5.6 presents the oscillator strengths (in the length gauge) and the

corresponding ratio between the velocity and length gauge of these f -values.

As the ratio for these transitions is approximately 1.0, it supports the validity

of these transitions.

5.3 Electron-Impact Excitation

5.3.1 Collision Strengths

The 11 configurations listed in Model 2 result in a substantial 1220 fine-

structure level calculation. Computationally this is challenging once incor-

porated into the collision evaluations. To manage the computational effort

and to test convergence of the collision strengths with increasing complexity,

we completed three calculations using Model 2 with successively more fine-

structure levels included in the close-coupling expansion, 200 levels, 500 levels

and 800 levels. For each model, the scattering calculation was completed for

an incident electron energy range of 0-2 Ryd, highlighting the importance of

near threshold resonances.

In Fig. (5.2) we present the collision strengths as a function of incident electron

energy in Rydbergs for two lines, 3d9 2D5/2 - 3d9 2D3/2 (1-2, top) and 3d9 2D5/2

- 3d84s 4F9/2 (1-3, bottom), and in Fig. (5.3) we present the corresponding data

for two intercombination lines, the 3d9 2D5/2 - 3d8(3F)4p 4Do
7/2 (1-22, top) and

3d9 2D5/2 - 3d8(3F)4p 4Do
5/2 (1-23, bottom).
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Figure 5.2: Collision strengths for the 3d9 2D5/2 - 3d9 2D3/2 (1-2, top) and 3d9

2D5/2 - 3d84s 4F9/2 (1-3, bottom) lines respectively, comparing the 200, 500

and 800 level calculations.
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Figure 5.3: Collision strengths for the 3d9 2D5/2 - 3d84p 4Do
7/2 (1-22, top) and

3d9 2D5/2 - 3d84p 4Do
5/2 (1-23, bottom) intercombination lines respectively,

comparing the 200, 500 and 800 level calculations.
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Figure 5.4: Collision strengths for 20, 40, and 60 partial waves (PW) for the

dipole transitions between the ground state 3d9 2D5/2 and the 3d84p 2Po
3/2

(1-51, top) configuration, and the ground state and the 3d84p 2Do
3/2 (1-39,

bottom). The 40 partial wave plot is identical to that of the 60 partial wave

plot.
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For the transitions presented in Fig. (5.2) an increased number of levels from

200 to 500 to 800 does not significantly alter the overall background cross

section for either transition. Some additional strong resonance lines appear

for transition 1-2 (3d9 2D5/2 - 3d9 2D3/2) at low incident electron energies but

the magnitude, behaviour and strength of the collision strength appears con-

verged. The same cannot be said for the intercombination lines presented in

Fig. (5.3). For both transitions the inclusion of additional levels from 200 to

500 results in a reduction of the background cross section, particularly as we

move to higher energies. A much smaller decrease is evidenced by the inclusion

of levels 500 to 800, indicating convergence to the wavefunction representation

for target descriptions of this size. By including 800 levels in the expansion of

the target wavefunction we ensure convergence in the collision cross sections

up to 2.0 Ryd relative to the ground state.

As well as the target description, convergence in the partial wave expansion

may be tested by investigating the required number of Jπ partial waves re-

quired to achieve convergence, particularly for the slow converging dipole al-

lowed lines. We present in Fig. (5.4) two such dipole transitions, 3d9 2D5/2 -

3d8(3F)4p 2Po
3/2 (1-51, top) and 3d9 2D5/2 - 3d8(3F)4p 2Do

3/2 (1-39, bottom).

Three calculations, including successively larger numbers of Jπ partial waves

from 20 to 40 to 60 were analysed. For both, including all partial waves up to

J=60 with even and odd parity, secures a satisfactory level of convergence and

accuracy.

The cross sections were computed for a very fine energy mesh (10−3 Ryd) in

the resonance region to ensure that all resonance features have been properly

resolved, from 0-2 Ryd. The scattering computations were performed twice,

one retaining the ab initio energy levels from grasp0 and then repeated with

the energies shifted to their predicted NIST values before we diagonalised the
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Figure 5.5: Effective collision strengths for the 3d9 2D5/2 - 3d9 2D3/2 (1-2) and

3d9 2D5/2 - 3d84s 4F9/2 (1-3) lines respectively. Comparisons are drawn with

Cassidy et al. [135] and Bautista [141]. Models are labelled by the number of

levels the calculation contained. Model 1 is labelled as DARC149, and Model

2 is labelled as DARC800.
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Figure 5.6: Effective collision strengths for the 3d9 2D5/2 - 3d84s 4F7/2 (1-4, top)

and 3d9 2D5/2 - 3d84s 4F5/2 (1-5, bottom) lines respectively. Comparisons are

drawn with Cassidy et al. [135] and Bautista [141]. Models are labelled by the

number of levels the calculation contained. Model 1 is labelled as DARC149,

and Model 2 is labelled as DARC800.
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Figure 5.7: Effective collision strengths between the ground state and the

3d84p 4Do
7/2 (1-22, top) level and associated collision strengths (bottom) for

DARC149 and DARC800, employing shifted and unshifted target eigenenergies

and contrasted to the work of Cassidy et al. [135] in the top plot.
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Figure 5.8: Effective collision strengths for two dipole allowed transitions be-

tween the ground state to the 3d84p 2Po
3/2 (1-51, top) and 3d84p 2Do

3/2 (1-39,

bottom) levels, respectively, for the shifted DARC149 and DARC800 calcula-

tions contrasted to the work of Cassidy et al. [135] in red.

110



5.3 Electron-Impact Excitation

Hamiltonian. The result of shifting versus not shifting energy values will be

explored through comparison of effective collision strengths, as we can draw

comparison with the work of Cassidy et al. [135] and Bautista [141].

5.3.2 Effective Collision Strengths

The collision strengths between two states, defined by Eqn. (3.52), and de-

picted in Figs. (5.2), (5.3) and (5.4) graphically show that strong autoionising

resonances, which often occur at energies below the ionisation threshold, can

cause the Ωij to vary widely from the non-resonant background. For this

reason many astrophysicists and plasma modellers prefer to use thermally or

Maxwellian averaged effective collision strengths, γij, defined in Eqn. (3.55),

for a range of electron temperatures of importance. We present in Figs. (5.5),

(5.6) and (5.7) these effective collision strengths for several transitions and

for temperatures in the range log Te = 3.0 to 6.0 K. In order to predict the

effective collision strength values for the higher temperatures we extrapolated

the results from the lower temperature range. As the scattering computations

were performed twice for each model, we will present the effective collision

strengths for all sets of data. The shifted datasets were calculated by adjust-

ing the energy values to their predicted NIST values where possible.

In all figures the 11 configuration 800 level DARC calculation (both shifted and

unshifted) and the less sophisticated 5 configuration 149 level work (shifted and

unshifted) are compared with the previous theoretical predictions of Cassidy

et al. [135] and where possible Bautista [141]. In Figs. (5.5) and (5.6) empha-

sis is given to four low-lying forbidden transitions from the ground state 3d9

2D5/2, 1-2, 1-3, 1-4, and 1-5. The low-lying energies near threshold are very

susceptible to the atomic structure used in the target models and the cor-

responding Rydberg resonances converging onto these target thresholds are

sensitive to the target description. For the three transitions where the final
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5.3 Electron-Impact Excitation

level is a metastable, 3d9 2D5/2 - 3d84s 4F9/2, 7/2, 5/2 (transitions 1-3, 1-4 and

1-5) excellent agreement is found between all calculations across the entire

temperature range and convergence at the higher temperatures is achieved.

In addition, shifting of the energy levels to their observed values does not have

a significant effect on the results. For the lowest-lying 3d9 2D5/2 - 3d9 2D3/2

(1-2) transition among the split levels of the ground state, however, slightly

wider discrepancies appear particularly between log Te = 4.0-5.0K. The 800

level DARC calculation produces effective collision strengths in the low tem-

perature region showing excellent agreement with the earlier work of Cassidy

et al. [135] and Bautista [141]. At the higher temperatures all six evaluations

appear to converge but it should be noted that the highest temperature consid-

ered by the work of Cassidy et al. [135] was log Te = 5.0 K and for Bautista [141]

log Te = 4.5 K.

In Fig. (5.7) we present the effective collision strength and the correspond-

ing collision strength for the spin changing 3d9 2D5/2 - 3d84p 4Do
7/2 (1-22)

intercombination line. Agreement between all four evaluations in the present

work (800 level shifted/unshifted, 149 level shifted/unshifted) is good in the

low temperature region from log Te = 3.5 K to log Te = 4.25K. The data of

Cassidy et al. [135] show excellent agreement with the DARC800 calculation

for all temperatures considered, however the data appears to increase at the

highest temperatures included. The “infinite energy” approximation for this

effective collision strength is less than the value recorded at log Te = 5 K., sug-

gesting that if Cassidy et al. [135] had calculated for higher temperatures this

would have agreed much closer with the results recorded in this work. Finally,

in Fig. (5.8) we turn our attention to two strong low-lying dipole transitions,

3d9 2D5/2 - 3d84p 2Po
3/2 (1-51, top) and 3d9 2D5/2 - 3d84p 2Do

3/2 (1-39, bottom).
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5.4 Ni II Spectra

Good agreement is evident for all theoretical works up to the highest temper-

ature considered in the Cassidy et al. [135] work. Above this temperature the

800 and 149 level DARC evaluations deviate as we approach the highest tem-

perature Te = 8 x 106K, the 800 level model increases at a faster rate. This is

due to the differing A-values and f -values produced by these two models in the

structure calculations, and will have a direct effect on the infinite energy point.

In order to analyse the overall effect that shifting energies has on the cal-

culation we can compare the effective collision strengths. We find that for the

DARC149 calculation on average there is a 2.89% difference for shifted and

not shifted sets of data, and for the DARC800 calculation on average there is a

1.75% difference between the shifted and not shifted sets of data. This shows

that shifting of the target state level does not have a significant impact on the

scattering data.

5.4 Ni II Spectra

To illustrate the accuracy and usefulness of the data calculated in this paper

we constructed a collisional-radiative model [58] for Ni ii using the effective

collision strengths from the scattering calculation outlined in Sec. (5.3) and

the radiative transition probabilities from the atomic structure calculations

discussed in Sec. (5.2). A preliminary study is completed on the line spectra

of Ni ii using our collisional-radiative code in order to show the potential ap-

plications for our dataset. However, as our dataset had been formatted for

integration within the more powerful cloudy modelling program [57], there

is an opportunity to undergo a more extensive modelling evaluation at a later

date. The model presented in this section is only a test diagnostic, and the

modelling parameters have been chosen for a nebular plasma. However this

dataset is applicable to a wide range of densities and temperatures. To further

assess the accuracy of our data we are initially looking at the 125-250nm wave-

114



5.4 Ni II Spectra

2.75 3 3.25 3.5 3.75 4 4.25 4.5 4.75

Log Electron Temperature (K)

0

0.25

0.5

0.75

1

1.25

L
in

e 
R

at
io

1 x 10
2

1 x 10
4

1 x 10
6

1 x 10
8

Figure 5.10: Line ratio between the 170.96nm, 3d9 2D5/2 - 3d84p 2Fo5/2 (1-

38), and the 216.55nm, 3d8(3F)4s 4F9/2 - 3d8(3F)4p 4Fo9/2 (1-29), lines for

temperatures between log Te = 2.5 - 4.5 K, and densities between 1 x 102 cm−3

and 1 x 108 cm−3 for the shifted model. The dashed lines provide an upper and

lower bound for the unshifted line ratio for varying density and temperature.

length window. Figure (5.9) shows the shifted spectrum of Ni ii modelled using

our scattering data using the colrad code [58].

We highlight the observed lines from previous investigations, which correspond

to transitions from the ground state (3d9 2D5/2) to 3d8(1G)4p 2Fo7/2 (131.18nm),

3d8(3P)4p 2Do
5/2 (139.33nm), 3d8(1D)4p 2Do

5/2 (145.48nm), 3d8(3F)4p 2Do
5/2

(170.96nm), and 3d8(3F)4p 2Fo7/2 (175.2nm) respectively. The rest of the high-

lighted lines correspond to 3d9 2D3/2 - 3d8(3F)4p 2D5/2 (178.80nm), 3d8(3F)4s

4F9/2 - 3d8(3F)4p 4Fo9/2 (216.55nm), 3d8(3F)4s 4F5/2 - 3d84p 4Fo5/2 (217.53nm),

3d8(3F)4s 4F3/2 - 3d8(3F)4p 4Fo3/2 (218.46nm), 3d8(3F)4s 2F7/2 - 3d84p 2Fo5/2

(222.44nm), and 3d8(3F)4s 2F7/2 - 3d8(3F)4p 2Do
5/2 (227.88nm) transitions.

Also the 3d8(3F)4s 2F7/2 - 3d8(3F)4p 2Fo7/2 (229.66nm), 3d8(3F)4s 2F5/2 -
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Figure 5.11: Spectrum of Ni ii for an electron temperature of 3 eV and elec-

tron density of 1 x 106 cm−3. The following highlighted lines correspond to

transition lines of the forbidden multiplet (a2D-a2F).

3d8(3F) 4p 2Fo5/2 (229.83nm), 3d8(3F) 4s 2F7/2 - 3d8(3F) 4p 2Go
7/2 (233.46nm),

3d8(3F)4s 2F5/2 - 3d8(3F)4p 2Do
5/2 (235.64nm), 3d8(3F)4s 2F5/2 - 3d8(3F)4p

2Fo7/2 (237.54nm), 3d8(3F)4s 2F7/2 - 3d8(3F)4p 2Go
9/2 (239.45nm), and 3d8(3F)4s

2F5/2 - 3d8(3F)4p 2Go
7/2 (241.61nm) transitions are highlighted. The unidenti-

fied lines in Fig. (5.9) are lines which remain unshifted due to lack of compar-

ative data.

Good agreement for both strength and position is evident for well observed

lines such as the 170.90nm [117, 120, 121] and 241.61nm [116, 120]. Also, there

is reasonable agreement for lesser observed lines such as the 131.72nm line

observed by Jenkins & Tripp [123] theoretically predicted at a wavelength of

131.18nm from our calculation. The unshifted spectrum results in a similar

plot, except some of the smaller wavelengths are not in the correct positions,

for example the 145.48nm was at 150.22nm. The intensity of the lines was also

not as strong for the unshifted spectrum using this diagnostic line.

116



5.5 Conclusion

In order to emphasise this strong diagnostic line we present in Fig. (5.10) the

line ratio as a function of log electron temperature in K. We can clearly see

that this line is heavily dependent on temperature, but has little dependence on

density. The dashed lines on Fig. (5.10) indicate the upper and lower bounds of

the unshifted model. The agreement between both models is good which cor-

responds to the small percentage difference found between the two sets of data.

Data of more interest for astrophysical modelling, is that pertaining to the

fluorescent wavelength region witnessed in gaseous nebulae. The work by

Bautista et al. [142] discusses strong line ratios for the fluorescent line spec-

trum focused particularly on the spectrum observed in the Orion and Crab

Nebulae. Other work which explores the fluorescent spectrum is the work of

Lucy [143], which investigates whether continuum fluorescence can account for

the anomalous intensities observed in the spectra of many gaseous nebulae for

particular lines of Ni ii. Figure (5.11) presents the line spectrum of Ni ii in the

fluorescent wavelength region 650-750nm for a density of 1 x 106 cm−3 and

electron temperature of 3eV. Reasonable agreement is found with the position

of the 737.80nm and 741.20nm lines discussed in both Bautista et al. [142]

and Lucy [143] and found at 737.25nm and 741.56nm, respectively, using our

modelling code. Good agreement is found with the 666.70nm wavelength Lucy

[143], seen in Fig. (5.11) at 666.69nm.

5.5 Conclusion

The atomic data reported in this section represents the largest and most com-

prehensive dataset for electron-impact excitation of Ni ii currently available in

the literature. Eleven configurations were included in the description of the

target ion (Model 2) and the fully relativistic DARC R-matrix package was

employed in the collision calculations. Collision strengths were evaluated for all

transitions, both forbidden and allowed, between the lowest 800 fine structure
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5.5 Conclusion

levels for incident electron energies up to 2 Ryd. We ensured that the Rydberg

resonances converging onto the target state thresholds were properly resolved

and the convergence of the high partial wave contributions was achieved. In

order to access the accuracy of the collision strengths, two calculations were

completed, a 149 jj-level (Model 1) and a more substantial 800 jj-level (Model

2).

Furthermore, to investigate the effect of adjusting the energy levels during

the collision calculation we have produced datasets with and without energy

adjustments to enable us to clearly see the effect of such fine-tuning. The cor-

responding Maxwellian averaged effective collision strengths were evaluated for

a large range of electron temperatures log Te = 3.5 - 6.0 K, exceeding all other

previous works. This data should provide the necessary quantity and quality

of atomic data for modern day modelling of many astrophysical objects. Com-

parisons were made with the earlier theoretical works of Cassidy et al. [135]

and Bautista [141], were good agreement was found for many transitions. The

exceptions were for those lines among split levels of the ground state at low

temperatures, several intercombination lines which were significantly enhanced

by high lying resonance features in the cross sections, and the high tempera-

ture region of the strong dipole lines. In addition, it was found that adjusting

the energy levels to their NIST values did not significantly alter the results in

either the 149 or 800 level evaluations.

Previous works [116, 120, 121, 117, 123, 142, 143] were used to compare with

the Ni ii spectrum modelled using our scattering data. Observed lines were

identified between wavelengths of 125-250nm and 650-750nm, and show excel-

lent agreement. There is an opportunity for more extensive modelling at a

later stage using modelling programs such as cloudy [57].
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6 Atomic Data for the Modelling of W II

6.1 Introduction

Tungsten is a leading candidate for the wall material in the divertor region

of the International Thermonuclear Experimental Reactor (ITER) [27]. The

impurity influx of tungsten in the plasma needs to be measured, as highlighted

in the work by Pütterich et al. [29]. The work of Isler [30] and Murakami et

al. [31] states that the presence of as little as 0.1% of a high-Z element, such

as tungsten, within the plasma can quench the reaction. This is a very seri-

ous issue for sustained fusion reactions, and is the primary motivation for this

research. Atomic calculations are used to ensure reliable erosion diagnostics

which help characterise the influx of tungsten impurities into the core plasma.

In recent years there has been much focus on the calculation of relevant data for

highly charged tungsten species. Examples of such works include; Turkington

et al. [144], Hussein et al. [145], El-Maaref et al. [146] and Aggarwal [147]. Less

focus has been placed on data for the low ion stages of tungsten. While the

work of Smyth et al. [33] presents extensive calculations for neutral tungsten

there is a very noticeable gap in available collisional data for its neighbouring

ion stages, specifically W ii and W iii.

In the effort to generate nuclear fusion there are many difficulties to over-

come. A well known problem in magnetically-confined plasma devices such as

tokamaks is that for a stable plasma to reach the required temperature, we

must minimise the contact the plasma makes with the walls of the contain-

ment device. There are several devices which create the desired conditions

for nuclear fusion. One such device mentioned previously, ITER, a toroidal

shaped tokamak is currently under construction at Cadarache, France. In the

divertor region tungsten is used as the leading material choice for the plasma

facing components (PFC’s) due to the extremely high temperatures reached.
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Figure 6.1: Energy level spectrum of W ii organised by electronic configuration

(For the first 5 configurations which contribute to the lowest-lying levels). Each

horizontal line designates a specific fine structure level (taken from the NIST

database).

A research group from Auburn University have been undertaking experiments

on their own hybrid Stellarator known as the Compact Toroidal Hybrid (CTH)

for observing the resulting spectra of W ii. Due to the ongoing importance of

tungsten to the ITER, it was crucial to calculate atomic data for neutral tung-

sten. Smyth et al. [33] computed the electron-impact excitation cross sections

for fine structure transitions in W I. These atomic data were also integrated

into the modelling codes to deduce the impurity influx predictions for this

species. The impurity influx from PFCs is unavoidable and therefore must

be characterised for the first few ion stages of tungsten. Theoretically, it is

electron-impact excitation/ionisation calculations that provide these determi-

nations.

Johnson et al. [148], carried out an analysis of the spectral lines of tungsten.

Their recent observations suggest as yet, unidentified lines of W II. For diag-
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6.1 Introduction

nostics, having two ion stages emitting within the same wavelength window

of the spectrometer, provides greater confidence in any temperature or den-

sity determinations. To achieve a complete picture of the spectra it is highly

desirable to provide further diagnostics for densities and temperatures repre-

sentative of the plasma confined by ITER. We have difficulty identifying lines

due to the fact that NIST [119] does not provide a complete dataset for com-

parison. Therefore, CTH experiments, cowan code calculations and grasp

calculations may aid in the designations of lines.

Singly ionised tungsten has not been modelled to a sufficiently accurate de-

gree required to complete such a thorough analysis. The first experimental

study of this ion stage was completed by Laun [149]), and presented 77 en-

ergy levels that were derived from 500 W II lines which ranged in wavelength

from 1961.43 Å to 4348.13 Å. Laun continued working on analysing W II and

published a second paper [150]. This later work comprised of 194 levels from

4 configurations, which included, 5d46p, 5d46s, 5d36s6p, and 5d26s26p. This

was observed for 2173 transitions ranging in wavelength from 1756.6 Å to

6219.77 Å, wavelengths for W II were published by Cabeza & Rico [151]. The

experiment was carried out to form a low-voltage sliding spark discharge which

was recorded photographically on the NIST 10.7m normal incidence vacuum

spectrograph [152] in the 600-2680 Å spectral region and contained 2800 lines.

Theoretically, low even configurations were interpreted through the use of a

parametric method by Wyart [153] using energy levels supplied by Laun [150],

where nine experimental levels were omitted in the least square fit.

Continuing his work, and collaborating with another physicist Blaise, Wyart

repeated a similar calculation for the low-lying odd configurations, such as,

5d46p, 5d36s6p and 5d26s26p. 132 experimental levels were identified by Wyart

& Blaise [154]. However, these calculations were limited with respect to the
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6.1 Introduction

configurations considered. An experimental study carried out by Ekberg et

al. [155] identified almost 2500 spectral lines in the region of 1850 Å to 5800

Å. This was analysed using a Penning discharge spectogram obtained with a

Fourier transform spectrograph. Wavelengths were also identified from a sim-

ilar set of configurations but employing the HFR code of Cowan [102]). Even

(5d5, 5d46s and 5d36s2) and odd configurations (5d46p, 5d36s6p and 5d26s26p)

were included in the calculations. Further spectral lines were presented in the

work of Kling et al. [156] for the same spectral region. More recently, Kramida

& Shirai [157] presented energy levels, wavelengths, and transition probabilities

for W ii. Quinet et al. [158] presented transition probabilities for allowed and

forbidden lines in neutral, singly ionised and doubly ionised tungsten. They

summarised the existing electric dipole transitions identified from the litera-

ture, and obtained both magnetic dipole and electric quadrupole transitions

using the relativistic Hartree-Fock method.

Lennartsson et al. [159] recorded spectra of W ii between 1950–4350 Åusing

the FT500 UV Fourier Transform Spectrometer. These observations were in-

corporated with previous data measured by the time resolved laser induced

fluorescence technique, resulting in transition probabilities for W ii. They ob-

served 95 transitions which originated from 9 upper levels. Only 15 of these

transitions had been measured previously. Since Lennartsson et al. [159] com-

pleted their study, there has been a conference paper by Husain et al. [160]

where they carried out calculations using the cowan code [102], and the levels

used to complete the least square fit were taken from NIST [119].

Despite the efforts of these investigations into W ii there exists no compre-

hensive and publicly available close-coupled datasets for electron-impact ex-

citation. This prevents the determination of diagnostics for fusion plasmas.

We have carried out an evaluation of the electron-impact excitation for W ii,
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6.2 Structure

in collaboration with physicists in Auburn University. These atomic data can

then be integrated into sophisticated modelling codes to provide impurity in-

flux predictions for these species. The transition probabilities in NIST contain

data provided by Ekberg et al. [155], Lennartsson et al. [159] and Quinet et

al. [158]. After completing the electron-impact excitation calculations for W ii,

we have carried out collisional-radiative modelling in order to generate a syn-

thetic spectra from our data. This may be compared to the spectra observed

in recent CTH measurements.

The remainder of this chapter is structured as follows. In Sec. (6.2) we investi-

gate the atomic structure using the Multi-Configurational Dirac-Fock method,

implemented by grasp0 [73]. The atomic structure model is created by build-

ing from an 8 configuration model to a 17 configuration model. We present

three calculations, the first an 8 configuration model to provide a benchmark

for comparison with the second model, a 13 configuration model. A third cal-

culation presents an extensive 17 configuration model. In Sec. (6.3) we discuss

our electron-impact excitation calculations using the R-matrix codes (DARC)

[137]. Lastly, in Sec. (6.4) we present our population modelling calculations,

benchmarked against recent CTH measurements.

6.2 Structure

W ii has a complex atomic structure due to the open d shell contained in

both the ground (5d46s) and excited states (5d36s2, 5d36s6p, ... etc). Our

model describes the spectrum of W ii at temperatures and densities associated

with magnetically confined plasmas. Difficulties arise due to this rich complex

structure, and the lack of identified and labeled observed data (see Fig. (6.1)).

Three calculations were completed, based off three different configuration lists.

Initially, we construct a relatively small model in order to create a benchmark

for our more complex structure described later. This model contained 16
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6.2 Structure

Model No. of levels Configurations included

M3a 6910 5s25p65d5

5s25p65d4 {6s, 6p, 6d},

5s25p65d3 {6s2, 6p2, 6d2},

5s25p4 {5d66s, 5d66d, 5d7},

5s25p55d56s

M3b 2626 M3a + 5s25p65d37s2, 5s25p55d57s

- 5s25p4 {5d66s, 5d66d}

M3 5509 M3b + 5s25p6 {5d36s6p, 5d47p, 5d37p2},

5s25p4 {5d66s, 5d46s7s2, 5d56s2}

Table 6.1: Table showing the development of the configuration set for the grasp0

atomic structure of Model 3 for singly ionised tungsten.

orbitals, and 8 non-relativistic configurations, described below,

4f145s25p65d46s 4f145s25p65d46d 4f145s25p65d36s2

4f145s25p45d7 4f145s25p65d46p 4f145s25p65d36s6p

4f145s25p65d5 4f145p65d7,

resulting in 1068 jj-levels. The energy levels produced from this model did

show promising results, particularly for the odd parity states. This model will

be known as Model 1 for the duration of this investigation. Even though Model

1 showed promising results, the low-lying even parity states had an average

percentage error of around 20%, in terms of absolute energy relative to the

ground state, when compared with the existing literature. This necessitated a

second more sophisticated model.

In the second model we created a much more complex structure, containing all

the configurations from the first model but also allowing all single and double

promotions from the 5d orbital to the 6d orbital, and double promotion to the
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6.2 Structure

6p orbital were also included. In order to build up the structure for the second

model the 6p and 6d orbitals were introduced separately. This was a larger

model containing 13 non-relativistic configurations,

4f145s25p65d5 4f145s25p65d36s2 4f145s25p65d36s6d

4f145s25p65d46s 4f145s25p55d56d 4f145s25p65d36s6p

4f145s25p65d46p 4f145s25p55d56p 4f145s25p65d36p2

4f145s25p65d46d 4f145s25p55d56s 4f145s25p65d36d2

4f145s25p45d7.

This resulted in a 5816 jj-level structure. This shall be referred to as Model

2 throughout the rest of the paper. Model 2 showed very promising results,

however in order to increase the dipole interactions within our calculation to

have a larger dataset for comparison with the CTH experiment we needed

to incorporated the 7s and 7p orbitals within our structure. Therefore, we

created a third model containing 17 non-relativistic configurations. Several

configurations which had been included in Model 2 are not included in the

new model, as they are very high lying and were included for convergence of

the orbital parameters. The new structure requires different configurations for

convergence. The building up of the configurations for this model is presented

in Table 6.1. The corresponding energy levels can be found in Table 6.2. This

model contains,

4f145s25p65d5 4f145s25p65d36s2 4f145s25p45d46s7s2

4f145s25p65d46s 4f145s25p65d36p2 4f145s25p65d36s6p

4f145s25p65d46p 4f145s25p65d36d2 4f145s25p45d66s

4f145s25p65d46d 4f145s25p65d37s2 4f145s25p55d56s

4f145s25p55d57s 4f145s25p65d37p2 4f145s25p45d7

4f145s25p65d47p 4f145s25p45d56s2.

This resulted in a 5509 jj-level structure. We will refer to this model as Model

3 for the remainder of this paper.
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No. Config. Level M3a M3b M3 Expt.

1 5d46s 6D1/2 0.00000 0.00000 0.00000 0.00000

2 5d46s 6D3/2 0.13417 0.00819 0.00898 0.01384

3 5d46s 6D5/2 0.14908 0.01920 0.02068 0.02891

4 5d46s 6D7/2 0.16729 0.03154 0.03347 0.04298

5 5d46s 6D9/2 0.17700 0.04470 0.04686 0.05602

6 5d5 6S5/2 0.18562 0.08521 0.06579 0.06762

7 5d36s2 4F3/2 0.18705 0.09722 0.07657 0.07938

8 5d46s 4P1/2 0.19368 0.09968 0.09228 0.08049

9 5d36s2 4P3/2 0.19837 0.10632 0.10505 0.09653

10 5d36s2 4F5/2 0.20338 0.11262 0.09921 0.10298

11 5d46s 4D1/2 0.20374 0.12736 0.12609 0.12004

12 5d36s2 4F7/2 0.21237 0.13948 0.12166 0.12222

13 5d36s2 4P5/2 0.21285 0.14056 0.13108 0.12242

14 5d46s 4D3/2 0.22888 0.14580 0.13863 0.13336

15 5d36s2 4F9/2 0.23097 0.15189 0.14159 0.13539

16 5d46s 4D5/2 0.23675 0.16336 0.15067 0.13640

17 5d46s 4H7/2 0.23929 0.16632 0.17374 0.13803

18 5d46s 4G5/2 0.28537 0.17378 0.17879 0.14794

19 5d46s 4H9/2 0.28638 0.17850 0.17748 0.15084

20 5d46s 4D5/2 0.30726 0.18693 0.16108 0.15118

21 5d46p 6Fo
1/2

0.56930 0.32812 0.34002 0.32956

22 5d36s6p 6Go
3/2

- - 0.35201 0.34602

23 5d46p 4Po
1/2

0.59174 0.52708 0.35316 0.35153

24 5d46p 6Fo
3/2

0.58729 0.33812 0.35569 0.35657

25 5d36s6p 6Go
5/2

- - 0.36737 0.36393

26 5d46p 6Fo
5/2

0.60911 0.35230 0.75000 0.38318

27 5d46p 6Do
3/2

0.65504 0.35312 0.37857 0.38545

28 5d36s6p 6Go
7/2

- - 0.38585 0.38629

29 5d46p 6Do
5/2

0.69223 0.39521 0.39801 0.40419

30 5d36s6p 6Fo
1/2

- - 0.40593 0.40511

31 5d46p 6Fo
9/2

0.66056 0.39082 0.40593 0.40787

32 5d46p 6Fo
7/2

0.63340 0.36974 0.39052 0.40895

33 5d46p 6Fo
3/2

0.62658 0.40400 0.40213 0.40927

34 5d46p 6Fo
1/2

0.70478 0.42421 0.39484 0.41424

35 5d36s6p 6Fo
3/2

- - 0.41024 0.41512

36 5d36s6p 6Do
7/2

- - 0.41321 0.42078

Table 6.2: A representative sample of fine structure energies of W ii, in Ryd (relative

to the ground state). Energies from the various grasp0 models building up to Model

3 are presented and are compared to the experimental values (Expt.) compiled by

Kramida & Shirai [157].
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6.2 Structure

Config. Model 1 Model 2 Model 3 NIST Abs. Abs. Abs.

(Ryd) (Ryd) (Ryd) (Ryd) Error 1 Error 2 Error 3

5d46s (6D1/2) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00+00 0.00+00 0.00+00

5d46s (6D3/2) 5.672E-03 8.749E-03 8.984E-03 1.384E-02 4.07-03 5.09-03 4.86-03

5d46s (6D5/2) 1.921E-02 2.023E-02 2.068E-02 2.891E-02 9.69-03 8.68-03 8.23-03

5d46s (6D7/2) 3.173E-02 3.287E-02 3.347E-02 4.298E-02 1.12-02 1.01-02 9.51-03

5d46s (6D9/2) 4.514E-02 4.621E-02 4.686E-02 5.602E-02 1.09-02 9.81-03 9.16-03

5d5 (6S5/2) 6.062E-02 7.116E-02 6.579E-02 6.762E-02 7.00-03 3.54-03 1.83-03

5d36s2 (4F3/2) 1.041E-01 9.123E-02 7.657E-02 7.938E-02 2.36-02 1.18-02 2.82-03

5d46s (4P1/2) 1.060E-01 9.776E-02 9.228E-02 8.049E-02 2.66-02 1.72-02 1.18-02

5d46s (4P3/2) 1.171E-01 1.109E-01 1.050E-01 9.653E-02 2.06-02 1.44-02 8.52-03

5d36s2 (4F5/2) 1.249E-01 1.113E-01 9.921E-02 1.030E-01 2.19-02 8.29-03 3.77-03

5d46s (4D1/2) 1.424E-01 1.366E-01 1.261E-01 1.200E-01 1.66-02 1.66-02 6.05-03

5d36s2 (4F7/2) 1.439E-01 1.314E-01 1.217E-01 1.222E-01 2.17-02 9.15-03 5.55-04

5d36s2 (4F5/2) 1.390E-01 1.357E-01 1.311E-01 1.224E-01 2.48-02 1.33-02 8.66-03

5d46s (4D3/2) 1.533E-01 1.484E-01 1.386E-01 1.333E-01 2.23-02 1.50-02 5.27-03

5d46s (4F9/2) 1.602E-01 1.489E-01 1.416E-01 1.354E-01 1.99-02 1.35-02 6.20-03

5d46s (4D5/2) 1.637E-01 1.590E-01 1.507E-01 1.364E-01 2.73-02 2.26-02 1.43-02

5d46s (4H7/2) 1.720E-01 1.642E-01 1.737E-01 1.380E-01 3.40-02 2.62-02 3.57-02

5d46s (4G5/2) 1.763E-01 1.724E-01 1.788E-01 1.480E-01 2.82-02 2.44-02 3.08-02

5d46s (2H9/2) 1.790E-01 1.730E-01 1.775E-01 1.508E-01 2.82-02 2.22-02 2.66-02

5d46s (4D7/2) 1.872E-01 1.766E-01 1.611E-01 1.512E-01 3.61-02 2.53-02 9.90-03

5d46p (6Fo
1/2

) 3.146E-01 3.177E-01 3.400E-01 3.296E-01 1.71-02 1.19-02 1.05-02

5d36s6p (6Go
3/2

) 3.056E-01 3.042E-01 3.520E-01 3.460E-01 3.04-02 4.18-02 5.99-03

5d46p (4Po
1/2

) 3.293E-01 3.346E-01 3.532E-01 3.515E-01 2.23-02 1.70-02 1.63-03

5d46p (6Fo
3/2

) 3.297E-01 3.322E-01 3.557E-01 3.566E-01 2.69-02 2.45-02 8.81-04

Table 6.3: Comparing energy levels of all presented models with NIST values

(this is the work of Kramida & Shirai [157]). All energy values are listed in

Rydbergs.
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6.2 Structure

Wave- Lower Level Upper Level A(s−1): A(s−1): A(s−1): A(s−1): A(s−1):

length Level Level Ekb. Len. Model 3 Model 2 Model 1

(nm) (2000) (2011)

232.43 5d5 (6S5/2) 5d46p (4Fo
3/2

) 4.46+06 5.98+06 1.72+06 2.41+04

233.97 5d36s2 (4F3/2) 5d46p (4Fo
5/2

) 5.33+06 8.54+06 8.62+06 1.79+06

234.98 5d36s2 (4F3/2) 5d36s6p (6Do
3/2

) 7.14+07 4.04+07 5.92+07 1.95+07

239.04 5d5 (6S5/2) 5d36s6p (6Go
5/2

) 6.69+07 3.84+07 4.86+07 1.19+08

239.29 5d46s (6D7/2) 5d36s6p (6Go
9/2

) 2.28+07 2.53+07 2.22+07 2.20+07

239.62 5d36s2 (4F3/2) 5d46p (4Fo
3/2

) 8.91+06 6.44+06 9.37+06 2.94+07

239.71 5d46s (6D5/2) 5d46p (6Fo
7/2

) 5.24+07 5.69+07 6.77+07 1.13+08

240.32 5d46s (4P1/2) 5d46p (4Fo
3/2

) 3.42+06 4.84+06 1.07+06 2.25+07

242.75 5d46s (6D5/2) 5d46p (6Do
5/2

) 2.56+07 1.68+07 4.14+07 2.10+07

244.64 5d5 (6S5/2) 5d46p (6Po
5/2

) 5.39+07 3.84+07 4.33+07 5.09+07

246.65 5d46s (6D3/2) 5d46p (6Fo
5/2

) 2.26+07 2.46+07 2.22+07 7.33+07

247.78 5d46s (6D9/2) 5d36s6p (6Go
9/2

) 2.84+07 4.65+07 4.86+07 2.19+07

248.88 5d5 (6S5/2) 5d46p (6Po
3/2

) 1.26+08 1.52+08 9.85+07 7.76+06

248.92 5d46s (6D7/2) 5d46p (6Fo
7/2

) 6.95+07 5.78+07 8.27+07 1.11+08

249.07 5d36s2 (4F5/2) 5d46p (4Fo
5/2

) 1.93+07 8.90+06 2.50+07 1.15+07

249.66 5d46s (6D7/2) 5d36s6p (6Go
9/2

) 9.62+06 7.40+06 6.34+06 8.65+07

250.22 5d36s2 (4F5/2) 5d36s6p (6Do
3/2

) 1.51+07 1.46+07 2.16+07 2.28+07

252.20 5d46s (6D7/2) 5d46p (6Do
5/2

) 2.48+07 2.73+07 1.61+07 6.33+07

252.62 5d36s2 (4F3/2) 5d46p (6Po
5/2

) 2.81+06 2.24+06 6.32+05 4.71+05

254.91 5d46s (6D5/2) 5d36s6p (6Go
7/2

) 1.36+06 1.82+06 2.97+06 5.22+06

255.48 5d36s2 (4F5/2) 5d46p (4Fo
3/2

) 1.49+07 1.91+07 5.04+05 4.11+05

255.49 5d46s (6D1/2) 5d46p (6Fo
3/2

) 1.78+07 2.18+07 1.86+07 7.21+07

255.51 5d46s (6D5/2) 5d46p (6Do
3/2

) 4.06+07 1.03+07 5.38+07 8.93+07

257.14 5d46s (6D5/2) 5d46p (6Fo
5/2

) 4.38+07 6.11+07 4.13+07 9.59+07

258.92 5d46s (6D9/2) 5d36s6p (6Go
9/2

) 1.82+07 4.65+07 4.86+07 8.52+07

259.87 5d36s2 (4F3/2) 5d46p (6Po
3/2

) 3.19+07 3.14+07 3.10+07 1.63+06 1.88+05

262.90 5d36s2 (4F7/2) 5d46p (4F5/2) 1.70+07 3.19+07 2.88+07 5.14+06

263.05 5d46s (4P1/2) 5d46p (4Fo
5/2

) 5.26+06 3.13+06 8.54+06 3.01+06

264.33 5d46s (4P1/2) 5d36s6p (6Do
3/2

) 4.01+07 4.04+07 4.65+07 5.34+06

265.36 5d46s (6D7/2) 5d36s6p (6Go
7/2

) 3.79+06 7.29+06 5.89+05 7.01+06

265.64 5d46s (4P1/2) 5d36s6p (6Fo
7/2

) 4.96+06 3.88+06 2.21+06 2.05+05

265.80 5d46s (6D3/2) 5d46p (6Fo
3/2

) 3.38+07 3.67+07 4.43+07 8.25+07

268.32 5d46s (4D1/2) 5d46p (4Fo
3/2

) 4.74+07 2.99+07 2.26+07 3.09+07

269.77 5d46s (6D3/2) 5d46p (4Po
1/2

) 4.96+07 4.67+07 3.65+07 8.48+07

Table 6.4: A-values (s−1) for dipole transitions for both models and the values

available in NIST (Ekb: Ekberg et al. [155], Len: Lennartsson et al. [159].
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Wavelength Lower Level Upper Level A (s−1): A (s−1): A (s−1): A (s−1):

(nm) Level Level Quin. Model 3 Model 2 Model 1

(2010)

515.214 5p65d46s (6D1/2) 5p65d46s (2F5/2) 1.67+00 1.73+00 1.41+00 1.63+00

551.769 5p65d46s (6D3/2) 5p65d46s (4H13/2) 2.80-01 1.68-01 1.12-01 1.06-02

558.967 5p65d46s (6D3/2) 5p65d46s (2F5/2) 3.90-01 1.76-01 1.08-01 1.88-01

562.983 5p65d46s (6D3/2) 5p65d46s (4G9/2) 3.90-01 2.05-01 1.86-01 3.56-02

607.187 5p65d46s (6D5/2) 5p65d46s (4H13/2) 2.90-01 8.58-02 8.30-02 8.18-02

620.794 5p65d46s (6D5/2) 5p65d46s (4G9/2) 2.00-01 1.91-01 6.74-02 9.98-02

670.01 5p65d46s (6D7/2) 5p65d46s (4H13/2) 4.40-01 3.63-01 3.52-02 1.32-04

686.617 5p65d46s (6D7/2) 5p65d46s (4G9/2) 2.10-01 1.94-01 4.68-01 8.82-02

758.9 5p65d46s (6D1/2) 5p65d46s (4P5/2) 3.90-01 1.45-01 3.03-01 6.13-04

857.801 5p65d46s (6D3/2) 5p65d46s (4P5/2) 7.70-01 4.64-01 2.17-01 1.11-02

914.994 5p65d46s (4P1/2) 5p65d46s (4H13/2) 9.10-01 1.07+00 6.97-01 5.28-01

934.959 5p65d46s (4P1/2) 5p65d46s (2F5/2) 5.40-01 5.61-01 5.38-01 4.07-01

972.529 5p65d46s (4P1/2) 5p65d46s (4G7/2) 9.90-01 3.53-01 2.86-01 8.76-04

976.346 5p65d46s (6D5/2) 5p65d36s2 (4F7/2) 4.90-01 3.03-01 3.31-01 3.30-01

985.837 5p65d46s (6D7/2) 5p65d46s (4D3/2) 4.80-01 4.44-01 4.15-01 4.20-01

Table 6.5: A-values (s−1) for forbidden lines for both models and values from

the work of Quin: Quinet et al. [158].
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6.2.1 Atomic Structure Evaluation

It is necessary to evaluate the accuracy of our models. In order to do so, it is

important to compare our data with known reliable sources. For atomic struc-

ture evaluations, a well established method of testing accuracy is to compare

the energy levels and oscillator strengths with existing observed and theoreti-

cal data in the literature, such as the values found in NIST [119].

Table 6.3 displays the energy levels in Ryd for 24 energy levels (the first 20

lowest lying even parity states, and 4 lowest lying odd parity states) of W ii

included in both Model 1, Model 2 and Model 3. These energy levels are eval-

uated against energy levels compiled by Kramida & Shirai [157] (recorded on

NIST). For Model 1 the atomic structure shows an average percentage error

of 20.5% for the even parity levels, and 6.7% for the odd levels with the values

of NIST. This indicates that Model 1 provides an accurate representation for

the configuration states containing a single promotion from the 5d orbital to

the 6p (5p65d46p), and double promotions from the 5d orbital split between

the 6s and 6p (5p65d36s6p).

However, Model 1 does not appear to be a sufficiently accurate representa-

tion for the configuration states containing single or double promotions from

the 5d orbital to the 6s (5p65d46s and 5p65d36s2) as they exhibit much larger

errors. As Model 1 is comprised of only 8 configurations in the target wave-

function expansion, the model lacks configurations which when included may

affect the configuration interaction expansion. There is a vast improvement

for Model 2 as the atomic structure shows a reasonable average error of 7.7%

for the even parity levels, ranging from 1.0% up to 17.2%. The odd parity lev-

els are extremely well represented having an average error of only 0.7%, with

errors ranging from 0.002% up to 2.5%. This result indicates that Model 2 pro-

vides an accurate representation for both the even and the odd configuration
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6.3 Electron-Impact Excitation

states. These uncertainties show even greater improvement for Model 3, the

average error for the even parity levels decreases to 1.3% and the odd parity

levels to 0.4%. Another valid comparison metric is the transition probabilities.

In Table 6.4 the transition probabilities for both models have been compared

with the values in NIST which have been obtained from the experiments of

Ekberg et al. [155] and Lennartsson et al. [159].

For Model 1 most of the values agree within the same order of magnitude,

however there are values which fall far from what we were expecting, such as

for the 232.4285nm wavelength with a value of 2.41x104 s−1 which is 2 orders

of magnitude smaller than the value of NIST (4.46x106 s−1). This improves

greatly for the second model which falls within the same order of magnitude as

NIST. Model 3 improves this to 5.98x106 s−1. A similar trend can be seen in

Table 6.5 for the forbidden lines when compared with the results from Quinet

et al. [158], the second model shows a more consistent agreement. The third

model has better agreement across most of the forbidden lines. Confident that

all three models were structurally in good agreement with experimental re-

sults, calculations for the electron-impact excitation of W ii were carried out

for all models.

6.3 Electron-Impact Excitation

The theory for this section is fully explained in Chapter 3. The first calculation

is a small calculation completed using Model 1, containing just 200 levels in the

close-coupling expansion of the target wavefunction. For the duration of this

paper we will refer to this calculation as DARC200. The second calculation

is a much larger calculation using Model 2 which agrees more closely for both

energy levels and oscillator strengths, and contains more configurations. In

order to reduce the computational size of this calculation we retained 400 levels

in the close-coupling expansion of the scattering model. This calculation will
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Figure 6.2: Collision strengths, from the DARC400 (Model2) and DARC450

(Model 3) calculations, for the 5d46s 6D1/2 to the 5d46s 6D3/2 (1-2, top) and

5d46s 6D1/2 to 6D5/2 (1-3, bottom) lines respectively.
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Figure 6.3: Collision strengths, from the DARC400 (Model2) and DARC450

(Model 3) calculations, 5d46s 6D1/2 to 5d46p 6Fo3/2 (1-23, top), and 5d46s 6D1/2

to 5d36s6p 6Go
3/2 (1-24, bottom) lines respectively.
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6.3 Electron-Impact Excitation

be referred to as DARC400. Model 3 extends Model 2 by including configu-

rations involving the 7p orbital. Using Model 3, 450 levels were included in

the close-coupling expansion of the scattering model. We refer to this cal-

culation as DARC450. In all calculations, energy levels were shifted to the

experimental values given in the NIST database, and ‘top-up’ procedures were

employed to estimate contributions from the higher partial waves 2J ≥ 60 [89].

For the DARC400 and DARC450 calculations, Figs. (6.2) and (6.3) present

collision strengths for four transitions from the ground state (5d46s 6D1/2) to

the 5d46s 6D3/2 (1-2), 5d46s 6D1/2 to 6D5/2 (1-3), 5d46s 6D1/2 to 5d46p 6Fo3/2

(1-23), and 5d46s 6D1/2 to 5d36s6p 6Go
3/2 (1-24) states respectively. There is a

lack of any collision strength data in the literature to draw comparison with.

However both calculations display good agreement across the whole energy

range considered, particularly for the forbidden lines. The dipole interactions

deviate slightly at higher energies, this is due to the different radiative values.

The A-value for the 5d46s 6D1/2 to 5d46p 6Fo3/2 (1-23) transition is 4.14x107 s−1

for the DARC400 calculation and 4.34x107 s−1 for the DARC450 calculation.

All collision strengths exhibit the expected form of a near-degenerate non-

dipole transition, the strongest dipole being from the ground state. There

are fine resonances at low energies, with some resonance structure up to the

ionisation threshold of approximately 1.2 Rydbergs. The cross sections and

collision strengths were generated using a mesh of 2,500 points for 2J=0 to

2J=38. We used a coarse mesh of 500 points for the contributions from par-

tial waves of 2J=40 up to 2J=58 were we applied “top-up” for contributions

beyond partial waves with a value of 2J=58. This spanned the energy range

of 0-2 Ryd. “Top-up” [89] applies a procedure to estimate the contributions of

partial collision strengths for angular momenta beyond that which we choose

to include in the calculation, explained in Sec. (3.4.1).
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Figure 6.4: Effective collision strengths, from the DARC200 (Model1),

DARC400 (Model2) and DARC450 (Model 3) calculations, for the 5d46s 6D1/2

to the 5d46s 6D3/2 (1-2, top) and 5d46s 6D1/2 to 6D5/2 (1-3, bottom) lines

respectively. Presented for logTe=3.0-6.0K.
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Figure 6.5: Effective collision strengths, from the DARC200 (Model1),

DARC400 (Model2) and DARC450 (Model 3) calculations, for the 5d46s 6D1/2

to 5d46p 6Fo3/2 (1-23, top), and 5d46s 6D1/2 to 5d36s6p 6Go
3/2 (1-24, bottom)

lines respectively. Presented for logTe=3.0-6.0K.
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Figure 6.6: Collision strength for the 5d46s 6D1/2 - 5d46p 4P1/2 (1-22) transition

showing the successive contributions for 20, 40, and 60 partial waves.

Figures (6.4) and (6.5) present the effective collision strengths which corre-

spond to transitions 5d46s 6D1/2 - 5d46s 6D3/2 (1-2), 5d46s 6D1/2 - 6D5/2 (1-3),

5d46s 6D1/2 - 5d46p 6Fo3/2 (1-23), and 5d46s 6D1/2 - 5d36s6p 6Go
3/2 (1-24) re-

spectively for logTe=3.0-6.0 K. For the forbidden transitions there is some

divergence at low temperatures between the three calculations, however excel-

lent agreement is seen between all calculations at higher temperatures. For

the dipole interactions excellent agreement is shown between the DARC400

and DARC450 calculations, the DARC200 calculation deviates at higher tem-

peratures. The more sophisticated models produce weaker collision strengths

for these transitions. These variations arise due to differences in the target

structures used. For the DARC200 calculation, the Model 1 structure gives an

A-value of 8.13x107 s−1 compared to the value of 6.98x107 s−1 for the Model 2

structure in the DARC400 calculation and 5.58x107 s−1 for the Model 3 struc-

ture in the DARC450 calculation.
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6.4 Collisional-Radiative Modelling

To provide a test for convergence, in Fig. (6.6) we present the transition from

the ground state 5d46s 6D1/2 to the 5d46p 4P1/2 (1-22) state. In this figure

we show the collision strength computed with the inclusion of contributions

from successively higher partial waves. There is a large contribution to the

cross section from the partial waves between 2J=0 and 20. Near convergence

is achieved with the addition of the next 20 partial waves up to 2J=40 and

the resonance structures at low energies show excellent agreement. The con-

tribution from partial waves >2J=40 is clearly much smaller and shows that

we have achieved near convergence. In fact including additional partial waves

in the calculations would have a negligible effect.

6.4 Collisional-Radiative Modelling

As detailed in the study by Pütterich et al. [29], tungsten erosion measure-

ments are of the upmost importance to fusion reactors. In order to charac-

terise the redeposition of these impurities we need to identify lines of W ii

using our dataset. Identifying W ii lines which lie in the same wavelength re-

gion (255-267nm) as the W i lines identified in the work of Smyth et al. [33]

would allow for a comprehensive redeposition study. To illustrate and draw

comparison with observed sources of W ii we utilised the data computed in

Model 3 (DARC450 calculation). We built a collisional-radiative model [58]

for W ii using the collision strengths from the electron-impact excitation cal-

culation and the radiative transition probabilities from the atomic structure

calculations. The DARC450 data was incorporated into a collisional-radiative

modelling program known as colradpy [148] to model the spectra of W ii to

help identify potential diagnostic lines. Of particular interest are the wave-

length regions which overlap between neutral and singly ionised tungsten. We

do not consider the effects of metastable states on the level populations in this

work, however this may be explored in future work.
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Figure 6.7: Plot showing the observed spectrum from the CTH experiment

(solid blue line) compared to the present theoretical results. Vertical red sticks

are the PECs for W I for an electron temperature of 8 eV and electron density

of 1 x 1012 cm−3.

139



6.4 Collisional-Radiative Modelling

256 258 260 262 264 266
Wavelength (nm)

0

1

2

3

4

5

6

In
te

ns
it

y 
(A

U
)

25
5.

49
25

5.
51

25
7.

14

25
8.

92

26
3.

31

26
5.

36
26

5.
80

W probe
DARC450

Figure 6.8: Plot showing the observed spectrum from the CTH experiment

(solid blue line) compared to the present theoretical results. Vertical red sticks

are the PECs for W I for an electron temperature of 8 eV and electron density

of 1 x 1012 cm−3.

The CTH plasma experiment [161] completed at Auburn University [34] pro-

vided tungsten emission measurements for comparison with the dataset pre-

sented in this paper. To capture the results of their experiment stellarnet

survey spectrometers sensitive in the 200-400nm and 400-600nm regions ob-

served emission from plasma-tungsten interactions. The experiment involved

inserting the end of a vertically translating tungsten tipped probe into the

edge of the CTH plasma, the spectrometers were coupled by an optical fibre

to collection optics focused on the tungsten tip. The temperature of the CTH

plasma is expected to be within the 10-30 eV range and the electron density

to be ∼ 1012 cm−3 .
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6.4 Collisional-Radiative Modelling

Figure (6.7) provides a sample of the results from the current model com-

pared to observations from the CTH experiment across the 216-227nm and

243-253nm ranges. In the 216-227nm wavelength range, we see that the 5d46s

6D5/2 - 5d36s6p 6Do
3/2 (218.22), 5d46s 6D3/2 - 5d46p 4Fo3/2 (218.93), 5d46s 6D7/2

- 5d46p 4Fo5/2 (224.52), 5d46s 6D1/2 - 5d36s6p 6Fo1/2 (224.88), and 5d46s 6D5/2

- 5d46p 6Po
3/2 (225.07) transitions all exhibit excellent agreement, in terms of

both spectral height and position. These lines are observed in both the work

of Ekberg et al. [155] and Kling et al. [156]. The upper identifications of the

218.93nm and 224.52nm lines have not been previously identified, however the

identifications we have listed are of the correct energy, and Jπ symmetry. The

A-values of the 218.93nm and 224.52nm lines from our dataset are 3.63x107 s−1

and 3.83x107 s−1, respectively. This shows good agreement with the observa-

tions of Kling et al. [156], who recorded A-values of 4.33x107 s−1 and 4.91x107

s−1, respectively.

There are several lines which display excellent agreement between the CTH

experiment and the DARC450 calculation, however these lines have not been

previously identified for both the lower and upper levels and have no radiative

data to compare with. The lines however have been observed in the work of Ek-

berg et al. [155]. All level identifications for these lines are of the correct energy,

and have the correct Jπ symmetry. The following lines have been identified

using the limited information we have; the 5d46s 6D7/2 - 5d46p 6Fo9/2 (216.63),

5d46s 6D9/2 - 5d36s6p 6Go
11/2 (220.45), 5d46s 6D7/2 - 5d46p 6Po

9/2 (224.83), 5d46s

6D5/2 - 5d46p 4Po
5/2 (225.97) and 5d46s 6D7/2 - 5d46p 6Fo7/2 (226.61) transitions.

The bottom plot of Fig. (6.7) presents spectral plots of W ii in the 243-253nm

wavelength region. We identify the following spectral lines; the 5d5 6S5/2 -

5d46p 4Po
5/2 (244.64), 5d46s 6D3/2 - 5d46p 6Po

3/2 (245.15), 5d46s 6D3/2 - 5d46p

6Fo5/2 (246.65), 5d46s 6D9/2 - 5d36s6p 6Go
9/2 (247.78), 5d5 6S5/2 - 5d46p 6Po

3/2
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(248.87), 5d46s 6D7/2 - 5d46p 6Fo9/2 (249.65), 5d46s 6D9/2 - 5d46p 6Do
7/2 (249.75),

5d5 6S5/2 - 5d46p 4Po
5/2 (249.97) and 5d5 6S5/2 - 5d46p 4Po

3/2 (251.44), and 5d46s

6D5/2 - 5d46p 6Do
5/2 (252.21) transitions. When compared to the CTH exper-

iment the data exhibits good agreement in terms of position and height for

all lines listed. The upper level identification for the 245.15nm, 249.66nm and

251.44nm lines has not been identified in the literature, and the lower level

identification has not been completed for the 252.20nm line, however our iden-

tification agrees with the energy and Jπ symmetry listed. These lines have

been observed and radiative data recorded by Kling et al. [156]. The 244.64nm,

249.75nm, and 249.97nm have no radiative data in existing literature for com-

parison, however the energy and Jπ symmetries agree for each line. As our

data displays good agreement with the CTH experiment we are confident in

identifying these lines.

Figure (6.8) presents the spectral plots of W ii in the 255-267nm wavelength

region. This wavelength region is of particular interest due to the fact that

it also contains W i lines. There is a W i line at 265nm which is useful for

gross erosion measurements. Very close to this W i line there is a W ii line

at 265.805nm (5d46s 6D3/2 - 5d46p 6Fo3/2) line which was recorded by Kling

et al. [156] and displays good agreement. It is important to note that in the

CTH observations the peak at this 265.803nm line is blended with a small line

at 265.774nm (5d46s 2F5/2 - 5d36s6p 6Po
5/2), which explains the discrepancy in

the heights of the spectral lines. Another line in this region is the 257.14nm

(5d46s 6D5/2 - 5d46p 6Fo5/2) line, also recorded by Kling et al. [156]. These lines

are of interest for redeposition diagnostics.

6.5 Conclusion

The atomic data reported in this chapter represents the most comprehensive

dataset for electron-impact excitation of W ii currently available in the liter-
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ature. We created three structures, an initial structure (Model 1) contained

8 configurations. The larger structures, Model 2 and Model 3, contained 13

and 17 configurations in the description of the target ion, respectively. The

fully relativistic DARC R-matrix packages were utilised in the collision calcu-

lations. Comparisons were made with experimental observations in the works

of Ekberg et al. [155], Lennartsson et al. [159], and Quinet et al. [158] between

the A-values for many transitions. It was found that Model 3 was in closer

agreement with observed values.

Collision strengths were evaluated for all transitions, both forbidden and al-

lowed, between the lowest 400 fine structure levels for incident electron en-

ergies up to 2 Rydbergs. Careful attention was given to ensure the Rydberg

resonances were resolved and the high partial wave contributions were con-

verged. In accessing the accuracy of the collision strengths, three calculations

were completed, a 200 jj-level (Model 1: DARC200), a more substantial 400

jj-level (Model 2: DARC400), and a 450 jj-level (Model 3: DARC450). The

corresponding Maxwellian averaged effective collision strengths were evaluated

for a large range of electron temperatures logTe = 3.0 - 6.0 K. Excellent agree-

ment was achieved for the forbidden lines between all calculations, however the

dipole lines showed a greater divergence due to the differences in the atomic

structure models. The data set presented in this work represents the most

comprehensive calculation to date for W ii and will be available in adf04 for-

mat in the ADAS database [162].

Through the use of extensive collisional-radiative modelling and the incor-

poration of the results from both the atomic structure and collisional models,

a synthetic spectra for singly ionised tungsten was produced. Comparisons

were drawn between spectral heights and positions with recent measurements

from the CTH experiment. These spectral line diagnostics will help charac-
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terise the impurity influx predictions of W ii in magnetically confined fusion

plasmas. It is hoped that Model 3 and the subsequent collisional calculation

DARC450 will provide insight for future experiments and highlight interesting

wavelength windows. This will ideally provide a single wavelength window in

which both W i and W ii emit strong diagnostic lines. In addition, we hope

the dataset will be useful for redeposition studies. Lines have already been

identified in the desired wavelength region, such as the 265.803nm line, which

are of interest for a redeposition study.
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7 Excitation of Ge III and Photoionisation of

Ge II

7.1 Introduction

The work presented in this chapter has been published [163]. Germanium has

been detected within the Earth’s crust at an abundance of approximately 1.6

ppm [164]. Its abundance in the Sun’s atmosphere is roughly 2 parts per bil-

lion [165]. While it is unsurprising that germanium is not widely observed in

astrophysical sources, trace amounts have been detected in the atmospheres of

a few distant stars [55] and Jupiter [56]. Naslim et al. [45] reports the first dis-

covery of doubly-ionised yttrium Y iii and germanium Ge iii and triply-ionised

zirconium Zr iv in the spectrum of the hot sub-dwarf LS IV−14◦116. These

represented the first detection of these ions in the optical spectrum of any star,

and yielded measured abundances between 3 and 4.6 dex above the solar value

and > 10 ppm in absolute terms. These detections and overabundances were

recently confirmed in LS IV−14◦116, and also in the hot sub-dwarfs Feige 46

and PHL 417 [53, 54]. Such abundances raise the question of their contribu-

tion to the opacity and structure of the stellar atmosphere, for which accurate

atomic data are essential. In turn, such data are crucial to measurements of

abundance from the absorption-line spectrum. Naslim et al. [45] computed

oscillator strengths for 11 observed zirconium, yttrium, and germanium lines

using the configuration interaction (CI) code civ3 [166, 167]. However neither

the overall Ge iii photo-excitation spectrum, nor photoionisation of any ger-

manium ions were extensively investigated.

Reliable experimental oscillator strength data sources for germanium species

include Morton [168] and the compilation of Fuhr & Wiese [169], but limited

data are available for Ge iii. Important examples of diagnostic strong lines

for Ge iii include the 3Po
1 spin-forbidden line oscillator strength from the em-

145
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pirical predictions of Curtis [170], and the resonance line f -value for the 1Po
1

level [171]. The latter authors used beam-foil spectroscopy to determine the

resonance line experimentally. Other observed data can be seen in the work of

Moore [172] and Sugar & Musgrove [173]. A theoretical study completed by Liu

et al. [174], carried out a large scale ab initio calculation for the 4s2 1S0 – 4s4p

1,3P0,1,2 transitions in the zinc-like sequence, using the Multi-Configuration

Dirac–Fock (MCDF) method.

Accurate data for photoionisation is necessary to construct good models of

opacity in stellar atmospheres. Electron-impact excitation cross sections are

also necessary in the case of collisional plasmas, in order to construct collisional-

radiative models. Unfortunately, until recently there was a distinct lack of

atomic data for observed lines of elements heavier than iron in dwarf and

sub-dwarf stars, with the exception of tungsten and molybdenum due to their

importance in fusion research. Data for ions of all elements up to calcium

were computed for the Opacity Project [175, 176, 42], data for a single ions of

titanium, chromium, and nickel and five ions of iron were computed for the

Iron Project [43]. OPEN-ADAS [162] includes data for these heavy ions.

In recent years iron-peak elements have been studied by Smyth et al. [177],

Smyth et al. [138] and Fernández-Menchero et al. [140]. Fernández-Menchero

et al. [178] have helped bridge the gap in accurate atomic data for trans-iron

elements, specifically calculating photoionisation cross sections for Sr, Y+ and

Zr2+. Here, we turn our attention to the trans-iron element germanium. Calcu-

lating opacity is very important in understanding many high-energy processes.

This is particularly evident in inertial confinement fusion (ICF) schemes, where

germanium is one of the elements used as a dopant in the ablator of the igni-

tion target and is extensively studied by Benredjem et al. [179] and Lee et al.

[180].
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Figure 7.1: Energy level diagram of Ge III organised by electronic configura-

tion. Each horizontal line designates a specific fine structure level according

to the NIST database [119].

In Sec. (7.2) of this investigation we will evaluate and compare radiative mod-

els with the limited observed atomic data recorded in the literature, including

the work of Sugar & Musgrove [173] found in the NIST database [119]. In

Sec. (7.3) we will outline two atomic structures for Ge iii. The first model was

constructed using the relativistic grasp0 code, contained 14 configurations

and resulted in a 64 fine-structure level model. The structure contained shells

up to the 6s orbital, including the 4f subshell. The second model was created

using the Breit-Pauli autostructure code. This model comprised 17 con-

figurations, producing 589 fine-structure levels and included orbitals up to the

5d subshell. We present energy levels, transition probabilities, and oscillator

strengths from both of these models, and where possible compared with other

theoretical and experimental data.

In Sec. (7.4) we present collision strengths, and the corresponding Maxwellian

averaged effective collision strengths, for electron-impact excitation of Ge iii
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7.2 Atomic Structure

evaluated for both models, and show a test of convergence. Section (7.5) out-

lines the photoionisation scattering calculation of Ge ii and presents photoioni-

sation cross sections from both ground and excited state levels. Section (7.6) in-

vestigates the consequences of the new atomic data for the structure and spec-

trum of a model atmosphere for the heavy-metal hot sub-dwarf LS IV−14◦116.

Section (7.7) concludes.

7.2 Atomic Structure

To determine an accurate structure of the Ge iii target we solve the relativistic

Dirac equation, described by Eqn. (2.33). Figure (7.1) displays the energy level

spectrum of Ge iii taken from the NIST database. In the present structure cal-

culations we utilise both the autostructure [103] and the grasp [73] atomic

structure packages to create models of Ge iii which were subsequently incorpo-

rated into scattering calculations using the Breit-Paul and DARC codes [137]

respectively. We calculate the energy levels of the target states of Ge iii to-

gether with oscillator strengths and A-values for transitions between these

states. By comparing with available NIST data, we can gauge the accuracy

of the models produced, in a similar manner described for other targets -

Fe ii [138], Mo i [139], Ni iii and Ni iv [140].

The grasp0 structure model comprised of 14 non-relativistic configurations:

3p63d104s2 3p63d105s2 3p63d104s5s 3p63d104p5s

3p63d104p2 3p63d106s2 3p63d104s5p 3p63d104p5p

3p63d104d2 3p63d104s4p 3p63d104s5d

3p63d104f2 3p63d104s4f 3p63d104s6s

resulting in a 64 fine level structure. The Breit-Pauli model comprised of 17
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7.2 Atomic Structure

Configuration grasp BP NIST Absolute Error Absolute Error

Ryd Ryd Ryd grasp BP

3d104s2 (1S0) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00

3d104s4p (3Po
0) 5.33E−01 5.68E−01 5.63E−01 2.96E−02 5.25E−03

3d104s4p (3Po
1) 5.40E−01 5.76E−01 5.70E−01 2.97E−02 5.97E−03

3d104s4p (3Po
2) 5.54E−01 5.92E−01 5.85E−01 3.04E−02 7.30E−03

3d104s4p (1Po
1) 9.10E−01 9.35E−01 8.37E−01 7.29E−02 9.82E−02

3d104p2 (1D2) 1.27E+00 1.28E+00 1.32E+00 5.22E−02 4.22E−02

3d104p2 (3P0) 1.31E+00 1.33E+00 1.35E+00 4.03E−02 1.39E−02

3d104p2 (3P1) 1.31E+00 1.34E+00 1.35E+00 4.11E−02 1.22E−02

3d104p2 (3P2) 1.33E+00 1.36E+00 1.37E+00 4.23E−02 1.02E−02

3d104s5s (3S1) 1.39E+00 1.40E+00 1.44E+00 5.44E−02 4.93E−02

3d104s5s (1S0) 1.53E+00 1.47E+00 1.49E+00 4.25E−02 2.27E−02

3d104s4d (3D1) 1.53E+00 1.44E+00 1.48E+00 4.93E−02 4.22E−02

3d104s4d (3D2) 1.53E+00 1.44E+00 1.48E+00 4.94E−02 4.22E−02

3d104s4d (3D3) 1.58E+00 1.44E+00 1.49E+00 9.19E−02 4.23E−02

3d104p2 (1S0) 1.60E+00 1.66E+00 1.59E+00 1.55E−02 7.34E−02

3d104s5p (3Po
0) 1.60E+00 1.60E+00 1.66E+00 5.34E−02 5.25E−02

3d104s5p (3Po
1) 1.61E+00 1.61E+00 1.66E+00 5.11E−02 5.16E−02

3d104s5p (3Po
2) 1.64E+00 1.61E+00 1.66E+00 2.35E−02 5.00E−02

3d104s5p (1Po
1) 1.78E+00 1.68E+00 1.68E+00 1.01E−01 2.45E−03

3d104s4d (1D2) 1.86E+00 1.68E+00 1.62E+00 2.41E−01 6.09E−02

Table 7.1: Energy levels (Ryd) for the lowest lying 20 fine-structure states in

Ge iii obtained from both the grasp and Breit-Pauli models. Comparisons

are made with data available in NIST and the absolute errors for both models

when compared to NIST.
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7.2 Atomic Structure

Lower Upper A-value: f -value: A-value: f -value: f -value: f -value:

Config Config grasp grasp BP BP Theo. Expt.

4s2 (1S0) 4s4p (3Po
1) 3.75E+05 4.81E−04 7.23E+05 8.16E−04

4s4p (1Po
1) 4.48E+09 2.02E+00 4.73E+09 2.02E+00 2.13E+00 2.12E+00

4s5p (3Po
1) 6.04E+05 8.80E−05 2.93E+06 4.23E−04

4s5p (1Po
1) 1.90E+07 2.65E−03 4.02E+07 5.31E−03

4s4p (3Po
0) 4p2 (3P1) 1.22E+09 7.47E−01 1.06E+09 6.57E−01

4s5s (3S1) 2.39E+08 1.21E−01 3.33E+08 1.81E−01 1.89E−01 2.04E−01

4s4d (3D1) 3.47E+09 1.30E+00 2.28E+09 1.11E+00 1.29E+00 1.36E+00

4s4p (3Po
1) 4p2 (1D2) 1.88E+07 2.20E−02 8.58E+06 1.08E−02

4p2 (3P0) 3.39E+09 7.20E−01 2.95E+09 6.41E−01

4p2 (3P1) 8.92E+08 5.57E−01 7.67E+08 4.87E−01

4p2 (3P2) 9.12E+08 9.13E−01 8.14E+08 8.23E−01

4s5s (3S1) 7.44E+08 3.84E−01 9.96E+08 5.53E−01 3.64E−01 3.50E−01

4s5s (1S0) 9.00E+05 1.37E−04 3.32E+06 5.19E−04

4s4d (3D1) 2.58E+09 9.78E−01 1.68E+09 8.36E−01 8.31E−01 8.80E-01

4s4d (3D2) 4.62E+09 2.92E+00 3.03E+09 2.51E+00

4p2 (1S0) 1.00E+07 1.16E−03 1.09E+07 1.16E−03

4s4p (3Po
2) 4p2 (1D2) 3.89E+07 4.74E−02 2.18E+07 2.87E−02

4p2 (3P1) 1.34E+09 8.68E−01 1.20E+09 7.95E−01 1.70E−01 1.65E−01

4p2 (3P2) 2.57E+09 2.67E+00 2.28E+09 2.41E+00

4s5s (3S1) 1.33E+09 7.11E−01 1.66E+09 9.57E−01

4s4d (3D1) 1.69E+08 6.61E−02 1.08E+08 5.59E−02

4s4d (3D2) 1.52E+09 9.86E−01 9.77E+08 8.41E−01 8.90E−01 9.44E−01

4s4d (3D3) 6.02E+09 5.47E+00 3.91E+09 4.71E+00

4s4p (1Po
1) 4p2 (3P0) 3.67E+06 2.93E−03 5.39E+06 4.27E−03

4p2 (3P1) 6.77E+04 1.56E−04 8.65E+04 1.95E−04

4p2 (3P2) 8.81E+05 3.14E−03 2.51E+05 8.66E−04

4s5s (3S1) 2.51E+05 4.07E−04 5.28E+05 9.30E−04

4s5s (1S0) 1.45E+09 6.29E−01 2.17E+09 9.53E−01

4s4d (3D1) 5.03E+05 4.85E−04 4.91E+05 7.16E−04

4s4d (3D2) 7.51E+05 1.20E−03 7.03E+05 1.70E−03

4p2 (1S3) 3.21E+09 8.98E−01 2.21E+09 5.23E−01

4p2 (1D2) 4s5p (3Po
1) 4.16E+05 1.39E−03 1.33E+06 4.60E−03

4s5p (3Po
2) 7.92E+03 4.30E−05 5.23E+03 2.92E−05

4s5p (1Po
1) 1.22E+08 3.33E−01 4.59E+08 1.06E+00

Table 7.2: Einstein A coefficients (A-values, s−1) and oscillator strengths (f -

values in the length gauge) from both the grasp and Breit-Pauli models.

Comparison made with the predicted values extrapolated from neighbouring

ion stages in the work of Chi & Chou [181], presenting both theoretical (Theo.)

and experimental (Expt.) results for Zn i and Ga ii.
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7.3 Accuracy of Models

non-relativistic configurations:

3p63d104s2 3p63d104s4p 3p63d84s24d2 3p63d84s25s2

3p63d104p2 3p63d104s5s 3p63d94s24p 3p63d84s25p2

3p63d104d2 3p63d104s5p 3p63d94s24d

3p63d105s2 3p63d104s4d 3p63d94s25s

3p63d105p2 3p63d84s24p2 3p63d94s25p

resulting in 589 fine structure levels.

7.3 Accuracy of Models

In order to evaluate the accuracy and uncertainty of our models it is impor-

tant to compare our data with known reliable sources. An established method

of testing accuracy of atomic structural models is to compare the energy lev-

els and oscillator strengths with existing literature values, such as the values

found in NIST. Existing literature for Ge iii is lacking in detail, particularly

for energy levels and transitions probabilities. Therefore it was paramount to

generate several differing structures to enable a cross comparison to be gener-

ated between them.

Table 7.2 displays the energy levels in Ryd for the 20 lowest lying states of

Ge iii included in both the grasp0 and Breit-Pauli models. Comparisons are

made with the energy levels available from NIST. These 20 levels identified

were the only possible comparisons which could be drawn between the two

models as they represented the only values listed in NIST. An absolute error

of on average 5.56x10−2 Ryd was found between the grasp0 model energies

and the NIST values, indicating that this model provides a reasonable rep-

resentation for the configuration states presented in Table 7.2. The average

absolute error between the Breit-Pauli model energies and NIST values shows

an even more reasonable agreement at 3.42x10−2 Ryd. Both models display a

good representation of the configuration states. However, to ensure accuracy it
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7.3 Accuracy of Models

is also important to use another method of comparison. Table 7.2 displays the

A-values and f -values of both models to check the agreement for a selection

of transitions.

The models agree quite well for most transitions, particularly for the 3d104s4p

3Po
1 - 3d104p2 1S0 transition where the absolute error between f -values is less

than 1.00x10−4. NIST did not contain any data for the oscillator strengths

or A-values of Ge iii. However, there were a few publications which tabulated

limited data on select lines of the target. The only reliable data were recorded

by Morton [182], and contained a single comparable f -value, for the 3d104s2 1S0

- 3d104s4p 1Po
1 (108.85nm) transition of 1.779. This single value registered an

absolute error of 2.41x10−1 when compared with both models. Another source

of useful results were from Cashman et al. [183], however they graded their

comparable Ge iii results quite lowly (C+ and ungraded), two of the lowest

reliability grades available.

Due to the lack of existing data for Ge iii, it was pertinent to use a differ-

ent method to test the accuracy of our data. Chi & Chou [181] present both

theoretical and experimental lines of Zn i and Ga ii, the neighbouring ion stages

of Ge iii. By extrapolating the f -values presented therein we were able to com-

pare their theoretical predictions with our data, see Table 7.2. The predicted

values based on both the theoretical (Theo.) and experimental (Exp.) data

show good agreement with both the grasp and Briet-Pauli models, particu-

larly with the strong 3d104s2 1S0 - 3d104s4p 1Po
1 line, where the average absolute

error between the predicted f -values and our own data was 1.15x10−1.
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Figure 7.2: Jπ partial wave contributions to the collision strengths for the

3d104s2 1S0 - 3d104p2 1D2 (1-6, top) and 3d104s2 1S0 - 3d104s4p 3Po
0 (1-2, bot-

tom) transitions, respectively.
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7.4 Electron-Impact Excitation

Two calculations were completed for the electron-impact excitation of Ge iii.

As mentioned in Sec. (7.1), the first was a fully relativistic DARC evaluation

incorporating the 64 jj-level grasp0 model (Model 1). Due to the compact

size of the diagonalisation of matrices, all 64 levels were retained in the wave-

function expansion for this calculation. The second evaluation utilised the

Breit-Pauli suite of computer packages incorporating the more sophisticated

589 jj-level structure produced using autostructure (Model 2). Again,

all 589 levels where retained in the wavefunction expansion for this second

calculation. Both investigations were completed for a total of 60 Jπ partial

waves from 2J = 1 up to and including 2J = 59. For higher partial waves 2J

> 59 a “top-up” procedure (described by Burgess [89]) was used to estimate

the contribution of these partial waves to the collision strengths for all dipole

transitions.

7.4.1 Convergence and Accuracy

Deducing the accuracy of the scattering calculation is difficult due to the lack

of existing literature. However, it is possible to carefully analyse the conver-

gence effects of including successively higher Jπ partial waves on the colli-

sion strengths for the Breit-Pauli calculation. In addition, we can draw some

conclusions through comparison between the differing Breit-Pauli and DARC

evaluations.

Figure (7.2) presents the results from the Breit-Pauli calculation, emphasis-

ing how the inclusion of successively higher partial waves affects the collision

strengths of the 3d104s2 1S0 - 3d104p2 1D2 (1-6) and 3d104s2 1S0 - 3d104s4p 3Po
0

(1-2) transitions, respectively. For the forbidden transition (1-6), the lowest Jπ

partial waves (2J = 1 - 11) provide the largest contributions, and the higher

partial waves provide negligible contributions.
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Figure 7.3: Collision strength and effective collision strength for the 3d104s4p

3Po
0 - 3d104s4p 3Po

1 (2-3) forbidden transition, respectively from top to bottom.

Presented are both the Breit-Pauli (BP) and DARC calculations.
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Figure 7.4: Collision strength and effective collision strength for the 3d104s4p

3Po
2 - 3d104s4p 1Po

1 (4-5) forbidden transition, respectively from top to bottom.

Presented are both the Breit-Pauli (BP) and DARC calculations.
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Figure 7.5: Collision strength and effective collision strength for the 3d104s2

1S0 - 3d104s4p 1Po
1 (1-5) dipole allowed transition, respectively from top to

bottom. Presented are both the Breit-Pauli (BP) and DARC calculations.
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Figure 7.6: Collision strengths and effective collision strengths for the 3d104s4p

1Po
1 - 3d104p2 1S0 (5-15) dipole allowed transition, respectively from top to

bottom. Presented are both the Breit-Pauli (BP) and DARC calculations.
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For the dipole transition (1-2) the largest contributions are also provided by the

lowest Jπ partial waves. As the value of J increases the contribution decreases

but the contributions from the higher partial waves can no longer be ignored,

particularly at larger electron energies. By considering the contributions from

the final 15 partial waves (2J = 45 - 59) it can be seen that the contribution

is reduced to a negligible amount. Partial waves from 2J > 59 are expected to

provide even smaller contributions and hence we may deduce that in terms of

the number of partial waves included we have achieved sufficient convergence

within the calculated collision strengths.

7.4.2 Results

As stated in Sec. (5.3.2) the collision strengths between two states (defined by

Eqn. (3.52)) graphically show that strong autoionising resonances can cause

the Ωij to vary widely from the non-resonant background. These strong res-

onances often occur at energies below the ionisation threshold. Due to the

sensitivity of Ωij many astrophysicists prefer to use Maxwellian averaged ef-

fective collision strengths, γij, defined in Eqn. (3.55), for a range of electron

temperatures of importance. We present in Figs. (7.3), (7.4), (7.5) and (7.6),

the collision strengths and corresponding Maxwellian averaged effective colli-

sion strengths for several transitions. The collision strengths are presented for

electron energies in the range 0 to 5 Ryd, and the effective collision strengths

are presented for astrophysically important temperatures in the range 1.00x103

to 2.00x106 K.

In Figs. (7.3) and (7.4) we present the collision strengths as a function of inci-

dent electron energy in Ryd and the corresponding effective collision strength

as a function of electron temperature in Kelvin, for the forbidden transitions

between the 3d104s4p 3Po
0 and 3d104s4p 3Po

1 states (2-3), and the 3d104s4p 3Po
2

and 3d104s4p 1Po
1 states (4-5), respectively. For comparison purposes both the
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7.5 Photoionisation

Breit-Pauli and DARC results are presented. For the two transitions the colli-

sion strengths exhibit large resonance features at low lying energies reducing to

a smooth background cross sections after the ionisation limit of approximately

2.5 Ryd. Slight differences are evident in the positioning and magnitudes of

the low lying resonances predicted by the two calculations. This is not un-

expected due to the differing configuration interaction terms included in the

wavefunction expansion of the target ion in the two models. These differences

are highlighted by the effective collision strengths for both transitions where

we see some discrepancies at the lowest temperatures considered. Excellent

agreement is evident, however, for all temperatures above approximately 104K.

Figures (7.5) and (7.6) presents the collision strengths and effective collision

strengths for the strong dipole allowed 3d104s2 1S0 to 3d104s4p 1Po
1 (1-5) and

3d104s4p 1Po
1 to 3d104p2 1S0 (5-15) transitions, respectively. For these dipole

allowed transitions good agreement is evident when the DARC and BP cal-

culations are compared. It should be noted, however, that the DARC cross

sections appear to be slightly stronger than the BP. This can be attributed to

the fact that as the BP calculation contains substantially more configuration

interaction than the DARC calculation there is stronger mixing between the

levels, an effect which can lead to flux being diverted away from the strong

low lying transitions and transferred to the higher lying transitions. The effect

of this is mirrored in the effective collision strength plots, where we see good

agreement at all temperatures, the DARC calculation consistently producing

the stronger effective collision strengths.

7.5 Photoionisation

The photoionisation of Ge ii can be written as,

~v + Ge+ → Ge2+ + e−1. (7.1)

160



7.5 Photoionisation

Configuration J PI Model 2 NIST Error

Ryd Ryd

3d104s2 (1S) 0 0.00E+00 0.00E+00 0.00E+00

3d104s4p (3Po) 0 5.14E-01 5.63E-01 4.90E-02

3d104s4p (3Po) 1 5.21E-01 5.70E-01 4.88E-02

3d104s4p (3Po) 2 5.36E-01 5.85E-01 4.85E-02

3d104s4p (1Po) 1 8.26E-01 8.37E-01 1.13E-02

3d104p2 (1D) 2 1.39E+00 1.32E+00 7.42E-02

3d104p2 (3P) 0 1.40E+00 1.35E+00 5.22E-02

3d104p2 (3P) 1 1.41E+00 1.35E+00 6.01E-02

3d104p2 (3P) 2 1.43E+00 1.37E+00 5.65E-02

3d104s5s (3S) 1 1.49E+00 1.44E+00 4.66E-02

3d104s5s (1S) 0 1.61E+00 1.49E+00 1.19E-01

3d104s4d (3D) 1 1.85E+00 1.48E+00 3.71E-01

3d104s4d (3D) 2 1.85E+00 1.48E+00 3.71E-01

3d104s4d (3D) 3 1.85E+00 1.49E+00 3.62E-01

3d104p2 (1S) 0 1.74E+00 1.59E+00 1.46E-01

3d104s5p (3Po) 0 1.80E+00 1.66E+00 1.42E-01

3d104s5p (3Po) 1 1.80E+00 1.66E+00 1.44E-01

3d104s5p (3Po) 2 1.81E+00 1.66E+00 1.47E-01

3d104s5p (1Po) 1 1.90E+00 1.68E+00 2.20E-01

3d104s4d (1D) 2 1.96E+00 1.62E+00 3.42E-01

Table 7.3: Energy levels (Ryd) for the lowest lying 20 fine-structure states

in Ge iii for the grasp Model 2 utilised in the photoionisation calculation.

Comparisons are made with data available in NIST and the absolute errors for

the model when compared to NIST.
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Unfortunately, there are no existing cross sections in the literature for the pho-

toionisation of Ge ii. In order to predict the accuracy of the current data, both

the BP and DARC methods were utilised to calculate the photoionisation cross

sections. Within the R-matrix framework, photoionisation of an ion AN+ is

closely related to the electron scattering of ion A(N+1)+. Hence we may use

similar target state wavefunctions as input into the photoionisation calculation

for Ge ii that have been developed above for the electron-impact excitation of

Ge iii.

The first calculation incorporates the relativistic atomic orbitals generated for

the Ge iii residual ion which were calculated using the extended-optimal-level

(EOL) procedure with the grasp structure code [73]. The atomic structure

for this model is detailed in Sec. (5.2) as the grasp structure. For the pho-

toionisation calculation of atomic ions with Z > 30, it is important to consider

the relativistic and correlation effects in producing accurate models of these

systems. The Dirac–Coulomb approach to electron and photon interactions

is ideal, and is the approach of the efficient parallel version [184] of the Dirac

atomic R-matrix codes (DARC) [185, 186]. In order to account for the direct

3d photoionisation of the ground state, 3d104s24p, it is important that the

model contains the 3d94s24p configuration. Our BP model (Model 1) adopted

in the electron-impact excitation section calculation contains the desired con-

figuration, however the grasp model does not. Therefore a second grasp

structure was generated which also incorporated this configuration (PI Model

2). This model comprised of 9 configurations,

3p63d104s2 3p63d104s5s 3p63d104p2

3p63d104s4p 3p63d104s5p 3p63d104s4d

3p63d94s24p 3p63d94s5p2 3p63d84s4p3

resulting in a 370 fine structure levels. The DARC calculation which incorpo-

rates this model will be known as DARC370.
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Figure 7.7: Photoionisation of the 4s24p 2Po
1/2 ground state and 4s24p 2Po

3/2

second state of the Ge+ ion, respectively. The cross section for the first bound

states are illustrated. Theoretical results have been obtained from both the

Breit-Pauli and DARC approximations.
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Figure 7.8: Photoionisation of the 4s4p2 4P1/2 and 4s4p2 4P3/2 excited states of

the Ge+ ion to the ground state of Ge2+ ion, respectively. Theoretical results

have been obtained from both the Breit-Pauli and DARC approximations.
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Figure 7.9: Photoionisation of the 4s4p2 4P5/2 excited states of the Ge+ ion

to the ground state of Ge2+ ion, respectively. Theoretical results have been

obtained from both the Breit-Pauli and DARC approximations.

Method two involves the semi-relativistic Breit-Pauli R-matrix approach. This

approach has been applied to many atomic ions with atomic number less than

30 for a multitude of atomic systems through the work of the Iron Project [43].

The Breit-Pauli model is incorporated into the parallel Breit-Pauli codes, and

due to the larger size of the calculation it is sufficient to take 250 levels through

the calculation. The results from the PI calculations for Ge ii combined with

the data from the electron-impact excitation calculations of Ge iii is suitable

for the incorporation into photoionisation modelling codes such as sterne [59]

which numerically simulates the thermal and ionisation structure of astrophys-

ical nebula.
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7.5.1 Accuracy of grasp model

Due to the fact we are incorporating a new grasp model into the photoion-

isation calculation it is important to evaluate the accuracy and uncertainty

of this new model against known reliable sources as we have previously done

for the Breit-Pauli model. Table 7.3 presents the energy level in Ryd for the

lowest 20 lying states of Ge iii included in the grasp model, with compari-

son made to NIST. For the lowest lying energies produced from the 3d104s4p

configuration, PI Model 2 displays good agreement up to an absolute error

of 4.90x10−2 Ryd. This model also displays satisfactory agreement with the

remaining energy levels available from NIST, particularly the 3d104p2 energy

levels.

7.5.2 Results

Both the Dirac-Coulomb and Breit-Pauli methods were used to calculate the

photoionisation cross sections. The use of two completely independent struc-

ture codes provides reliability and repeatability of the results. All calculations

are shifted to the the energy level data recorded in the NIST database where

possible. However, the detail on the NIST database is lacking, and only a

small sample of energies can be shifted for each calculation. The calculations

are presented up to 4 Ryd, the double ionisation threshold is approximately

3.7 Ryd.

Figure (7.7) presents photoionisation cross sections for the 4s24p 2Po
1/2 ground

state (top panel) and the 4s24p 2Po
3/2 excited state (bottom panel) of Ge ii.

Excellent agreement is evident between the results obtained from the 250-level

Breit-Pauli and the 370-level DARC evaluations for both the positioning of

the resonance structures, the magnitude of these features and the background

cross sections across all photon energies considered. To further investigate any

possible discrepancies we present in Figs. (7.8) and (7.9) the excited state pho-
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toionisation cross sections from the 4s24p 4P1/2, 4s24p 4P3/2 and 4s24p 4P5/2

metastable states of Ge ii. Again excellent agreement is evident for all photon

energies investigated. This conformity gives us confidence in both calculations

and indeed in the accuracy of the models incorporated to produce the atomic

data.

7.6 Stellar Atmosphere

This section is included to highlight the impact this work has on the stellar

atmosphere of heavy metal hot subdwarfs. However, the models where pro-

duced by Dr Simon Jeffery based at Armagh Observatory and Planetarium.

The heavy-metal hot sub-dwarf LS IV−14◦116 has a surface helium-to-hydrogen

ratio of 1:4 by number, and extremely high surface abundances of many trans-

iron elements [45, 53]. Zinc, gallium, germanium, krypton, strontium, yttrium,

zirconium, tin and lead are overabundant compared with the Sun by factors

from 300 (zinc) to 40 000 (strontium, yttrium and zirconium). Being a hot

sub-dwarf, a highly-evolved star on the helium main-sequence, its high sur-

face temperature and gravity provide ideal conditions for radiative levitation

to act on specific ions and produce significant chemical stratification in the

stellar atmosphere. Whilst most hot sub-dwarfs exhibit some signs of chemi-

cal stratification, the rare heavy-metal sub-dwarfs show exceptional overabun-

dances [187], the precise cause of which is one object of this and other investi-

gations. As prototype in its class, LS IV−14◦116 is thus an important star for

testing atomic data for these species as well as for testing models of chemical

diffusion, including radiative levitation, in stellar atmospheres.

Incorporating the data set presented in this work, Dr Simon Jeffery used the

program sterne [40] to compute models for the pressure and temperature

structure of the atmosphere of the heavy-metal hot sub-dwarf LS IV−14◦116
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Figure 7.10: The temperature structure of a model atmosphere with a 1000-

fold (+3 dex) enhancement of germanium is compared with a model having

near-solar abundance of the same elements. All models have Teff = 34 000 K,

and log g/cm s−2 = 5.5. Other atmosphere parameters are listed in Table 7.4.

All panels are plotted as functions of monochromatic optical depth τ4000. Top

Left: temperature structure T/(K) for both the reference model (near solar

abundance of Ge) and the model with Ge abundance increased by 3 dex). Top

Right: ion fractions ni/n for Ge0 through Ge2+ presented where n is the to-

tal number of germanium atoms. The thick blue bar indicates approximately

where absorption lines visible in the spectrum are formed. Bottom Left: rela-

tive difference between models with and without the additional contribution of

photoionisation from Ge+. Bottom Right: relative difference between models

with and without the additional contribution of photoionisation from Ge+ and

photo-excitation transitions from Ge2+ (from grasp).
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Figure 7.11: The flux distribution from model atmospheres shown in

Fig. (7.10). All figures are plotted as functions of wavelength log λ/ (Å) with

300 Å< λ < 10 000 Å. Top: overall flux distribution for the reference model

(black). Bottom: flux differences of germanium-enhanced models relative to

the reference model, with Ge+ photoionisation (PI) only above and Ge+ PI +

Ge2+ photo-excitation (PE) below.

in the approximation of local thermodynamical equilibrium (LTE). For hot

sub-dwarfs, LTE remains a good approximation for the structure of the model

atmosphere, up to effective temperatures ≈ 30 000 K [188] the inclusion of all

relevant opacity being more critical. Jeffery [189] found fully-blanketed LTE

models more satisfactory than zero-metal non-LTE models up to effective tem-

peratures ≈ 40 000 K. The approximation is also convenient since sterne can

easily be adapted by us to include new physics, such as additional opacities.
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7.6 Stellar Atmosphere

Parameter Measurement

Teff (K) 34000

logg (cms−2) 5.5

vturb (kms−1) 5

nH

n 0.64

nHe
n 0.32

nC

n 0.014

nN

n 0.014

O -0.8

Si -0.8

Ca -0.25 Z=17-25

Fe -0.55 Z≥26

Sr -0.25 +4.05

Y -0.25 +4.05

Zr -0.25 +4.05

Ge -0.25 +4.05

Table 7.4: Atmosphere parameters for LS IV-14o116, incorporated into the

sterne software package.

For the measurement of abundances using individual spectral lines, departures

from LTE can be accommodated in the calculation of the emergent spectrum,

as done for LS IV−14◦116 by Dorsch et al. [53]. Since we are not concerned with

measuring abundances in this paper, the LTE approximation implemented here

is sufficient to evaluate the impact on the overall opacity of improved struc-

ture calculations for individual ions. We incorporated the DARC370 PI cross

sections for Ge+ into these models. This followed the method previously used

for Sr+, Y2+, Zr3+ by Fernández-Menchero et al. [140] who also give the model

parameters, we define these parameters in Table 7.4.

For this work, we used two values for the germanium abundance. The ref-

erence value is -0.25 dex times the solar value. The test value is 1000 (+3 dex)

times the solar value. We compute three models, one with the reference germa-
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7.6 Stellar Atmosphere

nium abundance, one with enhanced germanium contributing only to the new

PI opacity (bound-free absorption, bf), and one with enhanced germanium

contributing to both PI (Ge+ bf) and PE (Ge2+ bound-bound absorption,

bb) opacities. We compare the temperature structures and flux distributions

(spectra) of all three models (Figs. (7.10) and (7.11)).

In Fig. (7.10) we present the temperature structure of model atmospheres with

a 20000-fold (+4.3 dex) enhancement of one or more of the s-process (slow

process were elements are produced by capture of free neutrons, which occurs

in asymptotic giant branch stars). Figure (7.10) compares the temperature

structure of a model atmosphere with normal and 1800-fold (3.25 dex) en-

hancement of germanium. The upper left panel shows the temperature struc-

tures (T ) for both reference and germanium-enhanced models, plotted against

monochromatic optical depth (τ4000). The lower two panels show the relative

temperature difference between the reference and germanium-enhanced mod-

els, Ge+ PI only on the left and Ge+ PI + Ge2+ PE on the right. The upper

right panel shows the relative abundances of the first four germanium ions,

as well as the region where most photospheric absorption lines are formed.

Figure (7.11) compares the emergent fluxes (Fλ; erg cm−2Å−1) as a function

of wavelength (λ; Å). The top panel shows the overall flux distribution for

the reference model. The bottom panel shows the flux differences of the ger-

manium enhanced models relative to the reference model, with Ge+ PI only

above and Ge+ PI + Ge2+ PE below.

It is evident that neither Ge+ photoionisation nor Ge2+ photo-excitation have

much effect on the model structure or spectrum of LS IV−14◦116. At best,

photo-excitations affect the far-ultraviolet fluxes in the far-UV by 0.01%. This

may not be unexpected. With an effective temperature Teff = 34 000 K, the

fractional ion abundances Ge+/Ge < 10−5 and Ge2+/Ge < 10−2 mean that
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7.7 Conclusion

both contribute little opacity, even when the overall abundances is many times

the solar value (Fig. (7.10)). We can test this in an elementary way by con-

sidering a model atmosphere with Teff = 10 000 K. Here, the Ge+ → Ge2+

ionisation zone straddles the line forming region. Ge+ PI still has little effect

on the models, but Ge2+ PE produces sufficient opacity to backwarm the lower

photosphere by ≈ 0.1% and increase the far-ultraviolet flux by ≈ 1% for a 3.25

dex increase in abundance. So we might expect higher ions to contribute more

opacity at higher Teff .

Whilst initially disappointing, a null result for LS IV−14◦116 narrows down the

possible causes for the extraordinary surface composition of the heavy-metal

sub-dwarfs. To determine whether and how increasing the germanium abun-

dance impacts the temperature structure and flux distribution of LS IV−14◦116,

we will have to introduce opacity data for higher ionisation stages and Ge3+

in particular. Such data will also be necessary to compute radiative levi-

tation models to establish whether the atmosphere is chemically stratified,

and whether the principal agent is photoionisation or photo-excitation. Opac-

ity calculations for more highly-ionised states will also contribute to internal

structure calculations where radiative levitation plays a role, not least in en-

hancing opacity in layers that contribute to pulsations observed in these stars

[190, 191].

7.7 Conclusion

The atomic data reported in this chapter represents the largest dataset for

electron-impact excitation of Ge iii currently available in the literature. Two

methods were used to create models of the target ion. The grasp model in-

cluded 14 configurations in the description of the target ion and utilised the

relativistic DARC R-matrix package in the collision calculations. The Breit-

Pauli model included 17 configurations in the description of the target ion and
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7.7 Conclusion

the Breit-Pauli codes were used to complete the collision calculation. Colli-

sion strengths were evaluated for all transitions, both forbidden and allowed,

between all the fine structure levels for incident electron energies up to 5 Ryd

for both calculations. We ensured that the Rydberg resonances converging

onto the target state thresholds were properly resolved and the convergence of

the high partial wave contributions was achieved. In order to access the accu-

racy of the collision strengths, two calculations were completed, a 64 jj-level

(Model 1) and a more substantial 589 jj-level (Model 2). The corresponding

Maxwellian averaged effective collision strengths were evaluated for a large

range of electron temperatures logTe = 3.5 - 6.0 K, exceeding all other previ-

ous works. These datasets should provide the necessary quantity and quality

of atomic data for modern day modelling of many astrophysical objects.

Due to a lack of existing literature for our target ion, extensive comparisons

could not be drawn. However, the A-value for the 3d104s2 1S0- 3d104s4p 3Po
1

(108.85nm) recorded by Morton [182] was found to be in good agreement with

our structure calculation. To ensure accuracy, comparisons were made be-

tween the two calculations carried out in this paper. By comparing calcula-

tions completed using two independent collision codes, we can be confident in

the validity of the results. The photoionisation of Ge ii is also presented in

this paper. The Breit-Pauli model utilised for the scattering calculation was

the model incorporated into the electron-impact excitation of Ge iii. However,

a new grasp model was used for the DARC calculations, in order to highlight

certain resonance structures in the photoionisation cross sections produced.

For the Breit-Pauli calculation 250 levels were retained in the collision calcu-

lation. For the DARC370 computations all levels were carried forward in the

calculation. Energies were shifted where possible to the values found in NIST.

Photoionisation cross sections were calculated up to 4 Ryd, beyond 3.7 Ryd

where double ionisation takes place.
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7.7 Conclusion

Using the results from the photoionisation of Ge ii we model the theoreti-

cal spectrum using the model atmosphere program sterne. This allowed us

to test the validity of our new data and investigate how they contributed to

the atmospheres of sub-dwarf stars. We compared different cases, by using

just the PI cross sections for some models and including the photoexcitation

transitions for other models. By including the Ge+ and Ge2+ data we did see

an impact on the temperature difference, increased by 0.01% greater than any

of the Sr, Y, or Zr lines. This is enough of an increase to influence the radiative

levitation, meaning the abundance of these heavy elements in the photospheres

of hot dwarf stars could be much higher than the solar abundance.
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8 Summary and Conclusions

In this chapter the work presented throughout this thesis will be summarised.

Future research avenues will also be introduced, but will be discussed in more

detail in chapter 9.

Chapter 5 concerns the second most abundant iron-peak element Ni ii which

is important in the modelling of astrophysical plasmas. In this work a sophis-

ticated 11 configuration, 1220 fine structure model for singly ionised nickel

was presented. This model was determined using grasp making use of the

EAL method (Sec. (2.5.5)). The energy levels were compared with the data

available in NIST [119]. Further comparison was presented for the radiative

transition rates with the theoretical studies of Cassidy et al. [133] and Mor-

ton [118]. Agreement was found within the same order of magnitude, not

unexpected due to the different methods employed to create the target struc-

tures. Cassidy et al. [133] utilised the non-relativistic Hamiltonian, incorporat-

ing the relativistic effects perturbatively. The present structure calculations,

on the other hand, employed the fully relativistic grasp code. The oscilla-

tor strengths were extensively compared with the experimental measurements

of Ferrero [116], Zsargó & Federman [117], Fedchalk [120, 121], and Jenkins &

Tripp [123], and reasonable agreement was found with the pre-existing data.

The ratio between the velocity gauge and length gauge oscillator strengths

were presented for a sample of transitions between the ground state and the

higher lying 3d85p configuration states, as there were no other available radia-

tive data in the existing literature with which to compare. These comparisons

gave us confidence in the atomic structure model. This model was incorpo-

rated into an 800 level DARC calculation for the electron-impact excitation

of singly ionised nickel. The calculation used the theory and codes presented

in chapters 3 and 4. Effective collision strengths were presented (Figs. (5.5),

175



(5.6), and (5.7)) and excellent agreement was found with the works of Cassidy

et al. [135] and Bautista [131]. Incorporating this new 800 level dataset into

a collisional-radiative model (presented in Figs. (5.9) and (5.11)) allowed us

to illustrate the accuracy of the dataset. Good agreement was found for well

observed lines [117, 120, 121]. This work has been published in the Astronomy

and Astrophysics journal [110]. This dataset can be incorporated into more ex-

tensive modelling programs such as cloudy [57] to model stellar atmospheres,

this comprehensive dataset al.lows the inclusion of lines which have not previ-

ously been theoretically studied, producing a more accurate representation.

In chapter 6, we present work relevant to fusion reactors. Several models

were produced for singly ionised tungsten, with the final most substantial

model presented being an extensive and detailed 17 configuration, 5509 level

atomic structure model determined using the EAL method implemented within

grasp. Comparing the fine structure energies to the experimental values com-

piled by Kramida & Shirai [157] (recorded in NIST) and comparing radiative

transition rates for a selection of E1 and M1 transitions with the measurements

of Ekberg et al. [155] and Lennartsson et al. [159], and also with the calcula-

tions of Quinet et al. [158] gave confidence in the reliability and accuracy of

our target model. These models were incorporated into the electron-impact

excitation DARC codes, and collision strengths were presented in Figs. (6.2)

and (6.3) for the 400 and 450 level DARC calculations (incorporating W ii

models 2 and 3, respectively). These figures displayed the convergence and

accuracy of the data by comparing the collision cross sections computed from

the two structures. Due to no pre-existing data in the literature further com-

parison can only be made between the data presented in this thesis. The

Maxwellian-averaged effective collision strengths are presented in Figs. (6.4)

and (6.5) for the 200, 400 and 450 level DARC calculations (incorporating

W ii models 1, 2 and 3, respectively). Good agreement is displayed between
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the two larger calculations, however the smaller 200 level calculation deviates.

This reflects the difference in the radiative data between the three calculations.

The data produced from our 450 level DARC calculation was incorporated into

collisional-radiative models and results were benchmarked against CTH mea-

surements, shown in Fig. (6.7) and (6.8) displaying good agreement with the

radiative data recorded by Kling et al. [156]. Further work is ongoing with

highlighting possible diagnostic lines using this dataset. Of particular interest

are lines that fall in the same wavelength region as observed neutral tungsten

lines.

In chapter 7, we present scattering calculations for singly and doubly ionised

germanium. Although not widely observed in astrophysical spectra germa-

nium has been detected in the atmosphere of distant stars [53, 54]. Achieving

an accurate representation of the opacity requires accurate atomic data for all

the elements present in the stellar atmosphere. Utilising different methods we

presented two atomic structure models for Ge iii, the first method employed

the EAL procedure within the fully relativistic grasp code to generate a 14

configuration, 64 fine level atomic structure. The second method used the

semi-relativistic autostructure code to generate a 17 configuration, 589

fine level atomic structure. Due to a lack of pre-existing data in the literature,

comparison was made between the radial data of the two models presented in

this thesis, and good agreement was found between the two structures. How-

ever, in order to complete a comparison with outside sources we adopted a

different approach to achieve theoretical predictions of the oscillator strengths

by extrapolating the f -values of neighbouring ion stages recorded in the work

of Chi & Chou [181]. The predicted values displayed good agreement with our

values, giving us confidence in the associated structures.

Electron-impact excitation calculations were completed using both atomic
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structure models. The grasp and autostructure models were incorporated

into the DARC codes and Breit-Pauli codes, respectively. For comparison the

collision strengths and corresponding effective collision strengths from both the

DARC and Breit-Pauli calculations were presented in Figs. (7.3), (7.4), (7.5)

and (7.6). For the forbidden lines, particularly at high temperatures, excellent

agreement is evident. Good agreement is displayed for the dipole interactions,

although the DARC cross sections appear slightly stronger. This can be at-

tributed to the greater configuration interaction included in the Breit-Pauli

work corresponding to the larger atomic structure model.

Photoionisation cross sections are necessary for opacity modelling. The Breit-

Pauli Ge iii atomic structure model was incorporated into the Breit-Pauli pho-

toionisation codes. Due to a lack of relevant detail for the direct 3d photoioni-

sation of the ground state in the grasp model, a new 9 configuration, 370 fine

level structure was generated using the grasp code. This new grasp model

was incorporated into a new level resolved DARC photoionisation calculation.

Photoionisation cross sections were presented in Figs. (7.7), (7.8) and (7.9) for

both the DARC and Breit-Pauli calculations displaying excellent agreement

for all photon energies investigated. The agreement between both calculations

gives us confidence in the calculations and the atomic structure models.

The DARC photoionisation data was incorporated into the stellar atmosphere

modelling program sterne [59] to model the atmosphere of the hot sub-dwarf

LS IV-14o116. Different cases were compared by incorporating a combination

of photoexcitation transitions and photoionisation cross sections, along with

data previously published in the work of Fernández-Menchero et al. [178] for

Sr+, Y2+, and Zr3+. The effect our data has on the temperature structure

and the flux distribution of the model atmosphere is presented in Figs. (7.6)

and (7.11), respectively. It was evident that our data did not have much effect
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on the spectrum of the sub-dwarf star, only a 0.01% increase was recorded.

However, this null result could still be enough to impact radiative levitation

necessitating further research into higher ionisation stages of germanium.

With all research there are limitations which cannot be avoided, whether be-

cause of a lack of computational resources or time constraints. It is important

to recognise any limitations on the work presented in this thesis and discuss

potential future research avenues building from this work.

For singly ionised nickel the model was substantial, containing new data for

the 5s and 5p configurations. It is unlikely that significant improvements could

be applied to the data for modelling purposes, as the data range encompasses a

wide range of temperatures and dipole interactions. However, if future studies

required transitions not included in this dataset, a more extensive calculation

may be necessary. There is further work which can be completed with the

atomic structure model presented in chapter 5, photoionisation cross sections

are of interest to the Iron Project [43] to model opacities.

For singly ionised tungsten, the substantial dataset encompasses the wave-

length region of particular interest to plasma diagnostics. Comparison with

the CTH experiment shows promising results, with good agreement displayed

in Figs. (6.7) and (6.8) between the position and height of our theoretically

produced spectrum and the observed spectrum. However, work is still ongoing

regarding line identification. To further contribute to impurity influx predic-

tions it would be desirable to study the neighbouring ion stage, W iii. This

will be elaborated on further in chapter 9. In order to complete impurity influx

predictions, we use a value known as the sxb ratio, defined in Sec. (3.6.1). We

have achieved very detailed accurate data for electron-impact excitation calcu-

lations, but we have not achieved the same level of accuracy for excited state
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ionisation. As this sxb value incorporates ground and excited state ionisation,

it is imperative to address this in future work. The problems with excited

state ionisation calculations are discussed further in chapter 9.

Another potential avenue of research is to complete sheath modelling for singly

ionised tungsten, similar to the study carried out by Guterl et al. [192] on neu-

tral tungsten. In a reactor near any surface such as a divertor, a layer of charge

separation is spontaneously generated. This layer between the quasineutral

bulk plasma and material has a net charge, and is referred to as a Debye

plasma sheath. In most fusion relevant devices, there is an angle between

the magnetic field and surfaces giving rise to an additional sheath called the

Chodura sheath. While the Chodura sheath is relatively small at just 1mm,

most of the emission of tungsten comes from within this region. Plasma condi-

tions can change drastically within the shealth, therefore collisional-radiative

modelling must account for local plasma conditions within this sheath region.

The electron density also changes quite drastically, and due to the fact that the

collisional-radiative equilibrium time is dependent on the electron density this

can significantly impact the time required to reach equilibrium. The study by

Guterl et al. [192] on neutral tungsten required the velocity of the sputtered

tungsten to determine the time the tungsten was in the sheath. Guterl et

al. [192] assumed the velocity to be half the binding energy (8.63eV), and that

the tungsten is sputtered normal to the tungsten surface. There was no recom-

bination included in the simulation as recombination rates are small compared

to excitation and ionisation at divertor plasma conditions. The data presented

in chapter 6 could be incorporated into similar simulations.

Finally, for doubly ionised germanium, the atomic structure models presented

in chapter 7 contained sufficient details for modelling purposes. The conformity

of the datasets gives confidence that no further improvements are necessary
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for the scattering calculations. It is of interest to see if further ion stage of ger-

manium would have a larger contribution to the overall opacity. Of particular

interest to the LS IV-14o sub-dwarf star is Ge iv. On a different note, even

though the Ge ii photoionisation calculation produced little contribution to

the opacity there is an interest to explore how this ion would behave in a more

germanium abundant atmosphere. It may be interesting to simulate such an

environment using the sterne program, and incorporate the data from this

thesis.

The next chapter will elaborate on a few of the potential research avenues

mentioned in this chapter. In particular we will investigate further the poten-

tial for additional calculations for the fusion relevant plasma diagnostic work.
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9 Future Work

9.1 Electron-Impact Excitation of Doubly Ionised Tung-

sten

Detailed discussions of the importance of tungsten to thermonuclear reactions

were presented in chapter 6. Focus has been on studying various ion stages

of tungsten over the past few years, with work carried out on highly charged

tungsten ions [144, 145, 146, 147], and on neutral tungsten [33]. However, be-

fore the work presented in this thesis there was a lack of atomic and collisional

data available for singly ionised tungsten, which is crucial for redeposition in-

vestigations. Even with this strong representation for both the neutral and

the first ion stage of tungsten, there is still further work to be carried out.

In order to achieve a complete picture of the spectra which may erode off the

plasma facing components in JET or ITER, it is highly desirable to provide

further diagnostics by investigating the neighbouring ion stage, doubly ionised

tungsten (W iii).

W iii is part of the Hafnium isoelectronic sequence [193]. The spectra of dou-

bly ionised tungsten in the 600-2680 Å were observed in the work of Iglesias et

al. [194]. They identified 2636 lines and 235 energy levels from the 5d4, 5d3{6s,

6p}, and 5d2{6s2, 6s6p} target configurations. A further 700 lines were men-

tioned but were unclassified due to the heavy mixing between the levels. These

levels are thought to be from the 5d3{6d, 7s, 7p} configurations. The degen-

erative nature of these levels is a similar problem to that faced in chapter 6

when investigating W ii. Further levels were identified in the work of Kramida

& Shirai [195]. W iii oscillator strengths were measured by Schultz-Johanning

et al. [196] for 37 transitions, and will be compared to our radiative data where

possible.
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9.1 Electron-Impact Excitation of Doubly Ionised Tungsten

Model Levels Configurations

M1 281 5p65d4, 5p65d3{6s, 6p}, 5p65d2{6s2, 6s6p}

M2 809 M1 + 5p55d46s, 5p65d36d

M3 1234 M2 + 5p55d26d2, 5p65d3{7s,7p}

M4 3749 M3 + 5p65d2{7s2, 6s7d, 6s8p}, 5p65d3{7d, 8s},

5p55d4{6p, 8p}

M5 8336 M4 + 5p65d2{8p2, 6s8d, 6s9s, 6s9p, 6p9p},

5p55d36p9p, 5s5p65d36s7p

M6 8475 M5 + 5p65d{6p27s, 7s7p2, 7s27p}, 5p67s27p2,

5p67s7p3

Table 9.1: The development of the configuration basis set for doubly ionised

tungsten using the relativistic grasp atomic structure package.

Few reliable sets of collisional data exists in the literature for doubly ionised

tungsten. This prevents further plasma diagnostic investigation into tungsten

erosion and redeposition in fusion reactors. Future DARC calculations would

address this gap in the literature by providing collisional data to compare with

observed spectra. The work presented in this chapter introduces a preliminary

atomic structure calculation which could provide a benchmark for future cal-

culations. All models were determined using the relativistic grasp0 atomic

structure package. The configurations included in each model are presented

in Table 9.1, with the energy levels corresponding to these different models

presented in Table 9.2.
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9.1 Electron-Impact Excitation of Doubly Ionised Tungsten

Config. M1 M2 M3 M4 M5 M6 Expt.

(Ryd) (Ryd) (Ryd) (Ryd) (Ryd) (Ryd) (Ryd)

5d4 5D0 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00

5d4 5D1 1.13E-02 1.19E-02 1.23E-02 1.34E-02 1.31E-02 1.31E-02 2.06E-02

5d4 5D2 2.58E-02 2.67E-02 2.73E-02 2.93E-02 2.88E-02 2.88E-02 4.07E-02

5d4 5D3 4.05E-02 4.14E-02 4.20E-02 4.46E-02 4.41E-02 4.41E-02 5.72E-02

5d4 5D4 5.50E-02 5.56E-02 5.61E-02 5.90E-02 5.85E-02 5.85E-02 7.00E-02

5d4 3P0 8.81E-02 8.58E-02 8.55E-02 8.68E-02 8.84E-02 8.86E-02 9.03E-02

5d36s 5F1 5.86E-02 5.79E-02 6.23E-02 6.53E-02 7.24E-02 7.11E-02 1.00E-01

5d36s 5F2 7.08E-02 6.99E-02 7.40E-02 7.72E-02 8.39E-02 8.27E-02 1.13E-01

5d4 3P1 1.10E-01 1.08E-01 1.08E-01 1.10E-01 1.13E-01 1.13E-01 1.17E-01

5d4 3H4 1.42E-01 1.38E-01 1.37E-01 1.38E-01 1.38E-01 1.38E-01 1.25E-01

5d4 3F2 1.31E-01 1.27E-01 1.27E-01 1.29E-01 1.31E-01 1.31E-01 1.28E-01

5d4 3F3 1.43E-01 1.39E-01 1.39E-01 1.41E-01 1.42E-01 1.42E-01 1.36E-01

5d36s 5F3 8.90E-02 8.77E-02 9.18E-02 9.50E-02 1.01E-01 1.00E-01 1.37E-01

5d4 3P2 1.43E-01 1.41E-01 1.42E-01 1.45E-01 1.47E-01 1.48E-01 1.51E-01

5d4 3H5 1.66E-01 1.62E-01 1.61E-01 1.63E-01 1.64E-01 1.64E-01 1.52E-01

5d36s 5F4 1.10E-01 1.08E-01 1.12E-01 1.16E-01 1.22E-01 1.20E-01 1.58E-01

5d4 3F4 1.66E-01 1.63E-01 1.63E-01 1.66E-01 1.67E-01 1.67E-01 1.67E-01

5d4 3H6 1.79E-01 1.76E-01 1.74E-01 1.78E-01 1.78E-01 1.78E-01 1.67E-01

5d36s 5F5 1.31E-01 1.30E-01 1.34E-01 1.37E-01 1.42E-01 1.41E-01 1.79E-01

5d36p 5Go
2 4.53E-01 4.44E-01 4.46E-01 4.69E-01 4.82E-01 4.83E-01 5.22E-01

5d36p 5Fo
1 4.82E-01 4.69E-01 4.70E-01 4.92E-01 5.04E-01 5.05E-01 5.49E-01

5d36p 5Go
3 4.86E-01 4.76E-01 4.77E-01 5.00E-01 5.12E-01 5.13E-01 5.60E-01

5d36p 3Do
2 5.04E-01 4.91E-01 4.92E-01 5.14E-01 5.25E-01 5.26E-01 5.72E-01

5d36p 5Go
4 5.18E-01 5.08E-01 5.09E-01 5.32E-01 5.44E-01 5.44E-01 5.93E-01

5d36p 5Fo
2 5.49E-01 5.40E-01 5.41E-01 5.64E-01 5.73E-01 5.74E-01 6.12E-01

5d36p 5Fo
3 5.42E-01 5.29E-01 5.29E-01 5.51E-01 5.61E-01 5.62E-01 6.12E-01

5d36p 5Do
0 5.55E-01 5.43E-01 5.43E-01 5.64E-01 5.75E-01 5.76E-01 6.14E-01

5d36p 3Do
1 5.51E-01 5.29E-01 5.60E-01 5.65E-01 5.74E-01 5.74E-01 6.14E-01

5d36p 5Do
0 5.60E-01 5.51E-01 5.52E-01 5.75E-01 5.83E-01 5.84E-01 6.27E-01

5d36p 5Do
1 5.62E-01 5.42E-01 5.87E-01 5.70E-01 5.82E-01 5.82E-01 6.29E-01

Table 9.2: Energies from the grasp0 models (M1-6) are presented and are

compared to the experimental values (Expt.) compiled by Iglesias et al. [194].
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9.1 Electron-Impact Excitation of Doubly Ionised Tungsten

Line Lower Level Upper Level Grading M6 NIST

(nm) (s−1) (s−1)

172.59 5d4 5D0 5d36p 5Fo1 B 1.74E+08 1.77E+08

179.42 5d4 5D2 5d36p 5Fo1 C 3.13E+06 9.40E+06

185.08 5d4 3H4 5d36p 5Fo5 C 6.20E+07 1.10E+07

196.05 5d4 3H5 5d36p 5Fo5 D 3.00E+06 5.30E+06

198.60 5d36s 5F4 5d36p 5Fo5 B 6.39E+07 8.44E+07

198.84 5d4 3P0 5d36p 5Fo1 B 3.58E+07 2.33E+07

202.57 5d4 3H6 5d36p 5Fo5 C 4.49E+06 4.10E+06

203.07 5d36s 5F1 5d36p 5Fo1 B 4.38E+07 4.36E+07

207.83 5d36s 5F5 5d36p 5Fo5 B 1.77E+08 1.50E+08

209.28 5d36s 5F2 5d36p 5Fo1 B 2.06E+08 2.05E+08

211.28 5d4 3P1 5d36p 5Fo1 B 2.68E+07 3.16E+07

216.36 5d4 3F2 5d36p 5Fo1 B 2.34E+07 1.28E+07

229.42 5d4 3P2 5d36p 5Fo1 C 6.98E+06 4.30E+06

257.96 5d36s 3H4 5d36p 5Fo5 C 3.04E+07 1.30E+07

268.44 5d36s 5P2 5d36p 5Fo1 C 2.21E+06 4.90E+06

273.74 5d36s 3G5 5d36p 5Fo5 C 1.19E+07 1.10E+07

311.12 5d36s 3F2 5d36p 5Fo1 B 1.26E+07 1.18E+07

Table 9.3: Einstein A coefficients for the preliminary grasp0 structure M6

compared with the data compiled by Schultz-Johanning et al. [196] available

in the NIST database.
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The first 19 even parity and 11 odd parity energy levels are compared with the

levels identified by Iglesias et al. [194]. The even parity levels show 22.4% av-

erage energy error for M1 when compared with the experimental values which

significantly decreases to a reasonable value of 6.4% for our final model M6. A

similar improvement is seen for the odd parity levels with M1 having a 17.4%

error, and M6 having a much better representation of these levels with an av-

erage error of only 1.3%.

As stated in previous chapters, in order to have confidence in our models

we must also evaluate the radiative data where possible. Table 9.3 presents

Einstein A coefficients for our atomic structure M6 and the values compiled by

Schultz-Johanning et al. [196] listed in NIST. The only values available in the

literature are graded by NIST, a grading of “A” would give us full confidence in

the value recorded by NIST. However, for our system the best values in NIST

have a grading of “B”, which still gives reasonable confidence in the value.

The results graded at “C” or “D” are listed, but we cannot be confident in

the comparison. Reasonable agreement is displayed throughout, falling in the

same order of magnitude for all transitions. In particular very good agreement

is displayed for the transitions corresponding to the 172.59nm, 203.07nm, and

209.28nm lines.

The atomic structure presented in this chapter, along with any future mod-

els will be incorporated into an electron-impact excitation calculation using

the relativistic DARC codes, which implement Dirac R-matrix theory (pre-

sented in Sec. (3.2.1)). Similar to the singly ionised tungsten work presented

in chapter 6, a collisional-radiative model will be created using the W iii scat-

tering dataset and comparisons will be drawn with recent CTH experimental

observations.
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9.2 The Multi-Configuration Hartree-Fock (MCHF)

Method - Code Development

Detailed electron-impact excitation calculations were presented in multiple

chapters of this thesis and very accurate datasets were produced from these

calculations. However, we lack the same accuracy for the excited state ionisa-

tion of many heavy elements. Particularly, and complementing this research,

we are interested in the excited state ionisation of tungsten to combine with

the work on the electron-impact excitation of neutral tungsten [33] and the

work presented in chapter 6. These datasets could then be used to produce

more accurate sxb modelling (Sec. (3.6.1)) as a large component of the sxb

ratio comes from ground and excited state ionisation.

To achieve this some additional code development needs to be performed to

the existing R-matrix codes. It is not possible to complete the photoioni-

sation of tungsten using the models presented in chapter 6 without further

changes to the DARC codes. Even with these modifications some calculations

would still be computationally expensive due to the very large Hamiltonian’s

produced. Constructing new models using the semi-relativistic atomic struc-

ture package autostructure would decrease the amount of configurations

required to achieve convergence of the orbital parameters and would signifi-

cantly decrease the computational size of the calculations. autostructure

can produce a very good representation for lighter elements using the Thomas-

Fermi potential, however for heavier systems we need to represent the many

electron interactions and ensure convergence of the orbitals.

Charlotte Froese-Fischer [197] created an atomic structure code which imple-

ments the Hartree-Fock method discussed in Sec. (2.5.3) to generate the or-

bitals. For our purposes it would be very beneficial to take these orbitals

and incorporate them into the semi-relativistic atomic structure package au-
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Config. 1s 2s 2p 3s 3p 3d NIST

(Ryd) (Ryd) (Ryd) (Ryd) (Ryd) (Ryd) (Ryd)

1s 2S1/2 0.000 0.000 0.000 0.000 0.000 0.000 0.000

2p 2Po
1/2 11.882 12.002 12.274 12.002 12.002 12.002 12.001

2s 2S1/2 12.052 12.074 12.002 12.002 12.002 12.002 12.001

2p 2Po
3/2 11.883 12.003 12.275 12.003 12.003 12.003 12.002

3p 2Po
1/2 14.105 14.225 14.225 14.225 14.335 14.225 14.224

3s 2S1/2 14.105 14.225 14.225 14.225 14.225 14.225 14.224

3d 2D3/2 14.105 14.225 14.226 14.225 14.226 14.608 14.224

3p 2Po
3/2 14.105 14.226 14.433 14.226 14.335 14.226 14.224

3d 2D5/2 14.127 14.556 14.434 14.386 14.227 14.608 14.224

4p 2So1/2 14.883 15.003 15.033 15.003 15.399 15.003 15.002

4s 2S1/2 14.890 15.102 15.003 15.463 15.003 15.003 15.002

4p 2P3/2 14.883 15.003 15.033 15.003 15.399 15.003 15.002

Table 9.4: All energy levels for hydrogen-like beryllium produced from the

Hartree-Fock orbitals compared with NIST.

tostructure. autostructure already allows orbitals to be incorporated

that have been generated by other atomic structure packages if the radial mesh,

orbital wavefunction and potential are written in the correct format (to a file

known as a radwin file).

The MCHF code was thus developed in this thesis to output the desired data

into individual files which included the required orbital and radial mesh and

wavefunctions. We created a new code hfauto to convert the data to the

correct format and write a radial file of atomic orbitals (radwin file) to be

read into autostructure. By fitting cubic splines to the wavefunction produced

from the MCHF code we could obtain data which was compatible with au-

tostructure. Identifying the potential Pnl(r) from the MCHF code, and
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Config. Autostructure 1s 2s 2p NIST

(Ryd) (Ryd) (Ryd)

2s22p2 3P0 0.00000 0.00000 0.00000

2s22p2 3P1 0.00032 0.00023 0.00015

2s22p2 3P2 0.00095 0.00067 0.00040

2s22p2 1D2 0.12705 0.08305 0.09288

2s22p2 1S0 0.30892 0.19159 0.19727

2s2p3 5So2 0.17485 0.45405 0.30742

2s22p3s 3Po
0 0.51528 0.54180 0.54980

2s22p3s 3Po
1 0.51558 0.54206 0.54997

2s22p3s 3Po
2 0.51622 0.54261 0.55034

2s22p3s 1Po
1 0.52845 0.55728 0.56482

2s2p3 3Do
3 0.61513 0.85838 0.58400

2s2p3 3Do
1 0.61513 0.85838 0.58403

2s2p3 3Do
2 0.61513 0.85838 0.58404

2s22p3s 1Po
1 0.59209 0.61693 0.62747

2s22p3s 3Do
1 0.59630 0.62200 0.63506

2s22p3s 3Do
2 0.59660 0.62227 0.63525

2s22p3s 3Do
3 0.59710 0.62227 0.63555

2s22p3s 3So1 0.60369 0.63060 0.64467

Table 9.5: First 18 energy levels of neutral carbon compared with available

data from NIST.
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Config. TF HF NIST

(Ryd) (Ryd) (Ryd)

5d46s2 5D0 0.00000 0.00000 0.00000

5d46s2 5D1 0.10679 0.02165 0.01522

5d56s 7S3 2.42154 0.01902 0.02689

5d46s2 5D2 0.18525 0.04382 0.03030

5d46s2 5D3 0.23685 0.06363 0.04401

5d46s2 5D4 0.25401 0.08074 0.05667

5d46s2 3P0 0.35713 0.13728 0.08683

5d46s2 3H4 0.37509 0.15368 0.11083

5d46s2 3P1 0.47576 0.18504 0.12126

5d46s2 3G3 0.64738 0.18004 0.12164

5d46s2 3F2 0.44178 0.19137 0.12555

5d46s2 3D2 0.55788 0.22712 0.13647

5d46s2 3H5 0.46074 0.18681 0.13733

5d46s2 3D3 0.57282 0.25087 0.14088

5d46s2 3G4 0.54266 0.21644 0.14973

5d46s2 3H6 0.49696 0.20573 0.15499

5d46s2 3F4 0.59438 0.22863 0.15589

5d46s2 3F3 0.64738 0.23961 0.16131

5d46s2 3D1 0.70959 0.27054 0.16478

5d56s 5G2 2.70898 0.21076 0.16509

5d56s 5S2 2.58064 0.14040 0.16658

5d46s2 3P2 0.79331 0.27591 0.17545

5d46s2 3G5 0.68968 0.25567 0.18067

5d56s 5P3 2.93035 0.21150 0.18068

5d46s2 1S0 0.80318 0.31332 0.18384

Table 9.6: 25 energy levels of neutral tungsten produced using Hartree-Fock

(HF) and Thomas-Fermi (TF) compared with NIST.
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incorporating this potential into the radwin file produces results many orders

of magnitude different from the orbitals generated by autostructure. The

documentation for the original atomic structure code that is the foundation of

autostructure (known as superstructure [104]) defines the value needed

for that particular column of the radwin file,

Qnl(r) =
[
− d2

dr2
+
l(l + 1)

r2
− 2Z

r

]
Pnl(r). (9.1)

By applying the correct transformations to the potential provided by the

MCHF code, the results improve significantly. This allows us to perform an

analysis on the HF orbitals for both lighter systems and heavier elements.

Initially, we tested the new code using a small single electron system, hydrogen-

like beryllium. Table 9.4 presents the new energy levels produced by au-

tostructure from these Hartree-Fock orbitals compared with the values

recorded in NIST for hydrogen-like beryllium. The columns are labelled to

correspond to the HF orbitals which have been incorporated from the MCHF

code. Excellent agreement is found between the present values and those

recorded in NIST (Erickson [198]), with a 5.17x10−3 Ryd average absolute er-

ror.

Further testing was completed using the slightly more complex system of car-

bon, containing six electrons. Table 9.5 presents the energy levels produced

from the HF orbitals, which have been converged on the 2s22p2 ground state

configuration. The comparison with NIST (Haris & Kramida [199]), displays

excellent agreement for the 2s22p2 configuration, which is a great improvement

on the values achieved by the Thomas-Fermi orbitals originally used by au-

tostructure. The 2s2p3 configuration is clearly not as well represented, but

this is expected as the output is based on only the ground state configuration

due to the fact that the MCHF code can only read in one configuration at a

time.
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HF orbitals were also produced for singly ionised tungsten and incorporated

into autostructure. Table 9.6 presents the energy levels for W i compared with

the original values produced from the Thomas-Fermi orbitals and the values

recorded in NIST [119]. The new HF orbitals provide a vast improvement on

the energy levels produced by the Thomas-Fermi orbitals, with the values lying

up to factor of 5 times closer to the values recorded in NIST.

This atomic structure was produced by reading the MCHF orbitals into the

semi-relativistic autostructure code. With further improvements and in-

vestigation into this procedure, it could be possible to similarly develop the

Breit-Pauli photoionisation codes. This would then represent a more computa-

tionally manageable collision calculation than any attempts of using the fully

relativistic grasp and DARC codes due to the smaller size of the Hamiltonians

produced.
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[134] P. Boissé and J. Bergeron. Improved Ni II oscillator strengths from

quasar absorption systems. Astronomy and Astrophysics, 622:A140,

2019.

208

http://kurucz.harvard.edu/atoms.html


REFERENCES

[135] C. M. Cassidy, C. A. Ramsbottom, and M. P. Scott. Electron-impact

excitation of Ni II: Effective collision strengths for optically allowed fine-

structure transitions. The Astrophysical Journal, 738(1):5, 2011.

[136] K. M. Leighly, J. P. Halpern, E. B. Jenkins, and D. Casebeer. The

Intrinsically X-Ray-weak Quasar PHL 1811. II. Optical and UV Spectra

and Analysis. The Astrophysical Journal Supplement Series, 173(1):1–

36, 2007.

[137] C. P. Ballance. DARC. http://connorb.freeshell.org, 2019. Ac-

cessed: 2021-06-15.

[138] R. T. Smyth, C. A. Ramsbottom, F. P. Keenan, G. J. Ferland, and C. P.

Ballance. Towards converged electron-impact excitation calculations of

low-lying transitions in Fe II. Monthly Notices of the Royal Astronomical

Society, 483(1):654–663, 2018.

[139] R. Smyth, C. Johnson, D. Ennis, S. Loch, C. Ramsbottom, and C. Bal-

lance. Relativistic R-matrix calculations for the electron-impact exci-

tation of neutral molybdenum. Physical Review A: Atomic, Molecular,

and Optical Physics, 96(4), 2017.

[140] L. Fernández Menchero, R. Smyth, C. Ramsbottom, and C. Ballance.

Spectroscopic diagnostics of low-ionized iron-peak elements: Electron-

impact excitation of Ni3+ and photoionization of Ni2+. Monthly Notices

of the Royal Astronomical Society, 483(2154):2154–2164, 2019.

[141] M. A. Bautista. Atomic data from the iron project* - LV. Electron

impact excitation of Ni. Astronomy and Astrophysics, 420(2):763–768,

2004.

[142] M. A. Bautista, J. Peng, and A. K. Pradhan. Excitation of [Ni II] and

[Fe II] Lines in Gaseous Nebulae. The Astrophysical Journal, 460:372,

1996.

209

http://connorb.freeshell.org


REFERENCES

[143] L. B. Lucy. Fluorescent excitation of [Ni II] lines in the spectra of gaseous

nebulae. Astronomy and Astrophysics, 294:555–567, 1995.

[144] M. D. Turkington, C. P. Ballance, A. Hibbert, and C. A. Ramsbottom.

Benchmarking a modified version of the CIV3 nonrelativistic atomic-

structure code within Na-like-tungsten R-matrix calculations. Physical

Review A, 94:022508, 2016.

[145] A. A. A. Hussein, A.-H. Abdel-Aty, U. Al-Juboori, and E. S. Yousef.

Cross sections by electron impact excitation and ionization of tungsten

ions, W39+. Journal of Electron Spectroscopy and Related Phenomena,

234:86–90, 2019.

[146] A. A. El-Maaref, M. M. Abou halaka, M. Tammam, E. R. Shaaban, and

E. S. Yousef. Electron impact excitation and ionization cross sections of

tungsten ions, W44+. Journal of Quantitative Spectroscopy and Radiative

Transfer, 224:147–153, 2019.

[147] K. M. Aggarwal. Comment on “Electron impact excitation and ioniza-

tion cross sections of tungsten ions, W44+” by El-Maaref et al. [J. Quant.

Spectrosc. Radiat. Transfer 2019, 224:147]. Journal of Qunatitative Spec-

troscopy and Radiative Transfer, 231:136–139, 2019.

[148] C. A. Johnson, S. D. Loch, and D. A. Ennis. ColRadPy: A Python

collisional radiative solver. Nuclear Materials and Energy, 20:100579,

2019.

[149] D. D. Laun. Preliminary Lists of Terms for the Arc and Spark Spec-

tra of Tungsten (W ii). Journal of research of the National Bureau of

Standards, 21(21):207–222, 1938.

[150] D. D. Laun. Second Spectrum of Tungsten (W II). Journal of research

of the National Bureau of Standards. Section A, Physics and chemistry,

68A(2):207–252, 1964.

210



REFERENCES

[151] M. I. Cabeza, L. Iglesias, and F. R. Rico. The W II Spectrum in the
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