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Abstract 

Accuracy and efficiency are two conflicting aspirations in any finite element analysis, and 

so design analysts are often obliged to use dissimilar elements in a single model. A coupling 

scheme is required to form a link between the two sides of any mesh transition. In this 

thesis, details are given on how fully automatic coupling can be achieved for beam to solid 

transitions, and for beam to shell transitions. 

The coupling procedures are implemented via multipoint constraint equations. rn order that 

coupling can be achieved using the outlined methods, the stress distributions at each 

transition between dissimilar elements must be known. Detailed investigations have been 

carried out on predictions of linear elastic stress distributions on beam cross-sections due to 

any given set of loading conditions. These investigations resulted in a comprehensive set of 

solutions that can evaluate the stress distributions on beams of arbitrary cross-section, with 

any number of holes on the cross-section. 

The overall conclusions were that these coupling approaches provide an excellent way of 

modelling transitions without the usual problems of increased stiffness and occurrence of 

spurious stresses at each transition. Sample results for models that have analytical solutions 

have been obtained, and indicate that the outlined procedures are genera l and robust. It has 

also been shown that the algorithms are efficient. All algorithms have been fully automated. 
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lntroduct ion 

Chapter 1. Introduction 

Design engineers are becoming increasingly dependent on a tool known a finite element 

analys is. With some commercial packages offering close to a hundred element types, 

profoundly complex structures and phenomena may be analysed with relative ease. 

All structures in the real world are three-dimensional, but in ordinary strength of materials, 

approximations are made to facilitate simple analys is of a problem. If the geometry and 

loads can be completely described in one plane, then the problem can be described in two 

dimensions. In FEA, reduced element types are defined in terms of a reduced geometric 

representation, with properties that account for the dimensions not included. These element 

types produce more computationally efficient models, thus reducing analysis costs. 

In most practical models, there are areas of the model that are ideal candidates for 

dimensional reduction, but are usually bounded by areas that contain complex 

configurations such as discontinuities in geometry, loading, boundary conditions or material 

behaviour. In many structural finite element analyses, reduced element types are thus 

combined with higher dimensional element types in a single model. In order to achieve a 

state of compatibility of displacements and stress equilibrium at the transition b tween 

dissimilar elements, some scheme is required to couple the differing element types in a 

manner that conforms to the theory of elasticity. Therefore, the aim of this project is to 

investigate methods, which would facilitate automatic coupling of structural elements of 

dissimilar dimension in linear elastic fin ite element analyses. 

To achieve this aim, Chapter 2 discusses methods of evaluating stress distributions on beam 

cross-sections, an important pre-requis ite to the outlined coupling techniques involving 

beam elements. Chapter 3 investigates the coupling of beam element to solid elements, 

while Chapter 4 outlines a method to achieve a transition from beam to shell elements. 

Chapter 5 discusses the automation issues involved in implementing the coupling 

techniques, and finally, hapter 6 presents some conclusions and proposes possible avenues 

of further work. 
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Int roduction 

1. 1 Coupling of Dissimilar Meshes 

Finite element analysis has become an indispensable tool to design engineers wishing to 

carry out performance tests on new components, and for re-qualification of ageing 

structures. When performing analyses of complex components or systems, the issue of 

connecting diss imilar meshes often arises. 

In large system analyses, different analysts or even different organisations may have created 

separate components of the model, such as the wing and fu selage of an aeroplane. Unless 

they have carefully co-ordinated their endeavours, the finite element meshes of the different 

components may not match at the interfaces, which is required when they are assembled. 

From St Venant's principle, geometric details cause local stress perturbations, which are 

significant only within a distance of a few times the detail's size. If local details are to be 

included in an analysis, mesh refinement is usually required so that there is an even 

distribution of discretisation error throughout the model. Mesh refinement is usually a 

tedious task, and so design analysts sometimes create two separate meshes, one for the 

global model and a second one to model the local detail. In order that loads are transferred 

from one mesh to the other, some sort of coupling technique needs to be adopted. 

Accuracy and efficiency are paramount in any analysis, and so design analysts are often 

forced to use dissimilar elements in a single model. Many structural applications of the 

finite element method contain long slender regions, thin zones and complex chunky 

portions. Long slender regions can be represented appropriately using beam elements, thin 

zones can usually be modelled using shell elements, and chunky portions are best 

represented as three-dimensional elements. However, practical models usually contain a 

mixture of more than one of the above region categorie . In order that each region is 

represented by an appropriate element type, some sort of coupling scheme is required to 

form a link between the meshes of different type. 

Tn summary, methods have been devised which attempt to link both sides of an interface. 

Some are for connecting simi lar element types, others are used to couple similar element 

types of dissimilar order (e.g. transitions from linear to quadratic elements). Other methods 

have been formulated to couple mixed dimensional transitions. The main methods of 

coupling are discussed in tum below. 
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Introduction 

1.1 .1 Kinematic Coupling 

Kinematic coupling, otherwise known as rigid linking or linking (Adams, 1999), is the most 

basic and widely used method of coupling both sides of a transition. Kinematic coup ling is 

the coupling of nodes or sets of nodes without reference to mass or force. This method 

constrains the DOF of a group of slave nodes to the trans lation and rotation of a master 

node. As the constraints imposed by kinematic coupling are usually ca lcu lated as a function 

of the nodal co-ordinates, considerable stress disturbances are induced at the transition, and 

so this coupling method is inappropriate in most cases. 

No mass is introduced into to the system with kinematic coupling, but it can effect the 

overall mode stiffness. This is particularly noticeable in regions of a model that have a shear 

centre offset from the centroid and are subject to torsional loads (e.g. a tube with a slit). As 

the interface is constrained from warping, the coupling method induces considerable extra 

torsional stiffoess. 

1.1.2 Interface Elements 

Interface elements have been developed for many kinds of transitions. The coupling terms 

produced by the presence of the interface element can be organised in the form of a 

"stiffness" matrix and assemb led with other finite element stiffness matrices in the usual 

manner. Hence, the term interface "element" is justified and appropriate. The interface 

elements do not have physical stiffness associated with them as the interface stiffness 

matrices have non-zero entries on the off-diagonals only (Aminpour, 1998). 

Aminpour, (Aminpour, 1998), de eloped a 2D interface element that is designed to couple 

two or more independently modelled three-dimensional finite element meshes at common 

interfaces. The aim of this work was to avoid tedious and complex transition modelling that 

is usually required between a region and the remainder of the trucn1re. The 20-interface 

boundary is assumed to be of an arbitrary shape along their common surface. A three-field 

hybrid variational principle is used to formu late the element. The interface surface is 

approximated utilising B-spline functions. The displacements on the interface surface are 

approximated utilising the so-called Minimum Norm Network interpolation schemes in 

triangles. 

NASA, (Housner, 1995) (Schienneier, 1996) (Schiermeier, 1997), developed a method for 

ana lysing plate and shell structures composed of two or more independent ly modelled 

substructures, based on a hybrid variational formulation with Lagrange multipliers. Since 

9 



lntroduct ion 

the interface elements consist only of the differences in displacement components weighted 

by the Lagrange multipliers, there are no conventional element or material properties. Under 

terms of a co-operative agreement between MSC and NASA, MS has implemented thi s 

technology into MSC/NASTRAN for the p- shell elements along a geometric curve. 

Ransom, (Ransom, 1997), further developed this technology for use in geometrically non

linear analyses of multiple connected sub-domains. 

Davila, (Davila, 1994), introduced an interface element with cross-surface capabi lities, for 

use in shell models of aerospace structures. Despite the fact that implementations were only 

capable of coupling across four-node shell elements, it provided a drastic improvement over 

previous methods such as mortaring or spline fit, as the element could readily be applied to 

composite components. 

The above coupling techniques apply to meshes of the same dimension, that is, dissimilar 

30 meshes may be coupled and dissimilar shell meshes may be coupled. Little research has 

been carried out on transition elements for coupling meshes of diss imilar dimension. Davila, 

(Davila, 1994a), documented an element for coupling solid to shell transitions. Gmur, 

(Gmur, 1993), (Gmur, 1993a), developed solid to shell and so lid to beam transition elements 

for use in structural dynamic type simulations. Kim, (Kim, 1995), developed a transition 

element to connect beams to plane stress elements, which occurs frequently in the design of 

tall buildings (the shear wal ls of the elevator shaft are modelled using plane stress elements, 

whi le the remainder of the frame is usually represented as beam elements). 

HKS (HKS, 1998a) have documented and implemented a genera l transition element which 

couples a reference node to a group of coupling nodes. The element distributes forces and 

moments at the reference node as a coupling node-force distribution only. The reference 

node has translational and rotational degrees of freedom, while each coupling node has 

translational degrees of freedom active in the element. Each coupling node has a weight 

factor assigned, which dictates the proportion of the load carried by the element that is 

transmitted through the coupling element. In terms of use, correct coupling can only be 

achieved if the weights are known for each node at any given interface. The correct va lues 

of these weights are difficult to determine, and currently are determined manually by the 

user. As the rotationa l degrees of freedom are ignored for each coupling element, coupling 

involving shell elements cannot be carried out correctly. More details on this are given in 

later chapters. 

10 



lnlroduct ion 

1.1.3 Mortaring 

Another method that can be used to link two separate meshes is known as mortaring. 

Mortaring has been applied mostly to second order elliptic problems. Stenberg, (Stenberg, 

1995), introduced some techniques for approximating boundary conditions in FEA. He 

developed Babuska's idea of approximating boundary conditions in Dirichlet problems by 

using Lagrange multipliers, and showed that the conditions can be conveniently solved by 

utilising the Nitsche method. This work was further developed by the same author, 

(Stenberg, 1998). 

Belgacem, (Belgacem, 1998), applied the mortar finite element concept to bilateral contact 

equations, without friction . He subsequently attempted to adapt this non-conforming domain 

decomposition procedure to unilateral contact problems (also without friction). 

Wheeler, (Wheeler, 2000), considered mixed finite element approximations of second order 

elliptic equations on domains that can be described as a union of subdomains or blocks. She 

introduced special .finite element mortars to ensure that parameters were C 1 continuous 

across adjacent domains. 

1 .1.4 Mixed Dimensional Coupling Via Constraint Equations 

Multi-point constraint equations, (Cook, 1989), (NAFEMS, 1986), define a relationship 

between sets of displacements within a finite element model. Mathematically, there are two 

main methods of implementing these constraints, using Lagrange multipliers or by using a 

penalty function method. The Lagrange multiplier method enforces constraints exactly 

and the penalty function method imposes constraints approximately. 

Nethercott (Nethercott, 1993), investigated the possible uses of constra int equations for 

coupling dissimilar element types. McCune, (McCune, 1998), investigated coupling 3D 

continuum elements to 20 plate elements and 2D plate elements to 1 D beam elements. He 

approached the problem from two separate and individual angles, one was based on 

expressions for the displacements, and the second was based on Reissner's relationships. 

The coupling carried out by means of the express ions for the displacements is based on 

obtaining accurate expressions for the displacements in a 2D or 30 analysi in terms of the 

displacements and rotations in the reduced dimensional model and the cross-sectional 

dimensions. However, the use of this method is case spe ific, that is, the displacement 

11 



Int roduction 

distribution at the interface must be known before the coupling equations can be formulated, 

and so this technique cannot be applied to interfaces of arbitrary shape. 

The second approach McCune applied to mixed dimensional coupling is based on a resu lt 

from the theory of bending of elastic plates. This solution was arrived at by equating the 

work of the interface stresses in terms of the lower dimension interface rotations and 

transverse displacements to the work of the boundary stresses on the higher dimension side 

of the interface. Coupling is achieved by introducing the assumed variation of the stresses, 

given by the appropriate beam, plate or shell theory, over the cross-section of the interface. 

Simple, efficient and accurate displacement coupl ing between regions of different 

dimension for both 2D-1D and 3D-2D mixed dimensional cantilevers of rectangu lar cross 

section have been demonstrated. When implemented, this method generated continuous and 

reliable stress contours at each transition. Since this procedure is more general than the 

previous, coupling can be achieved for arbitrary transitions, so long as the stress distribution 

due to any given load can be determined at each interface. 

1. 2 Review of Elasticity 

Evaluating the elastic stress distributions in beams of arbitrary cross-section, due to a given 

set of loading conditions, are discussed in this thes is. As an introduction to the topic, a 

review of the genera l theorems of elasticity is given. 

1.2.1 Stress and Strain 

Stress may be regarded as a measure of the 

intensity of force at any given point in a 

continuum. To describe the stresses acting on the 

six sides of a cubic element, Figure 1-1, three 

symbols are required for normal stresses and six 

symbols are required for shearing stresses. For a 

very small element, the forces on each side can be 

considered to be the area of the side times the stress 

at the middle of the element side. For equilibrium, 

it can be easily shown that the number of symbols 

z 

required for shearing stresses may be reduced to three, that is: 

+----• 
' . 
♦ 

/., 

Figure l -1 

11.11 
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Introduction 

The elongation or strain of an element can be evaluated from the following expressions: 

au 
-= &. 
0X X' 

aw 
-= & az z 

av aw 
- +-= r az ay yz 

r1.21 

where u, v and w are the displacements in the x, y and z directions respectively. From 

Hooke's law and by method of superposition, the strains are related to direct and shear 

stresses as: 

[l .3) 

where E and G are the modulus of elasticity and modulus of rigidity respectively. Similar 

relations may be obtained for the remaining four components of stre s by cyclical 

interchange in [1.3]. 

1.2.2 Equilibrium 

In many cases, a general system of direct, shear and body forces, as encountered in practical 

engineering applications, will produce stresses of variable magnitude throughout a 

component. Despite this, the distribution of these stresses must always be such that overall 

equilibrium both of the component, and of any element of material within the component, 

must be maintained. Love, (Love, 1927, Art. 54), shows that by assuming the displacements 

of any point in the continuum are linear with respect to their derivatives, and applying 

Green's transformation to the surface integral achieved by resolving forces parallel to any 

given axis, three equations are formed. These equations are known as the equations of 

equilibrium: 

8ax 8rxy ar xz X O --+--+--+ = ax ay oz 
aay OTxy OTY: Y - 0 --+--+--+ -ay ax oz 
OCJ'z OT xz OT yz Z _ Q --+--+--+ -oz ax ay 

(1.4] 

where X, Y, and Z are body forces acting on the element in the x, y and z directions 

respectively. Equations [1.4] must be satisfied at all points in the continuum in order that a 

valid solution exists for any given set of circumstances. 
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1.2.3 Boundary 

Stresses vary over the extent of a continuum, but at the boundary they must be in 

equi librium with the external forces on the surface of the body. These boundary conditions 

of equilibrium are as follows: 

dx dy dz 
X =ax-+rxy- +rx. -

dn dn · dn 
- dy dz dx 
Y =a - +r - +r -

Y dn y.: dn xy dn (1.SJ 

- dz dx dy 
Z =a - +r - +r -

z dn xz dn y.: dn 

where X , Y and Z are the components of the surface forces per unit area in the x, y and z 

directions respectively at any given point. and n is the external normal to the surface of the 

body at the same given point. For a body that is free from external forces, equations [1.5] 

will equate to zero at all points on its boundary. 

1.2.4 Compatibility 

The six components of strain, [J .2], at any given point are completely determined by three 

functions u, v, w, representing the components of displacement. Tt is neces ary to consider 

the elastic deformations of the material such that, in a continuous strain field, the 

displacements are compatib le with the stress distribution. Therefore, the components of 

strain cannot be taken arbitrarily as functions of x, y and z, but are subject to relations that 

may be derived from [1.2). If there are no body forces, or if the body forces are constant, the 

relations are as folio s: 

where: 

2 a2 a2 a2 
V =-+- + 

Bx2 oy2 oz2 

[l.6] 

(1. 7( 

Equations [1.6] are known as the conditions of compatibility and also must be identically 

satisfied. ff th str s components satisfy equilibrium and boundary with a constant or linear 
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function of co-ordinates, then compatibi lity is automatica lly satisfied. On the other hand, if 

the stress system contains higher order co-ordinate terms, then the s ix equations must be 

exp licit ly sa tisfi ed for a valid solution to exist. 

ln summary, in order that an unambiguous solution to the stress components in an isotropic 

continuum exists, three sets of equations must be satisfied. The equation sets are that of 

equilibrium, [1.4], boundary, [I .SJ, and compatibi lity, [1 .6]. More information on the above 

topics is documented by Timoshenko (Timoshenko, 1970), and comprehens ive proofs are 

discussed by Love (Love, 1927). 
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Chapter 2. Stress Distributions in Beams 

2. 1 Introduction 

McCune (McCune, I 998) showed that coupling based on a stress distribution paradigm 

lends itself to automation. There is however one pre-requisite, the 2D-stress distribution 

over the cross-section must be obtainable for a beam subjected to any given set of loads. 

Therefore, coupling can on ly be carried out for genera l beam cross-sections if the 20 

distribution of stress can be predicted. This chapter comprises the most significant work 

carried out in this project. Without the genera lity of the solutions for the stress distributions, 

the documentation in the remaining chapters would become void as regards utilising the 

technology in real world applications. 

Any resultant load on a beam can be resolved into six components, three components of 

force (axia l and two shear), and three of moment (two bending and torque). Jf the response 

of the beam can be predicted for each component of load in isolation, then the elastic 

response of the beam subjected any arbitrary load can be eva luated by implementing the 

method of superposition. 

Figure 2-1 Six components of load on a beam 

The aim of this chapter is to discuss various methods of obtaining the stress distributions 

due to each of the six components of load that potentially can exist. The most important 

facet of this investigation is the requirement that any methods of solution must be applicable 

to general cross-sections (i.e. of any shape of boundary, and with any number of holes on 

the cross-section). Axia l and bending load cases are discussed first, as the stress 

distributions can be ca lculated analyticalJy. The solutions for both shear and torsion loads 

can be achieved using two fundamentally different approaches, both of which involve using 

numerical techniques. The first approach is by means of a stress function and the second is 

by obtaining a solution using a warping function . 

16 



2.2 Axial and Bending 

For a long and slender member, the axial stress, O"z, due 

to an axial force, Fz, is simply: 

[2.1] 

where A is the area of the cross section. 

Stress Distributions in ()cams 

X 

z 

Figure 2-2 Beam cross-section 

Considering the direct stress due to the moment about the x-axis, for both symmetric and 

unsymmetrical sections (Benham, 1996): 

[2.2) 

where: 

[2.3) 

Consideration of the direct stress due to the moment about the y-axis gives a similar 

equation: 

(2.4] 

where: 

R =[1 2 ~~ / ]; 
:ry w .tr 

[2.5] 

2.3 Torsion 

The 2D distribution of shear stress on the cross-section of a beam, subjected to a torsional 

moment about the beam axis, may be obtained by introducing a mathematical surface 

known as a stress function. Alternatively, these stresses can be obtained by introducing 

another mathematical surface known as a warping function. Solutions via both methods are 

discussed below: 

By Saint-Venant semi-inverse (Love, 1927), the displacements corresponding to rotations of 

cross-sections can be written as: 

u = - 0zy ; v =0zx; W = 0f//(X, y) 12.6) 
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where \jJ is a warping function. With the assumed displacements, [2.6], the components of 

strain can be calculated as: 

(2.7) 

The only equilibrium equation that is not identically satisfied is: 

(2.9( 

From boundary, the condition is that the lateral surface is free from external forces, 

therefore on substitution into the boundary equations: 

rj +rrzm = 0 12.101 

where I and m are the direction cosines of the external normal to the surface of the body at 

the point under consideration. 

2.3.l Stress Function Approach 

If a function ~(x,y), the Prandtl stress fimction, is assumed to exist such that: 

1"yz = -:- [2.11] 

Then the stress function must satisfy the differential equation: 

(2.121 

where 0 is the twist per unit length of the beam and G is the shear modulus. 

This problem is analogous to that of a stretched membrane, (Timoshenko, 1970, Art. I 07), 

with uniform tension which is formed inside the cross-section boundary. The body force, 

2G0, is analogous to a pressure per unit area applied to the membrane, which causes the 

membrane to undergo a small displacement, ~- The boundary condition is that the stress 

function is constant along any given boundary. From [2.11] and [2. 12], it follows that the 

contour lines of the loaded membrane are identical with the lines of shearing stress in the 

cross-section of the beam. 
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The stress function therefore must satisfy Poisson 's equation (Timoshenko, 1970, Art. 104). 

Analytical solutions exist for special cases of this equation (e.g. a circle or square), but 

numerical solution is required for the general case. Poisson's equation is a special form of a 

more general one known as the field equation. Most commercial finite element packages 

include a field solver, and so the variation of the Prandtl stress function over any cross

section can be found using the facilities available in standard finite element packages. The 

advantage of using a commercial solver is that the complete process can be automated (i.e. 

creation of input file, calling of the solver and accessing the results can all be carried out 

without any input from the user). Sample stress functions are given for square and angular 

cross-sections below. The contours indicate coincident stress function values. 

Figure 2-3 Torsion Stress function for a 
square cross-section 

Figure 2-4 Torsion Stress function for an 
angular cross-section 

The total torque generated by a given twist can be found from the torsion analysis as: 

Integrating by parts, and observing that (j>=O along the boundary: 

[2.13] 

Therefore, the moment for a given value of body force 2G0 can be calculated by obtaining 

the volume under the stress function surface. The torsional rigidity, C, of the beam in 

response to a twist per unit length, 0, is: 

[2.14] 

In discrete form, the shear stress, 'txz, can be written in terms of shape functions [N] and 

nodal values of the stress function {q>} from the 2D analysis of the cross-section as: 
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[2.15] 

where {q>} are the nodal stress function values obtained from the 2D finite element analysis. 

Similarly: 

Figure 2-5 Stress function for a circular 
cross-section 

[2.16] 
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Figure 2-6 Maximum shear stress, t, due 
to an applied torque to the cross-section 

The stress function for a circular section of diameter 10mm is shown in Figure 2-5 above. 

The contours of maximum shear stress, -r, due to unit torque are shown in Figure 2-6. The 

stress varies linearly from zero at the centre to a maximum of 0.005093 N/mm2 as analytical 

theory predicts. 

2.3.1.J Cross Sections with Holes 

Long slender regions with holes in their cross section frequently occur in structures. The 

governing equations of the stress function for torsion require that the stress function is 

constant (usually taken as zero) along the outside boundary of the cross section, and again, 

constant for all inner boundaries. Using the stress distribution obtained from the assumed 

displacements, it can be shown (Tirnoshenko, 1970, Art. 115) that along any closed path of 

area, A, on the cross section: 

[2.17] 

This is known as the shear circulation. The constant values of the stress function along all 

boundaries must be chosen so that [2.17] is satisfied. Considering the stress function for a 

tube as shown in Figure 2-7. The volume under the stress function may be resolved into two 

components. The first, Figure 2-8, is the volume under the stress function if all boundaries 
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are set to zero and the body force applied. The second component is the volume under a zero 

pressure film formed between the boundaries, Figure 2-9. The stress function can be written 

as: 

[2.18] 

The slope of the stress function can be resolved in a similar manner. 

( 
Figure 2-7 Torsion stress 

function for a tube 
Figure 2-8 Stress function 
with all boundaries set to 

zero 

I \ 
Figure 2-9 Zero pressure 

film formed between 
boundaries in Figure 2-7 

If the height of the inner boundary is increased by a factor m, then the stress function 

becomes: 

12,19] 

Resolving the total stress, [2.17], into its components: 

[2.20] 

Writing this integral in terms of the stress function along boundary, i, and equating it to the 

shear circulation: 

[2.21] 

Resolving the tress function into components as discus ed above: 

(2.22] 

Therefore, if both function, q, 1, with the inner boundary set to unit height, and function, ~0, 

are known, then the correct stress function in the torsion analysis is obtained by calculating 

the factor m and substituting it back into [2.19]. This case solves for one equation in one 

unknown. If there a.re n holes on the cross section, n equations in n unknowns result and the 

n factors a.re obtained by sol ing simultaneous ly. 

21 



Stress Distributions in Beams 

::101:- 3 

• 5 . 751'.lO 

5 . £250 

5 . SOllO 

5 . 3"'S0 
5 . 2500 
5.U50 

5 . IICIIJ:I 

• 1.9'750 

. 1 . "150l 

. 1 . QS!J 
• 1 . 50ID 
• 4 . 37511 

• 1 . 2sm 
• 1 . 1.250 
. 1 . IICIIJ:I 
• 3.8'7.SO 

• .1 ."l!IIXJ 

• 3.62511 

Figure 2-10 Stress function for a 
tubular cross-section 

Figure 2-11 Maximum shear stress,., due to 
an applied torque to the cross-section 

The stress function for a tubular beam section (OD=l0mm, ID=6mm) is shown in Figure 

2-10, and the maximum shear stress, -c, is shown in Figure 2-11. These stresses are identical 

to those obtained using an analytic solution (varying linearly from 0.00351 N/mm2 at the 

inner wall to 0.00585 N/mm2 at the outer wall). As with solid cross-sections, the complete 

process of obtaining the correct stress distribution for sections with holes can be fully 

automated without issue. For a cross section with n holes, n load steps are applied in the 

finite element simulation and the n constants are subsequently evaluated using Gaussian 

elimination. 

2.3.2 Warping Function Approach 

If a function, \jl(x,y), the St. Venant warping function (Timoshenko, 1970, Art. 104), is 

assumed to exist such that: 

rxz = GB(z - y) 

r = GB(Olf/ + x) 
yz 01 

[2.23] 

[2.24] 

Satisfying the z component of the equations of stress equilibrium implies that the warping 

function must satisfy the 2D harmonic function of a zero pressure film: 

[2.25) 
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If general cross-sections are to be considered, this equation can only be so lved using 

numerical techniques. Commercial finite element so lvers were used to carry out t:he so lu tion 

of this special case of the field equation. The condition of zero shear stress on the boundary 

surface yields: 

Since the normal (n) to the boundary may be evaluated using the chain rule as: 

And since: 

dx dy 
- = - ; 
dn ds 

dy dx 
dn = -ds 

The boundary condition [2.26] can be written in terms of the boundary normal as: 

(2 .26] 

[2.27] 

[2.28) 

[2.29] 

where s is the direction along the boundary in an anti-clockwise 

direction (for a positive rotation in the standard Cartesian co-ordinate 

system). Therefore, the slope of the warping fimction in the direction 

normal to the boundary is the sum of each ordinate times the tangential 

direction cosine with respect to that ordinate. 
Figure 2-12 

This boundary condition can readily be applied to the boundary so long as the direction 

cosines are obtainable for each point along the boundary. Details of how they are eva luated 

are given in the chapter on automation issues. 

When this approach is applied to a circular (or tubu lar) cross-section, it can be easily shown 

that the slope of the warping function perpendicular to the boundary is zero at all points. 

Therefore, the warping function is zero at all points, and the shear stresses simply work out 

as: 

T =G0x y: [2.30) 

When the method was tested using arbitrary cross-sections (Figure 2- 13 and Figure 2-14) 

the stress distributions obtained were identical to those found using the stress function 

approach documented above. 
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Figure 2-14 Maximum shear stress using torsion 
warping function approach 

To prevent rigid body motion, the warping function, \jJ, is set to zero at one point along the 

boundary. In order that continuous warping functions are created, boundary conditions for 

holes (inner boundaries) are applied using an opposite sense (negative) to that of the outer 

boundary. This can easily be shown by inspection of Green ' s theorem for 2D multiply 

connected regions (Anton, 1995), (Kreyszig, 1993). For the given co-ordinate system, the 

convention is to keep the region to the left when progressing along the boundary. 

2.4 Shear 

The shearing stresses, which arise from the action of shear forces on the cross-section of the 

beam, are smaller than the bending stresses by a factor proportional to the slenderness ratio 

of the beam. 

Taking the origin of the co-ordinate system to be at the fixed end of the beam, with the z

ordinate coinciding with the beam centreline, and the x and y axes coinciding with the 

principal axes of the cross-section. For a beam subject to a shear force, Fx, in the x-direction, 

and assuming that the normal stresses over a cross-section are distributed in a manner 

similar to that of pure bending, direct stress, crz, can be written as: 

Fx(L-z)x 
a=---- --

z I 
.Y.Y 

[2.31] 

where L is the length of the beam. Assuming that shear stresses, 'txz and 'tyz, are the only 

other non-zero stresses, then the exact solution may be obtained provided the load is 

distributed in a manner required by the solution. 
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Neglecting body forces (Love, 1927), the only equilibrium equation that is not satisfied 

identically is: 

f2.32] 

[2.33] 

The system of compatibility equations reduce to: 

f2.34J 

From boundary, the condition is that the lateral surface is free from external forces, equation 

[2. l O]. 

Therefore, the solution of the problem reduces to finding, for shear stresses, 'txz and tyz, 

functions of x and y that satisfy the equation of equilibrium, [2.33], the compatibility 

equations, [2.34], and the boundary condition [2.1 O]. These 2D-stress distributions may be 

obtained by introducing either a stress function or a warping function. Solutions using both 

approaches are discussed below: 

2.4.J Stress Function Approach 

This solution is obtained from Timoshenko beam theory (Timoshenko, 1970, Chapter 11 ), 

which uses St Venant's semi-inverse method to obtain a stress function, using a membrane 

analogy. 

Assuming that the co-ordinate axes are aligned with the principal axes of the cross-section, 

the stresses on the cross-section at any point (x,y) due to a shear force, Fx, are given in terms 

of a stress function, cj>, as (fimoshenko, 1970, Art. 128): 

13</J r =---
yz & 

where cj> must obey the governing equation: 

(2.36] 

With the boundary condition: 
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f2.37] 

Integrating along the boundary s: 

[2.38] 

The analysis of the shear stress can therefore be reduced to a finite element solution of the 

field equation, together with a Dirichlet type boundary condition, where the stress function 

varies with x and y according to [2.3 8]. The integral in the equation is eva luated along the 

boundary. In the finite element model, it involves integrating along the 20 element edges 

that form the boundary. 

The shear stress components can be derived using the gradients, '!1_ and i!!e... The shear 
tX( o/ 

stress, t xz, can be written in terms of shape functions, [N], and nodal va lues of the stress 

function, {~},from the 2D ana lysis of the cross-section as: 

f2.39] 

where{<!>} are the nodal values of the stress function found in the 2D finite e lement analysis. 

Also: 

[2.40) 

The symmetrically anticlastic stress function obtained from shear force analysis of a circular 

cross section (diameter= ) 0mm) is shown in Figure 2- 15. From [2.39] and [2.40], hear 

stresses are obtained using the derivatives of this stress function. The contours of shear 

stress, t xz, are shown in Figure 2-16. The stress varies parabolically from zero at either side 

to a maximum value at the centre of 0.017629 N/mm2, identica l to that predicted by 

analytical techniques (Timoshenko, 1970, Art. I 22). 
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Figure 2-15 Stress function 
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Figure 2-16 Primary shear stress, •xz 

The stress function due to a shear force in the horizontal direction of a solid rectangular 

section is shown in Figure 2-17. The contours of shear stress are shown in Figure 2- 18. Note 

that it is not easy to visualise the shear stress fringes, Figure 2-18, from the stress function, 

Figure 2-17, due to the extra terms in [2.39]. 

Figure 2-17 Stress function due to 
force in x-direction of Figure 2-18 

::lDE- 2 

• 3 . 6000 

y □ :1 . 2000 

Lx 
2.BD!lO 

• 2 . 4000 
• 2 . 0000 

• 1.6000 
• 1 . 2000 

• 0.8000 

• 0. '1000 

• 0.0000 

Figure 2-18 Shear stress, • :m due to unit shear 
force in x-direction 

The graph, Figure 2-19, shows that the stress distribution obtained from the 2D analysis in 

Figure 2-18 is identical to values obtained using an analytical solution. 

27 



Stress Distributions in Beams 

N' 4.50E-02 
< 
E 
E 4.00E-02 -~ •••••• •• • 
~ 3.50E-02 • • • ■ 
t- • ■ 

• ,. • 
I • • 3.00E-02 .. .. - • • • .. I \ 

2.50E-02 • as • ' CD • .s= • ' en I 
■ 2.00E-02 • I • ,. 

' 
1.50E-02 • 

JI •••• • Theoretical • ,. ' 1.00E-02 I 

20 analysis • 
■ - - - -

I 

5.00E-03 " I 
• 

I 
I 
I 

0.OOE+OO ·l'------+-----+-----+-----1-----t 

0.0 5.0 10.0 15.0 20.0 25.0 

Distance along cross section (mm) 

Figure 2-19 Comparison of 2D shear stress distributions along the midline of a 
rectangular section with those obtained using an analytical approach 

The stress function for a shear force in the vertical direction for the same rectangu Jar section 

is shown in Figure 2-20. The contours of shear stress, 'tyz, are shown in Figure 2-21. The 

stress varies paraboJically through the thickness, but considerable end effects are produced 

close to the short sides. Timoshenko (Timoshenko, 1970, Art. 124) refers to investigations 

carried out by Reissner and Thomas. For the length to depth ratio of 10 used here, the tables 

predict that the stresses at the short sides should be greater than the stress at the centroid by 

a factor of approximately 3. 77, which was found to be the case. 

Figure 2-20 Stress function due to 
force in y-direction of Figure 2-21 

y • 9 . 0 00 

e.mmo 
'7. 000 

• E. 0000 

■ 5 . 0000 

• 4 . 000 

■ 3 . 0000 
• 2 . 0000 

• 1. coo 
• o.mmo 

Figure 2-21 Shear stress, 'tyz, due to unit shear 
force in y-direction 

28 



Stress Distributions in Dcams 

2.4.1.1 Cross Sections Wit!, Holes 

As can be seen from [2.38], the shear stress function is specified along the boundary of the 

cross section. The solution of this stress function is trivial if the cross section is solid. If the 

cross section has holes in it, then further issues must be considered. 

From the conditions of boundary, the following relationship was obtained: 

8¢ = ~ [x2-(_v )i] dy 
as 21 yy l+v ds 

[2.411 

In order for each boundary of the stress function to be continuous, the sum of slopes of the 

stress function in the direction along the boundary must be zero when taken completely 

around the boundary. Mathematically, this is written as: 

18¢ = 0 
as 

s 

(2.421 

Ignoring the constants in [2.41 ], and substituting into [2.42], the continuity conditions for 

this stress function may be written as: 

[2.43] 

From [2.43], it is evident that a continuous stress function can only be achieved if the x

ordinate origin coincides with the centroid of the boundary. 

It is also apparent tl1at stress function continuity is independent of the y-ordinate of the 

chosen co-ordinate system. However, the choice of the y-origin dictates the variation of 

stress function values along each boundary. Although no rigorous mathematical proof is 

available, it has been observed that this origin must be coincident for all boundarie , located 

at the centroid of the cross-section. This observation was made by summing up the shear 

stresses over the area of the cross-section. The resultant force should equal the applied force 

in the direction that the force is acting, and should be zero in the orthogonal direction. lf the 

y-origin is selected to coincide with the centroid of each boundary, a va lid assumption in the 

light of [2.43], the resultant force does not equal the applied force for cross-section that 

contain inner boundaries with centroids offset from the cross-section centroid. If the y

origin coincides with the cross-section centroid, the resultant force equals the applied force, 

and so the stress function has been eva luated successfully. 

With the stress functions evaluating to closed curves along each boundary, they are 

continuous and correct in shape, but their position relative to the outside boundary stress 
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function must be evaluated so that the true stress distribution is obtained. An example of this 

problem is illustrated for a tubular cross-section in Figure 2-22. The correct shear stress 

function maybe obtained by writing: 

[2.441 

where ~o is the initial stress function calculated using the formulae, Cli1 is the constant for the 

nth hole, and ~n is the distribution over the cross section when all nodes on boundary n are 

given a value of unity, while all other boundaries have a value of zero. 

(a) Plan View 

--------------

(b) Cross section & 
Stress Function 

a l 

(c) End View (d) Correct Stress 
Function 

Figure 2-22 Illustration of the need to calculate the shear stress function constants 

Substituting [2.44] into [2.35] yields: 

[2.45] 

n=nho/es [ O<jJn ] 

-rxz = Txzo + L 0'-a,, 
11=1 

[2.46] 

and: 

[2.471 

[2.48] 

The constants, a.i, are obtained by applying the minimLLm strain energy criterion to the 

cross-section. Strain energy is: 

[2.491 
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Per unit depth, and resolving the shear stress into its components: 

U = 2h j ( rx/ + r y: 2
)dA [2.50] 

A 

For the collection of 2D finite elements on the cross-section: 

(2.511 

If constant stress elements are used, then the shear stresses are constant over each element 

face. Hence: 

) e=nelcments 

U = 60 I:(r/ +r/ )A0 

e=l 

(2.521 

Substituting for the shear stresses [2.46] and [2.48] into [2.52] yields: 

(2.53] 

To obtain the constants, a.,, the minimum strain energy criterion is applied. The minimum 

strain energy is obtained by differentiating the strain energy equation with respect to each 

alpha and setting each equation equal to zero. This produces a set of n equations in n 

unknowns, where n is the number of holes on the cross section. Subsequent to 

differentiating for the general case, n equations are obtained, and can be described by the 

following equation: 

The resulting n equations in n unknown alphas can be solved using one of the available 

algorithms for sets of linear equations, e.g. Gauss elimination, Gauss-Seidel iteration, etc .. 

The strain energy minimum is guaranteed since the derivative with respect to each alpha in 

the above general equation is the sum of two squares, i.e. positive, ensuring a minimum. 

Once the constants are obtained, they are substituted into [2.46] and [2.48] to determine the 

shear stress distributions due to a force in the x-direction. A similar approach is taken to 

calculate the stress distributions on the cross-section due to a shear force in they-direction. 

The evaluation of the correct stress function for a box section is illustrated in Figure 2-23. 
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(c) End view ( d) Correct stress function 

Figure 2-23 Steps in the calculation of a shear stress function for a box section 

The stress function for a tubular cross-section under the influence of a pure shear force is 

shown in Figure 2-24. The contours of shear stress, 'txz, for the same tube are shown m 

Figure 2-25. The stresses correlate with those obtained from a full 3D analysis. 

Figure 2-24 Shear stress function 
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Figure 2-25 Shear stress, tu, due to a 
shear force in the x-direction. 

The shear stress function for a two-celJed cross-section is shown in Figure 2-26. The 

parabolically varying distribution of shear stress, 'tyz, due to a shear force in the y-direction 

is shown in Figure 2-27. 

Figure 2-26 Shear stress function 
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Figure 2-27 Shear stress, tyz, due to a shear force 
in they-direction. 
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2.4.2 Warping Function Approach 

Mason (Mason, 1968) showed that by assuming the displacements of a beam subject to a 

unit shear force in the x-direction, the only non-zero stresses which result are: 

' ~ = c( ! - u[½C,(x2 
-y

2)+C,xy]) 

r r- =G(: - v[Cxxy+½C/y
2

- x
2
)]) 

a = =-E(L-z)(Cxx+Cyy ) 

where \jl(x,y) is a warping function, and: 

12,54) 

[2.551 

[2.56) 

[2.57) 

On substitution of the above non-zero stresses into the equations of equilibrium, it is found 

that the warping function must satisfy the 2D harmonic function of a film with a linearly 

varying pressure: 

[2.581 

The condition along the boundary, which is free from external forces, is r,,z=O, where n i 

the direction normal to the boundary. Resolving r,,z into its components: 

dy dx 
r =r -- r -= 0 

n: n ds r- ds [2.59) 

Substituting the prev iously obtained shear stresses: 

(x2 - y2) + C xy]dy - i c xy + C (y2 - x2)]dx 
X y ds t x 2 y ds 

f2.60J 

This can be re-written in terms of the nonnal (n) to the boundary as: 

Therefore, the slope of the warping function in the direction normal to the boundary i a 

function of the tangential direction cos ines along the boundary, s, in an anti-clockwise 

direction (for a positive rotation in the standard Cartes ian co-ordinate system). 
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This condition can readily be applied to the boundary as either a distributed flux or the 

kinematically equivalent nodal forces, e.g. as an ABAQUS™ *CFLUX command. 

2.4.2.1 Proof of Existence of a So/11tio11 

As in the stress function case, the use of co-ordinate systems is an issue that requires 

consideration. In this case it dictates the existence of a solution for the Poisson's equation 

together with the Neumann type boundary condition. rt is resolved by considering the 

transformation of a double integra l over a region R, into a line integral using Green 's 

theorem. The theorem states that for a region, R, with internal and external boundaries, S: 

Choosing F1 and F2 as: 

On substitution of [2.63] into [2.62]: 

( af/1 2) F = - +C X 
2 ax X 

(2.62J 

[2.63) 

The integrand on the LHS is identical to the governing equation, [2.58], so the line integral 

along boundaries, S, is valid. This equation can be written as: 

1t can be easily shown that for the laplacian: 

(2.65] 

and so [2.64] reduces to: 

(2.66] 

In order that [2.66] is sa tisfied, a suitable co-ordinate system must be chosen. A solution 

exists if both sides evaluate to zero. This condition will occur if the co-ordinate system is 

chosen to coincide with the centroid of the cross-section, as the first moments of area are 

zero about the centroid. 
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In summary, the shear stress distribution over the cross-section can be determined by 

solving a field equation for the warping function, \jJ, with an applied body force which 

varies linearly in the x and y directions: 

subject to the boundary conditions: 

[2.67] 

To prevent rigid body motion, the warping function, \jJ, is set to zero at one point along the 

boundary. 

In order that continuous warpmg functions are created, boundary conditions for holes 

(internal boundaries) are applied using an opposite sense (negative) to that of the outer 

boundary. 

2.4.2.2 Results 

Figure 2-28 Shear Warping function 
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Figure 2-29 Shear stress, 'tu, due to 
shear force in horizontal direction. 

The shear warping function due to a shear force in the horizontal direction of a solid square 

section is shown in Figure 2-28. The contours of shear stress, 'txz, are shown in Figure 2-29. 

It was found that the results are identical to those obtained using the stress function method. 
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Figure 2-30 Shear Warping function Figure 2-31 Shear stress 'tu due to shear 
force in x-direction. 

The warping function due to a shear force in the x-direction of a tubular cross-section is 

shown in Figure 2-30. The contours of primary shear stress, 'txz, are shown in Figure 2-31 . It 

can be seen that the results are identical to those obtained using the stress function method 

(see section 2.4.1 , page 32). 

2.5 Shear Centre 

The shear centre (Prokic, 1999), (Timoshenko, 1970, Art. 127) of a section is that point 

through which shear load must be applied for zero twist of the section. The stress 

distribution on the cross section in response to a given shear force can readily be used to 

calculate the position of the shear centre relative to the centroid of the cross-section. This is 

achieved with marginal extra effort, and so is discussed here. 

When a shear load, Fx, is applied at the shear centre, there is no twisting moment produced. 

When this load is applied at the centroid, the moment produced by the resulting shear 

stresses is: 

Mz = j ( Tyz .x- T.xz .y)dA 
A 

[2.68) 

Replacing the integral over the cross section with the sum of the integrals over the 2D 

element faces: 

Nelements 

Mz = L j ( T yz . X - T .xz . Y )dA [2.69) 
i= I A, 

If linear elements are used in the 2D shear analys is, then: 
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Stress Distributions in Beams 

[2.70) 

where (Xc,Yc) are the co-ordinates of the centroid of the element face, and Ai is the element 

area. The distance from the centroid to the shear centre can now be obtained as a scalar 

quantity: 

Distance from centroid = IMz / Fxl [2.71) 

The shear force applied in the x-direction of any given co-ordinate system is considered 

separately to the shear force applied in they-direction. Substituting the shear stresses due to 

the unit force in the x-direction into [2.71] yields the y-ordinate of the shear centre, and 

substituting the shear stresses due to the unit force in the y-direction into the same equation 

yields the x-ordinate of the shear centre. Therefore, the procedure described here can be 

used to find the shear centre of an arbitrary section. 

Figure 2-32 Primary shear stress, 'tu, due 
to shear force in x-direction. 

Figure 2-33 Primary shear stress, 'tyz, due 
to shear force in y-direction. 

As an example, a tube with a slit with ID=6, OD=JO, is considered. The primary shear 

stresses, 'txz and 'txz, for shear forces in the x and y-directions respectively are shown in 

Figure 2-32 and Figure 2-33. These stresses, together with the secondary shear stresses, are 

used in [2.69] and [2.71], to determine the shear centre of the cross-section. The shear centre 

was found to be located at a distance of 7.50 above the cross-section centroid. This is almost 

identical to the co-ordinates evaluated using an analytic technique, [2.72] (Benham, 1996). 

The location of the shear centre is shown in Figure 2-34 below. 

37 



/ ~ 
Shear Centre 7 -5 

Figure 2-34 Shear centre of cross-section 
using the method outlined above. 

2.6 Conclusions 

Stress Distributions in Beams 

From Benham (Benham, 1996): 

[2.72] 

where: t=2, r=4, 1=427.29 

It can be seen that the distribution of shear stress on a beam cross-section, due to the action 

of a shear force or a torque, can be obtained using two methods. Both methods yield similar 

results, and both involve obtaining a solution of the field equation. Solution by either 

method has advantages and disadvantages. 

The boundary conditions for the stress function approach can easily be applied. However, 

n+ 1 load steps are required in the finite element analysis for a cross-section with n holes. 

Subsequent to the finite element solution, the n constants have to be evaluated. Gaussian 

elimination was used to achieve this end. 

Solution via the warping function method avoids the necessity to have n+ I load steps and 

the ensuing evaluation of n constants. Therefore, fewer calculations are required in both the 

finite element solution and post processing of the analysis results. However, the application 

of the warping function boundary conditions, for both shear and torsion cases, are less 

trivial. 

The warping function method holds a key advantage the over the stress function method for 

the shear force case. The co-ordinate system does not have to be aligned with the principal 

axes of the cross-section, and so the solution using the warping function method is more 

genera l. A transformation may be used to align the cross-section with the principal axis, but 

th.is operation has not been investigated here. 
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Chapter 3. Coupling Beams to Solids 

3.1 Introduction 

The derivations outlined m this chapter are 

similar to that used 111 the development of 

Reissner's transverse plate bending theory 

(Reissner, 1947), by which simple relationships 

are shown to be obtainable between the 

translational and rotational degrees of freedom in 

a plate and the displacements in the 3D continuum. 

Figure 3-1 3D-1D Tnmsition 

The beam node at the transition has six active degrees of freedom (D0F). Therefore, at least 

six constraint equations are required to fully couple the displacements of the solid to the 

displacements of the beam node. 

To couple a beam and a solid, the first step is to equate the work done on either side of the 

interface between dimensions. This basic method applies to the creation of all six multipoint 

constraint equations. The coupling formulations f0r each D0F are described in turn below. 

3.2 DOF 3, (axial force) 

The aim is to couple the axial 

displacements of the 30 continuum nodes 

at the transition to the axial displacements 

of the beam node, such that the 

distribution of stress on the interface is 

similar to that given by elastic theory. 

Under the influence of an axial load 

ID beam 

Figure 3-2 Axial force case (DOF 3) 

alone, the only non-zero stress on the 1D side of the transition is direct stress, cr2 • Equating 

the work done by the 1 D beam with the work done by the surface stresses of the 30 body, 

the following equation results for the co-ord inate system shown in Figure 3-2: 
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[3.1) 

The convention used here is that the beam displacements are lower case variables, (u,v,w), 

whilst the 3D continuum displacements are uppercase variables (U, V, W). If the 3D region is 

long and slender, then the axial stress is uniform over the cross-section and is given by: 

Fz 
a= 

z A [3.2) 

In the 3D model, the axial displacement at any point, in terms of the nodal displacements, 

{W}, and shape functions, [NJ, is: 

W =[N){W} [3.3) 

This implies: 

F Ne/emenJ 

F,w = :J_ L [N]d4{W} 
A i=I II; 

[3.4) 

Since this must be true for any axial force, the beam displacement, w, and the displacements 

of the 3D continuum nodes on the interface, {W} , must be related by: 

Ne/ements 

Aw= I L_ [N]d4{W} = [ B]{w} 
i= I I 

[3.5] 

Displacement compatibility between the ID beam element and the adjacent 3D continuum 

elements can therefore be enforced as a multipoint constraint equation of the form: 

[3.6] 

where ao is the total cross-sectional area, A. This can be applied m the ABAQUS™ 

commercial finite element package as a *EQUATION command (HKS, 1998). 

Figure 3-3 Direct stress, cru due to axial 
load applied to the beam as illustrated 

Figure 3-4 Direct stress, crz, due to axial 
load applied to the beam as illustrated 
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The direct stress, cr2, due to the application of an axial load is shown for a tube, Figure 3-3, 

and a circle to square transition, Figure 3-4. The load was applied to the beam end furthest 

from the interface in each model. Both models were fully constrained at the back face, so 

discontinuities in stress occur in these regions. The stresses produced were identical to the 

values predicted by theory. The beam in Figure 3-3 is coupled to 20 noded hexahedral 

elements, while the beam in Figure 3-4 is coupled to 4 noded tetrahedral elements. It is 

evident that there are no disturbances to the stresses at the interface, thus illustrating the 

validity of this coupling procedure. 

3.3 DOF 4 & 5, (bending) 

Under the influence of a pure bending moment, 

the only non-zero stress on the 30 side of the 

transition is direct stress, cr2 • Considering the 

moment about the x-axis and equating the work 

done at the interface yields: 

[3.7) 
Figure 3-5 Bending moment cases 

For both symmetric and unsymmetrical sections 

(3.8] 

where P and Qare the bending constants defined in chapter 2. The displacements, W, in the 

30 finite element model are described by: 

W=[N]{W} 1'3,91 

where [N] are shape functions. On substitution, the beam rotation, Ox, is related to the axial 

displacements of continuum nodes on the interface, {W}, by the equation: 

Nelements 

Bx= L j[N](P.x+Q.y)dA{W} = [B]{W} (3.10] 
i=l A, 

This is the general solution for any element type and order. Consideration of the bending 

moment acting about the y-axis yields a similar equation: 

Ne/ements 

BY= L j[N](R.x+S.y)dA{W} = [C]{W} f3.l lJ 
i= I A, 

where Rand Sare the bending constants defined in chapter 2. 
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Two complete multipoint constraint equations, one for each bending case, can then be 

written in the form: 

[3.12] 

(3.13] 

The equations are applied as linear constraint equations in the finite element model (applied 

in ABAQUS™ as *EQUATION commands). The effect is to couple the displacements of the 

3D continuum nodes to tbe bending rotation of the beam node such that the distribution of 

stress on the transition is identical to that given by elastic theory. 

Figure 3-6 Von Mises stress due 
to bending about y-axis 

Figure 3-7 Von Mises stress due to bending about 
x-axis of angle section 

The von Mises stress due a to a pure bending moment is illustrated in Figure 3-6 for a solid 

circular-splined shaft transition. The bending moment was applied to the beam as shown, 

while the end node on the back beam was fully constrained. Therefore, two faces of the 

solid were coupled to beam elements. The solid portion of the model was meshed using 1 O 

noded tetrahedral elements (not illustrated). The stresses obtained were identical to those 

predicted by bending theory. Tbe pronounced neutral axis is clearly evident, and again no 

disturbances occur to the stress distributions at either transition. 

The von Mises stresses for an angle section under the action of a bending moment is shown 

in Figure 3-7. This model is unsymmetrical about both x and y-axes, thus illustrating the 

need for a general solution for bending problems. The beam node is loaded as shown, while 

the back face is fully constrained. The solid portion of the model was meshed using 8 noded 

hexahedral elements. Again the stresses are identical to those obtained from bending theory. 
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3.4 DOF 1 & 2, (shear) 

Under the influence of a pure shear force, 

the on ly non-zero stresses on the 3D side 

of the transition are shear stresses, 'txz and 

'tyz. A shear force applied at some distance 

from the transition will also cause a 

bending moment, but the resulting axial 

stresses will be induced by the coupling 

discussed in section 3.3. Equating the work 
Figure 3-8 Shear force cases (DOF 1 & 2) 

done on both sides of the interface generates the appropriate mu ltipoint constraint equation. 

This yields: 

F.ru = j ( T xzU + TyzV)dA 13.141 
A 

Replacing the integral over the whole cross-section with the sum of the integra ls over the 

element faces lying on the interface, and replacing the continuum displacements with the J D 

finite element displacements: 

Nelemems Nelemcnls 

F:u = L j r_,,AN]{U}dA+ L j ryz [N]{V}dA = [C]{U}+[D]{V} [3.151 
i=I A; i=I A, 

Once the shear stresses, 'txz and 'tyz, have been found for a given shear force, Fx, the 

appropriate multipoint constraint equation can be ca lculated. The shear stresses are 

evaluated using the methods described in chapter 2. 

A similar equation of work equilibrium can be written for the shear force in they-direction. 

Nelements Ne/emenls 

Fyv = I j Txz [N]{U}dA + I j ryz [N]{V}dA = (G]{U} + [H]{V} [3.16] 
i= I A, 1=1 A; 

Two complete multipoint constraint equations, one for each shear force case, can then be 

written in the form: 

-Fxu+C1U1 +C2U2 + ... +Dl,; +D2v; + ... = 0 

- Fvv+G1U1 +G2U2 + ... +H1Vi + H2V2 + ... = 0 

[3.17] 

[3.181 
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The effect is to couple the displacements of the 3D continuum nodes to the translational 

displacements of the beam node such that the distribution of shear stress on the interface is 

similar to that given by elastic theory. 

Figure 3-9 Shear stress, tu, due to a shear 
force applied to the beam as illustrated 

Figure 3-10 Shear stress, tm due to a 
shear force applied to the beam as shown 

Shear stress, t xz, due to a unit shear force in the x-direction applied to the beam is shown in 

Figure 3-9. The solid portion of the model is densely meshed using six noded pentahedral 

elements. The back face of the solid region is fully constrained, hence the stress 

disturbances at that end of the model. The stress distribution varies parabolically from zero 

at the short sides to a maximum at the centre. These stresses correlate with those obtained 

from the 2D analysis of the cross section (see chapter 2). Again no spurious stresses are 

found to appear at the transition. Figure 3-10 shows the shear stress, t xz, due to a unit shear 

force applied as shown. Again the back face is fully constrained. This stress distribution 

correlates with that obtained from the 2D analyses of the cross section (see chapter 2 and 

Figure 2-25). 

3.5 DOF 6, (torque) 

Under the influence of a pure torque, the only non

zero stresses on the 3D side of the transition are 

shear stresses, • xz and • yz· Equating the work done 

on both sides of the interface generates the 

appropriate multipoint constraint equation. 

On the 3D side of the interface, the work done is : 

"Cyz 

Figure 3-11 Torsion case (DOF 6) 
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[3.19] 

On the ID side, the work done is: 

[3.20] 

Therefore, 

[3.21] 

Replacing the integral over the whole cross-section with the sum of the integrals over the 

element faces lying on the interface and the continuum displacements with the 3D finite 

element displacements: 

Nelements Ne/ements 

0,M, = IJr_.,AN]dA{U}+ IJryz [N]dA{V} = [C]{U}+[D]{V} [3.22] 
i = I A; i=I A; 

The shear stresses, 'txz and 'tyz, are found using the Saint Venant torsion analysis on the 

cross-section. The total torque, M2, in response to an arbitrary twist can be found from the 

shear stresses, 'txz and 'tyz, induced by the given twist as described in section 2.3. The 

complete multipoint constraint equation can then be written in the form: 

[3.23] 

The effect is to couple the displacements of the 3D continuum nodes on the interface to the 

twisting rotation of the beam node such that the distribution of shear stress on the interface 

is identical to that given by elastic theory. 

Figure 3-12 Maximum shear stress, 't, 
due to a moment applied to the beam 

Figure 3-13 Maximum shear stress, 't, due 
to torque applied to the beam as illustrated 

The maximum shear stress, 't, due to unit torque on a tubular section is shown in Figure 

3-12. The solid portion of the model is meshed using 20 noded hexabedral elements. The 
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stresses are identical to those obtained using an analytic solution, varying linearly from 

0.00351 N/mm2 on inner wall to 0.00585 N/mm2 on the outer wall (OD= l0mm, ID=6mm). 

Figure 3-13 illustrates the same loading conditions for a square bar. Again the stresses are 

identical to those found from the 2D analysis of the cross-section. Although it is not 

apparent, both models were coupled to two beam elements, one on either side of the 

respective solid meshes, and so no spurious stresses occur at the back end of the model. 

3.6 Comparison With ABAQUSTII Dcoup3D 

Much to the author's despair, HKS introduced a faci lity in the latest release of ABAQUS™ 

for carrying out the same coupling operation. The fundamental goals are synonymous with 

those documented here, to couple a beam node to a set of nodes belonging to elements of a 

higher dimension. The procedure adopted is to impose a balance of forces and moments 

across the transition (HKS, 1998a). On comparison with the methods adopted here, it 

becomes evident that the procedures HKS use are less robust. The below figures (Figure 

3-14 through Figure 3-21) illustrate the differences obtained when a transition is 

implemented (using both coupling techniques individually). Twenty noded hexahedral 

elements are used in the solid portion of each model. 

Figure 3-14 New technique, axial force Figure 3-15 HKS technique, axial force 

Both models have the same properties, loading and boundary conditions in all load cases, 

the only difference being the method of coupling. In order that valid comparisons are made, 

identical contour scales were used when plotting the stress distributions for each respective 

load case. 
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Figure 3-16 New technique, bending load Figure 3-17 HKS technique, bending load 

In each case, the far end of the 3D solid region is fuUy constrained, while the load is applied 

to the beam as iJJustrated in each figure. 

Figure 3-18 New technique, shear force Figure 3-19 HKS technique, shear force 

Since the model is tubular in nature, the axial, bending and torsion stresses can all be 

evaluated using analytical techniques. Using the technique developed in this thesis, the 

stresses were found to be identical to those predicted by each respective analytic 

formulation. 

Figure 3-20 New technique, torsion load Figure 3-21 HKS technique, torsion load 
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It is evident that the HKS method can not resolve the stresses at the interface in a correct 

and automatic manner. Therefore, spurious stresses occur and propagate from the transition 

into the solid region. In the examples shown above, the disturbances at the interface hold 

little consequences. After all, the correct stresses are resolved a couple of solid elements in 

from the transition, and so one can conclude where the stresses are spurious and where they 

are not. If however, the HKS coupling is applied to a more complicated model, it becomes 

difficult to determine where the stress distribution is valid and where it is not. The examples 

below illustrate this, (Figure 3-22 through Figure 3-29). 

Figure 3-22 New technique, axial force Figure 3-23 HKS technique, axial force 

Ten noded tetrahedral elements are used in the solid portion of each model. Both models 

have the same material properties, loading and boundary conditions in all load cases, the 

only difference being the method of coupling. In each case, the back beam end is fully 

constrained, while the load is applied to the front beam as illustrated in each figure. Again 

identical contour scales were used when plotting the stress distributions for each respective 

load case. 

Figure 3-24 New technique, bending load Figure 3-25 HKS technique, bending load 
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In the shear force case, Figure 3-27, the distribution of primary shear stress, t xz, is shown. It 

is clear that the HKS coupling technique fails . Not only do spurious stresses occur adjacent 

to the interfaces, but all through the solid portion of the model. 

Figure 3-26 New technique, shear force Figure 3-27 HKS technique, shear force 

Figure 3-28 New technique, torsion load Figure 3-29 HKS technique, torsion load 

Despite the poor results documented above, there is a way of reducing the occurrence of 

spurious stresses in ABAQUS™. This is by means of weighting factors that are applied to 

each node on the 3D side of the transition. However, the factors prove difficult to evaluate, 

and have to be determined manually by the user. 
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Figure 3-30 Von Mises stress due to an 
axial load, (HKS technique with correct 
weights applied to each interface node) 

Coupling Beruns to Solids 

Figure 3-31 Von Mises stress due to a 
bending moment (HKS technique with 

correct weighting for each interface node) 

Figure 3-30 and Figure 3-3 I show the Von Mises stress distributions due to an axial force 

and bending moment respectively. In both cases, the correct weights were applied to each 

node in the defined coupling element. The stress distributions at the interface correlate with 

values found from simple calculations, and so coupling has been achieved correctly. 

However, Figure 3-32 and Figure 3-33 illustrate the stress distributions obtained when a 

shear force and torque are applied using the same weights. It is clear that the stress 

distributions are incorrect for both. The reason for poor coupling in the shear and torsion 

instances is that this technique assumes a linear distribution of load over the cross-section. 

-Fx 
Figure 3-32 Shear stress, tu, due to a 

pure shear force. (HKS technique with 
weights applied to each transition node) 

Figure 3-33 Maximum shear stress due to 
an applied torque, (HKS technique with 
weights applied to each transition node) 

The HKS technique fulfils two important criteria for coupling. Firstly, the most important 

consideration when implementing any transition is the correct transmission of forces across 

the interface. If there are many transitions in a complete model, (e.g. in a framed structure), 

even small local errors can lead to large global errors due to cumulative effects. Secondly, 

the HKS technique facilitates warping of the cross-section. This consideration is extremely 
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important in cases where cross-sections have a shear centre that is offset from the cross

section centroid (such as angle and channel sections, or tubes of any shape with a slit along 

their length). 

3. 7 Extent of 3D Regions 

The distance each solid region extends from discontinuities is an issue to be considered. If 

the 3D-1D transition is too close to any discontinuities, the 3D nodes will relay spurious 

forces to the beam node they are coupled to. On the other hand, if the interface distance is 

too far, then the model will become less economical. McCune (McCune, 1998) studied error 

estimation based on the stress jumps at the dimensional interface. He concluded that 

coupling will not introduce spurious stresses at the interface, so long as the interface is at 

least one dimension (beam width or depth) away from any disturbance in the model 

geometry, loading or boundary conditions. 

Figure 3-34 Full 3D model 
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Figure 3-35 3D & 1D mixed model 

When the procedures documented here are automated, efficient modell ing of complex 

structures can be achieved. To illustrate this, a framed structure described by Hyde (Hyde, 
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1999) is considered. This model consists of six YT joints, and the structure is built in at one 

end, as it is grounded in the seabed. The full 3D model, Figure 3-34, is loaded as illustrated. 

The mixed dimensional model, Figure 3-35, is loaded in a similar fashion. 

Contours of von Mises stress are shown, with identical scales shown in both plots. Linear 

hexahedral (8 noded) elements were used for both models, with one element through the 

thickness of each tube wall. As regards coupling, one linear element through the thickness is 

insufficient to resolve stress functions or warping functions correctly, because both require a 

c' continuous stress or warping function. Therefore, it is impossible capture the true stress 

distributions due to torsion and shear loads at each beam-solid interface. Despite the coarse 

mesh, it can be seen that the mixed dimensional model reproduced the 30 stress 

distributions very well. The full 30 model took 617 CPU seconds to solve while the mixed 

dimensional model solved in 242 seconds (including the time to create the coupling 

equations for each interface). 

3.8 Using Substructures to Model Frames 

Employing substructures, Figure 3-36, may further enhance the 

analysis of the above YT frame (Lee, 1999), (Monaghan, 2000). A 

substructure (sometimes referred to as a superelement) is a collection of 

standard elements that are used to subdivide a model into components 

as defined by the user. After a substructure is defined, it's stiffness and 

load vectors are condensed to the boundary nodes. Once a substructure 

is formed, it may be assembled with standard elements or other 

superelements in an analysis model. 

For the above mixed dimensional model, each substructure would 

represent a single joint. As the joints are repeated in the model, the 

substructure stiffness matrix need only be computed once for joints of 

similar geometric configuration. The substructure would consist of a 

collection of3O and beam elements, Figure 3-37. 

Figure 3-36 
Superelemeot 

model 
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Superelement Retained Nodes 

~ Beam Element 

Figure 3-37 Substructured joint 

Coupling Beams to Solids 

The 3D elements are coupled to beam elements at 

each 3D- ID transition. Therefore, only four nodes 

are required to link each substructure to the rest of 

the analysis model. This allows for very efficient 

modelling of complex joints and since elaborate 

model decomposition is not necessary, automatic 

tetrahedral meshing algorithms may be employed. 

The use of substructures is only valid in the linear elastic range. In regions where the linear 

elastic range is exceeded, a full 3D analysis is necessary. The evaluation of the maximum 

stresses in each substructure is possible by setting the recovery option for each substructure. 

This however, increases the size of the substructure by ten or more times (depending on the 

number of elements in the substructure), which makes it no more efficient than a full 3D 

analysis. During an analysis, each joint or node in the model will exhibit a unique yield 

behaviour under loading. Lee, (Lee, 1999), showed that by reconstructing these yield 

behaviours in a general formula, prediction of the yielding can be made through the 

knowledge of applying brace forces. For the YT joint used in the above example, it was 

found that there are six locations on the joint where yielding cou ld first occur. The location 

of the point of initial yielding is dependent on the load ratio applied to the joint. On plotting 

the six loci, Figure 3-38, it can be seen that when the load ratio is inside the shaded region, 

yielding does not occur, and all stresses in the joint are within the linear elastic range. If the 

load ratio happens to exceed these criteria, yielding will occur at one or more of the six 

locations on the joint, and hence the complete substructure will need to be replaced by 3D 

continuum elements. 

101D Fy 

-711JO 
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Figure 3-38 Yield loci describing the behaviour of the YT joint studied by Lee 
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In summary, complex frames may be modelled efficiently and accurately if substructures 

and the yield locus method are employed. Since only one substructure is required per joint 

type, modification of an overall des ign may be executed with ease. This facilitates rapid 

redesign of complete structures without having to recreate the finite element model from the 

start. Also, since automatic tetrahedral meshing algorithms can be used to model the joints, 

solid models of joints may be imported, meshed and condensed out as substructures without 

loss in accuracy but with substantial reductions in modelling time. 

3.9 Automation of 3D-1D Coupling 

The procedures outlined in this chapter have been fully automated. The software developed 

is currently customised for use with the CadFixn• pre and postprocessor and the ABAQUST" 

finite element package. It is compiled for use on a DOS platform. The procedure for using 

the software is as follows: 

• An additional 2D mesh is created, by the user, at each transition between solid and beam 

elements. This mesh must be assigned a loca l co-ordinate system in a manner that places 

the interface on the xy plane of this local co-ordinate system. The mesh provides the 

node-element re lationships of the 3D element faces on the transition. The mesh is 

written to a text file, which the software subsequently reads. 

• The beam node at the interface is identified and is assigned the same local co-ordinate 

system as the 2D mesh. The result is that all nodes comprising the transition are on the 

xy plane of the loca l co-ordinate system. Multipoint constraint equations can be used in 

a local co-ordinate system in the ABAQUST" finite element package. 

• The coupling program is executed. The name of the 2D mesh text file and the number of 

the beam node on the interface are given as inputs. The six mu ltipoint constraints are 

subsequently created and written to an ASC II keyword file suitable for inclusion in the 

ABAQUS,.,. analysis model. 

As mentioned in Chapter 2, the ~tress distributions for torsion and shear force cases may be 

eva luated using either a stress function or warping function method. Therefore, separate 

programs have been created for each type of solution. Each time the coupling software is 

executed, the fo llowing procedures are carried out by the program: 

I . The centroid of the cross-section is determined, and a new co-ordinate system that 

coincides with the centroid is set-up. 
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2. The area properties of the cross-section are evaluated and are subsequently used to 

create the coupling equations for the axial force and two bending moment cases. 

3. The torsion keyword file is created and the finite element solver is ca lled. Subsequent to 

the 2D ana lys is, the parameter function (stress or warping) is read from the analysis 

result file. The shear stresses due to a torsional load are eva luated and the multipoint 

constraint equation for DOF 6 is created. 

4. The two shear force keyword files are created and the finite element solver is ca lled. 

Subsequent to the 2D ana lyses, the parameter functions (stress or warping) are read 

from the analyses results files. The shear stresses due to both load cases are eva luated 

and the equation for DOF I and DOF 2 are created. 

5. All six equations are written to an ABAQUS ™ keyword fil e, which can be included in 

the analysis model. 

The software developed can automatically evaluate the coupling equations for any arbitrary 

solid-beam transition with any number of holes on the cross-section. As the transition is 

assigned a local co-ordinate system, any orientation of interface can be accommodated. 

Software to couple linear and quadratic solid elements of any structural type (tetrahedra l, 

pentahedral and hexahedral) to a beam node has been generated. 

3. 10 Conclusions 

Beam elements can be used to model slender parts economica lly and accurately. However, 

they are usually bounded by regions that contain complexities in geometry, mat rial 

behaviour, loading or boundary conditions. The techniques d scribed in thi chapter 

facilitate mixed-dimensional modelling of sophi ticated structures that contain both slender 

zones and complex 30 region . Six multipoint constraint equations are used link the 

displacements and rotations of the beam node to the nodal displacements of the 3D 

continuum elements at each interface. 

Six simple analyses are used determine the stress distributions on the cross- ection in 

re ponse to each respective component of force and moment that may ex ist at the interface 

between element types. ubs quent to evaluating the stress distributions, they are used to 

generate multipoint constraint equations that fully couple both sides of the transition. 
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he methods described are both general and robust, so interfaces of any shape and 

orientation can be dea lt with efficiently and accurately. From the model in Figure -35, it is 

ev ident that the procedures lend themselves to full automation. 
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Chapter 4. Coupling Beams to Shells 

4. 1 Introduction 

The geometry of a shell is defined by its thickness and its midsurface, which is a curved 

surface in J D space (commonly referred to 2½D because it is not a full 30 geometric 

representation). Coupling beam elements to 2½0 elements is discussed here. The 

procedures described also apply to elements that are less general than the shell , such as 

plane stress, plane strain and plate elements. The procedures assume coupling is being 

applied to isoparametric shell elements, where geometry and field interpolation funct ions 

are of the same order. 

The bea m node at the transition has six active degrees of freedom (D0F). Therefore, six 

constraint equations are required to fully couple the displacements of the shell edge to the 

displacements of the beam node. 

It is assumed that the beam axis is parallel to one of the axes of the co-ordinate system in the 

finite element model (if it is not para llel to one of the g lobal co-ordinate system axes, a loca l 

co-ordinate system can be used). Under this premise, the re ultant force on the beam node 

can be resolved into six components (as described in chapter 2) which coincide with the 

D0F components of the beam node. 

As in chapter 3, coupling is achieved by equating the work done on either s ide of the 

interface between dimensions. The coupling formulations for each 00F are d cribed in 

turn below. 

57 



4.2 DOF 3, (axial force) 

The a11n 1s to couple the axial 

displacements of the shell nodes at 

the transition to the ax ial 

displacements of the beam node, 

such that the distribution of stress on 

the interface is similar to that given 

by elastic theory. Under the 

Coupling Beams 10 Shell s 

influence of an axial load alone, the Figure 4-1 Axial force ca..~e (DOF 3) 

only non-zero stress on the shell side is direct stress, CJz. Equating the work done by the ID 

bea m with the work done by the surface stresses of the shell, the fo llowing equation results 

for the co-ordinate system shown in Figure 4-1: 

F=w= JazWdA = Ja/ds [4.1) 
A S 

1f the shell region is long and slender, then the axial stress is uniform over the cross-section 

and is given by: 

r4.21 

rn the finite element model, the axial displacement at any point, in terms of the nodal 

displacements, {W}, and 1 D shape firnctions, [N], is: 

W =[N]{W} [4.31 

This implies: 

F Ne/emenI 
F=w = :_z L [N]dA{W} 

A i=I !4, 
[4.4) 

l Nelemems 

w = - L jt[N]dl{W} 
A i=l I 

[4.5] 

where t is the shell thickness and I is the element edge length. Since the implied element 

edge area is simply the product of edge length and shell thickness: 

f4.61 
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Displacement compatibility between the 1D beam element and the adjacent shell element 

edges can therefore be enforced as a multipoint constraint equation of the form: 

where ao is the sum of coefficients in [B]. 

Fz 
/ 

Figure 4-2 von Mises stress due to unit 
axial force (2D stress plot is also shown) 

[4.7) 

Fz 
/ 

Figure 4-3 von Mises stress due to unit 
axial force (2D stress plot is also shown) 

The direct stress, crz, due to the application of an axial load is shown for a plate, Figure 4-2, 

and a channel section, Figure 4-3. The 2D stress distributions on the cross-section have been 

superimposed on the beam-shell plot. This is done in all plots in this chapter, to indicate 

bow the 2D distribution of stress varies on the cross-section. Identical contour scaling is 

used for both the beam-shell and the 2D stress distribution models, so that valid 

comparisons can be made. The load was applied, in each case, to the beam end furthest from 

the interface. Both models were fully constrained at the back face, so discontinuities in 

stress occur in these regions. The stresses produced were to identical to the values predicted 

by theory. Both shell meshes consist of 8 noded reduced integration elements. It is clear that 

there are no disturbances to the stresses at the interface. 

4.3 DOF 4 & 5, (bending) 

Under the influence of a pure bending moment, the only non-zero stress on the shell side of 

the transition is direct stress, crz, which varies linearly over the cross-section. This produces 

a stress resultant, Nz, as expected. As shells have an implied thickness, this stress varies 

through the thickness of the shell, and so moments are produced about the shell edge. To 

illustrate this, bending of a tube is considered. 
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Direct stress, cr2, due to a unit moment about the x-axis is shown in Figure 4-4. From the 

exaggerated portion of the tube wall, it can be seen that the stress varies linearly through the 

thickness. r n relation to the midplane of the shell, the variation of stress through the 

thickness produces a moment per unit length of edge, Ms, as indicated. 

Figure 4-4 lliustration of rotations produced about shell edge by bending stresses 

The magnitude of the rotation is determined by integrating O"z through the thickness. For a 

shell edge of arbitrary orientation, the moment about it may be resolved into two 

components: 

[4.8] 

where dxlds and dy/ds are the first and second component of the tangential direction cosines 

respectively. Detail on how direction cosines are evaluated is given in the chapter on 

automation issues. If the shell is planar and lies on the xz plane (i.e. horizontal), Figure 4-5, 

both Msy and (dy/ds) will be zero, and so [4.8] will reduce to: 

Ms= Msx(dx) 
· ds 

For a unit moment about the x-axis of such a shell, the 

rotation per unit length of edge is: 

(4.9) 

dy 

Figure 4-5 
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(dx) 112 (dx) 112 (d ) Qt
3 (dx) Ms =M.'J - +0 = Ja-zydy - =2 j(Qy)ydy 2 =- -

ds _
112 

ds O ds 12 ds 
(4.101 

where Q is the bending constant defined in chapter 2. The rotation over each element edge is 

evaluated in finite element model at the Gauss points, and subsequently extrapolated to the 

nodes. For node i, the moment is written as: 

I 4.111 

where J and w are the Jacobian and weighting factor at Gauss point, k, respectively. Two 

Gauss points are used here to integrate over each quadratic shell element edge. 

For general (unsymmetrical) sections, a rotation will be produced about the y-axis also: 

(4.12] 

where P is the bending constant defined in chapter 2. Two similar moments are produced 

about the shell edge due to the action of a moment applied to the cross-section about the y

axis: 

where R and S are the bending constants. 

It is evident from the above that any rotation 

about the beam node will produce 

displacements in the z-direction as well as 

rotations about both the x and y-axes of the 

shell edge nodes. Considering the moment 

about the x-axis and equating the work done 

at the interface yields: 

For both symmetric and un ymmetrical sections: 

(4.13) 

Figur 4-6 Dending moment en cs 
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[4.16] 

where P and Q are the constants defined in chapter 2. The displacements, W, in the finite 

element model are described by: 

W = [N]{W} [4.17] 

Also: 

[4.181 

where [N] are shape functions. On substit11tion, the beam rotation, 0x, is related to shell node 

displacements, {W}, and rotations, {Sx}, {Sy}, by the equation: 

= [B]{W} +[C]{9.r } +[D]{9y} [4.19] 

Again two Gauss points are used here to integrate over each quadratic shell element edge. 

Consideration of the bending moment acting about the y-axis yields a similar equation: 

[4.20] 

Two complete multipoint constraint equations, one for each bending case, can now be 

written in the form: 

- 0x +B/fi +B2W2 + ... +C19xl +C29x2 + ... +D1f)yl +D29y2 + ... = 0 [4.21] 

- 0y +EifVi +£2W2 + ... +Fi9xl +F29x2 + ... +Gtf)yl +G2[).y2 + ... = 0 [4.22] 

These can be applied in to the finite element model in ABAQUS,,., as a *EQUATION 

command. 

62 



Figure 4-7 Direct stress, crz, due to bending of a 
channel about x-axis 

Coupling Beams to Shell s 

Figure 4-8 Direct stress, crz, due to 
bending of a tube about y-axis 

Figure 4-7 shows direct stress, cr2, due to bending of a channel about the x-axis as shown. 

On comparison with the stress plot on the 2D cross-section, it can be seen that coupling has 

been carried out in a correct manner. Both the shell-beam and 2D cross-sectional models 

yield results that are identical to the analytical solution. It can be seen that two plots had to 

be used to display the results. The vertical sides of the left hand plot show the variation of 

stress, O"z, while the top face of the right hand plot show the values of O"z. The reason for this 

is the way elements were numbered in the finite element model (local r and s directions in 

logical space do not correspond, thus local x and y directions become interchanged). 

Figure 4-8 shows direct stress, cr2, due to bending of a tube about the y-axis as shown. 

Again, both the shell-beam and 2D cross-sectional models yield results that are identical to 

the analytical solution. This is an example where nodes on the shell side of the interface 

undergo rotations in both x and y-directions simultaneously. It is clear from the above plots 

that the coupling procedures outlined above are valid, as no spurious stresses occur at the 

transition from beam to shell element types. 

The attentive reader will probably have noticed that bending about both x and y-axes have 

been considered, and may be wondering how both cou ld ex ist. In general, shells have only 

five degrees of freedom, the missing one being the drilling freedom (rotation in the element 

plane, rotation about the element normal). In the case of the drilling freedom, if the first 

coefficient (summation term) in the equation is very small or zero, the equation should not 

be created. However, for transitions with curved edges (such as for a tube), six degrees of 

freedom will exist, that is relative to the coupling co-ordinate system. Only five will have an 

effect on any given shell edge node, but the six degrees of freedom do exist. 
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4.4 Limitations of thin wall theories for shells in shear 

Thin wall theories are frequently used to determine the distribution of stress on a cross

section subject to shear or torsional loads (Megson, 1999), (Curtis, 1997). Since the 

thickness of a shell is small in comparison to the other dimensions, one would assume that 

thin wall theory would form a suitable base for coupling shells to beams in finite element 

models. However, it will be demonstrated that there are boundary layer effects near the 

edges of thin shells which make it difficult to utilise the thin wall theories, so an alternative 

approach was developed. One major consideration in implementing coupling procedures is 

generality. Solutions based on thin walJ theories are not general, and so cannot be used. 
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Figure 4-9 Boundary layers occur on both ends of this rectangle due to a torsion load 

Figure 4-9 shows the primary and secondary shear stresses, 'txz and 'tyz respectively, due to a 

torsional load on a thin rectangular cross-section. It is clear that boundary layers exist at 

either end. They disturb an otherwise regular stress 

distribution for a distance of one thickness in from the 

short end. These small regions of discontinuity cannot 

be ignored because they contribute to the transmission 

of load through the continuum. In fact, for the case 

shown, these boundary layers contribute half the 

overall torque (Timoshenko, I 970, Art. I 08). Despite 

the value of shear stress, 'tyz, being small relative to 'txz, 

they act at an appreciable distance from the centre of 

twist, and hence produce a torque that is considerable. 

Figure 4-10 indicates how force in the y-direction 

y 

Lx 

Figure 4-10 Contours of 
maximum shear stress and the 

force/unit length, Fy 
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varies as the end of the section is approached. The force is zero all along the section until 

the short end is reached, where it varies not unlike that of an exponential function. 
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Figure 4-11 Shear stress distributions due to a shear force in the vertical direction 

Boundary layers occur in shear force cases also. Figure 4-1 I shows the variation of primary 

and secondary shear stresses, 'tyz and 'txz respectively, due to a shear force in the y-direction 

on the rectangular section shown. Again these boundary layer stresses contribute 

significantly to the overall transmission of force through the structure, and so cannot be 

neglected. The shear stress, 'txz, will produce a resultant rotation on the shell edge, about the 

z-axis, while shear stress 'tyz, transmits force in they-direction. 

These variations in stress, which are not accommodated by thin wall theory, are not limited 

to free ends, they also occur at other discontinuities in geometry such as at corners and 

junctions. In order that these stress distributions be accounted for, a 2D analysis of the 

cross-section is required. As the stresses have steep gradients at the above mentioned 

discontinuities, a graded 2D mesh is desirable so that there is an even distribution of 

discretisation error, with a high density of elements used to capture these locally complex 

stress distributions. 

Even if thin wall theory was comprehensive, formidable problems transpire. lf a cross

section consists of a number of cells, each cell would need to be identified in order that line 

integrals be evaluated. Recovering each cell from element records would prove very 

challenging to achieve in a robust manner. [f cells and free ends were recovered 

successfu lly, an algorithm would have to be developed to choose the path of each line 

integral and subsequently evaluate the correct stress distributions, an arduous task. 
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In the light of the above, a ba ic mesh generation algorithm was generated to create a 2D 

mesh from shell edges that comprise an interface. Since this prqject focuses on coupling 

techniques, this algorithm is by no means comprehensive. However, it does facilitate the 

illustration of how genera l coupling procedures can be implemented for arbitrary shell-beam 

transitions. 

Figure 4-12 2D mesh generated from shell 
edge records for a channel cross-section 

Figure 4-13 2D mesh generated from shell 
edge records for a box cross-section 

The mesh generator de eloped sweeps out quadratic quadrilatera l elements from the shell 

element edge representation of the cross-section midline. Two elements are created through 

the thickness. Corners, junctions and free ends are identified and the mesh is subsequently 

graded towards these feature . 

Figure 4-14 cros -section with four cell Figure 4-15 2D Cube m h 

The above figures (Figure 4- 12 through Figure 4- 15) illustrate meshes that wer generated 

automatically from the interface element edges. A can be seen, corners, t es, crosses, free 

ends and curved boundarie can all be accommodated. h e meshes can be u ed to 
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generate the appropriate equations to couple beams to shells for both torsion and shear force 

cases. 

4.5 DOF 6, (torsion) 

Under the influence of a pure torque, the only non-zero stresses on the shell side of the 

transition are shear stresses, t yz and t xz. However, these stresses usually vary through the 

thickness of the shell element, and so the resulting twisting moment per unit length of edge 

on the shell edges must be accounted for. To illustrate this rotation, torsion of a tube is 

considered. 

Figure 4-16 Maximum shear stress, t, due to torsion loading 

Maximum shear stress, t, due to a moment about the z-axis is shown in Figure 4-16. From 

the exaggerated portion of the tube wall, it can be seen that the stress varies linearly through 

the thickness. In relation to the midline, the variation in stress through the thickness 

produces a positive moment about the z-axis as indicated. 

In the bending case, rotations occurred due to similar circumstances. However, the rotations 

cannot be evaluated analytically in this case. They can only be obtained for a particular node 

by summing up the contributions from relevant nodes on the 2D mesh. The issue of relevant 

nodes must be considered before contributions from nodes on the 2D mesh can be 

discussed. 
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Figure 4-17 Transition shell edges, swept 2D mesh and virtual 8 noded quadrilateral 
elements that are used to associate 2D mesh nodes to relevant shell edges 

As mentioned above, each shell edge is swept through a distance of half the shell thickness 

in a direction normal to the edge, thus creating two 8 noded quadrilaterals (one on each side 

of the shell edge). This 20 mesh is subsequently graded towards local features. Figure 4-17 

illustrates the 2D graded mesh generated from the shell edges shown. In order that forces 

and rotations are summed up correctly for each shell edge node, nodes on the 2D mesh have 

to be associated with their parent shell edges. This association can be achieved by creating a 

virtual (pseudo) 8 noded quadrilateral for each shell edge. This virtual element defines the 

domain of the shell edge. Two virtual elements are shown in Figure 4-17. If a node on the 

2D mesh is inside this virtual element, then it contributes to 

the forces on the shell edge in question. Similarly, if a node 

on the 2D mesh is not within this boundary, then it does not 

contribute and so should not be associated with the shell 

edge in question. These associations are achieved via 

inverse maps of the virtual 8 noded quadrilateral elements. 
Figure 4-18 

Details of the position of each 2D node relative to the shell edge are given by carrying out 

the inverse map. This position is given in the logical co-ordinate system, (r,s), which varies 

between ±1 in both directions, Figure 4-18 and Figure 4-19. Detail on how the inverse maps 

are carried out is given in the automation chapter. 
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By carrying out a torsion analysis on the 20 

cro s-section, shea r tresses, "Cxz and "tyz, are 

obtained for any given torque, and so the shear <-1 ,1> 

stresses are known at each node on the 20 mesh. 

The forces on these nodes must be determined to 

enable the forces and moments on the shell edge 

Node on2D~h 

s 
(1, 1) 

r; 

' Shall dge 

nodes to be eva luated. The forces are obtained by (-1-.-~1):----------=~ --_J 
(1 .- 1) 

integrating the stres o er the area of each 20 - VlrtuaJ OUB Elem&nt 

element face and subsequently e trapolating the Figure 4-19 

result at each integration point back to the 20 node . The forces in the x-d irection, [Fx], on 

the 20 mesh nodes are written as: 

Similarly, forces, [Fy], are: 

14.241 

where [NJ are the serendipity shapefunctions for these 8 noded quadrilatera ls. If a 20 node 

lies on a boundary between n shell edge virtua l elements, then the force for that node mu t 

be divided by n in [F] and [F] (in order to comply with finite element formulation over 

the complete shell edge transition). The forces on the shell edge nodes, due to an app lied 

torque on the cro s-section, are obtained by summing relevant shear force , Fx and Fy, of the 

20 mesh across the virtual element faces it belong to. 

[PJ= ··rr tF,£N1J 

[P,] = "''f T'tF,,[ N]] 

14.251 

14.261 

where P and P are the hell nodal forces, 2Dnodes is the number of 2D node that lie 

inside each hell edge irt:ual lement, and [NJ are the quadratic IO hapefunction at 

logical ordinate, r (the position of the 20 node in the virtual element parameter space). 

The moments on the hell edge nod , due to an applied torque on the cro . -section, are 

determined by summing moment produc d due to action of . hear fore , x and F y, acr 

the irtual element fac it belon t : 
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M_ = Nshelledges [2Dnodes(F (dx)+F (dy)x-st) ] 
[ _] ~ ~ xi ds Yi ds 2 [ N] [4.27] 

where dxlds and dy/ds are the ftrst and second components of the tangential direction 

cosines respectively, s is the logical ordinate in the direction normal to the she ll edge and 

[N] are the ID shapefunctions at logical ordinate, r. Because the above expression is a 

function of the direction cosines and logical ordinate, s, the moment arm will always be 

correct in sign, even if the element orientation is clockwise (clockwise orientation of the 

virtual element can occur due the numbering of the parent shell edge). 

The forces and moments on each shell edge node are now obtainable, so a constraint 

equation can be generated. This equation relates the axial rotation of the beam node to the 

rotational and translational displacements of the nodes on the shell edge side of the 

transition. Considering the moment about the z-axis and equating the work done at the 

interface leads to: 

[4.28] 

where mz is the moment applied in the 2D analysis of the cross-section. A multipoint 

constraint equation can now be written in the form: 

-Mz0z +B1U1 +B2U2 + ... +Cl~ +C2Tti + ... +D/J.z, +D29z2 + ... =0 [4.29] 

This can be applied to the finite element model in ABAQUS™ as a *EQUATION command. 

Figure 4-20 Shear stress, 'tm on top (left) and bottom (right) due to a torque applied to 
the beam as indicated. The 2D stress distribution is also shown 

Figure 4-20 shows the shear stress distribution, 'tm on the top and bottom surfaces of a plate 

subject to an applied torque. The shear stress distribution on the 2D cross-section is 
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superimposed so comparisons can be made. Similar contour scales are used in order that 

comparisons are valid. In the constraint equation, the two outer nodes on the shell edge are 

subject to vertical displacements, while inner nodes are subject to rotations in the z

direction. It is evident that there are no disturbances to the stress distribution at the interface. 

The boundary layer in the shell model is larger than that of the 2D cross-section. This 

anomaly is due to the relative coarseness of the shell mesh along the plate sides, and hence 

discretisation errors occur. 

Figure 4-21 Shear stress, tm due to unit torque applied to the beam as indicated 

Figure 4-21 illustrates the distribution of shear stress, txz, due to unit torque applied to a box 

section. It can be seen that the stress distribution obtained for the top and bottom faces 

correlate with that obtained from a 2D analysis of the cross-section. A slight disturbance in 

the stress distribution is evident at the transition. This is due to the coarse mesh used at the 

comers of the shell model. 

Contours of maximum stress due to unit torque applied to a tube are shown in Figure 4-22. 

The stresses for the inner and outer surface of the shell model correlate with the distribution 

obtained from the 2D analysis of the cross-section (which are identical to values obtained 

using an analytical technique). 
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Figure 4-22 Maximum shear stress, t, due to a torque applied to the beam as indicated 

4.6 DOF 1 & 2, (shear) 

Under the influence of a pure shear force, the only non-zero stresses in the continuum are 

shear stresses, txz and tyz. The action of a shear force on the beam node produces in plane 

shear resultant, NTD, twisting and bending moments per unit length, Mrn and Mn, with 

corresponding translations and rotations of the nodes on the shell side of the interface. As 

with the torsion case thin wall theory will not suffice, so a 2D analysis is required. 

Subsequent to the 2D analysis, forces are evaluated at the 2D mesh nodes. The forces and 

moment on each shell edge node are determined by implementing an inverse map as 

detailed above. 

Equating the work done at the interface due to a shear force in the x-direction leads to: 

[4.30] 

where Px is the shear force applied in the 2D analysis of the cross-section. Similarly, due to a 

shear force in they-direction: 

[4.31) 

where py is the shear force applied in the 2D analysis of the cross-section. [PJ, [Py] and [Mz] 

are not the same force matric as tho e for the shear force case in the x-direction. 

Two multipoint constraint equations can be written in the form: 

- P xU +BIUI +BzUz + .. . + )Ji; + C2V2 + ... + D/):1 +D/}z2 + ... = 0 

- p)v+E1U1 +E2U2 + .. . +F;Ji; +F;V°i + ... + G1.9:1 +G2.9:2 + ... =0 

[4.32] 

f4.33] 
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Figure 4-23 and Figure 4-24 show the stress distributions obtained due to the application of 

a shear force in the x-direction as indicated. The stress distributions from the 2D analyses 

are also shown. It can be seen that the stresses on the shell portion of each transition 

correlate well with that of each 2D analysis. The stresses in Figure 4-24 are particularly 

satisfactory, considering that this wide beam is nearing a plane strain condition (Heam, 

1995). Again no spurious stresses occur at each interface. 

Figure 4-23 Shear stress, 'tu, due to unit 
shear force applied to beam as indicated 

Figure 4-24 Shear stress, 'tm due to unit 
shear force applied to beam as indicated 

Figure 4-25 and Figure 4-26 show the stress distributions for two hollow sections that are 

under the influence of a pure shear force. The stress distributions from the 2D analyses are 

also shown. Again, it can be seen that the stresses on the shell portion of each transition 

correlate well with that of each 2D analysis. 

Figure 4-25 Shear stress, 'tyu due to 
unit shear force in direction shown 

Figure 4-26 Shear stress, 'tn, due to unit shear 
force applied to beam as indicated 

Shear stress in Figure 4-25 varies from positive at the right to negative at the left. The 

reason for this is the way in which the elements are numbered by the pre-processor. 
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When the above procedures are automated, considerable savings can be made in analysis 

times. A trailer chassis is shown in Figure 27 below. 

5 

Box Wiclh = 4 mm 
BoxHeigtt =2.5mm 
Shel tnclcness = 0.6 mm 
Poisson's Ratio = 0.3 
You,g's ModLlus = 2<&3 Nhnm' 

Figure 27 Trailer chassis, all dimensions given in millimetres 

A uniformly distributed load was applied to the crossbeams of the main deck, while vertical 

movement was constrained at both ends of the model, Figure 28. 

Slrlaces in Red are coMrai'led in vertical cirection 
Umam Pressue of 1 Nhrm2 applied to surfaces st-eded in bkJe 

Figure 28 Loads and boundary conditions applied to model 
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The Von Mises stress distribution is shown when the trailer is modelled with eight noded 

reduced integration shell elements, Figure 4-29. The cost of solution in CPU time is also 

given. 

Cost = 117 seconds 

Figure 4-29 Von Mises stress for a shell representation of a trailer chassis 

When this model is analysed using a collection of beam and shell elements, Figure 4-30, the 

solution time is less than a quarter that of the full shell model. The end beams were 

constrained from both vertical displacement and rotation about their axis. The same cross 

beams have point loads applfod, in a manner that is kinematically equivalent to the pressure 

loading applied to the full shell model above. 

Cost= 28 seconds 

■ 
■ 3 . 0000 

2 . 8000 
2 . 6000 

2 . 4000 

2 . 2000 

2 . 0000 

■ 1 . 8000 
■ 1 . 6000 
■ 1.4000 
■ 1 . 2000 
■ 1 . 0000 
■ 0 . 8000 
■ 0 . 6000 
■ 0 . 4000 

■ 0 . 2000 
■ 0 . 0000 

Figure 4-30 Von Mises str s for this beam-shell representation of the trailer chassis 
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As identical fringe scales were used in both models, it can be seen that the stress 

distributions correlate well, despite the fact that slightly different loading and boundary 

conditions were applied to the beam-shell model. 

Figure 4-31 Shell model of the trailer chassis 

Figure 4-31 and Figure 4-32 provide more detailed views of the complex frame transitions 

in the model. Constraint equations, formed using the procedures outlined above, were used 

to couple the eight beam-shell interfaces in Figure 4-32 below. 

Figure 4-32 Mixed dimensional representation 
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The difference in maximum displacement between the two models was found to be les than 

one percent, occurring at the same location in each model. It is evident that the techniques 

facilitate economic and accurate modelling of complex structures. As intricate model 

decomposition is not required for the auxiliary joints in the model, considera ble savings in 

model preparation time are observed. 

4. 7 Conclusions 

The techniques described in this chapter facilitate mixed-dimensional modelling of 

structures that contain both slender zones and complex thin-walled regions. Six multipoint 

constraint equations are used to link the displacements and rotations of the beam node to the 

nodal displacements of the shell elements at each interface. 

Six simple analyses are used determine the stress distributions on the cross-section in 

response to each respective force and moment that may exist at the interface between 

element types. For shear and torsion cases, the 20 analyses are carried out on a mesh that is 

created by sweeping the shell edge mesh by half the thickness either side of this mid-surface 

representation. The stress distributions are then used to evaluate the forces at each node on 

this 20 mesh. The forces on the shell edge mesh are then calculated by using the deta ils 

given by an inverse map of each shell edge's 20 domain on the cross-section. The forces 

and moments on the nodes of the hell edge mesh are used to generate multipoint constraint 

equations that fully couple both sides of the transition. 

The coupling procedur pro ided in ABAQUS™ do not link the displac ments and 

rotations of the beam node to the rotations of the shell edge nodes (HKS, 1998a), and so 

correct coupling cannot be achieved. The methods described are both general and robust, so 

interfaces of any shape and orientation can be dealt with efficiently and accurately. The 

procedures also lend themselves to full automation. 
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Chapter 5. Automation Issues 

5. 1 Introduction 

Jn order that the coupling algorithms documented above can be used in models where there 

are many interfaces, automation of the complete process is required. All procedures have 

been fully automated, (i.e. no part of the coupling process has to be carried out manually by 

the user). The main considerations involved in complete automation are discussed here. 

There are many considerations that are not discussed, either because they are simple in 

nature, or the information is ava ilable from other sources, such as finite element textbooks. 

5.2 Obtaining the Interface 

Identification of each interface is simple for commercial finite element packages as they can 

integrate the techniques into their code. For 

evaluation in this project, a more novel method 

is adopted. To illustrate the procedure, coupling 

a beam to a solid is discussed here. When the 

mesh of solids and beams is generated for the 

model, an additional 2D mesh is created at each 

interface. These can then be written out to text 

files for the purposes of creating the constraint 

equations at each interface. Since the 2D mesh 

Figure 5-1 An additional 2D mesh at 
the transition facilitates automation 

is created from the same nodes that form the 3D mesh at the interface, node-element 

relationships can be maintained in both 2D and the overall FE analyses, and coupling can be 

carried out seamlessly. The additional surface meshes are removed from the Finite Element 

input file prior to the ana lysis of the overall model being run. 
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5.3 Direction Cosines 

Direction cosines are the triple of cosines of the direction angles that a vector makes with 

the positive directions of the x, y and z-axes respectively. They are sufficient to determine 

the orientation of a line or vector at any point in space. Direction cosines are used in a 

number of operations when implementing the coupling algorithms outlined in this project. 

They are to be evaluated on curved element edges, so ID quadratic element formulations are 

suitable. These direction cosines may be evaluated exactly using the below procedure: 

If an incremental part of a curve, s (Figure 5-2), is considered, it can be easily shown that 

the cosine of the angle the curve makes with the x-axis can be written as dxlds. This is the 

first component of the direction cosine of the curve with respect to the positive direction of 

the x, y and z-axes respectively. Similarly, the cosine of the angle the curve makes with the 

y-axis can be written as dy/ds. This is the second component of the tangential direction 

cosine. 

Figure 5-2 The tangent to the boundary can be resolved into two components 

For a 1 D element, such as the quadratic element, Figure 5-3, at 

any logical ordinate, r: 

cJx Nnodcs dN. 
- = I - 'x. 
dr ,=, dr ' 

dy Nnodes d i 

-= I - Y; 
dr / c l dr 

rs.11 

rs.21 

where Nnode is the number of nodes on the ID element. Introducing: 

Therefore: 

d 

dr 

Figure S-3 Quadratic 
JD clement 

[S.3] 
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(5.4) 

This is the first component of the direction cosines at logica l ordinate, r. Similarly: 

(S.S) 

This is the second component of the direction cosines at logical ordinate, r. Therefore the 

direction cosines can be eva luated exactly at any point along a quadratic ID element. 

5.4 Area Properties 

When implementing the coupling procedures, the area properties are required for many 

operations. There are two mesh types that require consideration. The first is a shell edge 

mesh, the second is a cross-section consisting of 30 element faces . For the operations 

described below, it is assumed that the mesh lies on the xy plane. 

5.4.1 Shell Edge Transition 

A shell edge mesh can be considered as a 10 mesh in 30 space. This mesh has an 

associated thickness. Therefore, most properties can be obtained by using I 0 -element 

formulations . 

5.4.1.1 S/Je/1 Edge Length 

The length of each quadratic element edge is obtained from: 

+l (dx)2 (dy)2 (dz)2 

2 L = j - + - + - . dr =IldetJI; 
dr dr d, i=t 

- ] 

where ldetJI is the determinant of the Jacobian 

evaluat d at each gauss point, i. F r a 1 D quadratic 

element the Jacobian is the v tor of the partia l , 

derivative of th hape functions, eva luated at the 

point in question (at the gaus points in this case). 

Since the Jacobian matrix i a ca lar for a ID 

(5.6] 

lenlel't., the det rminant of that Jacobian is the 5-4 S d' • • Figur eren •pity co-ordinate 
y tern for a quadratic 1D element 
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Jacobian itself, and so: 

( 

3 

dN J
2 

( 3 dN J
2 

ldetJ!=J= I -kxk + I - k y* 
k=I dr k=I dr 

[5.7] 

where Nk are the 1 D quadratic shapefunctions at each gauss point. 

5.4.1.2 Area 

The area represented by each element edge is obtained from the length-thickness product: 

Area = L.t (5.8] 

5.4.1.3 Element Centroid 

The ordinates of the centroid of each element edge is obtained by taking moments: 

Ye =(±tldetJI; Y;J-1-
i=I Area 

[S.91 

5.4.1.4 Second Moments of Area 

The second moment of area about the x-axis is obtained from: 

] xx= jy2dA = fj y2dr.ds [5.10] 
A A 

Since the integrand is a second order function, 

two gauss points are required in both the 

tangential direction, r, and the normal direction, s. 

Therefore this area property is eva luated by 

creating an eight noded quadrilateral using the 

,.-----------------+- ---- ----------· 
: * r., * : 
• I 
I *..,..Olluu Pairll ,. 
I * I ~- ---------------•----------------: 

Figure 5-S 

element geometry and thickness, Figure 5-5, and subsequently integrating over this area. 

Similar operations are required for the evaluation ofiyy and l xy• 

5.4.2 3D Element Face Transition 

A transition consi ting of 3D element faces can be considered as a 2D mesh in 3D space. 

Therefore, the prop rries can be obtained by us ing 2D-element formulations. As all the 

operations can be developed from details given in standard finite element texts ( tasa, 1985) 

(Fagan, 1997), they will not be di cussed h re. 
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5.5 Evaluating Line Integrals 

r n chapter 2, it was shown that the shear stress, due to a pure shear load, may be eva luated 

using a stress function. The eva luation of the shear stress function involves a finite element 

solution of the field equation, together with a Dirichlet type boundary condition, where the 

stress function varies with x and y according to: 

rs.111 

The integral in the equation is eva luated along the boundary. In the finite element model, it 

involves integrating along the 2D element edges that form the boundary. If the element 

edges are linear, the integral may be eva luated in parameter space as fo llows: 

For a given linear edge: 

X = x0 +lflx} 
Y = Yo + l~y 

If the derivative of xis dy=L1ydt, then : 

f5.12J 

I 

j x2 dy = j(x0 
2 + 2x0/lxt + llx 2t 2 ~ ydt 

0 

Figure 5-6 

[5.13) 

[5.14) 

For curved element edges (quadric order elements or higher), evaluation of the integra l must 

be carried out using higher order integration points. Since the integrand is of second order, 

two gauss points are required between adjacent nodes on the boundary edge. 

5. 6 Recovering the Boundaries of a 2D Mesh 

Information on what nodes fonn the boundary i required for a number of operations such as 

applying the boundary conditions in the 2D shear and tor ion analyse . The recovery of the 

bou ndaries is carried out ba ed on element edge incidence. If an element edge appears only 

once in the element r ords then it must fom1 part of a boundary. Wh n all boundary edges 

are identified they can be stit hed together to from a complete list. If ther are n holes in the 

cro -section, d1en ther will be n internal boundaries . . va.luating the area enclo ed by each 
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boundary identifies the outside or external boundary. The outside boundary will have a 

greater enclosed area than that of the internal boundaries. 

Because elements are numbered by the ABAQUS™ package in an anti-clockwise manner, 

the outer boundary list will be oriented anti-clockwise. Jnternal boundaries will be oriented 

clockwise, and so the list has to be reversed in order that anti-clockwise rotation be 

achieved. 

5. 7 Area of Boundaries 

The area enclosed by planar boundaries is used for a number of operations in the coupling 

algorithms. If the cross-section is represented by linear elements, then the boundary is 

comprised of straight edges. The area enclosed by each boundary can be computed from a 

formula documented by Benham (Benham, 1996): 

II 

Area = ½ L (x; - X;+1 )(y; + Y;+1) (5.15) 
i=I 

Then element edges must be oriented such that progression along the boundary results in an 

anti-clockwise rotation. This requirement is fulfilled by the way in which each boundary is 

recovered. 

lf the boundary consists of curved edges, then Green's theorem can be used to convert the 

integration over the region enclosed to a line integral along the boundary. Green's theorem 

states that: 

fJ(aF - aaJdA = 1(F.dy+G.dx) 
R OX l7J' B 

rs.161 

lf F=x and G=O, then the area is given by: 

A= jx.dy [5.l 7) 
B 

Similarly, ifF=O and G=-y, the area is given by: 

A= 4-y.dx [5.18) 
B 

Therefore, the above two formulae express the area enclosed by the boundary in term of a 

line integral along the boundary. These two fonnulae can be used to form: 
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A =t4(x.dy- y.dx) [5. I 9] 
B 

Which again expre ses the enclosed area in the form of a line integral. Therefore, we may 

write: 

fS.201 

This can be written in discrete form as: 

f 5.21] 

where n is the number of element edges forming the boundary, dxlds and dylds are th first 

and second components of the tangential direction cos ines respectively, and /det/J is the 

determinant of the element edge Jacobian, which i the Jacobian itself (s ince it is a JD 

problem, the Jacobian is a sca lar). Therefore, an exact integration can be achieved over the 

region that the curved boundary encloses. 

5.8 2D Mesh Generation From 1D Shell Edge Mesh 

A 20 mesh is required so that stress distributions on beam cro s-sections can be evaluated 

accurately. The mesh is reat d from a 1 D representation of the shell edge cross-section 
' 

together with the associated thickness of the shell mesh. The mesh generator developed is 

used as a tool to illustrate how shell to beam coupling can be achieved for arbitrary cros _ 

ection . 

The me h is generated from the ID representation by sweeping the shell edges in a direction 

normal to the shell edges by a di tance of half the shell thickness. Two 8 noded quadrilateral 

elements are created for each shell edge at the interface. The mesh has to be graded at 

corners, junctions and free ends and o these features have to be identified. 

Junctions and free ends are identified by node alency. Mid-side nodes are ignored during 

the identification process. If a shell edge node i mono a lent, then it must b a fr e end. If it 

is trivalent, then it must be the root of a tee junction. ff a node is tetrava lent, th n it must 

form the root of an X-junction. 

orner are identified by the fa t that the geometr is not 1 continu us. Two ts of 

dir tion co ine can be ca lculated for ea.ch diva lent node, one set for each adjac nt element. 
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The abrupt change in slope is detected by comparing the two sets of direction cosines for the 

node. 

Subsequent to identifying the features where mesh refinement is required, the mesh is 

graded towards each feature. The elements are refined based the shell element edge length 

and the associated shell thickness. The elements are graded using a ratio of 1.5 as the mesh 

progresses away from the feature. 

Figure 4-12 through Figure 4- 15 illustrate meshes that were generated automatica lly from 

the interface element edges. 

The mesh generator developed is not robust or general in nature, and so the algorithm has a 

number of limitations: 

• Maximum node va lency is limited to four, so meshing at complex junction cannot be 

achieved. 

• Junctions are limited to those that consist of angles close to 90°, as mid-point 

subdivision algorithms have not been adopted or developed. 

• Corners are identified based on the discontinuity of slope, a variation of greater than 5° 

is currently the limiting case, so highly obtuse corners can not be accommodated. 

• Due to the manner in which the normal to the curve is evaluated, correct meshing can 

on ly be achieved if tangential boundary generators do not intersect or cross the co

ordinate system origin. 

Since the hypotheses presented in this project are not on robust mesh generation, detailed 

accounts of the meshing algorithm are not given here. 

5.9 Inverse Maps of 8 Noded Quadrilaterals 

An inverse map is required to associate nodes in one mesh to elements in another. If a node 

is inside the element in question, then thee act location in logical co-ordinate, s, is required 

so that further calculations can be made. The procedures below were created to meet this 

requirement. 
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Figure 5-7 Eight ooded curved quadrilateral and the natural co-ordinate system 

It is assumed that the element is planar and the edges are curved in the xy plane. It is also 

assumed that the xy co-ordinate system origin coincides with the centroid of the e lement. 

For an isoparametric eight noded quadrilateral, Figure 5-7, any point in xy space can be 

represented in the logica l co-ordinate system, (r,s), by the isomorphic map: 

where: 

a0 =-¼(x0 +x2 +x4 +x6)+ ½(x1 +x3 +x5 +x7 ) 

a1 =½ (x3 +x1) 

a 2 =½ (- x1+x5) 

a3 = ¼(xo - x2 +x4 - x6) 

a4 =¼(x0 +x2 +x4 +x6 ) -½(x1 +x5 ) 

as =¼(xo +x2 +x4 +x6) -½(x3 +x1) 

a6 =¼ (-x0 - x2 +x4 +x6)+ ½(x1 -x5 ) 

a7 =¼ (- Xo +X2 +X4 - x6)+ ½(- X3 +X7) 

fS.231 

Similar express ions are obtained for bo-b1, in terms of co-ordinates Yo-Y1, Therefore, for a 

given co-ordinate, (r,s), in the logical co-ordinate system, a unique co-ordinate in xy space 

can be determined. This operation is known as a map. However, the goa l here is to 

determine the natural co-ordinate, (r,s), for a given Cartesian co-ordinate, (x,y), and so 

implement an inverse map. The implementation of an inverse map is difficult to achieve 

analytically, as the terms contain higher powers of rand s. Solution of the equations lead to 

expressions which contain numerous roots, some may be complex. An inverse map 

procedure was described by Lautersztajn-s (Lautersztajn-s, 1998) which involved 

determining the inverse map for the chord quadrilateral using a Taylor expansion, and 

subsequently determining the inverse map for the 8 noded element by means of a second 
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isomorphic transformation. However, this procedure is only valid for points inside the 

quadrilateral, and so cannot be used here. Therefore a numerica l solution was obtained as 

follows: 

The Jacobian of the above transformation is written as: 

where: 

[

dx dyj 
J = dr dr dx dy 

- -
d d 

imilar expressions are obtained for the other two elements of J. 

15.241 

A Newton-Raphson iteration procedure is used to determine the values of rand s for a given 

co-ordinate, (x,y). 

[ 

dy 
8r _, x 1 - ds 

{as} = J L} = I delJ I dy 

dr 

_ijt} 
dr 

1s.2s1 

A root of this system of two equations is reached when 6r and 6s approach zero (Griffiths, 

1991 ). Assuming that the root occurs close to the origin, (r,s)=(O,O), a olution can he 

obtained. Since the map i i omorphic in the range - I~ (r,s) ~ 1, a correct solution is 

guaranteed within this natural element domain. U ing a starting value of (r, }=(0,0), 

expressions for x and are determined. An impro ed position of co-ordinate (r,s) is 

obtained by adding 6r tor and 6s to s: 

[5.26) 

Using this new natural co-ordinate, x and y can be re-evaluated, and hence new values of or 

and 6s can be determined An improved position of co-ordinate (r,s) is obtained by adding or 

to r, and os to s. This procedure of iteration is continued until a specified tolerance has been 

achieved, and hence an inver e map of an 8 noded quadrilateral can be achieved. It was 

found that only a few iteration (le s than ten) were required for convergence, and so this 

proc dure i computationa lly ine, pensi e. 
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Chapter 6. Conclusions and Further Work 

6. 1 Discussion 

A method of automatically coupling elements dissimilar dimension in a finite element model 

has been presented here. The essence of the work is based on an approach used by McCune 

(McCune, 1998), whereby the work is equated at each transition. Solution of the work equation 

leads to expressions that require knowledge of the stress distributions at the interface. 

Methods of evaluating the stress distributions due to any given set of loading circumstances 

have been considered. As any given load may be resolved into six components as discussed in 

chapter 2, the variation in stress due to each of the six load components may be evaluated for 

beams of arbitrary cross-section, and the resultant stress distribution may be evaluated using 

superposition. The axial and bending stresses are eva luated using analytical techniques. Because 

of the nature of the governing equations in the shear and torsion load cases, the resulting stress 

distributions must be determined using numerical methods. Both torsion and shear force cases 

are governed by second order partial differential equations, special cases of the general field 

equation, and so solutions are obtained by means of a finite ele nent based field so lver. 

The stress distributions due to a torsional load may be solved using two methods. The first 

method of solution is by using a stress function. The stress function is analogous to a membrane 

of constant tension, with a uniform pressure applied over the surface of the membrane. The 

stress function is constant along each boundary, the height of each inner boundary is determined 

by eva luating the shear circulation along the boundary in question. The stress function may be 

split into two components, a zero pressure membrane formed between the boundaries, and a 

membrane with a pressure applied whiJe the boundaries are kept at zero. By substituting the 

fragmented membrane into the shear circu lation equation, n equations in n unknowns resu lt, and 

hence the correct stress function may be evaluated on a cross-section with any number of holes. 

The shear stresses induced due to the applied torque are determined by evaluating the slopes of 

the stress function. The second method of solution is via a warping function . The warping 

function is governed by Laplace' s equation, the equation of a zero pressure film. ln this case, 

the slope of the film in the direction normal to the boundary is specified along all boundaries. 
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The shear stresses are a function of the slopes of the warping function plus additional co

ordinate terms. From an operational viewpoint, the warping function method of so lu tion 1s 

easier to implement, as a solution of a set of simu ltaneous equations is not required. 

The stress distributions due to a pure shear load may also be solved using two methods. The 

solutions are again obtained using either a warping function or a stress function. The stress 

function is analogous to a membrane of constant tension, Laplace's equation, with values of the 

membrane being specified along the boundary. As the boundary values of the stress function 

cannot be specified in a continuous manner (due to the line integral in the expression for the 

boundary condition), each inner boundary must be elevated by a constant value. These 

elevations are determined by minimising the strain energy on the cross-section. By doing so, n 

equations in n unknowns result, and hence the correct stress function may be evaluated on a 

cross-section with any number of holes. The shear stresses induced due to the applied shear 

force are determined by evaluating the slopes of the stress function with additiona l co-ordinate 

terms. The second method of solution is via a warping function. The warping function is 

governed by the equation of a membrane with a bilinear pressure applied to the surface of the 

film. ln this case, the slope of the film in the direction normal to the boundary is specified along 

all boundaries. The shear stresses are a function of the slopes of the warping function plus 

additional co-ordinate terms. As in the torsion case, the warping function method of solution is 

easier to implement, as a solution of a set of simultaneous equations is not required. The 

warping function is also more general, as the stress function method requires that the co

ordinate system be aligned with the principal axes of the cross-section. 

Subsequent to evaluating the stress distributions on each beam cross-section, and using the 

method outlined by McCune, multipoint constraint equations may be formulated that facilitate 

the coupling of a beam element to a collection of 3D elements at a common interface. Complete 

coup ling at the transition may be achieved with six constraint equations. It has been shown that 

this method does not introduce any spurious stresses at the transition, and so coupling has been 

achieved in a manner that complies with the theory of elasticity. In general, it is difficult to 

quantify the savings in analysis cost, since this depends on mesh density, but it will be greatest 

in complex cross sections where more elements are required to adequately represent the hape. 

It has also been demonstrated that the coupling method can be completely automated, tJ1is is 

paramount to the success of the coup ling method as regards implementation in commercial 

codes. Comparisons were made with a commercial coupling routine. Jt was shown that the 
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methods outlined here yield far superior results, especially if the cross-section has complex 

features such as in the case of a splined shaft. 

Coupling between shell and beam transitions has also been considered. In the axial and bending 

moment cases, the coupling equations may eas ily be formulated, as the stress distributions due 

to these loads can be determined using analytical techniques. It was shown that using thin wall 

theory alone is insufficient to resolve the correct shear stress distributions at junctions, corners 

and free-ends. In order to overcome this problem, a 2D mesh is created at the transition. This 

mesh is formed from the shell edges that form the interface. The implied shell thickness is used 

to sweep the element edges in directions normal to the shell faces, thus forming a 2D planar 

cross-sectional mesh. This mesh is then graded at corners, junctions and free-ends in attempt to 

achieve an even distribution of discretisation error over the cross-section. The stress 

distributions due to the torsion and two shear loading conditions are subsequently eva luated on 

this pseudo-mesh using the techniques described in chapter 2. An inverse mapping algorithm is 

applied to the 2D mesh. This determines which nodes on the 2D mesh are associated with the 

shell element edges on the interface. Evaluating forces and moments about each shell edge 

forms the final three constraint equations. It has been shown that the methods outlined provide a 

way of coupling beams to shells without producing stress disturbances at the interface. This 

method can a lso be fully automated, provided that an adequate 2D pseudo-mesh can be created 

at the transition. The meshing algorithm used here requires further work to develop it into a 

more comprehensive and general one. 

6.2 Suggested Furlher Worlc 

A logical extension of the techniques documented here would be the automatic coupling of solid 

element to shells at a common interface. Initial investigations have been carried out, but due to 

time constraints, they have not been developed to maturity. 

The ex isting coupling algorithms cou ld be improved by adding extra functionality. The use of 

symmetry is a very efficient means of simplifying a model. If constraint equations were 

obtainable for symmetric interfaces, solution times for comple structures wou ld be 

significantly reduced. 
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Preliminary investigations show that the coupling method developed by McCune may also be 

used to couple transitions that consist of more than one material. Figure 6-1 shows the Von 

Mises stress on a rectangular sandwich construction consisting of two materials. The inner 

material has the properties of aluminium, while the outer materials have the properties of steel. 

The 3D portion of the model consists of 15 noded pentahedral elements and the back face in 

each model is fully constrained. The differences in stress are in proportion to the difference in 

material properties, and the stress in each member correlates with that found from a simple 

calculation. 

Fz 

/ 
Figure 6-1 Von Mises stress due to unit axial 

force applied to the beam as illustrated 
Figure 6-2 Von Mises stress due to unit 
bending moment applied as illustrated 

Figure 6-2 illustrates the distribution of Von Mises stresses on the same model due to a bending 

moment. The variation in stress correlates with that found from theory (Benham, 1996, Art. 

6.1 O). Figure 6-3 iJlustrates the maximum shear stress due to a torque applied to the beam, while 

Figure 6-4 shows the variation of shear stress, t yz, due to unit shear force applied to the beam 

element as illustrated. 

Figure 6-3 Maximum shear stress due to Figure 6-4 Primary shear stress, t yz, due to 
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unit torque applied as illustrated unit shear force applied as illustrated 

ft is evident from the four illustrations that there are no stress disturbances at the interface, and 

so the coupling technique developed by McCune may also be applied to so lid to beam 

transitions that contain dissimilar materials. Perhaps coupling of composite laminates may also 

be achieved, but this would present some difficult problems with regard to automation. 

6.3 Conclusions 

The method of coupling suggested by McCune (McCune, 1998), which is based on Reissner's 

relationships, is a very powerful and useful technique. It can be readily applied to models in 

commercial finite element packages as multipoint constraint equations. It ha been 

demonstrated that automatic coupling techniques may be applied to transitions from 3D solid 

elements to beam elements and from shell elements to beam elements. This coupling approach 

provides an efficient and accurate means of joining dissimilar elements in a manner that 

conforms to the theory of elasticity. It is superior to other methods that are currently available, 

as arbitrary cross-sections may be coupled. 

The key technology required to perform the coupling using McCune's method is an accurate 

eva luation of the stress distributions at each interface. Reliable and robust methods have been 

developed to determine the stress distributions on beams of arbitrary shape, with any number of 

holes on the cross-section. 

The tools developed allow accurate mixed dimensional coupling to be achieved at solid to beam 

interfaces and at shell to beam transitions. As the tools are fully automated, little input is 

required by the user. The algorithms are fast and many transition may be used in a single 

model. The tools facilitate efficient and accurate modelling of complex components in a way 

that, to date, was not previously possible. 

92 



Documentation for 3D-1 D Coupling Programs Appendix I 

Appendix 1 

Documentation for tr3, tr6, qu4 & qu8 coupling programs 

Intended use of the Software 

The software was designed so that it could be used almost as a plug-in for CadFix. The Finite Element 

file where coupling is needed is to be open in CadFix, while the coupling program would be called from a 

DOS Window. The general procedure in using each program is: 

• Create a Finite Element Model in CadFix in the usual manner. 
• Create a 3D mesh on the 3D regions of the model, a ID mesh on the regions to be modelled using 

beam elements, and a 2D mesh on the interface between the Id & 30 regions. 
• Write out the 2D mesh to a file 
• Start up the coupling program 
• Read the file outputted from CadFix & Create the coupling equations & a file on the information 

on the beam cross section 
• Read in the Beam properties from the newly created file & assign the properties to the beam 

elements 
• Create the Abaqus input file for the whole model 
• Add the coupling equations to the Abaqus input file and solve 
• Complete the FEA session by post-processing (viewing the results) 

Different Programs for Different Meshes 

Three dimensional meshes come in essentially two forms, triangular based and quadrilateral type meshes: 

TRIANGULAR BASED MESHES: 

Triangular based meshes can be either pyramids (tetrahedra) or wedges (pentahedra). TI1ese elements can 

also be linear (4 noded & 6 noded respectively) or quadratic (10 noded & 15 noded respectively). We are 

only concerned with the 3D element face on the interface, so are only dealing with triangular faces. The 

linear triangle has 3 nodes, and the quadratic has 6. Therefore the programs for triangular based meshes 

are: 

• tr3coupling.exe - For interfaces consisting of 3 noded triangles. 
• tr6coupling.exe - For interfaces consisting of 6 noded triangles. 

QUADRILATERAL BASED MESHES: 

Quad based meshes consist of Hexahedral (rectangular Bricks) type elements. These elements can also be 

linear (8 noded) or quadratic (20 noded). We are again only concerned with the 3D element face at the 

interfuce, so are only dealing with quadrilateral faces. The linear quad has 4 nodes, and the quadratic 

quad has 8. Therefore the program for quadrilateral based meshes are: 

93 



Documentation for 3D-1 D Coupling Programs Appendix I 

• qu4coupling.exe - For interfaces consisting of 4 noded quadrilaterals. 
• qu8coupl ing.exe - For interfaces consisting of 8 noded quadrilaterals. 

Inputs to Each Program 

Each program requires input from two sources, The first is input from the user through the keyboard, and 

the second is a text file that contains all the information required to carry out the coupling procedure. 

USER INPUT 

The user is required to give the following essential inputs: 

• The name of the file that contains the model data 
• The node number of the beam node at the interface 
• A letter or character so that problems due to re-naming are overcome in the case of multiple 

interfaces in a single model. 
• The format of the input file (see next paragraph for more details). 

The user may also make the following input requests if he/she wishes: 

• Create HTML, 0XF & CadFix files for Viewing 
• Save a range of temporary files for further use 

INPUT FILE 

The input file maybe one of two formats, both are files that are written out by CadFix: 

• FME format, which is obtained using the command: SEND <set> FME "filename". In the 
brackets, set is a CadFix set that contains all the nodes and 20 elements on the interface, and 
filename is the name of the input file with its extension . Note that the filename is encapsulated 
between inverted commas, and that there is a white space between each word in the CadFix 
command. 

• PRNT format, which is obtained using the commands: WRIT To "filename". This command 
should be followed immediately by PRNT N <set> and then PRNT E <set> and finally WRIT 
END It is essential that the file is written out in that order, as each program is expects the nodes to 
be listed before the elements in the input file. In the brackets, set is a CadFix set that conta ins all 
the nodes and 20 elements on the interface, and filename is the name of the input file with its 
extension. Note again that the filename is encapsuJated between inverted commas, and that there 
is a white space between each word in the CadFix commands. 

Output from Each Program 

Each program creates standard files for use in the FE analysis and extra files that may be of some use to 

the user. The user is given the option to create the extra files at run time. Each standard file created has 

comment in it stating the input file used and the date and time of the file' s creation. Also, each file 

contains the instructions on how and where it is to be used in the analysis. The Program creates the 

following Standard files (on default execution): 

• A file containing all coupling equations for an interface. As there are six degrees of freedom at 
the interface, there are six corresponding coupling equations. TI1e file is called couple_%.txt, 
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where the percentage sign is the letter or character that was inputted via the keyboard at the 
commencement of execution. 

• A results file containing the information calculated for the input mesh. The information includes: 
• The element cross sectional properties (area, xbar, ybar, ixx, iyy, ixy, J) in both global and 

local coordinate systems (the local coordinate system is relative to the cross section centroid). 
• TI1e nodes that are on the outside boundary of the model. 
• How many holes there are in the cross section, and what nodes form each hole. 
• The constants for asymmetric Bending, where bending stress = P.x + Q.y, (P & Q being the 

constants). 
• The position of the shear Centre in both globa l & local coordinate systems. 
• The resultant shear forces on the Cross section (due to a force in both the x & y directions. 
• The time it took to create the six coupling equations. 

• A file that can be read into adFix to assign the material properties of the cross-section to the 
beam element. The file is called %_section.bet, and the fil e is read into adFix using the 
command READ "%1_section.txt" When this command is executed, it creates a material 
property in adFix with the name ROD%. Again the percentage sign represents the letter or 
character that was input to each program at the commencement of execution. 

• A file that contains the information on the stress distributions on the cross section. TI1is enables 
the stresses due to unit force to be viewed in the original CadFix model. The commands used to 
view the results are: 

• READ "%_ tres es.t t" This reads in all the results from the results file (percent sign is the 
identifier as mentioned previously). 

• RSEL XTXZ This selects shear stress Txz due to a shear force in the x direction. 
• PLOT RFC ALL This plots the contours of Shear stTess for the previously selected XTXZ. 
• Other available results types are; 

• XTYZ, This is the other shear stresses due to shear force in the x-direction. 
• YTXZ, YTYZ shear stresses due to a shear force in they-direction 
• SSFN the stress function from Timo henko beam analysis 
• AXTA direct stress due to an axial load 
• B NX direct stress due to bending about the x-axis 
• B NY direct stress due to bending about they axi'i 
• TSFN the stress function from St. Venant torsion analysis 
• TRSN the absolute stress due to torsion 
• TTXZ shear stress Txz due to torsion 
• TTYZ shear stress Tyz due to torsion 

The Extra files that maybe created at run time are: 

• element.dxf This file is in data exchange format, and can be read into Auto AD or into 
orelDraw for viewing & plotting 

• dermot.html This file is an internet browser file which contains viewer o that the fil contents 
can be viewed graphica lly on an internet browser (Netscape) that has Java capabilit.i s. 

• famboundary.txt This file is one which allows the outside boundary of the model to be r d into 
adFix. It should not b read into the original model file, as new lines are eated whi h would 

almost certainly delte some of the existing lines in the model file. TI1e file is read into adFix by 
typing READ "famboundary.t t" followed by PLOT L NWLI These commands read in all the 
boundary edges and plot them on screen. 

• There are a host of files that are created in th execution of each program. The fil ar created 
out of necessity when the Abaqus Finite . lement solver is called to solve the three Lapla e 
equations (one for torsion and two for shear stress). Some of the files maybe required for use later 
on (perhaps the str s function need to be viewed for a given reason). Th r fore, the files can be 
kept so they maybe reused. The default is to delete the files, but i they are cho en to be kept, the 
extra files appearing in the folder are: 

• torsion.inp The abaqus input file which was created for the torsional case. 

95 



Documentation for 3D-1 D oupling Programs Appendix I 

• torsion. fil The abaqus results file for the torsional case. 
• torsion.dat The abaqus data file for the torsional case. 
• shear _x.inp The abaqus input file for the hear force case in the x-direction 
• shear __y.inp The abaqus input tile for the shear force case in they-direction 
• shear x.dat The abaqus data file for the shear force case in the x-direction 
• shear __y.dat The abaqus input file for the shear force case in they-direction 

Using & Running Each Program for an FE Analysis 

Each program is intended to be used from a DOS Window. It is executed from any sub-directory by using 

the command tr3coupling. The user will then be asked for the name of the input file, the beam node 

number at the interface and the letter or character to uniquely identify the set of equations from others in 

the instance of there being multiple interfaces to be coupled. Each program will also accept the above 

three inputs as arguments on the command line. The reason for tl1is is that it will save time on normal 

execution, and each program can be run from a batch file without any user input (questions are asked 

during each program, but these have a timeout faci lity, so the default can be used in the case of each 

program being included in a batch file). 

The procedure for executing each program is: 

• Create the Finite Element model in Cadfix & mesh the model with an additional 2D mesh at the 
interface between the first and third dimensions. 

• Create a local coordinate system, ensuring that it's x-y plane is coplanar to the interface surface(s) 
• Assign the surfaces on the interface the local coordinate system. This is required so that the 2D 

mesh is normal to the x-y coordinate system when read in from the file by each program. 
• Put the 2D elements in a set (a separate set for each interface) 
• Write out the set to a file using one or other of the two commands below: 

• WRIT TO "filename". This command should be followed immediately by PRNT N <set> 
and then PRNT E <see> and finally WRIT END It is essential that the file is written out in 
that order, as each program is expects the nodes to be listed before the elements in the input 
file . . In the brackets, et is a CadFix set which contains all the nodes and 2D elements on the 
interface, and filenan1e is t11e name of the input file with it's extension 

• SEND <see> FME "filename". ln the brackets, set is a Cadfix et that contains all the 
nodes and 2D elements on the interface, and filename is the name of the input file with its 
extension. Note that the filename is encapsulated between inverted commas, and that there is 
a white space between each word in the CadFix command. Note that FM fomrnt is written 
out in the global coordinate system, so it should ONLY be used for interfaces that are 
coplanar with tlle global x-y plane. 

• Open up a DOS Window 
• To run each program, type in either one of the following: 

• ???coupling <filename> <beam node number> <unique letter> to run directly without 
furtl1er input. ??? in the above command is replaced with either tr3, tr6, qu4 or qu8, 
depending on the mesh type at the interface. 

• Or simply type ???coupling to run each program without giving the input arguments. Each 
program will then prompt to press the letter 'i' to start up tlle help pages, and once the user is 
finished with the help pages, each program wi ll ask to, either continue witll a coupling 
process and a k for tlle r maining input, or just quit out. 

When each program has run, the fi le containing the six equations and the fi le witll the beam propertfos are 

created for use in the analysis. 
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• Read in the fil e that contains the cross sectional properties of the beam element. This is done by 
typing READ "¾_section.txt" This will create a material property called ROD%, where both 
¾'s are the unique letter to this interface. 

• Assign the beam element the material properties by using the command ASG <line> PH ROD% 
where line is the line in the model that represents the beam 

• Load the model as required and save 
• Run F AMTOABAQUS 
• Open the newly created input file, and just before the *STEP command, add the following for 

each interface: 
*INCLUDE, INPUT=couple_ %.bet 
% again is the unique letter to the Interface In question. 

• Save the file, and it is ready for solving. 
• Solve and post-process as usual 

Additional Software Required to use the Programs 

The Programs use a number of other applications during execution. This situation was unavoidable and 

these programs must be available at run time. The extra programs required can be divided into two 

categories, commercial software, and software written and compi led by Dermot. The commercial 

software used are Abaqus and the computer's default web browser (Netscape, MS Internet Explorer, 

Opera, etc .. ). Abaqus is used to solve the partial differential (Poisson) equations that occur in the elastic 

theory for the Torsional and Shear force cases. The web browser is used for viewing the documentation & 

help files. The extra executables required to run each program to completion are as follows: 

• auto_temps.exc This reads in the results files from the 20 Abaqus analysis, and places the 
results in a file, so that tr3coupling.exe can access them in a readable form . The reason for having 
this program as a separate executable is that each program uses a host of Abaqus sub-routines for 
reading the results file. These sub-routines are coded in Fortran, so the executable was created via 
the 'Abaqus make' command. An important point to be noted is that auto_temps.exe must be 
compiled using the current release of the Abaqus software. This is to ensure that each program 
has the capability to read in the results files from that release version. Contact Dennot for more 
details & for help on compiling the executable in the correct manner. 

• html section.exe As the name suggests, each program reads in information about the cross 
section and then outputs it to a html fi le. The file name is 'dermot.html'. Associated with 
dermot.html is an obj file. This file contains all the information on the cross-section, and on 
starting up of the html file, the browser loads the obj file on the applet in the html file. As there is 
an applet in the browser file, the browser using the file must have Java capabilities, and Java must 
be switched on (see 'edit = preferences' in Netscape or 'view = options' in MS Internet Explorer). 
lne user may also read more information on each program when each program starts it's 
conversion by following the instructions given on screen during tr3coupling run time. 

• tcxttodxf.exc This executable converts a neutral text fil e that was written out by the main 
program to element.dxf that can be read into AutoCA.D or CorelDraw. It also creates 
famboundary.txt which can be read into CadFix using the command READ 
"famboundary.txt" followed by PLOT L nwli. This reads in the contents of the file and then 
plots the newly read in lines to screen. The default setting during runtime is not to create these 
two files, but the user can ask for them to be created during execution of each program. The user 
may also read more information on each program when each program starts it's conversion by 
following the instructions given on screen during run time. 

Execution Procedure 

The procedure carried out during execution of each program is as follows: 
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• Read in the interface information via the FME or PRNT file from CadFix 
• Check for negative orientation of the element mesh. The elements must be listed in an anti

clockwise order, to ensure that the area properties and shape functions are correct. If the 
orientation is indeed negative, the elements are flipped, so that the nodes are listed in an anti
clockwise order. 

• Calculate all area properties for the interface (area, centroid, Ixx, Jyy, lxy, J). 
• Calculate all element area properties in the global coordinate system and a coordinate system 

relative to the centroid of the sections (area, centroid, lxx, .Iyy, lxy, J) 
• Calculate the shape function s for each element 
• Evaluate what nodes are on the inside and what nodes form the outside boundary of the cross 

section. If there are holes in the cross section, the outside boundary needs to be evaluated, and 
distinguished from the holes in the cross section (the inner boundaries). 

• Generate the coupling equation for the Axial force case (DOF 3), and add the stress results to the 
results file for reading into CadFix. 

• Generate the coupling equations for the Bending moment case (DOF 4 & 5), and add the stress 
results to the results fil e for reading into CadFix. 

• Create the Abaqus input file for the 2D torsion analysis. This is a complex procedure, contact 
Dermot for more detail s. 

• Call Abaqus to solve the Poisson's equation 
• Call auto_temps.exe to convert the Abaqus results to the neutral file format 
• Read in the results from the neutral file, and calculate the stresses on the cross section due to a 

torsional load. This is another complex procedure. 
• Write out the stresses due to a unit torque to the CadFix results fil e 
• Create the constraint equation for the torsional load case (DOF 6) 
• Create the Abaqus input files for the 2D shear force analyses. This is a complex procedure, 

contact Dermot for more details. 
• Call Abaqus to solve the two Poisson's equations 
• Call auto_temps.exe to convert the two Abaqus results to the neutral fil e format 
• Read in the results from the neutral file, and calculate the stresses on the cross section due to the 

shear force in the x and y directions respectively. This is yet another complex process. 
• Write out the stresses due to the unit shear forces to the CadFix results file 
• Create the constraint equations for the shear force cases (DOF 1 & 2) 
• Write out the results file for the coupling 
• Write out the beam element area properties file for reading into CadFix 
• Call html_section.exe to create the html file for each cross section (optional) 
• Call texttodxf.exe to create dxf & CadFix fi les for each cross section (optional) 
• Delete all temporary files used in the operation and exit 

Files Created on Program Execution 

There are two types of fil es created during program execution, namely output fil es and temporary fi les. 

The temporary fil es created during execution are deleted on program closure. These temporary files are as 

follows: 

• Files from the 20 Torsion ana lys is 
• torsion.bat ... ... .. The batch file 
• torsion.Sta ........ The status file 
• torsion.023 ..... ... a temporary file 
• torsion.msg ..... .. . 11,e message fi le 
• torsion.sdb ........ A database file 
• torsion.odb ........ a temporary file 
• tsntemp.tmp ........ The neutral fil e containing the results 

• Fi les from the 2D Shear analyses 
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• shear_x.bat, shear_y.bat .. ...... batch fil es 
• shear_x.sta, shear_y.sta ........ status fil es 
• shear_x.023, shear_y.023 ........ temporary fil es 
• shear_x.msg, shear_y.msg ........ message fil es 
• shear_ x.sdb, shear _y.sdb .... .... database fil es 
• shear_x.odb, shear_y.odb .. .. .. .. temporary files 
• shear_x. fil , shear_y. fil .. ...... results files 
• xshtemp.tmp, yshtemp.tmp ........ neutral fil es containing the results 

• Files which maybe retained by the user (option given during execution), the default is to delete 
them all 

• torsion.inp, .... .... input file for torsion analysis 
• torsion.dat, ........ data fil e for torsion analysis 
• torsion.fil , ..... ... results file for torsion analysis 
• shear_x.inp, ....... .input file for shear force in x-direction 
• shear_x.dat, ... ..... data file for shear force in x-direct ion 
• shear_y.inp, ..... ... input file for shear force in y-direction 
• shear _y.dat, .... .... data fil e for shear force in y-direction 
• element.dat, ........ neutral files containing the outside element edges (used for texttodxf.exe) 
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Appendix 2 

Sample Analysis using 3D-1D Coupling in FE Structural Analyses 

Introduction 

Appendix 2 

This document is a demonstration of using the coupling programs. The objective of this exercise is to 

create the model as shown below, and obtain a stress distribution for the model with the two beams 

coupled to it. One beam node (away from the 3D model) is loaded, while the other beam's end is 

constrained. This can be seen in the diagram. The beams are coupled to the 3D part of the model using 

the program tr3coupling.exe. This example was specifically designed to illustrate the various methods 

required to carrying out the coupling procedure, and to highlight the possible sources of error. The 

session is as follows: 

• Open CadFix, and change to a suitable working directory. 
• The user types in CadFix commands manually, and the result is to generate the model. Note that 

any lines that start with an asterix (*), are comment lines, and are ignored by CadFix. 

Building the Model 

Before the model is built, four viewports are created so that model changes can be easily viewed. The 

syntax of this is given below. NOTE AGAIN, LINES STARTING WITH AN ASTERIX (*) SHOULD 

BE IGNORED, these are simply comment lines, and CadFix ignores them. 

*8888888888888888888888888888888 
• Set up the viewports first 
*8888888888888888888888888888888 
lite lit1 amb 
• set up viewport g2 next 
vprt g2 0 0 .5 .5 on 
rot to -34 25 16 
styl I lthk 3 
ploc shr off 
ploc edge k 
rep 
• set up viewport g3 next 
vprt g3 .5 0 1 .5 on 
rot to -34 25 16 
sty! 1 lthk 3 
ploc shr off 
ploc edge k 
rep 
• set up viewport g4 next 
vprt g4 .5 .5 1 1 on 
rot to -34 25 16 
sty! I lthk 3 
ploc shr off 
plocedgek 
rep 
• set up viewport g5 next 
vprt g5 0 .5 .5 1 on 
rot to -34 25 16 
sty! 1 lthk 3 
ploc shr off 
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ploc edge k 
rep 
*8888888888888888888888888888888 
* viewports are now created , 
* we build the model next 
*8888888888888888888888888888888 

The Model is now built using the following sequence of commands: 

* first we create the points q1-q4 
pnt q1 -5 -5 0 
pnt q2 5 -5 0 
pnt q3 5 5 0 
pnt q4 -5 5 0 
* next we create a surface called v1from the 
* points q1-q4 
surf v1 q1 q2 q3 q4 
* turn on viewport 1 & plot the surface 
vprt 92 on 
plot 
* assign v1 3 noded triangular elements 
* and the default mesh type 
elty v1 tr3 
elty v1 msty mesh 
* we sweep surfae v1 in the -z direction 
* to create a body w1 
swep v1 ! TRA 0.000 0.000 15 
* plot all lines on viewport 3 
vprt g3 on 
plot 
* assign body w1 pe6 elements 
* (six noded wedge elements) 
elty w1 pe61 
* sweep surfae v1 in the +z direction 
* to create a body w2 
swep v1 ! TRA 0.000 0.000 -10 
* plot all lines on viewport 4 
vprt g4 on 
plot 
* assign body w2 te4 elements 
* 4 noded pyramid elements with 
* a delaunay midpoint subdivided mesh 
elty w2 te41 
elty w2 msty delm 
* assign surface v8 the standard 
* mesh style 
elty v8 msty mesh 
* sweep surfae v8 in the +x direction 
* to create a body w3 
swep VB! TRA 15 0.000 0 
* plot all lines on viewport 5 
vprt g5 on 
plot 
* assign body w1 pe6 elements 
* (six noded wedge elements) 
* with standard meshing style 
elty w3 msty mesh 
elty w3 pe61 
* assign surface v6 & v16 with 
* 3 noded triangular elements 
elty v6 tr3 
elty v16 tr3 
* give all element edge lengths 
* a value of 1 
div all LEN 1 
* create end points for the 1st beam 
* & create a line between the points 
pnt pta1 0 0 15 
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pnt pta2 0.000 0.000 50 
line lina pta1 pta2 
* create end points for the 2nd beam 
* & create a line between the points 
pnt ptb1 20 0 -5 
pnt ptb2 50 0 -5 
line linb ptb1 ptb2 
* plot the bodies illuminated on 
* viewport 2, and add the beams & 
* it's end points to the plot 
vprt g2 on 
plot I all k 
ploc edge off 
plus bi ally 
ploc edge k 
plus I lina 
plus I linb 
plus pa pta1 o 
plus pa pta2 g 
plus pa ptb1 o 
plus pa ptb2 g 

Meshing the Model 

Meshing is completed using the following commands: 

* assign the beam lines, beam 
* elements 
elty lina be2 6 
elty linb be2 6 
* mesh the model 
mesh 
* plot the 2 surface meshes on 
* viewport 3 
vprt g3 on 
ploc shr .8 
ploc edge off 
plot 
plus ei v6 g 70 
plus ei v16 g 70 
plus na pta1 y 0 
plus na ptb1 y 0 
plus na pta2 y 0 
plus na ptb2 y 0 
ploc edge k 
ploc shr off 
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Applying a local coordinate system 

A local co-ordinate system is required for surface vi 6. The reason for this is that the surface is not 

parallel to the global x-y plane. If it were parallel to the x-y plane, as surface v6 is, then there would be no 

need to apply the local co-ordinate system, and simply send the surface out as a FME type fil e. 

* create a co-ordinate system cs1 
csys cs1 CART PTB1 PTB2 015 
* put surface v16 & point ptb1 into this co-ordinate system 
asg v16 cs cs1 
asg ptb1 cs cs1 

Note that the point ptb I was assigned this local co-ordinate system, cs I. This must be done, otherwise, 

the degrees of freedom of the node associated with the point would be all mixed up relative to the surface 

v16. 

Outputting the 2D Meshes 

The meshes may be output using two methods. 17,e first is via a FME file format. FME file formats can 

onl be used on surfaces that are aral lel to the lobaJ x- lane. The second format is PRNT, which can 

be used on any surface irrespective of its orientation, but it must be assigned a local co-ordinate system, 

even if it is coincident to the global co-ordinate system. The files in this example show how both FME 

and PRNT file formats are written out. Surface a (v6) will be written out in FME format, and surface b 

(vi 6) will be written in PRNT format. The commands for doing this are: 

* create a set sura for surface v6 
seta sura s v6 
* create a set surb for surface v16 
• and add the nodes & elements on the 
• surface to the set 
seta surb n v16 
seta surb e v16 
• write out sura to a fme type file 
send sura fme "sura.t.xt" 
• write out surb to a prnt type file 
cselcs1 
writ to "surb.txt" 
prnt n surb 
prnt e surb 
writ end 
csel glob 

Running the Program 

There is no need to close the CadFix model. Open a DOS Window, and change to the current working 

CadFix directory (the directory where the fi les are). Then type for each interfuce tr3coupling. The 

program run for surfuce, a, (v6) is given below: 

Please enter the Input filename with It's extension sura.txt 
Please enter the beam element node at the Interface 17 
Please enter the letter which will be used to Identify the files created a 
Is this file FME (f) or PRNT (p) format?? (press key for p) f 
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Note that we typed the program name only on the command line. As mentioned in the 

documentation, the program also accepts command line arguments. The above could also have 

been run by typing in tr3coupling sura.txt 17 a f 

The session for surface b (vl6) is given below: 

Please enter the input filename with it's extension surb.txt 
Please enter the beam element node at the interface 19 
Please enter the letter which will be used to Identify the files created b 
Is this file FME (f) or PRNT (p) format?? (press key for p) p 

The above could also have been run by typing in tr3coupling surb.txt 19 b p 

For each surface, the program will then run, and create the six coupling equations and write them to the 

file couple_a.txt & couple_b.txt. The two files a_section.txt & b_section.txt contain the infonnation on 

the beam properties. Two more fil es are created for each run, the first is the results file, and the second is 

a file that can be read into CadFix for viewing. It contains the stresses calculated for the cross-section due 

to unit forces. This can be valuable for apriori estimates whether the material will fail. If the stresses are 

too high on the cross-section, then they will definitely be too high in the complex 3D region adjacent to 

the interface at hand. [n this case, the stress files will be named a_stresses.txt and b_stresses.txt, the first 

letter in each name is the letter inputted into the program as the above runtime syntax shows. 

Reading Material Properties for the Beams 

The material properties are assigned to the whole model in this section. There are two stages, the first is 

assigning the solid parts of the model some material properties. This is achieved by using the below 

syntax: 

• Create the physical properties of the solid parts of the model 
phys bar 1 1 
mat stee -1 1 
mat elas 1 2 1 O 209e3 0.3 
* assign the three bodies the material properties 
asg w1 ph bar 
asg w2 ph bar 
asg w3 ph bar 

The material properties of the beam sections are applied by reading the files created by 

3d I dltcoupling.exe The reading of these files is carried out below: 

* read in properties for beam a 
read "a seclion.txt" 
• assign beam a with it's properties 
asg lina ph roda 
* read in properties for beam b 
read "b section.txt" 
• assign beam b with it's properties 
asg linb ph rodb 
• next stage is to constrain the model to do this automatically type READ constraints 
• create the constraint for the 2nd beam 
cons 'JfYZ all 
• assign this constraint to point pt2b the end of the 2nd beam 
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asg ptb2 en xyz 

Viewing Stresses due to Unit Loads 

As 3d I dltcoupling.exe calculates the stresses on the cross section due to unit loads, these stress 

distributions may be viewed in Cad.Fix before the full FE analysis is run. This may be useful for 

determining whether or not the model will exceed the maximum stresses allowable due to a known load. 

The syntax for reading the stresses is given below: 

*8888888888888888888888888888888 
• next we can review the results for 
• a unit load 
*8888888888888888888888888888888 
read "a_stresses.txt" 
gene 
• plot the axial stress for surface A 
• on viewport 4 
vprt g4 on 
plot 
rsel axia 
plus rfc 
• plot a bending stress for surface A 
• on viewport 5 
vprt g5 on 
plot 
rsel benx 
plus rfc 
• plot a torsional stress for 
• surface A on viewport 2 
vprt g2 on 
plot 
rsel ttxz 
plus rfc 
• plot shear stress for surface A 
• due to a shear force on viewport 3 
vprt g3 on 
plot 
rsel xtxz 
plus rfc 
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Applying Constraints & Loads 

The Loads and the constraints are applied as follows: 

• create the constraint fOf the 2nd beam 
cons xyz all 
• assign this constraint to point pt2b 
• the end of the 2nd beam 
asg ptb2 en xyz 
• create the load for the other beam 
• the load applied is a torque of 1 nm 
ltyp lt1 fore node 6 
lapp la1 pta2 lt1 free free free free free 1 
leas lc1 add la1 
leas lc1 titl 
*STATIC 
lset rem allc 
lset app lc1 
load 
• plot the model, loads & constraints 
• in viewport 4 
vprt g4 on 
ploc edge off 
plot 
plus bi ally 
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plus Inv 
plus cnv 
ploc edge k 
• save the file and exit the model 
exit 

Running famtoabaqus for complete model 

Appendix 2 

When the above is completed, we may proceed and convert the CadFix model to an Abaqus input file for 

analysis. This is carried out in the following steps: 

• Save the CadFix file, and then type quit 
• Select file, run_an_interface, fam_to_abaqus 
• Type in the CadFix filename when asked (without file extension) and press enter 
• Type in the CadFix filename again, but this time with the extension .inp 
• press enter twice 

The input file for Abaqus has now been created, and the next step is to make some changes to the file 

before it can be solved. 

Modifying the Abaqus Input File 

There are a number of edits to be done on the input file before it is ready to be run. Firstly the two 

surfaces meshes need to be deleted, as Abaqus will complain about them being there. 1l1erefore, delete 

everything from *ELEMENT, TYPE=STRJ3, ELSET=V6 to but not including *ELEMENT, 

TYPE=C3D6, ELSET=Wl. This will delete the 2D meshes from the file. Note that the ELSET's were 

named V6 & V16. Therefore, in general, look for the surface names listed as ELSET's in the Abaqus 

input file, and delete everything up to the next command (the commands start with an asterix (*). 

REPLACE: 

*BEAM GENERAL SECTION, ELSET=RODA 
100.00, 833.33, -1 .776E-15, 833.333, 1666.67 
*ELSET, ELSET=RODB 
LINB 
*BEAM GENERAL SECTION, ELSET=RODB 
100.00, 833.33, -1 .776E-15, 833.333, 1666.67 
*MATERIAL, NAME=STEE 
*ELASTIC, TYPE=ISO 
209000.015 0.300000 

WITH: 

*BEAM GENERAL SECTION, ELSET=RODA 
100.00, 833.33, -1.776E-15, 833.333, 1666.67 
1, 0, 0 
209e3 
*ELSET, ELSET=RODB 
LINB 
*BEAM GENERAL SECTION, ELSET=RODB 
100.00, 833.33, -1.776E-15, 833.333, 1666.67 
0, 0, 1 
209e3 
*MATERIAL, NAME=STEE 
*ELASTIC, TYPE=ISO 
209000.015 0.300000 
~le format , ASCII .. 
*include, input=couple_a.txt .. 
*include, input=couple_b.txl .. 
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The modifications include the addition of the directional cosine to the beam elements. The direction 

indicates the orientation of the positive x-direction of the beam element relative to the global co-ordinate 

system. The young's modulus is added for each beam property also. The fil e format is binary as default, it 

needs to be ASCII so that CadFix can read in the results. Finally the six coupling equations for each 

interface is added to the file. 

Also, the following replacements need to be made: 

REPLACE: 

*STEP 
*STATIC 
*CLOAD 
18, 6, 1.000000 
*END STEP 

WITH: 

*STEP 
*STATIC 
*CLOAD 
18, 1, 1.000000 
*node file 
u 
*el file, position=nodes 
s 
*END STEP 

*STEP 
*STATIC 
*CLOAD, op=new 
18, 3, 1.000000 
*node file 
u 
*el file, position=nodes 
s 
*END STEP 

*STEP 
*STATIC 
*CLOAD, op=new 
18, 5, 1.000000 
*node file 
u 
*el file, position=nodes 
s 
*END STEP 

*STEP 
*STATIC 
*CLOAD, op=new 
18, 6, 1.000000 
*node file 
u 
*el file, position=nodes 
s 
*END STEP 

This creates four separate load cases, the first is a concentrated load on node 18, in the x-direction (DOF 

1 ), with a magnjtude of I. The second is a concentrated load on node 18, in the z-direction (DOF 3), with 

a magnitude of I. Abaqus must be instructed to write the results to file, so that is what the *NODE FILE, 

and *EL FILE commands do. Save the changes in the Abaqus input file, and it is ready to run. 
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Running the analysis 

This is the easy part, and the part that should take the most time. Start the analysis running by carrying 

out the following: 

• Open a DOS Window 
• Change to the directory that holds the input file and the twelve coupling equations 
• Type abaqus int j=demo 

The analysis should take some time to run (5 mins approx.). 

Running famfromabaqus 

When the above is completed, we may proceed and convert the Abaqus results file to a CadFix results file 

for Post-processing. This is carried out in the following steps: 

• Make sure the CadFix current working directory points to the folder where the Abaqus results file 
(.fil) is. 

• Select file, run_an_interface, fam_from_abaqus 
• Type in the filename when asked (without file extension) and press enter 
• When asked if this is an ASCII or Binary file, press a for ASCII fonnat 
• press enter a few times until the program starts to import the results 

The results file for CadFix has now been created, and the final step is to Post-process. 

Viewing the Results 

On opening the original model file, Post-Processing is carried out as follows: 

* plot the shear force results 
* (von-mises) in viewport 5 
vprt g5 on 
plot 
ropen "demo.frm" 
ploc edge k 
ploc shr off 
ploc tit l off 
RDEF RD02 STEP1 INCR1 Elno Stress 
RSELRD02 
RMOD RD02 COMP NULL CALC 
VONM COMP NULL CSYS NULL 
RAVE NODE 
RMOD RD02 FAC 1.0 INC 0.0 
RDEF RD03 STEP1 INCR1 Disp-T 
DEFO DSEL RD03 
DEFOON 
DEFO DSIZ 4.0 
PLUS RFC ALL 
plus e Jina y 
plus e linb y 
ploc tit! on 
* plot the axial force results 
* (von-mises) in viewport 2 
vprt g2 on 
plot 
ploc edge k 
ploc shr off 
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ploc titl off 
RDEF RD04 STEP2 INCR1 Elno Stress 
RSELRD04 
RMOD RD04 COMP NULL CALC 
VONM COMP NULL CSYS NULL 
RAVE NODE 
RMOD RD04 FAC 1.0 INC 0.0 
RDEF RD05 STEP2 INCR1 Disp-T 
DEFO DSEL RD05 
DEFOON 
DEFO DSIZ 4.0 
PLUS RFC ALL 
plus e lina y 
plus e linb y 
ploc titl on 
* plot the bending moment results 
* (von-mises) in viewport 3 
vprt g3 on 
plot 
ploc edge k 
ploc shr off 
ploc titl off 
RDEF RD06 STEP3 INCR1 Elno Stress 
RSEL RD06 
RMOD RD06 COMP NULL CALC 
VONM COMP NULL CSYS NULL 
RAVE NODE 
RMOD RD06 FAC 1.0 INC 0.0 
RDEF RD07 STEP3 INCR1 Disp-T 
DEFO DSEL RD07 
DEFO ON 
DEFO DSIZ 4.0 
PLUS RFC ALL 
plus e lina y 
plus e linb y 
ploc titl on 
* plot the torsion results 
* (von-mises) in viewport 4 
vprt g4 on 
plot 
ploc edge k 
ploc shr off 
ploc titl off 
RDEF ROOS STEP4 INCR1 Elno Stress 
RSELRD0S 
RMOD ROOS COMP NULL CALC 
VONM COMP NULL CSYS NULL 
RAVE NODE 
RMOD ROOS FAC 1.0 INC 0.0 
RDEF RD09 STEP4 INCR1 Disp-T 
DEFO DSEL RD09 
DEFOON 
DEFO DSIZ 4.0 
PLUS RFC ALL 
plus e lina y 
plus e linb y 
ploc titl on 
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