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a b s t r a c t

The efflux velocity is the basis for the prediction of turbine wake. A novel energy coefficient is defined to
propose a new theoretical equation to predict the efflux velocity of tidal current turbine in this paper.
Several CFD cases with different tip speed ratio and solidity is conducted using the DES-SA model. In
order to overcome the limitations of the axial momentum theory, the effects of tip speed ratio and
solidity on the efflux velocity are studied and the energy coefficients with different tip speed ratio and
solidity are determined using the proposed equation based on the CFD results. Several semi-empirical
efflux velocity equations are finally proposed by fitting the equation of the energy coefficient with tip
speed ratio. The application of these equations in the prediction of wake flow and the power calculation
of tidal turbine are also introduced in this paper.

© 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Global human population has grown from 1 billion in 1800 to 7
billion in 2012, and is expected to keep growing at 8.4 billion by
mid-2030 [1], which led to a higher pressure to meet the ever-
growing energy demand. The present primary source of energy is
fossil fuel in the forms of coal, petroleum, and natural gas. The use
of fossil fuels causes the increasing air pollution, which is far from
solved in many countries, and the intensifying risk in the global
health impacts [2]. The worldwide energy demand is likely to in-
crease, but the energy industry cannot continue sourcing energy
from fossil fuels over the long term [3]. Hence, renewable energy is
demanded. Renewable energies include biomass, solar power, wind
power and marine renewable energy which are more environ-
mental friendly compared to the non-renewable resources. Marine
renewable energy sources include ocean tides, tidal current, waves,
salinity gradient and temperature gradient. Among these, tidal
current energy is a better renewable energy source, as it is highly
predictable with a strong regularity and suitable for large-scale
ydraulic Engineering Simula-
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development with a larger power density.
Renewable development and utilization of the ocean depend on

the continuous progress of its power generation devices [4]. To
date, tidal turbines can be categorised as follows: horizontal axis,
vertical axis, resistance type and oscillating type (Fig. 1aed). The
horizontal axis tidal-current turbine is most widely used, as it can
harness more energy compared to other three types. When fluid
flows through the rotating turbine, the free stream will be
disturbed, moreover, the flow direction and flow rate will have
some changes. Those changes in the flow is the effect of turbine
influence to the wake. Therefore, the turbine wake research is of
great significance for the use of tidal current energy, the analysis of
surrounding flow field, the calculation of load and fluid properties.
2. Reviews for the research of turbine wake

The research carried out on tidal current turbine wake includes:
theoretical method, experimental method and numerical simula-
tion. The theoretical method is mainly used to propose the gov-
erning equations of tidal current turbine wake with high reliability.
The experimental method mainly uses the small-scale flow simi-
laritymodel to simulate the flowphenomenon of the prototype and
obtain the flow field distribution based on the similar principle.

mailto:wlam@tju.edu.cn
mailto:joshuawhlam@hotmail.com
http://crossmark.crossref.org/dialog/?doi=10.1016/j.energy.2018.06.032&domain=pdf
www.sciencedirect.com/science/journal/03605442
http://www.elsevier.com/locate/energy
https://doi.org/10.1016/j.energy.2018.06.032
https://doi.org/10.1016/j.energy.2018.06.032
https://doi.org/10.1016/j.energy.2018.06.032


Fig. 1. Power generation devices of tidal current [5e8].
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However, the scale effect in the prediction of flowing field between
prototype and numerical model can not be ignored even under the
same flow conditions. The numerical simulation can be used to
solve the equation of fluid motion by discrete method. The flow
field of the blade and the hub can be obtained to analyze the fluid
motion in details, but there are some variation in the calculation
results.

2.1. Theoretical research

The theoretical research of tidal turbine blade can draw lessons
from the researchmethod of propeller. In the 19th century, Rankine
[9] and Froude et al. [10] proposed the momentum theory and
blade element theory to conduct the research of propeller jet. The
momentum theory replaced the propeller by an actuated disk that
produces a net thrust due to pressure differences. The change of
fluid velocity will also lead to the change of net thrust, torque and
output efficiency. The blade element theory divides the blade into a
series of infinitely blade segments to establish the relationship
between the geometrical, kinematic and aerodynamic properties of
the blade element by analyzing the movement and stress of blade.
These two theories consider the effects of the rotation of propeller
and explain the formed reason of thrust. However, due to the need
of providing an inducing speed for obtaining thrust, O'Brian et al.
proposed the blade momentum theory to simplify the calculation
of the induction speed [11]. In the 20th century, based on the lifting
line method, Lerbs simplified the propeller blades into a series of
lifting lines with different fluxes and calculated the induced ve-
locity [12]. The lifting line method is suitable for airfoils with high
aspect ratio, but not for the ship propellers with small aspect ratio.
Pien used the lifting surface method to simplify the blade to a non-
thickness surface, which has different vorticities distributed in the
span direction and in the chord direction. He established the lifting
surface theory to correct the lifting line theory [13]. Based on the
lifting line and lifting surface method, Kerwin et al. used the panel
method to simulate the surface of the blade with a finite vortex
plate, further considering the thickness of the blade and the hub
[14]. The above theories and methods can well establish propeller
blade theoretical model for the optimal design of the propeller
performance, but less applied to the research of propeller jet and
turbine wake.

Efflux velocity is the initial input to predict the velocity deficit
along the downstream diretion of a turbine wake. The efflux ve-
locity of propeller jet is defined by Ryan as the maximum velocity
taken from a time-averaged velocity distribution along the initial
propeller plane [15]. Considering the feasibility of data measure-
ments, the maximum velocity of the outflow plane perpendicular
to the rotation axis not far downstream is generally used as the
efflux velocity of propeller jet. Similarly, efflux velocity of turbine
wake can be defined as the minimum velocity of the efflux plane of
turbine wake, as energy is absorbed when water flows through the
turbine, compared to propeller which emits energy to water.
Considering the presence of hub and chassis of an actual tidal
current turbine, Whale and Lam finally chose the minimum axial
velocity on the efflux plane downstream (x/D¼ 1.1) as the efflux
velocity of turbine wake [16,17].

The axial momentum theory is widely used to predict the efflux
velocity within a ship's propeller. The plain water jet investigation
of Albertson et al. was based on the axial momentum theory [18]
and being the basis for all propeller jet researches. Blaauw, Berger,
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Verhey and Hamill et al. all used the axial momentum theory to
describe the wake characteristics of a ship's propeller [19e22]. Lam
et al. well developed and validated the efflux velocity equation of a
ship propeller jet in the comparison of turbulence intensity be-
tween Laser Doppler Anemometry (LDA) measurements and CFD
predictions [23,24]. The equations used to predict the velocity
distribution within a ship's propeller jet is also reviewed by Lam
et al. [25]. Based on the fundamental works of ship propeller jet in
Hamill et al. and Lam et al. Lam and Chen proposed two equations
to predict the efflux velocity and its lateral velocity distribution at
various cross sections along the rotation axis [16] and established
the prediction model for turbine wake [26]. Table 1 lists the efflux
velocity equations for turbine wakes and propeller jets. The com-
parison of the predicted profile of turbine wake and propeller jet is
shown in Fig. 2.

2.2. Experimental research

In experimental studies, Whale used the Particle Image Veloc-
imetry (PIV) to measure the distribution of velocity and turbulence
intensity of a two-blade and a three-blade laboratory model of
wind turbine at the 1.1 times of diameter downstream with
different tip speed ratio [17]. Whale conducted this experiment in a
water tunnel, so it can be used as a reference for turbine wake
research. Myers and Bahaj used a 1:30 three-blade turbine to study
the turbine wake and found that after the water flow through the
turbine, the free surface elevation reduced affecting by the near
wake, which is also relative to the depth of water and position of
turbine [28]. In 2008, Lam et al. used Laser Doppler Anemometry
(LDA) to observe the flow field of a propeller jet in Queen's Uni-
versity Belfast, revealing the effects of three velocity components of
the propeller jet [29]. Maganga et al. studied the hydrodynamics of
a three-blade horizontal axis turbine by conducting the experi-
ments to correlate the turbulence intensity with the turbine wake.
It's observed that the wake recovery is also faster in regions with
higher turbulence [30]. Mycek et al. investigated the performance
of a single turbine and a two-turbine array with different turbu-
lence intensities. The results showed that the influence of turbine
wake was weakened at high turbulence intensity (15%) and the
performance is also better than low turbulence intensity (3%)
[31,32]. Chen studied the changes of the flow field around a
horizontal-axis turbine by physical experiments in Tsinghua Uni-
versity. It is found that the tip speed ratio mainly affects the near-
field wake distribution, and the recovery of turbine wake is
affected by the turbulence intensity and blocking ratio [33].

Experiment is an important method used in the research of
turbine wake, as it can turly show flow field. The accuracy of
theoretical and numerical results needs to be validated by experi-
mental results. 3D printing technology is used for making experi-
mental models of propeller and turbine in out team. 3D printing is a
rapid prototyping technology that builds objects by layer-by-layer
printing based on three-dimensional digital model files using ad-
hesive materials such as powdered metal or plastic. It can directly
manufacture complex parts with higher precision, less material,
higher degree of freedom and easier molding. It is well capable for
the design, production and testing requirements of experimental
model and can effectively solve the problem of time consuming and
Table 1
The efflux velocity equations for turbine wake and propeller jet.

Type The efflux velocity equation No.

Propeller jet V0 ¼ 1:59nD
ffiffiffiffiffiffi
CT

p
(1)

Turbine wake V0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
∞ � ð1:59nD

ffiffiffiffiffiffi
CT

p
Þ2

q
ðLam� ChenÞ (2)
high manufacturing cost of traditional experimental model [34].
Fig. 3 shows the ongoing progress using experimental method by
team works. A variety of propeller and tidal current turbine blade
models have been printed. Experiments will be conducted easily
and experimental validation for the improved efflux velocity
equation will be given in the further research.

2.3. Numerical simulation

The numerical simulation of turbine wake is based on Compu-
tational Fluid Dynamics (CFD). According to the scale of turbulence
model, the main methods of CFD are Reynolds Average Navier-
Stokes Simulation (RANS), Large Eddy Simulation (LES), Detached
Eddy Simulation (DES) and Direct Numerical Simulation (DNS). At
present, the RANS model is widely used for the simulation of tidal
turbine, as it is characterized by simplicity, high efficiency, and low
requirement on the grid. Seil et al., Dargahi, and Li et al. have done
some CFD simulations to investigate the wake characteristics of
wind or tidal-current turbine [35e37]. However, the results ob-
tained by the RANS model ignore the transient structure informa-
tion of the vortex and cannot capture the unsteady characteristics
of vortex. The accuracy of the vortex prediction is also limited. The
main drawback of the RANS method is that there is not a universal
model that can be fully applied to all flow problems.

As the flow of small-scale vortex is similar. The LES method is
used to model the isotropic small-scale vortex by LES models,
mainly solving all the turbulent eddies of large anisotropy scale. It's
more general and versatile, considering as suitable for many com-
plex flows. Since the LES calculation accuracy is closely related to
the grid scale, its application needs to set up an isotropic grid with
sufficiently small grid resolution, especially in the boundary layer.
The number of grids is huge, which leads to a huge number of grids
and high computation cost. Michelassi et al. used the LESmethod to
calculate the turbine wake in the low pressure region and
compared it to the DNSmethod. Themain difference between these
two methods is that in the boundary layer [38].

Considering the pros and cons of RANS and LES methods, a joint
RANS/LES method was proposed to balance the computational cost
and accuracy of numerical simulation. Spalart first proposed the
DES97 model in 1997 [39]. The DES method is a three-dimensional
unsteady numerical solution method, which is based on a single
turbulence model. The single turbulence model can be transformed
automatically as the grid scale changes. When the grid size is small
enough to simulate an anisotropic vortex, the single turbulence
model can be automatically transformed into the Subgrid-Scale
model used in the LES method. On the contrary, when the grid
size is too large to meet the LES simulation accuracy requirements,
this turbulence model can be transformed to the normal RANS
Model. Many researchers suggested using DES method to simulate
high Reynolds number and large separation flow. Ferreira et al.
compared the flow field data obtained from PIV experiments with
the results of various turbulence model simulations and found that
the numerical simulation results of the DES model are superior to
the RANSmodel and LESmodel [40]. Travin et al. used DESmodel to
simulate the flow around a cylinder. The results predicted the
separation and turbulent separation of laminar flow more accu-
rately than the RANSmodel [41]. The research of turbine conducted
by Lee et al., Xiao et al., Zhan et al. and Huang et al. all shows the
superiority of DES simulation [42e45]. However, the DESmodel has
some shortcomings in capturing RANS/LES boundary turbulence
information. The LES model may take effect earlier in the boundary
layer where the grid resolution does not meet the requirements of
LES model. However, a general arrangement of anisotropic grid, the
grid resolution of LES model Therefore, Spalart et al. proposed
DDES, ZDES and IDDES models successively and revised the DES



Fig. 2. The comparison of the predicted profile of turbine wake and propeller jet [27].
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Fig. 3. The 3D printing models.
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model [46,47].
3. Methodology

The axial momentum theory was proposed by Froude in the
19th century. As the axial component velocity of propeller jet is the
most important component and the impacts of tangential and
radial component velocity on propeller jet are not obvious, the axial
momentum theory only considers the axial velocity based on the
actuated disk model. It made six assumptions:

(1) The propeller is represented by an ideal actuator disc of
equivalent diameter.

(2) The disc consists of an infinite number of rotating blades,
rotating at an infinite speed.

(3) There is negligible thickness of the disc in the axial direction.
(4) The disc is submerged in an ideal fluid (inviscid fluid)

without disturbances.
(5) All elements of fluid passing through the disc undergo an

equal increase of pressure.
(6) The energy supplied to the disc is, in turn, supplied to the

fluid without any rotational effects being induced.
The successful application of axial momentum theory in pro-
peller jet prediction provides a reference method for the study of
velocity distribution of a horizontal-axis tidal-current turbine. It is
a discharge process for ship propeller to promote surrounding fluid
to flow backward with a rotational velocity. But for tidal turbine,
the free stream flows through the turbine, driving the turbine rotor
rotating. The conversion of kinetic energy of surrounding fluid to
electricity is finally completed by the generator connected to the
turbine rotor and the entire process is an energy absorption pro-
cess. Although the conversion of energy for propeller and tidal
current turbine is different, the motion forms and wake distribu-
tion have similarities as the movement of surrounding fluid is
affected by the rotation of rotor for both of them. Based on the
research results of propeller jet, Lam proposed the efflux velocity
equation based on the axial momentum theory [16].

3.1. Limitations of the axial momentum theory

The actuated disk model based on axial momentum theory with
six assumptions simplifies the propeller and the horizontal axis
turbine to a great extent. Taking the horizontal axis tidal current
turbine as an example, the limitation of the axial momentum
theory mainly lies in:
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(1) The horizontal-axis tidal-current turbines usually have 2 to 6
blades, and the rotation speed is also specified, usually set at
several hundred rpm, in order to increase the efficiency.
Therefore, the assumption 2 in axial momentum theory is
obviously void.

(2) In fact, a turbine blade is a complex three-dimensional
structure that differs in pitch and area from an actuated
disk, varies in thickness in both the spanwise and chordal
directions. Therefore, the assumption 3 and 5 are incorrect.

(3) The actuated disk model only considers the axial velocity of
turbine wake, neglecting the tangential velocity causing the
rotating of turbine wake and the radial velocity causing the
diffusion of that. Therefore, it is also unreasonable for the
assumption 6.

(4) In addition, the blades of turbine are usually connected to the
hub through the connecting section. Different from plain
water jet, the presence of hub and connecting section greatly
disturb the near-field wake of turbine. The influence of hub
and connecting section on the wake velocity of turbine wake
is not considered in axis momentum theory.

Lam proposed the efflux velocity equation (2) of a turbine wake,
based on axis momentum theory. The efflux velocity equation is the
basis of prediction of wake field and can be used to calculate the
velocity deficit along the downstream. Combining these two
equations, the field of turbine wake can be predicted. Since the
actuated disk model of axial momentum theory is greatly simpli-
fied for propellers and tidal turbines, the six assumptions are not
enough to describe all the processes of propeller jet and turbine
wake. It is found that the variation of the efflux velocity equation is
up to ±20% [48]. Thus, it is necessary to make improvements to the
existing efflux velocity equation for the limitation of the axial
momentum theory.
Fig. 4. The actuated disk model of horizo
3.2. Energy coefficient used to predict the efflux velocity

The tip speed ratio (TSR) and solidity of tidal turbine are the
main parameters affecting the design and performance of blade.

The TSR is defined as the ratio of tip speed to inflow velocity,
calculated as:

l ¼ uR=n (3)

Where u is the turbine rotational velocity (rad/s) and v is the inflow
velocity (m/s).

The solidity is defined as the ratio of the total projected area of
the blades to the swept area of that, calculated as:

h ¼ Nc=pR (4)

Where N is the number of blades, c is the blade chord length (m)
and R is the turbine rotor radius (m). According to Eqs. (3) and (4),
TSR can be altered by the rotational velocity and solidity can be
altered by the number of blades.

Fig. 4 shows the actuated disk model of horizontal-axis tidal-
current turbine simplified according to the flow characteristics of a
tidal current turbine. Assuming that there is no external work done
neither in the upstream nor downstream region, Eq. (5) is available
in the upstream region according to the Bernoulli equation:

P1 þ
1
2
rU2

1 ¼ P2 þ
1
2
rU2

2 (5)

Eq. (6) is produced in the downstream region similarly.

P3 þ
1
2
rU2

3 ¼ P4 þ
1
2
rU2

4 (6)

Where r is the density of the fluid (kg/m3), P1, P2, P3 and P4 are the
pressures (Pa), U1, U2, U3 and U4 are the axial velocity (m/s).
ntal-axis tidal-current turbine [21].
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The thrust generated by the fluid flowing through the actuated
disc model can be calculated as:

T ¼ AðP2 � P3Þ (7)

Where T is the thrust (N) and A is area of the actuator disc (m2).
It's assumed that the pressures are equal in far upstream (P1¼P4)

and downstream and the velocities are equal across the disc
(U2¼U3). Eq. (8) is obtained by Eq. (5)e(7).

T ¼ 1
2
rA

�
U2
1 � U2

4

�
(8)

According to the dimensional analysis of thrust on turbine disc,
considering the density, rotational speed and diameter, the thrust
coefficient is defined as:

CT ¼ T
rn2D4 (9)

Where CT is the thrust coefficient, r in the density of fluid and D is
the diameter of turbine disc (m)

Considering the disc area can be calculated as A ¼ (pD2)/4, Eq.
(10) is obtained by Eq. (8)e(9).

U2
1 � U2

4 ¼ 2:5281n2D2CT (10)

Taking the efflux velocity as V0 and the free stream velocity as
V∞, it can be deformed as:

ðV∞Þ2 � ðV0Þ2 ¼ 2:5281n2D2CT (11)

Multiplying m/2 on both sides of Eq. (11) yields:

1
2
mV2

∞ � 1
2
mV2

0 ¼ 1:26405mn2D2CT (12)

The left side of Eq. (12) is the energy absorbed by the turbine
after the water flow through, the right side is the work done by the
thrust provided by turbine when the water flows through. Thus the
energy coefficient of horizontal axis turbine can be defined as:

E ¼
1
2mV2

∞ � 1
2mV2

0
1
2mn2D2CT

(13)

Finishing available:

E ¼ V2
∞ � V2

0
n2D2CT

(14)

Finally, a new efflux velocity equation can be proposed as:

V0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðV∞Þ2 �

�
nD

ffiffiffiffiffiffiffi
ECt

p �2r
(15)

Eq. (10) is derived totally based on the axial momentum theory
and E0 ¼ 2:5281 ismarked as a special situation based on Eq. (14). It
means that if the number of blades (affecting solidity) and rotation
speed (affecting TSR) were not considered, the theoretical Lam-
Table 2
The settings of Whale's experiment and CFD simulation.

Items Whale's experiment

Domain size (m) Cuboid with 10� 0.4� 0.75 (water dept
Rotor diameter (m) 0.2
Number of blades 3
Rotation speed (rad/s) Variable with TSR (7.4, 12.486, 14.798)
Current speed (m/s) 0.4
Chen equation (2) could be a special case of Eq. (15) with E ¼ E0 ¼
2:5281.

To sum up, a novel energy coefficient is defined to predict efflux
velocity of turbine wake in this paper, in order to overcome the
limitations of assumption 2 of axial momentum theory. Several CFD
cases with different tip speed ratio and solidity are conducted to get
the velocity distribution of turbine wake. The influence of tip speed
ratio and solidity on the efflux velocity and the energy coefficient
are studied based on these CFD results. Finally, some semi-
empirical efflux velocity equations are proposed based on the
proposed efflux velocity equation.
3.3. CFD simulations based on DES-SA model

The basic idea of the DES method used in this paper is that the
RANS model is used inside the boundary layer and the LES model is
used outside the boundary layer. As all the DES turbulence models
are modified by the corresponding RANS models, the basic princi-
ples of DES-SA model are introduced as an example in this paper.

Modelling equations of the Spalart-Allmaras model are intro-
duced in Ref. [49]. The main difference between DES-SA and SA
model is the definition of length scale. The length scale d used in SA
model is defined as the distance to the closest wall to determine the
level production and destruction of turbulent viscosity. The DES-SA

model replaces d everywhere with a new length scale ~d, defined as

~d ¼ minðd;CdesDmaxÞ (16)

Where the empirical constant Cdes has a value of 0.65. The grid
spacingDmax is based on the largest grid space (dx; dy; dz) in the x, y
or z directions forming the computational cell. It can be given by

Dmax ¼ maxðdx; dy; dzÞ (17)

CFD simulations using DES-SA model will be carried out in this
paper. The turbine model with 3 blades is built totally based on
Whale's experiment model. Whale used a 1/100th scale model of a
WM19S rotor to study the near wake of a wind turbine. Water
rather than air was used as the medium to facilitate seeding and
illumination. So, part experimental results can be used to validate
CFD results of turbine wake. Despite the small scale, the model
blades were accurately profiled with a NACA_632XX section, with
twist, chord and thickness distributions based on the manufac-
turers' original drawings [21]. A cylindrical domainwas used with a
larger size than the experiment tunnel to reduce the interference of
boundary with CFD results. Table 2 shows the settings of Whale's
experiment and CFD simulation. A total of 25 CFD cases with
different TSR and solidity are set and results of 3 of them are
compared with Whale's experimental results to validate CFD
simulation. Fluent software is used and parallel computation is set
to reduce the computational time. The geometric model of entire
domain with a 3-blade turbine is shown in Fig. 5.

Grid meshing is conducted in ICEM package based on the
principles of grid design for DES model proposed by Spalart [50].
Fig. 6 shows the mesh models of tidal turbine rotor with different
CFD simulation

h) Cylinder with 1.4� 1.0
0.2
2, 3, 4, 5, 6
Variable with TSR (7.4, 12.486, 14.798, 19.422, 22.197)
0.4



Fig. 5. The geometric model of entire domain with a 3-blade turbine.
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solidity. The method for creating each model is same, except that
the number of turbine blades is different. The mesh model of entire
turbine blades is obtained by rotating the mesh model of a single
blade. If the number of blades is N, a sector region contained a blade
and 1/N hub is meshed with structured grid. Then rotates this part
around the axis of rotation N-1 times and removes the excess
surface mesh of lateral borders. Edges on both sides of borders are
periodic mapping to ensure the grids on borders can correspond
one to one. The grids of other domains are adjusted to the rotating
domain and the number of grids in the computational domain in-
creases from 1089307 to 2968872 with the increase of the number
of turbine blades. As shown in Fig. 7, anisotropic grids are arranged
in the boundary layer according to the requirements of RANSmodel
(RANS generally only has high requirements for grids in the di-
rection of the vertical wall), which greatly reduces the number of
grids and reduces the calculation cost.

The sliding mesh model is chosen to simulate the turbine
rotation, as it is the most accurate for solving multi-motion refer-
ence system. The other numerical settings of the simulation in
Fluent are shown in Table 3. The pressure-based solver is chosen
and the convergence factor is set as Fluent default. Time step is also
set to ensure that the CFL is less than 2 and convergence precision is
set to ensure the residuals can hit the asymptotic level.

4. Validation for CFD results

Fig. 8 shows the schematic of outflow plane for turbine wake. As
shown in Fig. 9a, when x/D¼ 0.05, the axial velocity rear the blade
and hub is very small due to the shadowing action of the blade and
hub. The minimum velocity at lateral section in a certain moment
(t¼ 1.2 s) occurs behind the projection position of blades (along the
rotation path of blades), rather than directly behind the blades. An
increasing axial velocity occurs in front of the blade rotation path.
This is because that the rotating blades of turbine work on the fluid
in front of the rotation path, causing fluid to accelerate. The kinetic
energy exchange inside the fluid due to the velocity difference
takes time, resulting in that the location of the minimum lags
behind of blade. In radial direction, the axial velocity decreases first
and then increases gradually to the inflow velocity as the radial
distance increases. As shown in Fig. 9d, e and f, though the mini-
mum velocity on the entire planes occurs at the rotation center, the
position of minimum velocity is still considered at 1/3 radius of
blade to ignore the effects on turbine wake caused by hub. The local
velocity at the tip of blades is slightly larger than the inflow velocity
because of the tip disturbance.

As shown in Fig. 9beh, as the axial distance increases (x/
D¼ 0.1e1.3), the shadowing effect of the blade and hub decreases
and the distribution of axial velocity in the circumferential direc-
tion trends to be uniform. With the exchange of energy and mo-
mentum between the fluid with lower velocity inside the disk and
the free stream outside, the overall velocity inside gradually in-
creases and the minimum axial velocity finally occurs at the
rotating axis. The region of turbine wake can be divided to the zone
of flow establishment and established flow according to the loca-
tion of the minimum axial velocity, in the zone of flow establish-
ment, two velocity valleys of the axial velocity distribution appear
along the radial direction, the minimum axial velocity occurs at
these valleys. These two valleys are combined to one valley at the
rotation axis in the zone of established flow, and theminimum axial
velocity occurs at rotation axis.

In order to facilitating the comparisonwith the results proposed
by Whale and Lam, the minimum velocity on the outflow plane (x/
D¼ 1.1) downstream is also taken as the efflux velocity of turbine
wake in this paper. The efflux velocity calculated is V0¼ 0.33098m/
s and the variation is 9.87% comparing to the Whale's results.

5. Results and discussion

After the efflux plane is defined, the minimum velocity on the
efflux pane can be acquired as the efflux velocity of turbine wake
according to the CFD results. It can be used as an input to investi-
gate the influence of tip speed ratio and solidity on the energy
coefficient by the proposed theoretical equation based on the axial
momentum theory. The energy coefficient of 2.5281 has the strong
theoretical support as it totally derived based on the axial mo-
mentum theory. It can be recalculated considering the influence of
tip speed ratio and solidity to overcome the limitations of
assumption 2 of axial momentum theory. Several semi-empirical
equations can be proposed finally with different energy coefficient.

5.1. Efflux velocity

Fig. 10 compares the curves about axial velocity along the radial
direction in 3 kinds of tip speed ratio, which is based on the result
of CFD numerical simulation method, experiment and Lam's
equation. The result of Lam's equation is the horizontal velocity
distribution equation which is verified by Maganga's experimental
result [18]. Table 4 lists the position of the efflux velocity of pro-
peller jet and horizontal axis turbine wake.

According to the result of numerical simulation, the minimum
axial velocity at the efflux plane occurs at the rotation axis when
the tip speed ratio is l¼ 1.6. The minimum axial velocity occurs
within the range of 1/2 radius, and the position of minimum axial
velocity moves to the blade tip as the tip speed ratio increase. The
maximum distance from the position of minimum axial velocity to
the rotating axis is Rmo/(ReRh)¼ 0.27 [14]. This is mainly due to the
fact that the rotating speed of turbine is lower than propeller, which
results in that the position of minimum velocity of turbine is more
close to the hub. In the second place, the connection segment of the
blade and the hub of the turbine model is so long that the actual
length of blade is shorter than the radius of the plane. The result of
Whale's experiment shows that the minimum axial velocity occurs
at the rotating axis at the efflux plane in the 3 kinds of tip speed
ratio, fromwhich we canmake conclusion that the shading effect of
the hub in the experiment is more obvious than the numerical
simulation. Maganga's experiment shows that the position of
minimum axial velocity is r/R¼ 0.88, which is close to the blade tip.
While Lam's horizontal velocity distribution equation ignores the
effect of hub and the connection segment of it, and takes minimum
axial velocity as the average velocity at the plane of turbine.

Numerical simulation result shows that axial velocity at the
efflux plane increases firstly, decrease then and increase finally



Fig. 6. Grid model of turbine rotor corresponding to 5 solidities.
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along the radius direction. And this is in good agreement with the
result of Maganga's experiment. While the trend of Whale's
experiment is the axial velocity increases all the time, and the result
of numerical simulation is slightly less than the result of Whale's
experimental result. Table 5 shows the comparison of efflux
velocity results getting from CFD results and Whale's experimental
results with different tip speed ratio (l¼ 1.6, 2.7, 3.2, h¼ 0.267). The
efflux velocity of WM19S turbine decreases as the tip speed ratio
increase, and the minimum dimensionless efflux velocity is V0/
V∞¼ 0.78. The variation between CFD results and experimental



Fig. 7. Grids in boundary layer.

Table 3
Numerical format settings in Fluent.

Differential items Numerical algorithm

Scheme SIMPLE
Gradient Least Squares Cell Based
Pressure Second Order
Momentum Second Order Upwind
Turbulent Kinetic Energy Second Order Upwind
Turbulent Dissipation Rate Second Order Upwind
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results is 9.87%, 0.22% and 5.79% and the maximum difference is
0.036m/s in three kinds of tip speed ratio. The dimensionless efflux
velocity of Maganga's experiment is lower than Whale's, which is
V0/V∞¼ 0.49 [25]. This may due to the difference of the tip speed
ratio and the geometry of turbine.

In addition to the calculation error, the variation of CFD nu-
merical simulation and Whale experimental results are mainly due
Fig. 8. The schematic of outflo
to different settings on the hub. In the CFD numerical simulation,
the hub length is set to 30mm, and in order to fix the turbine rotor,
hub is connected with fixture (as shown in Fig. 11), the length of
hub in the experiment is much longer than the numerical simula-
tion set value. As shown in Fig. 12, there is a ring-shaped high speed
distribution behind the hub and the blade connecting section Zone
due to the existence of the hub and the connecting segment. In CFD
numerical simulation, due to the short hub, the fluid in the annular
high-velocity region spreads to the axis of rotation earlier, which
leads to the increase of the velocity of the fluid in the central region
and the weakening of the hub shielding effect. In the experiment,
the longer hub device prevents the fluid in the annular high ve-
locity zone from diffusing to the center, and the shielding effect of
the hub is more obvious, resulting in a low velocity at the rotation
axis. It's the source of the variation of CFD numerical simulation
result and the experimental result.

In the area outside of the plane of turbine (1.0� r/R� 3.0), the
result of Lam's equation shows that the axial velocity is equal to the
inflow velocity. But the result of CFD numerical simulation and
experiment show that the axial velocity is larger than the inflow
velocity. The increase of the velocity in the area is the result of the
blade tip vortex shedding, which increases the velocity surround
locally. Comparing to the result of numerical simulation, the ve-
locity in this area in the result of Whale and Maganga is larger, this
may be attributed to the effects of wall.
5.2. Influences of tip speed ratio and solidity on efflux velocity

According to CFD simulation results, the efflux velocity of tur-
bine wake with different conditions are dimensionlessized Fig. 13
shows the changes of dimensionless efflux velocity of turbine
wake with tip speed ratio, it can be seen that the efflux velocity
w plane for turbine wake.



Fig. 9. The axial velocity distribution of turbine wake on different outflow planes.
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Fig. 10. The axial velocity distribution on the efflux plane in radial direction.

Table 4
The position of the efflux velocity of propeller jet and horizontal axis turbine wake.

Type Researcher Equation No.

Propeller Berger Rmop ¼ 0:67ðRp � RhpÞ (18)
Hamill Rmop ¼ 0:7ðRp � RhpÞ (19)

Turbine Lam Rmot ¼ 0:67ðR� RhtÞ (20)
Lam-Wang Rmot ¼ 0:27ðR� RhtÞ (21)

Table 5
The efflux velocity of horizontal axis turbine with 3 kinds of tip speed ratio.

Tip speed ratio (l) The efflux velocity V0 (m/s) Variation (%)

CFD results Whale's experimental results

1.6 0.33098 0.36721 9.87
2.7 0.32215 0.32146 0.22
3.2 0.31541 0.29814 5.79
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decreases with the increase of tip speed ratio. When the solidity
h¼ 0.267, 0.356, 0.445, the curve of efflux velocity with tip speed
ratio is approximate to a straight line. When the turbine has two
blades, that is, h¼ 0.178, the rate of changes of efflux velocity with
tip speed ratio is smaller. That's because the perturbation effect of
blades on the surrounding fluid is weak, the change of velocity
distribution is small only changing the rotating speed of turbine.
The impact of rotating speed on efflux velocity is more obvious
when the number of blades increases. Among all the CFD cases, the
maximum efflux velocity V0/V∞ is 0.87058 with two blades and
minimum rotating speed (h¼ 0.267, l¼ 1.6) and the minimum
efflux velocity V0/V∞ is 0.47663 with 6 blades and maximum
rotating speed (h¼ 0.534, l¼ 4.8).

Fig. 14 shows the changes of dimensionless efflux velocity of
turbine wake with solidity. It can be seen that when the tip speed
ratio of turbine is constant, the efflux velocity of turbine wake
decreases with the increase of the solidity (the number of blades).
This can be referred to the increasing energy absorbed by tidal



Fig. 11. Fixture for experimental model in Whale's experiment [22].

Fig. 12. The contour plot of axial velocity on the efflux plane with l¼ 3.2.

Fig. 13. The changes of dimensionless efflux velocity of turbine wake with tip speed
ratio.
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turbine as the number of turbine blades increase. Each curve in the
figure can be approximated as a straight line, and the gradient of
curves with l¼ 2.7, 3.2, 4.2, 4.8 has a small difference, indicating
that the change rate of the efflux velocity of turbine wake has little
relationshipwith the tip speed ratio. Comparing to other carves, the
gradient of curves with l¼ 1.6 is smaller, this may be because that
the rotating speed of turbine rotor is too small to an obvious change
of flow field causing by the rotating rotor, even increasing the
number of blades.
5.3. Energy coefficient

A novel energy coefficient is defined to study the effects of tip
speed ratio and solidity on the efflux velocity of turbine wake in
previous description. In this part, the new efflux velocity equation
Eq. (15) with the energy coefficient derived from the Lam's efflux
velocity equation is used to get semi-empirical equations to predict
the efflux velocity of tidal current turbine.

Aiming to the limitations of assumption 2 “The disc consists of
an infinite number of rotating blades, rotating at an infinite speed”
of axial momentum theory, the relationship between the energy
coefficient and tip speed ratio and solidity is studied in this section
based on the numerical results of CFD simulation. Several semi-
empirical equations for calculating the efflux velocity of a
horizontal-axis tidal-current turbine is finally given, considering
the tip speed ratio and the solidity.

Table 6 shows the efflux velocity of turbine wake with different
tip speed ratio and solidity getting by the CFD results. According to
Eq. (2), the calculation of efflux velocity of turbine depends on the
acquisition of the coefficient of thrust CT. Therefore, the efflux ve-
locities with l¼ 2.7, which the variationwithWhale's experimental
results is smallest, are chosen as an input to calculate the CT of
different solidities using Eq. (2). The calculation results of the co-
efficient of thrust CT with different solidity are shown in Table 7. It
can be seen that the coefficient of thrust of the horizontal-axis
tidal-current turbine increases with the increase of the solidity.

Table 8 shows the energy coefficients with different tip speed
ratio and solidity calculating by Eq. (15) using the efflux velocity
and coefficient of thrust as an input. The energy coefficient varies
little with the solidity of the turbine when the tip speed ratio re-
mains constant. The variation between the maximum and mini-
mum values of energy coefficient with five speed ratios is
respectively 8.75%, 0.00%, 6.52% and 12.50% and 13.48%. For ease of
use, the average of energy coefficients corresponding to different
Fig. 14. The changes of dimensionless efflux velocity of turbine wake with solidity.



Table 6
The efflux velocity of turbine wake with different tip speed ratio and solidity getting
by the CFD results.

h l

1.6 2.7 3.2 4.2 4.8

0.178 0.34823 0.34406 0.34368 0.34068 0.33540
0.267 0.33098 0.32215 0.31541 0.30451 0.30059
0.356 0.30298 0.28980 0.28145 0.26969 0.26203
0.445 0.27644 0.25533 0.24717 0.23670 0.22924
0.534 0.24907 0.21128 0.20438 0.19801 0.19065

Table 7
The coefficients of thrust CT with different solidity (l¼ 2.7).

Solidity (h) 0.178 0.267 0.356 0.445 0.534
Coefficients of thrust (CT) 0.13917 0.18798 0.25417 0.31700 0.38572

Fig. 15. The curve of energy coefficient with tip speed ratio.

Table 8
The energy coefficients with different tip speed ratio and solidity.

h l

1.6 2.7 3.2 4.2 4.8

0.178 6.6998 2.5281 1.8111 1.1029 0.9130
0.267 6.4607 2.5281 1.9374 1.2502 0.9909
0.356 6.4592 2.5281 1.9127 1.1994 0.9612
0.445 6.3467 2.5281 1.8776 1.1458 0.9066
0.534 6.1135 2.5281 1.8445 1.0940 0.8574
Average 6.4160 2.5281 1.8767 1.1585 0.9258
Variation (%) 8.75 0.00 6.52 12.50 13.48

Table 10
The efflux velocity equation of a horizontal-axis tidal-current turbine.

Type Researcher The efflux velocity equation No.

Theoretical equation Lam-Chen V0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
∞ � ð1:59nD

ffiffiffiffiffiffi
CT

p
Þ2

q
(23)

Semi-empirical equation Lam-Wang
V0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
∞ � ðnD

ffiffiffiffiffiffiffiffi
ECT

p
Þ2

q
E ¼ 16:174l�1:837

(24)
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solidities is taken as the energy coefficient with a specific tip speed
ratio. The results of the energy coefficients corresponding to
different tip speed ratio obtaining by cubic spline interpolation are
shown in Table 9. Eq. (22) for calculating the energy coefficient is
finally fitted based on the curve of energy coefficient with tip speed
ratio shown in Fig. 15.

E ¼ 16:174l�1:837 (22)

5.4. Semi-empirical equations for efflux velocity

Table 10 finally lists the theoretical and semi-empirical equa-
tions for calculating the efflux velocity of a horizontal-axis tidal-
current turbine. The theoretical efflux velocity equation is proposed
by Lam & Chen based on the axial momentum theory. And the
semi-empirical equation is obtained by changing the new theo-
retical equation with energy of coefficient proposed in this paper.
The relationship between energy coefficient and tip speed ratio and
Table 9
The energy coefficients corresponding to different tip speed ratio.

l E l E l E

1.6 6.4160 2.7 2.5281 3.8 1.3952
1.7 5.9873 2.8 2.3457 3.9 1.3289
1.8 5.5624 2.9 2.1971 4 1.2672
1.9 5.1451 3 2.0745 4.1 1.2103
2 4.7390 3.1 1.9702 4.2 1.1585
2.1 4.3479 3.2 1.8767 4.3 1.1117
2.2 3.9757 3.3 1.7875 4.4 1.0693
2.3 3.6260 3.4 1.7016 4.5 1.0304
2.4 3.3026 3.5 1.6192 4.6 0.9940
2.5 3.0093 3.6 1.5405 4.7 0.9595
2.6 2.7499 3.7 1.4658 4.8 0.9258
solidity is determined with the CFD results. In practical application,
when the rotating speed of turbine is determined according to the
free stream velocity in the working area, the energy coefficient of
the turbine with this tip speed ratio can be determined, and finally
the corresponding efflux velocity of turbine wake can be calculated
by theses empirical equations.
5.5. Applications of the efflux velocity equation

The applications of efflux velocity equation mainly include the
prediction of the flow field of turbine wake and the output power
estimation of the tidal current turbine. As mentioned above, the
efflux velocity is the basis of the prediction of turbine wake. It can
be used as the input to calculate the velocity distribution in
different cross sections. The prediction model can be finally built
the joint use of these two equations. Based on the wake prediction
model, the flow field and axial velocity distribution of different
types of horizontal-axis tidal current turbine can be determined, so
as to optimize the layout of the generator array in the power farm
and provide the theoretical basis for the research of wake scouring.

The power of tidal turbine can be derived as the energy absor-
bed by the turbine per time is the power of the turbine, regardless
of the transmission loss.

P ¼
m
�
V2
∞ � V2

0

�
2t

(25)

The quality of the fluid passing through the turbine disk during
time t can be calculated as with the efflux velocity:
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m ¼ rAV0t (26)

By the combination of Eqs. (24) and (25), the equation to esti-
mate the output power of tidal turbine can be finally proposed as:

P ¼ 1
2
rAV0

�
V2
∞ � V2

0

�
(27)

6. Conclusion

The applications of the axial momentum theory and CFD
simulation with the DES-SA model to predict the efflux velocity of
turbine wake is demonstrated in this paper. The contributions
made through this study are:

(1) A novel energy coefficient of tidal turbine is defined to pre-
dict efflux velocity of turbine wake, in order to overcome the
limitations of assumption 2 of axial momentum theory. The
proposed theoretical efflux velocity of a turbine wake is
proposed based on the equation proposed by Lam & Chen.

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� �r

V0 ¼ ðV∞Þ2 � nD

ffiffiffiffiffiffiffi
ECt

p 2
(28)

(2) CFD simulations with a DES-SA model are conducted to get
the efflux velocity of turbine with different tip speed ratio
and solidity. The comparison of CFD results, Whale's exper-
imental results and Lam's theoretical results confirms the
validity of the axial momentum theory to predict the efflux
velocity of turbine wake.

(3) CFD results show that the efflux velocity decreases with the
increase of tip speed ratio and solidity of tidal turbine. The
energy coefficients with different tip speed ratio and solidity
are determined using the efflux velocity and coefficient of
thrust obtained by CFD simulation as an input.

(4) The curve of the energy coefficient with the tip speed ratio
and the fitting equation are also given for easy use. The semi-
empirical equations with energy coefficient are finally pro-
posed in Table 10.

(5) The application of these semi-empirical equations in the
prediction of wake flow and the power estimation of tidal
turbine are also introduced in this paper.
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Nomenclature

l tip speed ratio
h solidity
u rotational velocity in rad/s
v inflow velocity in m/s
R radius of the turbine disc in meters
N number of blades
c blade chord length in meters
r density of the fluid in kg/m3
P1 pressure in Pa at location 1
P2 pressure in Pa at location 2
P3 pressure in Pa at location 3
P4 pressure in Pa at location 4
U1 axial velocity in m/s at location 1
U2 axial velocity in m/s at location 2
U3 axial velocity in m/s at location 3
U4 axial velocity in m/s at location 4
T thrust in Newtons
A Area of actuator disc in m2

CT thrust coefficient
m mass of fluid flowing through the turbine disk in kg
n rotational speed in rev/s
D diameter of the turbine disc in meters
E energy coefficient
E0 energy coefficient derived from axial momentum theory
V0 efflux velocity in m/s
V∞ free stream velocity in m/s
d distance from the wall in meters
~d re-defined distance from the wall in meters
Cdes constant in modelling equation of DES model
dx largest grid space in x direction
dy largest grid space in y direction
dz largest grid space in x direction
Dmax grid spacing
x axial distance from the rotation axis of tuebine in m
r radial distance from the rotation axis of tuebine in m
Rmop the radial distance form the position of minimum axial

velocity of propeller jet to rotation axis in m
Rp radius of propeller in m
Rhp radius of propeller hub in m
Rmot the radial distance form the position of minimum axial

velocity of turbine wake to rotation axis in m
Rht radius of turbine hub in m
P power of tidal turbine in w
t time in s
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