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Abstract—Takagi-Sugeno-Kang (TSK) rule-based fuzzy 

systems struggle to deal with high dimensional data and suffer 

from the curse of dimensionality. As the number of input 

features increases, the number of rules increases exponentially, 

which reduces the model's interpretability rapidly. This paper 

presents a novel fuzzy weighted forest aggregation method to 

effectively model high dimensional data by reducing the number 

of fuzzy rules, without sacrificing accuracy. The fuzzy weighted 

forest is comprised of several fuzzy weighted trees. Each tree is 

created based on a subset of features captured across different 

parts of the input space. Given 𝒏 input features and 𝑵 samples, 

every fuzzy tree is randomly assigned 𝒏′  features and 𝑵′ 

samples, where 𝒏′ and 𝑵′ are significantly smaller than 𝒏 and 

𝑵 respectively. Each path within a tree, from root to leaf, forms 

a fuzzy rule. The non-leaf nodes represent the antecedents of 

rules, and the leaf node represents the consequents. This study 

shows how the proposed method utilizes pruning to significantly 

reduce the number of fuzzy rules. This method therefore creates 

a less complex model whilst achieving high accuracy 

comparable with, and sometimes better than, existing state-of-

the-art TSK-based fuzzy models. 

 

Keywords— Fuzzy weighted tree, Fuzzy weighted forest, fuzzy 

aggregation method, TSK fuzzy model, rule pruning. 

I. INTRODUCTION 

Takagi–Sugeno–Kang (TSK) inference systems [1] are 

effective models of nonlinear dynamic systems [2]. The TSK 

fuzzy system separates the input space into fuzzy partitions 

and generates fuzzy rules in each fuzzy partition. These rules 

are combined to describe the global behavior of a fuzzy 

system. 

The success of a TSK fuzzy system is dependent upon the 
effective aggregation of these rules. While various 

aggregation operators have been suggested and developed, 

two main challenges remain: 

1. Dealing with the curse of dimensionality, and 

2. Providing strong interpretability when modeling high-

dimensional systems. 

The “curse of dimensionality” has become a major 

bottleneck in the utilization of fuzzy systems in high- 

dimensional settings. The number of rules in traditional fuzzy 

systems grows exponentially with the increase in the 

dimensionality of the input space. To deal with high-

dimensional input spaces, previous approaches employed 
feature selection or dimensionality reduction to downsize the 

feature space before feeding them into TSK models [3]. In [4] 

[5], principal component analysis was used to generate new, 

lower dimensional features. However, these features are a 

linear combination of the original features and lose the 

physical meaning of the features. This weakens the real-world 

interpretation that can be gleaned from the fuzzy system. 

Alternatively, clustering approaches have been utilized to 

maintain original feature information, but these approaches 

rely on random selection if the input feature space has very 
large dimensions [6]. The work by Shi et al [6] does however 

highlight the benefit of sampling from the input space in an 

informed and calculated manner when constructing a TSK 

fuzzy system. Whilst this provides a good starting point for 

the TSK fuzzy system, the rule base will be integral to the 

model’s final decision making. 

Both decision trees and fuzzy systems employ rules. 

Moreover, [7] has shown the functional equivalence between 

TSK fuzzy systems and decision trees in relation to modeling 

regression problems. Rule-based fuzzy systems provide the 

opportunity for the model decision making to be intuitively 

understood. The opportunity for linguistic interpretation of the 
model decision making is one of the most significant features 

and advantages that distinguish fuzzy systems from other 

machine learning methods. However, the interpretability 

declines rapidly as the number of rules increases [8]. As the 

number of inputs and fuzzy rules increases, the rules become 

difficult to interpret due to the increased relationships between 

fuzzy membership functions. Decision trees may offer a 

solution to the challenges that dimensionality brings to TSK 

fuzzy systems. 

This work proposes and examines a novel fuzzy weighted 

forest (FWF) aggregation method. Every fuzzy tree in the 
forest represents a rule base where rules are pruned to improve 

the overall performance of the model, reduce the 

dimensionality of the rule base, and consequently improve the 

model’s interpretability. Each tree in the forest will consider 

only a subset of the input feature space. Having multiple trees 

in the forest enables different portions of the input space to be 

considered. The probability of each input feature being chosen 

is proportional to the weight (or significance) of the feature. 

This significance is determined using neighborhood 

component analysis (NCA). These weights ensure more 

important features in the datasets are more likely to be 
selected.   

The main contributions of this work are: 

1) Effective simplification of a TSK fuzzy rule base when 

dealing with high dimensional datasets whilst retaining 

original definitions of input features.  

2) Improved interpretability of TSK fuzzy systems when 

dealing with high dimensional datasets by minimizing the size 

of the model’s rule base compared with existing approaches. 

This work supported by a Queen's University/China Scholarship 
Council PhD Scholarship. 



The remainder of this paper is organized as follows: 

Section II introduces our proposed FWF approach to rule 

simplification. Section III presents the experimental results of 

the proposed model in comparison with similar TSK models. 

Section IV concludes with a summary of the key findings of 
this work and highlights opportunities for some future 

research directions. 

II. THE FWF-NA ALGORITHM 

This section introduces the proposed modified TSK Fuzzy 

System referred to as FWF with NCA feature reduction and 

AdaBoost aggregation, abbreviated to FWF-NA. The FWF-

NA fuzzy aggregation operators have three core components: 

soft feature selection (using NCA), the creation of fuzzy 

weighted forests in establishing a rule base for the model, and 

AdaBoost pruning to reduce the size and complexity of the 

fuzzy rules. 

A. Soft feature selection  

As TSK fuzzy systems can struggle to cope with high 

dimensional feature spaces, the natural approach is to 

minimize the number of features the model truly needs to 

consider. In traditional fuzzy systems, the number of rules 

increases exponentially proportional to the number of input 
features being considered. This can lead to high computational 

overheads during model training. Therefore, reducing the 

number of input features will reduce the number of rules and 

therefore the overall complexity of the final fuzzy model.  

One intuitive idea is to pick a small number of valuable 

features by utilizing feature selection algorithms. The 

selection of appropriate features is critical in ensuring the 

success of a good predictive model [9].  In ‘hard’ feature 

selection approaches, those features that the algorithm deems 

irrelevant are eliminated from the model’s feature space. As 

feature selection methods, in general, only elicit features that 

are likely to aid the modelling task, rather than a guarantee, it 
is possible that the feature selection method has identified a 

narrow spectrum of information from which the model will 

have to make a decision. Another intuitive idea is to randomly 

select a small number of features. This approach would 

increase the diversity of the feature space. However, when 

irrelevant features with less usefulness are chosen, the 

accuracy of the eventual model will go down. 

To alleviate this problem, ‘soft’ feature selection methods 

aim to maintain high diversity in the feature space whilst 

prioritizing features that are more likely to aid the modelling 

task. In this approach, the probability of each feature being 
chosen is determined by its feature weight so that some 

features are more likely to be chosen than others. In contrast 

to ‘hard’ feature selection methods, which remove the useless 

features by setting the feature significances as zero, using 

NCA feature selection, will only reduce the probability of 

relatively useless features being chosen. NCA feature 

selection has been shown to effectively prioritize the key 

features of a dataset even when faced with very large numbers 

of irrelevant features [10]. These relatively insignificant 

features may still be selected to model the dataset at hand but 

their (unlikely) inclusion can help add a level of diversity 

compared with the feature space created with ‘hard’ feature 
selection approaches. This ‘soft’ method might be a good 

tradeoff between diversity and accuracy. In this work, an 

ensemble of FWF will be created from different subsets of the 

input feature space. In general, the base learners should be as 

precise and diverse as possible in order to produce a successful 

ensemble as shown by Krogh and Vedelsby [11]. Diversity 

may enhance the generalization of an ensemble learning 

system. Existing work such as Bian et al. [12]  showed the 
proposed relationship between the diversity and 

generalization can improve the ensemble’s generalization.  

NCA is a non-parametric approach for ranking the 

relevance of features with the purpose of improving regression 

and classification algorithm prediction accuracy [13]. This 

paper focuses on regression. Therefore, only the relevant 

methodology of the NCA feature selection for regression is 

discussed in this section.  

Given a data set 𝑇 = {(𝑥1, 𝑦1), … , (𝑥𝑖 , 𝑦𝑖), … , (𝑥𝑁 , 𝑦𝑁)} 

containing 𝑁  samples, where each sample has 𝑛  features, 

𝑥𝑖 ∈ ℝ𝑛 is the feature vector of 𝑖𝑡ℎ sample and 𝑦𝑖 ∈ ℝ is the 

output value of 𝑖𝑡ℎ sample. The regression task at hand is that 

given a new sample (𝑥𝑘, 𝑦𝑘), the aim is to train a model that 

makes an accurate prediction  f(𝑥𝑘) for the response value 𝑦𝑘  

of 𝑥𝑘. The NCA feature selection is a method that was created 

using the NCA regression model to examine the significance 

of input variables by determining the optimum weights that 

minimize the NCA regression model's mean loss. 

NCA is a randomized regression model that: 

1. Randomly picks a point 𝑅𝑒𝑓(𝑥𝑘) from training data set 𝑇 

as the reference point of 𝑥𝑘. 

2. Set the response value 𝑦�̂�  at 𝑥𝑘  equal to the response 

value of the reference point 𝑅𝑒𝑓(𝑥𝑘). 

 

 

Figure 1. An example of NCA 
 

An example of NCA is given in Figure 1. The point whose 

response value is 4.1 is picked as reference point. 

Therefore, 𝑦�̂� is equal to 4.1. 

The probability 𝑃(𝑅𝑒𝑓(𝑥𝑘) = 𝑥𝑗 ∣ 𝑇)  that point 𝑥𝑗  is 

selected as the reference point is proportional to the distance 

between 𝑥𝑗  and 𝑥𝑘  where the distance function 𝑑𝑤 , is given 

by: 

𝑑𝑤(𝑥𝑘 , 𝑥𝑗) = ∑ 𝑤𝑟
2|𝑥𝑘𝑟 − 𝑥𝑗𝑟|

𝑛

𝑟=1
                (1) 

where 𝑤𝑟 is the weight of the 𝑟𝑡ℎ feature. 

Leave-one-out approach is applied in NCA to predict the 

response value of  𝑥𝑘 by using the training data set except the 

sample 𝑥𝑘 . The probability that point 𝑥𝑗   is picked as the 

reference point for x i.e. 𝑃( 𝑅𝑒𝑓(𝑥𝑘) = 𝑥𝑗 ∣∣ 𝑇 ∖ {(𝑥𝑘, 𝑦𝑘)} ) is 



𝑒𝑥𝑝(− ∑  𝑛
𝑟=1

𝑤𝑟
2|𝑥𝑗𝑟−𝑥𝑘𝑟|

𝜎𝑖
)

∑  𝑁
𝑗=1,𝑗≠𝑘 𝑒𝑥𝑝 (− ∑  𝑛

𝑟=1

𝑤𝑟
2|𝑥𝑗𝑟−𝑥𝑘𝑟|

𝜎𝑖
)

            (2) 

 The loss function, 𝑙 , that measures the disagreement 

between predicted response value 𝑦�̂�  and true response value 

𝑦𝑘. 

   𝑙𝑘 = ∑  𝑛
𝑗=1,𝑗≠𝑘 𝑝𝑗𝑘(𝑦�̂�  − 𝑦𝑘)2                   (3)                       

The goal of NCA is to minimize the regression error with a 

minimum weight vector. The objective function for 

minimization is : 

𝑓(𝑤) =
1

𝑁
∑  𝑁

𝑖=1 𝑙𝑖 + 𝜆 ∑  𝑛
𝑟=1 𝑤𝑟

2                  (4)                                          

𝜆 is a regularization term driving many of the feature weight 

vector 𝑤 to 0, preventing overfitting of the NCA regression 

model. The NCA regression model's complexity is also 

lowered due to the regularization term. The feature 

significance vector 𝑤 is formulated as follows: 

𝑤 = argmin
𝑤

𝑓(𝑤)                           (5) 

The larger the 𝑤 is, the more important the feature. NCA is 

an effective model to remove the redundant features with zero 

significance and identify essential features. The feature 

weights are proportional to the likelihood of a feature being 

selected in the subsequent modelling work. Once a subset of 

𝑛′ features has been selected (where 𝑛′ ≪ 𝑛) a TSK fuzzy 

model is created in the canonical way. Such a TSK fuzzy 

system would then establish an exhaustive rule base from the 

defined membership functions resulting in a model that is 

likely to include rules of little relevance. In this work we aim 

to reduce the complexity of the model by simplifying the rule 

base of the TSK fuzzy system by the construction of a FWF 

and pruning the rules to leave a minimal rule base that is 

sufficient to model the problem at hand. 

B. Weighted forest aggregation methods 

The proposed weighted forest algorithm is inspired by the 

concept of random forests [14].  Like a random forest, a 

weighted forest is comprised of multiple weighted trees. Each 

weighted tree is derived from a subset of all features. In this 

work, subsets of  𝑛′ (𝑛′ > 0, 𝑛′ ≪ 𝑛)   features are selected 

where the NCA feature selection weights,  𝑤 =
[𝑤1 , … , 𝑤𝑖 , … , 𝑤𝑛] are used to determine the probability that a 

given feature, 𝑙𝑖 , is selected. Explicitly, the probability of a 

feature being selected if defined as: 

𝑃(𝑙𝑖   𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑) =
𝑤𝑖

∑  𝑁
𝑗=1 𝑤𝑗

                    (6)  

 

An ensemble of TSK fuzzy systems are generated in 

parallel, each of which uses the proposed weighted tree rule 

bases and models a subset of 𝑛′ features. There are 𝑡 trees (i.e. 

parallel models) in the forest. Figure 2 illustrates the overall 

architecture of the proposed model.  

 

 

Figure 2. Three key components of the weighted forest aggregation method 

 

NCA randomly selects 𝑛′ features 𝑡 times to get 𝑡 subsets 

of the feature set. They are fed into 𝑡  TSK fuzzy systems 

respectively. Each system randomly selects 30% of samples 

in the training dataset (The training dataset contains 70% 

samples of total data sets). The reason why choosing 30% is 
that we did several experiments and found the rate of 30% 

brings the best performance. The 𝑡 TSK fuzzy systems share 

the same test dataset. There are no test data appearing in any 

of the individual training sets.  

Section II.C will introduce the TSK fuzzy systems (layers 

2-6 in Figure 2) before the AdaBoost pruning method 

prioritizes and prunes the rule bases to aggregate the fuzzy 

rules and make a singular prediction of the output variable 𝑦.  

C. TSK fuzzy system 

A zero-order TSK fuzzy regression model is made up of a 

collection of 𝑅 fuzzy rules based upon a set of input features  

𝐅 = (𝐹1, … , 𝐹𝒏′ )𝑇 ∈ ℝ𝑛′×1, the 𝑟th of which is as follows [15]: 

 

IF 𝐹1 is 𝐴1 ∧ … ∧ F𝐣 is 𝐴𝑗 ∧ ⋯ ∧ F𝒏′  is 𝐴𝒏′  

THEN 𝑦𝑟 = 𝑎0 + 𝑎1𝐹1 + ⋯ + 𝑎j𝐹j ⋯ + 𝑎𝒏′𝐹𝒏′  (7)                    
  

in which the consequence of fuzzy rule is  𝑦𝑟 , 𝐴𝑗  is the 

antecedent fuzzy set on the 𝑗th input feature. The widely used 

Gaussian functions are employed as fuzzy membership 

functions in this work because their derivatives are easier to 

compute [16]. The fuzzy membership function 𝜇𝑟𝑗(Fj) can be 

written as: 

𝜇𝑟𝑗(Fj) = exp (− (
Fj−𝑐𝑟𝑗

𝜎𝑟𝑗
)

2

)                      (8) 

where the 𝑗𝑡ℎ feature of the sample 𝑥 is denoted as 𝑥𝑗 , 𝑐𝑟𝑗  and 

𝜎𝑟𝑗  denote the centre and width of the Gaussian function 

respectively. The 𝑟th rule output is: 

𝑦𝑟𝑡ℎ_𝑟𝑢𝑙𝑒 =
∏  𝒏′

𝑗=1 𝜇𝑟𝑗 (Fj) · 𝑦𝑟

∑  𝑅
𝑟=1 ∏  𝒏′

𝑗=1 𝜇𝑟𝑗 (Fj)
                  (9)  



 The final output of the zero-order TSK fuzzy neural network 

after defuzzification can be expressed as: 

 

𝑦𝑓𝑖𝑛𝑎𝑙 = ∑  𝑅
𝑟=1 ∏  𝒏′

𝑗=1 𝜇𝑟𝑗(Fj) · 𝑦𝑟/ ∑  𝑅
𝑟=1 ∏  𝒏′

𝑗=1 𝜇𝑟𝑗(Fj)      (10)         

 

Among ∏  𝒏′

𝑗=1 𝜇𝑟𝑗(Fj)/ ∑  𝑅
𝑟=1 ∏  𝒏′

𝑗=1 𝜇𝑟𝑗(Fj)  is commonly 

called the firing strength of 𝑟th fuzzy rule. The parameters 𝑐𝑟𝑗  , 

𝜎𝑟𝑗 and 𝑎j need to be tuned to optimize the TSK fuzzy system. 

It is worth noting that after getting a set of 𝑅 fuzzy rules, a 

tree structure of these rules is generated. For example, 𝒏′ = 3, 

three features are chosen randomly as the inputs of a weighted 

tree model. Assume that the TSK fuzzy systems had two 

Gaussian membership functions in each input domain which 

represent two fuzzy linguistic variables ‘high’ and ‘low’ 

respectively. The TSK fuzzy system can generate a rule-based 

3-layer full binary tree, which can be expressed in Figure 3. 
Note that due to the commutativity of the AND operator and 

‘+’ used in the fuzzy rules, the ordering of the nodes in the 

binary tree does not matter. 

 
Fig. 3. 8 fuzzy rules produced by the TSK fuzzy system can be summarized 

as a tree structure. The letter ‘L’ and ‘H’ represent ‘low’ and ‘high’ 

respectively. 𝑦1 − 𝑦8  are the consequences of 8 rules. 

 

In this study, multiple TSK fuzzy systems with different 

randomly selected input features are introduced and they 

generate a ‘fuzzy forest’, which is shown in Figure 4. Initially 

the trees in the FWF contain exhaustive rule bases for their 

given input feature space. To reduce the complexity of the 

model, the trees are pruned to eliminate redundant rules. 

 

   
 

Fig. 4. Multiple trees of rules constitute a fuzzy weighted forest 

 

D. AdaBoost tree pruning method 

The AdaBoost method is an iterative algorithm that adds a 

new weak learner in each round until it reaches a 

predetermined and sufficiently small error rate [17]. Each 

fuzzy rule in the fuzzy system's rule base is viewed as a weak 

learner in this study in keeping with existing studies [5]. 

AdaBoost will be used to apply a weight to each fuzzy rule 

based on its prediction performance, indicating how 

important a fuzzy rule is in the overall decision-making 

process. When all fuzzy rules are aggregated, a higher weight 

signifies a stronger influence on the final output. Let the 

number of rules selected in each tree be 𝑠. The unimportant 

rules outside the top 𝑠  rules in a tree will be deleted to 

mitigate the curse of dimensionality and improve the 

interpretability of the fuzzy system. Figure 5 illustrates an 

example of a pruned tree. 

 

 
 

Figure 5. A pruned fuzzy weighted tree: Four of eight fuzzy rules with small 

weights are removed  

Given the training input-output data set 𝑇 =
{(𝑥1, 𝑦1), … , (𝑥𝑖 , 𝑦𝑖), … , (𝑥𝑁 , 𝑦𝑁)}, every sample has a weight 

ω (it is worth noting that the weights are different from feature 

significances 𝑤  mentioned before). The purpose of sample 

weights is to help the samples which are poorly predicted by 

previous rules be overrepresented. In this way, the fuzzy rule 

in the next iteration will focus on these samples, improving 

the model in areas it was previously weak and overall resulting 

in better model performance. The 𝑖𝑡ℎ  sample’s weight ωi is 

initialized as 1/𝑁. The error, 𝑒𝑟, generated by the 𝑟th fuzzy 

rule generated by the fuzzy system in last section during 
training is calculated as follows: 

      𝑒𝑟 = 𝑚𝑎𝑥 |𝑦
𝑖

− 𝑦
𝑟𝑟𝑢𝑙𝑒

𝑡ℎ (𝑥𝑖)|   (1 <= 𝑖 <= 𝑁)      (11) 

The error is the difference between the real value of the 𝑖𝑡ℎ 

training sample, 𝑦𝑖   (𝑖 = 1, … , 𝑁) , and the value of 𝑖𝑡ℎ 

sample predicted by the 𝑟𝑡ℎ fuzzy rule; denoted by 



𝑦𝑟𝑟𝑢𝑙𝑒
𝑡ℎ (𝑥𝑖)  (𝑟 = 1, … , 𝑅). Let 𝐸 be the largest error among 

the 𝑅 fuzzy rule of 𝑁 training samples. 

Then the relative error of sample 𝑖  in 𝑟𝑡ℎ  rule of is 

calculated as: 

eri =
|yi−yr|2

E2                                (12) 

The total error rate of the 𝑟-th fuzzy rule, 𝑒𝑟 is: 

er = ∑ ωi ∗m
i=1 eri                         (13) 

Note that 0 < 𝑒𝑟 < 1 . The weight, 𝛼𝑟 , of the 𝑟𝑡ℎ  fuzzy 

rule is formulated as: 

𝛼𝑟 =
1−𝑒𝑟

𝑒𝑟
                              (14) 

A larger fuzzy rule’s weight indicates that the fuzzy rule is 

more useful. Since there are 𝑅 rules, there are 𝑅 iterations in 

AdaBoost pruning. Equation 15 describes how the 𝑖𝑡ℎ 

training sample‘s weight update in the 𝑟𝑡ℎ round: 

ωi
′=

ωi

Zi
αr

1−eri                                (15)  

where 𝜔𝑖
′ is the new sample weight after updating. The 

normalization factor of 𝑖𝑡ℎ training sample, 𝑍𝑖, in 𝑟𝑡ℎ fuzzy 

rule is 

Zi = ∑ ωi ∗m
i=1 αr

1−eri                     (16)  

   After 𝑅 iterations of learning, voting strengths of 𝑅 fuzzy 

rules are obtained. The bottom 𝑃  percent of rules will be 

eliminated. For example, given 8 rules and if 𝑃=50%, the top 

4 rules with higher weights will be saved after pruning. As 
shown in Figure 6, each tree has only 4 rules and the other 4 

rules disappeared. These fuzzy weighted trees comprise a 

fuzzy weighted forest. 

 

 
 
   Figure 6. Multiple pruned trees of rules constitute a fuzzy weighted forest 

III. EXPERIMENTS 
This section presents an experimental set up that has been 

employed to evaluate the FWF based models. As this work 

presents 3 key additions to the traditional TSK fuzzy system 

(NCA feature selection, weighted forests, and AdaBoost 

aggregation), three variants of the proposed methodology 

will be outlined and compared with existing state-of-the-art 

TSK fuzzy systems [4]. This section will finish with an 

outline of the experimental results. 

A. Datasets 

Table I lists the four UCI Machine Learning Repository 

benchmarking datasets adopted in our experiments.  

Table I: Summary of the four datasets used for the 

experimentation 

Dataset name 
Data 

source 

No. of 

samples 

No. of 

features 

Residential 

building1 

UCI 372 105 

Concrete2 UCI 1030 8 

Wine-Red3 UCI 1599 11 

Wine-White3 UCI 4898 11 

1 https://archive.ics.uci.edu/ml/datasets/Abalone                                                                                                              
2https://archive.ics.uci.edu/ml/datasets/Concrete+Compressive+Strength                                                                                                                                       
3 https://archive.ics.uci.edu/ml/datasets/Wine+Quality      

B. Algorithms  

In total five TSK fuzzy models are considered in the 

experimentation. Two models (MBGD-RDA and MBGD-

DRAN outlined below) are used for benchmarking against 
the three variants of the novel FWF proposed in this work. 

Each TSK fuzzy system will have two Gaussian membership 

functions for each input feature. The five models are as 

follows: 

1) Minibatch Gradient Descent with Regularization, 

DropRule, and AdaBound (MBGD-RDA) was introduced by 

Wu et al.  [4]. The principal component analysis is applied to 

reduce the number of features to five as a way of minimising 

the curse of dimensionality. There are a total of 25 = 32  
rules in the MBGD-RDA.  

2) MBGD-RDA with NCA feature selection (MBGD-

RDAN), is essentially identical to MBGD-RDA, except that 

NCA is used to select the top 5 features among all features in 

datasets resulting in a rule base with 25 = 32  rules. 

3) Fuzzy weighted forest aggregation operator with NCA 

and AdaBoost (FWF-NA) pruning method is the central 

model under investigation in this work and was outlined in 

Section II and illustrated in Figure 2. In the beginning, NCA 

assigns the possibility of each feature being selected as an 

input to a given TSK fuzzy model whose rule base is a 

weighted tree structure. The forest is comprised of multiple 

fuzzy weighted trees. The number of rules in trees is reduced 

by the AdaBoost pruning method.   

Different numbers of fuzzy rules and 6-layer trees are 

tested in the experiment: 30 rules, 27 rules, 24 rules, 16 rules 

and 12 rules. Note that the height of the trees is 6 as there are 

5 input features making up the majority of the tree and the 

sixth layer of leaf nodes that make up the rule consequents. 

Given the number of rules selected in each tree is 𝑠 , for 

example, when 𝑡 =5, 𝑠 = 6, 5 trees are generated in a forest 



and each tree structure has 32 fuzzy rules. AdaBoost selects 

the top 6 rules with the largest rule weights in every tree. 

Therefore, there are 5 × 6 = 30 rules in the forest. Similarly, 

when 𝑡 =3 𝑠 = 9 , the fuzzy system generates 3 trees and 

keeps 9 rules in each tree resulting in 27 rules. To obtain a 

final rulebase of 24 rules there are  4 trees in the forest with 

each tree consisting of 6 rules after pruning. Similarly when 

𝑡 =4 𝑠 = 4, the final number of rules after pruning will be 16 

and lastly when the desired size of the final rule base is 12 𝑡 

is set to 4 and 𝑠 = 3.   

4) Fuzzy forest aggregation operator without AdaBoost 

pruning method (FWF-N). 5 features are used (in keeping 

with previous studies [19]) as input to the model with those 

features selected by using NCA. This is essentially identical 

to the algorithm described above in item 3, except that the 

rules in the forests are dropped randomly instead of based on 

the rules’ weights given by Adaboost.  

5) Fuzzy forest aggregation operator with AdaBoost 

pruning method (FWF-A). This was essentially identical to 

the algorithm described in item 3 above, except that NCA is 

not used and the possibility of each feature being selected in 

the forest is 1
𝒏′⁄ .  As with FWF-N and previous studies [19], 5 

features will be input to the FWF-A with features are selected 

randomly. Likewise algorithms in 3 and 4 above, cases of 30 

rules, 27 rules, 24 rules, 16 rules and 12 rules are tested and 

their performances are compared.  

All experiments were implemented using MATLAB 

2020a. A total of 70% of the samples were chosen at random 

for training and the remaining 30% make up test sets for each 

dataset. During training, the batch size, 𝑁𝑏𝑠, was 64 and the 
initial learning rate, α, was 0.01.  The centers of two Gaussian 

membership functions in each input domain were initialized 

at the minimum and maximum of the input domain, and the 

standard deviations were initialized to the standard deviation 

of the corresponding input. All parameters for the rule 

consequents were set to zero at the first iteration. A total of 

500 iterations were used during training in keeping with 

previous studies [5, 19]. The test RMSE of each algorithm 

after each training iteration was recorded and used to evaluate 

the performance of each model. As model’s 2-4 incorporate 

a selection of input features following the NCA feature 

ranking, the experiments were repeated 10 times for each 
dataset with the average test results shown in the next section. 

This process was carried out to avoid the influence of outliers 

or extreme cases arising from the feature selection process. 

C. Experimental Results  

The average test RMSEs of the 5 algorithms for different 

number of rules are shown in Figures 7-10. In each of these 

Figures, the MBGD-RDA and MBGD-RDAN models 
consistently comprise of 32 rules in their rule base as no 

pruning occurs in these cases. As such the red and pink lines 

in Figures 7-10 are consistent across subfigures A-E in each 

case. For all other models that do incorporate pruning, the 

number of rules remaining in the forest is 12, 16, 24, 27 and 

30 in subfigures ‘A’, ‘B’, ‘C’, ‘D’, ‘E’ in each case. The 

anticipation is that fewer rules may indicate higher 

interpretability [17] and thus by reducing 32 rules to 30, (and 

subsequently to 27, 24, 16, and 12), the interpretability goes 

up. However, as less information is contained in the rule base 

it is also likely that the accuracy of the models will decrease 

compared with the exhaustive rule bases found in the MBGD-

RDA and MBGD-RDAN models. 

A number of observations can be made from the results 
displayed in Figures 7 – 10. 

 1) On the UCI residential building data set (Figure 7), 

FWF-NA  27 with 30 rules performed better than the MBGD-

RDA with 32 rules and had the advantage that fewer rules. 

Based on the logic of previous studies [17] it would suggest 

that having fewer rules may help the FWF-NA be would 

likely to have better interpretability compared with MBGD-

RDA and MBGD-RDAN. Therefore, it was possible to 

reduce the number of rules without sacrificing generalization 

performance.  

Both FWF-A and FWF-N were worse than FWF-NA, 

suggesting that NCA feature selection and AdaBoost pruning 
method combined can improve the performance of the fuzzy 

weighted forest aggregation method. MBGD-RDA is better 

than MBGD-RDAN, suggesting that PCA combined with 

MBGD-RDA is better than NCA. As shown in Figure 7, as 

the number of rules declines, the RMSEs of FWF-A, FWF-N, 

FWF-NA models with 24 rules, 16 rules and 12 rules become 

higher, indicating that deleting rules in the forest may remove 

valuable information and impair accuracy. 

2) On the UCI concrete data set, FWF-NA with 24, 27, 30 

rules performed the best among the 5 algorithms. However, 

FWF-NA this did not hold when the number of rules was 
reduced further to 16 rules and 12 rules.  As with the 

residential building data set, reducing the number of rules 

sufficiently will lead to a significant comprise in performance 

suggesting that for each individual dataset there is an optimum 

trade-off point with fewer rules and low RMSE. Figure 8 

illustrates MBGD-RDAN performs better than MBGD-RDA. 

Given the question that whether NCA is better than PCA, 

different data set may give different answers. NCA can keep 

the original feature and physical meaning, enhancing the 

interpretability of fuzzy rules by cutting down the number of 

rules. However, PCA does not have this ability. Given the 

minimal computational time required to apply both 
dimensionality reduction techniques, these results suggest that 

both methods should be tried with the method selected based 

on the specific task at hand. 

3) On the UCI red wine data set, FWF-NA generally 

outperformed the other 4 methods (Figure 9). It can be seen 

that FWF-NA’s RMSEs increase gradually after 400 iterations 

even when different numbers of rules were used in the final 

model. These results suggest that FWF-NA method may have 

overfitting problems. 

4) On the UCI white wine data set, FWF-NA with 27 and 

30 rules have comparable performances with MBGD-RDA 
(Figure 10). However, FWF-NA, FWF-A and FWF-N do not 

perform well with 12, 16 and 24 rules, suggesting that the 

proposed model does not always achieve good learning 

performance. 

5) Comparing the FWF-NA (green lines) and FWF-A 

(black lines) in Figures 7-10 highlights that in general, 

randomly selecting a small number of features according to 

the weights generated from NCA feature selection is better 

than random feature selection. 

6) It is clear to say that all FWF models with a large amount 

of pruning resulting in a small rule base e.g. 12 rules led to 



poor model performance. From this observation it would be 

advisable to have a dynamic pruning method that would 

prune based on the model’s performance rather than a hard 

pruning approach, similar to the one implemented in this 

work, that requires a prescribed number of rules to be pruned. 
On the residential building, red wine and white wine data 

sets, FWF-NA has comparable performance with MBGD-

RDAN and in some cases even outperforms MBGD-RDAN. 

Compared with FWF-NA, MBGD-RDAN uses ‘hard’ feature 

selection and only focuses on top 5 features picked by NCA. 

While FWF-NA employs ‘soft’ feature selection, the features 

except the top five still have the probability of being selected 

in fuzzy weighted forests, which may increase the diversity 

of trees and improve generalization. However, ‘soft’ feature 

selection may also introduce some unimportant features in the 

forest, which may make the FWF-NA does not perform as 

well as other benchmark methods. Therefore, ‘soft’ feature 

selection has both advantages and disadvantages. 

 

Figure 7. The average test RMSEs of the 5 algorithms with different number 

of rules on the residential building data set. FWF based algorithms with (A) 

12 rules, (B) 16 rules, (C) 24 rules, (D) 27 rules, and (E) 30 rules. 

 

Figure 8. The average test RMSEs of the 5 algorithms with different number 

of rules on the concrete data set. FWF based algorithms with (A) 12 rules, 

(B) 16 rules, (C) 24 rules, (D) 27 rules, and (E) 30 rules. 

 

Figure 9. The average test RMSEs of the 5 algorithms with different number 

of rules on the red wine data set. FWF based algorithms with (A) 12 rules, 

(B) 16 rules, (C) 24 rules, (D) 27 rules, and (E) 30 rules. 

 

Figure 10. The average test RMSEs of the 5 algorithms with different number 

of rules on the white wine data set. FWF based algorithms with (A) 12 rules, 

(B) 16 rules, (C) 24 rules, (D) 27 rules, and (E) 30 rules. 

IV. CONCLUSION AND FUTURE RESEARCH 

TSK fuzzy systems are effective machine learning tools for 

regression problems. However, when faced with large 

dimensional feature spaces a TSK fuzzy system will tend to 

suffer from the curse of dimensionality, model complexity 

and limited interpretability of fuzzy. Inspired by ensemble 

learning models such as AdaBoost and random forest, this 

study integrates three powerful techniques for formulating a 

novel fuzzy aggregation method and training the TSK fuzzy 
system, e.g.  AdaBoost pruning method, NCA feature 

selection and fuzzy weighted forest. The proposed algorithm, 

FWF-NA, can achieve higher interpretability than the 

Legend: 

MBGD-RDA 

MBGD-RDAN 

FWF-NA 

FWF-N 

FWF-A 

Legend: 

MBGD-RDA 

MBGD-RDAN 

FWF-NA 

FWF-N 

FWF-A 

Legend: 

MBGD-RDA 

MBGD-RDAN 

FWF-NA 

FWF-N 

FWF-A 

Legend: 

MBGD-RDA 

MBGD-RDAN 

FWF-NA 

FWF-N 

FWF-A 



benchmark methods, and has comparable generalization 

performance in testing in some data sets. 

However, some common uncertainties in the real world 

such as missing values, incorrect values and noise are not 

considered in the experiment section. More data sets with 
these uncertainties should be introduced to test our methods 

in the future. Moreover, causual discovery [18] techniques 

could be integrated with TSK IF-THEN fuzzy rules to find 

the true causual relationships between input features and 

output. To deal with larger uncertainties, the type-1 TSK 

fuzzy systems employed in this study might be expanded to 

interval or general type-2 fuzzy systems [19]. Furthermore, 

there are some limitations to this approach, e.g. there are two 

sets of training occurring (TSK then AdaBoost pruning 

method), and the final decision layer is a simple weighted 

average. Perhaps some form of ensemble modelling approach 

would be better in future work. These are some of the 
research topics to be pursued in the future. 

Nonetheless, the fuzzy weighted forest aggregation 

method described in this paper shows promise in dealing with 

high dimensional data and in reducing the number of fuzzy 

rules, while maintaining accuracy and, at the same time 

increasing interpretability. 
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