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Abstract

A new three-dimensional failure criteria for fibre-reinforced composite mate-

rials based on structural tensors is presented. The transverse and the longi-

tudinal failure mechanisms are formulated considering different criteria: for

the transverse failure mechanisms, the proposed three-dimensional invariant-

based criterion is formulated directly from invariant theory. Regarding the

criteria for longitudinal failure, tensile fracture in the fibre direction is pre-

dicted using a noninteracting maximum allowable strain criterion. Longi-

tudinal compressive failure is predicted using a three-dimensional kinking

model based on the invariant failure criteria formulated for transverse frac-

ture. The proposed kinking model is able to account for the nonlinear shear

response typically observed in fibre-reinforced polymers. For validation, the

failure envelopes for several fibre-reinforced polymers under different stress

states are generated and compared with the test data available in the litera-

ture. For more complex three-dimensional stress states, where the test data
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available shows large scatter or is not available at all, a computational micro-

mechanics framework is used to validate the failure criteria. It is observed

that, in the case of the IM7/8552 carbon fibre-reinforced polymer, the effect

of the nonlinear shear behaviour in the failure loci is negligible. In general, the

failure predictions were in good agreement with previous three-dimensional

failure criteria and experimental data. The computational micro-mechanics

framework is shown to be a very useful tool to validate failure criteria under

complex three-dimensional stress states.

Keywords: Composite materials, Failure, Fibre reinforced, Invariant,

Micro-mechanics

1. Introduction1

The effective use of polymer composite materials reinforced by unidirec-2

tional fibres in load carrying structures relies on the ability to obtain reliable3

predictions of the onset and propagation of the different failure mechanisms.4

Accordingly, the development of accurate, fully-benchmarked failure criteria5

that predict the onset of ply damage mechanisms in fibre-reinforced polymers6

(FRPs) is extremely important (Hinton et al., 2004). Indeed, this has been7

the subject of a great number of research studies in the literature for several8

years (Puck, 1969; Puck and Schneider, 1969; Tsai and Wu, 1971; Hinton9

and Soden, 1998; Cuntze and Freund, 2004; Dávila et al., 2005; Catalanotti10

et al., 2013).11

Failure criteria are especially useful in providing failure envelopes from12

relatively simple experimental data that can be used in the analysis, design13

and calculation of safety factors of composite structures subjected to com-14
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plex loading and boundary conditions. Global stress- (Christensen, 1997;15

Liu and Tsai, 1998; Sun and Tao, 1998; Hart-Smith, 1998b; Sun et al., 2002;16

Kuraishi et al., 2002) and strain- (Hart-Smith, 1998a) based criteria are gen-17

erally “purely empirical” (Liu and Tsai, 1998), and their replacement by18

phenomenological failure criteria, with a stronger physical basis, is more and19

more common (Puck and Schürmann, 1998, 2002; Dávila and Camanho, 2003;20

Cuntze and Freund, 2004; Dávila et al., 2005; Pinho et al., 2006; Catalanotti21

et al., 2013). Nevertheless, it should be noted that failure criteria must be22

simple enough for application in engineering problems while capturing the23

relevant physics of the problem (Puck and Schürmann, 1998).24

To meet the most common design requirements, failure criteria must25

be applicable at the ply, laminate and structural level. Because failure at26

these levels is often the consequence of an accumulation of micro-level fail-27

ure events, an understanding of the micro-mechanical damage mechanisms is28

crucial to develop accurate and physically-based failure theories (Dávila and29

Camanho, 2003). Regarding the mathematical form of the failure criteria30

and the shape of the corresponding envelopes, there are some restrictions31

that must also be taken into account. For example, failure envelopes must32

be closed, in order to prevent infinite strength, and they must be convex, so33

that unloading from a stress state will not lead to additional failures (Liu34

and Tsai, 1998).35

Among the phenomenological failure criteria presented in the literature,36

those proposed by Puck and Schürmann (1998, 2002) for transverse failure37

are often used by the composites’ research and design communities, with38

several other theories appearing as extensions to these criteria (Dávila and39
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Camanho, 2003; Dávila et al., 2005; Pinho et al., 2005, 2006; Catalanotti et40

al., 2013). Puck’s failure criterion for matrix transverse cracking is based on a41

modified Mohr/Coloumb theory for brittle transversely-isotropic materials.42

The tractions acting on the fracture plane, which need to be determined,43

are used to assess failure under two fundamental regimes: transverse tension44

(positive normal stress) or transverse compression (negative normal stress).45

The orientation of the fracture plane is determined when the plane of max-46

imum stress effort is found, i.e., the plane that maximises the failure index.47

This means that a maximisation problem needs to be solved, which is gen-48

erally done by varying the orientation of the fracture plane, calculating the49

failure index for every angle, and recording the orientation giving the maxi-50

mum value of the failure index.51

In the design and analysis of thick composite laminates, general three-52

dimensional (3D) stress states should be accounted for, and reliable failure53

criteria must be formulated for these cases. Improved 3D failure criteria,54

based on the ideas presented by Puck and Schürmann (1998, 2002), were55

recently proposed by Catalanotti et al. (2013) to address more general stress56

states in a consistent way, providing not only the predictions for the onset57

of ply damage, but also additional information regarding the type of failure58

and the orientation of the fracture plane.59

In order to obtain a simpler, but elegant description of failure of laminated60

composites, Cuntze and Freund (2004) presented a formulation of different61

failure criteria based on invariants for each individual failure mode observed62

in anisotropic, heterogeneous materials. This means that the formulations63

do not depend on coordinate-system transformations. Therefore, the search64

4



  

for the fracture plane is not necessary. Cuntze and Freund (2004) suggests65

that the results of the invariant-based failure criteria can then be used for66

post-determination of the angle of the fracture plane; e.g., Cuntze and Fre-67

und (2004) used Mohr/Coloumb theory, but considered only a state of plane68

stress, without including the shear stresses σ12 and σ13 (1 corresponds to69

the fibre direction, and 2–3 to the transverse directions). Cuntze and Fre-70

und (2004) claim that, besides not predicting directly the orientation of the71

fracture plane, the invariant approach’s simplicity results in a certain loss of72

‘physical correctness’.73

In this work, new 3D failure criteria for fibre-reinforced composite mate-74

rials based on the transversely isotropic yield function used by Vogler et al.75

(2013) is presented. The new 3D failure criteria have an invariant quadratic76

formulation based on structural tensors that accounts for the preferred di-77

rections of the anisotropic material. With this formulation, anisotropy is not78

derived using symmetry conditions, but by the structural tensors, which rep-79

resent the anisotropy as an intrinsic material property. In other words, the80

anisotropic constitutive equations are represented as isotropic tensor func-81

tions, and an elegant coordinate system-free description of anisotropy is ob-82

tained. Note that the 3D invariant-based failure criteria proposed in this83

work predicts failure in a single unidirectional (UD) ply, requiring the cal-84

culation of the strains and stresses of each ply of multidirectional laminates,85

which is a common procedure in the most recent failure criteria for FRPs86

(Puck and Schürmann, 1998, 2002; Dávila and Camanho, 2003; Dávila et al.,87

2005; Catalanotti et al., 2013).88
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2. Invariant-based criterion for transverse failure89

When formulating physically-based failure criteria for FRPs, it is es-90

sential to distinguish between transverse, matrix-dominated failure mech-91

anisms, and longitudinal, fibre-dominated failure mechanisms (Puck and92

Schürmann, 1998). Regarding the transverse failure mechanisms, the pro-93

posed 3D invariant-based criterion is formulated directly from the yield func-94

tion presented by Vogler et al. (2013). According to the invariant formulation95

of anisotropic constitutive equations (Boehler, 1987a), transversely isotropic96

materials can be characterised by a preferred direction a. For unidirectional97

FRPs, this preferred direction a is the fibre direction (Spencer, 1987; Vogler98

et al., 2013). If the preferred direction coincides with the x1-direction, which99

is often the case for UD fibre-reinforced laminates, the preferred direction is100

represented as:101

a = [1 0 0]T (1)

The material response is invariant with respect to arbitrary rotations around102

the preferred direction a, to reflections at planes parallel to the fibre direction,103

and with respect to the reflection at that plane, whose normal is the preferred104

direction a (Vogler et al., 2013).105

The structural tensor A of transverse isotropy, which represents the ma-106

terial’s intrinsic characteristic direction, is an additional tensor argument to107

formulate the failure criterion (or yield function) as an isotropic tensor func-108

tion. It is defined as the dyadic product of the preferred direction a, i.e.109

(Spencer, 1987; Vogler et al., 2013):110
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A = a ⊗ a (2)

According to the proposed invariant formulation, the failure index f is a111

function of the stress tensor σ and of the structural tensor A, which are the112

argument tensors. The corresponding isotropic invariants form the functional113

basis for constructing the failure index f as a scalar isotropic tensor function114

(Spencer, 1987; Vogler et al., 2013).115

The functional basis for transverse isotropy, formed by the argument ten-116

sors σ and A reads (Boehler, 1987b; Vogler et al., 2013):117

tr σ, tr σ2, tr σ3, tr(Aσ) and tr(Aσ2) (3)

It should be noted that an arbitrary linear combination of the stress118

tensor σ can be used in equation (3). Furthermore, a linear combination of119

the basic invariants given in (3) can also be used (Vogler et al., 2013).120

Vogler et al. (2013) reformulated the quadratic (tr σ2 and tr(Aσ2)) and121

the linear (tr σ) invariants of the functional basis (3) to identify particular122

stress states with the corresponding invariants. The basic invariants tr σ3
123

and tr(Aσ) are neglected; the cubic invariant tr σ3 is suitable for modelling124

metal plasticity, which is obviously not the case; the invariant tr(Aσ) can125

be used to simulate yielding in the fibre direction, which is neglected when126

modelling UD fibre-reinforced laminates based on brittle resins.127

Following Vogler et al. (2013), the quadratic invariants tr σ2 and tr(Aσ2)128

of the functional basis (3) are reformulated assuming a decomposition of the129

stress tensor σ in plasticity inducing stresses σp and reaction stresses σr:130
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σ = σp + σr (4)

with:131

σr =
1

2
(tr σ − aσa)1 − 1

2
(tr σ − 3aσa)A (5a)

σp = σ − σr (5b)

The reaction stress tensor σr contains the hydrostatic pressure and the132

projection of the stress tensor onto the preferred direction a. Since the fibre-133

dominated failure mechanisms are treated separately in the formulation of134

the failure criteria, the quadratic invariants of the functional basis are re-135

formulated choosing the plasticity inducing stress tensor σp. This procedure136

enables the identification of transverse shear loading and in-plane shear load-137

ing using the invariants I1 and I2, respectively. The linear invariant tr σ of the138

functional basis (3) is reformulated to take into account pressure dependent139

failure, which is experimentally observed in FRPs (Hine et al., 2005). This140

reformulation gives the third invariant I3. The set of transversely isotropic141

invariants used to formulate the yield surface reads (Vogler et al., 2013):142

I1 =
1

2
tr (σp)2 − a (σp)2 a (6a)

I2 = a (σp)2 a (6b)

I3 = tr σ − aσa (6c)
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After substitution of equations (1), (2), (4) and (5), the invariants can be143

written as:144

I1 =
1

4
σ2

22 −
1

2
σ22σ33 +

1

4
σ2

33 + σ2
23 (7a)

I2 = σ2
12 + σ2

13 (7b)

I3 = σ22 + σ33 (7c)

Having defined the set of invariants (6) (or (7)), and following Vogler et145

al. (2013), the transversely isotropic failure criterion for transverse failure of146

UD fibre-reinforced laminates reads:147

fM = α1I1 + α2I2 + α3I3 + α32I
2
3 ≤ 1 (8)

with:148

α3 = αt
3, α32 = αt

32 if I3 > 0, and

α3 = αc
3, α32 = αc

32 if I3 ≤ 0
(9)

The distinction concerning I3 > 0 and I3 ≤ 0 allows the criterion to149

represent failure under biaxial stress states.150

The failure criterion represented by equation (8) results in six failure pa-151

rameters that, together with the respective invariants, are related to certain152

load states: transverse shear, in-plane shear, uniaxial tension/compression153

and biaxial tension/compression. These six failure parameters can be calcu-154

lated imposing simple stress states and applying the failure criterion (for a155

detailed explanation, the reader is referred to Vogler et al. (2013)). Taking156
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the x1-direction as the fibre direction, the six failure parameters read (Vogler157

et al., 2013):158

α1 =
1

S2
T

(10a)

α2 =
1

S2
L

(10b)

αt
32 =

1 − YT

2YBT

− α1
Y 2

T

4
Y 2

T − 2YBTYT

(10c)

αt
3 =

1

2YBT

− 2αt
32YBT (10d)

αc
32 =

1 − YC

2YBC

− α1
Y 2

C

4
Y 2

C − 2YBCYC

(10e)

αc
3 =

1

2YBC

− 2αc
32YBC (10f)

where ST and SL are respectively the transverse and in-plane shear strengths,159

YT and YC are respectively the transverse tensile and compressive strengths,160

and YBT and YBC are respectively the biaxial transverse tensile and compres-161

sive strengths.162

A summary of the resulting failure conditions for matrix-dominated fail-163

ure is shown in Appendix A.164

3. Criteria for longitudinal failure165

3.1. Longitudinal fibre failure (σ11 ≥ 0)166

Based on experimental evidence, and similarly to other failure criteria167

(Puck and Schürmann, 1998, 2002; Dávila and Camanho, 2003; Dávila et al.,168
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2005; Catalanotti et al., 2013), tensile fracture in the fibre direction can be169

predicted using a noninteracting maximum allowable strain criterion:170

fF =
ε11

εT
1

≤ 1 (11)

3.2. Invariant-based criterion for kinking failure (σ11 < 0)171

Longitudinal compressive failure of FRPs occurs from the collapse of the172

fibres as a result of damage of the supporting matrix (Dávila and Camanho,173

2003; Dávila et al., 2005). Also, it is of general agreement that 3D stress174

states greatly affect the kinking failure mode (Pinho et al., 2006; Catalanotti175

et al., 2013). Based on the previous observations, a 3D kinking model relying176

on the invariant failure criterion previously formulated for transverse fracture177

is proposed here.178

The 3D kinking model assumes that fibre kinking is originated by local179

micro-structural defects that trigger a kink band when local matrix cracking180

occurs in the vicinity of the misaligned, micro-buckled fibres. These local181

micro-structural defects are represented in the model as a local initial fibre182

misalignment, which leads to shearing stresses between fibres that result in an183

instability (Vogler and Kyriakides, 2001; Dávila and Camanho, 2003; Dávila184

et al., 2005).185

Figure 1 shows the kinking plane in the 3D kinking model. The coordinate186

system 102030 is aligned with the material axes of the composite, where 10 is187

the fibre direction and 20 and 30 are the transverse directions. The kinking188

plane is associated with the coordinate system 112131, obtained after rotating189

by an angle ψ (angle of the kinking plane) the 102030 frame around the 10
190

axis. The misaligned fibres are associated with the rotated 1R2R3R coordinate191

11



  

Figure 1: 3D kinking model.

system, originated from a rotation of the 112131 frame by an angle φ around192

the 31 axis. The angle φ is defined as the kinking-angle.193

Based on the previous assumptions, kinking failure is predicted using the194

invariant-based formulation for transverse failure in the misalignment frame.195

Here, the preferred direction, a(R), is the direction of the misaligned fibres,196

which coincides with the 1R-direction (see figure 1):197

a(R) = [1 0 0]T (12)

To express the preferred direction in the material coordinate system198

102030, two successive transformations are necessary, i.e.199

a(0) = T10 · a1 = T10 · TR1 · a(R) (13)

where T10 and TR1 are, respectively, the 112131–102030 and 1R2R3R–112131
200

transformation matrices, defined as:201

12



  

T10 =


1 0 0

0 cosψ − sinψ

0 sinψ cosψ

 (14)

and202

TR1 =


cosφ − sinφ 0

sinφ cosφ 0

0 0 1

 (15)

Solving equation (13), the preferred direction in the material coordinate203

system, a(0), yields:204

a(0) =


cosφ

cosψ sinφ

sinψ sinφ

 (16)

3.2.1. Angle of the kinking plane (ψ)205

The angle of the kinking plane, ψ, is the angle that maximises the fibre206

kinking failure index. It can be obtained applying the kinking failure criterion207

to a range of tentative angles ψi in the range 0 ≤ ψi < π (Pinho et al., 2006).208

However, because this is a numerically expensive solution, an alternative209

(pragmatic) expression for ψ is considered, based on the works of Pinho et210

al. (2006) and Catalanotti et al. (2013). Assuming that the angle of the211

kinking plane, ψ, is a function of the stress state, in particular of the shear212

stresses that act on the 2-3 plane (see figure 2), the angle of the kinking plane213

can be calculated as (Catalanotti et al., 2013):214
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Figure 2: Kinking plane and involved shear stresses (after Catalanotti et al. (2013)).

ψ = arctan
σ13

σ12

(17)

If both σ12 and σ13 are equal to zero, the angle of the kinking plane can215

be calculated by the maximum principal stress that acts on the transversely216

isotropic plane (Catalanotti et al., 2013). Following the reasoning presented217

by Pinho et al. (2006), if the shear stress σ
(1)
23 in the kinking plane is nonzero,218

an out-of-plane movement of the kinked fibres would occur, contradicting219

the evidence that fibres kink on this plane (see figures 1 and 2). Therefore,220

imposing σ
(1)
23 = 0, and knowing that the stress tensor in the kinking plane,221

σ(1), is given by the transformation σ(1) = T01 · σ · TT
01 = TT

10 · σ · T10:222

σ
(1)
23 = −σ22 sinψ cosψ + σ33 sinψ cosψ + σ23

(
2 cos2 ψ − 1

)
= 0 (18)

Solving for ψ, the angle of the kinking plane is obtained as:223

14



  

ψ =
1

2
arctan

(
2σ23

σ22 − σ33

)
(19)

3.2.2. Kinking-angle (φ) — linear shear response224

Figure 3 shows the misalignment frame of an UD laminate volume element225

for generic loading conditions. The kinking-angle φ, or total misalignment,226

can be calculated as the sum of a constant initial misalignment angle φ0 and,227

assuming the kinematics of deformation, an angle φR that is originated by228

the applied shear loading, and that depends on the constitutive law. The229

initial misalignment angle φ0 can be taken as a representation of the local230

micro-structural defects from manufacture, or of the intrinsic fibre volume231

fraction oscillations in the material. For a material that exhibits linear shear232

response:233

φ′ = φ0 + φR = φ0 +

∣∣∣σ(R)
12 (φ0, ψ)

∣∣∣
G12

, and φ =

 φ′ , if σ
(R)
12 (φ0, ψ) ≥ 0

−φ′ , if σ
(R)
12 (φ0, ψ) < 0

(20a)

or

φ = sgn
{
σ

(R)
12 (φ0, ψ)

}φ0 +

∣∣∣σ(R)
12 (φ0, ψ)

∣∣∣
G12

 (20b)

where σ
(R)
12 (φ0, ψ) is the applied shear stress in the misalignment frame, which234

is a function of the initial misalignment angle φ0 and of the angle of the kink-235

ing plane ψ. G12 is the shear modulus, and sgn{x} represents the sign of x236

15



  

Figure 3: Misalignment frame.

(i.e., sgn{x} = 1 if x ≥ 0, and sgn{x} = −1 otherwise). In the misalignment237

frame, the stress state σ(R) is given by the transformation of coordinate sys-238

tems σ(R) = T1R · σ(1) · TT
1R = TT

R1 · σ(1) · TR1, with σ(1) = TT
10 · σ · T10,239

where the transformation matrices T10 and TR1 are given, respectively, by240

equations (14) and (15). Rewriting TR1 (equation (15)) with φ = φ0, the241

applied shear stress in the misalignment frame, σ
(R)
12 (φ0, ψ), yields:242

σ
(R)
12 (φ0, ψ) =

1

2

[
−σ11 + σ22 cos2 ψ + σ33 sin2 ψ + σ23 sin 2ψ

]
sin 2φ0+

+ (σ12 cosψ + σ13 sinψ) cos 2φ0 (21)

The initial misalignment angle, φ0, which is taken here as a material243

property, can be calculated taking the particular case when the material fails244

under pure longitudinal compression, i.e. when σ11 = XC and all the other245

components of the stress tensor are equal to zero (XC is the UD longitudi-246
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nal compressive strength). For this case, recalling equation (20b), the total247

misalignment angle, φC , reads:248

φC = φ0 + φR
C

∴ φ0 = φC − φR
C (22)

where φR
C is the angle φR when the material fails under pure longitudinal249

compression. Assuming linear shear behaviour, φR
C yields:250

φR
C =

|XC sin 2φ0|
2G12

(23)

Combining equations (22) and (23), the initial misalignment angle, φ0,251

reads:252

φ0 = φC − |XC sin 2φ0|
2G12

(24)

which is a nonlinear equation in φ0. Equation (24) can be solved numerically253

using, for example, the Newton-Raphson method (as shown in Appendix A,254

assuming β = 0).255

Alternatively, assuming small initial misalignment angles, equation (24)256

can be explicitly solved, yielding:257

φ0 = φC

(
1 +

|XC |
G12

)−1

(25)

Finally, it is necessary to determine the misalignment angle at failure258

when a pure longitudinal compression is applied, φC . In this particular case,259
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the stress tensor reads:260

σ =


σ11 0 0

0 0 0

0 0 0

 (26)

and the invariants (equation (6)), calculated in the misalignment frame (tak-261

ing a = a(0) — equation (16)), yield:262

I1 =
1

4
σ2

11 sin4 φ (27a)

I2 = σ2
11 sin2 φ cos2 φ (27b)

I3 = σ11 sin2 φ (27c)

For a pure longitudinal compressive stress state, σ11 < 0. Therefore, from263

equation (27c), I3 < 0, and the failure criterion (equation (8)) reads:264

f =
1

4
α1σ

2
11 sin4 φ+α2σ

2
11 sin2 φ cos2 φ+αc

3σ11 sin2 φ+αc
32σ

2
11 sin4 φ−1 (28)

Equation (28) can be rewritten as:265

f =
1

16
α1 σ

2
11

(
1 − 2 cos 2φ+ cos2 2φ

)
+

1

4
α2 σ

2
11

(
1 − cos2 2φ

)
+

+
1

2
αc

3 σ11(1 − cos 2φ) +
1

4
αc

32 σ
2
11

(
1 − 2 cos 2φ+ cos2 2φ

)
− 1 (29)

which is a quadratic function of cos 2φ. At failure, under pure longitudinal266
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compression, σ11 = XC and f = 0, and equation (29) can be solved for267

φ = φC , yielding1:268

φC =
1

2
arccos

{[
4

√
α1 − 4α2 + α2

2X
2
C + (αc

3)
2 + 2α2αc

3XC + 4αc
32 +

+ (α1 + 4αc
32)XC + 4αc

3

]
· [(α1 − 4α2 + 4αc

32)XC ]−1
}

(30)

Having defined φC in (30) and φ0 in (24), the kinking angle is calculated269

using equation (20).270

3.2.3. Kinking-angle (φ) — nonlinear shear response271

It is well known that UD composite materials show nonlinear response272

when subjected to in-plane shear stresses. This nonlinear response has two273

main effects (Camanho et al., 2006): (i) the shear modulus of the material is274

reduced in the loading-unloading cycles occurring after the onset of nonlin-275

earity, as a result of the presence of microcracks in the matrix, and (ii) the276

presence of permanent shear deformations in the material, which result from277

the plastic or viscoplastic deformations of the matrix.278

According to Hahn and Tsai (1973), the nonlinear shear response of a279

composite laminate can be approximated by the following polynomial:280

γ12 =
1

G12

σ12 + βσ3
12 (31)

where β defines the nonlinearity of the shear stress-shear strain relation.281

1Equation (29) has two solutions for φ, a real and an imaginary solution. Only the real
one is considered.
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Taking into account the nonlinear shear behaviour, the kinking angle, φ, is282

given as:283

φ = sgn
{
σ

(R)
12 (φ0, ψ)

}(
φ0 + φR

)
= sgn

{
σ

(R)
12 (φ0, ψ)

}{
φ0 +

∣∣∣∣∣σ(R)
12 (φ0, ψ)

G12

+ β
[
σ

(R)
12 (φ0, ψ)

]3

∣∣∣∣∣
}

(32)

where σ
(R)
12 (φ0, ψ) is given by equation (21). The initial misalignment angle,284

φ0, is now written as:285

φ0 = φC − φR
C = φC −

∣∣∣∣XC sin 2φ0

2G12

+ β
X3

C sin3 2φ0

8

∣∣∣∣ (33)

where φC is given by equation (30). Because equation (33) is a nonlin-286

ear equation of φ0, it has to be solved numerically using, for example, the287

Newton-Raphson method (as shown in Appendix A).288

Finally, it should be noted that taking β = 0 in equations (32) and289

(33) the solution for linear shear behaviour is recovered. Thus, the solution290

accounting for nonlinear shear behaviour presented before can be regarded291

as the general case; the degree of nonlinearity is controlled by the parameter292

β.293

A summary of the resulting failure conditions for the fibre-dominated294

failure modes is shown in Appendix A.295
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4. Preliminary results296

Following previous work (Thom, 1998; Cuntze and Freund, 2004), it is297

assumed that the transverse shear strength, ST , is equal to the transverse298

tensile strength, YT . This assumption is based on the observation that under299

pure transverse shear the fracture angle is roughly 45◦. In this case, the first300

principal stress, σ1, equals the shear transverse stress σ23; in other words, for301

pure transverse shear, σ1 acts as in the case of transverse tension, but in a302

rotated frame. Therefore, at failure, the critical transverse shear stress, or303

transverse shear strength, ST , equals the transverse tensile strength, YT .304

For longitudinal kinking failure (σ11 < 0), two different approaches were305

proposed to determine the angle of the kinking plane (see section 3.2): (i)306

maximizing the kinking failure index, or (ii) assuming that the angle of the307

kinking plane is a function of the stress state, and calculating it using equa-308

tions (17) or (19). The difference between these two approaches is negligible;309

therefore, the pragmatic approach based on equations (17) or (19), which310

reduces considerably the computational effort, is used.311

The failure envelopes of the IM7/8552 CFRP obtained with the invariant-312

based failure criteria for several stress states are shown in figure 4. The313

material properties used to compute the failure envelopes are shown in table314

1. In figure 4, a linear shear response (β = 0) is considered.315

To assess the effect of the material’s nonlinear shear response in the fail-316

ure loci of the IM7/8552 CFRP, the failure envelopes for both linear and317

nonlinear shear responses are represented in figure 5. In addition, figure 5318

shows the effect of considering a small angles approximation for the deter-319

mination of φ0 (equation (25)); for this comparison, a linear shear response320
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(a) σ11 – σ12 (b) σ11 – σ22

(c) σ11 – σ23 (d) σ12 – σ13

(e) σ12 – σ23 (f) σ22 – σ12

(g) σ22 – σ13 (h) σ22 – σ23

Figure 4: Failure envelopes of the IM7/8552 CFRP for several stress states obtained with
the invariant-based failure criteria.
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Table 1: IM7/8552 material properties used to compute the failure envelopes using the
invariant-based failure criteria.

Property Value Ref.
G12 5290.0 MPa Camanho and Lambert (2006)
XT 2323.5 MPa Catalanotti et al. (2013)
XC -1017.5 MPa Catalanotti et al. (2013)
YT 62.3 MPa Camanho and Lambert (2006)
YBT 38.7 MPa Vogler et al. (2013)
YC -253.7 MPa Koerber et al. (2010)
YBC -600.0 MPa Vogler et al. (2013)
SL 89.6 MPa Catalanotti et al. (2013)
β 2.12×10−8 MPa−3 Camanho et al. (2006)

(β = 0) is assumed.321

Observing figure 5, it can be seen that, in the case of the IM7/8552 CFRP,322

the effect of the nonlinear shear response in the failure loci including longi-323

tudinal compressive (or kinking) failure is marginal. However, for material324

systems comprising tougher resins or thermoplastic matrices, the material325

nonlinear shear behaviour may affect more remarkably the kinking failure326

response, and in such cases the use of a formulation accounting for the non-327

linear shear response should be used. Notice, also, that considering a small328

angles approximation for the determination of φ0 (equation (25)) does not329

have any effect on the predicted failure envelopes, which means that, for this330

case, a nonlinear procedure to solve equation (24) does not have to be used,331

without loss of accuracy.332
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  (a) σ11 – σ12

(b) σ11 – σ22

(c) σ11 – σ23

Figure 5: Kinking failure loci of the IM7/8552 CFRP obtained with the invariant-based
failure criteria. Effect of considering a small angles approximation for the determination
of φ0 (equation (25)), and effect of the material nonlinear shear response (equation (33)).
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Table 2: IM7/8552 dynamic material properties.

Property Value Ref.
G12 6612.5 MPa Koerber et al. (2010)
XC -1428.0 MPa Catalanotti et al. (2013)
YT 62.3 MPa assumed valuea

ϕt 45.0 deg assumed valueb

σt
u 94.8 MPa assumed valueb

YC -368.9 MPa Koerber et al. (2010)
SL 122.3 MPa Catalanotti et al. (2013)
ϕc 75.0 deg Koerber et al. (2010)
σc

u -363.0 MPa Koerber et al. (2010)
a Same value as for quasi-static loading (see table 1).
b Same value as for quasi-static loading (Bessa, 2010).

5. Validation studies333

5.1. Off-axis failure of IM7/8552 carbon-epoxy under quasi-static and dy-334

namic loading335

Koerber et al. (2010) performed off-axis compression tests on IM7/8552336

carbon-epoxy under quasi-static and dynamic loading. Figure 6 shows the337

predictions of the proposed failure criteria and a comparison with the ex-338

periments for quasi-static and dynamic loading. The material properties for339

quasi-static loading are shown in table 1, and for dynamic loading in table340

2. Notice that, since biaxial data is not available for IM7/8552 carbon-epoxy341

under dynamic loading, the alternative procedure for model parameters iden-342

tification described in Appendix B was adopted (equations (B.4)); ϕc and343

σc
u are respectively the off-axis angle and the mean applied stress at failure344

of the dynamic off-axis compression tests.345

Figure 7 shows the predicted relations between the off-axis angle and the346
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  Figure 6: Quasi-static and dynamic σ22 – σ12 failure envelopes for IM7/8552 carbon-epoxy
under transverse compression.

ultimate stresses for IM7/8552 carbon-epoxy under quasi-static and dynamic347

loading. Linear shear response (β = 0) is assumed.348

5.2. σ22 – σ12 failure envelopes for AS4/55A carbon-epoxy349

Figure 8 shows the predicted σ22 – σ12 failure envelope for AS4/55A350

carbon-epoxy, and a comparison with alternative 3D failure criteria (Pinho351

et al., 2005; Catalanotti et al., 2013). The experimental results obtained by352

Swanson et al. (1987) are also shown. Table 3 shows the material properties353

used to identify the parameters of the invariant-based criteria. Notice that,354

since biaxial data is not available for AS4/55A carbon-epoxy, the alternative355

procedure for model parameters identification described in Appendix B was356

adopted (equations (B.6)); σ
t/c
22 u are the maximum transverse stress and σ

t/c
12 u357

the maximum longitudinal shear stress for a specimen subjected to combined358

transverse tensile (t)/compressive (c) and longitudinal shear loading.359
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(a) Quasi-static loading.

(b) Dynamic loading.

Figure 7: Quasi-static and dynamic off-axis compression failure predictions for IM7/8552
carbon-epoxy.
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Table 3: AS4/55A material properties.

Property Value Ref.
YT 27.0 MPa Swanson et al. (1987)
σt

22 u 12.0 MPa Swanson et al. (1987)
σt

12 u 42.8 MPa Swanson et al. (1987)
YC -91.8 MPa Swanson et al. (1987)
σc

22 u -20.0 MPa Swanson et al. (1987)
σc

12 u 63.3 MPa Swanson et al. (1987)
SL 51.3 MPa Swanson et al. (1987)

Figure 8: σ22 – σ12 failure envelopes for AS4/55A carbon-epoxy.
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Table 4: AS4/3501-6 material properties.

Property Value Ref.
G12 5290.0 MPa assumed valuea

XT 2300.0 MPa Daniel et al. (2009)
XC -1725.0 MPa Daniel et al. (2009)
YT 60.2 MPa Daniel et al. (2009)
YBT 51.8 MPa assumed value
YC -275.8 MPa Daniel et al. (2009)
σc

22 u -117.7 MPa Daniel et al. (2009)
σc

12 u 118.9 MPa Daniel et al. (2009)
SL 73.4 MPa Daniel et al. (2009)
a Assumed as equal to IM7/8552.

5.3. Through-the-thickness off-axis tension and compression failure and σ22360

– σ12 failure envelope for AS4/3501-6 carbon-epoxy361

Daniel et al. (2009) performed through-the-thickness off-axis tension and362

compression tests on AS4/3501-6 carbon-epoxy. Figure 9 shows the predicted363

relations between the off-axis angle and the ultimate stresses. The material364

properties are shown in table 4. Since biaxial data is not available, the alter-365

native procedure for model parameters identification described in Appendix366

B was adopted for the compressive case (equations (B.6)). For the tensile367

case, the identification of the model parameters was done assuming a trans-368

verse tensile biaxial strength YBT = 51.8 MPa. Linear shear response is369

assumed.370

Figure 10 shows the predictions of the proposed failure criteria and a371

comparison with the experimental results presented by Daniel et al. (2009)372

for the σ22 – σ12 failure envelope of AS4/3501-6 carbon-epoxy.373
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(a) Off-axis tension.

(b) Off-axis compression.

Figure 9: Through-the-thickness off-axis tension and compression failure predictions for
AS4/3501-6 carbon-epoxy.
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  Figure 10: σ22 – σ12 failure envelope for AS4/3501-6 carbon-epoxy.

5.4. σ22 – σ12 failure envelope for E-Glass/LY556/HT907/DY063 fibreglass-374

epoxy375

Soden et al. (2002) tested E-Glass/LY556/HT907/DY063 laminae under376

transverse and shear loading and obtained the σ22 – σ12 failure envelope. Fig-377

ure 11 shows the predicted σ22 – σ12 failure envelope for this fibreglass-epoxy378

obtained with the proposed criteria. The experimental results from Soden et379

al. (2002) are also shown. Table 5 shows the material properties used to iden-380

tify the parameters of the invariant-based criteria. Notice that, since biaxial381

data is not available for E-Glass/LY556/HT907/DY063 fibreglass-epoxy, the382

alternative procedure for model parameters identification described in Ap-383

pendix B was adopted (equations (B.6)).384

5.5. Effect of hydrostatic pressure on E-Glass/MY750/HY917/DY063385

Hine et al. (2005) studied the effect of hydrostatic pressure on the me-386

chanical properties of E-Glass/MY750/HY917/DY063 fibreglass-epoxy. Fig-387

ure 12 shows the experimental results obtained by Hine et al. (2005) for the388

effect of hydrostatic pressure on the in-plane shear response, and a compar-389
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Table 5: E-Glass/LY556/HT907/DY063 material properties.

Property Value Ref.
YT 37.5 MPa Soden et al. (2002)
σt

22 u 17.5 MPa Soden et al. (2002)
σt

12 u 50.9 MPa Soden et al. (2002)
YC -130.3 MPa Soden et al. (2002)
σc

22 u -43.8 MPa Soden et al. (2002)
σc

12 u 81.1 MPa Soden et al. (2002)
SL 66.5 MPa Soden et al. (2002)

Figure 11: σ22 – σ12 failure envelope for E-Glass/LY556/HT907/DY063 fibreglass-epoxy.
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Table 6: E-Glass/MY750/HY917/DY063 material properties.

Property Value Ref.
G12 5830.0 MPa Soden et al. (1998)
XT 1266.7 MPa Soden et al. (2002)
XC -783.3 MPa Soden et al. (2002)
YT 40.0 MPa Soden et al. (2002)
YBT 25.6 MPa assumed valuea

YC -110.0 MPa Hine et al. (2005)
YBC -860.0 MPa assumed value
SL 40.0 MPa Hine et al. (2005)
a Assumed as equal to E-glass/LY556/HT907/DY063.

Figure 12: Shear response of E-Glass/MY750/HY917/DY063 fibreglass-epoxy subjected
to hydrostatic pressure.

ison with the predictions of the proposed failure criteria. Table 6 shows the390

material properties used to identify the parameters of the invariant-based cri-391

teria. Due to the lack of biaxial data, the transverse tensile and compressive392

biaxial strengths (YBT and YBC , respectively) were assumed.393

5.6. σ22 – σ12 failure envelope for Scotch-ply Type 1002 fibreglass-epoxy394

Voloshin and Arcan (1980) performed biaxial tests on Scotch-ply Type395

1002 fibreglass-epoxy and obtained experimental data for the σ22 – σ12 stress-396
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Table 7: Scotch-ply Type 1002 material properties.

Property Value Ref.
YT 19.61 MPa Voloshin and Arcan (1980)
σt

22 u 9.72 MPa Voloshin and Arcan (1980)
σt

12 u 26.71 MPa Voloshin and Arcan (1980)
YC -137.30 MPa Voloshin and Arcan (1980)
σc

22 u -26.73 MPa Voloshin and Arcan (1980)
σc

12 u 57.33 MPa Voloshin and Arcan (1980)
SL 36.92 MPa Voloshin and Arcan (1980)

Figure 13: σ22 – σ12 failure envelope for Scotch-ply Type 1002 fibreglass-epoxy.

space. Figure 13 shows the σ22 – σ12 failure envelope predicted using the397

proposed criteria, and the experimental results from Voloshin and Arcan398

(1980). Table 7 shows the material properties. The alternative procedure399

for model parameters identification described in Appendix B was adopted400

(equations (B.6)).401

5.7. σ11 – σ12 failure envelope for T300/914C carbon-epoxy402

Figure 14 shows the predicted σ11 – σ12 failure envelope for T300/914C403

carbon-epoxy obtained with the proposed criteria. The experimental results404
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Table 8: T300/914C material properties.

Property Value Ref.
G12 5500.0 MPa Soden et al. (1998)
XT 1433.6 MPa Soden et al. (2002)
XC -841.4 MPa Soden et al. (2002)
YT 27.0 MPa Soden et al. (1998)
YBT 16.5 MPa assumed valuea

YC -200.0 MPa Soden et al. (1998)
YBC -769.8 MPa assumed valueb

SL 72.9 MPa Soden et al. (2002)
a Assumed as equal to AS4/55A.
b Assumed as equal to T800/3900-2.

Figure 14: σ22 – σ12 failure envelope for T800/3900-2 carbon-epoxy.

from Soden et al. (2002) are also shown. Table 8 shows the material prop-405

erties used to identify the parameters of the invariant-based criteria. Due to406

the lack of appropriate biaxial data for T300/914C carbon-epoxy, the trans-407

verse tensile and compressive biaxial strengths (YBT and YBC , respectively)408

were assumed.409
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Table 9: T800/3900-2 material properties.

Property Value Ref.
YT 48.8 MPa Swanson and Qian (1992)
YBT 30.3 MPa assumed value
YC -201.7 MPa Swanson and Qian (1992)
σc

22 u -140.0 MPa Swanson and Qian (1992)
σc

12 u 119.1 MPa Swanson and Qian (1992)
SL 103.6 MPa Swanson and Qian (1992)

Figure 15: σ22 – σ12 failure envelope for T800/3900-2 carbon-epoxy.

5.8. σ22 – σ12 failure envelope for T800/3900-2 carbon-epoxy410

Figure 15 shows the predicted σ22 – σ12 failure envelope for T800/3900-2411

carbon-epoxy obtained with the proposed criteria. The experimental results412

from Swanson and Qian (1992) are also shown. Table 9 shows the material413

properties used to identify the parameters of the invariant-based criteria.414

The alternative procedure for model parameters identification described in415

Appendix B was adopted for the compressive case (equations (B.6)). For the416

tensile case, the identification of the model parameters was done assuming a417

transverse tensile biaxial strength YBT = 30.3 MPa.418
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All the examples shown in this section indicate that the failure criteria419

proposed is able to predict first ply failure with a satisfactory degree of420

accuracy.421

6. Validation based on computational micro-mechanics422

The previous examples provide a preliminary validation of the failure423

criteria proposed in this paper. The range of stress states that can be imposed424

by means of experimental tests is limited by the complexity of the load425

introduction systems. Therefore, a recently proposed approach based on426

computational micro-mechanics (Totry et al., 2008a,b; Melro et al., 2013b)427

is used here for generation of failure envelopes corresponding to stress states428

that cannot be experimentally imposed to the material.429

The approach requires the definition and implementation of thermody-430

namically consistent constitutive models for each of the constituents of a431

composite — fibre and matrix. The elastic and strength properties of the432

unidirectional composite are predicted by the analysis of a Representative433

Volume Element (RVE) of a composite material under periodic boundary434

conditions (Melro et al., 2012). This RVE contains a random distribution of435

reinforcements generated by a specifically developed algorithm for the effect436

(Melro et al., 2008). Each RVE has a transverse-side measure of 10 times the437

fibre radius and a thickness of 0.3 times the fibre radius in the longitudinal438

direction (Melro et al., 2013b). Melro et al. (2013b) addressed the effect439

of the choice of the boundary conditions and size of the RVEs, having as-440

sured the representativeness of the proposed computational micro-mechanics441

framework in the hardening stage for any stress state.442

37



  

The material behaviour of the matrix is modelled making use of an elasto-443

plastic with damage constitutive model recently proposed by Melro et al.444

(2013a). This model is capable of accounting for the material nonlinear be-445

haviour of the epoxy matrix under compression or pure shear, and considers446

the dependency of the material on hydrostatic pressure. The fibres are con-447

sidered isotropic and linear elastic. Cohesive elements are used to model the448

interface between matrix and fibres (Melro et al., 2013b).449

The goal in this section is to be able to generate failure envelopes for a450

unidirectional composite of which the elastic and strength properties of the451

matrix and fibre are known. From these properties, the elastic and strength452

properties of the composite under unidirectional loading are estimated using453

computational micro-mechanics. The failure point is defined as the maximum454

homogenised stress in the RVE. Figure 16 shows representative homogenised455

stress-strain curves for some basic stress states analysed using computational456

micro-mechanics.457

The values from the micro-mechanical analyses of the composite under458

unidirectional loading are then used to feed the failure criteria presented in459

this paper. Two failure envelopes are then generated from both computa-460

tional micro-mechanics and the failure criteria. Tables 10 and 11 show the461

material properties used for this comparison; Em is the Young’s modulus, νm462

is the Poisson’s ratio, νp is the plastic Poisson’s ratio and Gfm is the fracture463

toughness of the epoxy matrix, and Ef and νf are respectively the Young’s464

modulus and the Poisson’s ratio of the glass fibre. XT and XC are respec-465

tively the tensile and compressive strengths of the constituents. Table 12466

shows the material properties predicted by computational micro-mechanics467
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  (a) Uniaxial transverse loading.

(b) Biaxial transverse loading.

(c) Shear loading.

Figure 16: Representative homogenised stress-strain curves for some basic stress states,
obtained using a computational micro-mechanics framework (Melro et al., 2013a,b).
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Table 10: Material properties for epoxy matrix.

Property Value Ref.
Em 3760 MPa Fiedler et al. (2001)
νm 0.39 Fiedler et al. (2001)
νp 0.30 Wisnom et al. (2001)
Gfm 0.09 N/mm assumed value
XT 93 MPa Fiedler et al. (2001)
XC 124 MPa Fiedler et al. (2001)

Table 11: Material properties for glass fibre.

Property Value Ref.
Fibre diameter 5 µm Soden et al. (1998)
Fibre volume 60 % Soden et al. (1998)
Ef 74 GPa Soden et al. (1998)
νf 0.2 Soden et al. (1998)
XT 2150 MPa Soden et al. (1998)
XC 1450 MPa Soden et al. (1998)

for the unidirectional composite.468

Figures 17 to 22 show the comparison between the failure envelopes pre-469

dicted by computational micro-mechanics and the failure criteria proposed in470

this paper. In general, a good agreement between the two modelling strate-471

gies is observed. However, some deviations between the micro-mechanical472

predictions and the proposed model can be observed in figures 18 and 19 for473

the σ22 – σ12 and σ22 – σ13 stress spaces, respectively. One possible reason is474

related with the random distribution of the reinforcing fibres in the numer-475

ical RVE, which results in some scatter of the numerical simulations. Still,476

the deviations are not large, in particular in figure 18, where the trend of477
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Table 12: Material properties for unidirectional composite.

Property Value
G12 5373.0 MPa
YT 48.32 MPa
YBT 45.0 MPa
YC -114.4 MPa
YBC -180.0 MPa
SL 40.57 MPa

the σ22 – σ12 failure envelope is reasonably well predicted. Moreover, the478

observed deviations are in the range of the experimental scatter observed in479

section 5. On the other hand, the deviations observed in figure 19 for the480

σ22 – σ13 stress space are also due to the fact that the proposed failure crite-481

rion for transverse, matrix-dominated failure, formulated for a homogeneous482

transversely-isotropic material, does not distinguish between the in-plane483

(σ12) and out-of-plane (σ13) longitudinal shear stresses – observing figures 18484

and 19, it can be seen that the predictions of the proposed model for the485

stress combinations σ22 – σ12 and σ22 – σ13 are exactly the same. But, due to486

their morphology, long fibre-reinforced composites show different interaction487

of the stress combinations σ22 – σ12 (or σ33 – σ13) and σ22 – σ13 (or σ33 –488

σ12) (Cuntze and Freund, 2004), i.e., small compressive values of the normal489

transverse stress σ22 (or σ33) results in an increase of the longitudinal shear490

strength acting on the same plane, σ12 (or σ13), but does not affect the longi-491

tudinal shear strength acting on the perpendicular plane, σ13 (or σ12). This492

different interaction is captured by the micro-mechanical analysis, but it is493

not captured by the proposed model, conducting to the observed deviations.494

Nevertheless, it is believed that the deviations for this particular stress state495
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shall not affect considerably the prediction capability of the proposed model496

for general stress states.497

It is important to note that, even in those combinations of stress states498

where there are no experimental values available or the existing ones are499

scarce or unreliable (e.g., combination of σ13 with σ23), computational micro-500

mechanics is capable of providing predictions. This capability evidences the501

potential of computational micro-mechanics to serve as a tool in the devel-502

opment and validation of accurate failure criteria.503

7. Concluding remarks504

New 3D invariant-based failure criteria for fibre-reinforced composite ma-505

terials based on a transversely isotropic function were presented. The failure506

criteria include an invariant quadratic formulation based on structural ten-507

sors that accounts for the preferred directions of the transversely isotropic508

material. The new 3D failure criteria presented in this work predict failure in509

a single UD ply, requiring the analysis of strains and stresses ply-by-ply when510

analysing multidirectional laminates. Appendix A shows a summary with511

the resulting failure conditions for the matrix- and fibre-dominated failure512

modes.513

Based on the failure envelopes obtained for IM7/8552 CFRP, it was ob-514

served that accounting for the nonlinear shear behaviour in the failure cri-515

terion has a minor effect on the predicted failure load. In addition, it was516

observed that considering a small angles approximation for the determina-517

tion of the initial misalignment angle φ0 (equation (25)) does not affect the518

predicted failure envelopes, which means that, for this case, a nonlinear pro-519
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(a) Transverse biaxial tension.

(b) Transverse tension-compression.

(c) Transverse biaxial compression.

Figure 17: σ22 – σ33 failure envelope — micro-mechanics versus analytical failure criteria.
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Figure 18: σ22 – σ12 failure envelope — micro-mechanics versus analytical failure criteria.

Figure 19: σ22 – σ13 failure envelope — micro-mechanics versus analytical failure criteria.

Figure 20: σ22 – σ23 failure envelope — micro-mechanics versus analytical failure criteria.
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Figure 21: σ12 – σ23 failure envelope — micro-mechanics versus analytical failure criteria.

Figure 22: σ13 – σ23 failure envelope — micro-mechanics versus analytical failure criteria.
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cedure to solve equation (24) does not have to be used, simplifying the im-520

plementation of the kinking criterion, and improving its performance when521

used in computational models.522

When compared against experimental data available in the literature,523

good agreement for transverse failure modes, for failure under off-axis load-524

ing and for the effect of superposed hydrostatic pressure on failure behaviour525

of different FRPs was obtained. For more complex three-dimensional stress526

states, where the test data available shows large scatter or is not available527

at all, a computational micro-mechanics framework was used to validate the528

failure criteria. A good correlation between the predictions of the two mod-529

elling strategies was obtained. The computational micro-mechanics frame-530

work was shown to be a very useful tool to validate failure criteria under531

complex three-dimensional stress states.532
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Puck, A., Schürmann, H., 1998. Failure analysis of FRP laminates by means625

of physically based phenomenological models. Compos. Sci. Technol. 58,626

1045–1067.627
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Totry, E., González, C., Llorca, J., 2008. Prediction of the failure locus of660

C/PEEK composites under compression and longitudinal shear through661

computational micromechanics. Compos. Sci. Technol. 68, 3128-3136.662

Tsai, S.W., Wu, E.M., 1971. A general theory of strength for anisotropic663

materials. J. Compos. Mater. 5(1), 58-80.664

Vogler, T.J., Kyriakides, S., 2001. On the initiation and growth of kink bands665

in fiber composites: Part I. experiments. Int. J. Solids Struct. 38, 2639–666

2651.667

Vogler, M., Rolfes, R., Camanho, P.P., 2013. Modeling the inelastic deforma-668

tion and fracture of polymer composites — Part I: Plasticity model. Mech.669

Mater. 59, 50–64.670

Voloshin, A., Arcan, M., 1980. Failure of unidirectional fiber-reinforced ma-671

terials - New methodology and results. Exp. Mech. 20, 280–284.672

Guild, F.J., Potter, K.D., Heinrich, J., Adams, R.D., Winsom, M.R., 2001.673

Understanding and control of adhesive crack propagation in bonded joints674

between carbon fibre composite adherends II. Finite element analysis. Int.675

J. Adhes. Adhes. 21, 445–453.676

52



  

Appendix A. Summary of the invariant-based failure criteria677

Matrix failure678

0. Required UD properties679

YT , YBT , YC , YBC , SL, ST (= YT )680

1. Invariants681

I1 =
1

4
σ2

22 −
1

2
σ22σ33 +

1

4
σ2

33 + σ2
23

I2 = σ2
12 + σ2

13

I3 = σ22 + σ33

682

Matrix tension (I3 > 0) Matrix compression (I3 ≤ 0)

2. Model parameters

α1 =
1

S2
T

α1 =
1

S2
T

α2 =
1

S2
L

α2 =
1

S2
L

αt
32 =

1 − YT

2YBT

− α1
Y 2

T

4
Y 2

T − 2YBTYT
αc

32 =
1 − YC

2YBC

− α1
Y 2

C

4
Y 2

C − 2YBCYC

αt
3 =

1

2YBT

− 2αt
32YBT αc

3 =
1

2YBC

− 2αc
32YBC

3. Failure criteria

fM = α1I1 + α2I2 + αt
3I3 + αt

32I
2
3 fM = α1I1 + α2I2 + αc

3I3 + αc
32I

2
3

683
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Fibre failure684

0. Required UD properties685

G12, ε
T
1 (or XT ), XC , YT , YBT , YC , YBC , SL, ST (= YT ), β686

• Fibre tension (σ11 ≥ 0)687

1. Failure criteria688

fF =
ε11

εT
1

689

• Fibre compression (σ11 < 0)690

1. Model parameters691

α1 =
1

S2
T

α2 =
1

S2
L

αt
32 =

1 − YT

2YBT

− α1
Y 2

T

4
Y 2

T − 2YBTYT

αc
32 =

1 − YC

2YBC

− α1
Y 2

C

4
Y 2

C − 2YBCYC

αt
3 =

1

2YBT

− 2αt
32YBT

αc
3 =

1

2YBC

− 2αc
32YBC

692

2. Angle of the kinking plane (ψ)693
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If σ12 = 0 and σ13 = 0 Otherwise

ψ =
1

2
arctan

(
2σ23

σ22 − σ33

)
ψ = arctan

σ13

σ12

694

3. Misalignment angle at failure when a pure longitudinal compression is695

applied (φC)696

φC =
1

2
arccos

{[
4
√
α1 − 4α2 + α2

2X
2
C + (αc

3)
2 + 2α2αc

3XC + 4αc
32 +

+ (α1 + 4αc
32)XC + 4αc

3

]
· [(α1 − 4α2 + 4αc

32)XC ]−1
}697

4. Initial misalignment angle (φ0)698
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Linear shear and Nonlinear

small angles shear

φ0 = φC

(
1 +

|XC |
G12

)−1

Equation (33) is a nonlinear equation

of φ0, which can be solved numerically

using, e.g., the Newton-Raphson

method. Defining the function F (φ0)

as:

F (φ0) = φC − φ0−

−
∣∣∣∣XC sin 2φ0

2G12

+ β
X3

C sin3 2φ0

8

∣∣∣∣
and calculating its derivative with

respect to φ0:

dF

dφ0

= −1 −
∣∣∣∣XC cos 2φ0

G12

+

+β
3

4
X3

C sin2 2φ0 cos 2φ0

∣∣∣∣
the initial misalignment angle, φ0, can

be computed using the following

recursive formula:

φi+1
0 = φi

0 −
F (φi

0)

dF

dφ0

∣∣∣∣
φ0=φi

0

699

5. Shear stress in the misalignment frame (σ
(R)
12 (φ0, ψ))700
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σ
(R)
12 (φ0, ψ) =

1

2

[
−σ11 + σ22 cos2 ψ + σ33 sin2 ψ + σ23 sin 2ψ

]
sin 2φ0+

+(σ12 cosψ + σ13 sinψ) cos 2φ0

701

6. Kinking-angle (φ)702

φ = sgn
{
σ

(R)
12 (φ0, ψ)

}{
φ0 +

∣∣∣∣∣σ(R)
12 (φ0, ψ)

G12

+ β
[
σ

(R)
12 (φ0, ψ)

]3

∣∣∣∣∣
}

703

7. Preferred direction (a)704

a =


cosφ

cosψ sinφ

sinψ sinφ

705

8. Structural tensor (A)706

A = a ⊗ a707

9. Reaction stress tensor (σr)708

σr =
1

2
(tr σ − aσa)1 − 1

2
(tr σ − 3aσa)A709
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10. Plasticity inducing stress tensor (σp)710

σp = σ − σr711

11. Invariants712

I1 =
1

2
tr (σp)2 − a (σp)2 a

I2 = a (σp)2 a

I3 = tr σ − aσa

713

Matrix tension (I3 > 0) Matrix compression (I3 ≤ 0)

12. Failure criteria

fK = α1I1 + α2I2 + αt
3I3 + αt

32I
2
3 fK = α1I1 + α2I2 + αc

3I3 + αc
32I

2
3

714

Appendix B. Alternative model parameters identification715

The transverse biaxial tensile and compressive strengths (YBT and YBC ,716

respectively) of structural composites are seldom available. In order to over-717

come this drawback, an alternative model parameters identification proce-718

dure is proposed.719

As described in section 2, the definition of the reaction stress tensor σr
720

and the reformulation of the quadratic invariants of the functional basis using721

the plasticity inducing stress tensor σp instead of σ, allows the identification722
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of transverse shear loading and in-plane shear loading solely with invariants723

I1 and I2, respectively. Therefore, the parameters α1 (equation (10a)) and724

α2 (equation (10b)) do not impose any difficulty in their identification.725

Following the same reasoning proposed by Vogler et al. (2013), consider a726

transverse isotropic material subjected to a transverse uniaxial load. Apply-727

ing the invariant-based failure criterion, at failure (σ22 = YT/C), the failure728

index fM yields:729

fM = α1

Y 2
T/C

4
+ α

t/c
3 YT/C + α

t/c
32 Y

2
T/C − 1 = 0 (B.1)

To identify the parameters α
t/c
3 and α

t/c
32 , a second stress state at failure730

must be known for the tensile and compressive cases. When biaxial data is731

not available, simple off-axis tests can be performed and the corresponding732

data used for parameter identification. Note that only off-axis tests exhibiting733

a transverse, matrix-dominated failure mode must be considered. For test734

procedures on off-axis compression the reader is referred, for example, to735

Koerber et al. (2010), and for test procedures on off-axis tension the reader736

is referred to Sun and Berreth (1988); Sun and Chung (1993).737

For a transversely isotropic material with its preferred direction at an738

angle ϕ (off-axis angle) with the loading direction — off-axis fibre orientation739

in laminated composites, for example — the resulting stress state can be740

expressed as:741

σ =


σ cos2 ϕ σ sinϕ cosϕ 0

σ sinϕ cosϕ σ sin2 ϕ 0

0 0 0

 (B.2)
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where σ is the stress applied to the off-axis specimen. Applying the invariant-742

based failure criterion, at failure (σ = σu), the failure index fM yields:743

fM =α1

[
1

4

(
σt/c

u

)2
sin2 ϕt/c

(
3 cos2 ϕt/c + 1

)
−

(
σt/c

u

)2
sin2 ϕt/c cos2 ϕt/c

]
+

+ α2

(
σt/c

u

)2
sin2 ϕt/c cos2 ϕt/c + α

t/c
3 σt/c

u sin2 ϕt/c+

+ α
t/c
32

(
σt/c

u

)2
sin4 ϕt/c − 1 = 0 (B.3)

where σ
t/c
u is the ultimate (tensile/compressive) stress applied to the off-axis744

specimen and ϕt/c is the corresponding off-axis angle. Equations (B.1) and745

(B.3) can now be solved for α
t/c
3 and α

t/c
32 , yielding:746

α
t/c
3 =

1

YT/C

− 1

4
α1 YT/C − α

t/c
32 YT/C (B.4a)

α
t/c
32 =

1 − 1

4
α1

(
σt/c

u

)2
sin4 ϕt/c − α2

(
σt/c

u

)2
sin2 ϕt/c cos2 ϕt/c(

σ
t/c
u

)2

sin4 ϕt/c − YT/C σ
t/c
u sin2 ϕt/c

−

−

1

YT/C

− 1

4
α1YT/C

σ
t/c
u sin2 ϕt/c − YT/C

(B.4b)

If the available experimental data is given, for example, as a σ22 – σ12 rela-747

tion (obtained, for instance, from a cylindrical specimen subjected to torsion748

and axial loading), a critical point, characterised by a maximum transverse749

(tensile/compressive) stress σ
t/c
22 u and the corresponding longitudinal shear750

stress σ
t/c
12 u, can also be used for parameter identification. In this case, ap-751
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plying the invariant-based failure criterion, the failure index fM yields:752

fM =
1

4
α1

(
σ

t/c
22 u

)2

+ α2

(
σ

t/c
12 u

)2

+ α
t/c
3 σ

t/c
22 u + α

t/c
32

(
σ

t/c
22 u

)2

− 1 = 0 (B.5)

Solving equations (B.1) and (B.5), the parameters α
t/c
3 and α

t/c
32 read:753

α
t/c
3 =

1

YT/C

− 1

4
α1 YT/C − α

t/c
32 YT/C (B.6a)

α
t/c
32 =

1 −
(

1

YT/C

− 1

4
α1 YT/C

)
σ

t/c
22 u −

1

4
α1

(
σ

t/c
22 u

)2

− α2

(
σ

t/c
12 u

)2

(
σ

t/c
22 u

)2

− YT/C σ
t/c
22 u

(B.6b)

The set of equations (B.4) and (B.6) allow the identification of the pa-754

rameters α
t/c
3 and α

t/c
32 without the need for complicated transverse biaxial755

tests. It is interesting to note the possibility of using simple off-axis tests756

for parameter identification. It should be stressed, however, that the failure757

predictions of the proposed failure criteria are more sensitive to the exper-758

imental data used for model parameters identification when the alternative759

procedure shown here is adopted (for example, in some cases, the σ22 – σ33760

failure locus may become open in the biaxial transverse compression range).761

Therefore, whenever biaxial data is available (in particular YBC), the model762

parameters identification procedure described by Vogler et al. (2013) should763

be adopted.764
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