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A B S T R A C T

This works proposes a novel approach to develop higher-order finite elements by taking progressive damage
into account in the formulation. The approach is based on Carrera’s unified formulation (CUF) while the
damage model is based on continuum damage mechanics (CDM) principles, which is implemented as a UEL
(User Element subroutine) written in FORTRAN and linked to Abaqus. The approach is assessed by simulating
a plate under distributed and sinusoidal loads. Besides, a progressive damage analysis of a composite coupon
under three-point bending is simulated, and the numerical predictions are compared against experimental
results, showing good correlation. The main findings show that the implemented UEL is accurate and fast
enough to predict progressive failure events and the in-plane damage mechanisms for composite laminates
under bending loadings.
1. Introduction

Carbon fiber reinforced polymer (CFRP) composites are well-known
for their outstanding specific strength and stiffness, high fatigue, and
corrosion resistances [1]. The inherent anisotropy of carbon fibers
allows designing a CFRP structure with improved and functional prop-
erties to obtain the desired performance [2]. These composites usually
have complex failure modes, and the accurate modeling of such mech-
anisms is extremely challenging. Several attempts have been carried
out to predict damage for composite materials [3–6]. According to
Talreja [7], multiscale analyses are the most suitable way to accurately
failure mechanisms of composites since micro-damage and macroscopic
failure of fiber-reinforced composites occur at different length scales
and by a variety of physic mechanisms. Even at the smallest scale, there
is pre-existing defects in fiber bundles that propagate and generate
cracks. Alternatively, Ladevèze [8] proposed a simpler, yet efficient,
approach to predict damage at the meso-scale.

A meso-scale model, i.e., at the coupon level, can be developed
using the principles of CDM, where the system (e.g., fiber, matrix,

∗ Corresponding author at: Aalto University, Finland and Queen’s University Belfast, UK.
E-mail addresses: humberto.almeida@aalto.fi, humberto.almeida@qub.ac.uk (J.H.S. Almeida Jr.).

voids, interface, etc.) is considered homogeneous and the continuity
of the displacement field in the finite element is kept constant. The
utilization of damage models considering several failure mechanisms,
associated with suitable prediction of stress profiles and displacement
fields, can significantly improve the precision of a simulation. Usually, a
damage model based on CDM is implemented into a finite element (FE)
model. These models are efficient to predict intralaminar damage (at
the ply level) [9–12]. Considering that damage triggers and propagates
upon the stress fields, their accurate prediction is essential for reliable
and precise results.

Higher-order FE formulations are efficient for better predicting
stress, strain, and displacement fields of laminated structures [13–16],
not only in-plane stress components but especially through-thickness
directions and for thick laminates, in which non-linear stress profile
are observed. In this direction, the hierarchical unified formulation
proposed by Carrera (CUF) [17] is effective to achieve refined structural
models by considering different expansion orders and several types of
theories within the formulation. Consequently, non-classical phenom-
ena, such as warping, coupling, and torsion, can be better captured by
merely enriching displacement fields [18–20].
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In addition to CUF, that considers the same expansion order for all
directions (𝑢, 𝑣, and 𝑤), Demasi et al. [21,22] developed the gener-
alized unified formulation (GUF) by modifying the fundamental nu-
cleus (FN) of principle of virtual displacements (PVD) to consider
the independency of terms and interpolation functions chosen in the
analyses. In addition, Caliri et al. [23] developed a particular case
of GUF considering 𝐶-1 continuity (the chosen interpolation functions
are continuous until its first derivative form) of the transverse dis-
placement field implemented in a four-node plate element to analyze
through-thickness stress profiles of thick laminated plates and sandwich
structures. They found out that a non-linear plate theory may yield
worse results when compared to a linear solution for a thick sandwich
structure.

Unified formulations [24] were rapidly disseminated given their
robustness. For instance, Kaleel et al. [25] developed a numerical
framework to simulate progressive delamination in laminated struc-
tures based on 1D component-wise models by adding cohesive elements
into CUF, and to evaluate free vibration response of laminated compos-
ite plates comparing the predictions with experimental observations.
Many other works dealing with unified formulations for plates and
shells can be found in the review performed by Caliri et al. [26]. The
recent works proposed by Nagaraj et al. [27–29] showed the applica-
bility of CUF along with inter- and intra-laminar models for simulating
the response of compact compression and over-height compact tension
specimens, among other numerical studies.

In this context, the present work implements CUF with a damage
model based on the principles of CDM by using an UEL (User Element
subroutine) written in FORTRAN and linked to Abaqus. The current
work follows up the research developed by Ferreira et al. [30], in
which the present work extends the unified formulation by incorpo-
rating a progressive damage model previously applied and success-
fully validated in different case studies [1,2,5,6,31,32]. Two classi-
cal benchmarks are considered here to evaluate the proposed ap-
proach: a simply supported cross-ply laminate under sinusoidal and a
clamped plate under distributed load. Furthermore, the framework is
used to simulate a laminate, which was tested under three-point bend-
ing [32,33], and the numerical results are compared to experimental
data.

2. The unified formulation

High-order shear deformation theory (HSDT) is applied here within
the formulation. Considering the fundaments of Solid Mechanics,
strain–displacement relations for in-plane and out-of-plane are given
by:

𝜺𝑝 = 𝐃𝐩𝐮 (1)

𝜺𝑛 =
(

𝐃𝑛𝑝 + 𝐃𝑛𝑧
)

𝐮 (2)

where 𝒖 is the displacement components vector (𝒖 =
[

𝒖𝒙𝒖𝒚𝒖𝒛
]

) and 𝑫
is the differential matrix. For in-plane strain, the following relationship
comes out:

𝐃𝑝 =
⎡

⎢

⎢

⎣

𝜕∕𝜕𝑥 0 0
0 𝜕∕𝜕𝑦 0

𝜕∕𝜕𝑦 𝜕∕𝜕𝑥 0

⎤

⎥

⎥

⎦

(3)

whereas for the out-of-plane strain, differential matrices are given
by:

𝐃𝑛𝑝 =
⎡

⎢

⎢

⎣

0 0 𝜕∕𝜕𝑥
0 0 𝜕∕𝜕𝑦
0 0 0

⎤

⎥

⎥

⎦

(4)

𝐃𝑛𝑧 =
⎡

⎢

⎢

⎣

𝜕∕𝜕𝑧 0 0
0 𝜕∕𝜕𝑧 0
0 0 𝜕∕𝜕𝑧

⎤

⎥

⎥

⎦

(5)

Considering Hooke’s law for orthotropic materials, the constitutive

equation is given by:

2

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑥𝑦
𝜎𝑥𝑧
𝜎𝑦𝑧
𝜎𝑧𝑧

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐶11 𝐶12 𝐶16 0 0 𝐶13
𝐶21 𝐶22 𝐶26 0 0 𝐶23
𝐶16 𝐶26 𝐶66 0 0 𝐶36
0 0 0 𝐶55 𝐶45 0
0 0 0 𝐶45 𝐶44 0
𝐶13 𝐶23 𝐶36 0 0 𝐶33

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜀𝑥𝑥
𝜀𝑦𝑦
𝜀𝑥𝑦
𝜀𝑥𝑧
𝜀𝑦𝑧
𝜀𝑧𝑧

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(6)

here,

𝐶11 = cos4 (𝜃)𝐶11 + 2 sin2 (𝜃) cos2 (𝜃)𝐶12

+ sin4 (𝜃)𝐶22 + 4 sin2 (𝜃) cos2 (𝜃)𝐶66

𝐶12 = sin2 (𝜃) cos2 (𝜃)𝐶11 + cos4 (𝜃)𝐶12 + sin4 (𝜃)𝐶12

+ sin2 (𝜃) cos2 (𝜃)𝐶22 − 4 sin2 (𝜃) cos2 (𝜃)𝐶66

𝐶16 = sin (𝜃) cos3 (𝜃)𝐶11 + sin3 (𝜃) cos (𝜃)𝐶12 − sin (𝜃) cos3 (𝜃)𝐶12

− sin3 (𝜃) cos (𝜃)𝐶22 − 2 sin (𝜃) cos3 (𝜃)𝐶66 + 2 sin3 (𝜃) cos (𝜃)𝐶66

𝐶13 = cos2 (𝜃)𝐶13 + sin2 (𝜃)𝐶23

𝐶22 = sin4 (𝜃)𝐶11 + 2 sin2 (𝜃) cos2 (𝜃)𝐶12

+ cos4 (𝜃)𝐶22 + 4 sin2 (𝜃) cos2 (𝜃)𝐶66

𝐶26 = sin3 (𝜃) cos (𝜃)𝐶11 + sin (𝜃) cos3 (𝜃)𝐶12 − sin3 (𝜃) cos (𝜃)𝐶12

− sin (𝜃) cos3 (𝜃)𝐶22 + 2 sin (𝜃) cos3 (𝜃)𝐶66 − 2 sin3 (𝜃) cos (𝜃)𝐶66

𝐶23 = sin2 (𝜃)𝐶13 + cos2 (𝜃)𝐶23

𝐶66 = sin2 (𝜃) cos2 (𝜃)𝐶11 − 2 sin2 (𝜃) cos2 (𝜃)𝐶12 + sin2 (𝜃) cos2 (𝜃)𝐶22

+ cos4 (𝜃)𝐶66 − 2 sin2 (𝜃) cos2 (𝜃)𝐶66 + sin4 (𝜃)𝐶66

𝐶36 = sin (𝜃) cos (𝜃)𝐶13 − sin (𝜃) cos (𝜃)𝐶23

𝐶55 = cos2 (𝜃)𝐶55 + sin2 (𝜃)𝐶44

𝐶45 = sin (𝜃) cos (𝜃)𝐶55 − sin (𝜃) cos (𝜃)𝐶44

𝐶44 = sin2 (𝜃)𝐶55 + cos2 (𝜃)𝐶44

𝐶33 = 𝐶33

(7)

where 𝜃 is the ply orientation, and the stiffness matrix coefficients in
local coordinate system are calculated in terms of material properties,
as follows:

𝐶11 =
1−𝜈23𝜈32

𝛥 𝐸11;𝐶22 =
1−𝜈13𝜈31

𝛥 𝐸22;𝐶33 =
1−𝜈12𝜈21

𝛥 𝐸33

𝐶12 =
𝜈21−𝜈23𝜈31

𝛥 𝐸11;𝐶13 =
𝜈31−𝜈21𝜈32

𝛥 𝐸11;𝐶23 =
𝜈32−𝜈11𝜈31

𝛥 𝐸22

𝐶44 = 𝐺23;𝐶55 = 𝐺13;𝐶66 = 𝐺12;

𝛥 = 1 − 𝜈23𝜈32 − 𝜈12𝜈21 − 𝜈13𝜈31 − 2𝜈21𝜈32𝜈13
𝜈32 =

𝐸33
𝐸22

𝜈23; 𝜈21 =
𝐸22
𝐸11

𝜈12; 𝜈31 =
𝐸33
𝐸11

𝜈13

(8)

The Unified Formulation (UF) [17,34–36] gives the possibility to
implement any high order plate theory. Then, any expansion order
can be used for displacements. For example, it is possible to use an
expansion to improve the modal response with the same expansion
for components of displacements u. In other words, the displacement
field can be expressed as 𝑢 = 𝑢1 + 𝑧𝑢2 + 𝑧2𝑢3. Thus, the compact
notation for u displacements is given by 𝑢 = 𝐹𝜏𝑢𝑖𝑇 , where 𝐹𝜏 =
[1 𝑧 𝑧2]. Furthermore, using the standard iso-parametric finite ele-
ment approach, displacement field can be described by 𝑢 = 𝑁𝑖𝑢𝑖𝑇 ,
where 𝑁𝑖 are shape functions. Therefore, based on PVD (Principle of
Virtual Displacements), internal virtual strain energy can provide the
fundamental nucleus for the high order finite element formulations
investigated in the present work, and their components are written
following CUF [17,35]:
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Table 1
Summary of the proposed material model.

Failure criteria Applied loading Degradation law Damage evolution
𝜎11
𝑋𝑇

≥ 1 Longitudinal tension (𝜎11 > 0) 𝐸11 = 𝐸110 (1 − 𝑑1) 𝑑1 = 1

|
𝜎11|
𝑋𝐶0

≥ 1 Longitudinal compression (𝜎11 < 0) 𝐸11 =
𝑋𝐶0

|
𝜀11|

(1 − 𝑓 (𝜀11)) + 𝑓 (𝜀11) ⋅ 𝐸110

𝑓 ≥ 0
Transverse tension (𝜎22 > 0) 𝐸22 = 𝐸220 (1 − 𝑑2) 𝑑2 =

⟨

√

𝑌−
√

𝑌 ′
0

⟩

√

𝑌 ′
𝑐

Transverse compression (𝜎22 < 0) 𝐸22 =
𝑌𝐶0

|
𝜀22|

(1 − 𝑔(𝜀22)) + 𝑔(𝜀22) ⋅ 𝐸220

In-plane shear (𝜏12 > 0) 𝐺12 = 𝐺120 (1 − 𝑑6) 𝑑6 =

⟨

√

𝑌−
√

𝑌0

⟩

√

𝑌𝑐
𝐾𝑘𝜏𝑠𝑖𝑗
𝑥𝑥 = 𝑍𝑘𝜏𝑠

𝑝𝑝11⟨𝑁𝑖,𝑥𝑁𝑗,𝑥⟩𝛺 +𝑍𝑘𝜏𝑠
𝑝𝑝16⟨𝑁𝑖,𝑦𝑁𝑗,𝑥⟩𝛺 +𝑍𝑘𝜏𝑠

𝑝𝑝16⟨𝑁𝑖,𝑥𝑁𝑗,𝑥⟩𝛺

+𝑍𝑘𝜏𝑠
𝑝𝑝66⟨𝑁𝑖,𝑦𝑁𝑗,𝑦⟩𝛺 +𝑍𝑘𝜏,𝑧𝑠,𝑧

𝑛𝑛55 ⟨𝑁𝑖𝑁𝑗⟩𝛺

𝐾𝑘𝜏𝑠𝑖𝑗
𝑥𝑦 = 𝑍𝑘𝜏𝑠

𝑝𝑝12⟨𝑁𝑖,𝑥𝑁𝑗,𝑦⟩𝛺 +𝑍𝑘𝜏𝑠
𝑝𝑝26⟨𝑁𝑖,𝑦𝑁𝑗,𝑦⟩𝛺 +𝑍𝑘𝜏𝑠

𝑝𝑝16⟨𝑁𝑖,𝑥𝑁𝑗,𝑥⟩𝛺

+𝑍𝑘𝜏𝑠
𝑝𝑝66⟨𝑁𝑖,𝑦𝑁𝑗,𝑥⟩𝛺 +𝑍𝑘𝜏,𝑧𝑠,𝑧

𝑛𝑛45 ⟨𝑁𝑖𝑁𝑗⟩𝛺

𝐾𝑘𝜏𝑠𝑖𝑗
𝑥𝑧 = 𝑍𝑘𝜏𝑠,𝑧

𝑝𝑛13 ⟨𝑁𝑖,𝑥𝑁𝑗⟩𝛺 +𝑍𝑘𝜏𝑠,𝑧
𝑝𝑛36 ⟨𝑁𝑖,𝑦𝑁𝑗⟩𝛺 +𝑍𝑘𝜏,𝑧𝑠

𝑛𝑛55 ⟨𝑁𝑖𝑁𝑗,𝑥⟩𝛺

+𝑍𝑘𝜏,𝑧𝑠
𝑛𝑛45 ⟨𝑁𝑖𝑁𝑗,𝑦⟩𝛺

𝐾𝑘𝜏𝑠𝑖𝑗
𝑦𝑥 = 𝑍𝑘𝜏𝑠

𝑝𝑝12⟨𝑁𝑖,𝑦𝑁𝑗,𝑥⟩𝛺 +𝑍𝑘𝜏𝑠
𝑝𝑝26⟨𝑁𝑖,𝑥𝑁𝑗,𝑥⟩𝛺 +𝑍𝑘𝜏𝑠

𝑝𝑝26⟨𝑁𝑖,𝑦𝑁𝑗,𝑦⟩𝛺

+𝑍𝑘𝜏𝑠
𝑝𝑝66⟨𝑁𝑖,𝑥𝑁𝑗,𝑥⟩𝛺 +𝑍𝑘𝜏,𝑧𝑠,𝑧

𝑛𝑛45 ⟨𝑁𝑖𝑁𝑗⟩𝛺

𝐾𝑘𝜏𝑠𝑖𝑗
𝑦𝑦 = 𝑍𝑘𝜏𝑠

𝑝𝑝22⟨𝑁𝑖,𝑦𝑁𝑗,𝑦⟩𝛺 +𝑍𝑘𝜏𝑠
𝑝𝑝26⟨𝑁𝑖,𝑥𝑁𝑗,𝑦⟩𝛺 +𝑍𝑘𝜏𝑠

𝑝𝑝26⟨𝑁𝑖,𝑦𝑁𝑗,𝑥⟩𝛺

+𝑍𝑘𝜏𝑠
𝑝𝑝66⟨𝑁𝑖,𝑥𝑁𝑗,𝑥⟩𝛺 +𝑍𝑘𝜏,𝑧𝑠,𝑧

𝑛𝑛44 ⟨𝑁𝑖𝑁𝑗⟩𝛺

𝐾𝑘𝜏𝑠𝑖𝑗
𝑦𝑧 = 𝑍𝑘𝜏𝑠,𝑧

𝑝𝑛23 ⟨𝑁𝑖,𝑦𝑁𝑗⟩𝛺 +𝑍𝑘𝜏𝑠,𝑧
𝑝𝑛36 ⟨𝑁𝑖,𝑥𝑁𝑗,𝑦⟩𝛺 +𝑍𝑘𝜏,𝑧𝑠

𝑛𝑛45 ⟨𝑁𝑖𝑁𝑗,𝑦⟩𝛺

+𝑍𝑘𝜏,𝑧𝑠
𝑛𝑛44 ⟨𝑁𝑖𝑁𝑗,𝑦⟩𝛺

𝐾𝑘𝜏𝑠𝑖𝑗
𝑧𝑥 = 𝑍𝑘𝜏𝑠,𝑧

𝑛𝑛55 ⟨𝑁𝑖,𝑥𝑁𝑗⟩𝛺 +𝑍𝑘𝜏𝑠,𝑧
𝑛𝑛45 ⟨𝑁𝑖,𝑦𝑁𝑗⟩𝛺 +𝑍𝑘𝜏,𝑧𝑠

𝑛𝑝13 ⟨𝑁𝑖𝑁𝑗,𝑥⟩𝛺

+𝑍𝑘𝜏,𝑧𝑠
𝑛𝑝36 ⟨𝑁𝑖𝑁𝑗,𝑦⟩𝛺

𝐾𝑘𝜏𝑠𝑖𝑗
𝑧𝑦 = 𝑍𝑘𝜏𝑠,𝑧

𝑛𝑛45 ⟨𝑁𝑖,𝑥𝑁𝑗⟩𝛺 +𝑍𝑘𝜏𝑠,𝑧
𝑛𝑛44 ⟨𝑁𝑖,𝑦𝑁𝑗⟩𝛺 +𝑍𝑘𝜏,𝑧𝑠

𝑛𝑝23 ⟨𝑁𝑖𝑁𝑗,𝑦⟩𝛺

+𝑍𝑘𝜏,𝑧𝑠
𝑛𝑝36 ⟨𝑁𝑖𝑁𝑗,𝑥⟩𝛺

𝐾𝑘𝜏𝑠𝑖𝑗
𝑧𝑧 = 𝑍𝑘𝜏𝑠

𝑛𝑛55⟨𝑁𝑖,𝑥𝑁𝑗,𝑥⟩𝛺 +𝑍𝑘𝜏𝑠
𝑛𝑛45⟨𝑁𝑖,𝑦𝑁𝑗,𝑥⟩𝛺 +𝑍𝑘𝜏𝑠

𝑛𝑛45⟨𝑁𝑖,𝑥𝑁𝑗,𝑦⟩𝛺

+𝑍𝑘𝜏𝑠
𝑛𝑛44⟨𝑁𝑖,𝑦𝑁𝑗,𝑦⟩𝛺 +𝑍𝑘𝜏,𝑧𝑠,𝑧

𝑛𝑛33 ⟨𝑁𝑖𝑁𝑗⟩𝛺

(9)

where,
(

𝑍𝑘𝜏𝑠
𝑝𝑝 , 𝑍𝑘𝜏𝑠

𝑝𝑛 , 𝑍𝑘𝜏𝑠
𝑛𝑝 , 𝑍𝑘𝜏𝑠

𝑛𝑛

)

=
(

𝐶𝑘
𝑝𝑝, 𝐶

𝑘
𝑝𝑛, 𝐶

𝑘
𝑛𝑝, 𝐶

𝑘
𝑛𝑛

)

(10)
(

𝐸𝜏𝑠, 𝐸𝜏𝑠,𝑧 , 𝐸𝜏,𝑧𝑠, 𝐸𝜏,𝑧𝑠,𝑧

)

= ∫𝐴𝑘

(

𝐹𝜏𝐹𝑠, 𝐹𝜏𝐹𝑠,𝑧 , 𝐹𝜏,𝑧𝐹𝑠, 𝐹𝜏,𝑧𝐹𝑠,𝑧

)

𝑑𝑧 (11)

𝐶𝑘
𝑝𝑝, 𝐶𝑘

𝑝𝑛, 𝐶𝑘
𝑛𝑝 and 𝐶𝑘

𝑛𝑛 are the elastic stiffness coefficients according
to Eq. (10), for each layer k. The symbol < >Ω means an integral over
the finite element domain and the indexes 𝜏 and 𝑠 are related to the
applied kinematic hypothesis of displacement and the number of terms
used in the polynomial expansion 𝐹𝜏 and 𝐹𝑠, as shown previously. Thus,
the 𝑍-type coefficients (for each layer k) are calculated multiplying the
elastic properties by integrals for each combination of 𝜏 and 𝑠 along
the thickness 𝐴𝑘, and they are called 𝐸𝜏𝑠. Herein, the expansions of an
incomplete cubic polynomial 𝐹𝜏 = [1 𝑧 𝑧3] through-thickness expansion
are considered.

3. Damage model

The damage model used in the present work is based on the work
written by Ribeiro et al. [32] and Ladevèze [8], and as commented
earlier, it was already evaluated for different case studies for laminates.
Thus, CDM concepts were used considering the behavior of the ply in
a meso-scale, i.e. plies, which are constituted by fibers and polymer
matrix, under in-plane stress state are homogenized. Fiber failure under
tension and compression, as well as matrix failure under tension,
compression and shear are considered in the formulation in terms of
3

the applied loading on the homogenized ply. Thus, the formulation is
considered an intralaminar damage model. Furthermore, due to the
high difference between elastic modulus of fibers and matrix (high
orthotropic level) in the studied laminates, it was assumed that the
failure modes are independent. In this way, matrix failure does not
contribute directly to the fiber failure and vice-versa. Moreover, the
hypothesis of continuous fibers perfectly aligned within the matrix was
considered. Nevertheless, independency of failure modes, degradation
of ply properties starts after initial damage initiation, affecting the
matrix damage evolution when fiber failure is driven and vice-versa.
This can be explained through the constitutive matrix modified by
damage variables shown by Eq. (12).

𝐷 = 1
𝐾

⎡

⎢

⎢

⎢

⎣

(1 − 𝑑1)𝐸11 (1 − 𝑑1)(1 − 𝑑2)𝜈21𝐸22 0
(1 − 𝑑1)(1 − 𝑑2)𝜈21𝐸22 (1 − 𝑑2)𝐸22 0

0 0 𝐾(1 − 𝑑6)𝐺12

⎤

⎥

⎥

⎥

⎦

(12)

with 𝐾 =
[

1 − (1 − 𝑑1)(1 − 𝑑2)𝜈12𝜈21
]

.
The mechanical response of a homogenized lamina under tensile

load (𝜎11) was considered linear elastic with brittle failure, where its
failure limit can be simulated using the maximum stress criterion, in
which the associated internal variable damage 𝑑1 (damage degradation
index associated to longitudinal tension) is considered as ‘‘1’’ when
damage is detected; thus, the complete failure of the reinforcements
is assumed.

To model the response of the composite under longitudinal com-
pression, a linear behavior until a specific value 𝑋𝐶0 was assumed.
Above this value, a nonlinear elastic behavior was considered. This non-
linear limit is identified experimentally by using coupons with fibers
oriented along the loading direction. When 𝜎11 ≥ 𝑋𝐶0, the composite
start showing a non-linear behavior. Thus, the elastic modulus from
𝑋𝐶0 is not represented by 𝐸110 (initial elastic modulus), but by a secant
modulus 𝐸11.

For simulating matrix damage, two internal damage variables (𝑑2
and 𝑑6) were considered for representing the damage under tensile
and shear stresses, respectively, ranging from ‘‘0’’ to ‘‘1’’, i.e. from
undamaged (‘‘0’’) to fully damaged (‘‘1’’) state (Table 1). When 𝜎22 < 0,
a non-linear behavior can be considered after reaching the compressive
strength 𝑌𝐶0, and the secant modulus 𝐸22 is considered instead of the
initial elastic modulus 𝐸220 . The complete procedure to determine these
variables are presented in Refs. [6,32].

Furthermore, for simulating matrix behavior, tensile, compression
and shear limits were taken from coupons with fibers at 90◦ (transverse
tension and compression) and [+45/−45] (in-plane shear). Based on
those results, it was possible to generate a damage surface for ma-
trix failure limits (Fig. 1) considering transverse (𝜎22) and shear (𝜏12)
stresses. A full understanding of the experimental tests used to feed
the damage model can be found in previous works published by the
authors [6,12,31,32].

The proposed damage surface is represented by Eq. (13), where 𝑌𝐶0
and 𝑆 parameters represent the compression and shear elastic limits,
12𝑦
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Fig. 1. Damage surface for matrix-type failure.

espectively.

= 1 −

(

𝜏122

𝑆12𝑦
2
+

𝜎222

𝑌𝑐𝑜2

)

(13)

he proposed material model is summarized in Table 1, where 𝑌 is
obtained from the mutual influence of in-plane transversal stress 𝜎22
and shear 𝜏12, by the equation: 𝑌 (𝑡) = 𝑚𝑎𝑥𝜏≤𝑡

{

𝑌6 (𝜏) + 𝑏 ⋅ 𝑌2 (𝜏)
}

. Thus,
the maximum value of thermodynamic force 𝑌 can be calculated for
ach load cycle, where 𝑌6 and 𝑌2 are defined by the partial derivatives
f deformation energy related to internal variables 𝑑2, and 𝑑6, i.e., 𝑌2 =

𝜕𝐸𝐷
𝜕𝑑2

, 𝑌6 =
𝜕𝐸𝐷
𝜕𝑑6

[8].
On the other hand, the coupling coefficient b depends on the

aterial, and variates with max values of 𝑌6 and 𝑌2 for each load
ycle. Its value was considered equal to 0.929007, obtained experi-
entally from quasi-static cyclic tests. Moreover, parameters such as:
′
0 , 𝑌0, 𝑌 ′

𝑐 and 𝑌𝑐 were also obtained from these tests. The first two
epresent thermodynamic forces related respectively to damage initia-
ion towards 𝑑2 and 𝑑6, and the last constants are used to calculated
hermodynamic force limit when 𝑑2 and 𝑑6 reach their max, i.e., when,
𝑌 =

(

√

𝑌 ′
𝑐 +

√

𝑌 ′
0

)

⇒𝑑2 = 1, and
√

𝑌 =
(

√

𝑌𝑐 +
√

𝑌0
)

⇒𝑑6 = 1. This
relation can be verified in more details in [8].

It is worth mentioning that the proposed material model was imple-
mented inside the UEL, which also considers CUF.

4. Implementation

Both damage model and CUF are implemented within the same
framework as a UEL subroutine. However, this implementation is chal-
lenging since there is no methodology proposed in the literature so far.
The UEL subroutine has several issues, such as incompatibility with
some standard procedures, e.g., the difficulty to simulate cases that
a pressure load is applied on a surface using the standard procedure
available in Abaqus. Even the simplest case of a distributed load on a
surface, it is necessary to calculate the nodal equivalent loads. Thus,
the load should be applied directly on nodes instead of on the surface
for user elements. Another manner to simulate surface loads is the
utilization of 𝐷𝐿𝑂𝐴𝐷 subroutine, which allows the user to implement
a load profile as a function of position, time, element number, load
integration point number, etc. [37]. Limitations in the usage of UEL
subroutine can be also verified by the difficulty to visualize standard
results and to perform post-processing of the output database. In this
way, Abaqus is not able to show the finite element mesh with the same
quality of a standard post-processing. It is observed that the positions of
elements in the mesh are replaced by crosses instead of finite element
4

mesh. Moreover, the user has access only to nodal displacements and
reactions, where it makes necessary to create dummy elements to
visualize internal variables, such as stress and strain fields. There is
also the limitation regarding the number of degrees of freedoms (DOF),
since only 36 DOFs are available to solve a problem by using UEL.
Thus, for high-order formulation combined to layer-wise approach, the
number of plies in the laminate is restricted.

Fig. 2 shows that the subroutine begins by importing all model pa-
rameters from the FE model, i.e. geometry, loads, boundary conditions
and standard finite element in form of an input file (.inp format). In
this input file, the standard finite element must be changed by the User
Element as well as modifications for considering additional degrees of
freedom, according to the case.

After importing all data, the damage section of the UEL subroutine
starts the simulation from step increment (𝑖), as shown in Fig. 2. While
the increment is lower than the number of steps set in the input file, the
simulation continues. Inside UEL subroutine, 𝑍-CUF integrals shown in
Eqs. (9) and (10) are calculated by full integration points parametrized
by the number of expansion terms. In addition, generalized constitu-
tive matrix (Cbar) is computed by considering an elastic condition of
material properties. State variables (SVARS) used to store information
of failed elements and to control damage progression are initiated in
this step, and considered equal to elastic values, i.e. damage internal
variables 𝑑1 = 𝑑2 = 𝑑6 = 0.

After that, in-plane numerical integration using Gauss quadrature
points for an 8-noded plate element is carried out. The strain vector (𝜀)
is calculated from the multiplication of the derivative forms of shape
functions and nodal displacements given by the FE software. Thus,
the stresses vector (𝜎) can be calculated by applying the constitutive
matrix (𝐶𝑏𝑎𝑟) on the strain. After calculating the stress vector, failure
criteria and damage evolution laws presented in Section 3 start taking
place.

If the material failure is triggered, damage evolution is applied, and
the damaged elasticity parameters are stored in the SVARS updating
the matrix (𝐶𝑏𝑎𝑟). On the other hand, if failure is not initiated, the
elasticity parameters are stored in the SVARS with their original values.
Thus, the values stored inside SVARS are compared to those that
comes from constitutive matrix module. If SVARS parameters are lower
than the elastic initial values, the simulation continues with constitu-
tive matrix updated, calculating the degradation of elastic properties.
It is important to note that for avoiding an increasing of material
stiffness after initial failure, i.e., self-healing, damage variables never
decrease.

The stiffness matrix (𝐴𝑀𝐴𝑇𝑅𝑋) is evaluated after calculating ma-
trix (𝐶𝑏𝑎𝑟) and failure model composed of CUF terms defined in Eqs. (7)
and (9). Moreover, the force vector (𝐹 ) is obtained from 𝐴𝑀𝐴𝑇𝑅𝑋
and nodal displacements (𝑈). Next, the residual vector (𝑅𝐻𝑆) can be
determined by the difference between force (𝐹 ) and the previous value
of 𝑅𝐻𝑆, and a new step increment (𝑖 + 1) takes place. Abaqus uses
automatic convergence checks applied to the residual force (𝑅𝐻𝑆),
and the simulation continues for the increment step 𝑗 + 1, if 𝑡𝑜𝑙 is
verified.

Thus, the subroutine must verify both criteria: the internal 𝑗 step
(𝑅𝐻𝑆 tolerance) and external 𝑖 (total step time). In addition to UEL
convergence process, an important issue observed is the quick break
of material properties when damage happens. Thus, for this reason, it
is important to control the degradation process by applying a damage
variable to obtain the updated property, as it was carried out in this
analysis. It is noteworthy, for simulations performed here, it was used
a Dell Xeon Workstation with 8 nuclei, 6 terabytes of storage and 32 GB
of RAM memory.
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Fig. 2. Flowchart of the proposed framework.
. Results and discussion

.1. Benchmark cases

.1.1. Cross ply [0/90]s simply supported plate under sinusoidal load
A well-known literature case of a simply supported cross ply lam-

nate plate under sinusoidal load is considered in this section. Then
y comparing results obtained from Abaqus standard element and the
ser elements implemented inside subroutine UEL only with elastic
arameters (Elastic UEL) obtained from the work of Ferreira et al. [38],
t was possible to evaluate partially the implementation.

Square laminate of side 𝑎 and thickness ℎ is composed of four
equally thick layers staked as [0/90/90/0]. According to Fig. 3, it is
simply supported on all edges and submitted to a sinusoidal vertical
pressure according to expression: 𝑃𝑧 = 𝑃 .𝑠𝑖𝑛 (𝜋𝑥∕𝑎) .𝑠𝑖𝑛 (𝜋𝑦∕𝑎).

A mesh density of 10 × 10 elements is herein used. A pressure 𝑃 of
1 𝑁 was applied on the plate as shown by Fig. 3. A ratio 𝑎∕ℎ = 4 is kept
5

with regards to the plate dimensions. For this benchmark example, the
following values are used: ℎ = 25 mm and 𝑎 = 100 mm. The used elastic
properties were 𝐸22 = 10000 MPa, 𝐸11 = 25 × E22, 𝐺12 = 0.5 × 𝐸22, 𝐺13 =
0.5 × 𝐸22, 𝐺23 = 0.2 × 𝐸22, 𝜈12 = 0.25 [38].

Numerical results of comparison among different methods are pre-
sented in Table 2, considering a normalized form as indicated by the
following expressions:

𝑤 (𝑎∕2, 𝑎∕2, 0) = 102 ⋅
𝐸22 ⋅𝑤𝑚�́�𝑥 ⋅ ℎ3

𝑃 ⋅ 𝑎4
𝜎𝑥𝑥(𝑎∕2, 𝑎∕2, ℎ∕2) =

𝜎𝑥𝑥 ⋅ ℎ2

𝑃 ⋅ 𝑎2

𝜏𝑥𝑦(𝑎, 𝑎, ℎ∕2) =
𝜏𝑥𝑦 ⋅ ℎ2

𝑃 ⋅ 𝑎2
𝜎𝑦𝑦(𝑎∕2, 𝑎∕2, ℎ∕2) =

𝜎𝑦𝑦 ⋅ ℎ2

𝑃 ⋅ 𝑎2
(14)

𝜏𝑥𝑧(0, 𝑎∕2, 0) =
𝜏𝑥𝑧 ⋅ ℎ
𝑃 ⋅ 𝑎

In the analyses, Abaqus standard elements with reduced integration
and 6 Degrees of Freedom (DOF) per node S8R was used. Besides
quadrilateral eight-node User Elements with full integration points
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Fig. 3. Square plate (0/90/90/0) under sinusoidal load.

were used for CUF simulations. In addition, CUF complete polynomial
expansion [1 𝑧 𝑧2 𝑧3] applied is the same for the others case stud-
ies. These values were obtained according to Eq. (14) to the point
(𝑎∕2, 𝑎∕2, 0) where thickness 𝑧 variates within domain −ℎ∕2 < 𝑧 < ℎ∕2,
and 𝑧 = 0 represents the plate middle point.

Similar results could be verified in Table 2 for nondimensional 𝑤
isplacement of 1.98 obtained by CUF, close to analytical elasticity of
.95 obtained from Pagano [39] and values found by [40] using High
hear Deformation Theory (HSDT), which is equal to 1.89.

Fig. 4 shows comparison of nondimensional in plane stress profiles
esults 𝝈𝒙𝒙, 𝝈𝒚𝒚 , 𝝉𝒙𝒚 and out-of-plane 𝝉𝒙𝒛 by applying User Elements

(UEL) and native elements from Abaqus (S8R). In general, for point
(𝑎∕2, 𝑎∕2, 0) where thickness 𝑧 variates within domain −ℎ∕2 < 𝑧 < ℎ∕2,
and 𝑧 = 0 represents the plate middle point, it is observed good relation
between Abaqus Standard and Elastic UEL elements results. However
there are divergences for values of 𝝈𝒙𝒙 located at top and bottom of
layers both oriented at 0◦. Besides, high differences between results can
be found for out-of-plane 𝝉𝒙𝒛 in the medium plane of the laminate.

.1.2. Isotropic plate under distributed load considering damage evolution
Static analyses of plates were carried out using two different strate-

ies to evaluate the implementation of CUF within UEL subroutine,
.e., the code UEL-CUF. The first strategy UEL-CUF, referred here as
lastic UEL, considers only elastic material properties, and it was used
s a preliminary result for evaluating the proposed methodology. In
he second strategy, it was applied a progressive damage condition in
ttempt to evaluate the subroutine capability to analyze initial failure
nd damage evolution. For this reason, UEL-CUF code that considered
ailure and damage progression was called damage UEL.
6

Table 2
Comparison of results for a laminate square plate [0/90/90/0] under sinusoidal load.

Method 𝑤 𝜎𝑥𝑥 𝜎𝑦𝑦 𝜏𝑥𝑧 𝜏𝑥𝑦
Elasticity [39] 1.95 0.72 0.66 0.27 0.046
HSDT [40] 1.89 0.66 0.63 0.21 0.044
FSDT [40] 1.71 0.41 0.58 0.14 0.0308
Ferreira [38] 1.88 0.66 0.63 0.14 0.0423
Abaqus standard Elements S8R 2.09 0.39 0.55 0.33 0.0205
User elements—(Elastic UEL) 1.98 0.67 0.68 0.23 0.030

For evaluating the damage UEL subroutine, a similar case study
proposed in Section 5.1.1 was reproduced here but taking damage into
account. One difference between the current case and the one previ-
ously one is that here a displacement-driven analysis is used instead
of load-driven. The main motivation for changing it to a displacement-
based analysis consists on verifying damage characteristics in the anal-
ysis like loss of stiffness in the 𝐹 × 𝑑 curve. Since for load-based
one, applied force is maintained constant during analysis, and thus,
displacement values can increase too fast hindering identification of
damage initiation.

Fig. 5 shows that stiffness values are the same for two curves until
80 N, where damage process start degrading initial stiffness. After
that point, loss of stiffness starts until the pair of points (𝑢, 𝐹 ) =
(0.101 mm, 100 N), where an abrupt failure is observed. These results
infer that the proposed methodology to consider progressive damage
was implemented successfully by using UEL subroutines as shown in
Fig. 2.

Considering that the failure criterion used for damage initiation
was maximum stress, in order to trigger damage, the strength limit
parameter was set equal to the maximum in-plane tension calculated
from the previous example without damage but divided by a factor of
2. This factor was chosen to act as an artificial safety coefficient to
ensure the initiation of failure process. Thus, after failure initiated, the
degradation process starts taking place. For this process, a degradation
factor of 0.25 was chosen for penalizing the in-plane elastic properties
of material, i.e., 𝐸, 𝐺 and 𝜈. Similarly, to the strength limit coefficient,
the degradation factor is arbitrary since it is used as an artificial
penalization value to simulate progressive damage process.

Even using an artificial coefficient, it is observed the reduction of
the stiffness in two levels of displacements (0.006 mm and 0.010 mm).
This suggests that the proposed damage UEL subroutine algorithm
worked properly, and it can be used to simulate adequately laminates
under bending loadings.

Still related to the results presented in Fig. 5, in order to make sure
that damage-UEL subroutine was well implemented, the state variable
STATEV(16) (Young’s modulus (𝐸)) was tracked throughout the sim-
ulation for monitoring the loss in elastic modulus during the damage
progression. From Fig. 6, a loss of elastic modulus at a force level of
100.71 N is noticed, and then the elastic modulus falls to a value of
25% of it is initial value. This variation is observed when degradation
process is initiated, which ensures that the damage subroutine was
successfully implemented.

As commented earlies, the monitoring process of state variables has
been made possible only thanks to dummy elements. These elements
are created as an alternative to show the model internal variables in
a UEL subroutine and consists of generating a ‘‘mask’’ on the original
model by sharing the nodes, geometry, and boundary conditions (BCs).
To use these elements, it is necessary to input a low value of stiffness,
(around 0.001% of stiffness) to not influence the simulation. It is
worth mentioning that Abaqus native elements must be used as dummy
elements as well for compatibility purposes.
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Fig. 4. (a) 𝜎𝑥𝑥, (b) 𝜎𝑦𝑦, (c) 𝜏𝑥𝑦 and (d) 𝜏𝑥𝑧 stress profiles.
Fig. 5. Comparison between elastic UEL-CUF and damage UEL-CUF subroutines.

.2. Composite coupon under three-point bending

.2.1. Elastic analysis
The laminate plate evaluated here made of carbon fiber/epoxy M10

omposites produced and tested by Tita et al. [33]. This material has
he following elastic properties: E22 = 8570 MPa, E11 = 105000 MPa,
G23 = 3050 MPa, G13 = 4390 MPa, G12 = 4390 MPa, v12 = v13 = 0.34,
v23 = 0.306. Moreover, the strength values are X𝑇 = 1400 MPa, X𝐶 =
930 MPa, Y 𝑇 = 47 MPa, and S = 53 MPa. The parameters 𝑋 and 𝑌
are the stress to failure in the directions parallel and transverse to the
7

Fig. 6. Monitoring of both reaction force and Young’s modulus variable throughout
the simulation.

fibers, whereas the indexes 𝑇 and 𝐶 represent tensile and compression
loads, respectively, while 𝑆 is the in-plane shear strength. The material
behavior under compression has a non-linear characteristic observed in
tests. In addition to these strength values, initial values of non-linear
elastic limits X𝐶0 = 253 MPa and Y𝐶0 = 60.3 MPa were taken from
Tita et al. [33] and considered within the progressive damage model.
The plate is a UD laminate [0]10 with a total thickness of 1.8 mm.

The first approach to simulate the three-point bending case was car-
ried out by using a linear elastic model considering BCs to simulate the
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Fig. 7. Mesh convergence for the elastic model considering only BCs for ABAQUS S8R
ative elements.

Fig. 8. Three-point bending FE model highlighting loads and boundary conditions.

supporting and loading pins acting onto the sample, which means that
no contact has been modeled. A rectangular coupon of 80 × 25 mm2

was considered. The mesh size was chosen based on a convergence test
shown in Fig. 7, where it is verified an asymptotic behavior for meshes
from 2000 elements, considering a reaction limit force of 1.224 kN,
obtained from the lines where 𝒖𝒛 = 𝒖𝒓𝒙 = 𝟎, as shown in Fig. 8.

The native element S8R from Abaqus was used for the linear elastic
analyses, whereas for UEL elements the eight-node full integration S8R
were implemented, as well as BCs used in the model can be observed
in Fig. 8.

Fig. 9 presents the deformed shape for the sample under three-point
bending for the converged mesh. It is noticed that both shapes agree
with a typical behavior of a laminated coupon in bending. Fig. 9(a)
presents the result using an elastic model with S8R native elements,
8

helpful to calibrate the applied forces following the experimental re-
sponse [33]. Next, the UEL elastic subroutine using complete cubic
expansion ([1 𝑧 𝑧2 𝑧3]) was performed and shown in Fig. 9(b). Analyzing
their displacement profiles, the maximum displacements are very close,
4.85 mm for Abaqus S8R native elements and 4.81 mm for UEL.

Another FE model has been built by modeling the loading nose and
supports instead of using BCs (Fig. 10). The model consists of three
analytical surface elements or rigid elements (Fig. 10) that represent
the loading nose and supports, and the sample was modeled with
Abaqus S8R native elements and UEL. The two supports have been fully
clamped and the displacement in the 𝑧-direction on the loading nose
has been released. A prescribed displacement of 4 mm was applied
(maximum displacement observed in the experiments). The bending
force was transferred to the coupon via contact using hard contact and
tangential frictionless options between the composite sample and the
supports.

A preliminary mesh convergence was also carried out for this study
case, as shown in Fig. 11, where the mesh converges for 1280 finite
elements. Nevertheless, a mesh with 2000 elements was chosen for
consistency purposes to keep it with the same number of elements used
in the FE models considering BCs and, hence, disregarding contact with
loading- and supporting-pins.

Fig. 12 depicts the deformed shape for the coupons modeled with
S8R native element from Abaqus and from elastic UEL approach using
the same expansion ([1 𝑧 𝑧2 𝑧3]). It is observed similar deformed shapes
for both cases, showing that both approaches, with either using BCs
or modeling nose and supports, comprehensive deformed shape are
achieved. Besides, both approaches (using Abaqus native S8R shell
elements and elastic UEL) present similar shapes.

Fig. 13 presents a comparison among all elastic models using elastic
UEL and Abaqus native elements, as well as experimental results. The
similarity of elastic results among different used approaches, turns
the analyses using UEL elements well succeeded. Moreover, this good
correlation results were used as a first approach for verifying the
implementation before applying the damage model.

5.2.2. Damage analysis
After evaluating the linear-elastic response of composite sample

under bending, it is observed that the elastic UEL strategy worked well.
Thus, next step of UEL-CUF analysis should consider damage behavior
(Damage UEL). Based on the results presented in Fig. 13, and although
BCs model had shown accuracy results, the approach of using contact
between sample and supports have been chosen because it represents
the tests with more accuracy.

From Fig. 14, it was possible to observe at UEL computational
curve, a slight loss of stiffness at a displacement of 1.0 mm and a
load level of 0.3 kN caused by compressive stress on fibers. Then, the
degradation process initiates from this value until the abrupt breakage
at a displacement of 4.05 mm and a force of 1.19 kN. This force value
differs from experimental ultimate load of 70 N, nearly 7% over limit
of experimental strength, which represents a conservative approach
for this analysis [28]. Due the absence of an interlaminar model,
which may dissipate energy by interply damage mechanisms, a greater
value of strength would be expected to simulation in comparison of
experiments. Thus, to avoid distortions and ensure that fiber damage
occurs in the analysis, the lowest value of strength of 1400 MPa was
chosen from experimental results. Besides, the lack of a delamination
model can be explained based on work performed by Tita et al. [33],
which reported the absence of delamination during the tests.

Similarly to using a damage UEL comparison, another approach
using only the User Material (UMAT) subroutine was applied for evalu-
ating the application of material model for the three point bending case.
Since the same composite laminate and material model herein explored
was applied to study damage under longitudinal tensile and low-energy
impact loadings via UMAT by Ferreira et al. [31]. It should be pointed

out that by using UMAT, it is possible to implement new constitutive
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Fig. 9. Transverse displacement field for a three-point bending simulation (a) ABAQUS S8R native elements and (b) UEL elements.
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Fig. 10. Three-point bending model in which the BCs are applied through
pecimen-cylinders contact.

elations, damage/failure criteria as well as damage evolution laws.
owever, by using UEL, it is also possible to implement different
inematic hypotheses and different shape functions for new types of
inite elements.

Results found by UMAT can be seen in Fig. 14 where a difference
f 10% over experimental value of ultimate load could be observed.
his value is slightly conservative than damage UEL results, and differs
nly 10 𝑁 from the force calculated to this subroutine. This comparison
etween damage UEL and UMAT indicates the material model first
mplemented by Ferreira et al. [31] was well incorporated into the
EL subroutine, and the slightly difference observed comes from CUF
spects, i.e. the application of high order displacement fields and
he presence of out-of-plane damage models, deserving to be better
nvestigated in future works.
 l

9

Fig. 11. Mesh convergence test for the FE model considering contact for ABAQUS S8R
native elements.

Figs. 15, 16 and 17 show the evolution of damage variables and
elastic properties during the numerical analyses at the centroid of an
element with the same position shown by the model in Fig. 18 (coordi-
nates X = 13.44 mm, Y = 12.47 mm). According to Fig. 15, longitudinal
modulus 𝐸11 starts decreasing its value caused by a failure due to high
normal stress values in the top and bottom of the laminate shown
by Fig. 19(a). After that, elastic properties are slightly damaged until
abrupt breakage at displacement value of 4.05 mm, where variable 𝑑1
assumes the value of 0.99.

Fig. 16 shows the variation of transversal modulus and evolution
of damage variable 𝑑2. As expected, due to stacking sequence of the
aminate with the fibers oriented in 0◦ direction, it is possible to notice
hat variable 𝑑2 is triggered for 4.05 mm of displacement. Thus, in other
ords, the matrix fails at the same time step of the fibers. In Fig. 16,

or 4.05 mm, 𝑑2 assumes 0.08, and the transversal modulus 𝐸22 is
qual to 7879.19 MPa. And, in the next step of simulation, there is a
ast variation of 𝑑 and 𝐸 where are respectively equal to 0.085 and
2 22
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Fig. 12. Deformed shape for coupons under three-point bending using a) ABAQUS S8R shell and b) Elastic UEL elements.
Fig. 13. Experimental and predicted (linear-elastic) load versus displacement curves for
the specimen under three-point bending.

7839.87 MPa. Fig. 17 shows the degradation of in-plane shear modulus
𝐺12 and evolution of damage variable 𝑑6. Based on Fig. 17, the same
behavior observed for 𝑑1 and 𝑑2 occurs to the variable 𝑑6, which is
activated to the displacement of 4.05 mm. At this time step, it assumes
the value of 0.14 leading the in-plane shear modulus to 3779.15 MPa.
And, in the next step of simulation, at 4.25 mm, 𝐺12 and 𝑑6 have values
equal to 3646.67 MPa and 0.17, respectively.

Fig. 18 presents the out-the-plane stress profiles, and the stress
values were calculated at the centroids in each of 10 plies. In fact, there
is a comparison among three native solid elements from Abaqus and
CUF for the same position (coordinates X = 13.44 mm, Y = 12.47 mm),
where all models have the same mesh density (20,000 elements). For
the mesh, it was used full integration 20 and 8 nodes C3D20 and C3D8
finite element, and one considering incompatible modes C3D8I with 8
nodes and full integration. The last type of element with incompatible
modes can be used for bending problems to avoid shear locking effects.
10
Fig. 14. Comparison of damage UEL and experimental three-point bending results.

Fig. 15. Variation of longitudinal modulus 𝐸11 and evaluation of damage variable 𝑑1.
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Fig. 16. Variation of transverse modulus 𝐸22 and evaluation of damage variable 𝑑2.

Fig. 17. Variation of in-plane shear modulus 𝐺12 and evaluation of damage variable
6.

It is important to highlight that limitations of Abaqus native solid
lements include only translational degrees of freedom and expensive
omputational cost due to large stiffness matrices and high numbers of
odes. CUF higher-order finite elements herein implemented is used to
vercome solid elements disadvantages, considering a powerful shell
lement able to calculate out-of-plane stresses with similar response to
olid elements, but with cheaper computational cost.

Assessing 𝜎𝑧𝑧 stress profile, it was observed the UEL subroutine
pproached the result found for the element C3D8I at points located
t center of top and bottom plies of laminate, where values of 6.72
Pa and 5.8 KPa were obtained for both UEL elements and Abaqus
tandard, respectively. In addition, 𝜏𝑥𝑧 stress profile showed the best
orrelation for all predictions. The lowest difference between Abaqus
olid elements and UEL subroutine is of 3.65% for C3D8I, whereas the
ighest difference is 4.21%, both comparing with the C3D8 element.
he stress profiles 𝜏𝑥𝑧, 𝜎𝑧𝑧 and 𝜏𝑥𝑧 show good results compared to C3D8I
nd Abaqus UEL elements. It was observed a maximum of 1057 KPa for
he incompatible elements and 1116 KPa for the second ones.

The in-plane stress profiles were also evaluated at the same position
onsidered in Fig. 18. Based on Fig. 19, it can be observed that the
11
tress levels 𝜎𝑥𝑥 (Fig. 19(a)) are nearly 40 times higher than the out-
of-plane stress. Figs. 19(b) and 19(c) confirm that the failure is mainly
governed by intralaminar mechanisms rather than delamination, which
demonstrates the efficiency of the proposed approach to accurately
predict the damage in the studied cases.

Finally, a computational time analysis was carried out comparing
the performance by using a solid element from Abaqus C3D20 (twenty
nodes) with CUF elements. The simulation using C3D20 elements takes
1420.1 s whereas the simulation using CUF elements takes only 475.1
s, which corroborates the computational efficiency of CUF elements
compared to native solid elements from Abaqus.

6. Conclusions

The proposed approach was based on Carrera’s Unified Formulation
along with an intralaminar damage model by using UEL subroutines
written in FORTAN and linked to Abaqus FE software.

A detailed methodology describing the implementation is presented
and a discussion about the framework was developed. Benchmark
cases were considered to evaluate the UEL-CUF strategy by using only
elastic parameter (elastic-UEL) and damaged values (damage-UEL).
These cases consisted of an isotropic plate under distributed load,
a well-known case of a cross-ply laminate under sinusoidal load to
verify the differences between the elastic-UEL, HSDT and elasticity
theory results. In addition, a laminated plate under three-point bending
loading was considered for evaluating in-plane progressive damage,
and the numerical results were in agreement with experimental data.
Therefore, the damage-UEL model was able to numerically reproduce
experimental observations in an adequate manner for bending loadings,
with lower computational cost when compared to native solid elements
from Abaqus.

The main advantage by implementing CUF with a damage model
using UEL is the possibility to accurately calculate out-of-plane stresses
without using Abaqus native solid elements, making the approach
computationally efficient to predict delamination. Therefore, for fu-
ture works, it will be included the development of an interlaminar
model along with the intralaminar approach and CUF to consider
delamination in the simulations.
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Fig. 18. Out-of-plane stress profiles for the three-point bending case using contact modeling.
Fig. 19. In-plane stress profiles for the three-point bending case using contact modeling.
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